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1 Introduction

Conformally covariant operators like the conformal Laplacian or the Dirac operator are of
central interest in geometric analysis onmanifolds. The conformal Laplacian is an example of
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conformally covariant operators termed GJMS operators, cf. [12,15,17], and this is analogous
for the Dirac operator, cf. [10,13,18]. Their original construction is based on the ambient
metric, or, equivalently, on the associated Poincaré—Einstein metric introduced by Fefferman
and Graham [8,9].

In the case of GJIMS operators, it is shown in [11] that in even dimensions n there exists
in general no conformal modification of the k-th power of the Laplace operator for k > 7.
In the case of conformal powers of the Dirac operator on general Spin-manifolds, all known
constructions break down for even dimensions n if the order of the operator exceeds the
dimension. The effect of non-existence for higher order conformal powers of the Laplace
and Dirac operators does not apply for certain classes of manifolds, for example flat manifolds
[22] or Einstein manifolds [14].

The proper understanding of the internal structure of conformal powers of the Laplace and
Dirac operators is a difficult task, see the progress for GIMS operators in [19]. In particular,
there exists a sequence of second order differential operators such that all GIMS operators
are polynomials in this collection of second order differential operators, and vice versa.
Such a structure, in terms of first order differential operators, is also available for low order
examples of conformal powers of the Dirac operator, cf. [10, Chapter 6]. Explicit formulas
are available on flat manifolds, where they are just powers of the Laplace or Dirac operators,
on the spheres [4,7], where they factor into a product of shifted Laplace or Dirac operators,
or on Einstein manifolds, where the GIMS operators factor into a product of shifted Laplace
operators [9,14].

Let us also mention that on Einstein manifolds there is a less uniform factorization formula
[16] for the conformally covariant Branson-Gover operators [2] on differential forms.

The main aim of our article is to complete these results for conformal powers of the Dirac
operator on Einstein Spin-manifolds.

Theorem Let (M, h) be a semi-Riemannian Einstein Spin-manifold of dimension n, nor-
malized by Ric(h) = 2("%}1 for constant normalized scalar curvature J € R.
The (2N + 1)-th conformal power of the Dirac operator, N € Ny, satisfies

2N+1

Daviiv = [] (zb—(N—j+1> 27’)1//
j=1

forall € T'(S(M, h)).

The result is based on the proper understanding of higher variations of the Dirac opera-
tor on Einstein manifolds and the spectral analysis of the Dirac operator on the associated
Poincaré—Einstein metric. The derivations of specific formulas rely on combinatorial recur-
rence identities related to dual Hahn polynomials.

Notice that our result implies the transfer of the spectral resolution for the Dirac operator
D to the conformal powers of the Dirac operator D,y . Moreover, the product structure
(or, the factorization) of conformal powers of the Laplace and Dirac operators is applied in
theoretical physics, cf. [, 6], to compute conformal and multiplicative anomalies of functional
determinants in the context of the AdS/CFT correspondence.

The paper is organized as follows. In Sect. 2, we briefly review some basic notions related
to Spin-geometry and Poincaré—Einstein metrics. In Sect. 3, we discuss variations to all
orders of the Dirac operator on semi-Riemannian Einstein Spin-manifolds with respect to the
1-parameter family of metrics arising from the Poincaré—Einstein metric, cf. Theorem 3.5. In
Sect. 4, we briefly recall the dual Hahn polynomials, which form a special class of generalized
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hypergeometric functions. The solution of certain recurrence relation, derived in Sect. 5, has
an interpretation in terms of dual Hahn polynomials. Sect. 5 contains our main theorem,
Theorem 5.2. Its proof is based on a recurrence relation, deduced from the construction of
conformal powers on the Dirac operator of a semi-Riemannian Einstein Spin-manifold via
the associated Poincaré—Einstein metric, cf. Proposition 4.1.

2 Semi-Riemannian Spin-geometry, Clifford algebras, and Poincaré-Einstein metrics

In the present section we review conventions and notation related to semi-Riemannian Spin-
geometry and the Poincaré—Einstein metric construction used throughout the article.

Let (M, h) be a semi-Riemannian Spin-manifold of signature (p, ¢) and dimension n =
p + q. Then any orthonormal frame {e;}7_, fulfills i(e;, ej) = &;6;;, where &; = —1 for
l<i<pandg =1forp+1<i<n.

