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Abstract We study locally conformal calibrated G;-structures whose underlying Rie-
mannian metric is Einstein, showing that in the compact case the scalar curvature cannot
be positive. As a consequence, a compact homogeneous 7-manifold cannot admit an invari-
ant Einstein locally conformal calibrated G»-structure unless the underlying metric is flat. In
contrast to the compact case, we provide a non-compact example of homogeneous manifold
endowed with a locally conformal calibrated G, -structure whose associated Riemannian met-
ric is Einstein and non Ricci-flat. The homogeneous Einstein metric is a rank-one extension
of a Ricci soliton on the 3-dimensional complex Heisenberg group endowed with a left-
invariant coupled SU(3)-structure (@, V), i.e., such that do = cRe(V), with ¢ € R — {0}.
Nilpotent Lie algebras admitting a coupled SU(3)-structure are also classified.

Mathematics Subject Classification 53C10 - 53C30 - 53C25

1 Introduction

We recall that a seven-dimensional smooth manifold M admits a G,-structure if the structure
group of the frame bundle reduces to the exceptional Lie group G,. The existence of a G-
structure is equivalent to the existence of a non-degenerate 3-form ¢ defined on the whole
manifold (see for example [26]) and using this 3-form it is possible to define a Riemannian
metric g, on M.
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If ¢ is parallel with respect to the Levi—Civita connection, i.e., VLCgo = 0, then the
holonomy group is contained in G, the G2-structure is called parallel and the corresponding
manifolds are called G,-manifolds. In this case, the induced metric g, is Ricci-flat. The first
examples of complete metrics with holonomy G, were constructed by Bryant and Salamon
[6]. Compact examples of manifolds with holonomy G» were obtained first by Joyce [24—
26] and then by Kovalev [28] and by Corti, Haskins, Nordstrom, Pacini [12]. Incomplete
Ricci-flat metrics of holonomy G, with a 2-step nilpotent isometry group N acting on orbits
of codimension 1 were obtained in [9,20]. It turns out that these metrics are locally isometric
(modulo a conformal change) to homogeneous metrics on solvable Lie groups, which are
obtained as rank one extensions of a six-dimensional nilpotent Lie group endowed with an
invariant SU(3)-structure of a special kind, known in the literature as half-flat [10].

Examples of compact and non-compact manifolds endowed with non-parallel G;-
structures were given for instance in [1,7-9,14,15,17,19,27,38]. In particular, in [9]
conformally parallel G,-structures on solvmanifolds, i.e., on simply connected solvable Lie
groups, were studied. More in general, in [23] it was shown that a seven-dimensional compact
Riemannian manifold M admits a locally conformal parallel G;-structure if and only if it
has as covering a Riemannian cone over a compact nearly Kahler 6-manifold such that the
covering transformations are homotheties preserving the corresponding parallel G,-structure.

By [5,11,18], it is evident that the Riemannian scalar curvature of a G»-structure may be
expressed in terms of the 3-form ¢ and its derivatives. More precisely, in [5] an expression
of the Ricci curvature and the scalar curvature in terms of the four intrinsic torsion forms
7i,1 =0, ..., 3, and their exterior derivatives was given. Moreover, using this it is possible
to show that the scalar curvature has a definite sign for certain classes of G;-structures.

If dp = 0, the Gy-structure is called calibrated or closed. The geometry of this family
of G-structures was studied in [11]. Furthermore, Bryant proved in [5] that if the scalar
curvature of a closed G-structure is non-negative then the G,-structure is parallel.

We say thata G-structure ¢ is Einstein if the underlying Riemannian metric g, is Einstein.
In [5,11] it was proved, as an analogous of Goldberg conjecture for almost-Kéhler manifolds,
that on a compact manifold an Einstein (or, more in general, with divergence-free Weyl
tensor [11]) calibrated G,-structure has holonomy contained in G;. In the non-compact
case, Cleyton and Ivanov showed that the same result is true with the additional assumption
that the G-structure is *-Einstein, but it still an open problem to see if there exist (even
incomplete) Einstein metrics underlying calibrated G;-structures. Recently, some negative
results were proved in the case of non-compact homogeneous spaces in [16]. In particular,
the authors showed that a seven-dimensional solvmanifold cannot admit any left-invariant
calibrated G-structure inducing an Einstein metric g, unless g, is flat.

