Math. Z. (2016) 282:1033-1065

DOI 10.1007/500209-015-1577-6 Mathematische Zeitschrift

@ CrossMark

Product Hardy spaces associated to operators with heat
kernel bounds on spaces of homogeneous type

Peng Chen!2 . Xuan Thinh Duong?® - Ji Li® .
Lesley A. Ward? - Lixin Yan!

Received: 27 August 2014 / Accepted: 12 October 2015 / Published online: 5 November 2015
© Springer-Verlag Berlin Heidelberg 2015

Abstract The aim of this article is to develop the theory of product Hardy spaces associated
with operators which possess the weak assumption of Davies—Gaffney heat kernel estimates,
in the setting of spaces of homogeneous type. We also establish a Calderén—Zygmund decom-
position on product spaces, which is of independent and use it to study the interpolation of
these product Hardy spaces. We then show that under the assumption of generalized Gaussian
estimates, the product Hardy spaces coincide with the Lebesgue spaces, for an appropriate
range of p.

Keywords Singular integrals - Hardy spaces - Product space - Atomic decomposition -
Calderén—Zygmund decomposition

Mathematics Subject Classification 42B20 - 42B25 - 46B70 - 47G30

B Xuan Thinh Duong
xuan.duong @mgq.edu.au

Peng Chen
chenpeng3 @mail.sysu.edu.cn

JiLi
jili@mg.edu.au

Lesley A. Ward
lesley.ward @unisa.edu.au

Lixin Yan
mesylx @mail.sysu.edu.cn

Department of Mathematics, Sun Yat-sen University, Guangzhou 510275, China

School of Information Technology and Mathematical Sciences, University of South Australia,
Mawson Lakes, SA 5095, Australia

Department of Mathematics, Macquarie University, North Ryde, NSW 2109, Australia

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00209-015-1577-6&domain=pdf

1034 P. Chen et al.

Contents
1 Introduction . . . . . . . .. 1034
2 Assumptions, and statements of mainresults . . . .. ... ... oL Lo 1036
2.1 Spaces of homogeneous type . . . . . . . . ... 1036
2.2 Generalized Gaussian estimates, Davies—Gaffney estimates, and finite propagation speed . . 1037
2.3 Main results: product Hardy spaces associated with operators . . . . . . .. .. ... .... 1039
3 Characterization of the Hardy space H Lll Lo (X1 x Xp)intermsofatoms . . . . .. ... .... 1043
4 Calderén—Zygmund decomposition and interpolation on Hfl Ly (X1 xX2) oo oo i 1056
5 The relationship between HLpl Lo (X1 xXp)and LP (X1 x X2) o o v v v v i i 1059
References . . . . . . . . o e 1064

1 Introduction

Modern harmonic analysis was introduced in the ’50s, with the Calderén—Zygmund theory
at the heart of it. This theory established criteria for singular integral operators to be bounded
on different scales of function spaces, especially the Lebesgue spaces L?, 1 < p < oco. To
achieve this goal, an integrated part of the Calderén—Zygmund theory includes the theory
of interpolation and the theory of function spaces, in particular end-point spaces such as the
Hardy and BMO spaces. The development of the theory of Hardy spaces in R” was initiated
by Stein and Weiss [42], and was originally tied to the theory of harmonic functions. Real-
variable methods were introduced into this subject by Fefferman and Stein [21]; the evolution
of their ideas led eventually to characterizations of Hardy spaces via the atomic or molecular
decomposition. See for instance [6,41] and [43]. The advent of the atomic and molecular
characterizations enabled the extension of the Hardy spaces on Euclidean spaces to the more
general setting of spaces of homogeneous type [14].

While the Calderén—Zygmund theory with one parameter was well established in the
four decades of the *50s to ’80s, multiparameter Fourier analysis was introduced later in
the 70s and studied extensively in the *80s by a number of well known mathematicians,
including R. Fefferman, S.-Y. A. Chang, R. Gundy, E.M. Stein, and J.L.. Journé (see for
instance [8-10,22-27,33]). For recent works, see also [5,7,29,30].

It is now understood that there are important situations in which the standard theory of
Hardy spaces is not applicable and there is a need to consider Hardy spaces that are adapted
to certain linear operators, similarly to the way that the standard Hardy spaces are adapted
to the Laplacian. In this new development, the real-variable techniques of [14,21] and [13]
are still of fundamental importance.

Recently, a theory of Hardy spaces associated to operators was introduced and developed
by many authors. The following are some previous closely related results in the one-parameter
setting.

(1) Auscher et al. [2] introduced the Hardy space H Ll (R™) associated to an operator L,
and obtained a molecular decomposition, assuming that L has a bounded holomorphic
functional calculus on L>(R") and the kernel of the heat semigroup e '~ has a pointwise
Poisson upper bound.

(i1) Under the same assumptions on L as in (i), Duong and Yan [19,20] introduced the space
BMOy (R") adapted to L and established the duality of H Ll (R™) and BMOy+ (R"), where
L* denotes the adjoint operator of L on L2(R™). Yan [45] also studied the Hardy space
H f (R™) and duality associated to an operator L under the same assumptions as (ii) for
all0 < p < 1.
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(iii) Auscher et al. [3] and Hofmann and Mayboroda [32], treated Hardy spaces H Lp ,p>1,
(and in the latter paper, also BMO spaces) adapted, respectively, to the Hodge Laplacian
on a Riemannian manifold with a doubling measure, or to a second order divergence
form elliptic operator on R” with complex coefficients, in which settings pointwise heat
kernel bounds may fail.

(iv) Hofmann et al. [31] developed the theory of H Ll (X) and BMOy (X) spaces adapted to a
non-negative, self-adjoint operator L whose heat semigroup satisfies the weak Davies—
Gaffney bounds, in the setting of a space of homogeneous type X.

(v) Kunstmannand Uhl [35,44] studied the Hardy spaces H f (X),1 < p < o0, associated to
operators L satisfying the same conditions as in (iv) as well as the generalized Gaussian
estimates for pg € [1, 2), and proved that H f (X) coincides with L?(X) for pg < p <
P where py, is the conjugate index of po.

(vi) Duong and Li [17] considered the Hardy spaces Hf (X),0 < p < 1, associated to
non-self-adjoint operators L that generate an analytic semigroup on L?(X) satisfying
Davies—Gaffney estimates and having a bounded holomorphic functional calculus on
L*(X).

In contrast to the above listed established one-parameter theory, the multiparameter theory
is much more complicated and is less advanced. In particular, there has not been much
progress in the last decade in the direction of the paper [20] on singular integral operators
with non-smooth kernels and the related product function spaces.

Deng et al. [16] introduced the product Hardy space H 11 (R x R) associated with an
operator L, assuming that L has a bounded holomorphic functional calculus on L2(R) and
the kernel of the heat semigroup e~'% has a pointwise Poisson upper bound.

Recently, Duong et al. [ 18] defined the product Hardy space H 111 1, R™" xR") associated
with non-negative self-adjoint operators L1 and Lj satisfying Gaussian heat kernel bounds,
and then obtained the atomic decomposition, as well as the H Lll Ly (RM x R"™) — LI(R" x
R"2) boundedness of product singular integrals with non-smooth kernels.

In the study of Hardy spaces H? associated to operators, | < p < oo, the assumptions
on these operators determine the relevant properties of the corresponding Hardy spaces.
One would start with the definition of Hardy spaces associated to operators under “weak”
conditions on the operators so that the definition is applicable to a large class of operators.
However, to obtain useful properties such as the coincidence between the Hardy spaces H”
and the Lebesgue spaces L”, one would expect stronger conditions on the operators are
needed. A natural question is to find a weak condition that is still sufficient for the Hardy
spaces and Lebesgue spaces to coincide. We do so in part (y) below.

This article is devoted to the study of Hardy spaces associated to operators, in the setting
of product spaces of homogeneous type. Assume that L and L; are two non-negative self-
adjoint operators acting on L2(X 1) and L2(X 2), respectively, where X and X, are spaces
of homogeneous type, satisfying Davies—Gaffney estimates (DG) (see Sect. 2.2(c)). We note
that the Davies—Gaffney estimates are a rather weak assumption, as they are known to be
satisfied by quite a large class of operators (see Sect. 2.2 below).

Our main results are the following. In this paper we work in the biparameter setting.
However our results, methods and techniques extend to the full k-parameter setting.

(o) We define the product Hardy space H L]I L (X1 x Xy) associated with L and L,, in
terms of the area function, and then obtain the corresponding atomic decomposition (Theo-
rem 2.9). This is the generalisation of the results in [18] from the product of Euclidean spaces
under the stronger assumption of Gaussian estimates (GE) (see Sect. 2.2(a)) to the product of
spaces of homogeneous type with the weaker assumption of Davies—Gaffney estimates (DG).
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This is also the extension of [31] from the one-parameter setting to the multiparameter setting.
This part is the content of Sect. 3.

(B) We define the product Hardy space HLP.,LZ(XI x X3) for 1 < p < oo associated
with L; and L, and prove the interpolation result that if an operator 7' is bounded on
L?(X x X») and is also bounded from HLIL L, (X1 x X2) to L'(X x X»), then it is bounded
from HIi,Lg (X1 x Xp)to LP(X x Xp) forall p with 1 < p < 2 (Theorem 2.12). The proof
of this interpolation result relies on the Calderon—Zygmund decomposition in the product
setting, obtained in Theorem 2.11 below, which generalizes the classical result of Chang and
Fefferman [9] on H' (R x R). This is done in Sect. 4.

(y) Next we assume that L; and L, satisfy generalized Gaussian estimates (see
Sect. 2.2(b)) for some py € [1,2). This assumption implies that L; and L, are injective
operators (see Theorem 5.1) and satisfy the Davies—Gaftney estimates. We prove that our
product Hardy spaces Hfl 1, (X1 x X2) coincide with L7 (X x X3) for pg < p < P> Where
P} is the conjugate index of po (Theorem 2.13). This is the extension to the multiparameter
setting of the one-parameter result in [44], and is carried out in Sect. 5.

