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Abstract In this paper, we generalize Colding—Minicozzi’s recent results about codime-
nsion-1 self-shrinkers for the mean curvature flow to higher codimension. In particular, we
prove that the sphere bf S™ (+/2n) is the only complete embedded connected F-stable self-
shrinker in R"*% with H # 0, polynomial volume growth, flat normal bundle and bounded
geometry. We also discuss some properties of symplectic self-shrinkers, proving that any
complete symplectic self-shrinker in R* with polynomial volume growth and bounded second
fundamental form is a plane. As a corollary, we show that there is no finite time Type I
singularity for symplectic mean curvature flow, which has been proved by Chen-Li using
different method. We also study Lagrangian self-shrinkers and prove that for Lagrangian
mean curvature flow, the blow-up limit of the singularity may be not F-stable.
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1 Introduction

Let =" be an n-dimensional immersed submanifold of R"**. We say X is a self-shrinker for
the mean curvature flow, if it satisfies a quasi-linear elliptic system

1
H:—Exl, (1.1)

where H is the mean curvature vector of ¥ in R"t*_ x is the position vector, and wt is the
normal part of a vector w in R"*¥,
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994 C. Arezzo, J. Sun

Self-shrinkers are special solutions for the mean curvature flow equation

1
(%x) =H, (1.2)

and what is more, they are very important singularities of the mean curvature flow.

In 1984, Huisken [15] proved that, if the initial hypersurface Mg in R"*! is strictly convex,
then along the mean curvature flow, the surface will be strictly convex at each time, and the
mean curvature flow will contract to a point at a finite time 7. Moreover, the normalized
mean curvature flow will converge exponentially to a round sphere, the simplest example of
self-shrinker.

In 1990, Huisken [16] studied Type I singularities of the mean curvature flow, and using
a crucial monotonicity formula, he proved that any Type I singularity of the mean curvature
Sflow must be a self-shrinker. More precisely, if the mean curvature flow develops Type I
singularity at finite time 7', then the rescaled mean curvature flow will converge smoothly
to a self-shrinker. In the same paper, Huisken gave a first classification theorem for the self-
shrinkers in hypersurface case, proving that the sphere is the only closed self-shrinker with
nonnegative mean curvature.

Later on, Huisken [17] classified complete self-shrinkers and proved that $” x R"™" are
the only smooth embedded hypersurfaces with nonnegative mean curvature H, polynomial
volume growth, bounded second fundamental form, and satisfying the self-shrinker equation
(1.1).

In 1994, Ilmanen [18] studied singularities of mean curvature flow of surfaces. Suppose
3, is a solution of mean curvature flow, ¢ € [0, T). Define

T
sh= 20Dt 2N, — )t € [— ﬁ,o). (1.3)

Tlmanen proved that: Any family of rescalings {M]'} rel—

self-similar shrinking mean curvature flow {v;}; <o in the sense of Radon measures for all t
and v_ satisfies the self-shrinker equation (1.1).

Recently, Colding and Minicozzi [8] studied generic singularities of generic mean cur-
vature flow of hypersurfaces and proved that shrinking spheres, cylinders and planes are
the only stable self-shrinkers. Let us first recall some notations and definitions. Given
xo € R, 1y > 0, define the functional Fy, 4, by

7.0 converges subsequentially to a

n _\x—xo\z
Faoa(® = Gy [ dp (1.4
)]

We will observe (as in the hypersurface case) that X is a critical point of the functional Fy,
precisely when it is a self-shrinker (Proposition 2.6). The entropy A = A(X) of X is then
defined to be the supremum of the Fy, ,, functionals

A = sup Fy, (). (1.5)

X010

It is easy to see that the critical points of X are self-shrinkers for the mean curvature flow.
We will say that a self-shrinker is entropy-stable if it is a local minimum for the entropy
functional. The main results of [8] is as follows:

Theorem 1.1 (Theorem 0.12 of [8]) Suppose that =" C R"T! is a smooth complete embed-
ded self-shrinker without boundary and with polynomial volume growth.
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Self-shrinkers for the mean curvature flow in arbitrary codimension 995

(1) If T is not equal to S™ x R"™™, then there is a graph % over ¥ of a function with
arbitrary small C! norm (for any fixed 1) so that \(£) < A(Z).

(2) If X is not S™ and does not split off a line, then the function in (1) can be taken to have
compact support.

In particular, in either case, ¥ cannot arise as a tangent flow to the mean curvature flow

starting from X.
Roughly speaking, the proof of Theorem 1.1 can be divided into three parts:

(A) Suppose X does not split off a line isometrically and it is entropy-stable, then it is
F-stable;

(B) F-stable implies mean convexity (i.e., H > 0);

(C) Classify the mean convex self-shrinkers.

For (C), they proved that

Theorem 1.2 (Theorem 0.17 of [8]) 8™ x R"™™ are the only smooth complete embedded
self-shrinkers without boundary, with polynomial volume growth, and H > 0 in R"*!.

Theorem 1.2 improves Huisken’s classification theorem [17] by removing the assumption
that “X has bounded second fundamental form”. It is easy from the self-shrinker equation
(1.1) to see that the factor S™ has radius v/2m.

Then they classified all F-stable self-shrinkers in R"*!:

Theorem 1.3 (Theorem 4.30 of [8]) " (v/2n) is the only smooth embedded closed F-stable
hypersurface in R"* for any n > 2.

Theorem 1.4 (Theorem 4.31 of [8]) R" is the only smooth complete embedded noncompact
F-stable hypersurface in R"+" without boundary and with polynomial volume growth.

The F-functional recalled above plays then a key role in Colding—Minicozzi’s classification
and one might wonder which kind of geometric functional it really is. A beautiful aspect of this
new approach is that F-stability is actually very closely related (in fact almost equivalent) to
the classical Volume-stability of an associated minimal submanifold via a simple and elegant
construction due to Smoczyk [24]. We will treat this relationship in a forthcoming note [4].

We have seen that self-shrinkers are important singularities for the mean curvature flow.
Although there are many works in the hypersurface case, there are only few results in higher
codimension. In 2005, Smoczyk [23] generalized Huisken’s result [17] to higher codimen-
sions %nd gave a classification theorem for self-shrinkers with parallel principle normal
V=g

Theorem 1.5 (Theorem 1.1 of [23]) Let X" C R" n > 2 bea compact self-shrinker.
Then X is spherical if and only if H # 0 and Vv = 0.

Smoczyk also classified complete self-shrinkers with H # 0, parallel principle normal and
bounded geometry (Theorem 1.3 of [23]).

Based on Smoczyk’s work, we prove the following classification of F-stable self-
shrinkers:

Main Theorem 1 S"(+/2n) is the only n-dimensional F-stable embedded closed self-
shrinker with H # 0 and flat normal bundle in R"*.
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More generally, we have:

Main Theorem 2 Letr ©" C R"* be a complete embedded connected self-shrinker with
H # 0, polynomial volume growth and flat normal bundle. Suppose further that ¥ has
uniform bounded geometry and is F-stable. Then X must be 8" (+/2n).

We can see that most of the results on high codimensional case are obtained under the
assumption “with flat normal bundle”. Indeed, it is an interesting question that “whether or
under which conditions the blow up flow of the mean curvature flow is normal flat”. In fact,
as we know [1], the type II blow-up flow of a curve shrinking flow for space curves is a planar
curve (thus normal flat).

Two important mean curvature flows with high codimension are the symplectic and the
Lagrangian mean curvature flows. In these cases we can prove:

Main Theorem 3 There does not exist any two-dimensional complete embedded symplectic
self-shrinker in R* with flat normal bundle, bounded geometry and |H| # 0.

Recently, Le—Sesum [19] gave a gap theorem for the self-shrinker which states that a complete
self-shrinker with polynomial volume growth and |[A| < % must be a plane. Later, Cao and
Li [5] generalized their result to high codimensional case. (Note that, our definition of self-
shrinker is slightly different from their’s. In [19] and [5], the assumption is |A| < 1, which
in our notation becomes |A| < %.) Note also that all the following theorems do not need the
assumption “with flat normal bundle”.

For symplectic self-shrinkers, using the elliptic equation satisfied by the Kihler angle and
the self-adjoint property of the stability operator, we can obtain a stronger gap theorem:

Main Theorem 4 Suppose £2 is a complete symplectic self-shrinker with polynomial vol-
ume growth in R*. If |A|* < 1, then = must be a plane.

It is proved in [14] that a symplectic translating soliton for the symplectic mean curvature
flow with polynomial volume growth, flat normal bundle and bounded second fundamental
form must be minimal (thus a plane). We have similar result for symplectic self-shrinker.
Indeed, we can remove the “normal flat” assumption in this case.