The Clifford algebra of (R", (-, -), ), denoted by CI(R”-9), is a quotient of the tensor
algebra of R" by the two sided ideal generated by the relations x ® y +y @ x = —2(x, y)p 4
for all x, y € R". In the even case n = 2m, the complexified Clifford algebra Clc(R”°7) has
a unique irreducible representation up to isomorphism, whereas in the odd case n = 2m + 1
it has two non-equivalent irreducible representations on A, := c?, again unique up to
isomorphism. The restriction of this representation to the spin group Spin(p, q), regarded
as a subgroup of the group of units CI*(R”7), is denoted by «;,.

The choice of a Spin-structure (Q, f) on (M, h) provides an associated spinor bundle
SM, h) == O X(Sping(p.q).kn) D, Where Sping(p, g) denotes the connected component
of the spin group containing the identity element. (We could work with the full spin group
as well, because we do not need the existence of a scalar product). Then the Levi-Civita
connection V”* on (M, h) lifts to a covariant derivative V-5 on the spinor bundle. The
associated Dirac operator is denoted by ID.

Let 77 = €2 h be a metric conformally related to i, o € C°°(M). The spinor bundles for
7 and h can be identified by a vector bundle isomorphism F, : S(M, h) — S(M, 71\), and
the Dirac operator satisfies the conformal transformation law

-~ l—n -~ I+n

Dlez %) = DY,

for all smooth sections ¢ € I' (S M, h)), and ~ denotes the evaluation with respect to 7.
Conformal odd powers of the Dirac operator were constructed in [10, 13, 18], and are denoted
by Doni1 = D N+l + LOT, for N € Ny (N < % for even n). Here, LOT stands for “lower
order terms.” They satisfy

2N+1—)10A) B e_2N+1+na_

Dansife” 2 Dons1y
for all smooth function o € C*°(M) and sections { € T’ (S (M, h)). Notice that even confor-
mal powers of the Dirac operator do not exist, cf. [22].

As for the Poincaré—Einstein metric construction we refer to [9]. The Poincaré-Einstein
metric associated with an n-dimensional semi-Riemannian manifold (M, h),n > 3,is X :=
M x (0, ¢), ¢ € Ry, equipped with the metric

gy =r72(dr* +hy),
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for a 1-parameter family of metrics 4, on M, hg = h. The requirement of the Einstein
condition on g4 for n odd,

Ric(gy) +ngs = 0(r™),
uniquely determines the family /,, while for n even the conditions
Ric(g+) +nge = OG" ), tr(Ric(gs) +ngy) = 0G" D),

uniquely determine the coefficients A2y, ..., hu—2), l;(n) and the trace of /() in the formal
power series

h,=h+ rzh(z) + -+ r”izh(n_z) + " (hpy + ﬁ(n) logr) +--- .

For example, we have
1 (p2_ B
hoy=—P, hu=;z (P - ,,_4),

where P is the Schouten tensor and B is the Bach tensor associated with 4.

Choosing different representatives /, he [/] in the conformal class leads to Poincaré—
Einstein metrics g_l‘_ and g_%_ related by a diffeomorphism ® : U C X — U, C X, where
both U;,i =1, 2, contain M x {0}, ®|y = Idy, and g_ls_ = <I>*g3_ (up to a finite order in r,
for even n).

3 Variation of the Dirac operator induced by the Poincaré—Einstein metric

In this section we give a complete description of the variations of the Dirac operator, associated
with the 1-parameter family 4, induced by the Poincaré—Einstein metric g4, assuming that
(M, hg = h) is Einstein.

For a general 1-parameter family of metrics 4, on a Riemannian Spin-manifold, the first
variation of the Dirac operator was discussed in [1], which we will adapt and make explicit
for the 1-parameter family of metrics /2, induced by the Poincaré—Einstein metric.

Motivated by a proof of the fundamental theorem of hypersurface theory and a new way
to identify spinors for different metrics, [3] introduced the technique of generalized cylinders
to derive the first order variation formula for the Dirac operator with respect to a deformation
of the underlying metric.

In general, the topic of higher metric variations for the Dirac operator was not discussed
in the literature. In case (M, h) is Einstein, the associated Poincaré—FEinstein metric takes a
very simple form, cf. Eq. (3.1). This allows for a complete description of variation formulas
of general order for the Dirac operator associated with %,. The higher variation formulas
are used in Sect. 5 to make the construction of conformal powers of the Dirac operator very
explicit, ending in a product structure for Doy 1, N € Np.