Along this line of research, in [11] we study the boundedness of multivariable spectral
multipliers on product Hardy spaces on spaces of homogeneous type.

In the following section we introduce our assumptions on the underlying spaces X and
X5 and the operators L and L, give some examples of such operators, and then state our
main results. Throughout this article, the symbols “c” and “C” denote constants that are
independent of the essential variables.

2 Assumptions, and statements of main results

This section contains background material on spaces of homogeneous type, dyadic cubes,
heat kernel bounds, and finite propagation speed of solutions to the wave equation, as well
as the statements of our main results.

2.1 Spaces of homogeneous type

Definition 2.1 Consider a set X equipped with a quasi-metric d and a measure u«.

(a) A quasi-metric d onaset X is a functiond : X x X —> [0, co) satisfying (i) d(x, y) =
d(y,x) > Oforall x, y € X; (ii) d(x,y) = 0 if and only if x = y; and (iii) the
quasi-triangle inequality: there is a constant Ag € [1, co) such that for all x, y, z € X,

d(x,y) = Aold(x,z) +d(z, y)l.

We define the quasi-metric ball by B(x,r) :={y € X : d(x,y) < r} forx € X and
r > 0. Note that the quasi-metric, in contrast to a metric, may not be Holder regular and
quasi-metric balls may not be open.

(b) We say that a nonzero measure p satisfies the doubling condition if there is a constant
C such that forall x € X and r > 0,

w(B(x,2r)) < Cu(B(x,r)) < oo. 2.1

(c) We point out that the doubling condition (2.1) implies that there exist positive constants
nand C such thatforallx € X,A > landr > 0,

p(B(x, Ar)) < CA"u(B(x,1)). 22

Fix such a constant n; we refer to this n as the upper dimension of .
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(d) Wesay that (X, d, ) is a space of homogeneous type in the sense of Coifman and Weiss
if d is a quasi-metric on X and w is a nonzero measure on X satisfying the doubling
condition.

Throughout the whole paper, we assume that ©(X) = +o0.

It is shown in [14] that every space of homogeneous type X is geometrically doubling,
meaning that there is some fixed number 7" such that each ball B in X can be covered by at
most 7 balls of half the radius of B.

We recall the following construction given by Christ [12], which provides an analogue on
spaces of homogeneous type of the grid of Euclidean dyadic cubes. The following formulation
is taken from [12].

Lemma 2.2 ([12]) Let (X, d, i) be a space of homogeneous type. Then there exist a col-
lection {I§ C X : k € Z,a € It} of open subsets of X, where Tj is some index set, and
constants C3 < 0o, C4 > 0, such that

(i) n(X\ U, I¥) = 0 for each fixed k, and I* N I/]; =0ifa #B;
(ii) forall a, B, k, 1 withl > k, either Ij; C IX or If 01§ = 0;
(iii) for each (k, o) and eachl < k there is a unique 8 such that I(f C 1;3;

(iv) diam(I%) < C327%; and
(v) each I(ff contains some ball B(zft, C4275), where z§ e X.

The point zX is called the centre of the set I¥. Informally, we can think of I¥ as a dyadic
cube with diameter roughly 27k centered at z’;. We write E(I§ )= C327%,
Given a constant A > 0, we define AI§ to be the ball

AE = B(ZE, vc327F);

if A > 1 then I(fj C )Ll(fj. We refer to the ball )»I(i‘ as the cube with the same center as I(i‘
and diameter Adiam(I*), or as the A-fold dilate of the cube I*. Since p1 is doubling, we have
(wIE) < Cu(B(k, C4275)) < (k).

2.2 Generalized Gaussian estimates, Davies—Gaffney estimates, and finite
propagation speed

Suppose that L is a non-negative self-adjoint operator on L?(X), and that the semigroup
{e LYo generated by L on L?(X) has the kernel p;(x, y).

(a) Gaussian estimates: The kernel p;(x, y) has Gaussian upper bounds (GE) if there
are positive constants C and ¢ such that for all x, y € X and all r > 0,

2
el < —exp (- 282
= Vix,tl/?2) )

(b) Generalized Gaussian estimates: We say that {e~"LY,. 0 satisfies the generalized
Gaussian estimates (GGE)), for a given p € [, 2], if there are positive constants C
and ¢ such that forall x, y € X and all t > 0,

(GE)

ct
(GGE,)

_ U/ p1/p d(x, y)*
||PB(x,tl/2)e tLPB(y,tl/z)”LP(X)—>L/”(X) §CV(x,t1/2) W l/p)exp (—7 ,

where 1/p +1/p' = 1.
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(c) Davies—Gaffney estimates: We say that {¢~'L},.¢ satisfies the Davies—Gaffney
condition (DG) if there are positive constants C and ¢ such that for all open subsets
Uy, UyCc Xandallt > 0,

dist(U;, Us)?
ct

|(€_thl,f2>| = Cexp( ) I fill 2ol 20l 2 x) (DG)
for every f; € L%(X) with supp fi < U;, i = 1,2. Here dist(Uy, Up) :=
infxEU],y€U2 d(xv Y)

(d) Finite propagation speed: We say that L satisfies the finite propagation speed
property (FS) for solutions of the corresponding wave equation if for all open sets U; C X
and all f; € L2(U,~),i =1, 2, we have

(cos(tvVL) f1. ) =0 (FS)
forallr € (0,d(Uy, Uy)).

As the following lemma notes, it is known that the Davies—Gaffney estimates and the finite
propagation speed property are equivalent. For the proof, see for example [15, Theorem 3.4].

Lemma 2.3 Let L be a non-negative self-adjoint operator acting on L*>(X). Then the finite
propagation speed property (FS) and the Davies—Gaffney estimates (DG) are equivalent.

Remark 2.4 Note that when p = 2, it is shown in [15, Lemma3.1] that the generalized
Gaussian estimates are the same as the Davies—Gaffney estimates (DG). Also, when p = 1,
the generalized Gaussian estimates (GGE),) are equivalent to the Gaussian estimates (GE)
(see [4, Proposition 2.9]). By Holder’s inequality, we see that if an operator satisfies the
generalized Gaussian estimates for some p with 1 < p < 2, then it also satisfies the
generalized Gaussian estimates (GGE,) for all g with p < g < 2. In particular,

(GE) <= (GGE,) with p =1 = (GGE,) with p € (1,2] = (DG) < (FS).

We also note that if the generalized Gaussian estimates (GGE ) hold for some p € [1, 2),
then the operator L is injective on L2(X) (see Theorem 5.1).

Suppose L is a non-negative self-adjoint operator acting on L?(X), and satisfying the
Davies—Gaffney estimates (DG). Then the following result holds.

Lemma 2.5 (Lemma 3.5, [31]) Let ¢ € C{°(R) be an even function with supp ¢ C (—1, 1).
Let ® denote the Fourier transform of ¢. Then for everyk =0, 1,2, ..., and for everyt > 0,
the kernel K(zZL)Wb(tﬁ) (x, y) of the operator (t2 L)< ® (t~/L), which is defined via spectral
theory, satisfies

SUPP K 21 ey (82 9) € {06, 3) € X x X 1 d(a,y) <] 2.3)

Examples. We now describe some operators where property (FS) and the estimates (GGE )
hold for some p with 1 < p < 2.

LetV € L1]OC (R") be a non-negative function. The Schrodinger operator with potential V
is defined by L = —A + V on R”, where n > 3. From the well-known Trotter—Kato product
formula, it follows that the semigroup e~ has a kernel p, (x, y) satisfying

lx — yI?
4

0<pi(x,y) < (Art)~3 exp (— ) forallt > 0, x,yeR". 2.4
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See [39, p. 195]. It follows that property (FS) and the estimates (GGE ) hold with p = 1.

Next we consider inverse square potentials, that is V(x) = ¢/ |x|2. Fix n > 3 and assume
thatc > —(n — 2)2/4. Define L := —A+V to be the standard quadratic form on L2(R", dx).
The classical Hardy inequality

o2
—a2 U 2.5)

shows that for all ¢ > —(n — 2)2/4, the self-adjoint operator L is non-negative. Set p* :=
n/o,ando := max{(n—2)/2—+/(n —2)2/4 + ¢, 0}.If ¢ > 0 then the semigroup exp(—tL)
is pointwise bounded by the Gaussian semigroup and hence acts on all L? spaces with
1 < p <o0.If ¢ <0, then exp(—zL) acts as a uniformly bounded semigroup on L? (R")
for p € ((p¥), p¥) and the range ((p¥)’, p¥) is optimal (see for example [37]). It is known
(see for instance [15]) that L satisfies property (FS) and the estimates (GGE),) for all p €
((pH) . 2n/(n +2)]. If ¢ > 0, then p = (p})’ = 1 is included.

It is also known (see [36]) that the estimates (GGE ) hold for some p with 1 < p < 2
(and hence the property (FS) also holds) when L is the second order Maxwell operator with
measurable coefficient matrices, or the Stokes operator with Hodge boundary conditions
on bounded Lipschitz domains in R3, or the time-dependent Lamé system equipped with
homogeneous Dirichlet boundary conditions.

2.3 Main results: product Hardy spaces associated with operators

We begin this section by defining the Hardy space H>(X| x X»). Next we introduce the area
function Sf, and use it to define the Hardy space HIEI L (X1 x X») associated to L and L»

(Definition 2.6). We define (HLI1 Ly’ 2, N)-atoms a(xy, x2) (Definition 2.7) and use them to

define the atomic Hardy space H Lll’ Ly.at, N (X1 x X3) (Definition 2.8). We show that these
two definitions of this Hardy space coincide (Theorem 2.9). We also define the Hardy space
H 51’ L, (X1 x X») associated to L and L, via a modified area function (Definition 2.10).
We present the Calder6on—Zygmund decomposition of the Hardy spaces H 51, L, (X1 x X2)
(Theorem 2.11). We use this decomposition to establish two interpolation results and to
show that Hf,,Lz (X1 x X») coincides with LP(X| x X») for an appropriate range of p
(Theorems 2.12 and 2.13).