In the present paper, we are mainly interested in the geometry of locally conformal cali-
brated G»-structures, i.e., G>-structures whose associated metric is conformally equivalent
(at least locally) to the metric induced by a calibrated G,-structure.

In Sect. 3, we prove that a compact manifold endowed with an Einstein locally conformal
calibrated G-structure has non-positive scalar curvature (and then has either zero or negative
curvature if it is also connected) and we show that a compact homogeneous 7-manifold cannot
admit an invariant Einstein locally conformal calibrated G»-structure unless the underlying
metric is flat.

In the last section, we give a non-compact example of a homogeneous manifold endowed
with an Einstein locally conformal calibrated G;-structure. The homogeneous manifold is
a solvmanifold, thus this example and the aforementioned result of [16] highlight a differ-
ent behaviour of calibrated and locally conformal calibrated G»-structures. Moreover, the
homogeneous Einstein metric is a rank-one extension of a Ricci soliton on the complex
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Heisenberg group induced by a coupled SU(3)-structure (w, ¥) such that do = —Re(W¥).
Recall that a half-flat SU(3)-structure is said to be coupled if dw is proportional to Re(\W¥) at
each point (see [37]). Finally, we classity nilpotent Lie groups admitting a left-invariant cou-
pled SU(3)-structure, showing that the complex Heisenberg group is, up to isomorphisms,
the only nilpotent Lie group admitting a coupled SU(3)-structure (@, W) whose associated
metric is a Ricci soliton.

2 Preliminaries on G, and SU(3)-structures

Let (eq, ..., e7) be the standard basis of R7 and (el, R e7) be the corresponding dual basis.
We set

0= e!B o5 4 o167 | 246 _ 257 _ 34T _ 356,

where for simplicity e’/* stands for the wedge product e Ae/ Aek in A3 ((R7)™). The subgroup
of GL(7, R) fixing ¢ is G7. The basis (el, ..., e") is an oriented orthonormal basis for the
underlying metric and the orientation is determined by the inclusion G, C SO(7). The group
G, also fixes the 4-form

4567

xp = 4567 4 2367

2345 | 1357 _ 1346 _ 1256 _ 1247

+e +e

where * denotes the Hodge star operator determined by the associated metric and orientation.

We recall that a G,-structure on a 7-manifold M is characterized by a positive 3-form ¢.
Indeed, it turns out that there is a 1 — 1 correspondence between G»-structures on a 7-manifold
and 3-forms for which the bilinear form B, defined by

1. .
Bq;(X,Y)Zng(P/\lW/\ﬁD

is positive definite, where iy denotes the contraction by X. A 3-form ¢ for which B, is
positive definite defines a unique Riemannian metric g, and volume form d'V,, such that for
any couple of vectors X and Y on M the following relation holds

1
8o(X,Y)dV, = gixq)/\iyga/\go.

Asin [11], we let
1 ..
¢ = coijke’

and define the *x-Ricci tensor of the G;-structure as

k

p.;km: = Rijleijs(/)klm-

A Gp-structure is said to be x-Einstein if the traceless part of the x-Ricci tensor vanishes,
ie., if p* = ?g, where s* is the trace of p*.