Main Theorem 5 Suppose £ is a complete symplectic self-shrinker in R* with polynomial
volume growth and Kéihler angle . If |A|? is bounded and cosa > 8 > 0, then ¥ must be a
plane.

We can then give a direct proof of the following fact first proved by Chen and Li [6] by a
different approach.

Corollary 1.6 There is no finite time Type I singularity for the symplectic mean curvature

flow.

For the Lagrangian mean curvature flow, Chen and Li [7] and Wang [26] proved that there
is no finite time Type I singularity in the almost calibrated case. On the contrary, in 2007,
Groh et al. [11] constructed examples of monotone, equivariant Lagrangian mean curvature
flow which can develop Type-I singularity. The blow up flow converges to some equivariant
Lagrangian self-shrinkers classified by Anciaux [2]. Neves [21] also constructed Lagrangian
mean curvature flow with trivial Maslov class which develops singularity at finite time.

One can show that any equivariant Lagrangian self-shrinkers can never be F-stable. In
fact, motivated by Hamiltonian stability of minimal Lagrangian minimal surfaces [22], we
introduce Hamiltonian F-stability (see Appendix A) and prove that
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Self-shrinkers for the mean curvature flow in arbitrary codimension 997

Main Theorem 6 Complete equivariant Lagrangian self-shrinkers are never Hamiltonian
F-stable. In particular, they are never F-stable in the usual sense.

As a corollary, we have

Corollary 1.7 The blow-up limit of the singularity of a Lagrangian mean curvature flow
may be not F-stable.

On the other hand, Wang [25] considered the graphic self-shrinker and gave a Bernstein
type theorem. Indeed, Ecker—Huisken [10] showed that a self-shrinker is a plane if it is an
entire graph with polynomial volume growth. Wang [25] can remove the assumption “with
polynomial volume growth”.

Recently, Zhang [27] also considered F -stability of self-shrinker solutions to the harmonic
map heat flow.

Added in proof After the submission of our paper, two preprints by Andrews et al. [3] and
Lee and Lue [20] appeared on arxiv with significant overlap with our results.

The following sections are organized as follows: In Sects. 2 and 3, we compute the first
variation and second variation formulas for F-functional, respectively; in Sect. 4, we consider
minimal submanifolds of spheres, proving that they are all self-shrinkers, which is known
to expert (for example, [23]); in Sect. 5, we prove Main Theorem 1 and Main Theorem 2;
and in Sects. 6 and 7, we prove the properties of symplectic self-shrinkers and Lagrangian
self-shrinkers, respectively.

2 The first variation formula

In this section, we will compute the first variation of the F-functional and recall some of the
results of [8].

Suppose the variation vector field is X, = V, where V is a normal vector field. Set
X, =, &, = h. Furthermore, suppose Xo = 0, o = 1, such that

_Ixf?

Rl @
o
From the first variation formula for area [9], we know that
dp' = —(Zp, H)ydu = —(V, H)d . (2.2)
Here, H is the mean curvature vector of ¥g. By direct computation, we have

|X_Xs|2]

B o xex? 0 n n
—log | (4mtg) " 2e s — —510g4n—§]ogts—

as as 4t
o, xexxX X)) x-x P
2t ° 21y 42 F
_ (|x —;zmz B l) POt TR %X 03
412 21, 21, 21,

Thus we have

B o kexsl?
— 1(@mt) 2e  Hs
as

o bexl? |X_XS|2 n / (x —xy, V) (X — X, X)
= rty) " Te” W = ) - sS4
(mts)2e {( 4¢2 2t ) ° 2ty + 21, (2.4)
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Therefore, we obtain the first variation formula:

e ot [ o]
T gy =0 (&) = (AT 42 2’ YT\ e tan
x

:(4n)*%/ —<V e +(|X|2—" h+1<x y> —Fay
T 4 “2)" e '
D)

Yo is said to be a self-shrinker if

1
H+ X? —0. (2.6)

Next, we will prove that a critical point of the functional is indeed a self-shrinker. To prove
this, we first prove some identities on the self-shrinker.
Following Colding—Minicozzi [8], we introduce the operator

1 x|2 x|2
Lv=Av — i(x, V) = e%div (e_‘TlVU) . 2.7

Now let us recall some properties of the operator £ proved in [8]. It is easy to see that
Colding—Minicozzi’s proofs for these results can be generalized to high codimensional case
easily. So we will omit most of the proofs here.

Lemma 2.1 (Lemma 3.8 of [8]) If £" C R"** is a submanifold of R"**, u is a C' function
with compact support, and v is a C* function, then

x|

/u([lv)e_¥ = —/(Vu, Vv)e_Tz. (2.8)

z z

Corollary 2.2 (Corollary 3.10 of [8]) Suppose " C R"** is a complete submanifold with-
out boundary. If u and v are C? functions with

/(|qu| + |Vul|Vu| + |u£v|)e‘¥ < 00, 2.9
b
then we get
/u(ﬁv)e‘ﬁ = —/(Vu, Vv)e_#. (2.10)
b b

To keep short, we will say that a function u is “in the weighted W22 space” if
Ix?
/(|u|2+|w|2+|cu|2)e*7 < 0. (2.11)
b
By Corollary 2.2, if u and v are both in the weighted W22 space, then we have
2 _x?
u(Lvye + = [ v(Lu)e 4. (2.12)

)y z
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Lemma 2.3 (Lemma 3.20 of [8]) If £" C R"** is a submanifold of R"™* with H + % =0,
then

1
Lxi = —5x. (2.13)

Llx|*> = 2n — |x|%. (2.14)
Here, x; is the i-th component of the position vector x, i.e., xj = (X, ;).

Lemma 2.4 (Lemma 3.25 of [8]) If £" C R"** is a complete submanifold of R"** without
boundary, with polynomial volume growth, and H + % = 0, then

x2
/(|x|2 e S (2.15)
X
k2 ) b
xe & =0= [ x|x|7e” 4 (2.16)
) p))
x2
/(|x|4 —2nQ@n+4) — 16| HP)e~ T =0 (2.17)

Furthermore, if w is a constant vector in R" then

x2 x2
/(x, w)e™ "t — 2/ wT 2e= . (2.18)
b ®
Corollary 2.5 (Corollary 3.34 of [8]) If X is as in Lemma 2.4, then

5 2
/{(";'_’21) _’;]e—"f :_/|H| % 2.19)
p)) z

Now we can conclude the main result in this section.
Proposition 2.6 X is a critical point of Fy 1 if and only if H + % =0.

Proof By the first variation formula (2.5), we see that X is a critical point of the functional
Fop,1 if and only if

H+X7:0, on X,
x2
(% -9 Fanmo

2

Ix Xede,u =0,

which is equivalent to H + % = 0 by (2.15) and (2.16). ]

3 The second variation formula

In this section, we will compute the second variation of the functional Fjy |. Following
Colding—Minicozzi [8], we will use square brackets [-] to denote weighted integrals

/fe mz'
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We suppose

Osls=0Zs =V, 0Osls=0Xs =Y, Osls=0t; =h,
8ss|s:02s = V/» axs's:OXs = y/’ 3sx|s:0[s = h/~

Then by (2.4) and (2.5), we have
F' = v SV (B oy, L )2
= ’ 2 4 2 Pt
+ V. H+ xt + |X|2 n W+ 1( />
— (V. H+ — S —(x,
2 4 2 %y

v (u x—x)Y) x—x,> n ’h X — %\ -
- ( TS ) +( 42 _273) +<( 21, )’y>'(')

We compute the second variation at a critical point of Fy i, i.e., H + XT = 0. Then using
Lemma 2.4, we have

s T(xP n 1 ? , (x—x)Y  x—x)*t,
e e R

x—x,X —X)) |x—-x>, n X — X, X—x;
- L+t ) h 5 — t,
* [( 212 23 ¢ + 212 + 215 212 ¢ y
X

1

-]

1 1 x> n 1 1

Note that by Lemma 2.4,

Thus we have

R T P y |l Ly
F _[(4_2) h +Z(x,y) —(V,H)—E(V,((X—Xs) )

2 2

B X2 2\ ., 1. o N
= |:((4—2) _Z)h +Z<X’y> —(V7H>—§(V,((X—Xs) ))

1 1
+ A%, V) = hix,y) + 5 (V,y) = 5|y|2]

2
hix V) =) 47 (5 = B )+ 0 = e
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Self-shrinkers for the mean curvature flow in arbitrary codimension 1001

i 1
= | —h*H? + §|yT|2 —(V,H)

1 17
- E(V’ (x—%5)7)") + h{(x, V)

1 1
= hix.y)+ 3 (V.y) - 5|y|2]

1 1 1
= | =(V.H) = (V. (x - X)) + hix, V) — h*[H* + V¥ - §|yﬂ . (33)

Here, the second equality used (2.15), the third equality used (2.18) and Corollary 2.5, and
the fourth equality used (2.16).

