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Abstract  This paper is concerned with one-dimensional sums in classical affine types.
We prove a conjecture of Shimozono and Zabrocki (J Algebra 299:33-61, 2006) by show-
ing they all decompose in terms of one-dimensional sums related to affine type A provided
the rank of the root system considered is sufficiently large. As a consequence, any one-
dimensional sum associated to a classical affine root system with sufficiently large rank can
be regarded as a parabolic Lusztig g-analogue.
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1 Introduction

Consider A and p two partitions with at most n parts. Schur duality asserts that the
Kostka number K ;, counts both the dimension of the weight space w in the irreducible s,
representation V (A) of highest weight A and the multiplicity of V(1) in the tensor product
SHP(V)®- - -® SH1 (V) of the symmetric powers of the vector representation. Using the Weyl
character formula, the Kostka numbers may be expressed in terms of the Kostant partition
function. The g-deformation of this partition function gives rise to the Kostka polynomi-
als. The Kostka polynomials are Kazhdan—Lusztig polynomials for the affine Weyl group
and thus their coefficients are nonnegative integers, being dimensions of stalks of intersec-
tion cohomology sheaves on Schubert varieties in the affine flag variety. They also admit a
nice combinatorial description in terms of the Lascoux-Schiitzenberger charge statistic on
semistandard tableaux.

The Kostka polynomials also appear in the representation theory of the quantum affine
algebra U, (?[n). This was established by Nakayashiki and Yamada [24] by relating the
charge statistic to the energy function, a fundamental grading defined on tensor products of
Kashiwara crystals associated to Kirillov-Reshetikhin modules. Their result can be regarded
as a quantum analogue of Schur duality. It is also worth mentioning that the energy function
naturally appears in solvable lattice models in statistical physics.

The aim of this paper is to establish a generalization of the connection observed in [24].
On the weight multiplicity side, we consider parabolic Lusztig g-analogues. These are poly-
nomials which quantize the branching coefficients given by the restriction of an irreducible
representation of a simple Lie algebra g to a Levi subalgebra. In the case that the Levi is the
Cartan subalgebra, these are Lusztig’s g-analogue of weight multiplicity, and in the further
special case that go = sl,, they are Kostka polynomials. We consider stable parabolic Lusztig
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One-dimensional sums in affine types 821

g-analogues, which are defined when gg is of classical type and the weights A and p do not
involve spin weights and stay away from a certain hyperplane. The stable parabolic Lusztig
g-analogues have a well-defined large rank limit.

On the other side we consider tensor products of Kirillov-Reshetikhin modules, which
afford the action of the quantum enveloping algebra associated to an affine algebra g. Their
restriction to the canonical simple Lie subalgebra go has a natural grading by the energy
function, and taking isotypic components, we obtain polynomials called one-dimensional
sums. A stable one-dimensional sum is one in which gg is of classical type and the tensor
factors do not involve spin weights. They are so named because they are stable in the large
rank limit.

Our key result is Theorem 10.1 (previously conjectured in [32]) giving the decomposition
of the one-dimensional sums for any classical affine type in terms of those of affine type A.
It then suffices to observe that this decomposition is the same as the decomposition of the
stable parabolic Lusztig g-analogues obtained in [18].

Let us give a more detailed description of our results. For an affine Lie algebra g with
classical subalgebra go, there is a finite-dimensional Uy (g)-module with crystal graph given
by the tensor product of Kirillov-Reshetikhin (KR) crystals

B=B""®.--@ B, (1.1)

A KR crystal B™® is indexed by a pair (r,s) € Iy X Z-o where I = {0, 1,...,n} is the
affine Dynkin node set and I; = I \ {;j} for j € I. The crystal graph B has a Iy-equivariant
grading by the coenergy function D : B — Zx¢. Given a dominant go-weight A, the one-
dimensional (1-d) sum X;_p(q) is the graded multiplicity of the irreducible highest weight
Ip-crystal B(A) in B.

