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Abstract We consider the distribution of the orbits of the number 1 under the
B-transformations Tg as B varies. Mainly, the size of the set of 8 > 1 for which a given
point can be well approximated by the orbit of 1 is measured by its Hausdorff dimension.

The dimension of the following set

E({K,,}nzl,xo) = [,3 >1: |T/§’1 —xo| < /3_@", for infinitely many, n € N}
is determined, where xo is a given point in [0, 1] and {£,},>1 is a sequence of integers
tending to infinity as n — oo. For the proof of this result, the notion of the recurrence time
of a word in symbolic space is introduced to characterise the lengths and the distribution of
cylinders (the set of 8 with a common prefix in the expansion of 1) in the parameter space

{BeR:B>1}.
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1 Introduction

The study of Diophantine properties of the orbits in a dynamical system has recently received
much attention. This study contributes to a better understanding of the distribution of the
orbits in a dynamical system. Let (X, 3, i, T') be a measure-preserving dynamical system
with a consistent metric d. If T is ergodic with respect to the measure u, then Birkhoff’s
ergodic theorem yields the following hitting property, namely, for any xo € X and p-almost
allx € X,

liminf d(T" (x), x¢) = 0. (1.1)
n—0o0

One can then ask, what are the quantitative properties of the convergence speed in (1.1)?
More precisely, for a given sequence of balls B(xo, r,) with center xop € X and shrinking
radius {r,}, what are the metric properties of the set

F(xo, {r,}) := {x € X : d(T"x, xo) < ry for infinitely many n € N}

in the sense of measure and in the sense of dimension? More generally, let {B,},>1 be a
sequence of measurable sets with w(B,,) decreasing to 0 as n — oo. The study of the metric
properties of the set

{x € X : T"x € By, for infinitely many n € N} (1.2)

is called the dynamical Borel-Cantelli Lemma [6] or the shrinking target problem [12].

In this paper, we consider a modified shrinking target problem. Let us begin with an
example to illustrate the motivation. Let Ry : x > x 4 « be a rotation map on the unit circle.
Then the set studied in classical inhomogeneous Diophantine approximation can be written
as

[Ol € Q° : |R}0 — xg| < ry, for infinitely many n € N}, (1.3)

where |x — y| means the distance between x, y € R. The size of the set (1.3) in the sense
of Hausdorff measure and Hausdorff dimension was studied by Bugeaud [3], Levesley [15],
Bugeaud and Chevallier [4] etc. Compared with the shrinking target problem (1.2), instead
of considering the Diophantine properties in one given system, the set (1.3) concerns the
properties of the orbit of some given point (the orbit of 0) in a family of dynamical systems.
It is the set of parameters « such that R, share some common properties.

Following this idea, in this paper, we consider the same setting as (1.3) in the dynamical
systems ([0, 1], Tg) of B-transformations with B varying in the parameter space { B € R :
B>1}.

It is well-known that S-transformations are typical examples of one-dimensional expand-
ing systems, whose properties are reflected by the orbit of some critical point. In the case of
B-transformations, this critical point is the unit 1. This is because the -expansion of 1 (or
the orbit of 1 under Tg) can completely characterise all admissible sequences in the B-shift
space (see [17]), the lengths and the distribution of cylinders induced by T3 [8], etc. Upon
this, in this current work, we study the Diophantine properties of {Té’ 1},>1, the orbit of 1, as
B varies in the parameter space { e R: 8 > 1}.
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Diophantine approximation of the orbit 801

Blanchard [1] gave a kind of classification of the parameters inthe space {8 e R: 8 > 1}
according to the distribution of Opg := {Té’ 1},>1: (1) ultimately zero; (ii) ultimately non-zero
periodic; (iii) O is not an accumulation point of Og (exclude those B in classes (i,ii)); (iv)
non-dense in [0, 1] (exclude B’s in classes (i,ii,iii)); and (v) dense in [0, 1]. It was shown by
Schmeling [21] that the class (v) is of full Lebesgue measure (the results in [21] give more,
that for almost all B, all allowed words appear in the expansion of 1 with regular frequencies).
This dense property of Og for almost all 8 gives us a type of hitting property, i.e., for any
xo € [0, 1],

lim inf |T/§'1 —xo| =0, forL-ae.f>1, (1.4)
n—o0

where L is the Lebesgue measure on R. Similarly as for (1.1), we would like to investigate
the possible convergence speed in (1.4).

Fix a point xo € [0, 1] and a sequence of positive integers {£,},>1. Consider the set of
B > 1 for which xg can be well approximated by the orbit of 1 under the B-transformations
with given shrinking speed, namely the set

E({En}nzl,xo) = {/3 >1: |T£1 — x| < ,B_K”, for infinitely many n € N}. (1.5)

This can be viewed as a kind of shrinking target problem in the parameter space.
When xop = 0 and ¢, = an (o > 0), Persson and Schmeling [18] proved that

dimy E ,0) = ,

imy E({an},>1,0) T a
where dimy denotes the Hausdorff dimension. For a general x¢ € [0, 1] and a sequence {¢,,},
we have the following.

Theorem 1.1 Let xo € [0, 1] and let {£,},>1 be a sequence of positive integers such that
£, — ooasn — oo. Then

. . el’l
, wherea = liminf —.

dimy E({en}nz] s xO) = m na e

In other words, the set in (1.5) consists of the points in the parameter space {8 > 1: 8 €
R } for which the orbit { Tél 1 :n > 1}isclose to the same point x (8) = xo for infinitely many
moments in time. What can be said if the point x(8) is also allowed to vary continuously
with B > 1? Let x = x(B) be a function on (1, +00), taking values on [0, 1]. The setting
(1.5) changes to

E({tn}nz1, x) = {,3 > 1:|Tj1—x(B)| < =", for infinitely many n € N}. (1.6)

As will become apparent, the proof of Theorem 1.1 also works for this general case x = x(8)
after some minor adjustments, and we can therefore state the following theorem.

Theorem 1.2 Let x = x(B) : (1, +00) — [0, 1] be a Lipschtiz continuous function and
{€,}n>1 be a sequence of positive integers such that £, — oo as n — 0o. Then
£

. . n
, wherea = liminf —.
1+« n—o0o n

dimy E ({€a}nz1, %) = ——

Theorems 1.1 (as well as Theorem 1.2) can be viewed as a generalisation of the result
of Persson and Schmeling [18]. But there are essential differences between the three cases
when the target xo = 0, xo € (0, 1) and xo = 1. The following three remarks serve as an
outline of the differences.

@ Springer



802 B.Lietal.

Remark 1 The generality of {{,},>1 gives no extra difficulty compared with the special
sequence {£, = an},>1. However, there are some essential difficulties when generalizing
xo from zero to non-zero. The idea used in [18], to construct a suitable Cantor subset of
E ({€s}n=1, x0) to get the lower bound of dimy E ({€, },=1, x0), is not applicable for xo # 0.
Forany B > 1, let

81(x, ﬂ)’ 82()(,', ,3), e

be the digit sequence of the B-expansion of x. To guarantee that the two points Tf’}’l and xo
are close enough, a natural idea is to require that

ent1(1, B) = e1(x0, B), ..., ente(1, B) = e¢(x0, B) (1.7)

for some ¢ € N sufficiently large. When xog = 0, the B-expansions of xg are the same (all
digits are 0) no matter what g is. Thus to fulfill (1.7), one needs only to consider those 8 for
which a long string of zeros follows ¢, (1, ) in the f-expansion of 1. But when xo # 0, the
B-expansions of xg under different B are different. Furthermore, the expansion of xq is not
known to us, since 8 has not been determined yet. This difference constitutes a main difficulty
in constructing points g fulfilling the conditions in the definition of E ({Zn}nz 1 xo).

To overcome this difficulty, a better understanding of the parameter space seems necessary.
In Sect. 3, we analyse the length and the distribution of a cylinder in the parameter space
which relies heavily on a new notion that we call the recurrence time of a word.

Remark 2 When xo # 1, the set E({€,},>1, x0) can be regarded as a type of shrinking target
problem with fixed target. While when xo = 1, the set E({{,,},>1. xo) is the set of B for which
the orbit of 1 returns to a shrinking neighbourhood of itself infinitely often. In this case, we
have a so-called recurrence problem. There are some differences between these two cases.
Therefore, their proofs for the lower bounds of dimy E({£,},>1, x0) are given separately in
Sects. 5 and 6.