Throughout the article, we use the standard notation in semi-Riemannian geometry, e.g.,
Ric, T are the Ricci tensor and its scalar curvature, respectively.

Let (M, h) be a semi-Riemannian Einstein manifold of dimension n with normalized
Einstein metric 4,

Ric(h) =2A(n — 1)h, A eR.

This implies P = %h, where J = ﬁ is the normalized scalar curvature and

P = ﬁ(Ric — Jh) is the Schouten tensor. The associated Poincaré—Einstein metric
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g+ = r~2(dr? + h,) on X is determined by the 1-parameter family of metrics z, on M,
hy=h—r22h+r* (L) h=(1- £ h, ho=h. 3.1)

For r € Ry small enough we consider a point-wise isomorphism f; : TyM — T M, x € M,
relating & = hg and h, via

Yoo £ = (1= £r2) 7"y, forall ¥ € D(TM),

characterized by h(Y,U) = h,(f.Y, fyU) forallY,U € T'(TM) and fy = Idrpy.
Let us introduce the Levi-Civita covariant derivatives on 7 M corresponding to & and ,:

vE Vi T(TM) > T(T*M @ TM),
and

Ve D(TM) - T(T*M @ TM)
Y {U— ViU = (f7 o Vi o fU). (3.2)

The covariant derivatives V”*, Vr V/r extend by the Leibniz rule and the spin represen-
tation to tensor-spinor fields. For example one has

(VoY) = Vi(fY) = f(VY),
forall f € End(TM),and U,Y € I'(TM).
Lemma 3.1 The covariant derivative V" is metric for h, and its torsion T" satisfies

T"(U,Y) = 7V f)(Y) = (VY f)U)), forallU,Y € T(TM). (3.3)

Proof LetY, U, Z € I'(T M). First we show the h-metricity of AU

(VEM YU, Z) = Y (R(U, 2)) = k(VE" U, Z) — k(Y 7, U)

=Y (b (frU, 2)) = h(£7 VY (FU), Z) = h(f7 VY (£,2), U)

=Y(h (£ U, £:2)) = he(Vy' (£U), £ 2) = h(Vy (£, 2), ;U)

= Vy'h (£ U, f,2) =0.

The second statement follows from
U, Y) = V)Y - vt U — U, v

= (Vi fY = VI £ U) = VirY 4 VU
= £ (Vi RY = F(VEY) = VY HU 4 (V)
= £, (Y A0 = (95 f) ).

m}

It is well known that two h-metric covariant derivatives on (M, h) differ by their torsions.
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Lemma 3.2 We have

RV Y, Z) = VY, Z) + M[R(T7 (2, V), U) — (T" (Y, U), Z) — h(T" (U, Z), V)]
forallU,Y,Z € T(TM).

Proof Let U, Y, Z € T'(TM). Any two covariant derivatives differ by a tensor field v €

NT*MQTM QT*M), ie., VZ’ 'Y = Vlh]Y + w(U)Y. Since both covariant derivatives
are metric with respect to i, we get

0=V h(y,z) = VEr(Y, Z) = ~[h(@)Y, Z) + h(@U)Z,V)]. (B4
Since V" is torsion-free, we have
T'(U,Y)=Vi"y ViU — U, ¥]
= vphry —vhhy vy 4+ ViU
=w()Y — o()U.
Using Eq. (3.4), we see that this implies

WT'(Z,Y),U) — h(T" (Y, U), Z) — h(T" (U, Z), Y)

= 2h(w(U)Y, Z) = 2h(VI" Yy — VY, 7),

and the proof is complete. O

Any h-metric covariant derivative induces a covariant derivative on the spinor bundle
S(M, h), hence vh v and Vi induce

VS D (S(M, b)) — T(T*M ® S(M, h)),
VS T(S(M, hy)) — T(T*M ® S(M, hy)),
VS T(S(M, b)) — T(T*M & S(M, h)). 3.5)

Note that the last of the above covariant derivatives equals V"5 but we will use the
abbreviation V"5, It follows from Lemma 3.2 that locally

Vsrl_’sw =s50) + %ZSjSkh(Vg’h’Sj, Sk)s]' Sk Y
Jj<k

= VISy 4+ g D el s sk v, (3.6)
Jj#k
where ¥ € F(S(M, h)), {s:}?_, is an h-orthonormal frame, Tlﬂf =1-0— oz)Tk’ji with
UTi;‘k = Tjrki and T"(U,Y,Z) := h(T"(U,Y), Z) for U,Y,Z € T'(TM). The isometry
fr i TxM — Ty M, x € M, pulls-back /, to h and lifts to a spinor bundle isomorphism

By S(M,h) — S(M, hy).

