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Abstract We use the heat flow on the loop space of a closed Riemannian manifold—viewed
as a parabolic boundary value problem for infinite cylinders—to construct an algebraic chain
complex. The chain groups are generated by perturbed closed geodesics. The boundary
operator is defined by counting, modulo time shift, heat flow trajectories between geodesics
of Morse index difference one. By Salamon and Weber (GAFA 16:1050-138, 2006) this
heat flow homology is naturally isomorphic to Floer homology of the cotangent bundle for
Hamiltonians given by kinetic plus potential energy.
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2 J. Weber

1 Introduction

Let M be a closed Riemannian manifold and denote by V the Levi-Civita connection and by
LM the loop space, that is the space of free loops C*®(S', M). For x : §' — M consider
the action functional

1

1
Sy(x) = / (E x> = Ve, x(t))) dt.
0

Here and throughout we identify S' = R/Z and think of x € £M as a smooth map x : R —
M which satisfies x(r + 1) = x(z). Smooth means C* smooth. The potential is a smooth
function V : S! x M — R and we set V,(q) := V(z, ¢). The critical points of Sy are the
1-periodic solutions of the ODE

Vix = =VV(x), ()

where VV; denotes the gradient and V;x denotes the covariant derivative, with respect to
the Levi-Civita connection, of the vector field x := %x along the loop x in direction x.
By P = P(V) we denote the set of 1-periodic solutions of (1). These solutions are called
perturbed closed geodesics, since in the case V = 0 these are the closed geodesics.

From now on we assume that Sy is a Morse function function on the loop space, i.e. all
critical points are nondegenerate. By [19] the action is Morse for a generic potential V; and,
furthermore, in this case the set

PUV) = {x € P(V) | Sy (x) < a}

is finite for every real number a. By E¥ we denote the eigenspace corresponding to negative
eigenvalues of the Hessian of Sy at x € P(V). The dimension of E¥ is finite, called the
Morse index of x. Choose an orientation (x) of the vector space E¥ for all x € P(V) and
denote this set of choices by (P). Now consider the Z-module graded by the Morse index
and given by

CM{ =CM(V) = P Zx.
xePaV)

If Sy is even Morse-Smale, then CM{ carries the following boundary operator d,.
Consider the (negative) L? gradient flow lines of Sy on the loop space. These are solu-
tions  : R x S! — M of the heat equation

dsu — Vidyu — VVi(u) =0 )
satisfying
lim u(s,t) =xT(@), lim dsu(s,1) =0, 3)
s—+oo s—+00

where both limits are uniform in the ¢ variable and x* € P(V). By definition the moduli
space M (x~, x"; V) is the space of solutions of (2) and (3). The action functional Sy is
called Morse—Smale below level a if the operator D, obtained by linearizing (2) is onto as a
linear operator between appropriate Banach spaces and this is true forallu € M(x~, x™; V)
and x* € P*(V). Morse—Smale implies Morse; consider u, := x. Under the Morse—Smale
hypothesis the space M (x ™, xT; V) is a smooth manifold whose dimension is equal to the
difference of the Morse indices of the perturbed closed geodesics x*. In the case of index
difference one a compactness result implies that the quotient M (x~, x™; V) /R by the (free)
time shift action is a finite set. Counting these elements with appropriate signs defines the
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Morse homology for the heat flow 3

boundary operator 9, on CM{. We call the Morse complex (CMi, 8*) the heat flow complex
and the corresponding homology groups HM$ (LM, Sy ) heat flow homology.

In Sect. 5 we explain how to perturb the Morse function Sy by an abstract perturbation
v € Ofeg(\/) to achieve the Morse—Smale condition without changing the set of critical
points. By definition heat flow homology of Sy is then equal to heat flow homology of the
perturbed functional. It is an open question if Sy is Morse—Smale for a generic potential V;.
The class of abstract perturbations for which we can establish transversality is introduced in

the following Sect. 1.1. In contrast we call the potentials V; geometric perturbations.

Theorem 1 Fix a potential V € C*°(S U M) such that the action Sy is Morse and take
a choice of orientations (P). Assume a € R is a regular value of Sy and v € (’)feg(V) is
a (regular) perturbation. Then 3, = 3,.(V, (P), v%) satisfies 3*> = 0. Moreover, heat flow
homology defined by

ker 0,

im 0,

does not depend on the choice of regular perturbation v* and orientations (P).

HM®(LM, Sy) :=

The construction of the Morse complex in finite dimensions goes back to Thom [17],
Smale [14,15], and Milnor [9]. It was rediscovered by Witten [23] and extended to infinite
dimensions by Floer [5,6]. We refer to [1] for an extensive historical account.

1.1 Perturbations

We introduce a class of abstract perturbations of equations (2) and (1) for which transversality
works. The abstract perturbations take the form of smooth maps V : LM — R. For
x € LM let gradV(x) € QO(S!, x*T M) denote the Lz—gradient of V; it is defined by

1
/(gradV(u), osu) dt = iV(u)
ds
0

for every smooth path R — LM : s — u(s, ). The covariant Hessian of V at a loop
x : S — M is the operator Hy (x) on QO(S!, x*T M) defined by

Hy (u)osu := VygradV(u) 4)

for every smooth map R — LM : s +— u(s,-). The axiom (V1) below asserts that this
Hessian is a zeroth order operator. We impose the following conditions on V; here || denotes
the pointwise absolute value at (s,7) € R x S Uand ||-||.» denotes the L”-norm over S! at
time s. Although condition (V1) and the first part of (V2) are special cases of (V3) we state
the axioms in the form below, because some of our results don’t require all the conditions to
hold.

(V0) V is continuous with respect to the C° topology on £M. Moreover, there is a constant
C = C(V) such that

sup [V(x)[+ sup [lgradV(x) |l ec(s1) < C.
xelM xelM

(V1) There is a constant C = C (V) such that
|VegradV(u)| < C(|19;u| + [|osull,1).
Veradv()| = C(1+ [oul)
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4 J. Weber

for every smooth map R — LM : s — u(s, -) and every (s,7) € R x st
(V2) There is a constant C = C (V) such that

1% VhgradV()| = C(INdsul + IV dsall s + (1agul + 185l 2)°).
1% %gradv)]| = € (1agul + (1 +18,ul) (18] + 18,ul1)).
and
|V Vs gradV(u) — Hy () Vidsul < C (|ogul + 13;ull 2)°

for every smooth map R — LM : s — u(s, -) and every (s,¢) € R x st
(V3) For any two integers k > 0 and £ > 0 there is a constant C = C(k, £, V) such that

LPi )

for every smooth map R — LM : s +— u(s,-) and every (s,t) € R x S!: here
pj > land ZZ/:O 1/pj = 1; the sum runs over all partitions ky + - - - + k;, = k and
Li+---+4£, < {€suchthatk; +¢; > 1forall j. For k = 0 the same inequality holds
with an additional summand C on the right.

v‘kagradwu))<cz H’vffvffu’ H(

i\ i ,
kj>0 kj=0

+[vru

Remark 1 'V € C®(S! x M,R) and x € LM, then V(x) := fo Vi (x(t)) dt satisfies
gradV(x) = VV;(x) and Hy (x)& = V; VV;(x) for £ € QO(S!, x*TM).

Remark 2 To prove transversality in Sect. 5 we use perturbations’

1
V(x) = p (llx — xoll 12 /Vz(x(x))dt,
0

where p : R — [0, 1] is a smooth cutoff function and xq : Sl > Misa loop. Any such
perturbation satisfies (V0)-(V3). Here compactness of M enters.

1.2 Main results

There are two purposes of this text (which is the main part of the author’s habilitation
thesis [20]). One is to construct the Morse chain complex for the action functional on the
loop space. The other one is to provide proofs of the results announced and used in [13] to
calculate the adiabatic limit of the Floer complex of the cotangent bundle. More precisely,
in [13] we proved in joint work with D. Salamon that the connecting orbits of the heat
flow are the adiabatic limit of Floer connecting orbits in the cotangent bundle 7*M with
respect to the Hamiltonian given by kinetic plus potential energy. The key idea is to appro-
priately rescale the Riemannian metric on M. Both purposes are achieved simultaneously by
Theorems 2-8.

! Here and throughout the difference x — xq of two loops denotes the difference in some ambient Euclidean
space into which M is (isometrically) embedded.
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Morse homology for the heat flow 5

From now on we replace the potential V by an abstract perturbation V satisfying (V0)—
(V3). Then the action is given by

1
1
Sy =7 / O di = V(x) (&)
0

for smooth loops x : S I M and the set P(V) of critical points of Sy consists of those
loops x : S' — M that solve the ODE

Vi = —gradV(x). (6)
The subset P“ (V) consists of those with Sy, (x) < a. Now the heat equation has the form
osu — V;oru — gradV(u) =0 (7)

for smooth cylinders u : R x §' — M. Here gradV(u) denotes the value of gradV on
the loop ug : t +— u(s, t). Given two nondegenerate critical points x* € P(V) denote by
M(x~, xT; V) the set of all solutions u of (7) which satisfy the limit condition (3). Such u are
called connecting orbits or connecting trajectories. The energy of a connecting trajectory
is given by

o0

1
E(u) = / /IBsul2 dtds = Sy(x™) — Sy(x ™). ®)

—00 0

Theorem 2 (Regularity) Fix a constant p > 2 and a perturbation V : LM — R that
satisfies (VO)=(V3). Let u : R x S' — M be a continuous function of class Wllo’f , that
is u, o;u, V;oru, dsu are locally LP integrable. Assume that u solves the heat equation (7)
almost everywhere. Then u is smooth.

Remark 3 1t seems unlikely that the assumption u € Wllo’ cp can be weakened tou € Wlla’f ,as
announced in [13], unless we also replace p > 2 by p > 3; see [20, rmk. 2.19]. Fortunately,
the stronger assumption u € Wllo‘ f is satisfied in our applications of Theorem 2. These are
[13, proof of lemma 10.2], the Banach bundle setup introduced in Sect. 3, step 1 of the proof
of Theorem 7, and the proof of Proposition 9 on surjectivity of the universal section.

Theorem 3 (A priori estimates) Fix a perturbation V : LM — R that satisfies (VO)—(V1)
and a constant cy. Then there is a positive constant C = C(cg, V) such that the following
holds. If u : R x S — M is a solution of (7) such that Sy (u(s, -)) < co for every s € R,
then

10rulloc + 1Vedrttllog + 195t lloo + IVidsttll oo 4 I Vsdsutlloo = C.

The covariant Hessian of Sy, at a loop x : §' — M is the linear operator A, :
W22(S', x*T M) — L*(S', x*T M) given by

Ax§ = —ViVi§ — R(§, X)X — Hy(x)§ (C))

where R denotes the Riemannian curvature tensor and the Hessian Hy is defined by (4).
This operator is self-adjoint with respect to the standard L? inner product. The number of
negative eigenvalues is finite. It is denoted by indy,(Ay) and called the Morse index of A.
If x is a critical point of Sy, we define its Morse index by indy (x) := indy (A,) and we call
x nondegenerate if A, is bijective. Linearizing the heat equation (7) gives rise to the linear
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6 J. Weber

operator D, 1/\/l P [l see [18, app. A.2], which in the notation introduced above is
given by
Du§ = Vs§ + Ayé. (10)

Here u () := u(s, t) and the spaces £F and Wj’p are defined as the completions of the space
of smooth compactly supported sections of the pullback tangent bundle u*TM — R x S!
with respect to the norms

oo 1 /p
I, = //|s|f’drds ,
—00
. 1p (n
1€ lprr = //|&|P+M$|P+|ws|f’drds
—o0 0

Theorem 4 (Exponential decay) Fix a perturbation V : LM — R that satisfies (V0)—(V3)
and assume Sy is Morse.

(F) Letu : [0,00) x S' — M be a solution of (7). Then there are positive constants p and
co, C1,C2, ... such that

—pT
19sull ck (7. 00y x 51) < cke™”

forevery T > 1. Moreover; there is a periodic orbit x € P(V) suchthat u(s, -) converges
toxinCE:(SYH ass — oc.

(B) Letu : (—00,0] x S — M be a solution of (7) with finite energy. Then there are
positive constants p and cy, c1, c2, ... such that

—pT
||asu||ck((_oo,_nxsl) <cre ”

forevery T > 1. Moreover, there is a periodic orbit x € P (V) suchthatu(s, -) converges
to x in C2(Sl) as s — —oQ.

Theorem 5 (Fredholm) Fix a perturbationV : LM — R that satisfies (V0)—(V3), a constant
p > 1, and two nondegenerate critical points x* € P(V). Then for eachu € M(x~,x; V)
the operator D,, : W;’p — LV is Fredholm and

index D, = indy(x ™) — indy (xT).
Moreover, the formal adjoint operator D} = —V; + A, : ;,p — L8 is Fredholm with
index D} = —index D,.

See [21, thm. 3.13] for the stronger version announced in [13, thm. A.4] which, together
with Corollary 1 in Sect. 2.4 on exponential decay, proves Theorem 5.

Theorem 6 (Implicit function theorem) Fix a perturbation V : LM — R that
satisfies (V0)—(V3). Assume x* are nondegenerate critical points of Sy and D, is onto
for every u € M((x~",xT; V). Then M(x~,x%; V) is a smooth manifold of dimension
indy(x™) — indy(x+).

Proposition 1 (Finite set) Fix a perturbation V : LM — R that satisfies (V0)—(V3) and
assume Sy is Morse—Smale below level a in the sense that every u € M(x~,x"; V) is
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Morse homology for the heat flow 7

regular (i.e. the Fredholm operator D, is surjective) for every pair x* € P*(V). Then the
quotient space

/\//T(x_, V) = MG, x T V)/R

is a finite set for every such pair of Morse index difference one. Here the (free) action of R is
given by time shift (o, u) — u(o + -, -).

Theorem 7 (Refined implicit function theorem) Fix a perturbation V : LM — R that
satisfies (V0)—(V3) and a pair of nondegenerate critical points x* € P(V) with Sy(xT) <
Sy (x7) and Morse index difference one. Then, for every p > 2 and every large constant
co > 1, there are positive constants 8o and c such that the following holds. Assume Sy, is
Morse—Smale below level 2c%. Assume further that u : R x S' — M is a smooth map such
that u(s, -) converges in W-2(S") to x*, as s — o0, and such that

[su(s, t)] < [0;u(s, )| < co, [ViOu(s, )| < co,

_t
1452’
forall (s,1) € R x S! and
050 — V;d;u — gradV()ll,, < do.
Then there exist uy, € M(x~,xT; V) and £* € im D,’j* N W,l;p which satisfy
w=exp, (€, [&],y < cl1su — Vidu — gradV)]], -

In the previous theorem “cq large” means that the constant ¢ should be larger than
the constant Cyp in axiom (V0). Recall that a subset of a complete metric space is called
residual if it contains a countable intersection of open and dense sets. By Baire’s category
theorem a residual subset is dense. Throughout singular homology H., is meant with integer
coefficients.

Theorem 8 (Transversality) Fix a perturbation ¥V : LM — R that satisfies (V0)—(V3) and
assume Sy is Morse. Then for every regular value a there is a complete metric space O (V) of
perturbations supported away from P (V) and satisfying (V0)—(V3) such that the following
is true. If v € O*(V), then

POV =PV +v), Hi({Sy =ah) EH, Sy < a).

Moreover, there is a residual subset O;’eg V) € O%V) such that for each v € Ofeg (V) the
perturbed functional Sy 4, is Morse—Smale below level a.

1.3 Outlook

The next step is to relate heat flow homology HM,, to singular homology of the loop space.
In our forthcoming paper [22] we establish the following result.

Theorem 9 Assume Sy is Morse and a is a regular value of Sy. Then there is a natural
isomorphism

HMY(LM, Sy) = Ho (LOM), LM :={y € LM | Sy(y) <a}.

If M is not simply connected, then there is a separate isomorphism for each compo-
nent of the loop space. For a < b the isomorphism commutes with the homomorphisms
HM4 (LM, Sy) — HM2(LM, Sy) and Hy (L M) — H. (LPM).
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8 J. Weber

For a C! gradient flow on a Banach manifold, where the Morse functional is bounded
below and its critical points are of finite Morse index, Abbondandolo and Majer [1] proved the
existence of a natural isomorphism between singular homology and Morse homology. The
geometric idea is that the unstable manifolds carry the homologically relevant information. A
major point is to construct a cellular filtration of £¢ M by open forward flow invariant subsets
Fo C F) C...C Fy C LM such that Fy contains all critical points up to Morse index k
and such that relative singular homology Hy (Fy, Fj—1) is isomorphic to the free abelian group
generated by the critical points of index k in case £ = k and it is trivial otherwise. The idea
of their construction is the following. Let Fj be a union of disjoint, open, and forward flow
invariant neighborhoods of the critical points of index zero. Then fix small neighborhoods
of the index one critical points and consider the set exhausted by the forward flow (which
runs into Fy by the Morse—Smale condition). Now take the union of this set with Fy to obtain
F1. Clearly Fj is forward flow invariant. Moreover, it is open, because the time-z-map of the
flow is an open map. Continue with the index two points.

Unfortunately, the time-7-map for the semiflow generated by the heat equation does not
take open sets to open sets due to the extremely strong regularizing nature of the heat flow.
So new ideas are required. In [22] we define and use Conley index pairs for the critical
points in the infinite dimensional situation at hand. Recall that solving the forward time
Cauchy problem for the heat equation (7) for initial values in the Hilbert manifold AM =
wL2(s!, M) leads to existence of a continuous semiflow

@ :[0,00) x AM — A°M,

see [20]. Now a simple but crucial consequence of continuity of the time-7-map is that the
preimage @7 ~!(Fp) is an open subset of A*M. Here Fj is an open set consisting of local
(strict) sublevel sets near the index zero critical points. Moreover, for 7 > 0 sufficiently
large o7 maps the exit set L (of the Conley index pair (N1, L) associated to the index one
critical points) into Fy. Hence F7 := N1 U <pr’1 (Fp) is semiflow invariant (and open, since
N is open). Continue with index two.

1.4 Overview

In Appendix A we recall for convenience of the reader from [20] the definition of the relevant
parabolic spaces WX P and C*P and the parabolic bootstrap Proposition 12. It is a side remark
that its proof, hence Theorem 2, relies on the L? product estimate [21, le. 4.1] which allows
to deal with the quadratic first order part of the heat equation (7).