On a 7-manifold endowed with a G-structure, the action of G, on the tangent spaces
induces an action of G, on the exterior algebra A” (M), for any p > 2. In [4], it was shown
that there are irreducible G,-module decompositions

AR = AR @ A2 (R,
A®RN) = AR @ AR @ A3 (R,
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where A,f ((R7)*) denotes an irreducible G-module of dimension . Using the previous
decomposition of p-forms, in [5] a simple expression of d¢ and d * ¢ was obtained, where
* denotes the Hodge operator defined by the metric g, and the volume form dV,,. More
precisely, for any Gs-structure ¢ there exist unique differential forms 70 € A%(M), 71 €
AN M), T € A3, (M), 13 € A3, (M), such that

do = 19 * ¢+ 311 A @+ *x13,
dxgp =4t A*x@+ 1) A @,

where A} (M) denotes the space of sections of the bundle Ay (T*M).
In the case of a closed G structure we have

do =0,
dxg =1 A.

By the results of [5], the scalar curvature is given by
Lo
Scal(gy) = —Im|

and from this it is clear that it cannot be positive.
For a locally conformal calibrated G,-structure ¢ one has o = 0 and 73 = 0, so

do =37 N g,
dxg =4ty A*x@ + 10 A @,

and taking the exterior derivative of the former it is easy to show that 77 is a closed 1-form.
Moreover, in this case the scalar curvature has not a definite sign as one can check from its
expression

1
Seal(gy) = 12871 +30/01” — S |naf,

where § denotes the adjoint of the exterior derivative d with respect to the metric g,.

If the only nonzero intrinsic torsion form is tj, we have the so called locally conformal
parallel G>-structures. They are named in this way since a conformal change of the metric
8y associated to a Gp-structure of this kind gives (at least locally) the metric induced by a
parallel G;-structure. In this case

dp =311 N @,
d* @ =41 A *¢.

We will give an example of such a structure at the end of Sect. 4.

We recall that a six-dimensional smooth manifold admits an SU(3)-structure if the struc-
ture group of the frame bundle can be reduced to SU(3). Itis possible to show that the existence
of an SU(3)-structure is equivalent to the existence of an almost Hermitian structure (%, J, )
and a unit (3, 0)-form V.

Since SU(3) is the stabilizer of the transitive action of G on the 6-sphere S°, it follows
that a G-structure on a 7-manifold induces an SU(3)-structure on any oriented hypersurface.
If the G-structure is parallel, then the SU(3)-structure is half-flat [10]. In terms of the forms
(w, V) this means d(w A w) = 0, d(Re(¥)) = 0.

In our computations we will use another characterization of SU(3)-structures which fol-
lows from the results of [22,36]. We describe it here. Consider a six-dimensional oriented
real vector space V, a k-form on V is said to be stable if its GL(V)-orbit is open. Let
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A AS(VH) > V @ AS(V*) denote the canonical isomorphism given by A(y) = w ® ,
where i,,€2 = y, and define for a fixed 3-form o € A3(VH)

Ko : V= VAV, Ky(w)=A((iyo) Ao)

and
1
A A3V = (AS(VN)®2, A(o) = gtrKg.

A 3-form o is stable if and only if A(0) # 0 and whenever this happens it is possible to
define a volume form by /|1(0)| € AS(V*), where the positively oriented root is chosen,
and an endomorphism

1
———— Ko,
VIr(o)]

which is a complex structure when A (o) < 0.

A pair of stable forms (w, o) € A2(V*) x A3(V*) is called compatible if o Ao = 0 and
normalized if Jio Ao = %aﬁ (the latter identity is non-zero since a 2-form w is stable if and
only if ®° # 0). Such a pair defines a (pseudo) Euclidean metric A(-, 1) = @ (Jy-, ). As a
consequence, on a six-dimensional smooth manifold N there is a one to one correspondence
between SU(3)-structures and pairs (w, o) € A*(N) x A3(N) such that for each point
p € N the pair of forms defined on T, N (w), o) is stable, compatible, normalized, has
Mop) < 0 and induces a Riemannian metric /1, (-, 1) = w, (J(,p~, -). In this case we have
W = o +iJ}o and, then, 0 = Re(W). We refer to & as the associated Riemannian metric to
the SU(3)-structure (w, o).