It preserves the base points on M and satisfies B, (U - ) = f.(U) - B-(¥) for all U €
D(TM), ¥ € T(S(M, h)).

Lemma 3.3 Let y € T(S(M, h)),Y € T'(TM). Then

ViSy =B o vyt o By 3.7)

@ Springer



The Dirac operator on Einstein manifolds 831

Proof For ¢ € I'(S(M, h)), we have

V;;Slp =YW)+ % Zsjakh(vg’h’sj, SK)Sj Sk
Jj<k

=YW) + 5 > ejeche (VY frsj. frsOB (frsj o frse s Brir)

j<k
=B o vy o BV,
which completes the proof. O
Let us introduce the notation
FO = L(f)lmo, TOW,Y) = L (17U Y)) 0, (3.8)
for [ € Ny.
Lemma 3.4 (1) Letl € Ny. Then
FEY =0, U =qni (L) U, Ueram. (3.9)
(2) Letl € N. Then the torsion T" of V""" fulfills
TOW,Y)=0 (3.10)
forallU,Y e I'(TM).

Proof Expansion of f, into a formal power series

fr= (=) ddry = G (L) Tdru
>0

gives the first statements. It follows from Lemma 3.1 that the /-th derivative of 7" atr = 0
is given by a sum, where each contribution contains derivatives of f;, fr_1 and V/r atr = 0.
Using fP*D = 0and £ = @DI(L) Idry, for all I € Ny, we just have to show that

dd—rI,(Vh')|r=0 acts as a covariant derivative, hence annihilating the identity map. But this is
obvious, since j—:, does not effect the properties of V being a covariant derivative. O
In what follows, we use two Dirac operators induced by V5 and Vr-5:
p": T(S(M, b)) - T(S(M, h)),
D" T(S(M,hy)) — T(S(M, h)). (3.11)
Furthermore, we define
phhr T (S(M, b)) — T(S(M, h))
v B o D' o B (). (3.12)
Lemma3.3and 8, (U - ¥) = f,,(U) - Br(¥) for U e I'(TM), ¥ € I‘(S(M, h)) imply
n
My = s ViV (3.13)

i=1
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and the r-derivatives of """ atr = 0 yield the variation formulas for P" with respect to
the 1-parameter deformation £, of h. Note that D" is not the Dirac operator induced by
\4H

Theorem 3.5 Let (M,h) be a semi-Riemannian Einstein Spin-manifold with
dim(M) = n, i.e., Ric = 2(n — 1)\h. Let g+ be the associated Poincaré—Einstein metric on

X with g4 —r‘z(dr +hp), by = (1= 4=r2)2h. Then, for alll € No, ¢ € T(S(M, h)), we
have
21
OB o = @D (L) By
2141
A (B ) =0 = 0, (3.14)

Proof The r-derivatives of P atr = 0are
ok, S (k
Ly, O—Z( )Zsm Vi v
k=0 i=1

where V"5 (6 .= %(V”S)h:o, for k € Ny. From Eq. (3.6), we obtain for/ € N

LSy = L eje S (T s s v,
J#k

which vanishes at »r = 0 due to Lemma 3.4 and the linearity of . Thus we get

(&hh Ylr=0 = 23151 : f(’)v /2

Since V'S agrees with the spinor covariant derivative V> on S(M, k), we may conclude
by Lemma 3.4 that

d2/+l

Ly mo = @D (L) By, L y)lo =0

hence completing the proof. O

4 Generalized hypergeometric functions and dual Hahn polynomials

The aim of the present section is to introduce a certain class of polynomials, to prove some
of their combinatorial properties, and to give their interpretation in terms of dual Hahn
polynomials. These polynomials will be responsible for the product structure of conformal
powers of the Dirac operator.