We work with the product of spaces of homogeneous type (X1, di, ;1) x (X2, d2, 2).
Here, fori = 1,2, (X;, d;, ;) is a space of homogeneous type with upper dimension #n;, as
in Definition 2.1, and u; (X;) = oo.

Following [3], one can define the L?(X| x X»)-adapted Hardy space

H*(X1 x X2) := R(L1 ® L»), (2.6)

that is, the closure of the range of L1 ® L, in L%(X; x X»7). Then L2(X1 X X»p) is the
orthogonal sum of H2(X| x X») and the null space N(L1 ® L) = {f € L%2(X x X2) :
(L1 ® Ly f =0}.

We shall work with the domain (X x R4) x (X2 x Ry) and its distinguished boundary
X1 x Xp.Forx = (x1,x2) € X1 x X3, denote by I'(x) the product cone I' (x) := I'1 (x1) x
['2(x2), where T (x;) :={(yi, t;) € Xi x Ry 1 di(x;,y;) <t} fori =1,2.

Our first definition of the product Hardy space H Lll 1, (X1 x X2) associated to operators
Ly and L, is via an appropriate area function. Fori = 1, 2, suppose that L; is a non-negative
self-adjoint operator on X; such that the corresponding heat semigroup e~'Li satisfies the
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1040 P. Chen et al.

Davies—Gaffney estimates (DG). Given a function f on L2(X| x X»), the area function Sf
associated with the operators L and L is defined by

S0 = (//F(x)

Since L and L, are non-negative self-adjoint operators, it is known from H, functional
calculus [38] that there exist constants C and C, with 0 < C; < C, < o0 such that

1Sf12 < C2ll fl2
forall f € L>(X| x X»), and (by duality)

2 d dnd dn\'?
(tllee*’lzL1®t22L2e*’22L2) f(y)‘ p1(yDdtidp(y2) 2) .

1Vxy, t)nVix, n)
2.7

Cill fl2 = ISfll2
forall f € H*(X| x X»).
Definition 2.6 Fori = 1, 2, let L; be a non-negative self-adjoint operator on L>(X;) such
that the corresponding heat semigroup e~'Li satisfies the Davies—Gaffney estimates (DG).

The Hardy space H Lll L (X1 x X3) associated to L and L is defined as the completion of
the set

{f € HA (X1 x X2) 1 [ISf 1l 11 (x, xxa) < O}

with respect to the norm
”f”HLll.Lz(Xl xXy) ‘T ||Sf||L1(X1 xX3)*
‘We now introduce the notion of (H Lll Ly 2, N)-atoms associated to operators.

Definition 2.7 Let N be a positive integer. A function a(xy, x2) € L%(X; x X») is called
an (H L11’ Ly 2, N)-atom if it satisfies the following conditions:

(1) there is an open set Q2 in X| x X7 with finite measure such that suppa C 2; and
(2) a can be further decomposed as

a= 2 ar,

Rem(S)

where m(€2) is the set of all maximal dyadic rectangles contained in €2, and for each
R € m(R2) there exists a function by such that forall 61,02 € {0, 1, ..., N}, bg belongs
to the range of L{' ® L5? in L?(X; x X) and
(i) ag = (LY ® LY)bg: B

(ii) supp (L]' ® L3*)br C CR;

(i) [allz20x, xxy) < #(R)~"/% and

o o 2
> e Ne)y H (e(1)? L))" ® (€(J)? L) sz‘ i
R=1IxJem(Q) L2 (X1xX2)
<u(@".
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Here R =1 x J, C is a fixed constant, and C R denotes the product CI x CJ of the balls
which are the C-fold dilates of I and J respectively, as defined in Section 3.
We can now define an atomic H Lll Ly.ar.N SPace, which we shall show is equivalent to the

space H L1| L defined above via area functions.

Definition 2.8 Let N be a positive integer with N > max{n, np}/4, where n; is the upper

doubling dimension of X;, i = 1, 2. We say that f = > A ;a; is an atomic (HLll,sz 2,N)-

representation of f if {Aj}7°=0 € ¢!, each aj is an (H,fl Ly 2, N)-atom, and the sum
converges in L%(X; x X3). Set

H}‘l,Lz,at,N(Xl x Xp) = {f : f has an atomic (HLII,LZ, 2, N)—representation},

with the norm given by

”f”H}‘],Lz.at,N(XIXXZ)
o0
;= inf { Z Al : f= ijaj is an atomic (HLII,L27 2, N)-representation}. (2.8)
j=0 j

The Hardy space HLII.LZ’ m’N(Xl X X») 1is then defined as the completion of

HIL] ’LMZ’N(XI x X») with respect to this norm.

Our first result is that the “area function” and “atomic” H ' spaces coincide, with equivalent
norms, if the parameter N > max{n, na}/4.

Theorem 2.9 Let (X;, d;, i) be spaces of homogeneous type with upper dimension n;, for
i =1, 2. Suppose N > max{ny, ny}/4. Then

HLlquz(Xl x X2) = HLII,Lz,ar,N(Xl x X2).

Moreover,

”f”HLll,Lz(XlXXZ) ~ ”f”Hlll],LzTat‘N(XlXXZ)’

where the implicit constants depend only on N, ny and nj.

It follows that Definition 2.8 always yields the same Hardy space H Lll
independent of the particular choice of N > max{n, ny}/4.

The proof of Theorem 2.9 will be given in Section 3.

We turn from the case of p = 1 to the Hardy spaces Hf] Ly (X1 x X»p) associated to L
and Ly, for 1 < p < oo.

~ (X1 x X2),

,Lo,at,

Definition 2.10 Let L; and L> be two non-negative, self-adjoint operators acting on L2(X))
and L?(X) respectively, satisfying the Davies—Gaffney condition (DG).

(i) Foreach p with 1 < p < 2, the Hardy space HZ!LZ (X1 x X») associated to L and Ly
is the completion of the space {f € HX(X, x X2) : SfeLP(X| x Xz)} in the norm

||f||1-1£’1 1,(X1.X2) = [ISfllerxy, x2)-
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1042 P. Chen et al.

(ii) For each p with 2 < p < oo, the Hardy space HLP1 Lz(X], X») associated to L1 and
L5 is the completion of the space Dk, , in the norm

. ni ny
17, o = UKo Fllircn xoy. with Ko o= max{[Z],[Z]}H,
where
Sk f(x)

2 dpi () dn dua(y2) dtz)l/z
Vixi,t1) &1 V(x2,0)

(2.9)

_2 _2
= (/ |(FL)Ke T @ (15 Ly)K e ™12 ()]
I'(x)

and

Di.p = {f € HX (X, x X2) : Sxf € LP(X; x Xz)}.

Next we develop the Calderén—Zygmund decomposition of the Hardy spaces
H f 1L (X1 x X2), which is a generalization of the result of Chang and Fefferman [9].

Theorem 2.11 Fix pwithl < p < 2. Takea > Oand f € Hf].h(Xl X X»). Then we may
write f = g + b, where g € HI%,,LZ(XI X Xp)and b € HII‘],LQ(XI X X7), such that

2 2— p
<Ca”P
1815 | cxixxn < 10 e
and
1- 14
161 g1 <Ca " P|fl .
HLI,L2(X1XX2) HfLLz(XlXXZ)
Here C is an absolute constant.

As a consequence of the above Calder6n—Zygmund decomposition, we obtain the follow-
ing interpolation result.

Theorem 2.12 Suppose that L1 and L, are non-negative self-adjoint operators such that the
corresponding heat semigroups e 'L and e™'L2 satisfy the Davies—Gaffney estimates (DG).
Let T be a sublinear operator which is bounded on L2(X 1 X X2) and bounded from
Hle (X1 x X2) to L' (X1 x X2). Then T is bounded from Hfl 1, (X1 xX2) 10 LP (X1 x X2)
foralll < p < 2.

The proofs of Theorems 2.11 and 2.12 will be given in Sect. 4.

Next, we establish the relationship between the Hardy spaces H [ Lo (X1 x X»3) and the
Lebesgue spaces L? (X1 x X») for a certain range of p.

First note that under the assumption of Gaussian upper bounds (GE), following the
approaches used in [31] in the one-parameter setting, we can obtain that H f Lo (X1 x Xp) =
LP (X x Xp)foralll < p < oo.Second, if one assumes only the Davies—Gaffney estimates
on the heat semigroups of L and L, thenfor1 < p < coand p # 2, Hfl L (X1 x X3) may
or may not coincide with the space L?(X| x X7). An example where the classical Hardy
space can be different from the Hardy space associated to an operator L is when L is the
elliptic divergence form operator with complex, bounded measurable coefficients on R"; see
[32]. However, it can be verified by spectral analysis that Hzl Ly (X1 x X») = HX(X| x X»).

Here the L2(X x X»)-adapted Hardy space H2(X| x X,) is as defined in (2.6) above.
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Theorem 2.13 Suppose that L| and L, are non-negative self-adjoint operators on L*>(X 1)
and L2(X»), respectively. Suppose that there exists some po € [1,2) such that Ly and L
satisfy the generalized Gaussian estimates (GGE,y). Let p( satisfy 1/po +1/py = 1.

(i) We have HZ)],LQ(XI x X3) = LP(X1 x X3) for all p such that py < p < py, with
equivalent norms | - || gy —and || - ||Lr.
1.2

(ii) Let T be a sublinear operator which is bounded on L%(X| x X») and bounded from
HIII Lz(Xl x X7) to LY (X1 x X»). Then T is bounded on LP (X, X X») for all p such

that py < p < p.

The proof of Theorem 2.13 will be given in Section 5.

