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Abstract A cuspidal system for an affine Khovanov-Lauda—Rouquier algebra R, yields
a theory of standard modules. This allows us to classify the irreducible modules over R,
up to the so-called imaginary modules. We describe minuscule imaginary modules, laying
the groundwork for future study of imaginary Schur—Weyl duality. We introduce colored
imaginary tensor spaces and reduce a classification of imaginary modules to one color. We
study the characters of cuspidal modules. We show that under the Khovanov-Lauda—Rouquier
categorification, cuspidal modules correspond to dual root vectors.
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1 Introduction

Khovanov-Lauda-Rouquier (KLR) algebras were defined in [13, 14,24]. Their representation
theory is of interest for the theory of canonical bases, modular representation theory, cluster
theory, knot theory, etc. Let F be an arbitrary ground field. The KLR algebra R, = Ry(C, F)
is a graded unital associative F-algebra depending on a Lie type C and an element « of the
non-negative part Q. of the corresponding root lattice.

A natural approach to representation theory of R, is provided by a theory of standard
modules. For KLR algebras of finite Lie type such a theory was first described in [17], see
also [4,9,23]. Key features of this theory are as follows. There is a natural induction functor
Ind,, g, which associates to an Ry,-module M and an Rg-module N the R, g-module

Mo N :=IndggM X N
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692 A. S. Kleshchev

for o, B € Q. We refer to this operation as the induction product. The functor Indy, g has
an obvious right adjoint Resy, g.

To every positive root B € P of the corresponding root system &, one associates a
cuspidal module Lg. We point out a remarkable property of cuspidal modules which turns
out to be key for building the theory of standard modules: the induction product powers L}’,”
are irreducible for all n > 0, see [17, Lemma 6.6]. We make a special choice of a total order

on &, and let 81 > --- > By be the positive roots taken in this order. A root partition of
o € Qyisatuple m = (my, ..., my) of nonnegative integers such that « = Z,Ilvzl My B
The set of root partitions of « is denoted by IT(«).

Given m = (my,...,my) € I1(«) we define the corresponding standard module A ()

as the induction product

A(m) = L;;Tl 0.0 L;”N’N(sh(n)),
where (sh(r)) means that grading is shifted by an explicit integer sh(z). Then the head
of A(m) is proved to be irreducible, and, denoting this head by L(;r), we get a complete
irredundant system

{L(m) | € (o)}
of irreducible R,-modules. Moreover, the decomposition matrix

([A@m) : L(0)Droen)

is unitriangular if we order its rows and columns according to the natural lexicographic order
on root partitions.

We now comment on the order on @ .. In [17], the so-called Lyndon order is used, cf. [20].
This is determined by a choice of a total order on the set I of simple roots. Once such a choice
has been made, we have a lexicographic order on the set (), of words of content «. These
words play the role of weights in representation theory of R, . In particular, each R,-module
has its highest word, and the highest word of an irreducible module determines the irreducible
module uniquely up to an isomorphism. This leads to the natural notion of dominant words,
namely the ones which occur as highest words in Ry-modules (called good words in [17]).
The dominant words of cuspidal modules are characterized among all dominant words by
the property that they are Lyndon words. It turns out that the dominant Lyndon words are
in one-to-one correspondence with positive roots, and now we can compare positive roots
by comparing the corresponding dominant Lyndon words lexicographically. This gives a
total order on @ called a Lyndon order. We point out that the cuspidal modules themselves
depend on the choice of a Lyndon order on ®_..

It is well-known that each Lyndon order is convex. However, there are in general more
convex orders on @ than Lyndon orders. Recently McNamara [23] has found a remarkable
generalization of the standard module theory which works for any convex order on ® . In
this generalization the cuspidal modules are defined via their restriction properties, which
seems to be not quite as explicit as the definition via highest words. However, all the other
important features of the theory, including the simplicity of induction powers of cuspidal
modules, as well as the unitriangularity of decomposition matrices, remain the same.

In this paper, we begin to extend the results described above from finite to affine root
systems. To describe the results in more detail we need some notation. Let the Lie type C be
of arbitrary untwisted affine type. In particular, the simple roots are labeled by the elements of
I ={0,1,...,1}. Wehave an (affine) root system ® and the subset & C & of positive roots.
It is known that &, = ®F LI d>i_{_“, where T are the real roots, and d>i_{_“ ={nd | n € Z-p},
for the null-root §, are the imaginary roots.

@ Springer



Cuspidal sustems for affine KLR algebras 693

Following [1], we define a convex preorder on @ as a preorder < such that the following
three conditions hold for all 8, y € &:

B=y or y=xp (1.1)
ifg<y and f+yed, thenf=<p+y=y: (1.2)
B <y and y < Bifandonly if 8 and yare proportional. (1.3)

Convex preorders are known to exist. From (1.3) we have that 8 < y and y < B happens
for B # y if and only if both 8 and y are imaginary. We write 8 < y if 8 < y but y X B.
The following set is totally ordered with respect to <:

U= dF U{s). (1.4)
It is easy to see that the set of real roots splits into two disjoint infinite sets
T :={fe®f|p>5) and T :={f e T |B <5}

Root partitions are defined similarly to the case of finite root systems, except that now
we need to take care of imaginary roots. We do this as follows. Consider the set & of [-
multipartitions z = (uV, ..., u¥), where each ") is a usual partition. We write |u| :=
[P+ -+ |u®] and say that p is an [-multipartition of |u|. Let « € Q4. A root
partition of o is a pair (M, i), where M is a tuple (m o)pew Of non-negative integers such
that 3,y mpp = o, and &Ts an [-multipartition of m;. It is clear that all but finitely many
integers m , are zero, so we can always choose a finite subset

PL> > ps >8> py > > p)

of W such that m, = 0 for p outside of this subset. Then, denoting m,, := m,,, we can write
any root partition of « in the form

m—g
-t

NN TNy Lelh,

where all m,, € Z=>o, W E 2, and

N t
Zmupu + |E|8 + Zm—up—u =a.
u=1

u=1

Denote by IT(«) the set of all root partitions of «. There is a natural partial order ‘<’
on IT(«), which is a version of McNamara’s bilexicographic order [23], see (3.3). In the
following definition and throughout the paper, we always choose degree shifts of irreducible
modules which make them graded-self-dual, see Sect. 2.4 for details.

A cuspidal system (for a fixed convex preorder) is the following data:

(Cusl) Anirreducible R,-module L, assigned to every p € @, with the following prop-
erty: if B,y € Q4 are non-zero elements such that p = 8+ y and Resg , L, # 0,
then S is a sum of positive roots less than p and y is a sum of positive roots greater
than p.

(Cus2) Anirreducible R,s-module L(u) assigned to every /-multipartition u of n for every
n € Zxo, with the following property: if 8,y € Q4 \ CI>i_Ln are non-zero elements
such that n§ = B + y and Resg,,, L(u) # 0, then B is a sum of positive real roots
less than § and y is a sum of positive real roots greater than 8. It is required that
L(3) # L(p) unless A = p.

@ Springer



694 A. S. Kleshchev

We call the irreducible modules L, from (Cusl) cuspidal modules, and the irreducible
modules L(w) from (Cus?2) (irreducible) imaginary modules.

It will be proved that cuspidal systems exist for all convex preorders, and cuspidal modules
(for a fixed preorder) are determined uniquely up to an isomorphism. However, it is clearly
not the case for imaginary modules: they are defined up to a permutation of multipartitions
w of n. We give more comments on this after the Main Theorem.
~ Now, given a root partition

=" el et ) € T @)

as above, we define the corresponding standard module

om_; om_1

A(rr) = L;rlnl 0-++0 L;z"f oL(w)oLy " o---oL, [ (sh(r)),
where sh(m) is an explicit integer defined in (3.5).

Main Theorem For any convex preorder there exists a cuspidal system {L, | p € @} U
{L(A) | A € P} Moreover:

(i) For every root partition 7, the standard module A () has irreducible head; denote this
irreducible module L (7).
(i) {L(m) | m € MI(«)} is a complete and irredundant system of irreducible Ry-modules
up to isomorphism and degree shift.
(iii) L(m)® ~ L(m).
(iv) [A(m) : L(m)]ly = 1, and [A(r) : L(o)]y # 0 implies o < 7.
) L;’)” is irreducible for every p € ®F and every n € 7.

This theorem, proved in Sect. 4, gives a ‘rough classification’ of irreducible R,-modules.
The main problem is that we did not give a canonical definition of individual irreducible
imaginary modules L (1t). We just know that the amount of such modules for R;;s is equal to
the number of /-multipartitions of 7, and so we have labeled them by such multipartitions in
an arbitrary way. In fact, there is a solution to this problem. It turns out that there is a beautiful
rich theory of imaginary representations of KLR algebras of affine type, which relies on the
so-called imaginary Schur—Weyl duality. This theory in particular allows us to construct an
equivalence between an appropriate category of imaginary representations of KLR algebras
and the category of representations of the classical Schur algebras. We will address these
matters in the forthcoming work [16].

In Sect. 5, we make some first steps in the study of imaginary representations and describe
explicitly the minuscule imaginary representations—the ones which correspond to the
[-multipartitions of 1. We introduce colored imaginary tensor spaces and reduce a classi-
fication of irreducible imaginary modules to one color. Minuscule imaginary representations
are also used in Sects. 6.2 and 6.3 to describe explicitly the cuspidal modules corresponding
to the roots of the form n8 £ «; . In Sect. 6 we also explain how the characters of other cuspidal
modules can be computed by induction using the idea of minimal pairs which was suggested
in [23]. In Sect. 4.8, we show that under the Khovanov-Lauda—Rouquier categorification,
cuspidal modules correspond to dual root vectors of a dual PBW basis.

We mention that the methods of this paper can be used to simplify some of the proofs
in [23], in particular, the identification of the characters of the cuspidal modules with dual
PBW elements.

Immediately after the first version of this paper has been posted, the paper [27] has also
been released on the arXiv. That paper suggests a different approach to standard module
theory for affine KLR algebras, which is based on the theory of Mirkovic-Vilonen polytopes.
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Cuspidal sustems for affine KLR algebras 695

2 Preliminaries

Throughout the paper, F is a field of arbitrary characteristic p > 0. Denote the ring of Laurent
polynomials in the indeterminate ¢ by & := Z[g, ¢~']. We use quantum integers [n]y =
q"—q™™/(q— q’l) € o forn € Z, and the quantum factorials [n]!q = [114[2]g ... [n]g-

We have a bar-involution on .« and on Q(gq) D & withbg = ¢~ '.

2.1 Lie theoretic notation

Throughout the paper C = (c;;);, jes is a Cartan matrix of untwisted affine type, see [10, §4,
Table Aff 1]. We have

1=10,1,...,1},

where 0 is the affine vertex. Following [10, §1.1], let (h, IT, TTY) be a realization of the Cartan
matrix C, so we have simple roots {«; | i € I}, simple coroots {ozl.v | i € I}, and a bilinear
form (-, -) on h* such that

cij = 2(0y, o)/ (0, o)

for all i, j € I. We normalize (-, -) so that (¢;, ;) = 2 if ¢; is a short simple root.

The fundamental dominant weights {A; | i € I} have the property that (A;, ajy) =34,
where (-, -) is the natural pairing between h* and h. We have the integral weight lattice
P = ®ic;Z - A; and the set of dominant weights P, = Zie] Zxqo - A;.Fori € I we define

[nli := 0] jwaprz, ) o= (1002 ... [n];.