In Sect. 2 we study the solutions u to the heat equation (7). Since dsu solves the linearized
equation the results of [21] are available. In Sect. 2.1 we prove smoothness of WZIU’ cp solutions
and a compactness result for sequences with uniformly bounded gradient with respect to
appropriate norms. In Sects. 2.2-2.4 boundedness of the action is a crucial assumption. Fix
a positive constant cq. Then all solutions u of (7) with sup,.r Sy (u5) < co admit a uniform
a priori estimate for [|0;u||o (Theorem 12), uniform energy bounds (Lemma 2), uniform
gradient bounds (Theorem 13), and uniform L? exponential decay (Theorem 14). In Sect. 2.5
we study compactness of the moduli spaces M(x~, x*; V) in the case that Sy, : LM — R
is a Morse function.

Section 3 deals with implicit function theorems. Here, in addition to the Morse condition,
the Morse—Smale condition enters: To prove that the moduli spaces are smooth manifolds we
not only need nondegeneracy of the asymptotic boundary data (the critical points x*) but in
addition surjectivity of the linearized operators. Under these assumptions Proposition 1 asserts
that modulo time shift there are only finitely many heat flow lines from x ~ to x ™ whenever the
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Morse homology for the heat flow 9

Morse index difference is one. Here the compactness results of Sect. 2.5 enter. Furthermore,
we prove the refined implicit function Theorem 7, a major technical tool in [13]. Here the
required quadratic estimates use again the product estimate [21, le. 4.1]. Furthermore, the
choice of the sublevel set on which Sy, needs to be Morse—Smale requires care. The reason
is that one starts out only with an approximate solution u along which the action is not
necessarily decreasing. However, the assumptions guarantee that all loops u; are contained
in the sublevel set {Sy < 20(2)}.

Section 4 deals with unique continuation for the linear and the nonlinear heat equation
based on an extension of aresult by Agmon and Nirenberg. Backward unique continuation for
a forward semiflow may be surprising. Of course, there is an assumption: If the action along
the two semi-infinite backward trajectories u#, v which coincide at time s = 0 is bounded,
then u = v.

In Sect. 5 we construct a separable Banach space Y of abstract perturbations that satisfy
axioms (V0)—(V3). Assume Sy is Morse and a is a regular value. Then we define a Banach
submanifold O%(V) of admissible perturbations v. These have the property that Sy, and
Sy 4y do have the same critical points on their respective sublevel sets associated to a and,
moreover, both sublevel sets are homologically equivalent. The proof that there is a residual
subset Ofeg (V) of regular perturbations for which Sy, is Morse—-Smale below level a
requires unique continuation for the linearized heat equation and the fact that the action is
strictly decreasing along nonconstant heat flow trajectories.

In Sect. 6 we define Morse homology for the heat flow. In Sect. 6.1 we define the unstable
manifold of a critical point x of the action functional Sy : LM — R as the set of endpoints
at time zero of all backward halfcylinders solving the heat equation (7) and emanating from
x at —oo. The main result is Theorem 18 saying that if the critical point x is nondegenerate,
then this is a contractible submanifold of the loop space and its dimension equals the Morse
index of x. Here we use unique continuation for the linear and the nonlinear heat equation. In
Sect. 6.2 we put together everything to define the Morse complex for the negative L? gradient
of the action functional on the loop space.

Note that despite the title of this text the fact that the heat equation generates a forward
semiflow is nowhere used. In contrast we study the heat equation in analogy to Floer theory
in terms of a boundary value problem for infinite cylinders in M which are solutions of the
(parabolic) PDE (7). However, the semiflow point of view will be useful to construct a natural
isomorphism to singular homology of the loop space via Conley theory in our forthcoming
paper [22].

Notation If f = f (s, t) denotes a map, then f; abbreviates the map f(s, ) : t — f(s,1).
In contrast partial derivatives are denoted by d; f and o; f.

2 Solutions of the nonlinear heat equation

2.1 Regularity and compactness

Throughout Sect. 2.1 embed the compact Riemannian manifold M isometrically into some
Euclidean space RY and view any continuous map u : Z = (—7T,0] x S! — M as a map
into RY taking values in M. We indicate this by the notation u : Z — M <> RN . Then the

heat equation (7) is of the form

osu — 0;0;,u = I'(u) (0;u, oyu) + F. (12)
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10 J. Weber

Here and throughout this section I denotes the second fundamental form associated to the
embedding M < RY and the map F : Z — R" is given by

F(s, 1) = (gradV(uy))(1). (13)
Recall the definition of the WX-? and the C¥ norm in (79) and (80), respectively.

Proposition 2 Fix a perturbation V : LM — R that satisfies (V0)—(V3), constants p > 2
and po > 0, and cylinders

Z=(=T,01xS", Z=(T7,01xS", T>T1 >0.

Then for every integer k > 1 there is a constant ¢ = cx(p, po, T, T', V) such that the
following is true. If u : Z — M < RN is a W'P map such that

llull + 10suell ), + 1107wl , + 1180 ull , < pro (14)
and which satisfies the heat equation (12) almost everywhere, then
||M||Wk»p(z/,1RN) =< Ck-

Proposition 2 follows by induction from the bootstrap Proposition 12 and Lemma 1 below.
By standard arguments it implies the following two results.

Theorem 10 (Regularity) Fix a perturbation V : LM — R that satisfies (V0)—(V3) and
constants p > 2 and a < b. Let u be a map (a, b] x S' — M < RY which is of Sobolev
class WY and solves the heat equation (12) almost everywhere. Then u is smooth.

Theorem 11 (Compactness) Fix a perturbation V : LM — R that satisfies (V0)-(V3) and
constants p > 2 and a < b. Let u” : (a,b] x S' — M < R be a sequence of smooth
solutions of the heat equation (12) such that

sup ||8tu” ||OO + sup ||85u” Hp < 00.
v v

Then there is a smooth solutionu : (a,b]x S' — M of (12) and a subsequence, still denoted
by u”, such that u” converges to u, uniformly with all derivatives on every compact subset
of (a,b] x S'.

T-T'
r

Proof of Proposition 2 Consider the family 7, := T’ + ,r € [1,00), and the corre-

sponding nested sequence of cylinders
Z, :=(-T,,01xS', Z=21>2,>223>---2>Z.

Denote by Cy the constant in (V0). More generally, for £ > 1 choose C, larger than Cy_;
and larger than all constants C (k’, ¢/, V) in (V3) for which 2k’ + ¢ < £. O

Claim The map F given by (13) is in WP (Zy1) for every integer £ > 1.

This implies Proposition 2: Given any integer k > 1, then F € WP (Z;, 1) by the claim.
Furthermore, by inclusion Z;41 C Z and (14)

lulrr iz, < lullwierzy < Ho-

Hence by Corollary 2 for the pair Zi» C Zi4 there is a constant ¢4 depending on p, o,
Zk+2, Zk+1, ||F||C2k+2, and ||F||Wk-V(Zk+1) such that

Nullyrrrozy < Nullypesip(z ) < Ckt1-
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Morse homology for the heat flow 11

It remains to prove the claim. The proof is by induction.

Step £ = 1 We need to prove that F, 9; F, 9 F, and 9;9; F are in L?(Z;). The domain of all
norms of I" and its derivatives is the compact manifold M. The domain of all other norms is
the cylinder Z unless indicated differently. By axiom (V0) with constant Cy it follows (even
on the larger domain Z) that

IFllw=sup llgradV(us)ll 51y < Co (15)
se(—T,0]

and therefore || F||, < || F|loo (VoI Z)1/P < CoT1/P. Next we use axiom (V1) with constant
Cy > Cy to obtain that

19: Fll, < IVigradV()ll,, + IT" () (3;u, gradV (@)l ,
< Cy (14 18ull ) + 1T oo I13r2ll 1| Fll oo
< C1(1 + po) + ITlo 10Co.-

Here we used the assumption (14) in the last step. Now by the bootstrap Proposition 12 (i)
for k = 1 and the pair Z4/3 C Z there is a constant a; depending on p, wo, Z4/3, Z, ||| ¢4,
and the L?(Z) norms of F' and 9, F such that ||8,u||W1.p(Z4/3) < ay. Then by the Sobolev

embedding WP < €O with constant ¢’ = ¢/ (p, Zs,3) it follows that d,u is continuous on
Z4;3 and
||3t14||c0(25/3) < ||ar1/l||wl<p(zs/3) <ac. (16)

Again using axiom (V1) we obtain similarly that
195 Fll, < [IVsgradV(u) ||, + IT" () (9u, gradV(u)) |,
< 2C1 185l + 1T oo N5l 1 F o
=< 1o 2C1 + Il Co) -
In order to estimate 9,0, F observe first that
IVidrull L (zs,5) < 10:0:ullLp(zs,5) + 1T Moo 10ruel - [8ruel | L ()5
< 10 + T Nlog 10rull co(zs 5 13rttll Lp (255
< o + IT oo a1’ o.

Here the last step uses assumption (14) and the CY estimate (16) for 9,u which requires
shrinking of the domain. Now by axiom (V3) for k = 0 and ¢ = 2 there is a constant still
denoted by C; = C1(V) such that

MV F| < Cr 1+ 8u] + 1%,u]) (17)
pointwise for every (s, t). Integrate this inequality to the power p to get that
IVMVeFll L (zs,5) < Ci (1 + 10 ull L (z5,5) + ||vtatu“LP(ZS/3))
< Ci (14210 + IT lloo a1¢'10) -
By straightforward calculation we obtain

10:0: FllLr(zs;y < IViViFlle + 11dT oo | 0;uell co [10ruell Lo 1 Fll co
+ T oo 8¢ sl Lr 1 Flco + 2 T [loo 1972l co 119: Fll L
+ T35 19sullco l1drall o I1F o
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12 J. Weber

where all C% and L? norms are on the domain Zs /3. Now the right hand side is bounded
by a constant ¢ = c(p, po, ¢’, C1, |[T|l¢1) by assumption (14), the estimates for F and its
derivatives obtained earlier, and (16).

Induction step £ = £ + 1. Let £ > 1 and assume that the claim is true for £. This
means that F is in W5P(Zy41) and therefore oy := ”F”WLp(ZZ_'_l) < o00o. Hence by
Corollary 2 for the integer £ and the pair of sets Zg41 D Zgy3,2 there is a constant
ce = ce(p, o> Tev1, Tegsy2, Tl 2er2, ) such that

||“||w(+l~p(z£+3/2) = ¢y, ||u||c€(z£+3/2) = C¢. (18)

The second inequality follows from the first by the Sobolev embedding W!-# < €0 applied
to each term in the C* norm. Then choose c; larger, if necessary. It remains to prove that the
W‘Z”’(ZHZ) norms of d; F, d; F, and 9,0, F are finite. Similarly as in step £ = 1 we obtain
that
||31F||WL11(ZH3/2) < IV Fllyyer + 1T @) @ru, F)llyyer
< C1 (Illyyer + 13ullyyer)
+E T lee (1Beullyper 1 Flloo + lellce I1F llyyer)

< CiL (TP +¢) + EIIT e (ceCo + coa) .
Here the domain of all norms, except the one of I', is Z¢3/2. The first step is by definition of
the covariant derivative and the triangle inequality. Step two uses axiom (V1) and Lemma 1
with constant ¢. The last step uses the estimates (15), (18), and the definition of «; in the
induction hypothesis. Now by the refined bootstrap Proposition 12 there is a constant ag
such that

I0:ullyyerip iz, p) < aes1,  N0sulleecz, ) < aei- (19)

Next observe that

105 Fllywe.r(zy.n)
= IV Fllyyer + 1T @) @su, F)llyyer
< 2C1 18sullyyer + C T lce (19sullyper 1Flloo + (lullce + I8iulice) 1F llype.r)
<2Cice + C'ITlge (ceCo + (¢ + ap1)ae) -
Here the domain of all norms, except the one of I', is Zy. Again the first step is by definition
of the covariant derivative and the triangle inequality. Step two uses axiom (V1) and Lemma 1

with constant C’. The last step uses the estimates (15), (18), (19), and the definition of o in
the induction hypothesis. Similarly as in step £ = 1 we obtain that

||at8tF||Wl»p(zH2)

< IVMViFllyyer + 1A () Oru, 0w, F)llyye.p
+ 1T () (8:0pu, F)llyyer + 2 1T (@) (Brut, 3 F)llyye.p
+ 11T (@) (Bru, U (u) (Bru, F))llyyer

<Ci (Tl/p + 10:ullyyer + 10 0ullyyep + IIT e 107l e ||3tu||wf.p)
+1dT || ce ||8tu||?3l 1 F lye.p
+E T Nlge (19:0suellyye 1 Flloo + ldsuelice IIF llyper)
+21IT e Idulice 13 Fllyper + IT 15 18020 1F e -
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Morse homology for the heat flow 13

Here the domain of all norms, except the one of I', is Zy47. In the second step we used
axiom (V2) with constant C; to estimate the term V;V; F and we spelled out the covariant
derivative arising in V;d,u. Moreover, crudely pulling out C* norms worked for all terms
but the third one, the one involving 9;9,u, here we used Lemma 1 with constant ¢ for the
functions 9;9;u and F. Now all terms appearing on the right hand side have been estimated
earlier. This proves the induction step and therefore the claim and Proposition 2.

Lemma 1 ([20, le. 2.21, le. 4.4]) Fix a constant p > 2 and a bounded open subset Q2 C R2
with area |2|. Then for every integer k > 1 there is a constant ¢ = c(k, |2|) such that

A

I8 - vllyyer < € (19rullyir Nvlloo + luelicr 0llyer)
1852 - vllyyer < cN3sullyyer 1Wlloo + ¢ (luller + IBullcr) Tl

for all functions u, v € C®(Q).

Proof of Theorem 10 Fix any point z € Z = (a, b] x S' and a subcylinder Z’' = (a’, b] x §!
that contains z and where a’ € (a, b). Set ug = lullyyr.p(z gV, then Proposition 2 for the
function i (s, t) := u(s + b, r) and the constants T = b — a and T’ = b — a’ implies that

we (YW (z RNy = (| Whr(z' . RN) = C®(Z', RY).

k>0 k>0
See [8, app. B.1] for the last step. Hence u is locally smooth. O
Proof of Theorem 2 Theorem 10. O

Proof of Theorem 11 Shifting the s variable by b and setting T = b —a, if necessary, we may
assume without loss of generality that the maps u" are defined on (—7', 0] and, furthermore, by
composition with the isometric embedding M < R¥ that they take values in R" . All norms
are taken on the domain (—7, 0] x S!, unless indicated otherwise. To apply Proposition 2
we need to verify that the maps u” : (=T, 0] x S' — R¥ satisfy the four a priori estimates
in (14) for some constant ;¢ independent of v. To see this observe that

Ju”|l, < Ju [ VoL (=T, 01 x $") < ey TV/P

for some constant ¢; depending only on the isometric embedding M < R¥ and the diameter
of the compact manifold M. By assumption there is a constant ¢, independent of v such
that [|9,u”[l, < [3u"llecT'/P < c2TVP and ||d5u”||, < cy. Then it follows by the heat

equation (12) that
Vo, < |9su” |, + [ eradv @], < e2 + CoT V7.

In the second step we used (VO0) to estimate gradV(1") in L from above by a constant
Co = Co(V). By definition of the covariant derivative
[o:0” ][, < [0, + 1Tl coqany 3" 0",
<+ CT'? 4+ C%Tl/p TN cocary -
Now set g = c» + CoT'/P + C%Tl/p T coary + (1 + ¢2)T'/?. Then Proposition 2
asserts that for every constant 7/ € (0, 7T) and every integer k > 2 there is a constant
cx = cx(p, po. T, T', V) such that [[u” |l yyk.p o gyy < cx where Q = [—T7,0] x S'. Recall

that the inclusion W7 (Q) — C*~1(Q) is compact; see e.g. [8, B.1.11]. Hence there is a
subsequence which converges on Q in the C* topology. We denote the limit by u € C¥(Q).
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14 J. Weber

Since this is true for every k > 2 there is a subsequence, still denoted by u", converging on
Q to u, uniformly with all derivatives. Since this is true for every compact subcylinder Q
of (=T, 0] x S', the theorem follows by choosing a diagonal subsequence associated to an
exhausting sequence by such Q’s. Because, in particular, the convergence is in C® and the
u" take values in M, so does the limit u. By C¥ convergence with k > 2 the limit u satisfies
the heat equation (12). ]

2.2 An a priori estimate

Theorem 12 Fix a perturbation V : LM — R that satisfies (V0)—(V1) and a constant cy.
Then there is a constant C = C(cq, V) such that the following holds. Assumeu : Rx S ' > m
is a solution of the heat equation (7) such that

sup Sy (u(s, ) = co,
seR

then ||0;ull o < C.

Proof The idea is to first derive slicewise L2 bounds, then verify the differential inequality
in [13, lemma B.1] and apply the lemma using the slicewise bounds on the right hand
side. The slicewise bound for d;u follows easily from the assumption ¢p > Sy(us) =
%na,us ”iZ(sl) — V(uys) where uy(t) := u(s, t). Let Co denote the constant in (VO0), then this
implies that

181511251, < 260 +2V(us) < 260 +2Co (20)
for every s € R. Consider the pointwise differential inequality given by

(33 — 8) 18ul* = 2|V dul® + 2((NV — Vi) du, dpu)
= 2|V dul* — 2(VigradV(u), 0 u)

> —2Cy (1 + |9;ul) |0;ul

> —Cy —3Cy |ul*.

\Y

To obtain the second step we replaced V;d;u according to the heat equation (7) and used that
V;0su = V;0;u. The third step is by condition (V1) with constant C. Choose (sg, tp) € Rx sl
and apply [13, lemma B.1] in the case » = 1 and with w(s, t) := % + |0;u(so + s, tg + t)|2
and a = 3C to obtain

0 +1

1
w(0) < cle“// (g + |0;u(so + s, tg + t)Iz) dtds

—1-1
0

2
= C1€3C1 g + 2/ ”3[”50—}-5 ||iQ(S') ds
-1

Theorem 12 then follows from the slicewise estimate (20). ]

Lemma 2 Fix a constant c¢o and a perturbation V : LM — R that satisfies (V0) with
constant Co. If u : R x S' — M is a solution of (7), then

supSy(u(s,)) <co = E) <co+Co
seR

and Sy (ua) — Sy (up) < 2E(u) + C} + 2Co for all reals a < b.
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Morse homology for the heat flow 15

Proof The first assertion is standard. Using the energy identity (8) and the negative L?> gra-
dient flow property of the heat equation we obtain that E[_7 7)(u) = Sy (u_7) — Sy (ur) <
Sy(u_r) + Cy forevery T > 0. The last step is by (VO). Next by partial integration and (7)
we obtain that

b
Buglld — |18,up)? = d By, O d
10:uallz — 0suplls = — a( tUs, tus>L2(Sl) s

a

= 2(0sus, Vtatus>1‘2
< ||1sull3 + [18su — grad V(u)||3
< 3E(u) +2C§.