From (3.3), we see that in order to compute the second variation of Fy 1, it suffices to
compute H' and ((x — x,)1). The computation will use the variations of normal vector fields
and mean curvature vectors. The proofs are standard. For the purpose of completeness, we
give the proofs of them in the Appendix A. Assuming them, we will continue our computation.

By Lemma 8.4, we have

— (V.H) = —(VPes, (AV* + VPR n%)ea)

= —VUAV + VERLR). (3.4)

By Lemma 8.2 and the fact that xo = 0, we compute

1
=5V (x - X)) = —=(V, ((x — Xy, ea)eq))

—_— D | =

1
= ——(V, (X/ _Xfyy eq)eq) — §<V! (x — Xs»€,;>ea)

N =N

—=(V, (X — Xy, eq)€))
1
= _E(V’ (V—y, eq)eq)
1 o _yBs 8
_§<V5 ea)(X, —VV* — VPV, ep, eq)e; + b, ep)
1 p
_E(X’ eq){(V, blep)

1 1 1 -
= V.V =y )+ SV YV + oVEVHTeep, ea) (x, €i)

2
—%V“bg(x, eg) — %Vﬁbg(x, eq). (3.5)
Note that
VOVE(V,ep,eq) = VPV (Vyeq, ep) = —VIVE(V, 05, eq),
thus
VeVP(V,ep, eq) = 0.
On the other hand,

1 1 1
—EV"‘bg(x, ep) = —Evﬂbg<x, eq) = ivﬂbf(x, ey).
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Hence, we obtain that

1 1 1
— 5V (x=x)1)) = =S (V. V= y) + S V(X V)
1|V|2+ 1(V )+ lv‘*< vV (3.6)
=—= = = X . .
2 2 ’y 2 9
Putting (3.4) and (3.6) into (3.3), we obtain
1 1 1
F' = [_V“(AV“ + V’Shf/.hf;-) - E|V|2 +5V.9 + E\/‘)‘(x, vVe)

1 1
+h(x, V) — h*|H* + 5Voy) = 5|yﬂ

1 1 1
= [—v“ (Av“+vﬁh?jh;?; —5x vv“>+7v“) +(V,y)—h*H>+h(x, V)— 5|yl|2].

2
(3.7
Recall that the self-shrinker equation is given by
1
H=——x",
2
thus we have the second variation formula:
1
F' = [—(V, LV) + (V,y) — i*|H|* = 2h(H, V) — sz} : (3.8)
Here L is an operator from N ¥ to N X defined by
1 1
L(V%y,) = (AV"‘ + Vﬁhfjh?j -5 VVY) + Ev°') . (3.9)
When k = 1, i.e., X is a hypersurface in R"t! | the above operator reduces to be
1 1
L(v) = Av+ |APv — =(x, Vo) + . (3.10)

2 2
This is just the operator defined by Colding—Minicozz [8].

Definition 3.1 We say that a self-shrinker X is F-stable if for every normal variation V,
there exist variations of x¢ and fy that make F” > 0.

4 Minimal submanifolds in spheres

In this section, we will show that any minimal submanifold of the sphere is a self-shrinker
for the mean curvature flow.
In the following, we will first give a generalized definition of self-shrinker.

Definition 4.1 We say a manifold £” C R"** is a self-shrinker if it is a time t = —% slice
of a self-shrinking mean curvature flow that disappears at (0,0), i.e., of a mean curvature flow
satisfying

Y= —2At27ﬁ. 4.1)

Here, X is a positive constant.
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Self-shrinkers for the mean curvature flow in arbitrary codimension 1003

It is easy to show that a self-shrinker defined in Definition 4.1 is equivalent to
H = —ix', (4.2)
where x is the position vector of ¥ in R"*,

Theorem 4.1 A complete submanifold £" C S"*~1(r) ¢ R"* is a minimal submanifold
of S =V(r) if and only if it is a self-shrinker in R"1* for . = r%, where ) is the constant
in Definition 4.1.

Proof We choose alocal orthonormal frame {e 4 }’}ﬁk] in R"** such that {e;}7_, are tangent to

z, {eW}a n+
We denote by V and V the Levi-Civita connections on S"H*~ l(r) and Rtk , respectively,

and H and H the mean curvature vector of ¥ in §"*~1() and R***, respectively. Then we
have

1 are in the normal bundle of ¥ in §" %~ L(r), and en+k 1s normal to §rth= L(r).

n n+k—1

Z Z Ve, ei, ey)eq + Z ve, €, entk)entk

i=1 a=n+1
n n+k—1

= E E Ve,e,,ea eq + z Ve,el,enJrk en+tk

i=1 a=n+1
=H+ <Z Ve ei, en+k> entk- 4.3)
i=1

Thus, ¥ is minimal in 8"7*~1, i.e., H = 0, if and only if

n
H = <Z Veei, en+k>en+k. (4.4)
i=1

As {e1, ..., en4k—1} is an orthonormal frame of S”+k—1(r), and that e,y is normal to
S"+*=1(;), we know that for each i

_ _ 1 1 1
— (Ve e, enyi) = <€i» ' (*X)> = <€i, *€i> =-. “4.5)
r r r

Here, we have used the fact that Vyx = V for each vector V. Putting (4.5) into (4.4) and
using the fact that ¢, = % we know that (4.4) is equivalent to

_ n n n
H=—"ep=—5x=—5x" (4.6)
Comparing (4.2) and (4.6) yields the conclusion with A = r% ]

5 Classification results

In this section, we will prove the classification results.

Proof of Main Theorem 1 First note that, by Colding—Minicozzi’s result (Theorem 4.23 and
(11.10) of [8]), we know that the sphere is F-stable.

It is known that (for example, Remark 1.2 of [23]) normal flat implies parallel principle
normal. By our assumptions and Theorem 1.5, we know that " is a minimal submanifold of
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1004 C. Arezzo, J. Sun

§"+k=1 « R"*+* By Theorem 4.1 and the fact that A = % in our case, we know that $"+*~1
is a sphere of radius ~/27.

We choose a local orthonormal frame {ea},_; such that ey,...,e, are tangential to
¥, en+ls - - - €tk are in the normal bundle, and e,,+k is normal to the sphere. We denote A
and A the second fundamental form of ¥ in 8"**~! and R"**, respectively. Similarly, we
denote V and V the Levi-Civita connection of §"**~1 and R"*¥, respectively. Then we have
foreachn+1 <o <n+k-—1

h?;‘ = _<€ei€j7 ey) = _<6e,-ej, ey) = I:l?},

n+k

and

R = —(V,.e;, ensn) = (e, V. =(e;,V X = ey =
ij = e €j,entk) = (€], eilntk) = €j, Ve; \/271’1 = <ez:€/>—

Thus we know that

n n
= > = X = A =0
i=1 i=1

and

ko Zhn+k 2«152 %
n

i=1

Therefore, the mean curvature vector is given by

n+k—1 0 1
— > H%up — H" ey = \gw =—3%. (5.1)

a=n+1

This is just the equation for self-shrinker.

Fixn+1 <« < n+k—1. We choose a normal vector field V such that locally it is given
by ey, i.e., Ve = dopforn+1=<pB <n+k—1and yitk = (. Then by the definition of
the stability operator (3.9), we have

1
(LV)® = AV® + Vﬂhghf‘/ — S YV 4 V“

—Z<h V= Z<h Vb o =P
Here, A = hf; o' ® w’ is the component of the second fundamental form A. For n + 1 <
B<n+k—1landp # «,
(L) = AVE + VYVl hl — %(x, vvh) + %vﬂ
- Zh%h,’i’
and

1 1
(LY = AV VI RG R — 2 (x, VI 4 Sy

= S = 3 = g =
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Self-shrinkers for the mean curvature flow in arbitrary codimension 1005

From this, we see that LV = (IA" + )V + 3,11 gkt pra (i h?jhf/)eﬁ- Putting

this into the second variation formula (3.8) and noting that (V,eg) = Oforn +1 < 8 <
n+k—1,8 # aand (V, H) = 0, we obtain

F'(£) = | —(V,LV) + (V,y) — B*[H]> = 2h(H, V) — %MF}

- 1 1
= | —(V, (AP + PV +(Voy) — P — E|yi|2}

~ 1
= | —IATPIVE = SV -yt - h2|H|2] :

We claim that A® = 0. Indeed, suppose it does not hold, then for this Vandany 7 € R,y €
Rn+2

F'(x) < [-IA"FIVE] <.

This contradicts the fact that X is F-stable. Thus the claim holds.