Denote Q4 = @;; Z>ow;. For « € Q, we write ht(a) for the sum of its coefficients
when expanded in terms of the «;’s.

Let ¢ = g(C’) be the finite dimensional simple Lie algebra whose Cartan matrix C’
corresponds to the subset of vertices I’ := I \ {0}. The affine Lie algebra g = g(C) is then
obtained from g’ by a procedure described in [10, Section 7]. We denote by W (resp. W) the
corresponding affine Weyl group (resp. finite Weyl group). It is a Coxeter group with standard
generators {r; | i € I} (resp. {r; | i € I'}), see [10, Proposition 3.13].

Let @ and ® be the root systems of g’ and g, respectively. Denote by ®/_ and ®_. the set
of positive roots in @ and ®, respectively, cf. [10, §1.3]. Denote by § the null-root. Let

8 =apap +aray + -+ aa. 2.1
By [10, Table Aff 1], we always have
ap=1. (2.2)
We have
§—ag=20, (2.3)
where 0 is the highest root in the finite root system ®’. Finally,
Dy = MU DT,
where

M = (nd | n € Z=o)
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696 A. S. Kleshchev

and

@rj:{ﬂ+n8|ﬂed>’ , neZzo}l_l{—ﬂ—i—nSl,Bed)/ , n € Zso}. 2.4
2.2 Words

Sequences of elements of / will be called words. The set of all words is denoted (/). If
i =iy...iq is a word, we denote |i| := o;; + -+ + o, € Q. We refer to [i] as the content
of the word i. For any o € Q1 we denote

(g ={ie )|l =a}

If « is of height d, then the symmetric group S, with simple permutations sy, .. ., S4—1 acts
on (I), from the left by place permutations.

Leti =1iy...igandj =igy1...1q+f be two elements of (/). Define the quantum shuffle
product:

ioj = Z(]_e(a)ig(l) . ig(d+f) e d(I),

where the sum is over all 0 € Sy 7 such that o) < - <07 Yd) and o7 (d +
) <o <o d+ f).and e(0) = D4y o1 (K)>0—1 (m) Siotorinem - This defines an
o/ -algebra structure on the .«#-module <7 (1), which consists of all finite formal .<-linear
combinations of elementsi € (/).

2.3 KLR algebras

Define the polynomials in the variables u, v

{Qij(u,v) € Flu,v]|i,jel}

as follows. For the case where the Cartan matrix C # Ail), choose signs ¢;; forall i, j € I

with ¢;; < O so that g;j¢;; = —1. Then set:

0 ifi = j;
Qij(u, U) = 1 if Cij = 0; (2.5)
Eij(u_ci-f — v~ %) if cij < 0.
For type A(ll) we define
_]o ifi = J;
Qij(u, v) := [(u—v)(v—u) ifi# j. 26)

Fix o € Q4 of height d. The KLR-algebra R, is an associative graded unital F-algebra,
given by the generators

{Lilie e}V iy....ya} U{¥1, ... . Ya1} 2.7
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and the following relations for all i,j € (/), and all admissible r, ¢:

Lilj =6ijlis e, li=1 (2.8)
yrli = 1iyes  yrye = Y3 (2.9)
Yrli = lgiVr; (2.10)
Orr — Yrys. ) i = 8iipyy e 41 — 800 i 2.11)
Y2l = Qi iy O Yre ) Li 2.12)
Ve = Yy (Ir—1l > 1); (2.13)
Wr 1 Ve Vst — YeWr V) i = 8i, i Qi vy Or+25 Yr+1) — Qi Vs Y1) N

Yr4+2 — Yr
(2.14)

The grading on R, is defined by setting:
deg(1;) =0, deg(yr1y) = (@i, a;,), deg(¥, 1) = — (@i, , iy ).

It is pointed out in [14] and [24, §3.2.4] that up to isomorphism the graded F-algebra R,
depends only on the Cartan matrix and «.

Fix in addition a dominant weight A € P.. The corresponding cyclotomic KLR algebra
Ré\ is the quotient of R, by the following ideal:

v
,Oti1>

N (A . ,
IN =) = dg) € (D). 2.15)

For each element w € Sy fix a reduced expression w = s, ... s, and set
Vw ==Y ... Y,
In general, ¥, depends on the choice of the reduced expression of w.
Theorem 2.1 [13, Theorem 2.5], [24, Theorem 3.7] The elements
W™ Y il w € Sq, my, ... mg € Zso, i € (1)}

SJorm an F-basis of Ry.

There exists a homogeneous algebra anti-involution

T:Ry — Ry, li=>1;, yrb> v, s> Yy (2.16)

foralli € (I)y, 1 <r <d,and1 <s <d.If M = @deZ M, is a finite dimensional
graded R,-module, then the graded dual M® is the graded R,-module such that (M ®),, :=
Homp(M_,, F), for all n € Z, and the Ry-action is given by (xf)(m) = f(z(x)m), for all
feM® meM,x eR,.

2.4 Basic representation theory of R,
For any (Z-)graded F-algebra H, we denote by H-mod the abelian subcategory of all finite
dimensional graded H-modules, with morphisms being degree-preserving module homo-

morphisms, and [ H-mod] denotes the corresponding Grothendieck group. Then [ H-mod] is
an .«7-module via ¢ [M] := [M (m)], where M (m) denotes the module obtained by shifting
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698 A. S. Kleshchev

the grading up by m, i.e. M (m), := M, _,,. We denote by homy (M, N) the space of mor-
phism in H-mod. For n € 7Z, let Homy (M, N), := homg (M (n), N) denote the space of
all homomorphisms that are homogeneous of degree n. Set

Hompy (M, N) := @HomH(M, N)p.

nez

For graded H-modules M and N we write M =~ N to mean that M and N are isomorphic
as graded modules and M = N to mean that they are isomorphic as H-modules after
we forget the gradings. For a finite dimensional graded vector space V = @,z V,, its
graded dimension is dim,; V := Znez(dim Vu)q" € <. Given M, L € H-mod with L
irreducible, we write [M : L], for the corresponding graded composition multiplicity, i.e.
[M: L], = Zn <7 anq", where ay, is the multiplicity of L(n) in a graded composition series
of M.

Going back to the algebras R, every irreducible graded R,-module is finite dimensional
[13, Proposition 2.12], and there are finitely many irreducible modules in Ry-mod up to
isomorphism and grading shift [13, §2.5]. A prime field is a splitting field for R, [13,
Corollary 3.19], so working with irreducible R,-modules we do not need to assume that
F is algebraically closed. Finally, for every irreducible module L, there is a unique choice
of the grading shift so that we have L® ~ L [13, Section 3.2]. When speaking of irreducible
R,-modules we often assume by fiat that the shift has been chosen in this way.

Fori € (I), and M € R,-mod, the i-word space of M is M; := 1; M. We have

M = @ M;.
ic(l)y

We say that i is a word of M if M; # 0. Note from the relations that v, M; C M, ;. Define
the (graded formal) character of M as follows:

chy M := > (dim, My)i € o/ (I),.
ie(l)g

The character map ch, : Ry-mod — <7([), factors through to give an injective </ -linear
map ch, : [Ry-mod] — &/(I),, see [13, Theorem 3.17].

2.5 Induction, coinduction, and duality

Given o, B € Q4, weset Ry g := Ry ® Rg. Let M X N be the outer tensor product of the
Ry-module M and the Rg-module N. There is an injective homogeneous non-unital algebra
homomorphism Ry g < Ru+tp, 1; ® 1j = 1;;, where §j is the concatenation of Z and j. The
image of the identity element of R, g under this map is

log = Z 1.

ie(l)y.jell)p
Let Indg';’8 and Resz'zﬂ be the induction and restriction functors:

Indg;ﬁ ‘= Ryt plap®Ryp? : Ra,p-mod — Ry g-mod,
Resgjsﬁ = la,ﬁRaH;@Rwﬂ? : Ryyp-mod — Ry g-mod .
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We often omit upper indices and write simply Ind,, g and Res,, 5. These functors have obvious
generalizations to n > 2 factors:

..........

The functor Ind,,

..........

define
Myo---oM,:=1Indy,  , M X---KM,. 2.17)
In view of [13, Lemma 2.20], we have
chy (Myo---0oM,)=ch, (M;)o---ochy (M,). (2.18)

The functors of induction and restriction have obvious parabolic analogues. Given a family

IIld .311 3o Bm ‘ and Res ﬂll 3o Bm ‘
o of 5. o oy

.....

Coindy, ...y, = HomRy1

Induction and coinduction are related as follows:
Lemma 2.2 [19, Theorem 2.2] Let Yy = 1,....vn) € O, and Vyy € Ry, -mod for
m=1,...,n. Denote d(y) = 3|, k<n(Ym, V). Then

(Coindy,,.. ) Vu®---®V)) ~Indy, ., VIR ---KV, (d(z)).

.....

ey

Lemma23 Lety = (y1,...,Yu) € 04, and Vy, € Ry,,-mod form = 1,..., n. Denote
d(y) = 21 <mek<nVm> ). Then

(Vio-oV)® = (V¥o...0 V1®)(d(1)>~

Proof Follows from Lemma 2.2 by uniqueness of adjoint functors as in the proof of [15,
Corollary 3.7.4] O

2.6 Mackey theorem

We state a slight generalization of the Mackey Theorem of Khovanov and Lauda [13, Propo-
sition 2.18]. Given x € G, andz =W1,...,¥n) € Q" , we denote

XY = Va-t(ays oo Vel

Correspondingly, define the integer

s(x,y) = — > (Vs V)

1<m<k=<n, x(m)>x(k)

> there is an obvious natural algebra isomorphism

.....

Writing R,, for Ry,

¢ Ry > Ry
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permuting the components. Composing with this isomorphism, we get a functor
Ry-mod — Ryy-mod, M > M.
Making in addition a degree shift, we get a functor
Ry-mod — Ryy-mod, M — *M :=% M(s(x,y)). (2.19)
Theorem 2.4 Lety = (y1,...,yn) € Q% and B = (B1, ..., Bm) € Q% with
Vit ot m=B+ -+ Bn=ta

Then for any M € R,,-mod we have that Resg Ind,, M has filtration with factors of the form
Indﬁll S lsm . x () (Reso);ll HET Vrf - M)
1 5 e .

witha = (a))1<a<n, 1<b<m running over all tuples of elements of Q 4 such that 3"y, off =

Yaforalll <a<nand Y _, agp = Pp forall 1 < b < m, and x(a) is the permutation of
mn which maps

1 1.2 2. . on n
(@, e 0 0, Qs QY e, )
to
1 n, 1 n. o1 n
[ PN % o 7 SN S SR o)

Proof For m = n = 2 this follows from [13, Proposition 2.18]. The general case can be
proved by the same argument or deduced from the case m = n = 2 by induction. O

2.7 Crystal operators

The theory of crystal operators has been developed in [13,19] and [11] following ideas of
Grojnowski [8], see also [15]. We review necessary facts for reader’s convenience.

Leta € Q4 andi € 1. Itis known that Ry, is a nil-Hecke algebra with unique (up to a
degree shift) irreducible module, which we denote by L(i"). Moreover, dim; L(i") = [n]i..
We have functors

¢ : Ry-mod - Ry_q,-mod, M ResﬁZ:Z’:'a" oResy—g;.0; M,

fi t Re-mod — Ryyqo,-mod, M — Indg,o, M X L(3).
If L € R,-mod is irreducible, we define
fiL :=head(f;L), ;L :=soc(e;L).