The last step is by the energy identity (8) and (V0O). Now use that || 9, u ||% =28y (us)+2V(uy)
by definition (5) of the action. Apply (V0) again. O

2.3 Gradient bounds

Linearizing the heat equation (7) at a solution u provides the linear heat equation
Dy§ :=Vs§ —ViVi§ — R(§, du)du — Hyu)§ = 0. 2n

for smooth vector fields & along u. Note that £ := d;u is a solution. The definition of D,
makes sense for arbitrary smooth maps u : R x S! — M. The formal adjoint operator
with respect to the L? inner product is given by

D& = —VsE — ViViE — R(E, du)dyu — Hy (w)E. (22)

Theorem 13 Fix a perturbation V : LM — R that satisfies (V0)—(V2) and a constant c.
Then there is a constant C = C(co, V) > 0 such that the following holds. Ifu : R x ' — M
is a solution of (7) that satisfies sup,cp Sy (u(s, -)) < co, then

195u(s, O + [Vidsu(s, 1)[* < CEfy—1,5(u)
Ve Bt (s, D)1 4 Vi Vidsu(s, 1)[* < CEfy—2,5(u)

forevery (s, 1) € R x S'. Here
B = [ laul
IxS!

denotes the energy of the solution u over the set I x S'.

Proof By Theorem 12 there is a constant Co = Cp(cg, V) such that ||0,;ull, < Cp. Let
C = C(Cop, V) be the constant of [21, thm. 3.3] with this choice of Cy. Since & := dyu solves
the linearized heat equation, the a priori estimate [21, thm. 3.3] shows that

10su(s, 1)|* < C*Eps—1.) < C*(co +¢)

forevery (s,t) e Rx § 1 Here the last step is by Lemma 2 and axiom (VO0) with constant ¢’.
Use that u solves (7) and satisfies axiom (V0) to obtain that

I%3rttlloo < 18sullog + llgradV(u)ll o < Cv/eo + ¢ +¢'.

Now choose Cy larger than 2C+/co + ¢’ + ¢’ and let C = C(Cy, V) be the constant of [21,
thm. 3.3] with this new choice of C¢. Then [21, thm. 3.3] proves the desired estimate for
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16 J. Weber

|V;osu|. Hence ||V, 051 || is bounded by Lemma 2. Then ||V, V;0;u | » is bounded by (7) and
axiom (V1). Hence the a priori estimate [21, thm. 3.4] applies with a new choice of Cp and
proves the remaining two estimates of Theorem 13. O

Proof of Theorem 3 Theorem 12, Theorem 13 and Lemma 2. Only (V0)-(V1) are used.
Use (7) and (VO0) to obtain the estimate for V;d;u. ]

2.4 Exponential decay

First we prove asymptotic exponential decay for solutions u of the heat equation (7) assuming
only an action bound, say a € R, along u. In this case nondegeneracy of all critical points
(at least below level a) is essential.

Subsequently we deal with the case u € M(x~; xT; V). Here boundedness of the action
is automatic and, in addition, existence of asymptotic boundary conditions x is part of the

assumption on u. In this case nondegeneracy is only required for x*.

Theorem 14 (Exponential energy decay) Fix a perturbation V : LM — R that satis-
fies (V0)—(V2). Suppose Sy is Morse and fix a regular value a € R of Sy. Then there are
constants 8y, ¢, p > 0 such that the following holds. If u : R x S' — M is a solution of (7)
that satisfies supscp Sy (u(s, -)) < a and

ERr\[—15,101(1) < 8o (23)
for some Ty > 0, then
Er\-1.71@) < ce™?T710 Ep (0 7 ()
forevery T > Ty + 1.

Lemma 3 (Critical point nearby) Fix a perturbation V : LM — R that satisfies (V0), a
regular value a € R of Sy, and a constant § > 0. Then there is a constant ¢ > 0 such that
the following is true. Suppose y : S' — M is a smooth loop such that

Sy(y) =a, [Vidry +gradV(y)ll < &

Then there is a critical point x € P*(V) and a vector field & along x such that y = exp,.(§)
and || |loo + Vi€ lloo + 1V Vil oo < 6.

Proof Firstnote that |9,y II% =28y (y)+2V(y) < 2(a+C) where C is the constant in (VO).
Now, assuming ¢ < 1, we obtain the pointwise inequality

d
o 19,7 1* = 208y, %oy + gradV(y)) — (&, gradV(y))
<2@E+0) 0yl <A +C)P*+ 13y

Integrate this inequality to see that |3, (11)1> — |y (t10)|*> < (1 + C)? + |3,y ||3 for tg, 11 €
[0, 1]. Integrating again over the interval 0 < 79 < 1 gives

1yl < /(L4 O + 2010712 < ¢ (24)

where ¢2 ;= (14+C)? +4(a + O).
Now suppose that the assertion is wrong. Then there is a constant § > 0 and a sequence
of smooth loops y, : S! — M satisfying

Svn) <a,  lim (1% + gradV(m)ll.) = 0,
V—>00
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but not the conclusion of the lemma for the given constant §. We know that sup,, [|V; 9 ¥yl oo <
oo by (V0) and sup, |9,y < o0 by (24). Hence, by the Arzela—Ascoli theorem,
there exists a subsequence, still denoted by y,, that converges in the C'-topology. Let
x € CI(S', M) be the limit. We claim that this subsequence actually converges in the
C2-topology. In this case V;d;x + gradV(x) = 0, hence x € P*(V). But this contradicts our
assumption on the sequence y,, and proves the lemma.

It remains to prove the claim. For simplicity, we assume that M is isometrically embedded
in Euclidean space R" for some sufficiently large integer N. Since sup, IV ormll, < o0,
the Banach—Alaoglu Theorem asserts existence of a subsequence, still denoted by y,, and
an element v € L? such that V;d,y, converges to v weakly in L. Note that v is equal to
the weak r-derivative V;d;x of d,x. Now gradV(y,) converges to gradV(x) in L*> (hence in
L?) by axiom (VO0) and to —v weakly in L?. Thus v = —grad)(x) by uniqueness of limits.
Hence v € C? and therefore V;9,x € C°. Using our assumption on the sequence y, it follows
that V;d;y, = —gradV(y,) converges in L* to —gradV(x) = v = V;0;x, as v — 00, and
this proves the claim.

Proof of Theorem 14 Recall that if u is a solution of the heat equation (7), then § := du
solves the linear heat equation (21) and E;(§) = ||& ||i2(1 s for each interval / C R. Hence
it remains to check that the assumptions of [21, thm. 3.9] and [21, rmk. 3.10] on exponential
L? decay are satisfied by our given solution «. In particular, we need to show that i converges
asymptotically in W>2(S!) to nondegenerate critical points x*. Here Lemma 3 enters.

Given a and V, let C = C(a, V) be the constant in Theorem 13 with this choice. Let
Co = Co(V) be the constant in axiom (V0). Then E(u) < a + Cp by Lemma 2, hence
l0sut|loc < CE(u) < C(a + Cp) by Theorem 13. Note that

[slla = l0suslly < 19suslloo < 0s5ullo < Cla+ Co),

for all s € R, and that for every x € P*(V) it follows that

co:=+v2a+2C0+Co = |0:xlr+ [IMxl, < co.

These are already two of the assumptions in [21, thm. 3.9]. Let § and p be the constants in
that theorem with this choice of cg(a, V). If necessary, choose § > 0 smaller than one quarter
the minimal C° distance ¥ = « (a) of any two elements of P*(V). Let ¢ be the constant in
Lemma 3 associated to @ and § and set

8o := min {e%/4C, §*/4C} .

Note that §, p, €, and 9 depend only on a and V. Now assume (23) holds true for some
constant 7o = Tp(u) > 0 with this choice of 8g. Suppose |s| > Ty + 1. Then E5_1 5j(u) <
Er\[—T1y,191(t) < 8o by assumption (23). Now Theorem 13 (gradient bound) implies that

”83’/‘5 ”oo + ”Vtasus ”oo <V CE[_\‘fl,s](u =V Cép < min {‘9’ 8} . (25)

Hence by Lemma 3 for y := u; using (25) and (7) there are x* e P2(V) with

Uy = expxi(nf), ||77§‘E||C2(Sl =94,

whenever |s| > Ty + 1. Although the critical points x* a priori depend on s they are in fact
independent, because § < k/4 and P*(V) is a finite set by the Morse condition. Moreover,
injectivity of the operators A= is equivalent to nondegeneracy of the critical points x*
which is true by the Morse condition. Then [21, thm. 3.9 and rmk. 3.10] conclude the proof
of Theorem 14. O
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18 J. Weber

To prove Theorem 4 it is useful to denote exp,, (§) by E («, &) and define linear maps, for
EeT,Mandi, je{l,2}, by

Ei(u,&): TyM — Toyp,eM, Eijj(u,&): TyM xTyM — Toxp,eM.

Ifu : R — M is a smooth curve and &, 5 are smooth vector fields along u, then the maps E;
and E;; are characterized by the identities

d
75 FXPu(&) = Er(u, £)dsu + Ex(u, £)Vi&

Vs (E1(u, §)n) = E11(u, §) (0, d5u) + Er2(u, &) (1, Vs&) + E1(u, §)Vin (26)
Vs (E2(u, §)n) = Ez1(u, §) (0, 95u) + Exn(u, §) (1, V&) + Ea(u, §)Vsn.

These maps satisfy the symmetry properties
Ei(u, &) (n,n) = Ex(u. &) (n'.n), Ex@.&) (n.n)=Exw,& @', n), @7
and the identities

Ei1(u,0) = Epp(u,0) = Exn(u,0) =0, Ei(u,0)=Eyu,0)=1. (28)

Proof of Theorem 4 We prove exponential decay in three steps.

I. FINITE ENERGY. If u : [0, 00) x S — M, then E (1) < Sy (ug) + Co by (the proof
of) Lemma 2 where Cj is the constant in axiom (VO0).

II. BOUNDED ACTION ALONG u AND EXISTENCE OF ASYMPTOTIC LIMITS. Consider
the backward case (B). By Lemma 2 it follows that

sup Sy (us) < 2E(u) + C3 +2Co + Sy (uo) =: co. (29)
s€(—00,0]
Now fix a regular value a > ¢ of Sy. First we prove that d;u(s, t) — 0 uniformly in ¢, as

s — —oo. To see this let C > 0 be the constant in Theorem 13 (gradient bounds) and let
s > 1, then

§—>00

s
|su(s, )] < CEy_1.(u) = C / 1051617251, do =30
s—1

where the last step follows by finite energy of . Thus by the heat equation (7) also V,d;u +
gradV(ug) converges to zero in L*°(S!). Hence it follows from Lemma 3 that there is a
critical point x~ € P%(V) and, for every sufficiently large s, there is a smooth vector field
& along x~ such that
Uy = expy- )y Nlloo + 1% lloo + 1V Viks oo = 0.

(The set P4 (V) is finite, because Sy is Morse.) This and the identities for the maps E;; in (26)
imply that

9sttlloo + 19rttlloo + IV Ortt[low < 0. (30)

In the forward case (F) the action along u is bounded from above by ¢ := Sy (u¢) due to the
negative gradient flow property. The remaining part of the proof goes through unchanged.

III. EXPONENTIAL DECAY. Consider the forward case (F). We prove by induction that
for every k € N there is a constant ¢ > 0 such that

||8s“||wkv2([s,oo)xsl) = C;( ||3s“||L2([s—k,oo)xsl) (3D
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for every s > k. This estimate, the energy identity (8), and Theorem 14 with constants
8o, ¢, p and Ty chosen sufficiently large such that (23) holds, show that

18521l Wiz (s.00) .51 < Chr/ Els—k.001 (1) < cj/cSoe™PEF=T0)/2

whenever s > k + Ty + 1. The Sobolev embedding WX < C*~2, e.g. on the compact
set [s,s + 1] x S1, concludes the proof of forward exponential decay (F).

It remains to carry out the induction argument. It is based on the following identity.
Linearize the heat equation (7) in the s-direction to obtain that

(V% — ViVp) 5u = R(dsu, 8;u)d;u + Hy (u)dsu. (32)

Observe that [13, le. D.2] applies by (30); formally add to u a smooth half cylinder imposing
a uniform limit as s — —o0. Fix 59 > 1 and pick a smooth nondecreasing cutoff function
B : R — [0, 1] equal to zero for s < sg — 1, to one for s > 59, and whose slope is at most
two. Now [13, le. D.2] for p = 2 applied to & shows that there is a constant ¢’ > 0 such
that

IVSE 1 L2 (150,000 x 51y F TV I L2 (150,00 51y F+ ITVEVEE N 12150, 00) x 51
< (IIVs& = ViViE Nl 221sp—1.00)x51) F I L2 (150—1.00) x 51) (33)
for every £ € C3°([0, 00) x S', u*T M). We used [13, le. D.4] to include V.

We prove the induction hypothesis (31) for k = 1. Let s > 1 and denote by C; > 0 the
constant in (V1). By (33) with £ = d,u and (32) it follows that

Vs 0sull 215,00y x 51y + 1V Osull 215,00y x 1) + 1VEVEOsutll L2([5.00) x ST
< ¢ (0% = YW dsull 251,00y x5y + 19521l 22151, 00y 51)
= ¢’ (IR su, du)dpu + Hy () sl 251,00y x51) + 1952l 12 15— 1,00)x51)
< ¢ (IR llollduell3, + 2C1 + 1) 13sutll L2151, 00) w51 -

Observe that the induction hypothesis (31) for k = 2 follows similarly. Assume s > 2.
Then by (33) with & = V;0,u and (32) it follows that

Vs Vs sl L2 15,00y x 51y T+ IV VaOsutll L2 15,00y x 51y F TV VE Vs 05l 12 (15,00) x 519
= ¢ (I% Ry, 009y + Hop @) + (%%, V5105l 211,y

+ ”vsas"t”Lz([s—l,oo)xSl))'

Now use s > 2, the a priori estimates (30), axiom (V2), and the case k = 1 to bound the right
hand side by a constant times [|9su| ;2 (5—2.00)x s1)- Then the L? bound for V} V,d;u obtained
earlier in the case k = 1 together with the identity V;V,osu = V,V;05u — R(0;u, dsu)0su
imply an L? bound for V, V, d,u.

To prove the induction hypothesis (31) for k = 3 requires the yet unkown fact that
[IViosu|looc < o0. Note that our heat flow solution « admits an upper action bound, namely
Sy (u(0, +)), and this is the essential assumption of Theorem 12 and Theorem 13. Hence
corresponding versions recover (30) and prove the desired estimate. The latter is crucial,
because (33) with & = V,V,;d;u and (32) lead to terms of the form

| R(Vosu, Vtasu)atu”Lz([s,oo)xSl)’
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whereas our induction hypothesis in the case k = 2 only provides a C° bound for d;u.
The remaining part of proof follows the same pattern as in the case k = 2. Here we use
axiom (V3).

Now fix an integer k > 3 and assume the induction hypothesis (31) is true for every
¢ e {1,...,k}. In particular, we have W52 and C*~2 bounds for d;u on the appropriate
domains. Apply (33) with & = Vi*9;u and (32) to obtain L? bounds for V¥t 3,u and
V,V.ko,u. Here we use axiom (V3) and the induction hypothesis for £ € {1,...,k}. A
problem of the type encountered in the case k = 3 does not arise, since we have C¥~2
bounds for d;u with k > 3. To obtain L2 estimates for the remaining terms of the form
VI VK= 9.u with Jj = 2 use (32) to treat any V;V; for one V;. This reduces the order of the
term, hence the induction hypothesis can be applied. This completes the induction step and
proves (F). The backward case (B) follows similarly. ]

Corollary 1 Fix a perturbationV : LM — R that satisfies (V0)—(V3), two nondegenerate
critical points xt € PWV), and an element u € M(x~,x*: V). Then there are positive
constants p and cg, c1, c2, ... such that

Havu ”Ck(]R\[—T,T]XSl) < ckepr

forevery T > 1.

Proof (1) Since u € M(x~, x"; V), its energy is finite by (8). (II) Use (29) to see that the
action is bounded along u. Existence of asymptotic limits of # holds by definition. Now (III)
in the proof of Theorem 14 applies. O

Proof of Theorem 5 By Corollary 1, the heat equation (7), and axioms (V0-V 1) the assump-
tions of the Fredholm Theorem [21, thm. 3.13] are satisfied. O

2.5 Compactness up to broken trajectories

Proposition 3 (Convergence on compact sets) Assume that the perturbation V : LM —
R satisfies (V0)—(V3) and Sy is Morse. Fix critical points xt e POV) and a sequence
of connecting trajectories u’ € M(x~,x"; V). Then there is a pair x9,x; € P(V), a
connecting trajectory u € M(xg, x1; V), and a subsequence, still denoted by u”, such that
the following is true.

(i) The subsequence u" converges to u, uniformly with all derivatives on every compact
subset of R x S'.
(i) Foralls € Rand T > 0 it holds that

Sy (u(s, ) = UIHIO‘OSV(”‘V(S’ ). E—r,m(u) = Jim Er—r,11(u").