Remark 3 If x(B), when developed in base 8, is the same for all 8 € (8o, B1), then with an
argument based on Theorem 15 in [18], one can give the dimension of E({En =1, x(B)).
However as far as a general function x () is concerned, the idea used in proving Theorem 1.1
can be applied to give a complete solution of the dimension of E {ln}n=1,x(B)).

For more dimensional results related to the S-transformations, the readers are referred
to [10,19,21,25,26] and references therein. For more dimensional results concerning the
shrinking target problems, see [2,5,9,11-13,22-24,27] and references therein.

2 Preliminary

This section is devoted to recalling some basic properties of B-transformations and fixing
some notation. For more information on S-transformations, see [1,14,17,20] and references
therein.

The B-expansion of real numbers was first introduced by Rényi [20], which is given by
the following algorithm. For any g > 1, let

Tg(0) :==0, Tg(x)=px—[Bx], x €(0,1), 2.1
where | £] is the integer part of £ € R. By taking
enlx, B) = L BT 'x] €N
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Diophantine approximation of the orbit 803

recursively for each n > 1, every x € [0, 1) can be uniquely expanded into a finite or an
infinite sum
e1(x, B) en(x, B)
X = 4ot 4o, (2.2)
B B"

which is called the B-expansion of x and the sequence {e,(x, B)},>1 is called the digit
sequence of x. We also write (2.2) as e(x, B) = (e1(x, B), ..., en(x, B),...). The system
([0, 1), Tp) is called a B-transformation, B-dynamical system or a B-system.

Definition 2.1 A finite or an infinite sequence (wy, wo, ...) is said to be admissible (with
respect to the base f), if there exists an x € [0, 1) such that the digit sequence (in the
B-expansion) of x begins with (wy, wa, ...).

Denote by Eg the collection of all B-admissible sequences of length n and by X that
of all infinite admissible sequences. Write A = {0, 1, ..., 8 — 1} when B is an integer and
otherwise, A = {0, 1, ..., [ B]}. Let Sg be the closure of Xz under the product topology on
AN, Then (§ g, 0 |sﬂ) is a subshift of the symbolic space (AN, o), where o is the shift map
on AV,

Let us now turn to the infinite B-expansion of 1, which plays an important role in the study
of B-expansions. At first, apply the algorithm (2.1) to the number x = 1. Then the number 1
can also be expanded into a series, denoted by
abp) , , ellp)

B p"
If the above series is finite, i.e. there exists m > 1 such that g,,(1, 8) Z Obut g, (1, 8) =0
for all n > m, then B is called a simple Parry number. In this case, the digit sequence of 1 is
defined by

1=

+ ...

e' (1, B) := (1(B), &3(B), ..) = (e1(1, B), ..., em—1(1, B), em (1, B) — )™,

where (w)° denotes the periodic sequence (w, w, w, ...). If B is not a simple Parry number,
the digit sequence of 1 is defined by

e*(1, B) = (1(B), &3(B), ...) = (e1(1, B), e2(1, B), ...

In both cases, the sequence (e (8), &5 (B), . ..) is called the infinite B-expansion of I and we
always have that

&1 (B) €, (B)
R
B B"

The lexicographical order < between two infinite sequences is defined as follows:

1=

4+ 2.3)

W= (W, W2, ..., Wy,...) < W = (W}, wh, ..., w),,...)

if there exists k > 1 such thatw; = w} for1 < j < k, while wy < wy. The notation w < w’
means that w < w’ or w = w’. This ordering can be extended to finite blocks by identifying
a finite block (wy, ..., w,) with the sequence (wy, ..., w,,0,0,...).

The following result due to Parry [17] is a criterion for the admissibility of a sequence
which relies heavily on the infinite 8-expansion of 1.
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804 B. Lietal.

Theorem 2.2 (Parry [17])

(1) Let B > 1. For eachn > 1, a block of non-negative integers w = (w1, ..., wy,) belongs
to Eg if and only if

olw < ef(1,B),....ef_;(1,B) forall 0 <i <n.

(2) The function B — &*(1, B) is increasing with respect to the variable B > 1. Therefore,
if 1 < B1 < Ba, then

Zp C Zp,, X C X (foralln > 1).

At the same time, Parry also presented a characterisation of when a sequence of integers is
the infinite expansion of 1 for some g > 1. First, we introduce the notion of a self-admissible
word.

Definition 2.3 A word w = (¢, ..., &,) is called self-admissible if forall 1 <i < n
Gi(el, -"78}1) ﬁ €1, --'78n—i'

An inﬁnite digit sequence w = (g1, &2, ...) is said to be self-admissible if for all i >
1, c'w < w.

Theorem 2.4 (Parry [17]) A digit sequence (e1, €2, ...) with €1 > 1 is the infinite expansion
of 1 for some B > 1 if and only if it is self-admissible.

The following result of Rényi implies that the dynamical system ([0, 1), Tg) admits log
as its topological entropy. Here and hereafter § denotes the cardinality of a finite set.

Theorem 2.5 (Rényi [20]) Let B > 1. Foranyn > 1,

B <ixf < BB 1)

3 Distribution of regular cylinders in parameter space
From this section on, we turn to the parameter space { 8 € R : 8 > 1}, instead of considering

afixed B > 1. We will address the length of a cylinder in the parameter space, which is closely
related to the notion of recurrence time.

Definition 3.1 Let (¢1, ..., &,) be self-admissible. A cylinder in the parameter space is
defined as

If(el,...,s,,):{ﬂ>1:81(1,5):81,...,5n(1,ﬂ):8,,},

i.e., the set of B for which the B-expansion of 1 begins with the common prefix €1, ..., &,.
Denote by C,f the collection of cylinders of order n in the parameter space.

When (g1, ..., &,) is a self-admissible word, we will sometimes talk about “the cylinder
(¢1,...,€,)”. When we do so, we mean the cylinder InP (&1, ..., ¢&n).
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3.1 Recurrence time of words

Definition 3.2 Let w = (¢1, ..., &,) be a word of length n. The recurrence time 7 (w) of w
is defined as
T(w) := inf{k >1: ak(sl, cesEn) = (81, oy Enk) }

If such an integer k£ does not exist, then 7(w) is defined to be n and w is said to be a
non-recurrent word.

From the definition of the recurrence time 7(-), it is clear that if w = (e1,..., &) is
recurrent with t(w) = k < n, then

(&1 eeven) = ety e ™ e o e kingi)s

where | £ | denotes the integer part of &.
Applying the definition of recurrence time and the criterion of self-admissibility of a
sequence, we obtain the following.

Lemma 3.3 Let w = (g1, ..., &,) be self-admissible with the recurrence time t(w) = k.
Then for each 1 <i <k,

Eidlsees &k < Elyevy Ek—i- 3.1
Proof The self-admissibility of w ensures that
Eidlseenr ks EkdlyovesEn X Elseny Ek—is Ek—idls > En—i-
The recurrence time 7 (w) = k of w implies that for 1 <i < k,
Eitls vy Eky Ek+1s---5En 7& Ely oo s Ek—is Ek—i41s -5 En—i-
Combining the above two facts, we arrive at
Eitls e es ks Ekt1s---5En <Elyeves Ek—is Ek—it+ls-+-sEn—i- (32)

When k = n, (&k+1,-..,&n) is an empty word. Then the result follows directly by (3.2).
Now we assume k < n and compare the suffixes of the two words in (3.2). By the definition
of 7(w), the left one ends with

Ek+1s---sEn = E1yevvys En—k,
while the right one ends with
Ek—i+1s s En—i-
By the self-admissibility of €1, ..., &,, we get
Ektlsever & = E1yevesrEnk = Ckidly---»En—i- 3.3)
Then the formulae (3.2) and (3.3) enable us to conclude the result. ]

We give a sufficient condition to ensure that a word is non-recurrent.

Lemma 3.4 Assumethat (€1, ..., En—1,Em)and (€1,. .., Em—1, Em) are both self-admissible
and 0 < g, < &y,. Then

T(€1, ..., Em) = m.
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806 B.Lietal.