A fundamental fact is that fiL is again irreducible and ¢; L is irreducible or zero. We refer
to ¢; and f, as the crystal operators. These are operators on B U {0}, where B is the set of
isomorphism classes of irreducible R,-modules foralla € Q. Definewt: B — P, [L] —
—o if L € Ry-mod.

Theorem 2.5 [19] The set B with the operators é;, f, and the function wt is the crystal graph
of the negative part U, (n_) of the quantized enveloping algebra of g.
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For any M € R,-mod, we define
&i(M) := max{k > 0 | ek(M) # 0}.

Then ¢; (M) is also the length of the longest ‘i-tail’ of words of M, i.e. the maximum of
k > Osuchthat j;_jy; =--- = jg =i for some wordj = (ji, ..., jq) of M. Define also

ef(M):=max{k >0 jy =---=jr=i foraword j=(ji,..., ja)ofM}
to be the length of the longest ‘i-head’ of words of M.
Proposition 2.6 [13,19] Let L be an irreducible Ry-module, i € I, and ¢ = &;(L).

() & fiL = Landifé;L # 0then fi&;L = L;
(ii) & = max{k > 0| &"(L) # 0};
(iii) Resy gq;,eq; L = €f LKW L(i®).

Recall from (2.15) the cyclotomic ideal Jof\. ‘We have an obvious functor of inflation
inflA : R2-mod — R,-mod and its left adjoint

pr’ : Ry-mod — R2-mod, M +— M/J M.

Lemma 2.7 [19, Proposition 2.4] Let L be an irreducible Ry-module. Then pr®L # 0 if
and only if e (L) < (A, o)) foralli € 1.

2.8 Extremal words and multiplicity one results

Leti € I. Consider the map 6/ : (I) — (I) such that forj = (ji, ..., ja) € (I), we have

(.]lm"vjd—l) lf]d:l,
o= [ otherwise. (2.20)

We extend 0 by linearity to a map 6/ : &/ (I) — </(I).
Let x be an element of <7 (I). Define

£i(x) :=max{k > 0 | (67)"(x) # 0}.

Awordi{'...ij" € (I), withai,...,ap € Z=o, is called extremal for x if
ap = €;,(x), ap—1 = i, , (G;)P (X)), ..., ar =&, (6;)...(0;)"x)).
A word i f' . zZ” € (I), is called extremal for M € R,-mod if it is an extremal word for

chy M € &7 (I), in other words, if
ap = €i,(M), ap—1 = &j,_ 1(ea”M) L, a = sil(éfzz...EZhM).

The following useful result, which is a version of [5, Corollary 2.17], describes the multi-
plicities of extremal word spaces in irreducible modules. We denote by 1 the trivial module
F over the trivial algebra Ry >~ F.

Lemma 2.8 Let L be an irreducible R,-module, and i = ll . le € (I), be an extremal
word for L. Then dim, L; = [a; ]l.1 ...[ab]ih, and

~ fap Fap—1 ray
L:fl.b’fl.lf1 ...fi1 1f.

Moreover, i is not an extremal word for any irreducible module L' % L.
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Proof Follows easily from Proposition 2.6, cf. [5, Theorem 2.16]. O

Corollary 2.9 Let M € Ry-mod, and i = i{'...i)" € (I), be an extremal word for
M. Then we can write dimy; M; = m[al];.1 ...[ab]i.b for some m € /. Moreover, if L =
flabflib l' f:‘]” 1p and L® =~ L, then we have [M : L], = m.

Proof Apply Lemma 2.8, cf. [5, Corollary 2.17]. ]

Now we establish some useful ‘multiplicity-one results’. The first one shows that in every
irreducible module there is a word space with a one dimensional graded component:

Lemma 2.10 Let L be an irreducible Ry-module, and i = l] . iZ” € (I)y be an extremal
word for L. Set N := Zm:1 am(am — (@, , &) /4. Then dim I;Ly =dim ;L_y = 1.

Proof This follows immediately from the equality dimy 1;L = [a1];, .. . [ap];, , which comes
from Lemma 2.8. O

The following result shows that any induction product of irreducible modules always has
a multiplicity one composition factor.

Proposition 2.11 Suppose that n € Zq and for r = 1,...,n, we have ) € Q., an
@) )

irreducible R ) -module LY, and i) = '? iZ € (1), is an extremal word for

L") Denote a,, := Zr 1 am)for alll1 <m < k. Thenj := l] ...iZ" is an extremal word

for LW o ..o L™ and the graded multiplicity of the ®-self-dual irreducible module
~ fax fak—1 Fa
N=f i - f 1
in LW o...o LM js g™ where

Zl<t<u<n (Zl<r<v<k 0 t)(alw o‘l;) +5 Zr 1 ar([)aru)(az,» Oltr)) .
In particular, the ungraded multiplicity of N in LMW o - .. o L™ is one.

(’)]

Proof By Lemma 2.8, the multiplicity of i™ in ch, L% is[a [a(r)] .By (2.18), we

have
chy (LW o0 L™) =ch, (L) o---och, (L™).

It is easy to see that the word j is an extremal word for L™ o ... o L™ and that j
can be obtained only from the shuffle product i) o --- 0 i, An elementary computa-
tion shows that j appears in iV o - - - 0 i with multiplicity g™ [al]l!.1 e [ak]i.k. Now apply
Corollary 2.9. O

Corollary 2.12 Let L be anirreducible Ry-module andn € Z-~.. Then there is an irreducible
Rua-module N which appears in L°" with graded multiplicity g~ " =D/3 Iy particular,
the ungraded multiplicity of N is one.

Proof Apply Proposition 2.11 with L) = ... = L™ = [, O
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2.9 Khovanov-Lauda—Rouquier categorification

We recall the Khovanov-Lauda—Rouquier categorification of the quantized enveloping alge-
bra f obtained in [13, 14,24]. We follow the presentation of [6,17]. Letf., C f be the .7 -form
of the Lusztig’s quantum group f corresponding to the Cartan matrix C. This </-algebra is
generated by the divided powers Gi(”) = 6"/ [n]§ of the standard generators. The algebra
f.s has a Q-grading £,y = ®yecp, (for)y determined by the condition that each 6; is in
degree «;.

There is a bilinear form (-,-) on f defined in [21, §1.2.5, §33.1.2]. Let f; =
{yef|(x,y) e o forall x € £ }. Let (6;7)™ be the map dual to the map f; — for, x >

x@i(”) . Finally, there is a coproduct » on f such that f is a twisted unital and counital bialgebra.
Moreover, for all x, y, z € f we have

(xy,2) = (x®y,r(2). (2.21)

The field Q(g) possesses a unique automorphism called the bar involution such that g =
g~'. With respect to this involution, let b : f — f be the anti-linear algebra automorphism
such that b(6;) = 6; for all i € I. Also let b* : f — f be the adjoint anti-linear map to b
with respect to Lusztig’s form, so (x, b*(y)) = (b(x), y) for all x, y € f. The maps b and
b* preserve fo, and £, respectively.

Let [R-mod] = EBMQ+ [Ry-mod] denote the Grothendieck ring, which is an </-algebra
via induction product and ¢"[V] = [V (n)]. Similarly the functors of restriction define a
coproduct r on [R-mod]. This product and coproduct make [R-mod] into a twisted unital
and counital bialgebra [13, Proposition 3.2].

In [13,14] an explicit «-bialgebra isomorphisms y* : [R-mod] — f*, is constructed; in
fact [13] establishes a dual isomorphism, see [17, Theorem 4.4] for details on this. Moreover,
y*([V®]) = b*(y*([V])), and we have a commutative triangle

. (1)
T O (2.22)
[R-mod] Y f,

where the map ¢ is defined as follows:

= D> (@00 (xefl).

Lemma 2.13 Let v* be a dual canonical basis element of £, and i = if' ...i,f" be an

extremal word of 1(v*) in the sence of Sect. 2.8. Then i appears in 1(v*) with coefficient
[ar];, - ],

Proof Apply induction on aj + - - - + ax. The induction base is aj + - - - + ax = 0, in which
case v* = 1 € £, and (1) is the empty word. Recall the map 6 : &/ (I) — </(I) from
(2.20). For all x € f¥, we have L((Gi*)(")(x)) = (Qi*)(")(t(x)), where in the right hand side
(Gi*)(”) = (Oi*)”/[n]i. By [12, Proposition 5.3.1], (Gi’]’i)(“ik)(v*) is again a dual canonical basis
element, and by induction, the word i{" ...i;""} appears in L((Qit)(“ik) (v*)) with coefficient

[ar];, - [ax-1];

i, The result follows. 0
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3 Cuspidal systems and standard modules
3.1 Convex preorders on &

Recall the notion of a convex preorder on @ from (1.1)—(1.3). Convex preorders exist, see
e.g. [1, Example 2.11(ii)].

Lemma 3.1 For any positive root B, the convex cones spanned by ®(B) == {y € o |
y > B} and @\ D (B) intersect only at the origin.

Proof The set {y € ®, | y > B}is a terminal section for the preorder < in the sense of [1,
Section 2.4]. By [1, Lemma 2.9], this set is biconvex, which is equivalent to the statement
about the cones by [1, Remark 2.3]. O

Lemma 3.1 immediately implies the following properties:

(Conl) Letp € ®F,m € Z~o,and mp = ZZ=1 y, for some positive roots y,. Assume that
eithery, < pforalla=1,...,bory, = pforalla =1,...,b. Then b = m and
yao=pforalla=1,...,b.

(Con2) Let B, k be two positive roots, not both imaginary. If 8 + x = Zgzl ¥, for some
positive roots y, < B, then § > «.

(Con3) Let p € ®™ and p = ZZ:I v, for some positive roots y,. If either y, < p for all
a=1,...,bory, = pforalla =1,...,b, then all y, are imaginary.

Indeed, for (Conl), we may assume that all y, < p, and apply the lemma with § = p. For
(Con2), taking into account (Conl), we may assume that all y, < 8, and apply the lemma.
For (Con3), we may assume that all y, are real and apply the lemma with 8 = p.

The Main Theorem from the introduction will be proved for an arbitrary convex preorder,
but later results which rely on the theory of imaginary representations, beginning from Sect. 5,
require an additional assumption. Recall from (2.4) that

Y ={B+ns|Bed , nelo)u{—B+nd|Bed,, nel..
A convex preorder < will be called balanced if
O ={B+ns|Bed,, neZs} 3.1)

Then of course we also have " = {—B+nd | B € ¥/, n € Z-o}. A convex preorder < is
balanced if and only if @; = § > «g for alli € I’. Balanced convex preorders exist, see for
example [3].

3.2 Root partitions

Recall that I’ = {1, ..., 1}. We will consider the set 2 of [-multipartitions A = (A©);cpr,
where each () = (A(l’), }»g), ...) is a usual partition. For all i € I’, we denote |A(i)| =
)»Y) + Ag) +...,andset [A| =D, p [AD|. Form € Z>0, denote

P =1{r € P [|Al=m}.

We work with a fixed convex preorder < on @ . Recall the totally ordered set W from (1.4).
Denote by T the set of all finitary (i.e. with almost all terms zero) tuples M = (m,) pew € Zgo
of non-negative integers. The left lexicographic order on T is denoted <; and the right
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lexicographic order on T is denoted <,. We will use the following bilexicographic partial
order on T:

M <N ifandonlyif M <; NandM >, N.