Throughout the paper we shall assume that g belongs to one of the nonexceptional
families of affine root systems. Fix the sequence ((r1, s1), ..., (rp, sp)) representing B and
the sequence (dy, d>, ..., d,) such that A = Zi cl d;w; where w; is the ith fundamental
weight of go. Throughout the paper r € I is called a spin node if » = n when go = B,, C,,
and 7 = n — 1, n when go = D,,. In order to take a large rank limit of the 1-d sum X;_p(q),
we assume that no spin weights appear: none of the r; are spin nodes, and d; = 0ifi € Iy
is a spin node. A “spinless” sequence representing B makes sense for large rank, and the
sequence (di, da, ... ) for A also makes sense provided that we append zeros as necessary.
We associate with the dominant go-weight X the partition (also denoted X) that has d; columns
of height i for all i.

It was observed in [32] that the 1-d sum has a large rank limit which we shall call a stable
1-d sum, and moreover, that they fall into only four distinct kinds, which are labeled by the
four partitions with at most two cells: @ (the empty partition), (1), (2), and (1, 1). We write
YXB((]) for the stable 1-d sum of kind <& € {&, (1), (2), (1, 1)}.

We now describe the kind <> associated to each nonexceptional affine family. Let P
denote the set of partitions whose diagrams can be tiled (without rotation) by the partition
diagram of <>. Then P? is the singleton consisting of the empty partition, P! is the set
of all partitions, P is the set of partitions with even row lengths, and P! is the set of
partitions with even column lengths. Let 7, denote the set of partitions with at most n parts.
Write ’P,? = P°NP,.For (r,s) € Iy x Z-g such that n is large with respecttor (n > r +2
suffices) define P,? (r, s) to be the set of partitions A € P, such that the 180° rotation of
the complement of A in the r x s rectangular partition (s"), is in the set P®. We say the
affine family of g is of kind < if the KR crystal B”* (for n large with respect to r) has the
Ip-decomposition
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822 C. Lecouvey et al.

B =~ ED B()\) (1.2)

1eP2 (r,5)

where B(A) is the irreducible U, (go)-crystal of highest weight A. All nonexceptional affine
families are of one of the four kinds [32], and note that the kind depends precisely on the
attachment of the affine Dynkin node 0 to the rest of the Dynkin diagram. We use the notation
of [11].

]<> H g of kind < \

2 Ay
2) 2)
(1) Dn+1’A2n (13)
) cV
[ (M
(1, D||By, A5 |, D}

The main purpose of this paper is to establish a conjecture of [32]. To state this conjecture,
we require some notation. The partition A = (Ay, A2, ..., A,) (with A, = A, = 0 to
avoid spin weights) encodes the dominant go-weight »;(A; — Aj41)w;. For A € Z" write
Al = 2 A and |B| := >, r;s; for B as above. Finally, c} is the Littlewood-Richardson
coefficient [22].

Conjecture 1.1 [32] For <& € {(1), (2), (1, 1)}

— |B|—[1] e 2
Xop@=q 7 > > Xy pq). (1.4)

vPn sepd

Conjecture 1.1 gives a simple formula for all stable 1-d sums in terms of the type Af,l) 1-d
sums, which are fairly well-understood [29,31]. In the case that B has tensor factors of the
form BLS, Conjecture 1.1 was proved in [30] for & € {(1), (2)} and in [20] for & = (1, 1).
This is much easier than the general case: for the KR crystals B* all computations can be
done explicitly.

The purpose of this paper is to prove Conjecture 1.1 in full generality (for arbitrary non-
spin KR tensor factors). This is achieved in Theorem 10.1. We choose specific affine root
systems g< for each < € {(1), (2), (1, 1)}. This choice, the classical subalgebra gg, and the
affine Dynkin diagram X (g°) are given below.

[ o [[s° [e5] X(g%)

(1 D;§2+)1 B, | de—0d OO fodlly

(2) C;Sll) Cn Ooﬁol 020 no—1<:no (15)
o0 »—1

OO Dy | ~—2 2
o i

We shall call the three nonexceptional affine root systems g< reversible, since their affine
Dynkin diagrams admit the automorphism

o()=n—i for 0<i<n. (1.6)
Reversible root systems possess the following properties. There is an associated automor-