As the above argument holds for any n + 1 < o < n + k — 1, we know that " must be
a totaly geodesic submanifold of 8"T*~!, thus it must be S". By the self-shrinker equation,
we know that it must be of radius /2n. This finishes the proof of the theorem. O

Proof of Main Theorem 2 By Theorem 1.3 of [23], ¥ must belong to one of the following
classes:

ST =T x Rn—l’ = ir < R,

Here, I is one of the homothetically shrinking curves in R? found by Abresh and Langer
and X7 is a complete minimal submanifold of the sphere Sk+r-1 (\/ﬂ) C REFT , where 0 <
r = rank(A") < n denotes the rank of the principle second fundamental form A” = (v, A).

In the first case, we know that the only embedded one found by Abresh-Langer is the
circle. Thus in this case ¥ is 8! x R”~! in R"*!. But Colding-Minicozzi has shown in
Section 11 of [8] that the cylinder is not F-stable. Thus this case is impossible in our case.

In the second case, foreach0 < r < n, 3 is a minimal submanifold of S” %1 (\/5). Itis
easy to see that (for example, the proof of Theorem 0.12 of [8]), ¥ is F-stable if % is so. But
in the proof of Main Theorem 1, we have proved that the only F-stable one is just 8" (v/2r).
Thus ¥ must be S” (\/27) x R"™". As above, Colding—Minicozzi has shown in Section 11
of [8] that S” (v/2r) x R*™ is not F-stable forall 1 < r < n.

Combining the above two cases, we see that ¥ must be S" (v/2n). This proves the
theorem. O

6 Symplectic self-shrinkers

In this section, we prove the properties of symplectic self-shrinkers and apply them to show
that there is no finite time Type I singularity for the symplectic mean curvature flow. Before
that, we first fix some notations and recall some basic facts on symplectic mean curvature
flow.

Suppose M is a Kihler-Einstein surface. Let ¥ be a smooth surface in M, and w, (-, -) be
the Kahler form and the Kihler metric on M respectively. The Kéhler angle « of ¥ in M is
defined by

w|y =cosadiy
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1006 C. Arezzo, J. Sun

where duy is the area element of the induced metric from (-, -). We call £ a symplectic
surface if coso > 0,a Lagrangian surface if cos o« = 0, a holomorphic curveifcosa = 1.
Assume that X is a symplectic surface and we consider the immersions

Fp: X — M

of smooth surface ¥ in M. Suppose that ¥ evolves along the mean curvature in M, then there
is a one-parameter family F; = F (-, t) of immersions which satisfy the mean curvature flow
equation:

LF(x, 1) =H(x,1)
F(x,0) = Fy(x).

Here H(x, t) is the mean curvature vector of ¥, = F,(X) at F(x,t) in M.
Recall that [5] the Kihler angle « of ¥ in M satisfies the parabolic equation:

(% - A) cosa = [VJ|? cosa + Rsin” a cosa,
where J is the complex structure of R* and in local orthonormal frame |V J | = Ih%i —I—h%i 12+
|h%i — h} ; |2 which depends only on the orientation of ¥ and does not depend on the choice
of the frame. If the initial surface is symplectic, i.e. cos «(-, 0) has a positive lower bound,
then by applying the parabolic maximum principle to this evolution equation, one concludes
that cos & remains positive as long as the mean curvature flow has a smooth solution. In this
case, the mean curvature flow is called symplectic mean curvature flow.

A two dimensional self-shrinker in R* is called symplectic self-shrinker if itis a symplectic
surface in R*.

Next we derive the elliptic equation satisfied by the Kéhler angle on a symplectic self-
shrinker.

Lemma 6.1 On a symplectic self-shrinker % in R*, we have
1 —
Acosa—i(x,Vcosa) :—IVlecosoz. (6.1)

Proof We may choose a local orthonormal frame {e1, e, €3, e4} on R* along ¥ such that
e, ey are tangent to X, e3, e4 are in the normal bundle of X., and the Kihler form w takes
the form

W = CcoSaU| AUy + CcoSaus A g+ sinauy A uz — sinaur A uq, (6.2)

where {u1, u, us, uq} is the dual of {ey, e, €3, e4}. Then along X, the complex structure on
R* takes the form

0 cos o sin o 0
—cosa 0 0 —sino
T=1_ sin o 0 0 cosa |’ 63)
0 sine  —cosa 0
The Kihler angle is given by
cosa = w(er,ex) = (e] A ez, w). (6.4)

For the sake of simplicity, we can assume that the covariant derivative of the orthonormal
frame satisfy (at a fixed point p € X)

Ve =0. (6.5)
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Self-shrinkers for the mean curvature flow in arbitrary codimension 1007

In the following we will compute at the point p. Recall that on a symplectic surface ¥ in R*,
the Kéhler angle satisfies (Proposition 3.3 of [12])

Acosa = —|VJ|*cosa — sina(H{ + H?), (6.6)
where

HY = —(VVH, e5) = (VY (H" ¢), ep). (6.7)
Note that there is a different sign in the above formula from [12] because in our notation

H = —H%¢,. Now, we suppose further that X is a self-shrinker, i.e.,
H Lyt (6.8)

= —=Xx, .
2

which is equivalent to

HP = —(x,ep), p =34 (6.9)

Then by (6.7), we have

HY = (VN (HY ey). ep) = (Ve HY Jey + H Ve ep)

Ve, (X, eg) + H” (Ve ep)

_ 1 _ _
<V€ixv eﬁ) + E(Xv Ve,-e,B> + Hy (Ve,'ej/v eﬁ)

1 - - _
(ei,ep) + E(X, (Veeg,ejej + (Veep,ey)e,) + H (Ve ep)
- 1 _ -
(x, ej)(Vel.e,s, €j) + §(X7 ey)(ve,-eﬂs ey) + HV(Veie}” Uﬁ)
hli(x,ej) + HY (Vep, ey) + HY (Veiey ., ep)

= =N =N =N =N =

*hfj<x, ej)+ H"V, (ep, ey)

—_— N

= Ehlﬁj(X, ej). (6.10)

Putting (6.10) into (6.6), we obtain
Acosa = —|VJ|? cosa — % sin o {h‘l‘j(x, ej) + h%j(x, ej)}
= —|VJ|>cosa — % sina {(h; + 13 (x, e1) + (W}, + h3)(x,e2)} . (6.11)
On the other hand, by (6.3), (6.4) and (6.5), we have

Ve, cosa = @el cosa = w(@elel, er) + w(ey, %lez)
= a)(—hfleﬂ, ) +w(eq, —hfze,g)
—(h}) + h}y) sina (6.12)
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1008 C. Arezzo, J. Sun

and

Ve, COsa = %2 cosa = w(@ezel, ) + wl(ey, %262)
= a)(—hgleﬁ, er) + w(ey, —hgzeﬁ)
= —(h5, + h3,) sina. (6.13)

Plugging (6.12) and (6.13) into (6.11), we obtain

Acosa = —IVJI2 cosa + %Vel cosa(x, er) + %Vez cosa (X, e2)
= —|§J|2 cosa + %(x, Ve, cosae] + V,, cosaer)
= —|§J|2 cosa + %(X, V cosa),
ie,

1 _
Acoso — §<X’ Vcosa) = —|VJ|zcosa. (6.14)

As a corollary, we have
Corollary 6.2 Every complete symplectic self-shrinker must be noncompact.

Proof Suppose X is a closed symplectic self-shrinker in R*. As cosa > 0, we know from
(6.1) that

1
Acoso — E(X’ Vcosa) <0. (6.15)

By the strong maximum principle, cos o must be a positive constant. Then (6.1) implies that
[VJ] = 0on X. Thus X is a holomorphic curve in R*. In particular, it must be a minimal
surface in R*. But every minimal surface in R* is noncompact. This is a contradiction. 0O

Next, we proceed to prove the Main Theorem 4. As before, we define the operator £ by (2.7).
Then (6.1) becomes

Lcosa = —|VJ|>cosa. (6.16)

Before proving the Main Theorems, we first give one identity satisfied by the mean curvature
vector on a self-shrinkers in any dimension and codimension. This generalizes Theorem 5.2
of [8]. (In Appendix B, we give another two geometric identities satisfied on a self-shrinker
in arbitrary codimension which are not needed in this paper.)