An SU(3)-structure (w, o) on a 6-manifold N is called coupled if dw = co, with ¢ a
non-zero real number. Note that in particular a coupled SU(3)-structure is half-flat since
d(@?*) = 0 and do = 0 and its intrinsic torsion belongs to the space Wi~ @ W, ~, where
Wi~ EZRand Wh™ = su(3) (see [10]).

It is interesting to notice that the product manifold N x R, where N is a 6-manifold
endowed with a coupled SU(3)-structure (w, o), has a natural locally conformal calibrated
G,-structure defined by

Jo =

¢ =wAdt+o.
Indeed,
do =co Ndt =cp ANdt,

since in local coordinates the components of ¢ are functions defined on N and thus they do
not depend on ¢. Then, 7o = 0,73 =0 and 1) = (—%c) dt.

3 Einstein locally conformal calibrated G;-structures on compact
manifolds

We will show now that a seven-dimensional, compact, smooth manifold M endowed with an
Einstein locally conformal calibrated G»-structure ¢ has Scal(g,) < 0. Itis worth observing
here that, up to now, there are no known examples of smooth manifolds endowed with a
locally conformal calibrated G,-structure whose associated metric is Ricci-flat (and then has
zero scalar curvature).
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1098 A. Fino, A. Raffero

First of all recall that given a Riemannian manifold (M, g) of dimension n > 3 it is
possible to define the so called conformal Yamabe constant Q(M, g) in the following way:
seta,: = 4(:_721) , Pnt = nz_"z and let C2°(M) denote the set of compactly supported smooth

real valued functions on M. Then

OM. o) = . Sy (anldul} 4+ u*Scal(g))d V,

A 2
ueC® (M),u0 (fyy u|PrdVg)pn

The sign of Q(M, g) is a conformal invariant, in particular the following characterization
holds:

Proposition 3.1 If (M, g) is a compact Riemannian manifold of dimension n > 3, then
Q(M, g) is negative/zero/positive if and only if g is conformal to a Riemannian metric of
negative/zero/positive scalar curvature.

Using the conformal Yamabe constant it is possible to prove the following

Theorem 3.2 Let M be a seven-dimensional, compact, smooth manifold endowed with an
Einstein locally conformal calibrated G-structure . Then Scal(g,) < 0. Moreover, if M is
connected, Scal(g,) is either zero or negative.

Proof Suppose that Scal(g,) > 0, then the 1-form 77 is exact. Indeed, since d7; = 0, we
can consider the de Rham class [71] € H(}R (M) and take the harmonic 1-form & representing
[t1], that is, 71 = & + df, where A& = 0 and f € C°°(M). & has to vanish everywhere
on M since it is compact, oriented and has positive Ricci curvature. Then 71 = df. Let us
consider ¢: = e/ ¢, it is clear that @ is a Go-structure defined on M. Moreover

dg =de ¢)
=3¢ df Ao +e 3 dy
= —3e*3fr1 A+ e’3f(3r1 A Q)
= 0,

so ¢ is a closed G»-structure and Scal(gg) < 0 by [5]. We have g; = e_zfgw, that is, gg
is conformal to the Riemannian metric g, of positive scalar curvature, then the conformal
Yamabe constant Q(M, g;) is positive by the previous characterization.

Since M is compact, it has finite volume and is complete as a consequence of the well
known Hopf-Rinow Theorem. Then, by [34, Corollary 2.2] we have that Q(M, gg) < 0,
which is in contrast with the previous result. O

As a consequence of the previous proposition we have the

Corollary 3.3 A seven-dimensional, compact, homogeneous, smooth manifold M cannot
admit an invariant locally conformal calibrated Einstein Gy-structure ¢, unless the under-
lying metric g, is flat.