3 Characterization of the Hardy space H il L, (X1 x X3) in terms of atoms

The goal of this section is to provide the proof of Theorem 2.9.
Our strategy is as follows: by density, it is enough to show that when N > max{ny, na}/4,
we have

Hp, Lyarn X1 x X2) = H] | (X1 x X2) N L2(X] x X2)
with equivalent norms. The proof of this fact proceeds in two steps.

Step 1. H} , .. v(X1x X2) € H] | (X1 x X2)NL*(X1 x X3),for N >max{ni, na}/4.
This step relies on the fact that the area function S is bounded on LZ(X 1 X X») and that
1SallLi(x,xx,) is uniformly bounded for every atom a.
Step 2. H} ;| (X1 x X2) NLA(X1 x X2) CH} ;.. (X1 x X2), forall N € N. In the
proof of this step we use the tent space approach to construct the atoms in the Hardy spaces
associated to operators in the product setting.

We take these in order.

Proof of Step 1 The conclusion of Step 1 is an immediate consequence of the following pair
of Lemmata.

Lemma 3.1 Fix N € N. Assume that T is a linear operator, or a non-negative sublinear
operator, satisfying the weak-type (2,2) bound

[(x € X1 x Xo Tl > | < Cn 21 f 12, ) SOralln >0,
and that for every (HIII Ly 2, N)-atom a, we have
ITallp(x,xx,) =C 3.D

with constant C independent of a. Then T is bounded from HILI Lo.ar.n (X1 X X2) 1o
L' (X x X»), and

ITFN L x xx2) < CIf Nl

Ly.Lyat. N

Therefore, by density, T extends to a bounded operator from H 11
LY(X| x X»).

Ny X1 x X2) to

1.L2.at,
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The proof of Lemma 3.1 follows directly from that of the one-parameter version:
Lemma 4.3 in [31]. The proof given there is independent of the number of parameters.
We omit the details here.

Lemma 3.2 Let a be an (Hz Ly ,2, N)-atom with N > max{ny, ny}/4. Let S denote the
area function defined in (2.7). Then

[|Sall; < C, (3.2)

where C is a positive constant independent of a.
Given Lemma 3.2, we may apply Lemma 3.1 with 7 = S to obtain
||f||HL1].L2(X1><X2) = ||Sf||L1(X,><X2) = C”f”Hl L2<at<N(X1><X2)’

from which Step 1 follows.

To finish Step 1, it therefore suffices to verify estimate (3.2) in Lemma 3.2. To do so, we
apply Journé’s covering lemma.

We recall from [28] the formulation of Journé’s Lemma [34,40] in the setting of spaces
of homogeneous type. Let (X;, d;, i), i = 1, 2, be spaces of homogeneous type and let
{I(]ff C Xi},i = 1,2, be open cubes as in Lemma 2.2. Let u = 1 x u» denote the product
measure on X x X». The open set Iolfll X Iolg forky, ky € Z, a1 € Iy, and oy € I,, is called
a dyadic rectangle in X1 x X3.Let Q2 C X1 x X» be an open set of finite measure. Denote
by m(£2) the maximal dyadic rectangles contained in €2, and by m; (£2) the family of dyadic
rectangles R C €2 which are maximal in the x;-direction, fori = 1, 2.

In what follows, we let R = I x J denote any dyadic rectangle in X x X». Given
R=1xJem(RQ),let J be the largest dyadic cube containing J such that

u((l X f)ﬂQ) > %/L(I X f).

Similarly, given R = I x J € m»(2), let T be the largest dyadic cube containing / such
that

w(TxHNQ) > %p,(ix J).

Also, let w(x) be any increasing function such that Z;‘;O jw(c277) < oo, where c is a fixed
positive constant. In particular, we may take w(x) = x? for any § > 0.

Lemma 3.3 ([28]) Let @ C X1 x X» be an open set with finite measure. Then
()
>, u®w ( . ) < Cu(Q) (3:3)
R=IxJem;(Q) )
and
e
> wRw o5 ) = Cre. (34
R=IxJem) () ()

for some constant C independent of Q2.

Proof of Lemma 3.2 Given an (H Lll Ly 2, N)-atom a, let 2 be an open set of finite measure
in X| x X5 as in Definition 2.7 such that a = ZREm(Q) ag is supported in 2.
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For each rectangle R = I x J C €, let I* be the largest dyadic cube in X containing /
such that I* x J C , where Q = {x € X1 x Xp: Mg(xq)(x) > 1/2} and M, denotes
the strong maximal function. Next, let J* be the largest dyadic cube in X; containing J such
that I* x J* C Q, where Q := {x € X1 x X2 : M(xg)(x) > 1/2}.

Now let R* be the 100-fold dilate of I* x J* concentric with I* x J*. That is, R* =
1007* x 100J* is the product of the balls 100/* and 100J* centered at the centers of 7*
and J* respectively, as defined in Sect. 2. An application of the strong maximal function

theorem shows that ,u( Urca R*) < C/L(?Z) < Cu(@) < Cu(2).
Then we write

||Sa||L1(X1><X2) = ”Sa“L](UR*) + ”Sa”Ll((UR*)C)'

Thus, by Holder’s inequality and the property (iii) of the (H L]| I 2, N)-atom, we see that
the first term on the right-hand side is bounded by

I1Sall L1 ey < LURHDYZ1Sall 2x,xxy) < Cr(*lall2(x, xx,) < C.

Now it suffices to prove that
/ [Sa(xr, x2)|dui(x1) dpua(xz) < C. (3.5)
(U R*)°
From the definition of a, we see that the left-hand side of (3.5) is controlled by

> /(R*)CISaR(xhxz)ldﬂl(xl)duz(xz)

Rem(2)
=> | [Sar(er, 1)l di (x1) djaa (o)
Rem(sy Y (1001)¢xXs
+ > / |Sag(x1, x2)|dp1 (1) dpa(x2)
Remyg) Y X1x(1007%)¢
=D+E. (3.6)

It suffices to verify that the term D is bounded by a positive constant C independent of
the atom a, since the estimate for E follows symmetrically. For the term D, by splitting the
region of integration (1007*)¢ x X5 into (1007*)¢ x 100J and (1007%)¢ x (100J)¢, we write
Das D@ 4+ p®,

Let us first estimate the term D@, Using Holder’s inequality, we have

1/2
DW<C > ph'? / ( / |SaR<x1,x2>|2duz(xz>) dpi(x1). (3.7)
1007%)c \J100J

Rem(R) (

Next, we claim that

12
/ ( / |Sar(xr, X2)|2dM2(X2)) dp (1)
(1007*)¢ 100J

e\
<cC ( ; ((1*))) (D2 (6™ ™V & COPLMBRID 2k, )

172

(3.8)
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for some €; > 0. Assuming this claim holds, then by using Holder’s inequality, Journé’s
Lemma and property (2)(iii) of Definition 2.7, we have

o\
p@<c| 3 uw (z((l*)))

Rem()

(S

x (D0 e )™M © €I LMbRIT2 i,  x
Rem()

< Cu(@)? (@)
<C.
It remains to verify the claim (3.8). Setag 2 = (11 ® Lév)bR; thenag = (Liv ® 1a)ag 2.

Then, from the definition of the area
function, we have

/ |Sag (x1, x2)> dpa(x2)
1007

B /1001 /rl(m /Fz(xz)

dux(y2)dty  duy(y)dt
nVx2,0) (1N (1)

B /F]()C]) |:/100] -/l_'z(xz)

2d d d d
« ‘tzsze"zsz ((tlle)N+1e—t12LlaRy2(y1’ _)) O )‘ pa(y2)dty ( )] p1(yDdt

1‘(«’5,1‘2) tl N[/()C,t)
<C/ /7
1(x1) /X

dpi(yndt
1+4NV 1. f)
where the last inequality follows from the L? estimate of the area function on X».
Define U;(I) = 2/1\2/7'T for j > 1. Then we see that (100/*)¢ C U;-4U;(I).
Moreover, we have that 1 (U;(I)) < C2/™ y (I). Then, by Hoélder’s inequality and the
estimate in (3.9), we get

1
2
/ (/ |SaR(x1,xz)|2dm<xz>) dpy(x1)
(1007%)¢ \J 1007

| 00
<O WD) P’ / / / /
>4 (]001*)CﬂUj(1) 0 di(x1,y1)<t1 4 X2
1

e pm(ndn ’
X ‘(I%LI)NH*? l‘LlaR,2(y1,x2)’ dpa(x2 )MNv(dl/«l(xl)) .

2 2 2
((zlle)N“e T @13 Lse tZLZ)(aR,z)(yl,yz)

dur(x2)

L)V e “itligy 2(Y1,X2)) dua(x2) (3.9)

Next, we split the integral area (0, oo) for #; into three parts: (0, £(1)), (£(I), d1(x1, x1)/4)
and (d; (x1, x7)/4, co). Then the right-hand side of the above inequality is bounded by the
sum of the following three terms

D(a) +D(a) +D(a)
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where

o)
1
D" = 622"“%(1)5 // / /
X, J (10015 N U; ) Jo di(x1,y1)<11

d d
oL e g a0 x| de(m)dw(m)]

1
2

)

and Dé”) and D(”) are the same as Df“) with the integral foz D

replaced by fgll()x‘ D/ and
f 4y (x1xp) /40 respectively. Here we use x; to denote the center of the dyadic cube 7

We first consider the term Df“).Wedeﬁne E;j(I):={y: d1 (x1, y1) < £(I) for some x1 €
(10071*)¢NU;(I)}. Then we can see that dist(E; (1), ) > 27=2¢(I) 4+ ¢(I*). Now we have

DY <321y
j>4

1+4N

1
e 24 d 2
[/ / / ’(t L)V e g 5 (y1, x2) ) Mz(xz)]
X E;(I)

144N ”aR 2||L2(X1 xX)
j>4

1
o :
<> 2my o~ @2 ey 4N
0 i

1
Z . _ . |
- i~ . (27720(I) + €(I%)) R2IL2(x % Xy)

where the second inequality follows from the Davies—Gaffney estimates, and the third

inequality follows from the fact that e™* < x~# for all x > 0 and 8 > 0 and that we
choose f satisfying § > 4N.