Proof Lett(eq,...,&n) = k. Suppose that k < m. We show that this will lead to a contra-
diction. Write m = tk + i with 0 < i < k. By the definition of the recurrence time 7, we
have

o™ er, o vem) = Ekgts oo m) = (61, ..., &0). (3.4)
From the self-admissibility of the other sequence (¢1, ..., &n—1, &), We know
o1, eme1. Em) = (Erk1n - Em) X (1L 8. (3.5)

The assumption &, < &, implies that

(5tk+ls ceey gm) < (81k+17 ey Em)~
Combining this with (3.4) and (3.5), we arrive at the contradiction (g1, ..., &) < (&1, ..., &).
[m}
3.2 Maximal admissible sequences in parameter space
Now we recall a result of Schmeling [21] concerning the length of If (&1,...,&n).
Lemma 3.5 ([21]) The cylinder Ilf (&1, ..., &n) is a half-open interval [Bo, B1). The left
endpoint By is given as the only solution in (1, 00) of the equation
€] En
l=—+- 4+ —.
B B"
The right endpoint B is the limit of the unique solutions {fN}n=n in (1, 00) of the equations
€1 &n En+1 EN
1:E+"'+ﬁ+ﬁn+l +"'+'87N, N=>n
where (€1, ..., Eny Entls - - -, EN) IS the maximal self-admissible sequence of length n + N
beginning with €1, . .., &, in the lexicographical order. Moreover,
|1F (o1, en)| < BTN
Therefore, to give an accurate estimate on the length of InP (e1,...,¢&,), we are led to

determine the maximal self-admissible sequences beginning with a given self-admissible
word &1, ..., &y.

Lemma 3.6 Let w = (¢4, ..., &) be self-admissible with t(w) = k. Then for each m > 1
and 0 < € < k with km + £ > n, the periodic sequence

(&1, .., e)"er, ..., &,

is the maximal self-admissible sequence of length km + ¢ beginning with €1, . . ., &,. Conse-
quently, if we denote by B the right endpoint of If (1, ..., &n), then the B1-expansion of 1
and the infinite B1-expansion of 1 are given respectively as

e(l,B)=(er,....,ex+ 1), €, B1) = (e1,..., ).
Proof By Lemma 3.3, we getforall 1 <i <k
Eidlsees &k < Elyuves ki 3.6)
Foreachm € Nand 0 < £ < k with km + £ > n, we check that

wo = (&1, ..., &)L, ..., &
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Diophantine approximation of the orbit 807

is the maximal self-admissible sequence beginning with €1, .. ., &, of length mk + £.
The admissibility of wq follows directly from (3.6). Now we show that wg is maximal.
Let

t
W= (E1y e’y EK) Wiy evoy Wy v oy Wt —1)k+1s + -+ > Win—t)k> Win—t)k-+1s - -+ » Wn—t)k+e

be a self-admissible word different from wq, where ¢+ > 1 is the maximal integer such that
w begins with (g1, ..., &)". We distinguish two cases according to t < m or t = m. We
consider only the case t < m, since the other case can be treated similarly.

If t < m, then

Wi, .vny Wk 7= €Ly enny Eke
The self-admissibility of w ensures that

Wiy eouoy Wk X E1y vy Ek-
Hence, we arrive at

Wiy eooy Wi < ELy ..., Ek. 3.7
This shows w < wy. ]

The following fact is just the self-admissibility of wg proven in Lemma 3.6. We state it as
a corollary for later use.

Corollary 3.7 Assume that (¢1, . .., &) is a non-recurrent word. Then for any integer m > 1
and 0 < € < k, the word

€1, )™ €1, ..., &0

is self-admissible.

The following simple calculation will be used several times in the sequel, so we state it
in advance.

Lemma 3.8 Let1 < Bo < B1 and 0 < g < Bo for all k > 1. Then for everyn > 1,

(ﬂ+...+z)_(ﬂ+...+z)<i(ﬂ by
Bo By Bi Br) = (Bo—12 0t

Now we apply Lemma 3.6 to give a lower bound on the length of InP (I R
Theorem 3.9 Let w = (¢, ..., &,) be self-admissible with T (w) = k. Let By and B be the
left and right endpoints of If (&1, ..., &y). Then we have

cs", when k = n;
P
| Cer. o en)] = Ca (& +---+ &2 ), otherwise, 3-8
,31 B ﬁ]

where C := (o — 1)2/Bo is a constant depending on Bo; the integers t and € are given by
thk<n<+Dkandt =n — Lk.
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808 B.Lietal.

Proof When k = n, the endpoints By and S of If (e1, ..., &n) are given respectively as the
solutions to
&n el en+1
1=-1+. 4+ —, and 1=—+---+ . (3.9)
50 Bl B BY
Thus,
1 £ &n ) (31 &n )
=\ Tt N\t t (81— Bo).
Bt (ﬂo By Bi BY

Then |1F (e1, ..., e0)| = B1 — Bo = CB{"

When k < n, the endpoints B9 and B of I,f (e1,...,¢&n) are given respectively as the
solutions to

€l &n En Et+1 g+ 1
1= ,30+ —I—FS, and 1= E—F- +ﬁ+ﬁn+l+”+'3(ﬁ+l)k

Thus,

£r41 e+ 1 (81 sn) (81 en) _1

+o =\t o — ) = C7 (B — o),

/3"+1 /3(£+1)k ﬁO ﬁg ’31 ﬂl
and we obtain the desired result. O

Combining Lemma 3.5 and Theorem 3.9, we know that when (eq, ..., &,) is a non-
recurrent word, the length of InP (1, ..., &,) satisfies

CB" <L (er.....en) < B"

In this case, InP (e1, ..., &) is called a regular cylinder.

The following corollary of Theorem 3.9 indicates that if the digit 1 appears regularly in a
self-admissible sequence w, then we can have a good lower bound for the length of the cylinder
generated by w. This will be applied in constructing a Cantor subset of E({€,,},,>1, X0).

Corollary 3.10 Letw = (e1, ..., &,) be self-admissible and d an integer such that for every
0<i<n-—d, theword (Wiy1, ..., Wjyq) is nonzero. Then we have

[1n(w)| = CB" ™7,
where C and B are as those in Theorem 3.9.

Proof Let t(w) = k. When n is a multiple of k, the maximal self-admissible sequence
beginning with w is just the periodic sequence (w, w, w, . ..). Then the desired result follows
with the same argument as that for the first inequality in (3.8).

When 7 is not a multiple of k, we argue as follows. Keep the notation as in Theorem 3.9.
Itk —t > d, then (41, ..., &+q) is nonzero. Thus by the second inequality in (3.8), we
have |, (w)| > Cﬂl_("+d). If k —t < d, then still by the second inequality in (3.8), we have

|In(U))| > CIB]_n . ‘B]*(kfl‘) > Cﬁ;(n+d).
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3.3 Distribution of regular cylinders

The following result presents a relationship between the recurrence time of two consecutive
cylinders in the parameter space.

Proposition 3.11 Let wy, wy be two self-admissible words of length n. Assume that wy < w
and wy is next to wy in the lexicographic order. If T(w1) < n, then

T(w2) > T(wy).
Proof Since t(w1) := k1 < n, wi can be written as
wy = (e, ..., skl)t, £1,...,&r, forsomeintegers t > land1 < ¢ < kj.
It is clear that &1 > 1 which ensures the self-admissibility of the sequence

w=(81,...,8k1)t,0,...,0.
—_——
J4

Since wy is less than w and is next to wi, we have
w =< wy < wi.

This implies that wi and w, have common prefixes up to at least k; - ¢ terms. Then w, can
be expressed as

wy = (61,...,66) €], ... 8
First, we claim that 7 (w>) := ky # k1. Otherwise, by the definition of t(w,), we obtain
el g =61, 8,

which indicates that w; = w».
Second, we show that k> cannot be strictly smaller than k. Otherwise, consider the prefix
€1, ..., & which is also the prefix of w;. If k» < k1, we have

Ekytls v s &k = €1y ovvs Ey—ky>»

which contradicts Lemma 3.3 by applying to w;.
Therefore, t(wz) > t(w) holds. O

The following corollary indicates that cylinders with regular length (equivalent with ;")
are well distributed among the parameter space. This result was found for the first time by
Persson and Schmeling [18].

Corollary 3.12 Among any n consecutive cylinders in C ,f , there is at least one with regular
length.

Proof Let w; > wy > --- > wy be n consecutive cylinders in C,f . By Theorem 3.9, it
suffices to show that there is at least one word w whose recurrence time is equal to n. If this
is not the case, then by Proposition 3.11, we have

1 <t(w) <t(wy) <---<t(wy) <n,

i.e. there would be n different integersin {1, 2, ..., n—1}. This is impossible. This completes
the proof. O
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4 Proof of Theorem 1.1: upper bound

The proof of the upper bound of dimpy E({£;},>1., Xo) is given in a unified way no matter
whether xo = 1 or not. Before providing an upper bound of dimn E({£, },>1, X0), we begin
with a lemma.