Proof Recall that a homogeneous Einstein manifold with negative scalar curvature is not
compact [3]. Thus, every seven-dimensional, compact, homogeneous, smooth manifold M
with an invariant G;-structure ¢ whose associated metric is Einstein has Scal(g,) > 0.
Combining this result with the previous proposition we have Scal(g,) = 0 and, in particular,
8y 1s Ricci-flat. The statement then follows recalling that in the homogeneous case Ricci
flatness implies flatness [2]. ]
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4 Noncompact homogeneous examples and coupled SU(3)-structures

In this section, after recalling some facts about noncompact homogeneous Einstein manifolds,
we first study the classification of coupled SU(3)-structures on nilmanifolds and then we
construct an example of a locally conformal calibrated G,-structure ¢ inducing an Einstein
(non Ricci-flat) metric on a noncompact homogeneous manifold.

All the known examples of noncompact homogeneous Einstein manifolds are solvmani-
folds, i.e., simply connected solvable Lie groups S endowed with a left-invariant metric (see
for instance the recent survey [32]). D. Alekseevskii conjectured that these might exhaust
the class of non-compact homogeneous Einstein manifolds (see [3, 7.57]).

Lauret in [33] showed that every Einstein solvmanifold is standard, i.e., it is a solvable
Lie group S endowed with a left-invariant metric such that the orthogonal complement a =
[s, 5]+, where s is the Lie algebra of S, is abelian. We recall that given a metric nilpotent Lie
algebra n with an inner product (-, -)», a metric solvable Lie algebra (s = n @ a, (-, -)5) is
called a metric solvable extension of (n, (-, -)n) if [s, s] = n and the restrictions to n of the
Lie bracket of s and of the inner product (-, -)s coincide with the Lie bracket of n and with
(-, *)n, respectively. The dimension of a is called the algebraic rank of s.

In[21,4.18], it was proved that the study of standard Einstein metric solvable Lie algebras
reduces to the rank-one metric solvable extension of a nilpotent Lie algebra (i.e., those for
which dim(a) = 1). Indeed, by [21] the metric Lie algebra of any (n + 1)-dimensional rank-
one solvmanifold can be modelled on (s = n @ RH, (-, -)5) for some nilpotent Lie algebra
n, with the inner product (-, -)s such that (H,n); = 0, (H, H)s; = 1 and the Lie bracket on
5 given by

[H, X]s = DX, [X,Y]s =[X,Y],

where [-, -], denotes the Lie bracket on n and D is some derivation of n. By [30], a left-
invariant metric 4 on a nilpotent Lie group N is a Ricci soliton if and only if the Ricci
operator satisfies Ric(h) = wl + D, for some . € R and some derivation D of n, when
h is identified with an inner product on n or, equivalently, if and only if (N, &) admits a
metric standard extension whose corresponding standard solvmanifold is Einstein. The inner
product 4 is also called nilsoliton.

Using the results of [29,31], in [39] all the seven-dimensional rank-one Einstein solvman-
ifolds were determined, proving that each one of the 34 nilpotent Lie algebras n of dimension
6 admits a rank-one solvable extension which can be endowed with an Einstein inner product.

Six-dimensional nilpotent Lie algebras admitting a half-flat SU(3)-structure were classi-
fied in [13]. For coupled SU(3)-structures we can show the following

Theorem 4.1 Let n be a six-dimensional, non-abelian, nilpotent Lie algebra admitting a
coupled SU(3)-structure. Then n is isomorphic to one of the following

ng = (0,0,0,e'%, ¢! — e o154 3, npg =(0,0,0,0,e"3 — e, e 4 %),
where for instance ng = (0,0, 0, el2 et — 23 15 4 634) means that there exists a basis

(e, ..., e% of ng such that
del = 0,j=1,2,3, de* = elz, de® = e — B, de® =P + 3,

’

Moreover; the only nilpotent Lie algebra admitting a coupled SU(3)-structure inducing a
nilsoliton is nyg.
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Table 1 Expression of A(c) for the six-dimensional nilpotent Lie algebras admitting a half-flat SU(3)-
structure

n (del,de2,de3,de4,d65,d66) Mo) Sign of A(o)
ng o (0,0,¢2 e M 4B M ey 4t (<bys(b1n + b13) +bYy)