Moreover, noting that

2 —
3 am2 0L <(z(1) >nl/2 B2

= QI=2e(I) + ¢(1*)P2 = \e(1%) ; (3.10)

we obtain that D(“) is bounded by the right-hand side of (3.8) fore; := /2 —n;/2
Next we consider the term D(a) Similarly, we set

Fi(I) :={y1 : di(x1, y1) < di(x1, x1)/4 for some x; € (100I*)° NU;(I)}.

We see that dist(F; (1), I) > 2/73¢(I) + €(I*). Now we have

DY <221
j>4

t11+41v

1
o0 2 2 duy (yr)dt :
X // / ’(Z%Ll)NHe a2 (v, x2)| ————v— dpa(x2)
X2 Jeay JFj )
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1

2
<C22jm/2 ()2 ooe—<2f—3e<1>+a1*>>2/<cr12> dn, lag.al?
= H 0 pan LRI 00 xa)
j>4

1
2

=C Y 2P
j>4

L’ N e o2
‘(21—3z(1)+e(1*))ﬂ “n ”“R’Z"“(X“Xﬂ’ ’

where the second inequality follows from the Davies—Gaffney estimates, and § is chosen to
satisfy n; < B < 4N. Now using (3.10), we obtain that Dga) is bounded by the right-hand
side of (3.8) for €] := B/2 —n1/2.

Now we turn to the term Dg“). Since x1 € (100/*)°NU; (1), we can see that d(x1, x;) >
2/=Y¢(I) + £(I*). Thus, the Davies—Gaffney estimates imply that

D < C Y 2im (1)
j>4

1
o 2 2 dp (y1)dt :
X / / / ‘(Z%Ll)Nﬁ-le 11LlaR’2(y1,X2)‘ N dua(x2)
Xp J2i-teny+e(1*) J Xy 5

1
; 1 *° dn :
< C Y 2MPuy )2 ( /2 7 ||aR,z||iz(XlXx2)]

= I=le(h+eas) t

1
. 1 . 2
< C Y 2MPuy )2 70 ||aR,z||iz(X1XX2)} ,

j>4

E(I)4N
’ Q7= 4 e(I*)*N

Now using (3.10), we obtain that Déa) is bounded by the right-hand side of (3.8) for €| :=

2N —ny/2.

Combining the estimates of Di“), D;a) and D;a), we obtain that the claim (3.8) holds for
€1 1= B/2 — n1/2, and hence D@ is uniformly bounded.

We now consider the term D®. Similar to the estimates for the term D@, we set
Uj Iy = 2 1\2)' 71 for ji > 1 and Uy, (J) = 22J\2271J for j, > 1. Then we
have (100/*) C Uj-4Uj, (1) and (100J)¢ C Uj,-4U},(J). Moreover, we have the fol-
lowing measure estimate for the annuli: p1(Uj, (1)) < C2/1" (1) and po(Uj,(J)) <
C2/72"2 15 (J). Now we have

p» = > / / |Sar(x1, x2)| dper (x1)d pa (x2)
(1007*)c J (100J)¢

Rem(Q)

> 3

Rem(Q) =4 Joma? (1001900, (D) /(1005)(«'nt2(1)

C z M(R)1/2222j1n1/22j2n2/2

Rem(Q) Ji=4 o4

IA

[Sag(x1, x2)| dpi(x1)d 2 (x2)

IA

1
2

x(/ / |SaR<x1,xz>|2dm<x1>duz<xz>) @I

(1001*)CQU]'1(1) (]OOJ)CﬁUjZ(J)

where the second inequality follows from Holder’s inequality.
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We claim that

> D> mirphm / / |Sag (x1, x2)|* dpi (x1)dpa (x2)
(]00]*)"ﬂUjl(l) (100])"’ﬂUj2(J)

J1>4 j2>4

1
2

172

o1\ _ B
<C (Z(I*)) (2(1) WNo) 4NHbR”iZ(X1><X2)) (3.12)

for some €; > 0, which, together with (3.11), implies that

20\ € 1/2
DV =C 3wk () (0 e bl cx.r)
Rem(Q2) ( )
1/2 1/2
o\ ANy p\—AN
<C Z /L(R)(e I*) Z DT TR L2 (x, x x50
Rem(2) ( ) Rem(R2)

< Cu()V2 )12
<C.

From the definitions of the area function Sf and the (H Lll, Ly 2, N)-atom ag, we have

|Sag(x)[*

/OO/ /OO/
0 dy(x1,y1)<t1 JO da(x2,y2)<tp

dpi(yndty  duz(y2)dt
YV ) VYV (0, 1)

) ) 2
GL)N e T @ (L) N e 2 L2 (bR) (1, y2)

Similarly to the estimate for the term D@, we split the region of integration (0, co) for #; into
three parts (0, £(1)), (¢(1), d1 (x1, x;)/4) and (d; (x1, x1) /4, 00), and the region of integration
(0, 0o) for 1, into three parts (0, £(J)), (£(J), d2(x2, x7)/4) and (da2(x2, x7)/4, 00). Hence
|Sag(x)|? is decomposed into

|Sag ()|
dy(xp.x) dy(x1.x7) dy(x1.x7) dy(x9.x7)

(D) pe) e 3 L(I) o0 A -L(T) 3 2
o U A Y Ay AeUsl A A
0 0 o Jun 0 2222 Ju 0 20 7o)

dy(xp.xy) dy(xp.x7)
T

L ro0 o0 L(J) 00 -5 00 00
o oo e |y e o) S Joyan
oI z(xi.)(]) . l(lel.xl) 0 1(,xi,x1) Jen ‘l()‘i-xl) Z(A%XJ)

x / / (LNt o @BrN e R mp 0, )|
dy(xp,yp) <ty Jda(xp.y2)<tp
dp(y)dr dpa(y2)dny
1NV L) 1 TNV (0, 10)
=:1dy (xp, x2) +dy2(xy, x2) +dp 3(x1, x2) +dp, 1 (x1, x2) +do2(x1, x2)
+dp3(x1, x2) +d3 1 (x1, x2) +d32(x1, x2) +d33(x1, x2)

3 3
= z z d[,,((xl, X2)~

=1 k=1
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Now fort=1,2,3andk =1, 2, 3 we set

DB =c> S 2t

Jj1>4 >4

y / / A, e (1. x2) dpu (x1)d o (x2)
(1001*)CmUj|(1) (IOOJ)Cﬂsz(J)

We first consider D( ) Similar to the estimate in D(a), we define E;, (1) = {y :
di(x1,y1) < £(I) for somex1 € (100/%“ N U;, (D} and E;,(J) := {y2 : dz(xz ) <
£(J) for some xp € (100J) N Uj,(J)}. Then we get dist(E;, (1), I) > 20201y + (%)
and dist(E j,(J), J) > 2/172¢(J). Now we have

1
2

/ / dy 1 (xp, x2) dpg (xp)dpa(x2)
(1007%)¢ O Uy (1) J (1001)¢ N Uj, (J)

1408] 0J) , . ,
- / / / / (LY @ (FLo)N e 2 b (31, y2)
0 JE;()Jo Ej(J)

duy(y1)dty duz(y2)dty
114N 114N
I 5

o dn_ [0 dt

— QN 20D +e(r)? J(er?) AT —Q2720(1))?/(et3) 412

SC/O ¢ e ey ”bR”LZ(XlxXz)
1 t

. Q0%

T @) +edr))p
where the second inequality follows from the Davies—Gaffney estimates, and the third
inequality follows from the fact that e < x~# for all x > 0 and 8 > 0 and that we

choose g satisfying § > 4N.
Thus,

o)~ *N 2By gy~ ||bR||iZ(X|><X2)’

B

j1n ()2
D](,bl) SCZZ“ZI ' ( ) :
ji>4 (2/"2€(1) +e(1%))2

72”2 — — 2
x Z 272 e(z) N NIbRI L2 x, xx0)2) Y
J2>4
D\ () an, an 12
<c (z(z*)) (™ e ™ bkl x0)

where the second inequality follows from (3.10) with €; := /2 — n1/2. Note that 8 >
max{ny, no} follows from the fact that N > max{n/4, np/4}.

As for Dﬁ’%, similar to the term Déa), set Fj,(J) :={y2 : da(x2, y2) < da(x2,xy)/4 for
some x3 € (100J)° (U}, (J)}. Then we can see that dist(F}, (J), J) > 27273¢(J). Now we
have

/ / d1.2Cer, x2) dpes (e (x2)
(1007*)¢ ﬂ Ufl (I) J(100J)¢ ﬂ sz J)

dz(Xz dy(xp.x )

()
/ / / / |(FLo e @ L)V e )|
Ej (D Je) Fj,(J)
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duy(y)dty dua(y2)dep

t11+4N t21+4N
4 . .
<o [ e A (% a2 4 d’2 b
= ¢ T+4N ¢ v | R||L2(X1><X2)
0 t )
1 2
K(I)'B] —4N ~—j2B2 —4N 2
E (2“726(1) +€(1*))f31 E(I) 2 ’ E(J) ||bR||L2(X1><X2)’

where the second inequality follows from the Davies—Gaffney estimates, and the third
inequality follows from the fact that e™ < x~P forall x > 0 and B > 0, and that we
choose B satisfying B > 4N and B; satisfying n, < B> < 4N. Hence, similar to the

estimate of the term Dibi,

®) e\ AN 4N 172
p{) <c ( w) (O™ N bkl g, )
with €] := f1/2 — n1/2. Note that 81 > n follows from the fact that N > n;/4.