Suppose " C R"* is a self-shrinker. We choose a frame {eA}}inkl on R"** along =

such that {¢;};_, are tangent to ¥ and {ea}gig_H

pointwise. So we will always choose the frame {e;}_; such that @;ej(p) =0, ie, at

are in the normal bundle. We will compute
P, ﬁeiej = —hf;.ea.
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Self-shrinkers for the mean curvature flow in arbitrary codimension 1009

Lemma 6.3 Let L be defined by (3.9), then we have
LH=H. (6.17)
Proof By definition, we only need to prove that
(LH)* = H*. (6.18)

As H = —H%e,, it suffices to show that

1 1
AH* + HP Rl h — S (X VH®) + SH" = H". (6.19)

Recall the self-shrinker equation:

—H%, =H= —%Xl = —%(X: ).
Thus we have
2H® = (X, eq). (6.20)
Applying (6.20) gives (at the fixed point p)
HY = (V) (H"ey), eq) = ei(H) ey, ea) + HY (V] ey, eq)

B} 1 .
=V, H" + S ey N (Viey. eq)

LG 1%, €0) — 2%, €y )ey, Tea)
= — X — —(X
5 Vei » €q 3 » €y )€y, Ve, Ca
1 - 1 - 1 - N
= §<Ve,-xy eq) + E(Xv Ve,-%z) - 5(7(7 vgi eq)
1 1 o 1,
= E(ei, ey) + 5( ’hijej) = Ehi-/(x’ ej). (6.21)

Here, we have used the fact that @ei x = ¢;. Next, we compute the second covariant derivative
at p. By (6.20) and (6.21) and our choice of the frame:

H% = (VNVY(H”e)), e0) = (V) (H'e,). eq)
= ex(H!)(ey. ea) + H (Ve eq)

1 _
ek (H) + Shij (x, ej)(Viey,. eq)

1 1, - 1 N
= ser(hipix.e;) + ShiNVa (X, ¢j) + Eh;/j(x, ej)(Viey,. e
1

1 - N Lo, B
5 (extif) + 7, (Vi ey ea)) (o e) 4+ S = SR (. eg). (622)

By the definition of covariant derivative of the second fundamental form (Section 7 of [26])
and the choice of frame, we have at p

ey = (Ve A)(ei, e)), eq)
= (62{(1&(61, ej)) - A((ﬁekei)Tﬁ €j) - A(el" (6"1(6]')7‘)’ €a>
= (TN ey, ea) = ex(h) + Y (TN ey ea). (6.23)
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1010 C. Arezzo, J. Sun

Therefore, we have by Codazzi equation

1 1, 1
H = hy (%)) + hi — Shiihi(x. ep). (6.24)

2
Taking trace of (6.22) and using (6.20), we obtain
1 1 1 B 1 1 B
AH® = EH};@, ej) + EH“ — 5h;"jhij@(, ep) = 5(x, VH®) + EH"‘ - Hﬂh?jhij,
(6.25)
which is just (6.19). This proves the lemma. O

Next, we assume that the self-shrinker X" has flat normal bundle in R"** From Lemma 6.3,
we can easily obtain that

LH? = —2HﬂHVhfjhiVj + [H?> 4+ 2|VH/. (6.26)
Now, we can prove the Main Theorems.
Proof of Main Theorem 4 By (6.26), we have
LH? > —2|A*H> + H|* + 2|VH|%. (6.27)
As X is normal flat, we know that
VJ)? =A% (6.28)
Choosing u = [H|? and v = cos e in (2.12) and using (6.16) and (6.27), we have

[— cosa| A2 HP1=[H|*£ cos a] =[cos a L|H[*] > [cos a(1—2|A|*)|H|*+2 cos a| VH/|?],
(6.29)

from which we can obtain that
[cosa(1 — |A]*)[H|? +2cosa|VH|?] < 0. (6.30)

If |A|? < 1, then H = 0. From the self-shrinker equation (6.8), we know that X is a plane.

If |A|?> = 1, then we have |VH| = 0. Similar to the argument of Theorem 1.1 in [5], we
know that ¥ is a sphere S*(2)ora cylinder S'(v/2) x RL. By Corollary 6.2, ¥ cannot be a
sphere.

Claim The cylinder $'(v/2) x R" is not symplectic with respect to any complex structure
of R*.

Proof of the Claim First, we suppose the cylinder is embedded in R* in the standard way.
Namely, it is given by

Fy : S!' xR!' - R*
Fo(u,v) = (v/2cosu, /2sinu, v, 0). 6.31)
Then
(Fo)u = ¥2(=sinu, cosu,0,0), (Fo), = (0,0, 1,0).
We can choose an orthonormal frame by

e1 = (—sinu, cosu,0,0), e =(0,0,1,0).
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Self-shrinkers for the mean curvature flow in arbitrary codimension 1011

We will prove that the embedding is not symplectic with respect to any complex structure on
R*. It is well know that the space of orientation preserving complex structure in R* is given

by
0 X y z 0 X y z
_ T 0 -z y N 0 z -y 2 2 2
J=3J€S04):J= . 0 _x or J= —y —z 0 < I xT+y +z7 =1L
—z -y X 0 —Z y —X 0

Now, we take any J € 7, if J takes the first form then it is easy to check that
Jer = (v, —z,0,x).
Therefore,
cosay p, = wl(er, er) = (Jer, e2) = —(e1, Jez) = ysinu + zcosu,

which obvious has zeroes. Therefore, F cannot be symplectic with respect to such complex
structures.
It J takes the second form then it is easy to check that

Jer = (y,2,0, —x).
Therefore,
cosay = wl(er, er) = (Jer, e2) = —(e1, Jez) = ysinu — zcosu,

which also obvious has zeroes. Therefore, Fy can also not be symplectic with respect to such
complex structures. Thus, we have proved that F{ cannot be symplectic with respect to any
complex structure in R*.

Now, suppose we embed the cylinder in any way F : S! x R! - R* and we choose any
complex structure J € 7. Then we know that the differences between F' and Fj are just one
translation and one rotation in R*. By an elementary computation, we can see that

COSQy F = COSUy/ Fp, (6.32)

where J' is another complex structure in 7. By the above argument for Fp, we know that
cos oy, p must have zeroes. By definition, F is not symplectic with respect to the complex
structure J in R*.

As F and J are arbitrary, this proves the claim.

By the previous argument and the claim, we must have that ¥ is a hyperplane in R*. O

Next, we prove the Main Theorem 3.

Proof of Main Theorem 3 By Corollary 6.2, we know that any symplectic self-shrinker in
R* must be complete noncompact. Suppose X2 is a complete self-shrinker in R* with flat
normal bundle, bounded geometry and |H| # 0, then by Theorem 1.3 of [23], we know that
3 must be one of the following:

i I x R!, where T is one of the self-shrinking curves classified by Abresch and Langer;
(i1) ;1 X Rl, WNhere 5! is a minimal submanifold of Sz;
(iti) £2, where £2 is a minimal submanifold of S°.

It is known that the only embedded one obtained by Abresch and Langer is only S'. Thus in
the first case, ¥ = S! x R!. In the second case, as it is easy to see that any (1-dimensional)
minimal submanifold of S is totally geodesic in S, which is also S!. Thus in the second
case, ¥ is also S! x R!. In the proof of the Main Theorem 4, we have proved that S xRlis
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1012 C. Arezzo, J. Sun

not symplectic. On the other hand, as we said as above, by Corollary 6.2, the closed surface
%72 can also not be symplectic. Therefore, all of the three cases above cannot be symplectic.
This proves the theorem. O

Now we can prove the Main Theorem 5.

Proof of Main Theorem 5 By (6.16), we have

1 2

cos o

1 L cosa : VIR

Cos o

\Y%

+ 2cosa + 2cosa (6.33)

5 V—
cos o cOs“ o cos o

As |A|2 < C for some C by our assumption, we see that
IVa|* < [VJI* < 2/A]* <2C.

Here, we used that fact that on a symplectic surface, [Va|? < |V J|? (see [12]). Therefore,

1 1
1 < < -,
~cosa 68
1 sin?a 2
\Y% = |Val® < —-,
cos o cosZ 52
_ 2
1 Va2 2 2C  4C\?
L = +2cosa |V S\ ~—+t5) -
cos o cosa cosa 1) 1)

By our assumption on the volume growth and Corollary 2.2, we know from (6.33) that

1 ? 1 1 VJ? 12
CoS CoOsSx cCoSso COS~ Cos o

which is equivalent to
2
=0.

VJ =0 and cosa = const.

VJ2 1
5—+3|V
COS~ Ccos o

Therefore, we have that

In particular, X is minimal. By the self-shrinker equation (6.8), we know that ¥ must be a
plane. O

Finally, we prove that there is no finite time Type I singularity for the symplectic mean
curvature flow. This follows from the standard monotonicity formula and the Main Theorem
5. For the purpose of completeness, we give the proof here. First we recall the following
modified monotonicity formula obtained firstly by Huisken [16].