The Pochhammer symbol of a complex number a € C is denoted by (a);, and it is defined
by (a); ;= a(a+1)---(a+1—1)forl € N,and (a)o := 1. The generalized hypergeometric
function , Fy, for p, g € N, with p upper parameters, ¢ lower parameters, and argument z,
is defined by

00 l
Folar an, ]:: (al)l"'(ap)li, il
”[bu---,qu éwm---wqm @D

fora; e C(1<i<q),bj e C\{-Ng} (1 <j=<g)andzeC.
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For later purposes, we introduce the polynomials

m 1
Gn(¥) =D (=" G A1+ Dy k= m)my (’7) [To-». @2
j=1

1=0

for m € Ny, k, n € N and an abstract variable y.

Proposition 4.1 The polynomials g, (y), m € Ny, satisfy the recurrence relation

Gna1() = (y—2mk —m =% = 1) = 2k = 1) = k) Gn(»)
—m(m — k) m + D m —k+ % = Dgn_1(y), (4.3)

with g_1(y) :== 0and go(y) := 1.

Proof We prove the statement by comparing the coefficients of Hl/':l (y — j2) on both sides
of (4.3). The only detail to observe is that one must replace y in the coefficient of gm(y)
on the right-hand side of (4.3) by (y — (I + D3 + ( + 12, with [ being the summation
index of the sum in the definition of g, (y). The term (y — (I + 1)2) then combines with the
product Hll-zl (y — j2) to become Hljill (y — j2). The verification that the coefficients of

Hlj:] y—17j 2y do indeed agree is then a routine matter. ]

Remark Our considerations are motivated by [9], where the analogous recurrence relation

ame1(y) = (y —2mk —m — %) = 5k — D) gn(y)
—m(m — k) om — 14 5 m — 1+ % — K)gm_1 (7).

fork,n e Nym € No, and g_1(y) := 0, go(y) := 1, appears. Its solution is given by

(y=JjiG-=D). (b
1

m 1
_ m
me()’) = Z(_l)m l(% + l)mfl (k - m)mfl(l)
1=0 j=
In the rest of the section, we discuss interpretations of g, (y) and ¢, (y) in terms
of dual Hahn polynomials, cf. [20,21]. The Hahn polynomial Q,(x) = Q,(x;«, B,
N) is defined by

4.5)

0n(x) = 3F> [‘”’ —x.ntatftl 1],

a+1, —=N+1 ’

for N(a), N(B) > —1, N e Nandn = 0,..., N — 1. It is known that, beside recurrence
relations, Hahn polynomials satisfy a difference relation, cf. [21, Equation (1.3)]. The dual
Hahn polynomials can be defined by recurrence relations with the same coefficients as the
Hahn polynomials have in their difference relations, cf. [21, Equation (1.18)].

For A(n) := n(n + o + B + 1), the relation between Hahn polynomials O, (x) and dual
Hahn polynomials R (A) := Rx(XA; «, B, N) is given by

Ri(A(n)) = Qu (k). (4.6)

Notice that
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834 M. Fischmann et al.

i
E 4y =ED ] o+ -G =D),
j=1

i
A=y +Dr= D] 0% =47,

j=1
for [ € N. Furthermore, by using the identities for Pochhammer symbols

1 1
(% +Dm—1 = (%)m@, (% +1+Dm— = (% + l)m(%T)[’
—1) m —
(k= m)p—1 = (k = m)m =45 (1) = (-5,
one obtains the following precise relations.

Proposition 4.2 For allm € Ny, k, n € N, we have

B mon =1, -m, 1+y ]
W — 1)) = (=D (2 + Dk — m)p 3 F n Pl
Gn(M(y = D) = =D"(5 + Dk —m) ”[ L1, 1k

= (=1)"(% + Dk = m)p @y Om; 51— 2, k)
= (=1)"(% 4 Dk = m) R (h(y = 1; 2,1 = 2, k) @.7)

and

n(h09) = Bk =1 B [ 7, TR

= (%)m(k —m)p (=1)" Qy(m; % —1,1- %7]()
= Dk = My (<" R (M): % = 11— 3.4). (48)

Hence, up to a multiplicative factor, both g,,(y) and g,, (y) can be realized as dual Hahn
polynomials.

5 Product structure (factorization) of conformal powers of the Dirac operator

In the present section, we show that conformal powers of the Dirac operator on Einstein
manifolds obey a product structure, in the sense that they factor into linear factors based on
shifted Dirac operators. This result is parallel to the case of conformal powers of the Laplace
operator on Einstein manifolds, cf. [14, Theorem 1.2].