Recall from the introduction that a root partition is a pair (M, ) with M € T, WE P
and that, for « € Q, aroot partition 7 € I1(«) can be written in the form

= ool Y, (32)

where py > -+ > pg >8> py > > p_y,allmy € Z>o, u € gzandZ;zlmu,ou—i—
[1]6 + Z;:l m_yp—, = «. For a root partition # = (M, u) and p € ¥, we define
M, = m,p, and consider a tuple |M| = (M) ey € Qﬁ. If 7 is written in the form
(3.2), we also write (ignoring trivial terms)
M| = (myp1,...,mgps,ms8, m_4p_¢,...,mM_1p_1).
Then we have a parabolic subalgebra
Rim) = Rinypr,...oms ps,mssm—yp—s,eom—_1p-1 < Ra-
We will use the following partial order on IT(x):
(M, ) <(N,v) ifandonlyif M <N andif M = N then u = p. 3.3)
The positive subalgebra ny C g has a basis consisting of root vectors
{Ep, Ensi | p €@, neZog, i €l'}.
For i € I', assign to a partition u = (,ugi),,ug),...) a PBW monomial E

Eu(]i)é,iE

o)
n
PCTRREES Now, to a root partition 7 as in (3.2), we assign a PBW monomial

2 ’

. m m m_; m_j
E; = E,011 ...Epss EM(I)EM(Z) E#(l) E, ) ...Ey,"|.

Then {E; | m € II(«)} is a basis of the weight space U (n4)y. In particular, [IT(«x)| =

dim U (ny)q is the Kostant partition function of «. In view of the isomorphism y* from
(2.22), we conclude:

Lemma 3.2 The number of irreducible R,-modules (up to isomorphism) is |T1(a)|.

Given a root partition 7 = (M, u) and p € W, denote by 7, = (M, w),, the root
partition obtained from 7 by ‘annihilating’ its pth component; to be more precise, (M, E);) =
(M', i), where

, [@ ifp=2: (3.4)

|0 ifB=p _
mﬂ_‘mﬁ ifB#p and = [ otherwise.

3.3 Standard modules

We continue to work with a fixed convex preorder < on & . Recall from the introduction the
definition of the corresponding cuspidal system. It consists of certain cuspidal modules L,
for p € ®F and irreducible imaginary modules L(u) for u € & satisfying the properties
(Cusl) and (Cus2). For every @ € Q4 and a root partition 7 = (M, ) € Tl(«), written in
the form (3.2), we define an integer

sh(r) = sh(M, p) := Z (o, p)mp(my, — 1) /4. 3.5)
pedf
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Next, we define the R|y/|-module

Ly =Ly :=Ly" R KLY K L)L, K- K L)" " (sh(m)), (3.6)
and we define the standard module

A(m) =AM, ) ;=LY 00 LY o L() o Ly" " o---0 L) (sh(m)). (3.7)
Note that A(M, g) = Ind‘M|LM,ﬁ € R,-mod.
Lemma 3.3 Let p € ®F, L, be the corresponding cuspidal module, and n € Z~.q. Then

(LY ~ LY ((p, p)n(n —1)/2).

In particular, the module L;’,”((p, pn(n — 1)/4) is ®-self-dual.

Proof Recall that our standard choice of shifts of irreducible modules is so that L? >~ L.
Now the result follows from Lemma 2.3. |

Lemma 3.4 We have L ~ L,
Proof Follows from Lemma 3.3. O

3.4 Restrictions of standard modules

The proof of the following proposition is similar to [23, Lemma 3.3].

Proposition 3.5 Let (M, u), (N, v) € I1(«). Then:

(i) ReS‘N|A(N,D ~ LN,E
(ii) Resjp|A(N,v) # 0 implies M < N.

Proof We may write the root partitions (M, p) and (N, v) in the form (3.2):

(M, ) = (p" .l ™,
(N, v) = (p}'s .o pls v ot Py

with m,, n, > 0.

LetRes|y|A(N, v) # 0.Itsuffices to prove that M >; N or M <, N implies that M = N
and Res|y|A(N, v) = Ly,,. We may assume that M >; N, the case M <, N being similar.
We apply induction on ht(«) and consider three cases.

Case 1: m, > 0 for some p > &. Pick the maximal such p, and let (M, u') = (M, E);
and (N', 1) = (N, v)/,, see (3.4). By the Mackey Theorem 2.4, Res|y|A(N, v) has filtration
with factors of the form

mpp ‘M/|

Ind, Vv,

where myp = k1 + - + ke, With k1, ..., k. € Q4+\{0}, and y is a refinement of M.
Moreover, the module V is obtained by twisting and degree shifting as in (2.19) of a module
obtained by restriction of

LR )L LRI, R /L

to a parabolic which has k1, ..., k. in the beginnings of the corresponding blocks. In par-
ticular, if V' # O, then for each b = 1, ..., ¢ we have that Res, p,—«, Ly, 7# O for some
k = k(b) with ny # 0 or Res,, nzs—i, L(v) # 0.
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If Resy,, pp—x, Lo 7 0, thenby (Cusl), kp, is a sum of roots < pr. Moreover, since M >; N
and n; # 0, we have that py < p. Thus « is a sum of roots < p,. On the other hand, if
Resy, nss—i, L(v) # 0, then by (Cus2), either «;, is an imaginary root or it is a sum of real
roots less than nsé. In either case we conclude again that «} is a sum of roots < p. Using
(Conl), we can now conclude that ¢ = m,, and k, = p = pg) forallb =1, ..., c. Hence
np > my. Since M >; N, we conclude thatn, = m,, and

a—mpp

Res| AN, v) = L, ®Res|y " AN, V).

Now, since ht(a — m,p) < ht(a), we can apply the inductive hypothesis.

Case 2: m, = O forall p > §, but ms # 0. Since N <; M, we also have thatn, = 0
forall p > 8. Let (M, ') = (M, )5, (N, v') = (N, v)j. By the Mackey Theorem 2.4,
Res |y A(N, v) has filtration with factors of the form

ms8; | M|

Ind, "™\ . v v,

where msé = x1 + -+ + k¢, with k1, ..., k. € Q4+\{0}, and y is a refinement of M.
Moreover, the module V is obtained by twisting and degree shifting of a module obtained

by parabolic restriction of the module L (v) ® LA~ K- .- K L5"" to a parabolic which has
K1, ..., Kk in the beginnings of the corresponding blocks. In particular, if V' # 0, then either

(1) Resy nss—; L(v) # 0 and for b = 2,...,c, there is k = k(b) < O such that
Resy,, op—p Lo # 0, or
(2) forb=1,...,cthereis k = k(b) < 0 such that Res,, 5 —,Lp, # 0.

By (Cusl) and (Con3), only (1) is possible, and in that case, using also (Cus2), we must
have ¢ = 1 and x| = ms$. Since M >; N, we conclude that ns = mg, and

ResjpA(N,v) = L(v) K ResT‘A;,’l"‘S‘SA(N/, V).

Now, since ht(a — ms8) < ht(«), we can apply the inductive hypothesis.
Case 3: m, = 0 for all p > 4. This case is similar to Case 1. O

4 Rough classification of irreducible modules

We continue to work with a fixed convex preorder < on & . In this section we prove the
Main Theorem from the introduction.

4.1 Statement and the structure of the proof

We will prove the following result, which contains slightly more information than the Main
Theorem:

Theorem 4.1 For a given convex preorder, there exists a corresponding cuspidal system
{Ly | pe®FIU{LQ) | A € P} Moreover:

(i) Forevery root partition (M, 1v), the standard module A(M, ) has an irreducible head;
denote this irreducible module L(M, j1). a
(1) {LM, ) | M, n) € ()} is a com?)lete and irredundant system of irreducible R, -
modules up to isomorphism.
(iii) LM, n)® ~ L(M, ).
(v) [AM, p): LM, )]y = 1, and [AM, p) : L(N, v)], # 0implies (N, v) < (M, 11).
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(v) Resjy|L(M, ) >~ Ly, and Res|y|L(M, ) # 0 implies N < M.
(vi) L% is irreducible for all p € ®F and all n € Z~o.

The rest of Sect. 4 is devoted to the proof of Theorem 4.1, which goes by induction on
ht(«). To be more precise, we prove the following statements for all « € Q4 by induction
on ht(x):

(1) Foreach p € @ withht(p) < ht(a) there exists a unique up to isomorphism irreducible
R,-module L, which satisfies the property (Cusl). Moreover, L, then also satisfies the
property (vi) of Theorem 4.1 if ht(rnp) < ht(x).

(2) Foreachn € Z>o with ht(né) < ht(«) there exist irreducible R, s-modules {L(u) | n €
Z,} which satisfy the property (Cus2). -

(3) The standard modules A(M, n) for all (M, u) € Tl(«), defined as in (3.7) using the
modules from (1) and (2), satisfy the properties (i)—(v) of Theorem 4.1.

The induction starts with ht(«) = 0, and for ht(o) = 1 the theorem is also clear since
Ry, is a polynomial algebra, which has only the trivial representation L,. The inductive
assumption will stay valid throughout Sect. 4.

4.2 Irreducible heads

In the following proposition, we exclude the cases where the standard module is either of
the form L;’)" for a real root p, or is imaginary of the form L(}). The excluded cases will be
dealt with in this Sects. 4.3, 4.4 and 4.5.

Proposition 4.2 Let (M, ) € I(a), and suppose that there are elements p # B of W such
thatm, # 0 and mg # 0.

(i) A(M, ) has an irreducible head; denote this irreducible module L(M, ().
(i) If (M, p) # (N, v), then L(M, ) % L(N, v). B
(i) L(M,n)® ~ L(M, w).
(v) [AM, p): LM, )]y = 1, and [AM, p) : L(N, v)], # 0implies (N, v) < (M, ).
(v) ResjpL(M, ) =~ Ly, and Res|y|L(M, 1) # 0 implies N < M. N

Proof (i) and (v) If L is an irreducible quotient of A(M, ) = Ind|y Ly, then by adjoint-
ness of Ind|y| and Res)ys| and the irreducibility of the RTM|-module L M,,j, which holds by
the inductive assumption, we conclude that Ly , is a submodule of Res‘;”L. On the other
hand, by Proposition 3.5(i) the multiplicity of Ly, in Res|asA(M, w) is one, so (i) follows.
Note that we have also proved the first statement in (v), while the second statement in (v)
follows from Proposition 3.5(ii) and the exactness of the functor Res) .

(iv) By (v), Resjy|L(N,v) = Ly,y # 0. Therefore, if L(N, v) is a composition factor
of A(M, ), then Res|y|A(M, (1) # 0 by exactness of Res|y|. By Proposition 3.5, we then
have N < M and the first equality in (iv). If N < M, then (N, v) < (M, ). If N = M, and
v # u, then we get a contribution of Ly, into Res|yA(M, ), which contradicts (v).

(il) If L(M, w) = L(N, v), then we deduce from (iv) that (M, ) < (N, v) and (N, v) <
(M, ), whence (M, ) = (N, v). a

(iii) follows from (v) and Lemma 3.4. O

4.3 Imaginary modules

In this subsection we assume that @ = né for some n € Zx¢. Then Proposition 4.2, yields
[TI(t)| —| P | (pairwise non-isomorphic) irreducible modules, namely the modules L (M, w)
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corresponding to the root partitions (M, u) such that m, # 0 for some p € ®F. Let us
label the remaining |2, | irreducible R,s-modules by the elements of &7, in some way, cf.
Lemma 3.2. So we get irreducible R,s-modules {L(1) | © € £,}, and then {L(M, ) |
(M, ) € Tl(a)} is a complete and irredundant sysE:m of irreducible R,-modules uE to
isomgrphism‘ Our next goal is Lemma 4.3 which proves that the modules {L(n) | £ € %}
are imaginary in the sense of (Cus2). -

We need some terminology. Let (M, ) be a root partition. We say that p € WV appears
in the support of M if m, > 0. Let « be the largest root appearing in the support of M, and
B € @ satisfies B > «. Note that if 8 is real then Lg o A(M, 1) is, up to a degree shift, a
standard module again. If 8 = né is imaginary, v € &, and k is real, then L(v) o A(M, 1)
is again a standard module. B

Lemma 4.3 Let . € &,. Suppose that B,y € Q_‘_\d>ijrn are non-zero elements such that
nd = B+ y and Resg , L(L) # 0. Then B is a sum of real roots less than & and y is a sum
of real roots greater than §.