Let H(X, Xo, t, tp) be the backward heat kernel on R*. Define

X — Xol?
exp — ,
4 (tg — 1) P 4(tg — t)
for ¢t < ty3. Choose one cut-off function ¢ € CSO(BZ, (Xp)) with ¢ = 1 in B,(Xy), where

Xo € M,0 < 2r < ipy. Choose a normal coordinates in Bo,(Xo) and express F using the
coordinates (F L F 4) as a submanifold in R*. We define

p(X, 1) =4ty —t)H (X, Xo, 1, 10) =

P
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Self-shrinkers for the mean curvature flow in arbitrary codimension 1013

Then we have

Proposition 6.4 (Proposition 4.2 of [6]) Let M 4 be a Riemannian manifold. Then there are
positive constants c| and ¢y depending only on M, Fy and r which is the constant in the
definition of ¢ such that along the mean curvature flow, we have

2
d ( eyt cm/ (F — Xo)*
— D (X, 19, 1)) < —e1V0 Folge il —20
C (Xo,10,1)) = —e B (F.0) [H+ 5= d
M;
Fege VI (6.34)

Definition 6.1 ([16]) We say that the mean curvature flow develops Type I singularity at
T >0,if

lim sup(7T — t) max |A|2 <C,
t—T M,

for some positive constant C. Otherwise, we say the mean curvature flow develops Type II
singularity.
Using the evolution equation for the second fundamental form, we can easily see that

Lemma 6.5 (Lemma4.6 of [6]) Let U(f) = maxy, |A 12 Ifthe mean curvature flow blows up
atT > 0, there is a positive constant ¢ depending only on M*, such that if0 < T —t < —X

16y/c’
the function U (t) satisfies

Uu(t) > (6.35)

1
4J2AT —1)
Proof of Corollary 1.6 Our proof is based on the blow up argument of the mean curvature

flow, which is similar to that of the main theorem of [6]. Suppose that the mean curvature
flow develops Type I singularity at a finite time 7. Assume that

3 = AP (g, 1) = max |A” — oo, as k — oc.
=k
Since X is closed, we may assume that x; — p € Y and fx — T as k — oo. As the
singularity is of Type I, we know that forO <t <1, < T,
1 1
oF
|[F(p,tr) — F(p,n)| < Iyl = [ Hldt < Cvf — 1 — 0,
179 174

as k, | — oo. Therefore, we know that F(p, T') exists.
Now, we choose a local coordinate on M* such that F(p, T) = 0. Then we rescale the
mean curvature flow as follows:

Fi(x.5) = M (F(x, tx + 2 %8) = F(p. 1)), s € [=Ajt. 0].
Denote by Ef the scaled surface F (-, s) and take
gl =i (897 =2.7g".
We have

—= —H,,
as k

IAcl> = 2 %A%
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Thus, we get that
Akl <1, |[Axl(xk, 0) = 1.

By Arzela-Ascoli theorem there is a subsequence of Fj; which we also denote by Fj, such
that Fy — F as k — oo in any ball Bg(0) C R*, and F satisfies

0 F
as

= He,
with
|Ascl(p,0) = L.

In other words, £X — % in C%(Bg(0) x [~ R, 0]) forany R > 0 and any ball Bg(0) C R*.
We call X the blow up flow at 0.

For any R > 0, we choose a cut-off function ¢g € COO(BQR(O)) with ¢g = 1 in Br(0),
where B, (0) is the metric ball centered at 0 with radius p in R*. Itis easy to see that

|Fk+xkFuan2)d k
_ uk
40 —s) ’

1 |F(x, tx + 2 25)[?
F)m—— - dus,
/ M)a—m+g%fm(4m—m+g%> .

tk+AI?25

where ¢ is the function defined ni the definition of ®. Notice that 7 + k;zs — T for any
fixed s. By Proposition 6.4,

o ( Cl\/iQD(X(), T, t)) < 62601\/7

and it then follows that lim,_, 7 ¢“1VT~!® exists. This implies that, for any fixed s; and s,
with —00 < 51 < 52 < 0, we have

VI (+ry Yz)/

| Fi + M F (p, t0)]? X
e

(O —5)? 40 —s2)

— ST (t+2) Sl)/

exp (_ | Fi + M F (p, tk)lz) duk
(0—s1)2 4(0 —s1)

—0 ask—>oo.

Integrating (6.34) from s; to s, we obtain

ﬁ/

( |Fk+)\kF(P»fk)|2) %
/1 expy\ — d
(O—s2 40 — 52)

+e¢-,,/—)\;2s, / " 1 _F A M F (p, 10)? duk
R—7 eXp 1y,
(0 — s 40 —s1)
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52 2
s Fi+ M F(p, i)t
Z/eu,/ h 3/¢R,0(Fk,t) Hk+( k + M F(p, 1)) dyikds
20—s)
N Z.k
—eah sy — s VI (6.36)

Since the singularity is of Type I, we know that

T T

oFr C
\F(p. 1) 5/|§| =/|H|dt§c¢T—tk <
Ik 179

Without loss of generality, we can assume that Ay F'(p, tx) — Q ask — oo. Letting k — oo
in (6.36) we know that X{° satisfies

i
Hyo (s) + % =0, s € (—o00,0].
This means that £ is generated by a self-shrinker, which we denote by . As the Kiihler
angle is scaling invariant, we know from the evolution equation of the Kihler angle and
the maximum principle that cosa > § for some § > 0 on 3. On the other hand, by the
monotonicity formula, it is easy to see that the blow up limit must have polynomial volume
growth (see Lemma 2.9 and Corollary 2.13 of [8]). Therefore, 3 is a complete symplectic
self-shrinker in R* with polynomial volume growth, bounded second fundamental form and
cosa > & > 0. By the Main Theorem 5, it must be a plane. Thus each X5, must be a plane.
But this contradicts the fact that |As|(p, 0) = 1. m]

Remark 6.6 Chen and Li [6] proved Corollary 1.6 by finding a new monotonicity formula
for symplectic mean curvature flow. Applying the new monotonicity formula, they can show
that the blow up limit must be a plane. Here, we first use the classical monotonicity formula
to show that the blow up limit must be a symplectic self-shrinker. Then we prove that it must
be a plane.

7 Equivariant Lagrangian self-shrinkers

In this section, we study the properties of equivariant Lagrangian self-shrinkers. Some of our
notations and backgrounds follow from [11].
Assume

z I —->C*
(@) == u(@) +iv(d)

is some smooth regular curve in C* = C\{0}. The equivariant Lagrangian immersion L =
F(I x "1 is of the following form:

F : IxS7 !>
F(¢,X) = (u(@)G(X), v(9)G(X)),
where we assume that the complex structure J is acting on C" by

J(xl,...,x",yl,...,y”):z (—yl,...,—y”,xl,...,x")
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and that G : §"~! — R” is the standard embedding of the sphere of radius 1 in R". We
will denote the coordinate on / by ¢ and local coordinates on 8" ! by x!, ..., x"~!, Latin
indices i, j, k, - - - will be in the range between 1 and n — 1, whereas greek indices «, f, - - -
are taken between 0 and n — 1. In particular, we define coordinates y* on I X sl by
0.— o, yi :=x! foralli € {1,---,n — 1}. Doubled indices will be summed according to
the Einstein convention.
We want to compute the induced metric and the second fundamental form. To this end,
let us denote any partial derlvatlve of u, v with respect to ¢ by prime, and in addition we set

G; = i = a <. With this notation, we have

Fy = (u’G, v'G), F; = uGj,vG)),
vo = JFy=(—v'G,u'G), v =JF; = (—vG;,uG)),
Foo = ("G, v"G), Foi = W'Gi,vV'G), F;j = uGij,vGjj).

The induced metric gyp and the second fundamental form h4g, on L are given by gos =
(Fy, Fg) and hygy, = (vy, Fgy,). (Note that for Lagrangian submanifold, we have the full
symmetries for the three indices &, B and y, i.e., hagy = hgya = hyqp.) The standard metric
on S" 1 will be denoted by o;;. Thus

g0 = W)? + (W% goi =0, gij = W? +v?)oy; (7.1)
and
hooo = u'v" —v'u”, hooi =0, hoij = (uv' — vu')ojj, hijx = 0. (7.2)

For the mean curvature H, = gﬂy hepy, we have

/ / e
Ho= (=" (b;f;z . l(’vbf)z, (7.3)
H; = 0. (7.4)
In particular, the mean curvature vector is given by
H = g’ Hyvg = g% Hyvp. (7.5)
It is known that [2,11] L is a self-shrinker, i.e. H = —%Fl if and only if
k+ (n <|ZZ’|‘2’> = %(z, v). (7.6)

Here, v denotes the outward pointing unit normal along the curve y := z(I), and k is the
curvature of y. Using the above notation, we have

Z/
v=—J{—).
(Iz/l)

1 v
V)2 (—u/)

This implies that

and

uv’ — v’

(u/)Z + (v/)Z ’

(z,v) = (7.7)
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Self-shrinkers for the mean curvature flow in arbitrary codimension 1017

The curvature k of the curve y is determined by

1 W' — vy

— ( " V) = EE— (7.8)
()2 + (v)?)?2

=—-——5(z

|2/|2
Recall that F-stability is defined in Definition 3.1. It is not hard to see that every equivari-
ant Lagrangian self-shrinker is not F-stable in the sense of Definition 3.1 (see the proof
below). Motivated by Oh’s study of minimal Lagrangian submanifold in Kiler manifold
[22], we introduce the concept of Hamiltonian F-stability. Let us first recall the definition of

Hamiltonian variation.