Proof Since the flow lines u” connect x™~ to x™ and the action Sy, decreases along flow
lines, it follows that sup;cr Sy (u” (s, -)) = Sy(x~) =: co. Hence by the a priori estimates
Theorem 12 and Theorem 13 there is a constant C = C(cg, V) such that |d;u" (s, t)| < C,
and [95u" (s, 1)|* < C? (Sy(x™) — Sy(x™)), forevery (s, 1) € R x S'. To obtain the second
estimate we used the energy identity (8) for connecting orbits. Now fix a constant p > 2 and
pick an integer £ > 2. Then the assumptions of Theorem 11 are satisfied for the sequence u"
restricted to the cylinder Z, = (—¢, £] x S!. Hence there is a smooth solution u : Z; — M
of the heat equation (7) and a subsequence, still denoted by u”, such that u” converges to u,
uniformly with all derivatives on the compact subset [—¢ + 1, £] x S Lof Z;. Now (i) follows
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by choosing a diagonal subsequence associated to the exhausting sequence Z, C Z3 C ...
of R x §'.
To prove (ii) note that for every 7 > 0 we obtain that

. 2 . _
E[_T,n<u>=vglgo/|asu”| — lim Elrn@") < Syr) - Syl
Zr

where the first step uses that by (i) the sequence d;u" converges to dsu, uniformly on compact
sets. The second step is by definition of the energy and the last step is again by the energy
identity (8). Hence the limit u : R x §! — M has finite energy and so by Theorem 4 belongs
to the moduli space M (xg, x1; V) for some xg, x; € P(V). To prove convergence of the
action at time s note that V (u(s, -)) = lim,— o V (1" (s, -)), because V is continuous with
respect to the CY topology on £M by axiom (VO0). Convergence of the action at time s then
follows from the fact that d;u" (s, -) converges to d;u(s, -) in L>(S1). O

Lemma 4 (Compactness up to broken trajectories) Assume V : LM — R satisfies (VO)—
(V3) and Sy is Morse. Fix distinct critical points x* € P(V) and a sequence u’ €
M(x~, x+; V). Then there are a subsequence, still denoted by u", critical points x,...,Xn,
with xo = x1 and x,, = x~, solutions

ug € M(xg, xp—1; V), dsur Z0, k=1,...,m,

and sequences s}, such that the shifted sequence u” (s }f)

with all derivatives on every compact subset of R x S
Dhey E(u) = Sy(x7) = Sp(xh).

+s, t) converges to uy (s, t), uniformly
. Moreover, these limit solutions satisfy

Proof In [13, of lemma 10.3] replace lemma 10.2 by Proposition 3. O

3 The implicit function theorem

Throughout this section we fix a smooth perturbation V : LM — R that satisfies (V0)-(V3)
and two nondegenerate critical points x* of Sy. The idea to prove the manifold property
and the dimension formula in Theorem 6 is to construct a smooth Banach manifold which
contains the moduli space M(x~, x*; V) and then carry out the proof locally near each
element of the moduli space.

Fix a real number p > 2 and denote by

BYP =BLP(x, xT) (34)

the space of continuous maps u : R x S! — M, which satisfy the first limit condition
in (3), are locally of class WP, and satisfy the asymptotic conditions £* & Wl'p(Z%)
for some sufficiently large T > 0 where Z; = (—o00, —T] X S! and Z;f = [T, ) x
SL u*T M); this implies the second limit condition in (3). Here & + are defined pointwise
by the identity exp, .+, E%(s, 1) = u(s, t). The space B'? carries the structure of a smooth
infinite dimensional Banach manifold. The tangent space T, B"-? is given by the Banach space
W,l '? whose norm s defined in (11). Around any smooth map u local coordinates are provided
by the inverse of the map (p,,_l 1V, —» BLp givenby & — [(s,1) > €XPy(s.1) &(s, t)] where
Vu C W,i’p is a sufficiently small neighborhood of zero. By abuse of notation we shall
denote this map again by & > exp, &. Observe that any u € B'? which satisfies the heat
equation (7) is automatically smooth by Theorem 2 and therefore lies in M(x~, x*; V).

@ Springer



22 J. Weber

For x € M and & € T, M denote parallel transport with respect to the Levi-Civita con-
nection along the geodesic T — exp, (t§) by

dD(x, g) . TxM — Texpx(S)M~
For u € B':P the map F, : Wll’p — LF is defined by

Fu(§) = @(u, &)~ (05(exp, &) — Vid; (exp, £) — gradV(exp, &)) . (35)

It is a smooth map between Banach spaces. Hence the implicit function theorem for Banach
spaces applies. The differential d F,(0) : W,l'p — LI is given by the linear operator D,,;
see [18, app. A.3]. The map & — exp, & identifies a neigborhood V of zero in F.~1(0) with
aneigborhood of u in M(x~, x™; V).

Proof of Theorem 6 Fix p > 2 and u € M(x~, xT; V). Then by Theorem 5 the operator
dF,(0) =D, : W,l’p — L£? is Fredholm. It is onto by assumption. Since every surjective
Fredholm operator admits a right inverse, the implicit function theorem for Banach spaces,
see e.g. [8, thm A.3.3], applies to F, restricted to a small neighborhood V of zero. It asserts
that ,~1(0) N V is a smooth manifold whose tangent space at zero is given by the kernel of
D,. Since D, is onto, it follows that dim ker D,, = index D,, by definition of the Fredholm
index. But index D, = indy (x~) — indy (x ") by Theorem 5. O

Proof of Proposition 1 Set c, = %(Sv (x7) — Sy(x™)) and identify
ME™, x5 V) = M = e MG, x5 V) [ Sy@(0,)) = el

Here we use that the action Sy strictly decreases along nonconstant heat flow trajectories
(use the first variation formula for Sy; see e.g. [10, sec. 12]). Note that M* is a manifold
of dimension zero, since M(x~, x*; V) is a manifold of dimension one by Theorem 6 on
which R acts freely. Now choose a sequence 1" in M*. By Lemma 4 there is a subsequence,
still denoted by u", finitely many critical points xg = x™, x1, ..., x,, = x~, finitely many
connecting trajectories uy € M(xg, xx—1; V) and sequences s,‘; where k = 1,...,m, such
that each shifted sequence u"(s; + s, t) converges to u (s, t) in Cp... By the Morse-Smale

loc*
assumption Theorem 6 applies to all moduli spaces and shows that

indy (xg) — indy (xg—1) = dim M(xg, x,—1; V) > 1, Vk e {l,..., m},

where the inequality follows from the facts that dyu; # 0 and the heat equation (7) is s-shift
invariant. Hence indy,(x ™) — indy(x*) > m > 1 and so m = 1 by assumption on x*. But
this means that u” convergestou; € M(x~, x"; V)in Cﬁfc. Infactu; € M™ by convergence
of the action functional for fixed time s = 0; see Proposition 3 (ii). Hence M™ is compact in
the C°. topology. O

loc

The refined implicit function theorem

Proposition 4 (The estimate for the right inverse) Fix a perturbation V : LM — R that
satisfies (V0)—(V3) and nondegenerate critical points x* of Sy. Assumeu € M(x~;xt; V)
and Dy, is onto. Then, for every p > 1, there is a positive constant ¢ = c(p, u) invariant
under s-shifts of u such that

[&*hr < c|Du”], (36)

for every £ € im (DF : Wy? — Wi'P).

u
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The proof of Proposition 4 is standard; see e.g. [4, lemma 4.5]. Details in the parabolic
case at hand are provided by [20, prop. 5.1].

Proposition 5 (Quadratic estimate) Fix a perturbation ¥V : LM — R that satisfies (V0)—
(V1). Let t > 0 be the injectivity radius of M and fix constants 1 < p < oo and cy > 0. Then
there is a constant C = C(p, co) > 0 such that the following is true. If u : R x S' — M is
a smooth map and & is a compactly supported smooth vector field along u such that

105l oo + N0utllog + IV 0rutllog < o, 1€Moo = ¢,
then

172 (€) = Fu () = dFu(O)8 ], = C Il 161,10 (14 111,00)

Proof Recall the definition (26) of the maps E; and E;; and write

d
Fu(§) — Fu(0) — T

Fu(t§) = f(§) — g(&) — h(§)
0

7=l

where

d
&) = ®u, &) O E W, &) — dyu — —

e 05 E(u, T)

. d
O(u, &) oyu — —
dt =0

=0

d
gE) = O, &) "R Ew, &) — Vidu + (%P|.0&) Vidu — -

Vio E(u, T8)
0

h(éE) = O(u, 5)’1grad V(E(u, &)) — grad V(u) + (Vzd>|(u,0)$) grad V(u)

Tlr=0

grad V(E (u, 7§)).
Here we used that @ (u, 0) = 1. Straightforward calculation using the identities (28) shows
that f'(§) = f1(§)Vs§ + f2(§) where
FIEVE = (P, 5 Ex(u, &) — 1) Vi&
HEdu = (P, &) E1(u, §) — 1+ Vad(u, 0)§) dsu,
that

g = g1 0 Viou+ g0 (du, du) + g3 0 Vi€ + g4 0 (dru, ;&) + g5 0 (Vi§, Vi§)

where
g1(&) = @, &) E1(u, &) — 1 + Vd(u, 0)&
d
©(8) = @u, &) E(u, &) — | Bt
T =0
(&) = @u, &) ' Ex(u, &) — 1
g4(8) =20 (u, &) Epp(u, &)
g5(8) = O(u, &) ' Exn(u, &),
and that

h(E) = ®u, &) grad V(E(u, £)) — (1 — (Va®(u, 0)§)) grad V(u) — Hy ().

Here Hy denotes the covariant Hessian of V given by (4). It follows by inspection using the
identities (28) that the maps f>, g1, g2, and h together with their first derivative are zero at
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& = 0. Therefore there exists a constant ¢ > 0 which depends continuously on |&| and the
constant in (V1) such that

I(f2+ g1+ g+ m)E)| < cl&l (1osul + [Vdul + [dul* +1)

pointwise at every (s, ¢). Similarly, it follows that the remaining functions are zero at § = 0
and therefore

[(fi + 85 + 84+ 85)E)| < cI&] (I%E] + IV Vi€l + Vi€ 19| + [ VEI) .

Take these pointwise estimates to the power p, integrate them over R x S! and pull out L>®
norms of dsu, d;u, and V;d;u to obtain the conclusion of Proposition 5. The term || - |V;& |2
involving a product of first order terms is taken care of by the product estimate [21, le. 4.1]
and [21, rmk. 4.2]. Here we use the fact that the (compact) support of £ is contained in some
set (a, b] x SL. O

Proof of the refined implicit function Theorem 7

Fix V and x satisfying the assumptions of Theorem 7 and assume by contradiction the
conclusion of the theorem was not true. Denote the constant in (VO) by C(’) > 1. Then there
are constants p > 2 and ¢o > C|, and a sequence of smooth maps u, : R x § I'— M such
that u, (s, -) converges asymptotically to x* in W12(S') and

o
[05uy (s, )] < 1_}_732, 10:uvlloo < co, V0l < co, 37
forall (s,7) € R x S! and
1
1051y — V;0;u,, — grad V(uv)”p = ;7 (38)

but which does not satisfy the conclusion of Theorem 7 for ¢ = v. This means that for every
ue M(x",x";V)andevery £V € im D N W, which satisfy u, = exp, (§") it holds that

1
951y — ViOruy — grad V(u,)|l, < 5 1€" 1l - (39)

The time shift of a smooth map u : R x S' by o € R is defined pointwise by
ux0o)(s,t):=u’(s,t) :=u(s +o,t).

Setag := 2Cé and observe that
_ . 1 1
Sy(x) = lim Sy(uy(s, ) = = [1duy(s, )13 — V(wy(s, ) < =c§ + C) < ap
§—>—00 2 2

by asymptotic W12 convergence, estimate (37), axiom (V0), and co > C},- Now fix a regular
value ¢, of Sy between Sy, (xT) and Sy (x7); use that the set P9 (V) is finite, because Sy
is Morse—Smale below level ag by assumption. Applying time shifts, if necessary, we may
assume without loss of generality that

Sy (y(0, 1) = ¢4 (40)

Furthermore, choose 06 := a and denote by Co = Co(a, V) > 0 the constant in Theorem 3
(a priori estimates) with that choice. Hence

10sull oo + N0rutlloo + 1IVi0rutllo < Co 41)
forallu € M(x, y; V) and x, y € P4(V).
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Claim There is a subsequence, still denoted by u,, a constant C, a trajectory u €
M(x~,x+; V), and a sequence of times o, such that the sequence 1, determined by the
identity u, = exp,o, (1y) satisfies 1, € im Dy, N Wyov and

Jim (Il + ol ) =0, limwllyy < C. (42)

The claim leads to a contradiction as follows. Consider the time shifted trajectories u® :=
u * o, and vector fields 1, provided by the claim and note that u®» € M(x~, x; V). Note
further that the assumptions of the quadratic estimate Proposition 5 are satisfied by (41) and by
choosing a further subsequence, if necessary, to achieve that |9, [l < t. Set 06 = Co(a, V)
and let C» = Ca(p, c(’)) be the constant in Proposition 5 with that choice. Furthermore, since
M(x~, x+; V)/Ris a finite set by Proposition 1 and % (V) is a finite set as well, the estimate
for the right inverse Proposition 4 applies with constant C; depending only on p, a, and V.
Now definition (35) of the map F, and parallel transport being an isometry imply the first
step of the estimate

951y — Vidruy — gradV(uy)ll, = 1Fu ()l

= 1 Dumlly = 1Fu () = Fu(0) — dFu, 0ol

1
> Nl (C—1 —Crlmlla (14 ||77v||w))
> il
=20, Ml -

Step two uses that 7, (0) = du — V,0,u — gradV(u) = 0 and dF,,(0) = D,. Step three is
by Proposition 4 and Proposition 5. By (42) the last step holds for sufficiently large v. For
v > 2C the estimate contradicts (39) and this proves Theorem 7. It remains to prove the
claim and this takes four steps.

Step 1 There is a subsequence of u,, still denoted by u,, and a trajectoryu € M(x~,x*; V)
such that

uy = exp,(§),  lim (1800 + IEWII,) = O. (43)

Proof We embed the compact Riemannian manifold M isometrically into some Euclidean
space RV and consider u, : R x ' — M as a map to RY thereby conveniently obtaining
L? and L® norms for u,. By translation we may assume that M contains the origin. By
compactness of M and the L> bounds (37) we obtain on every compact cylindrical domain
Zp :=[—T,T] x S! the estimates

1 1
luvllpr(zpy < QT)? diam M, [0yl Lp(zp) + IV OrtvllLp(zpy < 2c0(2T) 7,

and
10supll, <4co Vr e (1,00]. (44)

The latter follows from [ (1 +s*)7ds < 2+2 s 2 ds = 42— 1/r)7! < 4
whenever » > 1. Hence the sequence u, is uniformly bounded in WP (Z7). Thus by the
Arzela—Ascoli and the Banach—Alaoglu theorem a suitable subsequence, still denoted by
u,, converges strongly in C° and weakly in W7 on every compact cylindrical domain
Z7 to some continuous map u : R x S' — M which is locally of class W' ?. Hence
osu, — Vo,u,, — gradV(u,) converges weakly in L? to d;u — V;d,u — gradV(u). On the
other hand, by (38) it converges to zero in L”. By uniqueness of limits u satisfies the heat
equation (7) almost everywhere. Thus u is smooth by Theorem 2.
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Fix s € R and observe that by (37) there are uniform C 1(s1y bounds for the sequence
d:uy (s, ). Hence by Arzela—Ascoli a suitable subsequence, still denoted by 9;u, (s, -), con-
verges in C%(SY) to d,u(s, -). Thus

Jim Sy (s, ) = Sv(us, )

and therefore Sy (u(0, -)) = ¢4 by (40). Recall that 9,u = V;d,u+grad V(u). When restricted
to s = O this means that the vector field d;u (0, -) is equal to the L? gradient of Sy at the
loop u(0, -). But Sy (u(0, -)) = ¢« and ¢, is a regular value. Hence d;u(0, -) cannot vanish
identically.

On the other hand, by (37) and axiom (V0) it follows exactly as above that

1
sup Sy (uy (s, ) = sup = 191, (s, M3 = V() < ap.
v v

This shows that all relevant trajectories, including relevant limits over s or v, lie in the
sublevel set £%° M on which Sy, is Morse—Smale by assumption. In particular, we have that
Supser Sy (u(s, -)) < aop and therefore the energy of u is finite by Lemma 2. Hence by the
exponential decay Theorem 4 there are critical points yE € P (V) suchthatu(s, -) converges
to yi inC 2(S 1), as s — Zo00. Moreover, the limits y~ and y™ are distinct, because the action
along a nonconstant trajectory is strictly decreasing and the trajectory is nonconstant, since
dsu is not identically zero as observed above.

More generally, a standard argument shows the following, see e.g. [13, lemma 10.3].
There exist critical points x~ = 20 xl . xt = xt e pw (V) and trajectories uk e
MR XK ), duk # 0, for k e {1,..., ¢}, a subsequence, still denoted by u,, and
sequences s"f € R, k € {1,..., ¢}, such that the shifted sequence uv(sff + s, t) converges
to u*(s, t) in an appropriate topology. The point here is that d;u* % 0 and therefore the
Morse index strictly decreases along the sequence x ~ = xOxl o xt=xT. Namely, each
operator D, is onto by Morse-Smale and Fredholm by Theorem 5. Hence the Fredholm
index is equal to the dimension of the kernel which is strictly positive, because the kernel
contains the nonzero element asuk. On the other hand, again by Theorem 5, the Fredholm
index is given by the difference of Morse indices indy, (xk-1y — indy, (x¥). Hence ¢ = 1,
since the pair x* has Morse index difference one. Thus u € M(x~, x*; V) and this proves
the first assertion of step 1.