Lemma 4.1 Let (g1, ..., &,) be self-admissible. Then the set
{Tgl:,sel,f’(sl,...,s,,)} 4.1)

is a half-open interval [0, a) for some a < 1. Moreover, T/;’l is continuous and increasing
onBell(e, ... en).

Proof Note that for any 8 € If (e1, ..., &), we have
T R I
B g
Thus

TE1 =" — " (8—1+---+8i).
B B
Denote
FBY=p" = (1" +e2p P+ o). (42)
Then the set in (4.1) is just the set
{fB):BeLl (e, ....en) )

To show the monotonicity of § +—> T/;’], it suffices to show that the derivative f/(B) is
positive. In fact,

£ B =" = (1= De1p 2 + (1= 22"+ 46,1

n— n—1 [ €1 En—1
np" = —1p 1(E+-~-+ﬂn_l)

> = —-1p" > 0.

%

Since f is continuous and If (¢1, - .., &y) 1s an interval with the left endpoint By given as
the solution to the equation
&1 &n
l=—+-+—,
B B"

the set (4.1) is an interval with 0 being its left endpoint and some right endpointa < 1. 0O

Now we give an upper bound of dimy E ({£,},>1. x0). Forany 1 < By < 1, denote

EBo. B1) ={Bo < B < Bi:ITf1 —xol < 7", io.n e N}.

For any § > 0, we partition the parameter space (1, co) into {(a;,a;j+1] : i > 1} with
losdiel 14 §foralli > 1. Then

log a;
E({€n}n=1,%0) = U2 E(ay, ait1).
By the o-stability of the Hausdorff dimension, it suffices to give an upper bound on

dimy E (B0, p1) forany 1 < By < Bi with }ggg(') <148

@ Springer



Diophantine approximation of the orbit 811

Proposition 4.2 Forany 1 < By < B1, we have

1 logpi
l+aloghy

dimpy E(Bo, B1) < (4.3)

Proof Let B(x, r) be aball with center x € [0, 1] and radius r. By using the simple inclusion
B(xg, B~) C B(xo, ,804”) for any B > fo, we have

3

E(fo. B1)

N Il
T T T
2

3
Il

[Be@opil: 751 € Bro. g~ )

s
i
2

[Be o pi1:Th1 € Blxo g™ )

5
I
2

P, . —L
In (lla---,ln;ﬁo "),

(@
-

N (iy,in)es "

where % fo. ﬁ denotes the set of self-admissible words of length n between (g} (Bo), . . .,
en(Po)) and (e7(B1), ..., &5 (B1)) in the lexicographic order, and

EAGI ﬁgf") ={BeBo.pil:Bell . ...in). TH1 € Blxo. By ™) ).

By Lemma 4.1, we know that the set I,f’ 1y nnying ,BO_K") is an interval. In case it is
non-empty we denote its left and right endpoints by f( and | respectively. Thus

. —ly
’ In X0 + :30
ﬁ<ll+ﬂ71+ +[3/n1 IB/nl
and
. —L . . —¢
In X0 — /30 " . 2 In X0 — :3() !
/3 >l1+F0+ +[3/n71+ ’B/nfl le—i_ﬁi{—i_.“ ,3/n1+ ﬂ/nl
0 0
Therefore,
B — Bo

. —£ . . —¢
i xo + " i i Xp — "
ll+ ot /nnl+ O/nlg(; o l]+72/++ /nnl+ 0/11,Bl
131 /3 ,3 181 /3 :3

—n —ln
2,30 2,30 — 2/307(6,1+n71).
ﬁ/n 1 — /8

By the monotonicity of (1, 8) with respect to 8 (Theorem 2.2 (2)), we have (1, B) € Xg,
for any 8 < Bi. Therefore

ﬁﬂ-i-l

Bi—1

where the last inequality follows from Theorem 2.5. It is clear that the family

Ij2/30 B =i ﬂl

{1 i g™ 2 i) € ST o = N
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is a cover of the set E(By, B1). Recall that @ = lim inf £,, /n. Thus for any s > ﬁ }Egﬂ‘ we
n—oo 2 fo
have
im i P : —Lln\|S
HEG p) <liminf >, D LG By
nzN (il,--»,in)eig(;"ﬂl
n+1
< lim inf /31 25 . ﬂ—(5n+n—1)s - co.
N—o00 1 —1
n>N
This gives the estimate (4.3). .

S Lower bound of E({£{,},>1, X0) : xo # 1

The proof of the lower bound of dimy E ({€,},=1, X0), when xo # 1, is done by using a
classic method: first construct a Cantor subset F, then define a measure p supported on F,
and estimate the Holder exponent of the measure . At last, conclude the result by applying
the following mass distribution principle [7, Proposition 4.4].

Proposition 5.1 (Falconer [7]) Let E be a Borel subset of R? and p be a Borel measure with
W(E) > 0. Assume that, for any x € E

log (B
Jiminf 28K BE )
r—0 logr

Then dimy E > s.

Instead of dealing with E ({6,,},,21 , xo) directly, we give some technical modifications by
considering the following set

E={B>1:|Tf1—x)| <4(n+£,)p ", io.neN}.

It is clear that if we replace Bt by B~¢+7€) for any € > 0 in defining E above, the set E
will be a subset of E({€,},>1, X0). Therefore, once we show the dimension of E is bounded
from below by 1/(1 + «), so is E({Zn},,zl,xo). We always assume in the following that
a > 0, if not, just replace £, by £, 4 ne. In the remaining part of this section, we are going
to prove that

1
dimy £ > ——, with o > 0.
14+«
5.1 Cantor subset

Let xg be areal numberin [0, 1). Let 8o > 1 be such thatits expansion (1, Bp) of 1 is infinite,
i.e. there are infinitely many nonzero terms in (1, o). The infinity of the digit sequence
e(1, Bo) implies that for each n > 1, the number S is not the right endpoint of the cylinder
I,f (Bo) containing By by Lemma 3.6. Hence we can choose another 81 > By such that the
Bi-expansion £(1, B1) of 1 is infinite and has a sufficiently long common prefix with (1, Bp)
so that

B1(B1 — Po) - 1—xo.

5.1
Bo—D? = 2 e-b
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Let

M =min{n = 1:¢,(1, Bo) # ea(1, B1) },

that is, &; (1, Bo) = &;(1,B1) forall 1 <i < M and ey (1, Bo) # em (1, B1). Let B2 be
the maximal element beginning with w(Bg) := (e1(1, Bo), ..., em(1, Bp)) in its infinite
expansion of 1, that s, f; is the right endpoint of / Af; (w(Bp))- Then it follows that By < B2 <
B1. Note that the word

(e1(1, Bo), ..., em—1(L, Bo), em (1, B1)) = (e1(L, B1), ..., em—1(L, B1), em (1, B1))

is self-admissible and €7 (1, Bo) < ey (1, B1). So by Lemma 3.4, we know that t(w(Bp)) =
M. As aresult, Lemma 3.6 compels that the infinite §,-expansion of 1 is

e*(1, B2) = (e1(1, Bo), - .., em (1, o)) ™. (5.2
Since the following fact will be used frequently, we highlight it here:
e1(1,B2), ..., en (1, B2) < e1(1, B1), ..., em(1, B1). (5.3)

Lemma 5.2 For any w € Sg,, the sequence

e=e1(1,B1),...,em(1, B1), 0™ w

is self-admissible.

Proof This will be checked by using properties of the recurrence time and the fact (5.3).
Denote 7(e1(1, B1), ..., em(1, B1)) = k. Then 1 (1, By), ..., em(1, By) is periodic with a
period k. Thus & can be rewritten as

(1, e0)0er, .., e, OM W

for some 7p € Nand 0 < s < k. We will compare ole and ¢ for all i > 1. The proof is
divided into three steps accordingtoi < M, M <i <2M ori > 2M.

(1) i < M.Wheni = tk for some ¢ € N, then o/ (¢) and & have a common prefix up to the
(M — tk)th digit. Following this prefix, the next k digits in o' (¢) are 0%, while they are

(&s+1y -+ » &y €1, - - -, &) In &, which implies that o'e < ¢.
When i = tk + ¢ for some 0 < £ < k, then o' (¢) begins with (¢¢41, ..., &, k=) if
t = tp and begins with (g¢41, ..., &) if t < tp. By Lemma 3.3, we know that
k—
oty €, 07 <gppy, e <€, ..., Ekg.

Thus o/ (¢) < e.

(2) M < i < 2M. For this case, it is trivial because o' begins with 0.