12 13 )23 14 414
ng 0,0,e'7,e'", e, e ™) ‘bls >0
. 0,0, 12, 13, 023 (14 _ 025 c4(b%4 _ h%s)z
ng 0,0, e12, 13 023 (14 1 025 c4(b%4 _ h%s)z >
ng (0,0,0,¢'2 e14 — ¢33 15 4 3% 4c* b3 (—by5(bo + b13) + biy) 2
nyo 0,0, 0,e!2 14 13 +e'23) c4b‘1‘5
nyg 0, 0,0, elz, 214, eld + 23 + e24) c4b‘1‘5 >0
np) (0,0,0, 12, e14 15 4 o24) 0 0
n3 (0,0,0,e!2, 14 1) 0 0
ng o (0,0,0,e'2, 613, 14 4 3 v, >0
ngs  (0,0,0,e'2, 623, e 4 ¢3) Ay — b35)? >0
ne  (0,0,0,e'2, 633, 14— ¢3) A by + b2)? >0
m (0,0,0, 12, ¢13 14 4 ¢23) 0 0
ny  (0,0,0,e'2 €13, &2 *bis >0
4 (0,0,0,e!2, 13 £23) 0 0
s (0,0,0,0, e!2, 15 4 &34 *bis >0
7 (0,0,0,0, e!2, 14 4 £25) 0 0
g (0,0,0,0, el3 — e24 14 4 23) —4c*pis <0
Mg (0,0,0,0,e!2, 14 4 £23) 0 0
o (0,0,0,0,e'2, 3% *bls >0

3 (0,0,0,0,¢!2, ¢13)
3 (0,0,0,0,0,e'2 + 3%
m3 (0,0,0,0,0,¢'%)

ms  (0,0,0,0,0,0)

S © o o
S © o O

Proof By the results in [13], the generic nilpotent Lie algebra n admitting a half-flat SU(3)-
structure is isomorphic to one of the 24 Lie algebras described in Table 1. Consider on n a
generic 2-form

w = ble12 + b2613 + b3el4 + b4e15 4+ bse16 + b(,€23 + b7e24 + b3625
+boe®® + bioe®* 4 b11e® + b12e>® + bi3e® + bige®® + byse®®,

where b; e R,i =1, ..., 15, and the 3-form
o =c(dw), ceR-{0}.
The expression of A(co) for each nilpotent Lie algebra considered is given in Table 1.

We observe that among the 24 nilpotent Lie algebras admitting a half-flat SU(3)-structure
we have:
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e 1 case (npg) for which A(o) < 0if bys #£ O,
e 2 cases (n4 and ng) for which the sign of (o) depends on w,
e 21 cases for which A(o) cannot be negative.

Therefore, the 21 algebras having (o) > 0 do not admit any coupled SU(3)-structure.
Consider ny, it has structure equations

(, 0,612,613,614+€23,€24 +e15)'

First of all, observe that if b15 = 0 then A(0) = 0. So if we want to find an SU(3)-structure
we have to look for w with b15 # 0. Moreover, o induces an almost complex structure if
and only if A (o) is negative, then we have to suppose in addition that by5(b12 + b13) > b%4.
Since we want  to be the 2-form associated to an SU(3)-structure, it must be a form of type
(1, 1) and this happens if and only if (-, ) = w(J-, J-), where J = J,. Computing the
previous identity with respect to the considered frame, we have that the following equations
have to be satisfied by the components of w:

6
wap= D JEI o, 1<a<b=<6
k,m=1

(observe that w1y = by, w13 = by and so on). Using these equations it is possible to write four
of the b; in terms of the remaining and obtain a new expression for w. We can now compute
the matrix associated to i (-, -) = w(J-, -) with respect to the basis (e, . . ., e5) and observe
that for the nonzero vector v = e4 — Zig es + Zﬁes we have A (v, v) = 0. Therefore, & cannot
be positive definite and, as a consequence, it is not possible to find a coupled SU(3)-structure
on n4.