As for D"}, since x; € (100J)° N U, (), we see that da(x2, x;) > 2/271¢(J). Thus, the
Davies—Gaffney estimates imply that

/ / dy3(x1, x2) dpy(x1)dpa(x2)
(1007*)¢ N U, (1) J(1000)¢ N Ujy (J)

o) 00
- /0 /Ejl ) /2/2—%(1) /x2

duy(y)dty dpa(y2)dt

) ) 2
GL)N e T @ (15 L)V e 22 (bg) (1, y2)

1+4N 1+4N
h )
W oy o diy [ dn
- C/ o @2 en e ey 40 / TN
0 t1]+4N o) t1+4N L2(X1xX2)
b

—4N H—4Njj —4N 2
= Commmin s eamym (O RO IR G oy

in which we choose 8; > 4N. Hence, we have
b e\ —4N —4N 2 172
p") <c ( o) (6™ e ™V bRl x, )
with €; := B1/2 — n1/2. Note that 8; > n; follows from the fact that N > n/4.
For the remaining terms Dt(}f() fort = 2,3 and k = 1, 2, 3, we estimate the integral with

respect to the first variable #; in a way similar to that for D(“) above, while for the integral
with respect to f, we use an estimate similar to that used for the #, integral in be,z above.

This completes the estimate of D®  and hence that of D.
The estimate for the term E is symmetric to that of D.
Combining the estimates of D and E, we obtain (3.5), which, together with the fact that

ISallL1urw < C, yields the estimate (3.2). Thus Lemma 3.2 is proved. m]
This completes the proof of Step 1. O
Proof of Step 2 Our goal is to show that every function f € HL1 L (X1 x X2) N

L?*(X| x X)hasan (H] LiLy 2, M)-atom representation, with appropriate quantitative con-
trol of the coefficients. To this end, we follow the standard tent space approach, and we are
now ready to establish the atomic decomposition of H II‘] L (X1 x X2) N LE(X; x X2).
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1052 P. Chen et al.

Proposition 3.4 Suppose M > 1. If f € HLII’L2 (X1 x X2)NL2(X] x X2), then there exist
a family of(HLl1 Ly 2, M)-atoms {a; }?":O and a sequence of numbers {) ; }?o:o € ¢! such that
f can be represented in the form f = ) ijaj, with the sum converging in L2(X| x X2),
and

oo
(R Grxxny = C DG Cllfllag, 1y )

Ly,Ly,at,N =
where C is independent of f. In particular,

HY (X1 x X)) NLA(X1 x X2) C H} ;00 (X1 x X2).
Proof Let f € HLll,Lz(X] x X2) N L3(X x X»). For each £ € Z, define

Q= {(x1.x2) € X1 x Xp: Sf > 2},

B[I

1 1
[R = Lo X Lo} : R OQ0) > 2o u(R). w(R O Qe) < Z—AOMR)] , and

~ 1
Q= 1(x1,x2) € X3 XXQ:MS(XQ()> ’
2A0

where M is the strong maximal function on X x X».
For each rectangle R = Lffl‘ X I(ff; in X1 x X», the tent T'(R) is defined as

T(R) = {132,100 1 (ry) € Ronp € Q70,2707 e 27t 27t}

For brevity, in what follows we will write x7(r) for x7(r)(y1, ¥2, t1, 12).
Using the reproducing formula, we can write

Y 2 —2L, 27 2L, dtidty
flxr, x) = YtV L)Y (/L) (7 Lie™ 17 @ t5 Lae™ 272)(f)(x1, x2) P
o Jo
o0 o0
= K (x1, yDK (x2, ¥2)
/0 /0 /Xl /Xz (/L) Y (12+/L2)
2 ) dtidty
x (L1 @ 13 Lae™252) (f)(y1, y2)d i (v1)d pa(y2) P
=2 Z/ Ky vy X1 YUKy 1, g5 (620 32)
te7 ReB TR
27 L o 27 2L, dtidn
X (tfLie” 17" @ tyLae™ 272) () (1, y2)d 1 (y1)d 2 (y2) i
=1 > heap(x1, x2). (3.13)

LeZ

Here the coefficients Ay are defined by

1/2
00 (00 _2 _2 2 drdty ~
A =C Z/ / |2 L1e”TE @ 12 Lae 222 (1Y 01 ) [ xr (i) — CHEES
R 0o Jo iy

€By 12
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Also the functions ag(xy, xp) are defined by

ag(xy, x2) == z /T Kv,mm)(xl,yl)Kw(,zm)(xz,yz)

¢ pep, /TR
1dt2

X(FL1e”TH @ 22 Lae™TE2) () (1. y2)d i (yDdpa(y2)—

First, it is easy to verify property (1) in Definition 2.7, since from Lemma 2.5 and the
definition of the sets By and €2, we obtain that ay(x1, x2) is supported in 2.
Next, we can further write

axi, x) = Y aglx, x),
Rem(Sy)
where

ag = (x1, yDK (x2, y2)
R > Py /T(R) (VD ¥ (6VT)

ReBy, RCR
1dt2

x(t{Lye" i ®t2Lze_t2L2)(f)(y1 yz)dm(yl)duz(yz)
Then property (i) of (2) in Definition 2.7 holds, since ag can be further written as
az = (LY @ LY )by,

where

bri= 2L 3 / NN K gy g 01 YD K 1, g3 (12, 32)
ReBLRcR TR

_ _2 dtdn
) (2 Lye T @ 2 Loe ™3 L2) () (v, y2) d it (y)d pa(32) -

Next, from Lemma 2.5, we obtain that property (ii) of (2) in Definition 2.7 holds.
We now verify property (iii) of (2). To do so, we write

lael z2cx,xx2) = sup [{ae, h)|.
RNRN 2 x, exy) =1

Then from the definition of ay, we have
[{ae, h)l

/ = Z / Ky v 1 YO Ky 1, 5 (620 32)
X1><X2

ReB

_2 2 dtidt
X(FL1e” T @ 15 Lae™212) (f)(y1, y2)d i (v1)da (y2) titzz h(xy, x2)d i (1)d e (x2)

<—Z/ WV Iow T (1, 1)

ReBy

1dlz

x| Lie™ T @ 3 Lae ™31 (), yo)|dpn Ddu2(2) —

! d 1/2
= Jeix (Z/ / W/ IV T W) O ) Py 2 tz)
1 XA2

ReBy
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1054 P. Chen et al.

Rl e 2 2 . 2 dtidt 172
x( Z/ / |t Lie™ T @ 13 Lae™252) () (1. y2) | 7wy dui (y1)dua(y2)
rep, ’0 70 35
14
<
Ag

= —lhl.:

oo oo 2 2L, 2 dtidty 172
(Z/O |16 1e @ e o P

ft
ReBy 12

L2

< w2

In the last inequality, we have used the definition of A,.
Similarly, from the definition of the function b, we have for each 01,07 € {0, 1, ..., N}
that

e 2N eV @@L @ () L) byl 2
= sup [N UI L) @ (U(T)*La) by, h)|

h:flh]l 2=1
s sup o= > / [T L) ¢ (t117/L1) ® (E(1)* L) ¢ (123/ L) (W) (1. y2)
h:Hh||L2:1 [ReBg,Rcf T(R)
27 Ly o 27 . —i2Ls dtydty
x|t L1e™ T @ 13 Loe™212) () (y1, y2) | dp1 (1) d pa(y2) i

As a consequence, using the same approach as in the above estimates for a;, we have

>N eI L) © (L) L) bgll7s
Rem(Qy)

C
s s> (x> )

TRkl a=1 Ay L
il 2 ¢ Rem(Qy) \ReB,RCR

X [(€(D)*L1)" ¢ (11/L1) ® (L(T)> L) ¢ (12/L2) (W) (31, y2)|

x [ L1e™ T @ 2 Lae™H12) () (1, y2) | dir (y)dpia(y2) diljm)z
I 112 y
Sg Z/o /0 |((FLie™ T @ BLae™ ) ()1 32 P arar) d;iitz 2
ReBy
< @)~

The last inequality follows from the definition of A,.

Combining the above estimate and the estimate for a;, we have established property (iii)
of (2) in Definition 2.7. Thus, each a is an (H} .2, N)-atom.

To see that the atomic decomposition > ¢ Aeag converges to f in the L2(X 1 X X») norm,

we only need to show that || ZVZI>G Aeaellp2x, xx,) —> 0as G tends to infinity. To see this,
first note that

H Z leag L2 xXa) = sup ‘( Z kgag,h)‘.

e Bellbll 2 x, xp)=1 0 j0)>G
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Next, we have

‘( Z Aeay, h)‘

10>G

J

x(PL1e” T @ ZLye 5 12)(f)(v1, yz)dm(yl)duz(m

5./;(,%( Z/ / WV IOw /TG v P dz)f

|6]>G ReB,

> /T(R) Ky vy 1 YD Ky, y13) (2. 32)

1XX2 101>G ReB; *

2 h(xr, x2)dp (x1)dpa (x2)

2
2) dpy (yDdpa(y2)

(Z Z/ / ‘(tlLle_' ih ®t2L2€_'2L2)(1‘)(y1,}2)| XT(R)

|€|>G ReBy

[T

= Clihll L2

L2

dtidt
Z Z/ / |(I Lle_t L ®t2L2€_'2L2)()‘)()’1 y2)| XT(R)——— 122
|¢|>G ReBy

— 0

as G tends to oo, since || Sf |2 < oco.

This implies that f = >, A¢ay in the sense of L2(X; x X2).

Next, we verify the estimate for the series >, [A¢|. To deal with this, we claim that for
each (¢ € Z,

t1dt2

> / (L1 T @ 3 Lae™ 1) () (y1. o) Pdi () dpa(y2)
ReBy

< 224D 1 (Qyp).