Definition 7.1 ([22]) Let L be a Lagrangian submanifold and V be a vector field along L.
V is call a Lagrangian (resp. Hamiltonian) variation if it satisfies that the one form on L

i*(V]w)
is closed (resp. exact).
Lemma 7.1 (Lemma 2.3 of [22]) A normal variation V on L is Hamiltonian if and only if
V=J-Vf
where f is a function on L and V is the gradient on L with respect to the induced metric.
We can define Hamiltonian F-stability as follows:

Definition 7.2 We say that a Lagrangian self-shrinker L is HamiltonianF-stable if for
every Hamiltonian variation V, there exist variations of xo and 7y that make F” > 0.

Now we can prove the Main Theorem 6.
Proof of Main Theorem 6 Recall that the second variation of the F-functional is given by
(3.8), where the stability operator L is defined by (3.9). Note that (3.9) is given using ortho-

normal basis for the tangent bundle and the normal bundle. Using the frame we are chosen
as above, we can easily see that for V = g®fV, vg, we have

) 1 1
L(g*PVyvp) = g% (Ava + 878" " Vy harehssu — 5% VVa) + EVa) vg. (7.9)

As before, we denote by
L=A—-=(x,V()).

AsV = gaﬁ Vavg, we have

1 1
(LV,V) = gaﬂ (AVa _i_g}/égrsgmvththgm — 5(){, VV,) + EVO,) V,s

1
= g (LVa) Vs + 8P g7° " g" Vg Vyy hayihssu + §|V|2.
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1018 C. Arezzo, J. Sun

Therefore, by (3.8),

1
F// — —g“ﬂ(EVa)Vﬁ _ E|V|2 _ gaﬁgySgrvgtu Vﬁvyharthém

1
+(V,y) — R*|H]* = 2h(H, V) — 5|yﬂ

1
= | g% (VVy, VVp)1 — SIV- yh2 — g% ¥ g™ g VgV, harihissu

—h*H* — 2h(H, V)].

= / [g“f’<vva,vvﬁ> IV—y L2 — g% gV g™ gV, harihssu
L

x2
—h*H> — 2h(H, V)} e (7.10)

Note that we have (7.5), thus

HyVo

HV)=g¢g"H,Vs = ¢V HVy= —— .,
(H, V) =g"Hy,Vg =g HoVo WE L)

and
(Ho)?
H 2 _ HH = ——~
HP = (L H) = e
Therefore,
— h*[H)> = 2h(H, V) = _h*(Ho)® +2hHoVo _  (hHo + Vo)? (Vo)?
’ W2 + )2 WP+ @2 @R+ R

(7.11)

Using (7.1) and (7.2), we can compute directly that

//)2

w'v" —v'u wv' — vu')?
aﬁ J/B rs mVﬂVyharthSW :( v2)2 (VO)2

(@2 4+ @)H* (W) + )2 +
2wv’ — vu')?
()2 + ()2 (u? + v?)3

oIV V. (7.12)
By definition, we also have
x|? = u® +v? (7.13)

Putting (7.11), (7.12) and (7.13) into (7.10) gives

AV, 0Vg 1 (hHo+ Vp)? 2(uv’ —ovu')? .
"__ aff En T /3_7 w2 ] V.
d _/ [g oyE oy 2 Y T T @t Y
1 W' =v'u)? (uv' —vu')? 2] w2
— — Vi du.
+((u’>2+(v’>2 ()2 +()2) ((u/)2+(v'>2>2(u2+v2)2)( e T du
(7.14)
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It is easy from (7.14) to see that L is not F-stable in the usual sense. In fact, if we choose

locally
I, a=1;
Vo=1"9
0, o #1,
then F” < O for this choice of V no matter what / and y are.
In order to show that L is not Hamiltonian F'-stable, we need to find a Hamiltonian

variation V such that F” < 0 for any choice of & and y. Now, we take any Hamiltonian
variation V. By Lemma 7.1, we know that there exists a smooth function f on L such that

d d
V=JVf=1J (g“ﬂ—fFﬁ) = g“ﬁﬁvﬂ.

ay*
Therefore,
0
Vo = f
aye’
ie.,
b a
Vo = l, Vi= i
Lo} dxt

Now we choose f to be a function in L such that it is independent of ¢. (In other word, it is
a function on "~ 1.) Then V, = 0. With this choice of V, we see from (7.14) that

g0V dV; 2(uv’ — vu')? .
F = / ij ki L Uy.v.
[g 8 axk 9x! ((u/)z + (U/)Z)(MZ + U2)3O L

1 h2(Hy)? 2?
B v T R e A Wt |

VY ey <v/)2] g

Vi aV; 2uv’ — vu')? .
_ 2 l] kl ! AVAYS

/ ‘(” H e T T o Y
L

1 h2(Hp)? 240?
_ V _ 1.2 N —Td

VY ey (v/)?l .

2uv’ — vu')? V2
()2 + ) @> + )3 8"

= / [(u2 + )20 (Vg1 Vi, Vi1 V) —

Lo ip h2(Hp)? 22

VY G T
_ 2(uv’ — vu )2
= / [(I,tz + U2) 2|v§n—1f|§n—] - ((u,)z + (U/)z)(blz + U2)3| S 1f|sn 1

L

1 h2(Hp)? Pe?
Vv (u’)2(+0()1/)2] T "

By (7.1), we have that
du = \Jdet(gap)dy = () + (W)) 2> +7)'T [det (01)dpd%
= ()2 + ()22 + v))'T dopdo, (7.16)
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where do is the standard volume form on S"~!. Therefore, we have

u2+

2
“ap [ 1951 do
n—1

S

F! = /((u/)2 + (v/)2)%(u2 + UZ)%e_
1

’_ N2 (1,2 2y 257 u+40?
u')-+ )92

1 sn—1
1 h?(Hp)? , N nel 242
- / [5|V—yﬂ2+m]((u)2+(v>2>2<u2+v2>2e T dgdo.
IxS"1
(7.17)

Claim

/ (v’ — v )2 (u? + v12)¥ IS
) (W)? + ()2
Proof of the Claim Suppose the integration is 0, then we must have that
uv' —vu' =0.

From (7.7), we have

(z,v) = 0.
Then by the self-shrinker equation (7.6), we have

k=0,

which combining (7.8) yields

Therefore, by (7.3), we have

which in turn implies by (7.5) that
H=0.

Therefore, L is a minimal self-shrinker, which must be a plane passing through the origin.
But from our construction of L, we see that L does not contain the origin. This contradiction
proves the claim.

Now, we continue our proof. We will further choose a special f. Recall the Bochner
formula on

AV =2IV2 P+ 2V, VAS) +2Ric(Vf, V[).
For S"1, the Ricci curvature is n — 1. Therefore, the above formula becomes
Agit1 Vgt f1* = 2|V, f1? + 2(Vgu-1 f, Vit Agi1 f) + 2(n — D)| Vgt f°. (7.18)

It is well known that the first positive eigenvalue for 8"~! is n — 1. We take f to be the
eigenfunction with eigenvalue n — 1, i.e.

Agtfi = —(n =D fi.
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By (7.18), we have
Agi1 Vgt fil? = 2|Vg, fil.
Therefore,
/ Vit filgurdo = 0. (7.19)
e

S

Of course, fi is not a constant. Therefore, for this choice of f; and V = JV fi, the second
variation formula (7.17) becomes

-7
v —vu)2@? + 01T 22

Fl=—2 ) / Vit fil3,1do
n—1

S @)+ @)
S

1 hz(PIO)2 / / 1 n—1 _u2+v2
- / [;V—yﬂum]((u)2+<v>2>z(u2+v2> Te i dedo
IxS"

2/ (v’ — vu')2(u? + 1)2)’12;7 _ w22
I
0

< e h d¢>/ Vit fil2, 1 do
N s
(W24 )2)2 gt

<

In other word, we proved that there is a Hamiltonian variation V, such that for this variation,
F” < 0 for any choice of & and y. From Definition 7.2, we see that L is not Hamiltonian
F-stable. O

Proof of Corollary 1.7 By Theorem 1.15 (ii) of [11], starting from some equivariant
Lagrangian immersion in C", the mean curvature flow will develop Type-I singularity and
the the rescaled flow will converge to some closed equivariant Lagrangian self-shrinker L.
By the Main Theorem 6, Zoo is not F-stable. |

Acknowledgments We wish to thank Professor Jiayu Li for interesting and helpful discussions.

Appendix A

In this appendix, we will prove the variations of normal vector field and mean curvature we
need in Sect. 3. The proof is standard. When the variation vector V is the mean curvature
vector H, they are proved in [12]. We will follow the computations in [12].