(3) i = 2M + £ for some ¢ > 0. Then the sequence ol(e) begins with the subword
(Weg1, - .., werp) of w. Since w € Sg,, we have

Wetts - Werm <71, B2), oo ey (1, Bo) < e1(L, B1), ..., em(L, B1).
where the last inequality follows from (5.3). Therefore, ol(e) < e.

m}

Now we use Lemmas 4.1, 5.2 and a suitable choice of the self-admissible sequence to
show that the interval defined in (4.1) can be large enough. Fix ¢ > M such that

07 < ep1(L, B)s ..y eprq (1, 1),
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that is, find a position M + ¢ in £(1, B1) with nonzero element €744 (1, B1). The choice of
the integer ¢ guarantees that the cylinder 11\[/;+q (e1(1, B1), ..., em(1, B1), 07) lies on the left
hand side of 8.

Lemma 5.3 Suppose Bo and B are close enough such that (5.1) holds. Forany w € ZZ;M_']

ending with M zeros, the interval

L= {751 B e 171 B, ew (1 B 0%, w) |
contains (xo + 1) /2.

Proof Recall e*(1, B2) = (e1(1, Bo), ..., em (1, Bo))® = (e, ..., en)*. Since w ends
with M zeros, the sequence (w, (eq, ..., ep)>°) is in Sg,. Thus, the number B* for which

(1, B =e1(1, B1),....em(L, B1), 0%, w,er, e, ...ep, €1, €2, . ..

belongs to the closure of I,f)(81(1, B1),....em(1, B1),07, w) by Lemma 5.2. Note that
B* < By by the choice of ¢. For such a number §*,

el () el )
Thl=—4+—S+---> —4+ = 4....
B g | p2 Bi ,312
Note also that
e e
l=—+ =+
B B3
Thus
ep e el e Bi1(B1 — Bo)
1-Tgl<{—-+5+)-\-+5+ ) <—/——.
P (/32 B3 ) (,31 B7 ) (Bo— 1)?
Hence Tél*l > XO;' ! by (5.1). Then we obtain the statement of Lemma 5.3. O

Now we are in the position to construct a Cantor subset F of E. Let 1 be a subsequence
of integers such that

. . Z}’l . el’l
liminf — = Iim — =oa>0.
n—-oo0 n nefM,n—oo N

5.1.1 Generation 0 of the Cantor set
Write
e@ = (e1(1, 1), ... em(1, 1), 07), andFy = {©}.

Then the Oth generation of the Cantor set is defined as

Fo={1f4g ) :e® e Fo }.
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5.1.2 Generation 1 of the Cantor set

Recall that M is the integer defined for f; in the beginning of this subsection. Let N > M.
Denote by Uy a collection of words in Sg,:

Uy = {u=(0M,I,OM,al,...,aN,OM,l,OM) C(ar,....ay) esﬁz}, (5.4)

where £ = 4M + 2 + N is the length of the words in U,. Without causing any confusion, in
the sequel, the family F( of words is also called the Oth generation of the Cantor set F.

Remark 4 We give a remark on the way that the family Uy is constructed.

(1) The first M-zeros guarantee that for any S>-admissible word v and any element u € Uy,
the concatenation (v, u) is still S-admissible.

(2) With the same reason as for (1), the other three blocks of 0¥ guarantee that Uy C EKZ.

(3) Thetwodigits 1 are added so that the digit 1 appears regularly inu € U, (recall Corollary
3.10).

Let mg = M + g be the length of ¢ € Fy. Choose an integer n; € 91 such that
ni > mo, By < 2(Bo — )2/ and 4(ny + £, < 1‘% by noting a > 0. Write

ny—mog=nf+i;, forsome t; eN,0=<i; <.

First, we collect a family of self-admissible sequences beginning with &(@:
9’)?(8(0)) = { (8(0), Ui, ..., u,l_l,utl,Oi‘) Uy, .. uy €U }

Here the self-admissibility of the elements in 9t (e ©) follows from Lemma 5.2.
Second, for each w € M(e@), we will extract an element belonging to F; (the first
generation of F). Let I', (w) := {T/;’1 1:8¢elIf(w) By Lemma 5.3, we have that

ni

Ty, = Doy (w) D B(xo. 4n1 + €a)By ™). (5.5)

Now we consider the set of all possible self-admissible sequences of order nj + £,
beginning with w, denoted by

A(w) = { (w,n1y ..., ngﬂl) (w, g, .., ey, ) is self-admissible }

Then

L = |J {15'1:8e1f,, ©) (5.6)

eeA(w)
‘We show that for each ¢ € A(w),
-0,
T 1B el g, @} <48y " (5.7)

In fact, for each pair 8, B’ € Inf; o, (¢), we have

T"ll:ﬂ+...+w"l+y T n M

8 IB 7ﬂznl s ﬂ/ = ﬁ + .- /3/[”]
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for some 0 < y, y’ < 1. Then

z
ni n Nk Nk 1 1
T - T}, 1‘ > |5 | g
/3 — 43"] 1 1 —ln,
= Bo— 1)250 ,BE"I " B =4 -

Now Lemma 4.1, together with the estimate (5.7), enables us to conclude the following
simple facts:

e foreache € A(w), {T”‘l Bel nl+e (8)}iS an interval, since I” 01+, (¢)is aninterval;

e foreverypaire, &’ € A(w),ife < ¢/, then by the monotonicity of T"1 1 w1th respectto S we

have that { T"ll gelf Mt (¢) } lies on the left hand side of{T”‘l Belf b, eH}.
Therefore, the intervals in the union in (5.6) are arranged in [0, 1] consecutively;

e moreover, there are no gaps between adjoint intervals in the union in (5.6), since I',;, (w)
is an interval;

o the length of the interval { T"l 1:pelf 1+, (&) } is less than 4,30

By these four facts, we conclude that there are at least (n; 4 £,,) consecutive cylinders
n1+£ (¢) with ¢ € A(w) such that {T"l B elf i, (¢) } is contained in the ball

B(xo, 4(n1 + £y,) ,80 b ). Thus by Corollary 3.12, there exists a cylinder, denoted by

(1) (l)
In]+i, (w,w; 7, .. ["1)

satisfying that

(1) e

e The word (w, w; w(l)) is non-recurrent;

o The set { T"' 1:8el tn, (w, w(l), .. (1) ) } is contained in the ball B(xo, 4(n; +

1
(w,wi),.. we))

ny

n1+

€)By "1) Thus, forany g € I ann

—Ln 1

’T”‘l —xo‘ < 4(n1 + )b, (5.8)

This is the cylinder corresponding to w € M (e) that we are looking for in composing
the first generation of the Cantor set.
Finally the first generation of the Cantor set is defined as

1 1
Fr={e® =@ w’ L ulhiweme)  F= {J 10, ),
8(1)EF1

where w(l) R

wél) depend on w € M(e@), but for simplicity we do not emphasize this
n
dependence in our notation. Let m = ny + £, .

5.1.3 From generation k — 1 to generation k of the Cantor set F

Assume that the (k — 1)th generation F;_; has been well defined, and is composed by a
collection of non-recurrent words.

To repeat the process of the construction of the Cantor set, we present similar results as
Lemmas 5.2 and 5.3.
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Lemma 5.4 Let ¢~V € Fy_{. Then for any u € Sp, ending with M zeros, the sequence
(CaNY
is self-admissible.

Proof Let1 <i < my_1, where my_1 is the order of e®=D_Since ¢*~D is non-recurrent,
an application of Lemma 3.3 yields that

(k=1) (k=1)

ai(e Ju) < &€

Moreover, combining the assumption of u € Sg, and (5.3), we obtain that any block
of M consecutive digits in u is strictly less than the prefix of ¢®~1_ In other words, when
mr—1 <i <mg_1 + |u| — M, we have o’ (s®*~=D_ y) < e*=D,

At last, since u ends with M zeros, clearly when i > my_; + |u| — M, we have
ol (e®=D u) < gk=D, O

Lemma 5.5 Forany ¢*=D e Fy_j andu Sg, ending with M zeros, write n = le®=D| 4
|u|. Then

r, = {Tgl B e I,f(s("*”,u)}
contains (xo + 1) /2.

Proof With the same argument as Lemma 5.4, we can prove that the sequence (6%~ u,
(e1, ..., em)™) is self-admissible. Then with the same argument as that in Lemma 5.3, we
can conclude the assertion. ]

Let ¢®D ¢ F;_; be a word of length my_1. Choose an integer n;y € 9 such that
ng > my_1. Write

ny —my—1 = txl + iy, forsome 0 <ip <.