It remains to prove (43). The key observation is that u, (s, -) not only asymptotically
converges in W1-2(S!) to x*, but the rate of convergence is independent of v. The fundamental
theorem of calculus and uniform decay (37) show that

o0

o0
[0~ 0l = | [t < [SBao =2 as)
o N
RN s

N

forallr € S, v € N, and s > 1. Since the restriction of the Euclidean distance in RY
to the compact manifold M and the Riemannian distance d in M are locally equivalent,
estimate (45) shows the following. Consider the injectivity radius ¢ > 0 of M and assume
e € (0,t/2), then

6,
s > 2¢0 e d(uu(s, t),x+(z)) < %
£

forall t € S and v € N; similarly for x~. Now denote by Z} := [6¢o/e, 00) x S! the

positive end of the cylinder R x S' and by Z_ the negative end. Observe that the ends u,, (ZF)
are contained in the (¢/6)-neighborhood of x*(S'), for all v. We may assume without loss
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of generality that this is also true for the ends u(ZZF) of u; otherwise replace 6¢g by a larger
constant. Now, since u, converges to u uniformly on Z(g) := [—6c¢o/e, 6¢co/e] X S!, there
exists vo(e) € N such that ||§, || (z()) < &/3 forevery v > vg(e). Hence

(13 “oo = “Sv”LOO(Z;) + ”'i:v”LOO(Z(a)) + ||§V||L°°(Z;T)

< sup (d(uy, x7) +d(x™, ) + 1€ | Lo z(e))
z:
+sup (d(uy, x1) +d(xt, u))
zt
<e¢ (46)

for every v > vp(e). Next pick a sequence g — 0 and choose a sequence vy — 00 such
that vy > vo(ex). Then, without changing notation, replace u, by the subsequence u,, and
observe that the corresponding L°° limit in (43) is indeed zero. To prove that the L? limit
is zero use again the decomposition of R x S! into the compact part Z(¢) and the two ends
ZZ. Observe that the right hand side of (45) is p-integrable over the ends ZF. Again the key
facts are that the values of both integrals do not depend on v and they converge to zero, as
|s| — oo.In the case of u use the exponential decay Theorem 4 to obtain a similar asymptotic
estimate in terms of an exponentially decaying function. O

Step 2 Consider the constant Cy in (41) and u and the sequence &, provided by Step 1.
Set &y := ||&vlloo + 11&v]l p. Then there is a constant og > 0 and integer vo > 1 such that
n = n(s, t; o, v), determined by the identity u, = exp,o(n), satisfies ||nllocc < /2 for all
o € [—og, ool and v > vy. Furthermore, there is a constant co = cp(ag, og) > 0 such that

Ml <ev+Colal, linll, <2 +c2lol
and
IVanll, <2, Vil < 2. IV Vimll, < 2
forall o € [—og, ool and v > vy.
Proof Existence of op and vy follows from the fact that n(v, 0) = £, continuity of time

shift, and the L°° limit in (43). Now denote by L the length functional. Then for all o € R
and y(r) := u(s 4+ ro, t) with r € [0, 1] we have that

1
d(u(s,1),u(s +o0,1)) < L(y) = |U|/|asu(s +ro.nldr < o] [|0sull - (47)
0

Since d (u, (s, t),u(s,t)) = |&,(s,t)| < &, the first estimate of step 2 follows from
[n(s, )| = d uy(s,t), u(s + o, 1)), the triangle inequality, and (41). To prove the second
estimate note that the triangle inequality also implies that

oo 1
Inll? < 2v! ||~‘§v||£+2p_l//d(u(S,t),u(s-i-o,t))p dids.
—o0 0

By Theorem 4 on exponential decay there are constants p, ¢c3 > 2 such that for all (5, ¢) €
R x S! we have that

105u (S, )] < c3e™51 Jagull, <e3 Vr> L. (48)
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Note that the constants p and c¢3 depend only on ag, since the set P (V) is finite and there
are only finitely many elements of M(x~, x™; V) which satisfy (40). By the first inequality
in (47) and the first estimate in (48) with§ = s + ro

1
du(s,t),u(s +o,1) <lo] / |8su(s + ro, )| dr < |o|cze?e Pl
0

But the right hand side is L? integrable and this concludes the proof of the second estimate
of step 2. To prove the next two estimates we differentiate the identity exp,- n = u, with
respect to s and ¢ to obtain that

E1(®, mosu® + Ex(u®, n)Ven = dsu, (49)
E1u®,mou® + Ex(u®, n)Vin = diu, (50)

where the maps E; are defined by (26). Since [|d;u? ||, < c3 by (48) and ||0suy [, < 4co
by (44), the L? norm of V,7 is uniformly bounded as well. Similarly, since |9;u° ||oo < Co

by (41) and ||0;uy]lcc < co by (37), the L* norm of V,n is uniformly bounded. To prove

the last estimate of step 2 differentiate (50) covariantly with respect to ¢ and abbreviate
Eij = E;j(u®, n) to obtain

Eniu®,n) (3u”, 9u”) + Ern(u, n) (3u”, Vin) + Ey(u®, n) V,9,u”
+E2w?,n) (Vin, 9u”)+Exn’, n) (Vn, Vim)+E>(u®, ) V; Vin+grad V(u,) — dsu,
= V,o,u, + grad V(u,) — dsu,.

This identity implies a uniform L? bound for V;V;n as follows. The right hand side is
bounded in L? by 1/v and the last term of the left hand side by 4cp according to (44).
Since E;; (u?, 0) = 0 and since we have uniform L°° bounds for each of the two linear terms
to which E;;(u”, n) is applied, we can estimate the L” norm by a constant times ||| ,. The
only terms left are term three and term seven of the left hand side. By the heat equation (7)
their sum equals

E1(u’,n)dsu® — E1(u®, n) grad V(u?) + gradV(u,).

Since [|0;u° ||, < c3 by (48), the L” norm of the first term is uniformly bounded. Consider
the remaining two terms as a function f of 5. Then f(0) = 0, because E;(u°,0) = 1 and
n = 0 means u, = u°. Hence | f||,, is uniformly bounded by a constant times ||7||,. Here
we used axiom (V0). This proves step 2. O

Step 3 For o € [—oy, 09] and v > v consider the function 0, (c) = —(d;u®, n) where
n = n(s, t; o, v) is determined by the identity u,, = exp,o (n), see step 2, and (-, -) denotes
the L*(R x S') inner product. This function satisfies

Oy(0) =0 <= neimD},.
Moreover, there exist new constants oy > 0 and vg € N such that

- _ +
0,0 < 360, ~L0y(0) = K om VO Z VAT

do -2 2 0

forall o € [—op, 00l and v > vy where c3 = c3(ag) is the constant in (48).
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Proof ‘<’ follows by definition of the formal adjoint operator using that d,u° € ker Dyo.

We prove ‘=’. The kernel of D, is 1-dimensional; the operator is Fredholm of index one by

Theorem 5 and onto by the Morse—Smale condition. The kernel is spanned by the (nonzero)

element d;u” . Now consider D}, on the domain W2 P and apply [21, prop. 3.18] to obtain that

WP = ker Dyo @im D7, . The implication *=>" now follows immediately by contradiction.
By (48) and the definition of the sequence ¢, — 0 in step 2 it follows that

160(0)] = [(05u, &) 2| < N0sully €], < c36,
where g € (1,2) is determined by 1/g + 1/p = 1. Abbreviate E; = E;(u®,n). Then
straightforward calculation using the identity (49) for V;n shows that

d
EQU(G) = —(V,0,u®, n) — (d;u®, —0;u’ + d;u’ — E;lElasug)

%

o S A T g e g A L I
lasael3 = Wil (1% Byl + ca 1saely 113suloo)

> [|85ull3 — ey + e2lo])(cs + c3ea)

for some constant c4 = c4(ag, og) > 0. The last step is by (48) with constant c3. We also used
that || Vydsull; < cs5 for some positive constant cs = c5(ap), which follows from exponential
decay of V;d,u according to Theorem 4. The energy identity (8) shows that || dsu ||% =pu>0.
Now choose op > 0 sufficiently small and v sufficiently large to conclude the proof of
step 3. O

Step 4 We prove the claim.

Proof By step 3 there exists, for every sufficiently large v, an element o, € [—0y, 0p] such
that 0,(0,) = 0 and |o,| < &,(2c3/p). Then n, := n(-, -; o, v) lies in the image of D, by
step 3 and

Imlloe + lmull, < 60 B+ (c2 4+ Co)2e3/n) . lmullyy < C,
by step 2. This proves (42), hence the claim, and therefore Theorem 7. O

4 Unique continuation

To prove unique continuation for the nonlinear heat equation (7) we slightly extend a result of
Agmon and Nirenberg [2] to the case C| # 0. Indeed the heat equation (7) leads to (51) with
C1 # 0; see (56). In contrast, for the linear heat equation (21) the original result (C; = 0)
suffices.

Theorem 15 Let H be a real Hilbert space and let A(s) : dom A(s) — H be a family of
symmetric linear operators. Assume that ¢ : [0, T] — H is continuously differentiable in
the weak topology such that ¢ (s) € dom A(s) and

I¢/(s) = A)E) | < et llg)I + Cr {AG)E(s), £ ()] (51)

foreverys € [0, T]and two constants ¢, C; > 0. Here £'(s) € H denotes the derivative of
with respect to s. Assume further that the function s +— (£ (s), A(s)¢(s)) is also continuously
differentiable and satisfies

d
756 AL~ 2(¢', AZ) = —c2 AN g Il = e3 g1 (52)
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pointwise for each s € [0, T] and constants ¢, c3 > 0. Then the following holds.

(1) If¢(0) =0then ¢(s) =O0foralls € [0, T].
2) If£(0) # O then ¢(s) # 0 forall s € [0, T] and, moreover,

(£(0), A0)£(0)) i é) e —1
HOIE a

where a = 2C1% + ¢z and b = 4c1? + 22 /2 + 2¢3.

—2c18

log [£(s)1* > log [1£(0)||* — (2

a

Proof A beautiful exposition in the case C; = 0 was given by Salamon in [11, appendix E].
It generalizes easily. A key step is to prove that the function

N

@(s) 2=10g||§(s)||2_/2(((0)74“’(0)—14(0)4“(0))
0

d
RGIE ’

satisfies the differential inequality
9" +alg'|+b=0 (53)

for two constants a, b > 0.
In [11] it is shown that assumption (52) implies the inequality

2
2(¢ — A¢
w”ZZIIn—(n,E)SIIZ—”M“z”—262 Il = 2¢3
where £ := Hé;ll and n := H%II' Now it follows by assumption (51) that
20¢' =A¢|® 5 aRALD L o, s
WS%I +4C W:‘l'cl +4C17[(n, &)

and therefore
¢" = 2ln— (0. E)EI* — 41> —4C1 7 [(n, £)| — 2¢2 In]| — 2¢3.
To obtain the inequality (53) it remains to prove that
21n = (. £)E11> — 4c1> —4C12 [(n, €)| — 2¢2 Inll — 2¢3 = —a |¢/| — b.
Since ¢’ = 2(&, n), this is equivalent to
e Inll < ln = (. NI + (a —2C12) [(n, &) + (/2 — 217 — ¢3).

Abbreviate u := ||n — (n, £)¢|? and v = [{n, &)|, then ||77||2 = u? + v? and the desired
inequality has the form

evu? +v2 < u? + (@ —2C1Hv + (b)2 — 2¢1% = ¢3).
Since cov/u2 + v2 < cru+cov < u? +crv+ 2% /4, this is satisfied witha = 2C;% +¢» and

b = 4c1% + ¢22/2 + 2c3. This proves (53). The remaining part of the proof of Theorem 15
carries over from [11] unchanged. ]
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4.1 Linear equation

Unique continuation for the linear heat equation is used to prove transversality of the universal
section (Proposition 9) and the unstable manifold Theorem 18.

Proposition 6 Fix a perturbationV : LM — R that satisfies (V0)~(V2) and two constants
a < b. Assume u : [a, b] x S — M is a smooth map and & is a vector field along u which
satisfies D& = 0 or D& = 0 almost everywhere; see (21) and (22). Denote £(s, -) by £(s).
Then the following is true.

(@) If&(sy) = 0 for some sy, then £(s) = 0 forall s € [a, b].
(b) If&(sy) # O for some sy, then £(s) # 0 forall s € [a, b].

Proof We represent D, by the Atiyah—Patodi—Singer type operator Ds4c = % + A(s) +
C(s) defined in [21, sec. 3.4]. Here the family A(s) consists of self-adjoint operators on the
Hilbert space H := L2(S!, R") with dense domain W; see (ii) and (iv) in [21, sec. 3.4]
where also the space W is defined. Recall that, if the vector bundle u*TM — [a, b] x Slis
trivial, then W = W2’2(S L R"), otherwise some boundary condition enters. In either case
W =: dom A(s) is independent of s.

(b) Assume & € ker Dy satisfies £(sx) # 0. Assume by contradiction that £(sp) = 0
forsome sg € [a, b]. If so > sy, replace £(s) by E(s+s4) andset T = b—s, and 51 = 59 — 84,
otherwise use £(—s +54), T = —a + s, S| = —s0 + 5x. Hence we may assume without loss
of generality that & € ker D44c maps [0, T] to H and satisfies £(0) #% 0 and £(s1) = O for
some s € (0, T].

We verify the conditions in Theorem 15. Firstly, the vector field £ is smooth by assumption.
Secondly, the family A (s) consists of self-adjoint operators by (ii) in [21, sec. 3.4]. Thirdly, the
function s — (£(s), A(s)&(s)) is continuously differentiable. Here we use the first condition
in axiom (V2), which tells that the Hessian My is a zeroth order operator, and the fact that
by compactness of the domain the vector fields d,u, dsu, V;dsu, and V; V,d;u are bounded in
L0, T] x SH by a constant c7. Now (51) is satisfied with C; = 0, because

|€') = A®ES | = ICOEDI < 7 5]

where the constant C’T = supo,71x st 1C (s, )|l £(rr) is finite by compactness of the domain.
To verify the inequality (52) note that its left hand side is given by (£(s), A'(s)&(s));
see [2, Rmk. in sec. 1] and [11, Rmk. E.3]. Now

\

(E(), A(Es) = — [EG@ A )&
= NES N UAESI + 13E)ID

v

where the second step is by straightforward calculation of A’(s). Replacing ||9;£ (s)|| accord-
ing to the elliptic estimate for A(s) yields (52).

Now the Agmon-Nirenberg Theorem 15 applies. Part (2) tells that £(s) # O for all
s € [0, T']. This contradiction proves (b) for elements in the kernel of D,,. The same argument
covers the case of the operator D} represented by —D_4_c.

(a) Use a time reversing argument (see proof of the Agmon—Nirenberg Theorem in [11])
and apply (b). Alternatively, use a line of argument analoguous to the proof of (b) replacing
in the final step part (2) of Theorem 15 by part (1). O
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4.2 Nonlinear equation

Unique continuation for the nonlinear heat equation is used to prove the unstable manifold
Theorem 18.

Theorem 16 (Unique continuation for compact cylindrical domains) Fix two constants a <
b and a perturbation ¥V : LM — R that satisfies (VO) and (V1). If two smooth solutions
u,v:[a,b] x S' — M of the heat equation (7) coincide along one loop, then u = v.

Proof Abbreviate ug = u(s, -) and assume u, = vy : S! - M for some o € [a, b]. If du
is identically zero, then u coincides with a critical point x € P(V) and by v, = us = x so
does v and we are done; similarly if d;v = 0. Now assume that dsu is nonzero somewhere

and so is d;v. Hence
t

§ =
2+ [|9sulloo + 1195Vl oo

Here ¢ > 0 denotes the injectivity radius of our compact Riemannian manifold.

The first step is to prove that the restrictions of 1 and v to [c — 8, o + 8] x S! are equal.
(In fact we should take the intersection with [a, b] x S!, but suppress this throughout for
simplicity of notation.) The key idea is to show that the difference ¢ (s) of ug and vy (with
respect to geodesic normal coordinates based at u,) and a suitable operator A satisfy the
requirements of Theorem 15 with constants c;, C1 > 0. Then, since { (o) = 0, part (1) of the
theorem shows that £ = 0 and therefore u = v on [o — 8, 0 + 8] x S'. Once this is proved
we successively restrict u and v to cylinders of the form [0 4+ (2k — 1)8, 0 + (2k + 1)§] x st
where k € Z. The argument above shows that # = v on each of these cylinders. Due to
compactness of [a, b] x st firstly, the same constants ¢; and C; can be chosen in (51)
for all cylinders and, secondly, after finitely many steps the union of these cylinders covers
[a, b] x S!. This proves the theorem.

It remains to carry out step one. Consider the interval I = [0 — 8, o + 8] and restrict # and
vtothecylinder Z =1 x § ' — [0 — 8,0 4+ 8] x S!. Observe that the Riemannian distance
between u(o, t) and u(s, t) is less than ¢/2 for every (s,t) € Z; similarly for v. Hence the
identities

€ (0,1/2). 54

u(s, 1) = expy.p (s, 1), v(s, 1) = expy.p N0, 1),

for every (s, t) € Z uniquely determine smooth families of vector fields & and n along the
loop s = v, . In particular, the difference { = & — 7 is well defined. Moreover, the domain
of £ and n is Z and they satisfy

16lloe < 5+ Inlloo < 5
Now consider the Hilbert space H = L>(S', u,*T M) and the symmetric differential operator
A = V'V, with domain W = W2’2(S U us*T M). Here V, denotes the covariant derivative
along the loop u,,. Hence the operator A is independent of s and condition (52) in the Agmon—
Nirenberg Theorem 15 is vacuous. If we can verify condition (51) as well, then ¢(o) = 0
implies that ¢(s) = O for every s € I by Theorem 15 (1). Since ¢ is smooth, this means
that on Z we have & = n pointwise and therefore u = v. It remains to verify (51). By (26)
we get

& =0=r1,.

Osu = Ex(ug,8)05¢
Vioru = E11(ug, ) (0o, dite) + 2E12 (g, §) (3110, Vi) (55)
+E\ (o, §) V0o + Exn(us, §)(ViE, Vi€) + Ex(uo, §)ViVié
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pointwise for (s, t) € Z and similarly for v and 7. In the second identity we used the symmetry
property (27) of Ej2. Now consider the heat equation (7), replace ds;u and V;0;u according
to (55), then solve for 9,6 — V; V;£€. Do the same for v and 7 to obtain a similar expression
for —dsn + V, Vin. Add both expressions to get the pointwise identity
(8 — Vi%) (€ =)
= (E2(ug, &) "Eni (g, §) — Ex(ug, n) " E11 (g, n)) (dittg. duo)

+(E2(ug, §) " Ei(o, ) = Ex(ug, )~ E1(g, m) Vidyuto

+2 (Ex(ug. &) Eai (o, §)%i& — Ex(ug. )" Ea1 (o, n)Vin) dito

+E(ug, €)' gradV(exp,, §) — Ex(ug, )" gradV(exp,, n)

+E2(ue, §)” En(ua, §) (%6, Vi§) — Ex(uo, )™ En (o, n)(Vr1, %in).

Now by compactness of the domain Z there is a constant C > 0 such that
10, us ||L00(s1) < |0l Lo(zy < C, ||Vtaz“cr||Loo(sl) <C.