For the Lie algebras ng and npg we can give an explicit example of coupled SU(3)-structure.
Consider on ng the forms

3 1 1 1
_5612_ Z614_615 _e g E626_ E635 — ¢34 56,

V1592 123 V1592 234 V1592 125 V1592 134
o = Te + e — 3 e +Te

w =

8
LY 15w€135 N 15\4/56146 LY 15\4/56236 LY 15%6345
4 4 4 4 '

We have
3 225 4
wono=0, o #0, Ao)=——, do=

, w=——"7=77-=0,
64 V1532

in particular (w, o) is a compatible pair of stable forms. The associated almost complex

structure J = J,; has the following matrix expression with respect to the basis (eq, .. ., €):
0 0 —v2 0 0 0]
V2.0 0 =2 0 0
, 2 0 0 0 0 0
o 2 V2 0 0 0
V2o @ L o0 2
N2 V2 32 0 _\2 0
L =% 4 2 2 _

and it is easy to check that J*o Ao = %aﬁ, i.e., the pair (w, o) is normalized.
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1102 A. Fino, A. Raffero

The inner product i(-, -) = w(J-, -) is given with respect to the basis (e, ..., eg) by
m5v2 V2 W2 7
oy F V2 0 V2
V22 W2 V2 V2 2
h= 1 4 4 1 2 2
V2 0 ¥ V2 0 o0
V2 V2 V2
0 > -5 0 5 0
Lv2 0 2 0o o V2

and it is positive definite. Therefore, we can conclude that (w, o) is a coupled SU(3)-structure
on ng.
For njg consider the pair of compatible, normalized, stable forms

(w —el2 4 M o g = 136 _ 145 _ 235 _8246). 1)

This pair defines a coupled SU(3)-structure with dw = —o. Moreover, the associated inner
product

h=(e") +- 4 (>
is a nilsoliton with
Ric(h) = =31 + 2diag(1,1,1,1,2,2).

Summarizing our results, we can conclude that ng and njg are, up to isomorphisms, the only
six-dimensional nilpotent Lie algebras admitting a coupled SU(3)-structure.

We have just provided a coupled SU(3)-structure on npg whose associated inner product
is a nilsoliton, we claim that this is the unique case among all six-dimensional nilpotent Lie
algebras. It is clear that to prove the previous assertion it suffices to show that ng does not
admit any coupled SU(3)-structure inducing a nilsoliton inner product. In order to do this,

we consider an orthonormal basis (eq, ..., eg) of ng whose dual basis satisfies the structure
equations
NG NE]
(0’ 0.0, 76127614 — B, 7615 T3

(by the results of [30] and [39], these are, up to isomorphisms, the structure equations for
which the considered inner product on ng is a nilsoliton). As we did before, consider a generic
2-form w, the 3-form 0 = ¢(dw), evaluate A (o) and impose that it is negative. Then compute
J» and the matrix associated to A (-, -) = w(J,-, -) with respect to the considered basis. Since
h has to be the restriction to ng of an Einstein inner product defined on ng @ Re7 and since
the latter is unique up to scaling, we have to impose that the symmetric matrix associated to
h is a multiple of the identity. Solving the associated equations we find that A (o) has to be
zero, which is a contradiction. O

Starting from a six-dimensional nilpotent Lie algebra n endowed with a coupled SU(3)-
structure, it is possible to construct a locally conformal calibrated G,-structure on the rank-
one solvable extension s = n @ Re7 under some extra hypothesis. Let d denote the exterior
derivative on n and d denote the exterior derivative on s. Observe that given a k-form 6 €
AF(n*) we have
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do=do +pne’
for some p € AF(n*).