First we note that
[ P dinenduat) <20 @0,
Qe\Q2¢+1
Also we point out that

[ (S (e, x2) i (1) dpia (x2)
Qp\Qpyq

/ﬁe\ﬂul /l;l(xl) /l“z(xz)

2 Y
><|(t]2Lle Tl @12 Lse IZLz)f(yL)’z)

|2 duy(y1)duz(y2) dtidt;
nVxy, 1)nVix, n)

R 2 Ly o 25 —i2L, 2
= |((fLie™ T @ 15 L2 222) (£ (01, y2)|
0 0 X1 xXo

x p({(x1, x2) €2\ Q41 ¢ di(x1, V1) < 11, da(x2, y2) < 12})

dy (x1)dpuz(x2)

duy(y1)duz(y2) dnidt,
nVxy, 1)nVix, n)
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2 _42 2
> > [ J3Le o dLe i) (e )|
ReB, /TR
dui(yduz(y2) dndt,
| V(xl,tl)tzV(xz,tz)

dn tz
e Z/ (1o @ ZLae B (N1, v2) (i ()20
ReBy

x i ({(x1, x2) € Q\Qep1 & di(x1, y1) < 11, da(x2, y2) < 1))

where the last inequality follows from the definition of By. This shows that the claim holds.
As a consequence, we have

> kel
[
2L, —12L, dtdty 172
= Z (Z/ / |(FL1e™TH @ 15 Lae™252) () (31, y2)| XT(R) )
12

nt
ReBy 12

w(@p)'?
2

2, =Ly o 2, 2Ly, 2 dudn\'?*
ey > [l ne T @3t B P onauaon ) @)
ReBy

=C Zz“lu(szw =2 @
14 £

< CISFIL1 (x, xxy)

= C”f”HLlle(Xl xX5)"

Therefore,
”f”]}}]}‘ Ly wnX1xX2) = C”f”[-[l (X1><X2)’
which completes the proof of Proposition 3.4. O
Step 2 is now complete. This concludes the proof of Theorem 2.9. O

4 Calder(’)n—Zygmund decomposition and interpolation on

L1 L (X1 x X3)
In this section, we provide the proofs of the Calderén—Zygmund decomposition (Theo-
rem 2.11) and the interpolation theorem (Theorem 2.12) on the Hardy spaces H f 1 xLs (X1 x
X5).

Proof of Theorem 2.11 By density, we may assume that f € Hfl,Lz(Xl x X2) N H* (X x
X5). Leta > 0 and set Q¢ := {(x1,x2) € X1 x X2 : Sf(x1,x2) > a2£},£ > 0. Set

1
- _ 7k ki .
By = {R = X 1M (RN Q) < 2—AOM(R)}
and
1 1
N _ gk ki .
Bei= (R =1 x 1l - RN Q) 2 5n(R), RN Q) < 3R]

for ¢ > 1.
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By using the reproducing formula and the decomposition (3.13) as in the proof of Propo-
sition 3.4, we have

fanx) =D > / o Ky @1 30Ky 1) (2. 72)

te7 ReB, TR

ldlz
x ((FL1e” T @ 3 Loe 1) () (01, y2) diat (1) dpa (1)
= g(x1,x2) + b(x1, x2),
where
g(x1, x2) = Z/TR Ky vt @1 YO Ky 4, 15y (52, ¥2)
ReBy? TR
2 2L, 2L, ldtz
x ((FL1e™ T @ 13 Loe 2 52) (f) (1, yz)dm(yl)duz(yz)
and
CEROEDID Y B N LI
¢>1ReB TR
1dl2

x ((2L1e T @ 2Lye 2 12) (f) (1, i (dpa () =

As for 8, by ertll’lg ||g||L2(X1 xX2) = supy,. ”hHLZ:] |<g, >|, and notmg that

el =| 3 [ vaVIwedmmo.

ReBy

2 2 dtldtz
}((FL1e™ T8 @ B Lae 2 12) () (v, y2)dpt (y)dpa(y2) \

nden\ 2
<C||h||Lz(Z/ [ Lye L'®z2Lze*’7L2)<f>(y1,yz>| durOodua (2 ’2) ,

ReBy

we have

ndo\ 172
gl < C( Z/ |t 2Ll ®f2L267t2L’)(f)(y1,y2)} duy (yDdpa(y2) dn tz) .

ReBy

Also note that

/ Sf(x1, x2)2d 1 (x1)dpa (x2)
Sf(x1,x2)<a

_42 _42 2
=/ / / (FFL1e™ T @ 3 Lae™212) (f)(y1, 1)
Qf JT1(x1) JT2(x2)

de(yl)dﬂ«z(n) dtidn
nVxy, t)nVix, )

R 2 —2L 2 —12L 2
:/ / / [((fL1e™ 5 @ 15 L2e™252) (/) (v1, y2) |
0 0 X|><X2

dpy (y1)dua(y2)dtdty
nVixy, tl)tZV(XZ» )

hdt
>C >’ / (@ Lie™Th @ 3 Loe 31 () (31, y2) | dpn()dpa(y2)— dnds
ReBy

dy(x1)d 2 (x2)

xp({(x1,x2) € Qf 1 di(x1, y1) < t1,d2(x2, y2) < 12})
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As a consequence, we have
g2, < C / SF (1. x2)2d s (e daa (x2).
Sf(x1,x2)<a

It remains to estimate ||b|| 1 (XixX2) From the definition of the function b(x{, x7), we
1-£2

have

”b”HLll_LZ(XIXXZ)

=2

>1

Z / Ky gz @1 YO Ky 1 15 (62, ¥2)
ReB /TR

dtidty
1315

_42 _ 2
X (L1 T © 5 Loe™ 2 2) (f)(v1, y2) dput (y1)d pa(ya)

HLII_LZ(XI xX2)

From the proof of Proposition 3.4, we see that, for £ > 1,

1
e Z/ Kl/f(tl«/LT)(xl’yl)K¢(zz¢f2)(X2,y2)
t Rep, /TR

dtidty
nn

_ 2 _2
x (7 L1e” T @ 15 Lae™212) (£) (1, y2)d 1 (1)dpa(y2)

is an (HLI1 Ly 2, N)-atom, which we denote it by a,, where A, is the coefficient of a, defined
by

Rl 2 2 drdn\'?
he = CH( > / / |21y T @ 3 Lae™22) () (1, y2) | X7 Ry — 2)
Jo Jo

1t
ReBy 12

()2,
2

L

Here we point out that the support of a, is Q= {(x1,x2) € X1 X Xo: Ms(x)(x1,x2) >
1/(2A¢)}, where ¢ = {(x1,x2) € X1 x X2 : Sf(x1,x2) > o2¢}. Hence, following the
same argument in the proof of Proposition 3.4, we obtain that

Ihel < Ca2t1u(S2).

< C, where C is a positive constant

Moreover, Lemma 3.2 implies that ||a ”HLl L (X1xX2)
.52

independent of ay.
As a consequence, we have

”b”HII,l.Lz(XlXXZ)

< DIl

>1

1
— K DK ,
Iy > /T(R) vy X1 YD Ky 15 (X2, 32)

ReBy
dtidty

2 2
X (fLie” T @ 15 Lae ™2 P2) () (v1, y)dp (y1)d pa(y2) s

Hy | 1, (X1,X2)

< C D o2 u(Q0)
=1

< C/ Sf(x1, x2)duy (x)du2(x2)
Sf(x1,x2)>a
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<Ca'™? / Sf (1, x2)Pdpr (xn)d 2 (x2)
Sf(x1,x2)>a
1—
< Ca p”f”Hflez(Xl»Xz)'
We are now ready to prove Theorem 2.12.

Proof of Theorem 2.12 Suppose that T is bounded from HLl 1,(X1 x X2) to L'(X1 x X»)

and from H2 Lo (X1 %x X2)to L2(X1 x X2). For any given A > Oand f € Hp Ly (X1 x X2),
by the Calderon—Zygmund decomposition,

flxr, x2) = g(x1, x2) + b(x1, x2)
with
2—p
IIgIIHz L wxy = CX IIfIIHp L, (KixX) and

I-p
”b”HL Ly (X1xX2) — = Cx ”f”Hp L (X1 xX2)'

Moreover, we have already proved the estimates

gl <c / SF (1. x2) dpy () (x2)
Hzl Ly (X1xX2) Sf(x1,x2)<a

and
11! <c| SF (et x2) dp () (1),
Hy 1Ly (X1 X2) = Sf(x1,x2)>a
which imply that
o0
ITANLpxyx0) = P/O o u({Cxr, x2)  ITf (1, x2)| > @))da
o0
<p [ o uden ) Tet )l = o/2))da
0
o0
+p / o ({1, x2) | Th(x1, x2)| > e/2))da
0
*© 2—1 2
SP/ ol / Sf(xr, x2)” dpy (x1)dpa(x2)da
0 Sf(x1,x2)<a
o0
+p / al~ !t / Sf (x1. x2) dpy (x1)d i (x2)dot
0 Sf(x1,x2)>a
P
< CIIfIIHLl L, (XixX)
forany 1 < p < 2. Hence, T is bounded from Hfl,Lz(Xl x Xp) to LP (X x X»). ]

5 The relationship between H£1,Lz (X1 x X3)and LP (X1 x X3)

Before proving our main result Theorem 2.13, we point out that Theorem 2.13 is an extension
of Theorem 4.19 in Uhl’s PhD thesis [44, Section 4.4]. In Theorem 4.19 ([44, Section 4.4]),
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to obtain the coincidence of the Hardy space and the Lebesgue space, Uhl assumed that L
is an injective operator on L>(X). Here we note that if L satisfies the generalized Gaussian
estimates (GGE,)) for some 1 < py < 2, then L is injective. This result seems new and

leads to the fact that H2(X; x X2) = L3(X; x X») (see the proof of Theorem 2.13 in this
section).

Theorem 5.1 If L satisfies the generalized Gaussian estimates (GGE ) for some po with
1 < po < 2, then the operator L is injective on L*(X).