Moreover, since the maps E; and E;; are uniformly continuous on the radius ¢ /2 disk tangent
bundle © C T M, in which £ and 7 take their values, there exists a constant ¢; > 0 such
that
105(6 —n) — ViV (§ — )l
< (@C*+c10)[§ =1l
+2C |Ex(ug. &)™ Eai (o, §)Vi& — Ea(ug. )~ Ei (o, 1) Vin)|
+ |Ex(ug, &)~ gradViexp,, &) — Ex(uq. 1)~ gradV(exp,_n)|
+|Ex(uo, &) Exy(ug, £)(Vi&, Vi) — Ex(uo, 1) Exa(ug. 1) (Vin, Vin)|
pointwise for (s, t) € Z. It remains to estimate the last three terms in the sum.
First we estimate term three. Use linearity and the symmetry property (27) of E»» to obtain
the first identity in the pointwise estimate
|Ex(uo, &)~ Exug, §)(ViE, %i§) — Ex(uo, m) ™ Ex(ug, )(Vin, Vi)
= |E2(uo. )7 Ena(uo, §)(Vi€ — Vin, Vi)
+E2(ug, 1) Ex(ug, m) (Vi — Vi, Vi)
+ (Ex(ug, &) Exa(us, &) — Ex(ug, n) " Exa(us, n)) (Vi§, Vin)|
< B2 En ) o) (1WElloo + I¥i11llo) 1% (5 = )]
+ 1 Vi lloo Vil o 16 — 1
< p1 Vi€ =l + u2l§ —nl

where u| = 2c22C(1 + ), 2 = c1022C2(1 + 02)2, and the constant ¢ > 0 is chosen
sufficiently large such that for j = 0, 1 we have

|E; ||L°°(O) +[ B ”Loc(O) + [ E2 7 Ex ||L°°(O) + | B2 Exy ”Loo(o) = o

Moreover, we used that by the first identity in (26)

ViE = Ex(uy, &) Quu — E1(ug, £)duy) .
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Hence ||Vi€]loo < c2C(1 + ¢2) and similarly for V;n. Next we estimate term one. Replace
Vié€ by Vi€ — Vin + Vin, then similarly as above we obtain that

2C |Ex(ug, &) E2i (g, §)ViE — Ex(ug. n) ' Ea1 (s, n)Vin|
<20,C [Vi(E — )|+ 2c102C*(1 + ¢2) € — 1|

pointwise for (s, 1) € Z.Nextrewrite term two setting X := n—& and replacing n accordingly
to obtain pointwise at (s, t) € Z the identity

d
5= (Ba(uo, & + 7007 gradVexp,, § +7X))
= Ex(uo, &) 'gradV(exp, &) — Ex(us. £ + X) ™ 'gradV(exp, & + X)

d
= f(X)=f0) + d—f(rX)
T
for some t € [0, 1]. Since f(0) = 0, this implies that
FOO1 < | E2™ En| joio) 1X1 - [ E2 7| oo o) lErad Viexp,, (6 + 7X))]
B2 ooy | Vegrad Viexp,, (6 + X))
< 3CHIX|+ 3CT (IXI+ 1 X5l Ligsy)
pointwise at (s,t) € Z. Here Cé and C i denote the constants in axiom (VO0) and (V1),
respectively. To obtain the final step we applied the first estimate in axiom (V1) to the curve
T > exp,, (& + tXy) in the loop space LM.

Putting things together we have proved that due to compactness of the domain Z there is
a positive constant u = u(Z, g) such that for every s € 1

¢ = A¢|| < g+ 1%l < (il + (AS, §)IV2) . (56)

Here the norms are in L2(S!, u,*T M), we abbreviated ¢ = ¢ (s), and the final step uses that
IViclI? = (Vig, Vio) = —(Az, £) < |(AZ, ¢)]. Hence (51) is satisfied and this concludes the
proof of Theorem 16. O

In the proof of the unstable manifold Theorem 18 we use backward unique continuation
for the nonlinear heat equation.

Theorem 17 (Forward and backward unique continuation) Fix a perturbationV : LM — R
that satisfies (VO)—(V1).

(F) Assume u and v are solutions of the heat equation (7) defined on the forward halfcylinder
[0, 00) x SL. If u and v agree along the loop at s = 0, then u = v.

(B) Assume u and v are solutions of the heat equation (7) defined on the backward half-
cylinder (—o0, 0] x § U Assume further that

Sup SV (M(S’ )) E €0, sup SV (U(S, )) f €0,

s€(—00,0] s€(—00,0]
for some constant cy > 0. Then the following is true. If u and v agree along the loop at

s =0, thenu = v.

Proof The idea is to decompose, as in the proof of Theorem 16, the halfcylinder into small
cylinders of width § and then show # = v on each piece (by the method developed in the
first step of the proof of Theorem 16). The only additional problem is noncompactness of
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the domain. One way to deal with this is to choose the same width for each piece (in order
to arrive at any given time s in finitely many steps). Here we need uniform bounds for |d;u|
and |d;v|. Once we have these we can define § again by (54). Check the proof of Theorem 16
to see that the only further ingredients in proving # = v on each small cylinder are uniform
bounds for the first two ¢-derivatives of u and of v. Hence to complete the proof it remains
to show that

9sullooc + 110rulloc + IVidrutll oo + 18s5vll0o + 107 V]l0o 4+ V01Vl oo < C

for some constant C > 0.
ad (F) Let C¢ be the constant in axiom (V0) and observe that Sy > —C(. Now by Theorem 13
with constant C; (more precisely, by checking its proof)

195u(s, 0)]* < C1Efs—1.5(u) = C1 (Sy(us—1) — Sy(us)) < C1 (Sy(uo) + Co)

for (s, ) € [1, 00) x S!. In the second and the last step we used that u is a negative gradient
flow line and the action decreases along u. Note that the proof of Theorem 13 shows that
the estimate at a point depends on its past. This is why we get the above estimate only on
[1, 00) x S!. However, the missing part [0, 1] x St s compact and u is smooth. Hence
|19su|lco < C and therefore

Vidrulloo = 119sullog + llgradV (@)l o, < C + Co.

Here we used the heat equation (7) and axiom (VO0) with constant Co. It follows similarly by
(checking the proof of) Theorem 12 that |9;u(s, ¢)| is uniformly bounded on [1, c0) x § I
The corresponding estimates for v are analogous.

ad (B) The proof of the L™ estimates follows the same steps as in (F). We even get all
estimates right away on the whole backward halfcylinder, because this halfcylinder contains
the past of each of its points. O

5 Transversality

Throughout this section the action functional is a map
Sy LM —> R, LM :=C>®S', M),

defined on the free loop space of M. In Sect. 5.1 we construct a separable Banach space Y
of abstract perturbations satisfying axioms (V0)—(V3). In Sect. 5.2 we fix a perturbation V
such that (V0)-(V3) hold and Sy is Morse. Choosing a closed L? neighborhood U of the
critical points of the function Sy we define the subspace Y (V, U) C Y consisting of those
perturbations which are supported away from U. Then, given a regular value a of Sy, we
define a separable Banach manifold O = O%(V, U) of admissible perturbations. In fact O“
is the open ball about zero in the Banach space Y (V, U) for some sufficiently small radius
r?. For any admissible perturbation v it holds that

PUV) =PV +v)

—in particular a is also a regular value of Sy,—and the sublevel sets {Sy < a} and
{Sy+v < a} are homologically equivalent. For such a triple (V, U, a) we prove in Sect. 5.3
that there is a residual subset Of,, C O“ of regular perturbations v. These, in addition,
have the property that the perturbed functional Sy 4, is Morse-Smale below level a. The
crucial step is to prove surjectivity of the universal section F (Proposition 9). Here unique
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Fig. 1 The cutoff function py /% p1/k(r) = p(rk?)
1
. | r= 113
(1/k)? (2/k)?
Fig. 2 The cutoff function
1
0 r=|

(t/2)? 12

continuation for the linear heat equation enters. A further key ingredient in the 'no return’
part of the proof is the (negative) gradient flow property which implies that the functional is
strictly decreasing along nonconstant heat flow solutions.

5.1 The universal Banach space of perturbations

We fix, once and for all, the following data.

(a) A dense sequence (x;),_y in LM = (s, M.

(b) For every x; a dense sequence (7'/) ; _ in C°(S', xFT M).

(c) A smooth cutoff function p : R — []0, 1] such that p = 1 on [—1, 1] and p = O outside
[—4, 4] and such that || p’|lcc < 1. Then set P1/k(r) = p(rkz) for k € N; see Fig. 1.

Moreover, recall that ¢ > 0 denotes the injectivity radius of the closed Riemannian manifold
M. Fix a smooth cutoff function 8 such that 8 = 1 on [—(:/2)2, (t/2)*] and B = 1 outside
[—L2, Lz]; see Fig. 2.

Now for any choice of i, j, k € N there is a smooth function on the loop space given by

1

Vi) = Vie) = puge (I = xlf) [ Vi, (57)
0

where V¥ is the smooth function on S' x M defined by

Vi q) = [ﬂ(|&; OF) (550,07 ). 1550 <.
0, else.

Here the vector 5,; (#) is determined by the identity ¢ = expy,, S; () whenever the
Riemannian distance between g and x;(¢) is less than ¢. To simplify notation we fixed a
bijection £ : N> — Nj. Note that the support of V; jk is contained in the L? ball of radius
2/k about x;. Each function Vy : LM — R is uniformly continuous with respect to the C°
topology and satisfies (V0)—(V3). This follows by compactness of M, smoothness of V/,
and by the identity
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d
d s = —
(gradV(u), dsu) ;2 dSV(u)
1

=20 (llu — xoll3) / Vi(u(s, 1)) dt | (u — xo, dsu) 2
0
+p (llu = x0l13) (VV (), d5u) 12

which determines grad)V. Here R — LM : s — u(s, -) is any smooth map.

Given Vy, we fix a constant C ? > 1 which is greater than its constant of uniform continuity
and for which (VO0) holds true. Then we fix a constant C/dl > Cg for which both estimates
in (V1) hold true and a constant cl% >C t} to cover the three estimates of (V2). Furthermore,
for every integer i > 3, we choose a constant Cé > Cz_l that covers all estimates in (V3)
with k' 4+ ¢’ = i (here k" and ¢’ denote the integers k and ¢ that appear in (V3)). To summarize,
for each integer £ > 0 we have fixed a sequence of constants

1<Cl<cCl<---<Cf<--- VLeN. (58)

The universal space of perturbations is the normed linear space

o0 oo

Y = [v,\ = MV ‘ A= (k) CRand vp]l := D |nelC) < oo] . (59)
=0 =0

Proposition 7 The universal space Y of perturbations is a separable Banach space and

every v, € Y satisfies the axioms (V0)—(V3).

Proof The map v;, — (A¢ Cf) reN, provides an isomorphism from Y to the separable Banach
space £! of absolutely summable real sequences. This proves that Y is a separable Banach
space. That every element v, = > A,V of Y satisfies (V0)-(V3) follows readily from the
corresponding property of the generators Vy. To explain the idea we give the proof of the
second estimate in (V2), namely

o0
|V Vsgradv, ()| < D" [hel - [V Vygrad Ve ()|
£=0
o
< (I?»ol Co+IMICT+ D el c%)fw)
=2
< (120l €5 + 1M1 CF + llvall) f @)
for every smooth map R — LM : s — u(s, ) and every (s,7) € R x § I, We abbreviated
@) = (|Viosu| + (1 +|0;u])(|0sul + ||0sul|;1)). Step two uses the second estimate in (V2)
for each V, with constant C % Step three follows from Céf < Cf whenever £ > k, see (58).
The remaining estimates in (V0)—(V3) follow by the same argument. Continuity of v, with

respect to the C° topology follows similarly using uniform continuity of the functions V.
]

5.2 Admissible perturbations

Throughout we fix a perturbation V that satisfies (V0)—(V3) and such that Sy, : LM — Riis
Morse. Denote the critical values ¢; of Sy by

CO<Cl << - <C<a<Chy] <+++.
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Note that there is no accumulation point, because Sy admits only finitely many critical points
on each sublevel set. Fix a regular value a > ¢¢ (otherwise {Sy < a} = { and we are done)
and let ¢ be the largest critical value smaller than a. If there are critical values larger than a
let cx1 be the smallest such, otherwise set i1 at the same distance above a as ¢y sits below
a, thatis cx4+1 := a + (a — c¢x). The idea to prove the transversality Theorem 8 is to perturb
Sy outside some L2 neighborhood U of its critical points in such a way that no new critical
points arise on the sublevel set {Sy) < ci+1}. To achieve this we fix for every critical point
x a closed L? neighborhood U, such that U, N U y = ¥ whenever x # y. This is possible,
because on any sublevel set there are only finitely many critical points (Sy is Morse and
satisfies the Palais—Smale condition; see e.g. [19, app. A]). Set

U=UY) = U U, (60)
xeP(V)

and consider the Banach space of perturbations Y given by (59). We are interested in the
subset of those perturbations supported away from U, namely

o0
Y(V,U)::[UA:ZAngeY ’suppVgﬂU;éQ) = MZO}.
(=0

Lemma 5 Y (V, U) is a closed subspace of the separable Banach space Y.

Proof Pick a, B € R and vy, v, € Y(V, U). By definition of Y (V, U) the following is true
for every £ € Ny. If suppVy N U # @, then Ay = 0 and e = 0. Hence ary + ﬂm =0 .';md
therefore vy +Bvy, € Y(V, U). To see that the subspace Y (V, U) is closed let v}, = > A Ve
be a sequence in Y (V, U) which converges to some element vy, = >_ A;V; of Y. This means

that AQ — Mg, as i — oo, for each £. Assume suppVy N U # @. It follows that AL =0,

because v; € Y(V, U), and this is true for all i. Hence the limit A, is zero and therefore
vy € Y(V,U). O

For ¢y < a < cx41 as above set
a a 1 . a
84 =46%(V) ::Emln{a—ck,ck+1—a}>0, ay :=a+6§. (61)
Hence the distance between any two of ¢x < a— < a < ay < ¢y is at least §¢.

Lemma 6 FixaperturbationV satisfying (V0)—(V3). Assume Sy is Morse. Define U by (60),
fix a regular value a of Sy, and consider the reals c, cr+1, a+, 8¢ defined above. If v, €
YV, U) and ||vy|| < 8%, then there are inclusions
{Sy <} C{Svq, <a-} C{Sv <a) C {Svt, <ar} C{Sy < crqi}
{Sv < a) C{Sv+y, =a} C{Sv <ai}.

Proof Fix v, € Y(V, U) with |lv,|| < §. Observe that for each y € LM
o.¢] o0 (e ¢]
A < D IVl < D1l € < D7 el €f = lluall < 8°.
=0 £=0 £=0

Here we used axiom (V0) with constant Cg for Vg, the fact that C? < Cf by (58), and
definition (59) of the norm on Y. Observe further that Sy4,, = Sy — vi. The proofs of
the asserted inclusions all follow the same pattern. We only provide details for the last
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two inclusions in the first line of the assertion of the lemma. Assume Sy (y) < a, then
Syt (¥) = Sy(y) —ua(y) < a+ 8 = ay where the last step is by definition of a;.. Now
assume Sy4y, (V) < a4, then Sy(y) < ar + v (y) < a +28% < cr4+1 again by definition
of a. The last step is by definition of §¢. O

Consider the positive constants given by

K=kt U) = inf radS >0
( ) ye{Sy<cr1 \U e v,
and 1
r=ri00U) = g mindd, ) > 0. (62)

To prove the strict inequality k¢ > 0 assume by contradiction that «* = 0. Then by Palais—
Smale there exists a sequence (yx) C {Sy < cxy1} \ U converging in the W2 topology to
a critical point x. It follows that x € U, because U contains all critical points. Since W2
convergence implies L? convergence and U is a L? neighborhood of the critical points, we
arrive at a contradiction to y; ¢ U whenever k € N.

Proposition 8 Fix a perturbation V satisfying (VO-V3). Assume Sy is Morse and a is a
regular value. If vy, € Y(V, U) and ||v, || < r?, then

POV =PIV + ). H(Sy < ah) ZH, ({Sv, <da)).
Proof Fix v, € Y(V, U) with |v, || < %min{ﬁ“, k“}. Define a by (61).

I) We prove that P+ (V) = P+ (V 4 v;) which immediately implies the first assertion of the
proposition. On U both functionals Sy and Sy 4, coincide, because Sy, = Sy — v; and
v;, is not supported on U. Now Sy, does not admit any critical point on {Sy 4, < cky1}\ U
by definition of U. Assume the same holds true for Sy 4, . Then, since {Syy,, < ai} C
{Sy < ck+1} by Lemma 6, it follows that all critical point of Sy4,, below level ay are
contained in U. But there it coincides with Sy,. Hence P+ (V + v;) = P4 (V).

It remains to prove the assumption. Suppose by contradiction that there is a critical point
x of Sy, on {Syyy, < k1) \ U. Hence

0 = grad Sy 4y, (x) = grad Sy (x) — grad v, (x)

and therefore || grad v, (x)||2 = |lgrad Sy (x) |2 > «“ by definition of «“. On the other hand,
since vy, is of the form > A,V it follows that

oo o
1
llgrad vy (x)1l, < E [Ael - llgrad Ve(x) [l < E Al CF < fluall < EK“-
=0 =0

Here we used axiom (V0) with constant C? for Vy, and the fact that Cg < Cf by (58). The

last two steps are by definition (59) of the norm on Y and the assumption on ||v, ||.

IT) We prove that H, ({Sy4v, < a}) = H, ({Sy < a}). By step]) all elements of the interval
[a—, ay] are regular values of Sy, . Hence classical Morse theory for the negative w2
gradient flow on the loop space shows that

H, ({SV‘FU)L = a,}) = H, ({SV‘FU)L =< a+}) .

On the other hand, using the inclusions provided by Lemma 6 this isomorphism factors
through the inclusion induced homomorphisms

H, ({SW_UA < a_}) — H, ({Sy <a}) - H, ({S\H—m < a+}) .
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Therefore the first homomorphism is injective and the second one surjective. Since a lies
in the interval of regular values of Sy, , the first one leads to an injective homomorphism
H. ({SV_,_UA < a}) — H, ({Sy < a}). By construction the interval [a_, ay] consists of
regular values of Sy). Hence the same argument using again Lemma 6 to obtain the inclusion
induced homomorphisms

H, ((Sy < a-}) = Hi ({Sv4v, <a}) = Ha ((Sv < ay))

provides a surjection H, ({S\;JrvA < a}) — H, ({Sy < a}). O

By definition the set of admissible perturbations is given by the open ball O¢ in the
Banach space Y (V, U) of radius r¢ defined by (62), namely

0" =0"W,U) :={v, e YOV, U) : |luull < r}. (63)

Since Y (V, U) is a separable Banach space by Lemma 5, the closed subset O inherits the
structure of a complete metric space. Proposition 8 then concludes the proof of the first part of
Theorem 8. Namely, if v, € O, then Sy and Sy, have homologically equivalent sublevel
sets with respect to a and the same critical points when restricted to these sublevel sets.

Remark 4 If a < b are regular values of Sy and v € Ob satisfies ||v]| < 8/2, then
v € 0% To see this note that k? < «? and therefore lv] < rb < Kb/2 < k%/2. Hence
lvll < 5 min{8*, k%) = re.