Let us denote the Dirac operator on (M, h) by Ip. (Notice thatin Sect. 3 we used D" instead
of 1).) The proof of our main result, Theorem 5.2, relies on the construction of conformal
powers of the Dirac operator.

Theorem 5.1 ([13]) Let (M, h) be a semi-Riemannian Spin-manifold of dimension n. For

every N € No (N < 7 for even n) there exists a linear differential operator, called conformal
power of the Dirac operator,

Don41 : T (S(M, h)) — T(S(M, h)), (5.1

satisfying
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(1) Dany1isoforder2N + 1 and Doyyg = D2N+l + LOT, where, as before, LOT denotes
lower order terms;
(2) Dyn+1 is conformally covariant, that is,

Don1¥ (52)

52N+1 (eQNEI—)IUA) _ 6_2N+l+no.
forevery y € T (S(M, h)) and o € C*®°(M). Note that - denotes evaluation with respect
toh =e¥h.

We briefly outline the main point of the proof, which will be then analyzed in detail on
Einstein manifolds. Let g4 be the associated Poincaré—Einstein metric on X with conformal
infinity (M, [h]). The conformal compactification of (X = M x (0, &), g+) is

(M x [0,¢), g := r2g+ =dr’ + hy),
where g smoothly extends to » = 0. Corresponding spinor bundles are denoted by
S(M,h), S(X,g+), S(X.8),

respectively. The spinor bundle S(X, g)|,=o is isomorphic to S(M, h) if n is even, and it is
isomorphic to S(M, h) & S(M, h) if n is odd. The proof of Theorem 5.1 is based on the
extension of a boundary spinor ¢ € I'(S(X, g)|r=0) to the interior 6 € F(S(X, g)): one
requires 6 to be a formal solution of

D(g)0 =iAr0, AeC. (5.3)

Here, D(g) arises by applying the vector bundle isomorphism F, : S(X, g+) — S(X, g),
which exists since g, and g are conformally equivalent, to the equation P%*t¢ = ilg,
A e Cand g € I(S(X, g4)). The solution of Eq. (5.3) is obstructed for o = —2L
and the obstruction induces a conformally covariant linear differential operator Doy 41 =
p™"*' 1 LorT.

Let us be more specific. Let (M, h) be a semi-Riemannian Einstein Spin-manifold, nor-
malized by Ric(h) = w’%h for constant normalized scalar curvature J € R. Consider the
embedding ¢, : M — X given by ¢, (m) := (r, m). Then (M, 1} (g) = h,) is a hypersurface
in (X, g) with trivial space-like normal bundle. It follows from [3] that the Dirac operator
D¢ of (X, g) and the leaf-wise (or, hypersurface) Dirac operator

~h

D=0, eisi- VS T(S(X,2) — I(S(X, 2))

i=1
for an h,-orthonormal frame {s;}; on M are related by
s ~h, _
(o DR =D+ S H, — VS (5.4)

where H, := %trh, (W,.) is the h,-trace of the Weingarten map associated with the embedding

~h,_ . . . .
t-. We used a swung dash (on I ") in order to emphasize the action on the spinor bundle on
(X, g). Atr = 0, we have the identification

D, if n is even,

D=0p"= (l(]))—ozz))’ if n is odd.
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The equation P** ¢ = idgp, 1 € C and ¢ € I'(S(X, g+)), is equivalent to Eq. (5.3) by
combination of conformal covariance, Eq. (5.4), and the isomorphism F, where the linear
differential operator D(g) : F(S(X, g)) — F(S(X, g)) is given by

~h, i
D)0 = —rd, - D6 — 4rHd, -0 +rd, - V50 — 50, -6

for & = F,(¢). Using Theorem 3.5, we find the explicit formulas
h

B"=(0=£""B, Ho=Lr(1-2L2)7". (5.5)

n
This is a consequence of the Einstein assumption on M. In general, there is no explicit formula
analogous to Eq. (5.5). We decompose the spinor bundle S(X, g) into the +i-eigenspaces
S*0 (X, g) with respect to the linear map 9,- : S(X, g) — S(X, g) satisfying 3,2 = —1.The
formal solution of Eq. (5.3) is constructed inside