We collect a family of self-admissible sequences beginning with £ *=1:
9)1(5(]‘_1)) = {s(k_l), Uiy ooy U1, Ugys 0% :up, ..., u, € Up } 5.9)

Here the self-admissibility of the elements in (e *=Dy follows from Lemma 5.4.

Then in the light of Lemma 5.5, the remaining argument for the construction of Fy (the
kth generation of ) is absolutely the same as that for Fy.

Foreachw € M (e* D), we can extract a non-recurrent word of length ny +£,, belonging
to F¢, denoted by

k k
O,

(w, w
Then the kth generation Iy is defined as

Fi = {g(k> = wow?, gy w e M), f4 e iy } (5.10)

and
_ P (k)
Fr = U Ink+ly,k (™).
E(k)E]Fk
Note also that wgk), e wék) depend on w for each w € M (=D,
g
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Continuing this procedure, we get a nested sequence {Fi}x>1 consisting of cylinders.
Finally, the desired Cantor set is defined as

o0
P k k
=) U 1fue® =0 U i, ().
k=1 g®) cF, k=1¢W0 R,
Lemma 5.6 F C E.
Proof This is clear by (5.8). O

5.2 Measure supported on F

Though F can only be viewed as a locally homogeneous Cantor set, we define a measure
uniformly distributed on F. This measure is defined along the cylinders with non-empty
intersection with 7. For any 8 € F, let {If (B)}n=1 be the cylinders containing 8 and write

_ k k
e(1,B) = (e ]),ul,...,u,k,O”‘ wg ),...,wé”)(,...).

To simplify the notation, we still use u;, to denote (u,, Oik) in the above formula. Then the
B-expansion of 1 will be read as

s(l,ﬁ):(e(kfl),u],.. utk,wik),.. wéﬁz L)

Note that the order of e ¥~V is ny_1 + €, ,.
Now define

“(1A1;+q(8(0))) =1

3]
1
P .(0) _
(L, (e ,m,...,uzl))—(ﬁxg) )

In other words, the measure is uniformly distributed among the offsprings of the cylinder
I, . () with nonempty intersection with F.
Next foreachny <n <ny +£,,, let

w(L; (B) = u(L) (B)).

Assume that p (17 o1+ B).ie u(IF 1+ 1(z-:(k_”)) has been defined.

and let

(1) Define

-1
1

174 k
k—1 ) P —1
( m(g( ) ”1""’”lk)) = (ﬁEN) M(I\a(kfn\(g )) H jjzﬂz
B2 j=l1

(5.11)

(2) Whenng_1 4+ £,,_, <n < ng,let

w1l ®) = > (L (w).

LE (w)eFi:Lf w)NLF (B)#0
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More precisely, whenn = ng_1 + €,, | +t¥£,

— t; t
M(Inp(ﬂ))Zli_[l L) (L : (5.12)
o \1Zg, 125,

and when n = ny_ + £,,_, +t£ + i for some i # 0, we have
M(Iri_h%nk,lﬂz(ﬂ)) z M(If(ﬂ)) Z max { M(Irfz,,+enk7|+(,+1)g(ﬂ)), M(Inf,z (ﬁ)) }
(5.13)
(3) Whenny <n < ng + £, take
u(Ll (B) = n(Lh B). (5.14)
5.3 Lengths of cylinders

Now we estimate the lengths of cylinders with non-empty intersection with F.

Let (g1, ..., &,) be self-admissible such that InP = InP (¢1, - .., &) has non-empty inter-
section with F. Thus there exists f € F such that InP is just the cylinder containing 8. Let
ng < n < ng41 for some k > 1. The estimate of the length of InP is divided into two cases
according to the range of n.

(1) When ny < n < ng + £,,. The length of 1.7 is bounded from below by the length of the
cylinder containing B with order ny + £, + M.
By the construction of F, we know that (1, 8) can be expressed as

e(1,8) =P, 0™ 1,..),

which implies the self-admissibility of (¢*), 0™ 1). Then clearly (¢®), 0™, 0) is self-
admissible as well. Then by Lemma 3.4, we know that (e(k), 0™ 0) is non-recurrent.
Thus,

P P P k) oM
|In ’ = ‘InkJrlnkJrM(ﬂ)’ z ‘Ink+€nk+M+l(8( )’0 ’0)‘
- Ly +M+1 —(ng+Eny,
> CB, (nk+Lp +M+1) =18, (ni+ L). (5.15)
(2) Whenng +£,, <n <npq1.Lett =n —ng — £, . Write e(1, g) as
e(1,B) =Y. om0
for some (n1,...,n:) € 21’32. Lemma 5.4 tells us that
(8(k)’ Nls oo o5 Nes OM9 17 OM)
is self-admissible. Then with the same argument as case (1), we obtain
_ M+1 _
11F| = |1F o €@ nie o, 01, 0) = Cp MY = 0187 (5.16)

5.4 Measure of balls

We estimate the measure of arbitrary balls B(8, r) with § € F and r small enough.
Together with the p-measure and the lengths of cylinders with non-empty intersection
with F given in the last two subsections, it follows directly that
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Corollary 5.7 Forany B €T,

. log (L7 (B)) 1 logpa N
lim inf 5 = R
n—>o0 log|l, (B) ~ 1+alogp ¢

(5.17)

where N and £ are the integers in the definition of Uy (see (5.4)).

Now we refine the cylinders containing some B8 € F as follows. For each B € F and
n > 1, define

Ini%nk (B), whenng <n < ny+ ¢, forsomek > 1;

J.(B) = [ (5.18)

I”P(,B), when ny +€,, <n < nyy forsomek > 1.

and call J,,(B) the basic interval of order n containing .
Fix a ball B(8, r) with B € F and r small. Let n be the integer such that

[Jnr1(B)| <7 < |Ju(B)].

Let k be the integer such that ny < n < nj41. The difference of the lengths of J,,+1(8) and
Jn(B) (e, [Jnt1(B)| < |Jn(B)]) yields that

ng+4Ly, <n <nggp.
Recall the definition of w. It should be noticed that
w(Jn(B) = n(If(B)), foralln e N.

Then all basic intervals J with the same order are of equal p-measure. So, to bound the
measure of the ball B(8, r) from above, it suffices to estimate the number of basic intervals
with non-empty intersection with the ball B(8, r). We denote this number by N. Note that
by (5.16) and (5.18), when ny + £, < n < nj41, all basic intervals of order n are of length
no less than C; ;" . Since r < |J,,(B)| < B, ", we have

N =2r/(CiB™") +2 2B, /(C1B") +2 < C2By " B

It follows that

1(B(B. 1)) < C2py" BT - (1] (B)). (5.19)
Now we give a lower bound for r. When n < ny41 — 1, we have
r= B =15 B = Cip (5.20)

When n = ng41 — 1, we have

- *lrl,
r= | Jupi(B)] = iy T (5.21)
Thus, by the formulae (5.19) (5.20) (5.21) and Corollary 5.7, we have

logpu(B(B. 1)) _ (logfo —logpi  loghr N\ 1
log B logBi £ ) 1+a’
Applying the mass distribution principle (Proposition 5.1), we obtain

logBo —logB1  logh N\ 1
log B logBi ¢ ) 1+a’

lim inf
r—0 logr

dimy E > (
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Letting N — oo and then 81 — fo, we arrive at

dimy E > .
1+«

6 Lower bound of E({£,},>1,X0) : xo =1

We still use the classic strategy to estimate the dimension of E({{;},>1, 1) from below. In
fact, we will show a little stronger result: for any By < B, the Hausdorff dimension of the
set E({€n}p=1, 1) N (Bo, B1) is 1/(1 + o).

The first step is devoted to constructing a Cantor subset F of E({€,},>1, 1). We begin
with some notation.

As in the beginning of Sect. 5.1, we can require that By and f; are sufficiently close such
that the common prefix

(e1(L, B1), ..., em—1(1, B1))

of ¢(1, Bp) and (1, B1) contains at least four nonzero terms. Assume that (1, 81) begins
with the word 0 = (a1, 0!, 4, 0271 a3, 0371, ay) with a; # 0. Let

0=(01,1,07,1,0%), 0=(0",1,072"").