Remark 5 Since we chose to cut off our abstract perturbations in Sect. 1.1 with respect to
the L? norm, we cannot naturally control the support of v € O in terms of sublevel sets of
Sy . This would be possible if we cut off using the W2 norm, because the action functional
Sy is continuous in the W2 topology.

5.3 Surjectivity

Proof of Theorem 8 Assume that the perturbation V satisfies (V0)—(V3) and the function
Sy : LM — R is Morse. Consider the neighborhood U of the critical points of Sy defined
by (60) and fix a regular value a of Sy,. For 0% = O%(V, U) defined by (63) the first assertion
of Theorem 8 is true by Proposition 8. To prove the second one fix in addition a constant

p > 2 and two critical points x, y € P*(V). We denote by B ,IC’V’ the smooth Banach manifold
of cylinders between x and y defined by (34) in Sect. 3. This manifold is separable and admits
a countable atlas. Now consider the smooth Banach space bundle

EP — Byh x 0
whose fibre over (u, v ) are the L? vector fields along u. The formula
Fu,v3) = 05u — V;oyu — grad(V + v;.) (u) (64)

defines a smooth section of this bundle. Note that F(u, v;) = 0 is equivalent to u €
M(x, y; V + v,). The zero set

Z=Zx,y;V,U,a) =F 10

is called the universal moduli space. It does not depend on p > 2, since all solutions of the
heat equation (7) are smooth by Theorem 2. The key fact is that the space of perturbations
0% is rich enough such that zero is a regular value of F. By definition the latter means that
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either there is no zero of F at all or d F (u, v;,) is onto and ker d F (u, v;) admits a topological
complement whenever F (u, vy) = 0. In the first case we set Ofeg (x,y) = 0%

The second case decomposes into two classes. First we need to sharpen our notation. By
D,y we denote the operator previously denoted by D,,. In this notation the linearization of

F at the zero (u, v,) is given by
dF (u,v) (6. V) = dFy, () § +dF,(v3) V = Dyy40, € — gradV@)  (65)
where F,, (1) := F(u, vy) =: F,(vy) and
D§ := Dy y+v,§ = Vs — ViVt — R(§, 9u)0iu — Hy 4y, ). (66)

1. Automatic transversality of constant trajectories. The first class consists of pairs (u, vy)
where v, € O and u is a constant heat flow trajectory. The latter means that u is of the form
uy = x(=Yy). Now for these pairs transversality holds automatically, since Sy, is Morse.
To see this observe first that the constant trajectory u, solves the heat equation (7) for V and
likewise for V + v;, since v, € O is supported away from x. Hence (u,, v)) is a zero of F
to start with. Similarly it follows that d F (u,, vy) = D, v. But D, y acts on each time slice
by the covariant Hessian A, given by (9). Since A is injective by the Morse assumption on
Sy, it follows that D,y is injective. Now the cokernel of D,y is equal to the kernel of the
formal adjoint operator D ,, by [21, prop. 3.15] and [21, prop. 3.18]. But Dy , =Dy, v
by self-adjointness of A,. Hence D,y is surjective and we set Of,, (x, x) 1= O°.

II. The second class consists of zeroes (u, v;) of (64) with d,u # 0. Note that Sy 4,
is Morse below level a by Proposition 8 and since v, is supported away from x and y.
Surjectivity of dF(u, v;) is covered by Proposition 9 below. Existence of a topological
complement follows, see e.g. [19, prop. 3.3], using surjectivity, boundedness (69), and the fact
that D y4, : Wi’p — £ is Fredholm by Theorem 5. Hence zero is a regular value of F.
By the implicit function theorem Z is a smooth Banach manifold; see e.g. [8, theorem A.3.3].
Now by Thom-Smale transversality theory the projection onto the second factor

T Z—> 0% (u,v)) = vy,

is a smooth Fredholm map whose index at (u, v;,) is given by the Fredholm index of D, y 14, ;
see e.g. [8, lemma A.3.6]. This index is equal to the difference of the Morse indices of x
and y by Theorem 5. Since Z is separable and admits a countable atlas, we can apply the
Sard-Smale theorem [16] to countably many coordinate representatives of 7. It follows that
the set of regular values of 7 is residual in O“. Denote this set by Oy, (x, y) and observe
that

Ofeg(x, y) ={vy € O | D, onto Yu € M(x,y;V +v;)}

again by standard transversality theory; see e.g. [19, prop. 3.4].
We define the set of regular perturbations by

Oy =0l =[] Ofpylx. ). (67)
x,yeP4(V)

It is a residual subset of O¢, since it consists of a finite intersection of residual subsets. This
proves Theorem 8 up to Proposition 9. O

Proposition 9 (Surjectivity) Fix a perturbation V that satisfies (V0)—(V3) and assume Sy
is Morse. Fix a regular value a, critical points x,y € P*(V), and a constant p > 2.
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Define U by (60) and the section F by (64). Then
dF(u,v) : W,l’p x YWV, U) - cF
is onto at every zero (u, v)) € Bi:f x OV, U) of F.

Proof Fix (u,v;) € F~1(0) such that d;u does not identically vanish (the case d;u = 0 is
treated in 1. above). Now Sy, decreases strictly along u, thus

Ck 2 SY(X) = Sy, () > Sy, (1) > Sy, (¥) = Sv(y) (68)

where the two identities exploit that v, is not supported near x and y. Hence x # y. Define
1 <g <2byl/p+1/qg = 1. Recall that u € M(x, y;V + vy) and Sy, is Morse
below level a by Proposition 8 and the fact that v;, is not supported near critical points. Hence
Dy, v+, 1s Fredholm by Theorem 5. Recall from (65) the linearization of F at (u, vy). Note
that the second operator

YOV, U) = L8 : V> —gradV(u) (69)

is bounded. To see this observe that, since the support of Vs disjoint to the neighborhood
U of x and y, there is a constant 7 = T (1) > 0 such that gradV(u;) = 0 whenever |s| > T.
Now V is of the form Zi’m:o eVe. Hence

1/p

T
JeradP @] s, = ([ Jeradn]” as
-T

oo
@TYYP > el - llgradVe (us) | o
=0

o0
< @D)P > |wlcy
=0

= ey

IA

where for each Vy we used the last condition in (V0) with constant C? <C f. The last step
uses the definition (59) of the normin Y.

Now the range of d F(u, v,) is closed by a standard result; see e.g. [19, proposition 3.3].
Hence it suffices to prove that it is dense. But density of the range is equivalent to triviality
of its annihilator. By definition this means that, given n € £ and setting D := Dy, y4, to
simplify notation, then

1,
(n,D§) =0, V&ewW,”, (70)

and
(n, gradV(u)) =0, VYV e YWV, U), (71)

imply that n = 0.

Assume by contradiction that € £} satisfies (70) and 5 # 0. In five steps we derive a
contradiction to (71). Steps 1-3 are preparatory, in step 4 we construct a model perturbation
Ve violating (71) and in step 5 we approximate V, by the fundamental perturbations V;j of
the form (57). To start with observe that 7 is smooth by (70) and the regularity theorem [21,
thm. 3.1]. Furthermore, integrating (70) by parts whenever & € C5°(R x S!, u*T M) shows
that D*n = 0 pointwise, where the operator D* arises by replacing V; by —V; in (66).
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Throughout we use the notation 1, () = n(s, t). Hence n; is a smooth vector field along the
loop u.

Step 1 (Unique continuation) n; # 0 and dsug # O for every s € R.

Because 7 is smooth, nonzero, and D*n = 0, Proposition 6 on unique continuation shows
that ny # O for every s € R. Next observe that d;u is smooth and 0 = %]—'M (u) = Dosu.
Since u connects different critical points, the derivative dsu cannot vanish identically on
R x S'. Apply Proposition 6 to &(s) := dyu;.

Step 2 (Slicewise Orthogonal) (ny, dsus) = O for every s € R.

Throughout step 2 we denote the L2(SY) inner product by (-, -). Observe that

d
a(ns, Osus) = (Veny, Osuts) + (ns, VsOsits)
= (—=ViVing — R(ns, Osus)0yug — ,HV—&-UA (us)ns, Osity)
+(ns, Vs Vi0sus — R(O5uy, Orus)0ruy — Hv+v,\ (us)Osuy)
=0
by straightforward calculation. In the second equality we replaced Vins according to the
identity D*n = 0 and V;dsu; according to Ddsu = 0; see (66). The last step is by integration

by parts, symmetry of the Hessian H, and the first Bianchi identity for the curvature operator
R. Thus (ny, dsuy) is constant in s. Now this constant, say ¢, must be zero, because

) S
/ cds = / (ns, dsug) ds = (n, dsu)
—00 —00

and the right hand side is finite, since n € £ and d,u € ££ with % + % = 1. This proves
step 2.

Note that 1y and d,u; are linearly independent for every s € R as a consequence of step 1
and step 2.

Step 3 (No Return) Assume the loop uy, is different from the asymptotic limits x and y.
Assume § > 0. Then there exists ¢ > 0 such that for every s € R

Hm —usO”2 <3¢ = se€(so—38,50+9).

In words, once s leaves a given §-interval about sy the loops ug cannot return to some L*
g-neighborhood of uy,.

Key ingredients in the proof are smoothness of u, existence of asymptotic limits, and the
gradient flow property. Recall the footnote in Remark 2 concerning the difference of loops
us —its,. Now assume by contradiction that there is a sequence of positive reals &; — 0 and a
sequence of reals s; which satisfy ||us, — ug,|l2 < 3¢; and s; & (so — 8, so + 8). In particular,
this shows that

12

Ug; —> Ugy, aSi —> 0O. (72)

Assume first that the sequence s; is unbounded. Hence there is a subsequence, still denoted
by s;, which converges to +00 or —oo. In either case uy; converges to one of the critical points
x or y and the convergence is in c%(sh by Theorem 4. Hence (72) implies that ug, € {x, y}
contradicting our assumption.
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If the sequence s; is bounded, there is a subsequence, still denoted by s;, which converges
to some element s; ¢ (so — 8, so + 8). On the other hand, the sequence u;, converges to
ug, in C (") by smoothness of u. Thus u s; = Ug,. But the action strictly decreases along
nonconstant negative gradient flow lines. Therefore s; = s¢ and this contradiction concludes
the proof of step 3.

Step 4 There is a time sy € R such that uy, lies outside U. Moreover; there is a constant
& > 0 and a smooth function Vo : LM — R supported in the L* ball of radius 2& about U,
such that

VO(”S(}) = 07 dVO(“So)nSO = ”7750 ||§ ’ (gradVO(u), 77) 7+_ O

where the inner product is in L>(R x S1).

The first assertion follows from x # y and the fact that the closed sets U, where z € P(V),
are pairwise disjoint. Clearly the graph t — (¢, uy, (t)) of the loop u, is embedded in S M.
We define a smooth function V on S! x M supported near this graph as follows. Denote
by ¢ > 0 the injectivity radius of the closed Riemannian manifold M. Pick a smooth cutoff
function 8 : R — [0, 1] such that 8 = 1 on [—(L/2)2, (L/2)2] and 8 = 0 outside [—2, 2]
see Fig. 2. Then define

2
Vela) o= Vit ) = [§(|sq(t>| ) a1 @) g O] < )

where the vector &, () is determined by the identity g = exp,,, 1) §4(t) whenever the Rie-
mannian distance d between g and u,(¢) is less than ¢. Note that the function V' vanishes on
the graph of the loop uy,.

Use that all maps involved are smooth to choose a constant 6 > 0 sufficiently small such
that for every s € (so — 8, so + &) the following is true

1) deo(us, ugy) = & lloo < t/2 where the vector field & along the loop ug, is uniquely
determined by the pointwise identity uy = eXPy,, &,

. _ 2
i) (Ea(usy, &)™ n50 nsg) = 310 where po := [ [ > 0,
iii) L1 < % < 31 where 11y = |dsug, |, > 0.
Recall the definition (26) of E; and the identities (28). For s € (so — &, so + 8), we obtain
that

d
th(us) Ns = dr Vt(eXPuS V’]s)
r=0

= 28" (&%) (&5, Ealuusy, &) s) - (s, 115)
+ BUE?) (Ea(usys £) 7 sy 115p)
= (Ea(usy, &) s, n5g) (74)

pointwise for every + € S'. The final step uses i) and the definition of 8. Note that
dVi(ugy) N5y = M5, |2 pointwise.

Integrating V' along a loop defines a smooth function on the loop space which vanishes
on u,. To cut this function off with respect to the L? distance fix a smooth cutoff function
o : R — [0,1] such that p = 1 on [—1,1], p = 0 outside [—4,4], and |p'||lc < 1.
Then, for the constant § fixed above, choose ¢ > 0 according to step 3 (No Return) and set
pe(r) = ,o(r/£2); see Fig. 1 fore = % Note that || 0/ |lcc < £~2. Observe that we can choose
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& > 0 smaller and the assertion of step 3 remains true. Now define a smooth function on LM
by
1
2
Vo(x) := pe (Hx — Uy, Hz) / Vi, x(t))dt
0
where V is given by (73). The function Vj vanishes on the loop ug, and satisfies

d
dVo(us) ng = E

Vo(exp,, r1s)
0

r=
1

= 20/ (s — usy|3) Gats — sy, 75) / Vi (us (1)) dt
0
1

+ e ([lus — s |3) / dV; (us (1)) ns (1) dt.
0

Hence d Vo (usy)ns, = lIns, ||% and this proves another assertion of step 4.
To prove the final assertion of step 4 observe thats ¢ (so—3§, so+38) implies |lus — g, ll2 >
3¢ by step 3, hence ug ¢ supp Vy. It follows that

so+98
(grad Vo, = [ abiuonds
s0—36
50+36
2
= / 200 ([lus = wsy]|5) (s — sy, m5) (&5 msp) s
s0—34
s0+96
2 —1
b [ ool = w3 Bt 60 e ngrds. @9
s0—6
We shall estimate the two terms in the sum separately. Letssy > so be such that [|us, — ug, |2 =
e and |lus — us |l < € whenever s € (s, s2). This means that s, is the forward exit time

of uy with respect to the L? ball of radius & about u s0- Let s1 < so be the corresponding
backward exit time; see Fig. 3. Use ii) and p, > 0 to obtain that

s0+36

/ Pe(”us — Us Hg)(EZ(usoa Es)_lrlb Nso) ds
s0—6
52

Z/l-%ds:%(sz—m-f—so—sl)

1
1o 2u0
> — (|\ug, — u; + s, — Us = —2¢&.
= 3“1 (” 52 Y0”2 ” S0 Y1“2) 3/‘“
Here the second inequality uses iii). To estimate the other term in (75) let o7 be the time of
first entry into the L2 ball of radius 2¢ starting from sy — & and let o be the corresponding
time when time runs backwards and we start from 5o + §; see Fig. 3.
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Bae (uSO)

Usy+6

Fig. 3 Exit times s1, 52 and entry times o1, 07

Then it follows that

s0+36
2
/ 20, (|5 — o |2) Gty = 105y, 15) B mg) dis
s0—34
02
s 22 [ 1ol o = s
o1
02
> —2C1C28_2/(S - s0)4 ds
o1
2cic 2c1¢28°
= =12 (02 — 50+ 50— 01)° > it AP

562 5u3

It remains to explain the second and the final inequality. In the final one we use that by iii)
there is the estimate oo — 5o < 2|lug, — Ug,ll2/p01 = 4&/p1 and similarly for s — oq. The
second inequality is based on the geometric fact that d;u and n are slicewise orthogonal by
step 2. Namely, let f(s) = (us — ugy, n5) and h(s) = (&, n5,), then f(so) = h(sp) = 0 and

f/(s) = (Osug, ns) + (s — Uy, Vsng) = (us — Usy, Vins)
W' (s) = (Ea(ugy, &) dsutg, ms, )

Hence f”(so) = h'(so) = 0 and so there exist constants ¢c; = ¢1(f) > Oand c; = c2(h) > 0
depending continuously on § such that for every s € (so — &, so + §)

If ()] < ci(s —s0)%,  1h(s)] < eals — s0)*

This proves the second inequality. Now choose ¢ > 0 sufficiently small such that ¢2 <
/Lou‘l‘ /c1c2. This implies that (grad Vy(u), n) > 0 and proves step 4.

Now recall that uy, ¢ U. Choose ¢ > 0 again smaller such that the L? ball of radius 3¢
about uy, is disjoint from the L? closed set U, that 3¢ is smaller than the injectivity radius ¢
of M, and that ¢ = 1/k for some integer k.
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Step 5 Given k = 1/¢ as in the paragraph above, there exist integers i, j > 0 such that the
Sfunction'V := V;ji given by (57) lies in Y (V, U) and satisfies

(grad Vjjr(u), n) > 0.

This contradicts (71) and thereby proves Proposition 9.

Consider the loop u,, where s is the time in step 4. In Sect. 5.1 we fixed a dense sequence x; in
C(S', M) and for each i a dense sequence 1’/ in C*®(S!, x}T M). Choose a subsequence,
still denoted by x;, such that

Xi —> Ugy, asi — o0.

Now we may assume without loss of generality that every x; lies in Bg(uy,) the L? ball
of radius ¢ about u,,. Hence Byg(x;) C Bag(uy,). Let és’o be defined by the identity uy, =
expy, ‘fo pointwise for every ¢ € S!. Choose a diagonal subsequence, denoted for simplicity
by n'*, such that

@y, DN > g, asi — oo.

Here @, (&) is parallel transport from x to exp, § along T +— exp, & pointwise for every
t € S'. Let (Viix)ien be the corresponding sequence of functions where each Vj;; is given
by (57). Now observe that

suppViik C Bajik(xi) = Bog(x;) C B3g(uy)-

But B3, (ug,)NU = ¥ by the choice of ¢ in the paragraph prior to step4 and so V;ix € Y (V, U).
Nextrecall that the constant § > 0 has been chosen in the proof of step 4 in order to exclude any
return of the trajectory s > u; to the ball B3, (u,,) once s has left the interval (so — &, so +6).
Since suppViik C B3g(us,), this shows that V;;x(us) = 0 whenever s ¢ (so — &, so + §).
Hence

50+4
(grad Viix (u), n) = / 20}k (llus — xi 13) (us — xi ) (€L, ') ds
50—6
so+6
+ / p1/k(llus — x; 13)(E2(xi, §D) " g, 0y ds
s0—34

where &/ is determined by u; = expy, gl. Now the right hand side converges for i — 0o
to the right hand side of (75), which equals (grad Vy(u), n) > 0. This proves step 5 and
Proposition 9.