Proof We prove that 8 is a sum of real roots less than §, the proof that y is a sum of real
roots greater than § being similar. Let L(M, u) X L(N, v) be an irreducible submodule of
Resg, L(X1) # 0, so that (M, u) € II(B) and (N, v) € I1(y). Note that ht(8), ht(y) <
ht(«), so the modules L (M, ,u)TL (N, v) are defined by induction.

Let x be the largest root appearing in the support of M. If x < 8, then, since § is not an
imaginary root, we conclude that g is a sum of real roots less than §. So we may assume that
X > 8. Moreover, Resy g, L(M, ) # 0, and hence Resy, 15— L(A) # 0. So we may
assume from the beginning that g € @ and L(M, ) ~ Lg. Moreover, we may assume
that B is the largest possible real root for which Resﬂ;L ) #0.

Now, let « be the largest root appearing in the support of N.If « is a real root, we have the
cuspidal module L. If « is imaginary, then let us denote by L, the module L(v). Then we
have a non-zero map Lg X L, XV — Resg «,,—« L(1), for some non-zero R, _,-module
V. By adjunction, this yields a non-zero map

f:(ndgLg X L)XV — Resgii,y—L (D)

If « = y note that 8 # y, since it has been assumed that 8, y ¢ <I>i_“_n. Now we conclude
that 8 < y, for otherwise L(A) is aquotient of the standard module L goL,,, which contradicts
the definition of the irreducible imaginary module L()). Now, since n§ = B + «, we have
by (Con3) that 8 < § < y, as desired.

Next, let « # v, and pick a composition factor L(M’, i) of Indg  Lg X L,, which is not
in the kernel of f. By the assumption on the maximality of B, every root «’ in the support
of M’ satisfies k¥’ < B. Thus B + « is a sum of roots < 8. Now (Con2) implies that « < B,
and so by adjointness, L(2) is a quotient of the standard module Lg o A(N, v), which is a
contradiction. m]

We now establish a useful property of imaginary modules:

Lemmad.4 Let p € &, and v € P; withr + s = n. Then all composition factors of
L(p) o L(v) are of the form L(x) for k € P.

Proof Let L(K, k) be a composition factor of L(u) o L(v). We need to prove that k, = 0

forall p € ®F,i.e. L(K, k) = L(x). If this is not the case, there is p > § with k, > 0. Pick
the largest such p, and set (K', ') := (K, )/, see (3.4). By Proposition 4.2(v), we have
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that Res|x|L(K, k) # 0, so Res|x|(L(n) o L(v)) # 0. We apply the Mackey Theorem to
conclude that the last module has a filtration with factors of the form

kop:|K'|
Indkl,kz;g v,

where ky 0 = A1 + A2, y is arefinement of |K'|, and
Res;, rs—n L(1) # 0 # Resy, g5, L(V).

By the inductive assumption, we know that L(u) and L(v) satisfy (Cus2), i.e. A1 and A7 are
either imaginary roots or a sum of roots less than §. In either case, A; and A, are sums of
roots less than p, and then so is k, p. This contradicts (Conl). O

4.4 Cuspidal modules

Throughout this subsection we assume that « = p € ®F. Let (M, ©) € I(a) be a root
partition of «. There is a trivial root partition (). Proposition 4.2 yields | IT(«) | — 1 irreducible
Ry-modules, namely the ones which correspond to the non-trivial root partitions (M, ).
We define the cuspidal module L, to be the missing irreducible R,-module, cf. Lemma 3.2.
Then, of course, we have that {L(M, ) | (M, u) € Il(«)} is a complete and irredundant
system of irreducible R,-modules up to isomorphism. We now prove that L, satisfies the
property (Cusl) and is uniquely determined by it. To be more precise:

Lemma 4.5 If 8,y € Q. are non-zero elements such that o« = 8 + y and Resg , Ly # 0,
then B is a sum of roots less than a and y is a sum of roots greater than «. Moreover, this
property characterizes Ly, among the irreducible Ry-modules uniquely up to isomorphism
and degree shift.

Proof We prove that § is a sum of roots less than «, the proof that y is a sum of roots greater
than « being similar. Let L(M, u) X L(N, v) be an irreducible submodule of Resg ,, Ly, 50
that (M, ) € TI(B) and (N, v) € TI(y). Let x be the largest root appearing in the support
of M. Then Resy g—xL(M, ) # 0, and hence Resy , 15—, Ly # 0. If we can prove that x
is a sum of roots less than «, then by (Conl), (Con3), x is aroot less than «, whence, by the
maximality of x, we have that 8 is a sum of roots less than «. So we may assume from the
beginning that 8 is a root and L(M, ) = Lg (if B is imaginary, Lg is interpreted as L(u)).
Moreover, we may assume that 3 is the largest possible root for which Resg , Ly # 0. B

Now, let « be the largest root appearing in the support of N. If « is a real root, we have
the cuspidal module L. If k is imaginary, then we interpret L, as L(v). Then we have a
non-zero map

Lg XL, XV — Resg,y—«Lq,
for some 0 # V € R, _,-mod. By adjunction, this yields a non-zero map
f:(ndg, Lg R L)XV — Resgyi,y—wLq.

If « = y, then we must have 8 < y, for otherwise L,, is a quotient of the standard module
Lg o L,,, which contradicts the definition of the cuspidal module L. Now, since « = 8 +«,
we have by (Conl) that 8 < « < y, in particular < « as desired.

Next, let & # y, and pick a composition factor L(M’, 1) of Indg  Lg X L,., which is not
in the kernel of f. By the assumption on the maximality of 8, every root «’ in the support of
M’ satisfies «” < B. Thus B+« is a sum of roots < B.If 8 and « are not both imaginary, then
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(Con2) implies that « < B, and so by adjointness, L, is a quotient of the standard module
Lg o A(N, v), which is a contradiction.

If B and k are both imaginary, then A(N, v) = L(v)o A(N’, ¥) for N’ such that a maximal
root appearing in the support of N is of the form v < 8. In this case, we have by adjunction
that L is a quotient of L(u) o L(v) o L(N’, #). It now follows from Lemma 4.4 that L,, is
a quotient of the standard module of the form L(1) o L(N’, ) for some composition factor
L(}) of L(1) o L(v), so we get a contradiction again, since L, is cuspidal.

The second statement of the lemma is clear since, in view of Proposition 4.2(v) and (Conl),
the irreducible modules L(M, w), corresponding to non-trivial root partitions (M, u) €
T(«), do not satisfy the property (Cusl). o

4.5 Powers of cuspidal modules
Assume finally that o = np for some p € ® andn € Z-1.
Lemma 4.6 The induced module L3 is irreducible.

Proof In view of Proposition 4.2, we have the irreducible modules L(M, ) for all root
partitions (M, u) € Tl(a), except for (N, v) = (p") for which A(N, v) = LE”. By (Conl),
we have that N < M for all (M, u) € Il(a), and if M = N, then (M, n) = (N, v). By
Proposition 4.2(v), we conclude that L;’)” has only one composition factor L appearing with
certain multiplicity c(q) € <7, and such that L 2 L(M, ) for all (M, ) € IT(a)\{(N, v)}.
Finally, by Corollary 2.12, we conclude that L3" = L. B n O

The proof of Theorem 4.1 is now complete.

4.6 Another version of the Main Theorem

We now formulate and prove a slightly stronger version of the Main Theorem. For each n,
fix an arbitrary partial order < on the set of multipartitions &,. Let« € Q. Define a partial
order <" on I («) as follows: (M, u) <’ (N, v) if and only if the following two conditions
hold: (1) M < N, (2)ifm, =n, for all p >d8orforall p <§,then u <.

Now we modify the data (Cus2) of a cuspidal system as follows:

(Cus2’) An R,s-module A(u) is assigned to every u € &, for all n € Zxo with the
following properties:

(a) each A(u) has an irreducible head; denote this head by L(u);

(®) L(w® ~ L)

(©) [A(w) s L(w)]g = Land [A(p) : L(»)]y # 0 implies v < 3

(d) LX) # L(w) unless p = u;

(e) if B,y € 04\ <I>iin are non-zero elements such thatné = B+y andResg 5, L(1) # 0,
then B is a sum of positive real roots less than § and y is a sum of positive real roots
greater than §

A weak cuspidal system (for a fixed convex preorder) is the data of (Cus1) and (Cus2’).
Given a weak cuspidal system, for every « € 04 and 7 = (M, ) € Il(«) in the form
(3.2), we define

om_¢ om_1

A (m) = A/(M,ﬁ) = LZ’]’” 0---0 LZZ”S oA(w)olLy " o--oLy [ (sh(m)).
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The following is a version of the Main Theorem for weak cuspidal systems:

Theorem 4.7 For a weak cuspidal system (L, | p € ®T}U{AQ) | A € P}, we have:

(1) For every root partition 7, the standard module A'(r) has an irreducible head; denote
this irreducible module L (7).
(ii) {L(mw) | @ € (a)} is a complete and irredundant system of irreducible R,-modules
up to isomorphism.
(iii) L(m)® ~ L(m).
(iv) [A'() : L(m)]y = 1, and [A' () : L(0)]y # 0 implies o <’ 7.

Proof Since {L, | p € ®FT}U{L(L) | L € #}isaweak cuspidal system, it is also a cuspidal
system. So we only need to prove (i) and (iv). To see (i), we observe using Proposition 3.5
and dimensions that

Resjp A" (M, p) >~ LY K- R LY™ K A(u) K LY)" 7 & -+ K Ly (sh(r)).

Now (i) follows by the adjointness of Ind and Res. Finally, (iv) is proved using a variation of
Proposition 3.5. O

4.7 Reduction modulo p

In this section we work with two fields: F of characteristic p > 0 and K of characteristic 0. We
use the corresponding indices to distinguish between the two situations. Given an irreducible
Ry (K)-module Lk for a root partition 7 € IT(a) we can pick a (graded) Ry (Z)-invariant
lattice Lz as follows: pick a homogeneous ‘word vector’ v € Lk and set Lz := Ry (Z)v.
The lattice Lz can be used to reduce modulo p:

[_,Z=Lz®zF.

In general, the Ry (F)-module L depends on the choice of the lattice Lz. However, we have
chy L= ch, Lk, so by linear independence of characters of irreducible R, (F)-modules,
composition multiplicities of irreducible R, (F')-modules in L are well-defined. In particular,
we have well-defined decomposition numbers

dro = I[L(m): Lp(0)ly (7,0 € (@),

which depend only on the characteristic p of F, since prime fields are splitting fields for
irreducible modules over KLR algebras.

Lemma 4.8 Let Lg be an irreducible R, (K)-module and let i = ii” ...izb be an

extremal word for Lk. Let N be the irreducible ®-selfdual Ry(F)-module defined by
N = fi* .. f{'1p. Then[L : N1, = 1.