We begin with fixing our notation. In a normal coordinate around some point in X, the
induced metric on X is given by

gij = (0 F, 0, F), 8.1)

where 9; (i = 1, ..., n) are the partial derivatives with respect to the local coordinate. Here,
(-, -) is the inner product of R+

We choose a local field of orthonormal frames eq, - - - , ey, €n+1, - - - , €ntk Of Rtk along
Y suchthatey, ..., e, are tangent vectors of X5 and e, 11, . .., e,4 are in the normal bundle
over ;. From now on, we will agree on the following index ranges:

l<ij,kl<n n+l=<apB,y<n+k, 1<A B C=<n+k.
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1022 C. Arezzo, J. Sun

We can write
A =A%,, H=—H%,.
Let A* = (h;’;), where (hf;) is a matrix. By the Weingarten equation, we have

h?} = (6&-601, ej) = —(eq, 6e,-€j> = /”l(;i,
where V is the Levi-Civita connection on R”**_ Furthermore,
H® = g"hf; = h,.
Suppose the variation vector filedis V = V%, i.e.,
F(-,s): % — R
satisfies
oF
R 74
as
Then we have

Lemma 8.1 The induced metric satisfies

d

78_;‘ 8ij = 2Vah?;, (82)
and

9 gii = gy 8.3

asg = \% ij (8.3)

Proof We prove it at a fixed point. We have

d - _ _

358 = V(O F,0;F) = (Vvd;i F, ej) + (ei, VvO; F)
= <68[V’ 6]) + (ei, 6&'/\]}

= (6ei(vaea)’ ej) + (e, 651.(‘/0(60,))

= VO[(@eieav ej) + VOt(ei, 6Ejeo()

= 2V°‘h?‘j.
Here we have used the fact that
_ 52 _
Vyo, F = F =VyFrV.
050x;

As at the fixed point p, g;;(p) = §;;, we know that

9 ..
— gl = -2V

as
O
Lemma 8.2 Denote (%ea, eg) = (Vyeq, eg) = bg, then bg = —bg, and we have
a _
—eq = —VV* — VPV, ep,eq)ei +bles. (8.4)

as

Here, VV* is the covariant differential for the induced metric on Xj.
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Proof We have

3%601 = (geav ei)ei + (%em egleg
= (@Vea, ei)e; + bgelg

—(eq, Vyd;i Fe; + bgeﬁ

—{eq, ?e[V)ei + bgeﬁ

= —(eq, Ve, (VPeg))e; + bleg

—(eq, (@ei V’s)elg + Vﬁﬁeieﬁ)ei + bge,g

—(Ve; V¥)ei — Vﬂ<§eieﬁ, eq)ei + bgeﬁ

=-VV*— V’g(ﬁgieﬁ, eq)ei + bgeﬁ.

O
Lemma 8.3 The second fundamental form satisfies
d -
ol ==V + VERERE, + 1 tep. Vvea). (8.5)

Here, V‘}‘.i denotes the second covariant derivative for the connection on the normal bundle.

Proof We compute at a fixed point p € X. We can choose a frame ¢; so that ?ETI_ ej(p) =0,
i.e., at p, @eiej = —hfjeﬁ. From

h;j' = _<§e,‘ej’ eot>’

and the fact that R"t* is flat, we have

P o _ _
ah;’xj _<VVve,-ejy eq) — (Ve,-ej» Vvey)
_(ﬁei 6Vej, eq) — (ﬁ[V,e;]eja ey) — (66,-31', 6Veot)

~(Ve, Ve, V. ea) = (—hfjep, Vyeq)

= (Ve VLV +V2V). o) + (hfjep, Tvea)
—(Ve, (VIV), o) = (VEVEV, eq) + (hiep, Vyea)

(Vo V. Veiea) = (Viep, ea) + (hfsep, Vvea)
= (V] (VPep). hiyer) — VEi(ep. ea) + (hjep, Vvea)
—V% + VR e, her) + (hfiep. Ivea)

— VS + VERGHG + b (ep. Ivea).

O
Lemma 8.4 The mean curvature vector satisfies
d -
S H= (AV® + Vﬁhfjhg;)ea + HYVV® + HVF (V. e, eq)ei. (8.6)
s
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Proof By Lemma 8.1 and Lemma 8.3, we have

d d e J . 0
Lpe=2 lth.) = (Lo ) he 4 gii L pe
s s (g H (Bsg ) i 8 as Y

B B =
—2VPR]hg; + (—=AVE + VPR + HP (e, Vveq))

= — AV = VPRl RS + HP (e, Vyes). (8.7)

Combining with Lemma 8.2, we obtain

d d 9 a
—H=—(—H%y)=—|—H" — HY—
as as ( ea) (8s )ea as Co

- (Av“ + VERE RS — HP (e, Wea)) ”
+HOVVY + HOVP(V,ep, eq)e; — H bl eg.
Note that
—Hﬁ(eﬁ, Vveq)eq = —Hﬂbgea = —H%jep = H“bgeﬂ.

Thus we have

9 _
SH=(AV 4 VERE WS Yew + HOVVE + HYVF (V,ep, ea)ei.

Appendix B

In this appendix, we will give another two geometric identities satisfied on self-shrinkers with
arbitrary dimension and codimension. These results generalized Theorem 5.2 and Lemma
10.8 of [8].

Suppose X" C R™* is a self-shrinker. We choose a frame {e, }':;k] on R"** along =

such that {e;}?_, are tangent to 3 and {ea}giﬁ 1 are in the normal bundle. We will compute

pointwise. So we will always choose the frame {e;}?_; such that ﬁeT,-ej (p) = 0, ie., at

- »
P> Ve,-ej = _hijea-

Lemma 9.1 Let L be defined by (3.9). Suppose w € R is a fixed vector. Then on a
self-shrinker ©" in R"*, we have

1
Lwt = —wt. ©.1)
2
Proof By definition,
WJ_ = (W, eq)eq = faeota
where
[ =(w, eq). 9.2
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Then computing at p using the above chosen frame, we have
L= (VN (fey). ea) = ei(f ) ey, ea) + [V (V) ey eq)
= ﬁe,‘ 4w, ey><§el>ley, eq)
= 6e,- (W, eq) — (W, €y)<6’y, 6g}:/eot)

= (W, Ve,ea) = (W, Vyea) = hj(w, ;) 9.3)

and

(VEVN(f7ey). ea) = (VI (fey). ea)

e (e, ea) + [1(Viiey, ea)

ek(f“)+h (w, e,)<Vekey,ea)

ex(hf;)(w, ) + h; ek(w,eﬂ+hiyj<w,e,»>(6£k’ey,ea>
(ek(h"‘)+h( ey,ea))(w,ej)—h;’l‘i(w,ﬁekej)

= hfi (W, ej) — h&h (W, ep). (9.4)

o
ik

Here, we have used (6.23) and Codazzi equation. Taking trace of (9.4) and using (9.2), we
obtain

A = H%(W. ej) — hhl (. eg) = (w, VH*) — fPh&hl. 9.5)

By (6.21) and (9.3), we have

(W, VHY) = HY(w, ¢;) = lh/(x ej)(w,e) =

1 1
2 ST ey =2 V%) (96)

2
Putting (9.6) into (9.5), we obtain

1

Bpaph _ 1 Lo 1
Af*+ PGS = S VI + S S = S ©.7)
By definition of the operator L, this is equivalent to (9.1). O

The following result needs “flat normal bundle” assumption on the self-shrinker.

Lemma 9.2 If we extend the operator L to tensors, then on a self-shrinker £" in R"** with
flat normal bundle, we have

LA =A. 9.8)

Proof We will show that
(LAY, = hf;. (9.9)
In general, we have the following Simons’ equality for the second fundamental form [12,26]:

AR = ViV H* + HP R — hnfy bt + 200 Wbl — hl Wby — hihhl. (9.10)
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Combining with (9.1), we have

BB 1 !
ARy + hiihighi — §<X’ Vhij) + thxj
1
=3 (h?j,k(x, ex) +hi; — h?khfi (x, eﬂ>) + HP ), ij

BB B B BB BB
—hihight; + 2hychighy — hyhighig — hichighy;

(LAY,

1 1
+hlhf g — 5 (% VA) + Sh;

B B BB BB
= hf‘] +2h;, flhlj — hikhklhf;» — f‘khklhlj. (9.11)

By Ricci equation,

B B BB BB B B B B BB
2hyhighy; — highighly — hiyhighy, = hi (highy, — highly) + (hyhi — hihighy;
= hf}kRozﬁkj + Rﬁailhg' =0.

The last equality follows from our assumption that the normal curvature is zero. Thus we

obtain (9.9) from (9.11), This proves the lemma. ]
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