={0=">"r10;10; eT(5(X. ). V5 0; =0},
720

and

L

i=ritto =" ri?H@r +07)eA
=0
for Of S I‘(Siaf (X, g)), J € No, is a solution of Eq. (5.3) provided the coupled system of
recurrence relations

n+ _ TAn— n+]2 +
j@» _De‘ 2n ‘]0] 20

@i+ oy = Dof | + 22 g0 (5.6)

holds for all j € Np. Note that we only consider restrictions to r = 0 and then extend
Gf, j > 0, by parallel transport with respect to V&% along the geodesic induced by the
r-coordinate. The initial data are given by 6 := ¥ for some ¥+ € I'(ST (X, g)|,=0),
and 6, = 0. Provided A ¢ —N + % the system can be solved uniquely for all j € Nifn

2N+1 , for

is odd, and for all j € N such that j < n if n is even. The obstruction at A =
N € Ny (N < 5 for even n), is given by Doy for N € N.
The application of I to the system (5.6) together with the shift of j to j — 1, respectively

j — 3, implies

(j— DBoF, = B'6r, + "H=2 Do,

@+ j—1PO;_ =D ej+_2 R L
POy = (j =20, — =210t

DOy = Qi+ j—20,,— 20,

These formulas can be used to decouple the system (5.6) into
ot 1 732 @ntj-3)(-2) @r+j—D(n+j—2)
jo; = (2A+j—1lD + T@aioh J+ 2n2a+j—1) J)9 -2
_ Qi j =3 k=4 20+
4n2(2r4j—1) j—4

o= (1 7 @rt+j=2)(n+j-3) @rtn+tj— 2)(/ D
@r+))0; = (jTlm R Ty et e e Ty = J) j=2

Qr+n+j—4)(n+j-3) y25—
— GIE G 2, (5.7)
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for all j > 2, with the initial data 6f = '+, 65 = 0, 6] = 0, and 6] = 5l Dy
Introducing ¢; := 6,, | for I € No, Eq. (5.7) is equivalent to

~2 _ _ _
QA+ 20+ 1)y = (IZ) 4 @t l2)n(n+21 254 21(2/\+;;r21 1) J) b1,

2\ 20-3 21-2
— G HOLD Py, (5.8)

for/ € Nand ¢y := ﬁl}wf We define the solution operators g;(y) by
A0 G O+ Didr = a(»)do. (5.9)
where y 1= %ﬁz Then Eq. (5.8) yields a recurrence relation for g;(y), namely

GO =G+0+1=HU+2-D+I0+14+2=D)a-10»)
—((=DA+2=DU+r=DT+r+ %= DG-20),

l eN,g-_1(y) :=0and go(y) := 1. Changing [ to (m + 1) and substituting A = —% for
N € Ny, we obtain

Gma1() = (y—2m(N —m =% =) = 2(N = 1) = N)Gn(»)
—m(m — N)m + 3 (m — N + % = Dgm_1 (). (5.10)

The unique solution of the recurrence relation (5.10) is given by

m /
Gm(y) =D (=" G 1+ Dy (N = m)pg (”;) }:[l(y -, (5.11)

=0

cf. Proposition 4.1, and it specializes for m = N to
v () = H(y—J =H( #D—5) (VD +)).

The solution ¢y, cf. Eq. (5.9), multiplied by (2A + 1) is obstructed at A = —%, N € Np,
and we get

ANN(=Nxgy = (2) " gn) Dy

Repeating all the previous steps with eigen-Eq. (5.3) for the eigenvalue —A and initial data
[/AS r(s—o (X, g)|r=0), the obstruction at A = ZNH , for N € Ny, induces

Dovii=(55) m]‘[( 350 - ) (2P +))

N
S e
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the conformal power of the Dirac operator in the factorized form. Note that there is no
restriction on N € Ny in the case of even n. Thus we have the following result.

Theorem 5.2 Let (M, h) be a semi-Riemannian Einstein Spin-manifold of dimension n,
normalized by Ric(h) = Wh for constant normalized scalar curvature J € R.

The (2N + 1)-th conformal power of the Dirac operator, N € Ny, satisfies

2N+1

Daviv = [] (m-<N—j+1> %)w
j=1
=p[](»* -2 () v (5.13)
j=1

forally €T (S(M, h)). The empty product is regarded as 1.

In particular, Theorem 5.2 applies to the standard round sphere (S”, k) of radius 1. We
get

Doyt =D —N)---(D—DPBD+1)---(PD+N) (5.14)

for all N € Ny, since the scalar curvature is T = n(n — 1) and so J = % This agrees with
the results in [4,7].
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