Proof Reduction modulo p preserves formal characters, so the result follows from Corol-
lary 2.9. O

Proposition 4.9 Let (M, ), (N, v) € (). Then dpy ) (v, # 0 implies N < M. In
particular, reduction modulo p of any cuspidal module is an irreducible cuspidal module
again: L, >~ L, p.

Proof By Theorem 4.1(v), which holds over any field, we conclude that any composition
factor of L, is isomorphic to L, r up to a degree shift. Now use Lemma 4.8. O
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4.8 Cuspidal modules and dual PBW bases

Recall the Q y-graded .«7-algebras 7, and f., and Q(g)-algebras £* and f. Suppose that we
are given elements

{E; e (), pedfiu {Ez € f)us | A € 2} 4.1)

If # = (M, ) is a root partition written in the form (3.2), define the corresponding dual
PBW monomial

Ef = Ejy = (Ep)" . (Ep )™ ER(E; )" (E;_ )" e £,
We say that (4.1) is a dual PBW family if the following properties are satisfied:
(1) (‘convexity’) if B > y are positive roots then EJ E;; - q_(ﬂ’V)E;E;’j is an .«7-linear
combination of elements E withw < (B, y) € II(B+y); hereif B = né is imaginary,
then EE is interpreted as E;‘; and (B, y) is interpreted as (u, y) € I1(B + y) for an

arbitrary 4 € &, and similarly for y (both B and y cannot be imaginary since then

BF v
(ii) (‘basis’) {E; | @ € TI(a)} is an &/-basis of (f7,)y foralla € Q;
(iii) (‘orthogonality’)

(Ebp e EN) = dun(EjL Ep) [T (Ep™. (ED™):;
pedf

(iv) (‘bar-triangularity’) b*(E) = E}+ an </-linear combination of dual PBW monomials
E}foro < m.

The following result shows in particular that the elements E7 of the dual PBW family are
determined uniquely up to signs (for a fixed preorder <):

Lemma 4.10 Assume that (4.1) is a dual PBW family. Then:

(1) The elements of (4.1) are b*-invariant.

(ii) Suppose that we are given another family {'E; € (£7,), | p € ®F}U {’Ez € o) |
A € P} of b*-invariant elements which satisfies the basis and orthogonality properties.
Then Ej; = £'E} for all p € @, and for any p € Py, we have that E}, is an < -linear

combination of elements'E}; withv € 2,.

Proof (i) The convexity of < implies that for p € @I the root partition (p) € TI(p) is a
minimal element of [1(p) and for u € &7, the root partition (n) € I1(nd) is a minimal
element of T1(n8). So the bar-triangularity property (iv) implies that the elements of a dual
PBW family are b*-invariant.

Part (ii) has two statements, one for £ with p € ®f and another for E}; with 1 € 2.
Let « := p in the first statement and o := 18 in the second. We prove (ii) by induction on
ht(«), the induction base being clear. For the first statement, by the basis property of dual
PBW families, we can write

'Ej=cE}+ Y. cE; (c.cn €. (4.2)
mell(p)\{(p)}

Fix for a moment a root partition 7 = (M, u) € I1(p)\{(p)}. By the orthogonality
property of dual PBW families and non-degeneracy of the form (-, -), there is a Q(q)-linear
combination X, of elements E;,I , With v € &, such that (E}, X;) = 85 forall o €
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I1(p). So pairing the right hand side of (4.2) with X, yields c;. On the other hand, by the
inductive assumption, E ;,I’U for each v is a linear combination of elements of the form’E Z‘,I e
So using the orthogonality ﬁroperty for the primed family in (ii), we must have (' E Z , X7)=0
forall 7 € TT1(p) \ {(p)}. So ¢; = 0. Thus ’E; = cE}. Furthermore, the elements /E; and
E} belong to the algebra f7, and are parts of its .«7-bases, whence 'E; = +¢" E7;. Since both
’E; and E; are b*-invariant, we conclude that n = 0.

Now, we prove the second statement in (ii). We can write E; as

/EZ = Z e Ej + Z enwEy, (e eny € ).
AEDP), (N,v)ell(nd) with |v|<n

Now one shows that all ¢y, = 0 by an argument using orthogonality and the inductive
assumption as in the previous two paragraphs. O

We now show that under the Khovanov-Lauda—Rouquier categorification (see Sect. 2.9),
cuspidal systems yield dual PBW families.

Proposition 4.11 The following set of elements in f?,
{Ep =y (L)) | p € PFYULE, ==y (LW | 1 € 2} 4.3)
is a dual PBW family.

Proof Under the categorification map y*, the graded duality ® corresponds to b*, so y *([L])
is b*-invariant for any ®-self-dual R,-module L. Moreover, under y*, the induction product
corresponds to the product in f{* , so the convexity condition (i) follows from Theorem 4.1(iv)
and Lemma 2.3. Now, note that £ = y*([A(sr)]), so the conditions (ii) and (iv) follow from
Theorem 4.1(iv) again. It remains to establish the orthogonality property (iii). Let (M, )
be written in the form (3.2). Under y*, the coproduct r corresponds to the map on the
Grothendieck group induces by Res. So using (2.21), we get

(Ejp o B ) = (Ep)™ @+ @ Ef @@ (E;_ )", y* ([Resi AWV, »)D)).
By Proposition 3.5, Res|y|A(N, v) = O unless M = N, and for M = N we have
Resjy AN, ») =LY K- HLO)K--- K L" .
Since the form (-, -) is symmetric, the orthogonality follows from the preceding remarks. 0O
Remark 4.12 Let < be an arbitrary convex order,
{Lplpe®@F}U{L(p) |1 e P2}

be the corresponding cuspidal system, and set again E;j = y*([L,]) for all p and E; =
y*([L(w)]) for all .

(i) We claim that each E; is a dual canonical basis element. Indeed, for symmetric Cartan
matrices, this is true by the main result of [28] and Proposition 4.9. We now sketch an
argument, which works in general. This will not be used elsewhere in the paper. Let
p € ®F. To prove that E7 is a dual canonical basis element, it suffices to prove the
following
Claim. There exists a dual canonical basis element v* such that £ = £v*.
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(i)

(iii)

Indeed, then in view of the commutativity of the triangle (2.22), to show that E; = V¥,
it suffices to know that for an arbitrary element w* of the dual canonical basis, there
at least one word i € (I) such that the coefficient of i in ((w*) evaluated at ¢ = 1 is
positive. But this follows from Lemma 2.13.

We now sketch the proof of the Claim. Fix p and write p = >

iel Cili- Set

D (p) = [ﬁ =D bia; € DY | by <c;foralli € 1] )
iel

Let ®(p). = {B € ®(p) | B > 8} and P(p), = {B € ®(p) | B < §}. Next, let

D (p), (resp. (p)<) be the set of all positive roots which can be written as Zxo-linear

combinations of roots in ®(p)_ (resp. ®(p)’). Finally, put ®(p) = ®(p)» U P(p)<.

Note that the sets ®(p). and ®(p)< are finite and compatible in the sense of [7,
Definition on p. 213]. By [7, Proposition 3.2 and Remark (1) on p. 214], there exist

reduced words r;, ...r;, and rj, ...rj, such that

D(p)s = o > riyiy > -+ >riy ... i, )
and

D(p)< ={aj, =rjoj, > >rj...rj_aj}

We now use ‘partial PBW basis’ from [22, Proposition 8.2] and [21, Section 40.2] (up to
dualizing). To be more precise, Lusztig uses a braid group action to define bar-invariant
dual PBW-elements {’ E; | B € ®(p)} which lie in the dual canonical basis by [22,
Proposition 8.2], and satisfy the defining properties (ii) and (iii) of a dual PBW family
for the weight space p and all smaller weight spaces of f7,. Now the argument as in the
proof of Lemma 4.10(ii) shows that'E; = £E7, i.e. up to a sign E7; is a dual canonical
basis element.

For certain special convex preorders, which we refer to as Beck preorders, (dual) PBW
families have been constructed in [2,3]. Fix a Beck preorder and denote by {’ E; €
E)p | p € PFYULES € B)ps | A € P} the corresponding dual PBW family
from [2,3]. By Lemma 4.710(11), ’E; = :i:E; forall p € ®7. In fact, ’E;’; = E; for all
p € ®F by an argument in (ii) since the real dual root elements ’ E;ﬁ of Beck-Chari-
Pressley basis are known to belong to the dual canonical basis.

By the main result of [28], each Ej, is a dual canonical basis element provided C is
symmetric and char F = 0. This is certainly false if char F % 0. On the other hand,
we conjecture that for not necessarily symmetric C we still have that each E;; is a dual
canonical basis element provided char F = 0. An argument similar to the one sketched
in part (i) would apply, provided the Claim in (i) holds with E}; in place of E7. But we
do not know how to prove such a claim for non-symmetric C.

5 Minuscule representations and imaginary tensor spaces

In this section we study the ‘smallest’ imaginary representations, namely the imaginary
representations of Rs. Then we consider induction powers of these minuscule representations,
which turn out to play a role of tensor spaces. Denote

e .= ht(9).
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Throughout the section we assume that our convex preorder < is balanced, as defined in
(3.1), so that a; > nd > ag forall i € I’ and n € Z~¢. So for any irreducible imaginary
representation L of R,s, we conclude using (Cus2) that Resg, 5o, L = 0 foralli € I, i.e.
all words i = (i1, ..., ig) of L have the property that iy = 0.

5.1 Minuscule representations

Note that | #|| = [, so there are exactly [ irreducible imaginary representations of Rs. We call
these representations minuscule. The following lemma shows that a description of minuscule
imaginary modules is equivalent to a description of the irreducible Ré\o -modules.

Lemma 5.1 Let L be an irreducible Rs-module. The following are equivalent:

(i) L is minuscule imaginary;
(i) L factors through to the cyclotomic quotient Ré\o;
(iii)) we have i1 = 0 for any word i = (i1, ..., i) of L.

Proof By (2.2), there is exactly one 0 among the entries iy, ..., i, of an arbitrary word
i € (I)s. Now (ii) and (iii) are equivalent by Lemma 2.7. The implication (i) = (iii)
follows from the remarks in the beginning of Sect. 5. Finally, let L(M, 1) be anirreducible Rs-
module, which is not imaginary, i.e. there is p € <I>EE withm, # 0. Then, since Zﬂelll Mg =
8, we conclude that there is p > & with m, # 0. Let p be the largest such. Then p € ¢/,

in particular, j; # 0 for all wordsj = (ji,...) of L,. In view of Theorem 4.1(v), we have
Ly, € ResjpyL(M, ). In particular, there is a word i = (i1, ...) of L(M, p) with i # 0.
m}

. A ..
We always consider R, °-modules as R,-modules via inflfo,

Lemma 5.2 Let B € /.. The cuspidal module Ls_g factors through Ré\_"ﬁ and it is the only

irreducible Rg\_o 5-module.

Proof Let m € T1(§ — B). In view of Lemma 2.7, it suffices to prove that if 7 # (6 — )
then iy # O for some word i = (i1,...) of L(xr). But if # = (M, w) is non-trivial, then
there is p > § with m,, # 0. Take the largest such p. Then p € @/, so ji # 0 for all words
Jj = (j1,...) of L,. By Theorem 4.1(v), we have Ly, € ResjyL(M, ;). In particular,
there is a wordi = (iy,...) of L(M, u) withi; #0. o m]

Corollary 5.3 The minuscule imaginary modules are exactly
(Lo = fiLls—o li € 1'}.