By the self-admissibility of o, it follows that if a; = 1, then min{ry, r3} > r;. So it is direct
to check that for any i > 0, we have

o @) < e1(L 1), .- 8y 4y a2 (1, B1). (6.1)
Recall that 8, is given in (5.2). Fix an integer £ > M. Define the collection
U={u=(,e1,..., €0—ri—rr—ry—2-m,0M) € E§2}~

Following the same argument as the case (3) in proving Lemma 5.2 and then by (5.3), we
have forany u € Uy andi > r; +ry + 13 + 2,

o) < (er(L, B1), ... em(1, B1)). (6.2)
Combining (6.1) and (6.2), we get for any u € Uy andi > 0,
o' ) < (e1(1, B), ..., em(1, BD)). (6.3)

Recall that ¢ is the integer such that

(5M+1(17 ﬁl)’ sy 8M+q(17 ,31)) # Oq'

With the help of (6.3), we present a result with the same role as that of Lemma 5.2.

Lemma 6.1 Letk € N. Forany uy, ..., ux € Uy, the word

e=(e1(1, B1), ..., em(L, B1), 0% uy, uz, ..., up)

is non-recurrent.

Proof We check that 6% (g) < ¢ forall i > 1. When i < M + ¢, the argument is absolutely
the same as that fori < M + ¢ in Lemma 5.2. Wheni > M + g, it follows by (6.3). O
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6.1 Construction of the Cantor subset

Now we return to the set
Eg:={Bo<B<pi:|Tf1—1]<p " ioneN}
We will use the following strategy to construct a Cantor subset of Ey.

e STRATEGY: If the B-expansion of 1 has a long periodic prefix with period n, then T/g’l
and 1 will be close enough.

Let {n}x>1 be a subsequence of integers such that

14 ¢
lim —% =liminf = =, and ngy; > ng, forallk > 1.
k—o00 nj n—o0 n

6.1.1 First generation Fy of the Cantor set F

Let e© = (e1(1, B1), ..., em(1, B1),09) and mg = M + g. Write ny = mg + t1£ + i1 for
some t; € Nand 0 < i; < £. Now consider the collection of self-admissible words of length
ni

M) = {(8(0),u1,...,u,1,0i') SUL, ..Uy € U[}.

Lemma 6.1 says that all the elements in 21(s?) are non-recurrent words.
Enlarging £,,, by at most m¢ + £ if necessary, the number ¢,,, can be written as

Ly, =ziny +mo+ j1£, withz; eN, 0<j <. (6.4)
Corollary 3.7 convinces us that for any (g1, ..., &,,) € 9)1(8(())), the word
£ = ((81, R am), (81, o 8,“)“, (8(0), ULy ..., ’/‘jl)) (6.5)
is self-admissible. In other words, ¢ is a periodic self-admissible word with length ny 4 £,,,.
We remark that the suffix (S(O), Ul .nn, “j1) is the prefix of (¢1, ..., &,,) but not chosen
freely.
Now consider the cylinder
P 1P z1+1 0
Livst,, = Inyre,, ((81,...,8,,1) T (e ),ul,...,ujl)).
It is clear that for each 8 € InP1 +¢, » the B-expansion of Tg "1 and that of 1 coincide for the
n

first £,,, terms. So, we conclude that for any g € InP]+l,, s
1

751 —1] < g~ (6.6)

Now we prolong the word in (6.5) to a non-recurrent word. Still by Corollary 3.7, we know
that (g, uj, +1) is self-admissible, which implies the admissibility of the word

(,0™, 1,07, 1).

So, by Lemma 3.4, we obtain that the word (e, 0) is non-recurrent. Then finally, the first
generation F1 of the Cantor set F is defined as

P z1+1 0 .
Fi1 = [I(n1+€nl+r1+rz+2)((81’""8"1) ,(8( ),ul,...,uj,,b)) c(&1, .0, Eny)

e M) }
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6.1.2 Second generation F» of the Cantor set F
Letmy =ny + £y, + 71 +rp + 2 and write
np=my+nl+i; forsome HeN, 0<i) <.
For each ¢ € Fy, consider the collection of self-admissible words of length 7,
Dﬁ(é‘(l)) = { (8(1), ULy ..oy Upy, Oiz) Uy, ..Uy €U }

By noting that £(1) is non-recurrent and by the formula (6.3), we know that all elements in
(D) are non-recurrent words.

Similar to the modification on ¢, , by enlarging £,, by at most m| + £ if necessary, the
number ¢,, can be written as

Ly, =z2n2 +my+ jol, with z2eN, 0<j <. (6.7)

Then, following the same line as for the construction of the first generation, we get the second
generation 7>, defined by

P 22+1 1 .
Fr = {I(nz+€n2+r1+rz+l)((81’""8”2) , (8( ),ul,...,uh,a) Sy s Eny)

e M) }

We remark that the suffix (8(1), Ui, ..., ujz) is the prefix of (e1, ..., &,,) but not chosen
freely. Then let my = ny + £, +r1 + 12 + 2.

Then, proceeding along the same line, we get a nested sequence Fj consisting of a family
of cylinders. The desired Cantor set is defined as

F=()%

Noting (6.6), we know that F C Ejy.

6.2 Estimate on the supported measure

The remaining argument for the dimension of F is almost the same as what we did in
Sect. 5: constructing an evenly distributed measure supported on F and then applying the
mass distribution principle. Thus, we will not repeat it here.

7 Proof of Theorem 1.2

The proof of Theorem 1.2 can be established with almost the same argument as that for
Theorem 1.1. Therefore only differences of the proof are marked below.

7.1 Proof of the upper bound

For each self-admissible sequence (i, ..., i,), denote
oty oo yin) = {ﬂ €Ll (i) TR = x(B) < By }
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These sets correspond to the sets If @1, onins By Z”) studied in the proof of Proposition 4.2,
where the upper bound for the case of constant xp was obtained. We have that

(E({tadnz=1.x) N (B0, B0) < () U U T, - in).

N=1ln=N (ii,..., i) self-admissible

What remains is to estimate the diameter of J, (i, ..., i) for any self-admissible sequence
(i1, ..., 1p). If we can get a good estimate of the diameter, then we can do as in the proof of
Proposition 4.2 to get an upper bound of the dimension of E({Z,,}nzl , x) N (Bo, B1).

Suppose J,, is non-empty, and let B < B3 denote the infimum and supremum of J,,. Let
L be such that 8 — x(B) is Lipschitz continuous, with constant L. Denote by i the map
B — Tlg‘(l), and note that v satisfies

[V (B3) — v (B2)l = By - 1B3 — Bl
Clearly, > and B3 must satisfy

W(B3) — ¥ ()| — 1x(B3) — x(Ba)] < 28,

and hence, we must have
By 1B — Bal — L+ B3 — Bal <28, (7.1)

Take K > 2. Then we must have |83 — 2| < KB, b= for sufficiently large n, otherwise
(7.1) will not be satisfied.

Thus, we have proved that |J, (i1, ..., )| < K,Bofz”fn for some constant K. This is all
what is needed to make the proof of Proposition 4.2 work also for the case of non-constant
X0.

7.2 Proof of the lower bound

Case 1. If x(B) = 1 for all B € [Bo, B1], this falls into the proof of Theorem 1.1.

Case 2. Otherwise, we can find a subinterval of (8g, B1) such that the supremum of x (8)
on this subinterval is strictly less than 1. We denote by 0 < xo < 1 the supremum of
x(B) on this subinterval. We note that with this definition of xo, Lemma 5.3 still holds.

Now that we have Lemma 5.3, we can get a lower bound in the same way as in Sect. 5,
i.e. we construct a Cantor set with desired properties. The proof is more or less unchanged,
but some minor changes are nessesary, as we will describe below.

The sets Fo and M (¢@) are defined as before, and we consider a w € M(e©@). On the
interval I,f; (w) we define ¢ : B — Tf;’ (1), and we observe that there are constants ¢, and
¢7 such that

By <¥'(B) < cpy's

holds for all 8 € I,f: (w). As in the proof of the upper bound, we let L denote the Lipschitz
constant of the function 8 — x(B).
We need to estimate the size of the set

J={B 1l w):¥(B) e Blxo(B). Cou + )Py ™) ).

The constant C appearing in the definition of J above, was equal to 4 in Sect. 5. We remark
that the value of C has no influence on the result of the proof, so we may choose it more
freely, as will be done here.
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Lemma 5.3 implies that there is a 8, € J such that ¥ (8,) = x(B,). Suppose By € Ifl (w)
is such that |8, — Bp| < 4(n1 + £y, )/307"17["' . We can choose C so large that we have
(¥ (Bp) — x(Bp)| < |V (Ba) — ¥ (Bp)| + 1x(Ba) — x(Bp)l
72)1 - 76’1 7271
<l + )y LA+ )y < Clnp )y

This proves that B is in J, and hence, J contains an interval of length at least 4(n; +
—ni—Ly,

zm)ﬂ()

Analogous to the estimate in (5.7), we have that |In’: +n, (e)] <4 50—n|—ln| . This implies

that there are at least (n] 4 £,,) consequtive cylinders If] o, (¢) with the desired hitting

property, where ¢ € A(w).
With the changes indicated above, the proof then continues just as in Sect. 5.