Proposition 4.2 Let n be a six-dimensional, nilpotent Lie algebra endowed with a coupled
SU@3)-structure (w, o) with do = co, ¢ € R —{0}. Consider on its rank one solvable
extension s = n @ Re7 the Go-structure defined by ¢ = w A e’ + o, where the closed 1-form
e’ is the dual of e7. Then the Ga-structure is locally conformal calibrated with T = %ce7 if

and only ifdo = —2co A e,

7

Proof Suppose that do = —2co A e’, we can write dow = do + y A€’ for some 2-form
7

y € A*(n*). Weobtaindg = ce’ Ag. Then, ¢ is locally conformal calibrated with 7 = %ce .
Conversely, suppose that ¢ is locally conformal calibrated with 71 = %6‘6‘7. Then we have

do = ce’ A g. Moreover, we know that do = do + B Ael = B Aé for some 3-form
B e A3(n*), since o is d-closed. We then have

do =done +do=e A(—co —B)
and comparing this with the previous expression of d¢ we obtain
e7/\(—ca ) :ce7/\<p:e7/\(ca)
from which follows 8 = —2co. O

Now we will construct an Einstein locally conformal calibrated G;-structure on a rank-
one extension of the Lie algebra nyg (Lie algebra of the 3-dimensional complex Heisenberg
group) endowed with the coupled SU(3)-structure (1).

Example 4.3 Consider npg and the metric rank-one solvable extension s = npg @ Re7 with
structure equations

1 1 1 1
(5617’ 5627’ 5637’ 5647’613 I LS LIk +e67’0).

The associated solvable Lie group S is not unimodular and so it does not admit any
compact quotient [35]. Consider on npg the coupled SU(3)-structure (w, o) given by (1)
with the nilsoliton associated inner product

h=(e") + - 4 (5>
Then the inner product on s
g=E)+-+ @)’

is Einstein with Ricci tensor Ric(g) = —3g.
Since do = 20 A e, by the previous proposition we have a locally conformal calibrated
Ga-structure on s given by

127 + e347 _ 6567 + 6136 _ 145 235 246

go:a)/\e7+a:e e —e —e

and it is easy to show that g, = g. Then the corresponding solvmanifold (S, ¢) is an
example of non-compact homogeneous manifold endowed with an Einstein (non-flat) locally
conformal calibrated G-structure.
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Observe that the G;-structure ¢ satisfies the conditions

do = —¢’ A o,
d*¢ = —e' A (3e1256 + 2123 4 33936),
Then
1
T = _7675
3

as we expected from Proposition 4.2, and

5 5 10
0= _(gelz+§es4+?856)_

Moreover, the G,-structure is not x-Einstein, since by direct computation with respect to the

orthonormal basis (eq, ..., e7) one has
1000 0 O O
0100 0 O O
0010 0 0 O
p =]10001 0 0 O
000022 0 O
0000 O0 22 0
0000 O O -6

It is worth emphasizing here that, by [16], on seven-dimensional solvmanifolds there are
no left-invariant calibrated G;-structures inducing an Einstein non-flat metric. The previous
example shows that the situation is different in the case of locally conformal calibrated

G-structures.

We provide now a non-compact example of homogeneous manifold admitting an Einstein

(non-flat) locally conformal parallel G;-structure.

Example 4.4 The Einstein rank-one solvable extension of the six-dimensional abelian Lie

algebra is the solvable Lie algebra with structure equations
(ae”, a627, ae’’, ae47, ae”’, aem, 0),
where a is a nonzero real number. The Riemannian metric
g=("+ -+ ()’

is Einstein with Ricci tensor given by Ric(g) = —6a3g.
The 3-form

125 | G136 _ 14T | 23T 246 4 345 _ S67

Q=— —e +e e

has stabilizer G», is such that g, = g and satisfies the conditions

d(p — —36162467 + 3063457 _ 3(161257 _ 36161367,

d *Q = 4ae23567 +4a812347 o 4ael4567.

It is immediate to show that 7] = —ae’ and 79 = 0, T, = 0, 73 = 0, that is, the G,-structure

¢ is locally conformal parallel.
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