Moreover, ejLs; = 0 for all j € I\{i}. Thus, for each i € I', the minuscule imaginary
module Ls ; can be characterized uniquely up to isomorphism as the irreducible Rg\o-module
such that i, =i for all wordsi = (i1, ..., i.) of Ls.

Proof If L and L’ are two minuscule imaginary modules, with ¢; L # 0 and ¢; L’ # 0, then
by Lemmas 5.1 and 5.2, we have that ¢;L = ¢;L’, whence L = L’ by Proposition 2.6(i).
It follows by a counting argument that for each minuscule imaginary module L there exists
exactly one i with ¢;L # 0, and then, by Lemma 5.2, we must have ¢;L = Ls_,, and
L= fiLB—a;- m}

@ Springer



Cuspidal sustems for affine KLR algebras 717

For each i € I, we refer to the minuscule module L; ; described in Corollary 5.3 as the
minuscule module of color i. Let

p@):=00,....0,(1),0,...,0) € 2 iel) (5.1

be the /-multipartition of 1 with the partition (1) in the ith component. We associate to it the
minuscule module L ;:

L(ﬁ(i)) = Ls,; (i € I/). 5.2)
Lemma 5.4 Leti € I'. Then g;(Ls ;) = 1.

Proof Otherwise eiz(ng,,') # 0, whence Ag — § + 2¢; is a weight of V(Ap), which is a
contradiction. O

Remark 5.5 The minuscule modules are defined over Z. To be more precise, for eachi € I,
there exists an Rs(Z)-module L; ; 7 which is free finite rank over Z and such that Ls ; 7 ® F
is the minuscule imaginary module L; ; r over Rs(F) for any ground field F'. To construct
Ls ; 7, recall that a prime field is a splitting field for R,. Now, start with the minuscule
module Ls ;g over Q, pick any word vector v and consider the lattice Ls; ¢ = Rs(Z)v.
Then Ls ;7 ®72Q = Ls,; . To see that Ls ; 7 ®z F is the minuscule module Ls ; r over any
filed F, it suffices to prove that L ; 7 ®z F is irreducible. If L(M, () is a composition factor
of Ls,;z®z F withm, # 0 for some p € ®F, then we geta contradiction with the definition
of an imaginary module. So, taking into account the character information, all composition
factors of L; ; 7 ®z F are of the form L; ; . Now, in fact we musthave Ls ; 7 ®z F >~ Ls i
using the multiplicity one result from Lemma 4.8.

5.2 Imaginary tensor spaces

The imaginary tensor space of color i is the R, 5-module
Mn’,' = Lgni.

In this definition we allow 7 to be zero, in which case M) ; is interpreted as the trivial module
over the trivial algebra Ry.

Lemma 5.6 M ~ M,,.
Proof This comes from Lemma 2.3 using (8, §) = 0. O

A composition factor of M, ; is called an irreducible imaginary module of color i. We
remark that by Lemma 4.4 such composition factor is an irreducible imaginary module in
the sense of (Cus2). Another application of Lemma 4.4 now gives:

Lemma 5.7 All composition factors of M, 1 o - - - o My, ; are imaginary.

We next observe that if an irreducible R,s-module L (with n > 0) is imaginary of color
i € I, then L cannot be imaginary of color j € I, i.e. the color is well defined. Indeed, if
L is imaginary of color i, then by (2.18) we have that ¢; (L) > 0 while £;(L) = 0 for any
J#L
Lemma 5.8 Leti € I'andn, ..., n, € Z=g. Setn := ny + - - -+ ny. Then all composition
factors of Resy, 5. n,s Mn,i are of the form L'® ... X L where L', ..., L% are imaginary
of color i.

.....
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Proof By the Mackey Theorem, Res, s, ... n,s My,; has filtration with factors of the form

.....

nid;...;ngé
Indvllwn‘}nl S s Viaseess Vna V’
where >0 _vmp =npdforallb=1,...,a,> 0 _jvmp=38forallm=1,...,n,and V is
obtained by an appropriate twisting of the module

.....

If v,1 # 0 and v, # 8 for some m, then by Lemma 4.3, we have that v, is a sum of
real roots less than &, which leads to a contradiction with > _; v,y1 = n18. So we deduce
that v,,; = 8 for n; different values of m, and v,,; = O for all other values of m. Then
L'RL?X... X L is a composition factor of

Mnl,i XlResnz& ..... nazSMn—nl,ia
and the lemma follows by induction. O

Corollary 5.9 Leti € I'andny,...,n, € Z>o. Setn := ny+---+ng. If L is an imaginary
irreducible R, s-module of color i, then all composition factors of Res,s, . n,sL are of the
form LYR® ... R L% where L', ..., L are imaginary of color i.

,,,,,

Proof Follows from Lemma 5.8, since by definition L is a composition factor of M,, ;. O

5.3 Reduction to one color

The goal of this section is to prove:

Theorem 5.10 Suppose that for each n € Z>o and i € I', we have an irredundant family
{Li(A) | A & n} of irreducible imaginary Rys-modules of color i. For a multipartition
A=W, A0y e 2, define

L) =LMoo L")
Then {L(L) | A € P} is a complete and irredundant system of imaginary irreducible R, s-

modules. In particular, the given modules {L; (L) | A = n} give all the irreducible imaginary
modules of color i up to isomorphism.

We prove the theorem by induction on n. The induction base is clear. Throughout this
section we work under the induction hypothesis.

Lemma 5.11 Let A, p € 2, with .\ n; fori = 1,...,1. If the irreducible Ry,
module LiOWYR - - - & L; (WD) appears as a composition factor in
..... s L), (5.3)

then ). = p, and the multiplicity of this composition factor is one.

..... ns-

Proof Let u© + m; fori = 1, ..., 1. By the Mackey Theorem, the module in (5.3) has
filtration with factors of the form

Ind 10 me v, (5.4)

Vllseees VIT 5 oo 3 Vseees Vit

where Zi:l vij =njdforall j eI, le=1 vij =m;8 foralli € I’, and V is obtained by
an appropriate twisting of the module

(Resy,, oy L1(u) B - K (Resy, .. w Li(uD)). (5.5

.....

Assume that the module in (5.4) is non-zero.
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Since each L;(u®) is imaginary and Res,,,, l,l.,L,-(;L(")) # 0, it follows by Lemma 4.3
that either v;1 = n;16 for some n; 1 € Zxg, or v;; a sum of real roots less than m;§. Since
Zfz 1 Vi1 = n16, we conclude that the second option is impossible. Next, we claim that also
each vj» = n;»6 for some nj» € Z=¢. Indeed, since Res,,, vi,Li(u(i)) # 0, we have that
Resv“w[z,m[g,wl,VizLi(u(i)) # 0. By Lemma 4.3, either v;; + v;2 is an imaginary root, or
it is a sum of real roots less than m;§. Since we already know that the v; ; are imaginary
roots (or zero), the equality 25:1 Vi2 = n26 implies that v;p = n;28 for some njz € Zsp.
Continuing this way, we establish that all v;; are of the form n;;4.

Now, by Corollary 5.9, all composition factors of Resv,.,w,,,i,L,'(/L(")) are of the form
Li(uY)yR ... X L; (D). Then the module in (5.3) has filtration with factors of the form

(L™ oo Li(u") &8 (Li(u"™) 00 Li(u'™)).
By the inductive hypothesis, each L (u') o --- o Lj(u®) is irreducible, and
Li) oo Liu®) = L)

if and only if V) = A1) and ) = @ foralli # j. Thusvj; = n;8,v;; = 0 foralli # j.
We conclude that m j = n; and w =21 forall j. O

Corollary 5.12 The module L()) has simple head; denote it by L. The multiplicity of L*
in L(\) is one.

Proof 1If an irreducible module L is in the head of L(1), then by the adjunction of Ind and
Res, we have that LA )X ... K L; (A(Z)) C Resy,s,... .ms L. Now the result follows from
Lemma 5.11 with A = p. m]

Corollary 5.13 If ) # u, then L % Lk

Proof Assumethat L> = L” Then L is aquotientof L(}). By the adjunction of Ind and Res,
we have that L1 (A (D)K. - -KL;(1?) C Resy,s. .. o8 L Inparticular, L1 (AM)R. . -KL; (A D)
is a composition factor of Resy,s. ... »,sL(1). Now, by Lemma 5.11, we have A = u. O

.....

Now we can finish the proof of Theorem 5.10. By counting using Theorem 4.1, Lemma 5.7,
and Corollary 5.13, we see that {L% | A € #,} is a complete and irredundant set of irreducible
imaginary R,s-modules. It remains to prove that L(u) is irreducible, i.e. L(u) = LY, for
each . If L(u) is not irreducible, let L 2 L™ be an irreducible submodule in the socle of
L(//L)TSCC Co?ollary 5.12. Then there is a nonzero homomorphism L(A) — L(ux), whence
by the adjunction of Ind and Res, we have that L (A1) X - - - K L;(AD) C Resyys... ns L(10).
Now, by Lemma 5.11, we have A = p. Theorem 5.10 is proved. o

5.4 Homogeneous modules

In the remainder of Sect. 5 we describe the minuscule imaginary modules more explicitly
for symmetric (affine) Cartan matrices. This is done using the theory of homogeneous repre-
sentations developed in [18], which we review next. Throughout this subsection we assume
that the Cartan matrix C is symmetric. As usual, we work with an arbitrary fixed o € Q4 of
height d. A graded R,-module is called homogeneous if it is concentrated in one degree.

Leti € (I),. We call s, € Sy an admissible transposition for i if c;,_; ., = 0. The word
graph G is the graph with the set of vertices (/),, and with i,j € (I), connected by an
edge if and only if j = s,i for some admissible transposition s, for i.
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Recall from Sect. 2.1 the Weyl group W = (r; | i € I). Let C be a connected component
of Gy, andi = (iy,...,iq) € C. We set

we :=ri;...r, €W.

Clearly the element wc depends only on C and notoni € C. An element w € W is called
fully commutative if any reduced expression for w can be obtained from any other by using
only the Coxeter relations that involve commuting generators, see e.g. [25]. For an integral
weight A € P, an element w € W is called A-minuscule if there is a reduced expression
w =7, ...7r; such that

(rik_l...rilA,oti\;)zl 1<k<,

cf. [26, Section 2]. By [26, Proposition 2.1], if w is A-minuscule for some A € P, then w is
fully commutative.

A connected component C of G, is called homogeneous (resp. strongly homogeneous)
if for some (equivalently every) i = (i1, ...,iq) € C, we have that r;, ...r; is a reduced
expression for a fully commutative (resp. minuscule) element we € W, cf. [18, Sections 3.2,
Definition 3.5, Proposition 3.7]. In that case, there is an obvious one-to-one correspondence
between the elements i € C and the reduced expressions of wc.

Lemma 5.14 [18, Lemma 3.3] A connected component C of Gy is homogeneous if and only
if for everyi = (i1, ...,ig) € C the following conditions hold:
ir i, +1 forall r=1,2...,d—1;

5.6
ifip =ip42 forsome 1 <r<d-2, thenci ;,  #—1. (56)

The main theorem on homogeneous representations is:

Theorem 5.15 [18, Theorems 3.6, 3.10, (3.3)]

(i) Let C be a homogeneous connected component of Gy. Let L(C) be the vector space
concentrated in degree O with basis {v; | i € C} labeled by the elements of C. The
Sformulas

Livi = 8ijvi (€ (l)y, i €C),
ywui=0 (1=<r=<d,iel),

vgi ifsieC,

Yrvp = ‘0 otherwise: 1<sr<d,ie()

define an action of Ry on L(C), under which L(C) is a homogeneous irreducible R-
module.