Proof Take ¢ € L%(X) with L¢ = 0. From the functional calculus,

t 8 t
el :/ —elds = —/ Le™*Lds.
o ds 0

t
(et =) =- / Le™*"ds(¢) =0,
0

Then we have

which implies that

p=c't¢ (5.1)

holds for all # > 0. Note that (5.1) is proved in [31, p. 9].
Next, as shown in Lemma 2.6 of [44], the generalized Gaussian estimates (GGE p,) imply
the following L? — LPo off-diagonal estimates:

1P, e " Py lam py < CV o, Vi)~ 27V P, (5.2)

where C(x,r) := B(x, 2/r)\B(x, 2j_lr) for j > 1 and Co(x,r) = B(x,r).
As a consequence of Fatou’s lemma, (5.1) and (5.2), we have that

. o L
191 < lim 1Py mllyy = Tim 1Py e Mol
o0
: —tL
< lim > 1Ppe yne " eyl
=0

oo
< lim > CV(x, V)~ g
—00 —0

< lim CV(x, VO'/?0=12 |,
—00
—0.

Here in the final step we have used the fact that ;(X) = oo. Thus, we obtain that ¢ = 0 a.e.
This completes the proof of Theorem 5.1. O

Next, we give a vector-valued version of a theorem about the area function associated
with an operator L in the one-parameter setting.

Suppose L is a non-negative self-adjoint operator defined on L>(X; H), where H is a
Hilbert space with a norm | - | . Moreover, assume that L satisfies the generalized Gaussian
estimates (GGE ) for some pg with 1 < pg < 2.
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We now define an area function Sy : L>(X; H) — L*(X) associated with L by
2
e 2 dp(y) dr)"
Sy f(x) = (/ *Le™ ") £ (y) .
() I ) e tV(x,1)
Then we prove the following boundedness result for Sy .
Theorem 5.2 Suppose that L is a non-negative self-adjoint operator defined on L*(X; H)

satisfying the generalized Gaussian estimates (GGE,) for some po € [1,2). Then there
exists a positive constant C such that

ISt fliLrxy < CllfllLex; my (5.3)
forall p € (po, p(’)) andall f € LP(X; H)N L3(X; H).
Proof This boundedness result (5.3) is a vector-valued version of the result (4.15) in Uhl’s

PhD thesis [44, Section4.4]. We restate Uhl’s proof in our vector-valued setting.

Step L. We first prove that || Sy fllLrx) < Cll fllLr(x;n) for po < p <2.
To see this, we define

ni 1/2
. ([ ¢ 2y 2Ly o 2 ARGV
guf(x) = (/0 /X(d(x,y)+t) [(FPLe™ M) F [y tv(x’t)) ,

where n is the upper dimension of the doubling measure p. Then it is easy to see that
1Sa fllLrxy < Cllgy gy fllLr(x) foreach A > 1. Thus, it suffices to prove that for each for p
with pg < p < 2, there exists a positive constant C such that IIg;HfIILp(x) < ClfllLrix:m)
forall f € L?(X; H). We do so by interpolation.

We first show the L2 boundedness of gi‘y g J- To see this, we point out that by Fubini’s
Theorem,

du(y)d
/lgx p fPdux) = / /J,\ F(y,[)‘(zLe—f L) Fol M(y) dpy)dt

with

o t D dp(x)
D r(y, 1) _/F (d(x,y)+f) Vix,t)

which holds for any closed set F C X.
Then we have the estimate

Dk (y,8) < Cy,

where Cj, is a constant depending only on A and n but not on F, y or s. This estimate follows
directly from the inequality (4.16) in Uhl’s PhD thesis [44, Section4.4].
As a consequence, we obtain that

_ 2 du(y)dt odt
||g)\1-1f||2§cx/ /ytLe o) o EC,\/O A T

E C”f”LZ(X,H)

Next we point out that g)\ s weak-type (po, po). All the calculations and ingredients
of Uhl’s proof in [44, pp.63—74] of this fact for L7°(X), namely the use of the Calder6n—
Zygmund decomposition, the L2-integral, duality in the sense of L2, the Hardy—Littlewood
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maximal operator, and the L” — L2 estimate, go through in our vector-valued set-
ting LP0(X; H). Thus we need only apply the rest of Uhl’s proof, replacing the absolute
value | - | used there by our norm | - |g.

Step II. We now prove that || Sy fllzr(x) < Cll fllLrx; ) for2 < p < pj.
To see this, we consider the Littlewood—Paley g-function defined by

dr\ /2
GHf(x):=(/0 12Le L F (0l ) :

We claim that
IGu fllLecxy < CIf e a)- (5.4)

The proof of (5.4) is exactly the same as that of the proof for the Euclidean, non-vector-
valued case in Auscher’s paper [1, Section 7.1]. The key ingredient of Auscher’s proof is
Theorem 2.2 of [1]. It is noted in [1, Remark 7, after Theorem 2.2] that Theorem 2.2 also
holds in the vector-valued case. Further, the proof of Theorem 2.2 in Auscher’s paper goes
through in the case of spaces of homogeneous type.

Auscher’s proof of (5.4) requires the Davies—Gaffney estimates and (5.2). The Davies—
Gaffney estimates are one of our hypotheses. The estimate (5.2) follows from the generalized
Gaussian estimates (GGE ), as is shown in Lemma 2.6 of [44]. Thus inequality (5.4) holds.

Then, following the duality argument in Uhl’s proof [44, pp.74—75], we obtain that for all
¢ € L2 (X),

((Su 2 D) < (GH ) MUPDI-
Therefore [|Sy fliLrxy < 1Gu fllLrxy < CILf lLr(my, as required. o
Remark 5.3 We point out that in Step II in the proof above, we can obtain the following

result as well: Sy y fllLrx)y < 1GH,y fllLrx) < CIlfllLr(x;H), where ¥ appears in the
reproducing formula in (3.13), and

B dy dt \'?
Shy f(x) 1= (/nx)‘(wﬁ))f(”‘”rw t)) ’

and
00 5 dt 1/2
GH,wﬂx):(/O |¢(rﬁ>f(x)|ﬂ7) .

Now we can prove Theorem 2.13.

Proof of Theorem 2.13 Note that Part (ii) is a consequence of Part (i) and Theorem 2.12. It
suffices to prove Part ().

By Theorem 5.1 we obtain that L1 and L, are injective operators on L2(X,) and L3(X>),
respectively. As a consequence, the null space N (L1 ® L») = {0}, which yields that H 2(X, x
X5) = LZ(X] x X») since Lz(Xl X Xp) = H2(X1 X X2) ® N(L1 ® L»). Thus, to prove
Hlljl,Lz(Xl x X2) = LP (X1 x X») for pgp < p < 2, it suffices to prove that for all f €
L*(X1 x X2) NLP (X1 x X2),

I fllLrx xxp) < CUSFllLrxyxx2) < ClfllLrx,xxs)- (5.5)
And then the result Hfl,Lz (X1 x Xo) =LP(X1 x Xp)for2 < p < p6 follows from the
duality argument. This implies that Part (i) holds.
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We now verify (5.5). First, write the area function as

dui(y1) diy dpa(y2) a’tz)l/2
Vxi,t1) ©1 Vixz, ) &

— (/ |:/ |(t2L1e*’12L1F Yo dua(y2) dtz] dur(y1) dl1)1/2
= . = il
@) LT (o) ! 2 Vxa, ) 1 | V(x1,1) 1

2
where Fy, .y, (-) = (§L2e7252 ) (-, y2).
For each xo € X5, we define the Hilbert-valued function space L*(X; H,,) via the
following H,, norm:

2 2
(/r( , ltfLie™ 15 @ 7 Lye™ 212 f(y))?
X

dua(y2) dn ">
G = G s s :
|Gy, YD H,, [/F(ml n2 D Vixa, ) t

Then L; can be extended to act on L2(X;; H,,) in a natural way. Also the generalized
Gaussian estimates can be extended to the semigroup e’% acting on L?(X; H,,). Thatis, by
Minkowski’s inequality

—tL
| Ppx,.c1/2y€ ! 1PB(yl,tl/Z)Gtz,yz(')||Lp6(X;H)

|P'B()c1,z'/2)eitl‘1 PB(yl,t'/z)Glzqyz('HH‘

- LP0(x))
—tL
=< ’”PB(XI,[l/z)e ! 1PB(ylytl/Z)Gtz,yz(')”LpE)(XI)‘H
/ d(x ) 2
<CV(x, tl/2)—(1/P0—1/Po) exp ( _ b%) ‘ Gy, llLrxy) ’H

d(x1, y1)*
b%) G2 |1 HLP(X1)

d 2
b (x1, y1) )
t

< CV(xy, 1112)=W/00=1/P)) expy ( _

= OV, 1"~ exp ((— 1GesyalLrcxan:

Define the area function S Hy, from L2(Hx2) to L2(X1) by

12
_ s o 2 dpa(yr) di
SH,, Gy y, (x1) 1= (/F(x]) [(PL1e™ )Gy D] V(1) ’

Recallthat F, y, (1) = (tzsze_’zzL2f)(~, y2).Soby Theorem 5.2, we have forall p € (po, p(’))
that

ISF e xyxx2) = ISk, Fioyo (D Lr (x5 x2)
< M Fu e ) e xa)
= M1 Fry yo | ey lp (x2) 2P (X1

2 dua(y2) dip 172
= [Frpyy QDI —
I (x2) Vixz, 1) B

LP(X2) ILP (X))

_ dus(y2) dn|'?
_ 27 2L, ’ 2 A2 7:|
H H [/1"(;:2)'(02 2)e f)(y1 )l Vixa, ) B

< ClfllLrx,xxs)-

LP (X)L (Xy)
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We can obtain the other direction, that is, || f||Lrx;xx,) < CISf|lzr(x,xx,), by using the
reproducing formula and then the standard duality argument and the L”-boundedness of the
area function for 2 < p < pj,. This completes the proof of Theorem 2.12. O
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