6 Heat flow homology

In Sect. 6.1 we define the unstable manifold of a critical point x of the action functional
Sy : LM — R as the set of endpoints at time zero of all backward halfcylinders solving the
heat equation (7) and emanating from x at —oo. The main result is Theorem 18 saying that
if x is nondegenerate, then this is a submanifold of the loop space and its dimension is the
Morse index of x.

In Sect. 6.2 we put together everything to construct the Morse complex for the negative
L? gradient of the action functional on the loop space £M.
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6.1 The unstable manifold theorem

Fix a perturbation V : LM — R that satisfies (V0)—(V3) and consider the backward
halfcylinder Z~ = (—o0, 0] x S'. Given a critical point x of the action functional Sy, the
moduli space

M7 (x; V) (76)

is, by definition, the set of all solutions u~ : Z~ — M of the heat equation (7) which satisfy
the asymptotic limit condition (3), as s — —oo. Note that the moduli space is not empty; it
contains the stationary solution u (s, -) = x. The unstable manifold of x is defined by

Wi V) ={u(0,) |u~ € M~ (x; V).

Theorem 18 Fix a perturbation V : LM — R that satisfies (V0)—(V3). If x is a nondegen-
erate critical point of the action functional Sy, then the unstable manifold W" (x; V) is a
smooth contractible embedded submanifold of the loop space and its dimension is equal to
the Morse index of x.

The first step in the proof of Theorem 18 is to show that the moduli space M~ (x; V) is
a smooth manifold of the desired dimension whenever x is nondegenerate (Proposition 10).
A crucial ingredient is Proposition 11 on surjectivity of the operator D,~ : W7 — [P
whenever u~ € M~ (x; V) and p > 2. Here the operator D,- is given by (21) and arises
by linearizing the heat equation at the backward trajectory u~. A further key result to prove
Theorem 18 is unique continuation for the linear and the nonlinear heat equation, Proposition 6
and Theorem 17. Namely, unique continuation implies that the evaluation map

evg M (x;V) > LM, u +—u (0,
is an injective immersion, hence an embedding by the gradient flow property.

Proposition 10 (Moduli space) Fix a perturbation V : LM — R that satisfies (V0)—-(V3)
and assume x is a nondegenerate critical point of Sy. Then the moduli space M~ (x; V) is a
smooth contractible manifold of dimension indy (x). Its tangent space at u™ is equal to the
vector space X~ given by (77).

Proposition 11 (Surjectivity) Fix a perturbation V : LM — R that satisfies (V0)-(V3)
and a nondegenerate critical point x of Sy. Assume p > 2 and u= € M~ (x; V). Then
the following is true. The operator D,~ : WY'P — LP is Fredholm, onto, and its kernel is
given by

X~ = {g € C®(Z™,u""TM) | D,-&=0,3¢,8 >0Vs <0
Eslloo + Vs lloo + Vi Visllog + 1 Vebslloo = Ce‘ss}- 77
Moreover, the dimension of X~ is equal to the Morse index of x.

Proposition 11 is in fact a corollary of Theorem 19 below which asserts surjectivity in
the special case of a stationary solution u~ (s, t) = x(¢), where x is a nondegenerate critical
point of Sy,. The idea is that if a solution ™ is nearby the stationary solution x in the W'?
topology, then the corresponding linearizations D, and D, are close in the operator norm
topology. But surjectivity is an open condition with respect to the norm topology. The case
of a general solution reduces to the nearby case by shifting the s-variable.
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Remark 6 Abbreviate H = L2(S!, R") and W = W22(S!, R") and consider the operator

d2
As=———-S:H—>H
S dr?

with dense domain W. Here we assume that S : W — H is a symmetric and compact linear

operator. Under these assumptions it is well known (see (ii) in [21, sec. 3.4]) that Ag is
self-adjoint and that its Morse index ind(Ag) is finite.

Theorem 19 Let S and Ag be as in Remark 6. Fix p > 2 and assume that the linear operator
S whr(s',RY) — LP(S', R") is bounded with bound cs. Then the following is true. If
Ag is injective, then the operator

D=2d — 88 —S: W-P(Z",R") — LP(Z™,R")
is onto. In the case p = 2 the map E~ — ker D, v — e*4Sv is an isomorphism.

For the details of the proof of Theorem 19 we refer to [20, thm. 8.5]. The proof is rather
lengthy, but follows closely the proof of the corresponding result in Floer theory, namely [12,
lemma 2.4]. The proof takes four steps. Step 1 is to prove the theorem for p = 2. The proof
of [12, lemma 2.4 step 1] carries over with minor but important modifications. These are
related to the fact that our domain Z~ does have a boundary. Moreover, the proof uses the
theory of semigroups. Step 4 is to generalize surjectivity from p = 2 to p > 2. This uses
an argument due to Donaldson [3]. Here the estimates provided by step 2 and step 3 enter.
Here we follow again the presentation in [12, lemma 2.4 steps 2—4] up to minor but subtle
modifications. One subtlety is related to the parabolic estimate of step 2 which, in contrast
to the elliptic case, requires the domain to be increased only towards the past.

Proof of Proposition 11 The arguments in the proof of [21, prop. 3.15] show that the kernel
of D,~ : Wh? — LP is equal to X~. But X~ does not depend on p. On the other hand,
for p = 2 the dimension of the kernel is equal to the Morse index of x by Theorem 19.
Surjectivity of D,- follows in three stages.

THE STATIONARY CASE. Consider the stationary solution (s, ) +> x(¢). Then Dy is onto
by Theorem 19. To see this represent D, with respect to an orthonormal frame along x;
see [21, sec. 3.4].

THE NEARBY CASE. Surjectivity is preserved under small perturbations with respect to
the operator norm. Moreover, the operator family D,- depends continuously on u~ with
respect to the WP topology (here we use p > 2). Hence, if u= € M~ (x; V) satisfies
u~ =exp,(n) and ||n]lyy1.p is sufficiently small, it follows that D, is onto.

THE GENERAL CASE. Given u € M~ (x;V) and o < 0, consider the shifted solution
u®(s,t) ;= u(s+o,t). Then (D,&)° = D,s £ by shift invariance of the linear heat equation.
This means that surjectivity of D, is equivalent to surjectivity of D,o. But the latter is true
by the nearby case above, because u® converges to x in the W' topology, as 0 — —o0. To
see this apply Theorem 14 (B) on exponential decay to u and note that u? (0, t) = u(o, t). O

Proof of Proposition 10 The proof follows the same (standard) pattern as the proof of
Theorem 6; see also the introduction to Sect. 3. The first step is the definition of a Banach man-
ifold B = B,lc’p of backward halfcylinders emanating from x such that /3 contains the moduli
space M~ (x; V) whenever p > 2. The second step is to define a smooth map F,,- between
Banach spaces as in (35). Its significance lies in the fact that its zeroes correspond precisely
to the elements of the moduli space near #~ and that d,- (0) = D,-. By Proposition 11
this operator is Fredholm, surjective, and the dimension of its kernel is equal to the Morse
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index of x. Hence M~ (x; V) is locally near ™~ modeled on ker D,- by the implicit function
theorem for Banach spaces. To see that the moduli space is a contractible manifold observe
that backward time shift provides a contraction

h: M (x; V) x [0,1] > M~ (x; V)
W, r) = u(-—/r/(1=r),")

onto the stationary solution x, thatis 4 is continuous and satisfies #(u, 0) = u and h(u, 1) = x
forevery u € M~ (x; V). O

Proof of Theorem 18 We abbreviate M~ = M™ (x; V) and W" = W (x; V). Recall that the
moduli space M~ is a smooth manifold of dimension equal to indy, (x) by Proposition 10 and,
furthermore, by definition the unstable manifold W* is equal to the image of the evaluation
map evg : M~ — LM given by u +— u(0, -) =: ug(-). It remains to prove that evg and its
linearization are injective and that evg is a homeomorphism onto W*.

To prove that evy is injective let u, v € M~ and assume that evg(u) = evy(v), that is
up = vo. Hence u = v by Theorem 17 on backward unique continuation.

We prove that the linearization d(evg), of evg atu € M™ isinjective. Pick &, n € T, M,
then D,& = 0 = D,n by Proposition 10. Now assume that d(evp),& = d(evo),n, that is
& = no. Therefore & = n by application of Proposition 6 (a) on linear unique continuation
to the vector field & — 7.

To prove that evg : M~ — LM is a homeomorphism onto its image fix u € M™.
Since every immersion is locally an embedding, there is an open disk D in M~ containing
u such that evg|p : D — LM is an embedding. It remains to prove that there is an open
neighborhood U of ug = evg(u) in LM such that

UNW"*=UnNevy(D). (78)

There are two cases. In case one u is constant in s, that is # = x. In this case we exploit the
fact that the restricted function Sy |w« takes on its maximum precisely at the critical point
x by the (negative) gradient flow property. Case two is the complementary case in which u
depends on s. To deal with this case we use a convergence argument based on the compactness
Theorem 11. O

Casel (u = x) Set ¢ = Sy(x), then a set U having the desired property (78) is given
by U := {c — & < Sy < ¢+ ¢}, where 2¢ := minyccp\p (Sy(x) — Sy(up)). Here the
compact set c1D \ D is the topological boundary of the open disc D. Note that the elements
of W* \ evo(D) have action at most ¢ — 2¢.

Case2 (u # x) Assume by contradiction that there is no U which satisfies (78). Then
there is a sequence y¥ € W \ evg(D) that converges to ug in LM, as v — oo. Note that
y" = evo(u’) where u’ € M~ \ D. In particular, each trajectory u" converges in backward
time asymptotically to x. Thus

sup  Sy(uy) < Sy(x) =:c
se(~00,0]

for every v. Together with the energy identity this implies that
2
E@") = Sy(x) = Sy(uh) = c — & [0 | 7201, + V) < ¢ + Co

where C¢ > 1 is the constant in axiom (V0). Adapting the proofs of the a priori Theorem 12
and the gradient bound Theorem 13 to cover the case of backward halfcylinders it follows
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that there is a constant C = C(c, V) > 0 such that
low"| =C. |osu”|, < CVEW@") < C(c+ Co),

for every v. Here the norms are taken on the domain (—o0, 0] x S'. Adapting also the proof of
the compactness Theorem 11 we obtain—in view of the uniform a priori L*° bounds for 9;u"
and dyu"” just derived—the existence of a smooth heat flow solution v : (—co, 0] x S Vs m
and a subsequence, still denoted by u", such that u” converges to v in Cp.. In particular,
this implies that ug = vo and that d,u} converges to d;vs, as v — 00, uniformly with all
derivatives on ' and for each s. This and our earlier uniform action bound for u; show that

Sy(vs) = vlirgo Syw)) <c

for every s. To summarize, we have two backward flow lines « and v defined on (—oo, 0] x S 1
along which the action is bounded from above by ¢ and which coincide along the loop ug = vo.
Hence Theorem 17 (B) on backward unique continuation asserts that u = v. Because u"
converges to v = u in C;, it follows that 4" lies in the open disk D containing u, whenever
v is sufficiently large. For such v we arrive at the contradiction YV = evg(u”) € evy(D).

6.2 The Morse complex

Assume that the action Sy is a Morse function on the loop space. This is true for a generic
potential V € C*® (S! x M) by [19]. For each critical point x € P(V) fix an orientation
(x) of the tangent space at x to the (finite dimensional) unstable manifold W*(x; V). We
denote this choice of orientations by (P). Fix a regular value a of Sy. Then the Morse
chain groups are the Z-modules

CM{ =CM{(V):= @ Zx, kel
xeP4(V)
indy (x)=k
These modules are finitely generated and graded by the Morse index. We set Cif = {0}
whenever the direct sum is taken over the empty set. We define

N
My = Hemy
k=0

where N is the largest Morse index of an element of the finite set P4 (V).

Set Vy (x) = fol V:(x(t)) dt and note that Vy satisfies (V0)—(V3). Now consider the asso-
ciated set O% (V) of admissible perturbations of Vy defined by (63). Furthermore, consider
its dense subset Ofeg(V) of regular perturbations provided by Theorem 8; see (67) for the
definition. Now for any v € OF,, (V) we have the following key facts. The functionals Sy
and Sy 4, coincide near their critical points and have the same sublevel set with respect to a.
Moreover, the perturbed functional Sy, is Morse—Smale below level a. (Occasionally we
denote V + v in abuse of notation by V + v to emphasize that we are actually perturbing a
geometric potential.)

To define the Morse boundary operator d on CM¢ it suffices to define it on the set of
generators P¢(V) and then extend linearly. Fix a regular perturbation v € Ofeg(V). Note
that each chosen orientation (x) not only orients the unstable manifold W*(x; V'), but also
the perturbed one W"(x; V + v). This is because the tangent spaces at x to W*(x; V)
and W (x; V + v) coincide (v is not supported near x) and unstable manifolds are finite
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dimensional and contractible (Theorem 18), hence orientable. Now given two critical points
x¥ of action less than a, consider the heat moduli space M(x~, xT; V 4 v) of solutions u
of the heat equation (7) with V replaced by V + v and subject to the boundary condition (3).
Recall from [13, ch. 11] that a choice of orientations for all unstable manifolds determines a
system of coherent orientations in the sense of Floer—Hofer [7] on the heat moduli spaces.

From now on we assume that x* are of Morse index difference one. In this case
M(x~,x*; V 4+ v) is a smooth 1-dimensional manifold by Theorem 6 and its quotient
M(x~,xT; V + v)/R by the (free) time shift action consists of finitely many points by
Proposition 1. For [u] € M(x~,x"; V + v)/R time shift naturally induces an orientation
of the corresponding component of M (x~, x¥; V + v); compare [13] and note that d;u is a
nonzero element of the one-dimensional vector space ker D,, = det(D,,). The characteristic
sign n,, of the heat trajectory u is defined to be +1, if the time shift orientation coincides
with the coherent orientation, and n, := —1 otherwise. The characteristic sign depends
on the chosen orientations (x ) and (x*). Consider the (finite) sum of characteristic signs
corresponding to all heat trajectories from x~ to x ™, namely

n(x’),(x*) = Z ny.

[uleM(x—,xt;V+u)/R

If the sum runs over the empty set, we setn = 0. For x € P¢(V) define the Morse boundary
operator 0 = d(V, v, (P)) by the (finite) sum

dx = >

yeP(V)
indy (x)—indy (y)=1

and set dx = 0 whenever the sum runs over the empty set.

Proof of Theorem 1 As mentioned above the heat moduli spaces are oriented coherently.
This means that these orientations are compatible with gluing, which implies that d 0 9 = 0;
see [7, §5].

The fact that heat flow homology is independent of the choice of regular perturbation
v E (’);‘Eg(V) and orientations (P) of the unstable manifolds follows from the continuation
argument which is standard in Floer theory; see again e.g. [5,12]. Here it is crucial to observe
that our admissible perturbations v € O are supported away from the level set {Sy = a}
on which the L? gradient of Sy (hence of Sy 1) is nonvanishing and inward pointing with
respect to L4 M. Alternatively, independence will follow from Theorem 9. O
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Appendix A: Parabolic regularity

By H™ we denote the closed lower half plane, that is, the set of pairs of reals (s, t) with
s < 0. For now all maps are real-valued and the domains of the various Banach spaces which
appear are understood to be open subsets §2 of R? or H~. To deal with the heat equation it
is useful to consider the anisotropic Sobolev spaces ng’zk. We call them parabolic Sobolev
spaces and denote them by W+ ?. For constants p > 1 and integers k > 0 these spaces are
defined as follows. Set W7 = L? and denote by W' the set of all u € L” which admit
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weak derivatives dosu, 0;u, and 9,;0,u in L?. For k > 2 define
WEP = (u e WP | dgu, du, 8,9,u € WPy
where the derivatives are again meant in the weak sense. The norm

1/p

lullype.p := // Z |0y 0/ u(s, 1)|” dtds (79)

2v4p<2k

gives WK-? the structure of a Banach space. Here v and y are nonnegative integers. For k = 1
we obtain that

Nl = lleelly + 19seelly + 19y + 118, B,ull

and occasionally we abbreviate YV = WP Note the difference to (standard) Sobolev space
WP where the norm is given by ||u||]’:7p =2, <k 18y 0 ull . A rectangular domain is
a set of the form / x J where I and J are bounded intervals. For rectangular (more generally,
Lipschitz) domains §2 the parabolic Sobolev spaces WK-P can be identified with the closure
of C®(£2) with respect to the WK? norm; see e.g. [8, app. B.1]. Similarly, define the C¥
norm by

luller == D> [oyofu] - (80)

2v4+pu<2k

Assume N — R¥ is a closed smooth submanifold and I" : M — RV *N*N s a smooth
family of vector-valued symmetric bilinear forms. Set Wkp(z) = Wkr(Z, RN) and for
T>T >0setZ=2Zr=(-T,01x S'and Z' = Zp.

Proposition 12 (Parabolic regularity) Fix constants p > 2, uo > 1, and T > 0. Fix a map
F : Z — RY such that F and 3, F are of class L?. Assume thatu : Z — RN isa WP map
taking values in N with |[ull\y1.p < o and such that the perturbed heat equation

dsut — 3, du = I' () B, dyu) + F 81)

is satisfied almost everywhere. Then the following is true for every integer k > 1 such that
F,8F e W=Lr(Z) and every T' € (0, T).

(i) There is a constant ax depending on p, jo, T, T', |I" || c2x+2, and the WE=LP(Z) norms
of F and 0; F such that

||3,u||Wk_p VA S ay.
(z")

(ii) If s F € WK=LP(Z) then there is a constant by depending on p, o, T, T, 11| c2x+2,
and the W*=1-P(Z) norms of F, 0, F, and 95 F such that

||8s’/l||wk,p(z/) < by.

(iii) Ifo,;0.F € WkK=L.1(Z) then there is a constant ¢k depending on p, no, T, T', || || cox+2,
and the Wk_l’p(Z) norms of F, 0; F, and 0;0; F such that

19; B ullyyrp 77y < k-

Since p > 2, the Sobolev embedding theorem guarantees that every W!? map u is
continuous. Hence it makes sense to say that u takes values in N.
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Corollary 2 Under the assumptions of Proposition 12 the following is true. Assume k > 1
and F € WkP(Zp). Then for every T’ € (0, T) there is a constant ¢, = ci(k, p, no, T —

T/

”F”CZkJrZ(N)’ ”F”Wkp(ZT)) such that

||M||Wk+l,p(ZT,) < Ck.

Proof The WHKHLP norm of u is equivalent to the sum of the Wk-P norms of u, oru, ogu, and
0y 0;u. Apply Proposition 12 (i—iii). O
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