8 Application

This section is devoted to an application of Theorem 1.1. For each n > 1, denote by £, (8) the
length of the longest string of zeros just after the nth digit in the S-expansion of 1, namely,

£u(B) :=max{k>=0:e; (B) = =¢,,,(8)=0}.
Let

£(B) = lim sup g"(ﬂ).

n— 00 n

Li and Wu [16] gave a kind of classification of betas according to the growth of {£,},>1 as
follows:

Ag = {,3 =1 {6 (B)) is bounded];
A= {ﬂ > 1:{€,(B)}is unbounded and ¢(B) = 0};
Azz{ﬂ>1:£(,8)>0}.

We will use the dimensional result of E({{,},>1, xo) to determine the size of A, A, and
Ajz in the sense of Lebesgue measure £ and Hausdorff dimension. In the argument below
only the dimension of E({£, },>1, X0) when xo = 0 is used. In other words, the result in [18]
by Persson and Schmeling is already sufficient for the following conclusions.

Proposition 8.1 (Size of Ag) L(Ap) = 0 and dimy(Ag) = 1.

Proof The set Ay is nothing but the collections of g with specification properties. Then this
proposition is just Theorem A in [21]. O

Proposition 8.2 (Size of A>) L(A2) = 0 and dimpy(Ay) = 1.
Proof For any a > 0, let

Flay={p>1:£(p) za}.
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Then Ay = {J,o F(a). Since F(e) is increasing with respect to o, the above union can be
expressed as a countable union. Now we show that for each o > 0

dimy F (@) =

’

1+«
which is sufficient for the desired result.
Recall the algorithm of T4. Since for each 8 € A3, the B-expansion of 1 is infinite, then
for each n > 1, we have

€ny1 () n 8::+22(:3) ..
B B
Then by the definition of £,,(8), it follows that

ni _
Tﬂl_

ﬂ—(in(ﬂ)+1) < T;l < B+ 1)5—(€n(ﬂ)+1). 8.1)
As a consequence, for any § > 0,
Fl@)c{p>1: Tﬂ"l < (B4 1)B7"@ 9= for infinitely many n € N}. (8.2)
On the other hand, it is clear that
{(B>1: Té’l < BT for infinitely manyn € N} C F(w). (8.3)

Applying Theorem 1.1 to (8.2) and (8.3), we get that

dimy F(a) = .

imy F () T a
Since A1 = (1, 00)\(Ap U A»), it follows directly that

Proposition 8.3 (Size of A|) The set Ay is of full Lebesgue measure.

Acknowledgments This work was in part finished when some of the authors visited the Morning Center
of Mathematics (Beijing). The authors are grateful for the host’s warm hospitality. This work was partially
supported by NSFC Nos. 11126071, 10901066, 11225101 and 11171123.

References

Blanchard, F.: f-expansion and symbolic dynamics. Theor. Comput. Sci. 65, 131-141 (1989)

2. Bugeaud, Y.: A note on inhomogeneous Diophantine approximation. Glasgow Math. J. 45, 105-110
(2003)

3. Bugeaud, Y.: An inhomogeneous Jarnik theroem. J. Anal. Math. 92, 327-349 (2004)

4. Bugeaud, Y., Chevallier, N.: On simultaneous inhomogeneous Diophantine approximation. Acta Arith.
123, 97-123 (2006)

5. Bugeaud, Y., S. Harrap, S., Kristensen, S., Velani, S.: On shrinking targets for Z" actions on tori. Math-
ematika 56, 193-202 (2010)

6. Chernov, N., Kleinbock, D.: Dynamical Borel-Cantelli lemmas for Gibbs measures. Israel J. Math. 122,
1-27 (2001)

7. Falconer, K.J.: Fractal Geometry: Mathematical Foundations and Application. Wiley, New York (1990)

8. Fan, A.H., Wang, B.W.: On the lengths of basic intervals in beta expansion. Nonlinearity 25, 1329-1343
(2012)

9. Fan, A.H., Wu, J.: A note on inhomogeneous Diophantine approximation with a general error function.

Glasg. Math. J. 48, 187-191 (2006)

@ Springer



Diophantine approximation of the orbit 827

20.

21.

22.

23.

24.

25.

26.

27.

Féarm, D., Persson, T., Schmeling, J.: Dimenion of countable intersections of some sets arising in expan-
sions in non-integer bases. Fundamenta Math. 209, 157-176 (2010)

. Fernandez, J.L., Melidn, M.V., Pestana, D.: Quantitative recurrence properties in expanding systems.

arXiv: math/0703222 (2007)

Hill, R., Velani, S.: The ergodic theory of shrinking targets. Invent. Math. 119, 175-198 (1995)

Hill, R., Velani, S.: Metric Diophantine approximation in Julia sets of expanding rational maps. Inst.
Hautes Etudes Sci. Publ. Math 85, 193-216 (1997)

Hofbauer, F.: 8-shifts have unique maximal measure. Monatsh. Math. 85, 189-198 (1978)

Levesley, J.: A general inhomogeneous Jarnik-Besicovitch theorem. J. Number Theory 71, 65-80 (1998)
Li, B., Wu, J.: Beta-expansion and continued fraction expansion. J. Math. Anal. Appl. 339, 1322-1331
(2008)

Parry, W.: On the B-expansions of real numbers. Acta Math. Acad. Sci. Hunger. 11, 401-416 (1960)
Persson, T., Schmeling, J.: Dyadic Diophantine approximation and Katok’s horseshoe approximation.
Acta Arith. 132, 205-230 (2008)

Pfister, C.-E., Sullivan, W.G.: Large deviations estimates for dynamical systems without the specification
property. Applications to the S-shifts. Nonlinearity 18, 237-261 (2005)

Rényi, A.: Representations for real numbers and their ergodic properties. Acta Math. Acad. Sci. Hungar.
8, 477-493 (1957)

Schmeling, J.: Symbolic dynamics for S-shifts and self-normal numbers. Ergod. Theory Dyn. Syst. 17,
675-694 (1997)

Schmeling, J., Troubetzkoy, S.: Inhomogeneous Diophantine approximation and angular recurrence prop-
erties of the billiard flow in certain polygons. Math. Sbornik 194, 295-309 (2003)

Shen, L.M., Wang, B.W.: Shrinking target problems for beta-dynamical system. Sci. China Math. 56,
91-104 (2013)

Stratmann, B., Urbariski, M.: Jarnik and Julia; a Diophantine analysis for parabolic rational maps. Math.
Scand. 91, 27-54 (2002)

Tan, B., Wang, B.W.: Quantitive recurrence properties of beta dynamical systems. Adv. Math. 228, 2071—
2097 (2011)

Thompson, D.: Irregular sets, the B-transformation and the almost specification property. Trans. Am.
Math. Soc. 364, 5395-5414 (2012)

Urbaniski, M.: Diophantine analysis of conformal iterated function systems. Monatsh. Math. 137, 325-340
(2002)

@ Springer



	Diophantine approximation of the orbit of 1 in the dynamical system of beta expansions
	Abstract
	1 Introduction
	2 Preliminary
	3 Distribution of regular cylinders in parameter space
	3.1 Recurrence time of words
	3.2 Maximal admissible sequences in parameter space
	3.3 Distribution of regular cylinders

	4 Proof of Theorem 1.1: upper bound
	5 Lower bound of E({ elln}n ge 1, x0): x0 ne 1
	5.1 Cantor subset
	5.1.1 Generation 0 of the Cantor set
	5.1.2 Generation 1 of the Cantor set
	5.1.3 From generation k-1 to generation k of the Cantor set mathcalF

	5.2 Measure supported on mathcalF
	5.3 Lengths of cylinders
	5.4 Measure of balls

	6 Lower bound of E({ elln}n ge 1, x0): x0=1
	6.1 Construction of the Cantor subset
	6.1.1 First generation mathcalF1 of the Cantor set mathcalF
	6.1.2 Second generation mathcalF2 of the Cantor set mathcalF

	6.2 Estimate on the supported measure

	7 Proof of Theorem 1.2
	7.1 Proof of the upper bound
	7.2 Proof of the lower bound

	8 Application
	Acknowledgments
	References