(i) L(C) 2 L(C") if C # C’, and every homogeneous irreducible Ry-module, up to a
degree shift, is isomorphic to one of the modules L(C).

(iii) If B,y € Q4 witha = B + y, then Resg ,, L(C) is either zero or irreducible.

5.5 Minuscule representations for symmetric Cartan matrices
Throughout this subsection we assume that the Cartan matrix C is symmetric.

Lemma 5.16 Leti € I'. Then we can write Ag—58+a; = w(i) Ao foraunique Ay-minuscule
element w(i) € W.
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Proof Let 0 be the highest root in the finite root system @’. Pick a (unique) minimal length
element u of the finite Weyl group W’ with u6 = «;. Now, take w (i) = urg. Note that

w(i)(Ao) = urg(Ao) = u(Ao —ap) =u(Ao—ap —0 +0) =u(Ao—6+0)
=Ao—8+u®) =~Ao—95+q;.

Since the a-string through B has length 0 or 1 for any distinct roots «, 8 € @', we deduce
that u is 6-minuscule, and the lemma follows. O

By the theory described in Sect. 5.4, the minuscule element w(i) constructed in
Lemma 5.16 is of the form w¢ ;) for some strongly homogeneous component C (i) of Gs_; .

Lemma5.17 Leti € I',d :==e—1=ht(§ — ;) andj = (ji, ..., ja) € C(i). Then:

@ j=0;
(ii) jq is connected to i in the Dynkin diagram, i.e. cj, ; < 0;
(iii) if jp = i for some b, then there are at least three indices by, by, bz such that b < by <
by < by <d suchthat c;p, = Cip, = Cip; = —1.

Proof (i) is clear from the construction of w(i) which always has ro as the last simple
reflection in its reduced decomposition.
(ii) Letw(i) =rj, ...r; beareduced decomposition. By definition of a minuscule element,
we conclude that (A9 — § + o, o%) < 0,50 {a;, ozjvd) < 0.
(iii) If j, =i, then, using the definition of a minuscule element and the equality w(i)Ap =
Fjg---TjjAo = Ao — & + a;, we see that

(Fjpgr -+ Tja(No — 8 + @), a[v) ={rjrj,_, ...rleo,(xx}) =—1.
This implies (iii), since (Ag — § + «;, ozl.v) =2. ]

Corollary 518 Let i € I'. Then the cuspidal module Ls_q, is the homogeneous module
L(C(i)).

Proof By Lemmas 5.17(i) and 2.7, the module L (C (7)) factors through Hﬁ’al_ .SoL(C(i)) =
Ls_o; by Lemma 5.2. O

Proposition 5.19 Let i € I'. The set of concatenations
Ci:={iljeCi)}

is a homogeneous component of Gs, and the corresponding homogeneous Rs-module L(C;)
is isomorphic to the minuscule imaginary module Ls ;.

Proof By Lemmas 5.14 and 5.17(ii),(iii), we have that C; is a homogeneous connected
component of Gs. By Lemmas 5.17(i) and 2.7, the corresponding homogeneous representa-
tion L(C;) factors through to Rg\o, and so it must be one of the minuscule representations
Ls1, ..., Lsy, see Corollary 5.3. Finally, by the second statement in Corollary 5.3, we must
have L(C;) = Ls ;. ]

Example 5.20 LetC = Al(l) andi € I'. Then Ls ; is the homogeneous irreducible Rg-module
with character

chy Ly; =0((12...i =)o (,1—1,...,i + 1)i.
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For example, Ls 1 and Ls; are 1-dimensional with characters
chy L5 =(0,1,1—-1,...,1), chy Ls; =(01...]),
while for [ > 3, the module Ls;—; is (I — 2)-dimensional with character

-3
chy Lsjo1=> (0. 1,....rL.r+1,....1—1).
r=0

6 More on cuspidal modules

In this section we first work again with an arbitrary convex preorder <, and then in Sects. 6.2
and 6.3 we assume that the preorder is balanced.

6.1 Minimal pairs

Let p € ®F. A pair of positive roots (8, y) is called a minimal pair for p if

) p+y=pandp > y;
(ii) for any other pair (', y’) satisfying (i) we have B’ > Bory’ < y.

In view of convexity, (8, y) is a minimal pair for p if and only if (8, ) is a minimal element
of IT(p)\{(p)}. A minimal pair (8, y) is called real if both § and y are real roots.

Lemma 6.1 Let p € ®F and (B, v) be a minimal pair for p. If L is a composition factor of
the standard module A(B,y) = L(B) o L(y), then L = L(B,y) or L = L.

Proof Use the minimality of (8, y) in IT1(p)\{(p)} and Theorem 4.1(iv). m]

Let (B, y) be a real minimal pair for p € ®F. Denote
Ppy :=max{n € Zsg | B —ny € &, }.
Motivated by [6, Theorem 4.2] we conjecture:

Conjecture 6.2 Let p € PT, and (B, y) be a real minimal pair for p. Then In the
Grothendieck group we have:

[LV oLs] — q_(ﬂ’y)[Lﬂ ° LV] — q_pﬂ.y(l _ qz(pﬂ.y_(ﬂJ’)))[Lp].

Remark 6.3 Although this goes beyond the scope of this paper, we remark that Conjecture
6.2 can be proved following the steps in the proof of [6, Theorem 4.2]. That proof uses dual
root elements (in finite types) constructed using Lusztig’s braid group action. Even though
‘globally” all of our dual root elements E7 cannot in general be constructed like that, we have
already observed in Remark 4.12(i) that this can be done locally, i.e. for all roots in ®(p) for
a fixed p. Note that by definition 8, y € ®(p).

Using Conjecture 6.2 one can compute the character of the cuspidal module L, by induc-
tion on ht(p), provided p possesses a real minimal pair, cf. Lemma 6.6 below. Moreover, by
Lemma 6.1, we can write in the Grothendieck group

[LgoLy]=I[L(B,y)]+m(q@lLpl.
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Now, by Lemma 2.3, we also have
[Ly o Lgl=gq PVILB Y +q" P mg DL
So Conjecture 6.2 implies
g~ PP (g™ = m(g)) = g PP (1 = g*Prr =),
whence
m(q) —m(g~") = gPpr =By _ g BYI=ppy

Now, assume that the Cartan matric C is symmetric and char F = 0. Then by the main result
of [28], we have that m(q) € qZ[q], and so the last equality implies

m(q) = "=, 6.1)
i.e. there is a short exact sequence
0— Ly(pg,y —(B,v)) — LgoL, — L(B,y) — 0. (6.2)

(Note that for symmetric C we always have pg,, = 0and pg, — (B, y) =1.)
We conjecture that this also holds in all affine types for all fields (a similar result for all
finite types is established in [6, Theorem 4.7]):

Conjecture 6.4 Let p € T, and (B, y) be a real minimal pair for p. Then there is a short
exact sequence of the form (6.2).

Example 6.5 Letn € Z-g and i € I’. Assume that the preorder is balanced.

(1) If p =né + «a;, then (o; + (n — 1)4, §) is a minimal pair for p.
@ii) If n > 1 and p = né — «;, then (8, (n — 1)6 — «;) is a minimal pair for p.

Lemma 6.6 Assume that the preorder is balanced. Let p be a non-simple positive root. Then
there exists a real minimal pair for p, unless p is of the form né £ «;.

Proof If p € @ is not of the form nd + «;, then we can always write p as a sum of two
roots in @, and so there exists a real minimal pair for p.

If p € @ is not of the form né — «; and n > 2, then we can write p as a sum of two
roots in ®'¢, and so again there exists a real minimal pair for p. Finally, in the special case
where p is a non-simple root of the form § — « for « € @/, , by an argument of [23, Lemma
2.1] we can write p as a sum of two real roots, which implies the result. O

In view of the lemma, the cuspidal modules corresponding to the roots of the form né + «;

play a special role. In Sects. 6.2 and 6.3 we will investigate them in detail.

6.2 Cuspidal modules L5,

We continue to assume (until the end of the paper) that the convex preorder < is balanced.
Fix i € I'. In this section we consider the cuspidal modules corresponding to the real roots
of the form nd + «; for i € I'. Fix also an extremal word

i=if" ik (6.3)

of the minuscule imaginary module Ls;, see Sect. 2.8. Recall from Corollary 5.3 and
Lemma 5.4 that iy = i and ax = 1. We will use the concatenations i" € (I),5,"i € (I),514,
and also the special word

{n} .__ .naj Nak—1 .n+1
=T € (I psta; -
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Proposition 6.7 Leti € I',n € Z-g, « =nd + a;, and B = (n — 1)8 + ;. Then:

(i) The standard_ module A(B, 81 = Lg o Ls,; has composition series of length two with
head L(B, 8®) and socle Ly (0, o) /2).
(i1) We have

1
chy Ly = ————((chy Lp) o (chy Ls;) — (chy Ls.;) o (chy Lp)).

qi i

(iii) We have

1 n
chy Ly = ————7 > (=1)"(chy L) 0i o (chy Ls,)°" ™.

i~ 4 =0

(iv) The word i™ is an extremal word of Lg.

Proof We apply induction on n. Consider the induced modules Wy := Lg o Ls ; and W :=
Ls; o Lg. When evaluated at g = 1, the formal characters of these two modules are the
same. It follows from the linear independence of ungraded formal characters of irreducible
R,-modules that W1 and W5 have the same composition factors, but possibly with different
degree shifts. We also know that the graded multiplicity of L(8, 8%) in W; = A(8,8®) is
1. By Lemma 2.3, we have that W1® ~ Wa, so the graded multiplicity of L(8, §©) in W, is
also 1. In view of Lemma 6.1 and Example 6.5(i), in the Grothendieck group [R,-mod] we
now have

(Wil =[LB, 8N +all,] (=12

for some graded multiplicities ¢; € < such that bc; = c3.
To compute ¢; and c¢3, we look at the multiplicity of the word i in W;. By induction,

i1} s extremal in L g- Let N be a ®-selfdual irreducible R,-module such that

N ol fray ey

i
By Proposition 2.11, i is an extremal word for W;. An elementary computation using
Proposition 2.11 also shows that N appears in W with graded multiplicity ¢;. So we must

have N >~ L, and ¢; = ¢;. We have proved (i) and (iv). Part (ii) easily follows from (i), and
(ii) implies (iii) by induction on n. O

6.3 Cuspidal modules L5,

Fix i € I'. In this section we consider the cuspidal modules corresponding to the real roots
of the form n8 — «; fori € I’. Recall that we have iy =i and a; = 1 for the extremal word
i of Ls; picked in (6.3). So in view of Corollary 5.3 and Lemma 5.4, the word

. .4 LAf—1
J=1 0y

is an extremal word of Ls_o,. We will use the notation
i =it e (1),
Proposition 6.8 Leti € I',n € Z-y, and o =né — aj, B = (n — 1)8 — ;. Then:
(i) The standard module A(SY, B) = Ls ; o Lg has composition series of length two with
head L8V, B) and socle Ly (i, ;) /2).
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(ii) We have

1
Chq La = ﬁ((chq Lay,‘) o (Chq Lﬂ) — (Chq Lﬂ) o (Chq Lg,,')).
qdi — 4;

(iii) We have

1 . — o o(n—
chy Lg = ———1 D> (=1)""(chy Ls,)™" o (chy Ls—a,) o (chy Ls,)°" ™.

! i m=0

(iv) The word i" is an extremal word of L.

Proof The proof is similar to that of Proposition 6.7. O
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