phism o on KR crystals B™* for r nonspin (Sect. 5.3). One then extends o to tensor products
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of KR crystals by applying it to each factor. This map has a remarkable property: it sends
all of the Iy-highest weight vertices in any tensor product B of nonspin KR crystals, into the
subcrystal (called max(B)) of Ip-components whose highest weights A correspond to parti-
tions with the maximum number of boxes (Theorem 7.1). Surprisingly, one can compute the
precise change in the energy function (grading) under o acting on Ip-highest weight vertices
(Theorem 8.1). Finally, near the Ip-highest weight vertices in max(B), the crystal B looks
like a similar tensor product B4 of type AEII_)I crystals and moreover the gradings coincide
(Theorem 9.7). Along the way we make use of some Ip-crystal embeddings we call splitting
maps: row splitting B”* — B’ @ B1S (Sect. 6.1) and box splitting B¢ — (B1:1)®s
(Sect. 6.3). These embeddings exist for any nonexceptional g and nonspin r € Ip. When
applied to the first tensor factor in a tensor product of KR crystals, row splitting preserves
energy (Theorem 11.3) and box splitting preserves coenergy. We also employ a kind of row
splitting map in Sect. 4 which embeds the highest weight Ip-crystals B(A) of classical type,
into a tensor product of Iy-crystals of the form B(sw;). This encoding, which we call the
row tableau realization, allows us to see the shadow (that is, the image under o) of the Iy-
crystal decomposition of a KR crystal. For this purpose the well-known Kashiwara—
Nakashima tableau realization [15] of B(}) is less illuminating.

2 Some classical multiplicity formulae
2.1 Notation on classical Lie groups
In the sequel G is one of the complex Lie groups GL,,, Span, S O2,+41, or S O2;,. We follow

the convention of [17] to realize G as a subgroup of G L and its Lie algebra g as a subalgebra
of gl where

n when G = GL,,

N — 2n when G = Spa,,
2n+1 when G = SO,41,
2n when G = SO»,.

With this convention the maximal torus 7 of G and the Cartan subalgebra ¢ of g coincide
respectively with the subgroup and the subalgebra of diagonal matrices of G and g. Similarly
the Borel subgroup B of G and the Borel subalgebra b of g coincide respectively with the
subgroup and subalgebra of upper triangular matrices of G and g. There is an embedding
of Lie algebras gl,, — g that restricts to an embedding hgr, — hg of Cartan subalgebras
and of their real forms b L, = b Via restriction, there is an isomorphism of the real form

of the weight lattice of g with that of gl,,. Forany i € {1,...,n}, letg; : b]}éL,, — R be
the (i, i) matrix entry function. The functions {g; | i € {1, ..., n}} form a Z-basis of the
weight lattice of gl,,, which we identify with Z" via Z?:l a;g; — (ap,ap,...,a,). In this

way we may regard weights of g as elements in R”. Let Zg and Rz;r be the sets of sim-
ple and positive roots of G, respectively. As usual pg is the half sum of the positive roots
of G. The set P, is contained in the cone of dominant weights of G. Let VG (1) be the finite
dimensional irreducible G-module of highest weight A. Let W be the Weyl group of G.
Then Wgp, = S, can be regarded as a subgroup of any Wg for G = GL,,, Span, SO2n+1
or SOy,. Given A € Z" (the weight lattice of GL,), leth = (=Ap,...,—A]) = —wg"’l A)

n—1

where wé‘ € Wgy, is the longest element and let ‘P, denote the image of P, under A — A.
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824 C. Lecouvey et al.

Note that for A € P, the contragredient dual of the polynomial G L,-module VGLn(h) is
isomorphic to VGLa(}).

2.2 Decomposition of classical tensor product multiplicities

For G = Span, SO2p+1,0r SOz, < € {(1), (2), (1, 1)}, and v € P, define the G-module

wSw) =P @ vem®n.

AePn sep?

The module Wg (v) is defined specifically to have irreducible decomposition which mimics
the decomposition of KR modules of kind <> into their classical components.

Letn = (01, ..., np) bea p-tuple of positive integers summing to n. Consider A € P, and
O, . uPya p-tuple of partitions such that /L(k) € Py, forany k = 1, ..., p. Define
the coefficients cﬁ ... and R;\L’(ﬁ yyyy L By

yGLn (M(l)) ® - @ Vil (M(P)) ~ @ yGLn ()L)@c,t(l) _____ u(P) 2.1
reP,
wg (uh G Py ~ G ()P
SN @ @Wu?) = P voa) whur. 2.2)
rePy

We have the following proposition obtained by specializing at ¢ = 1 Theorem 4.4.2 in [18].
It shows that the coefficients ﬁz’f) u(® do not depend on the Lie group G = Spay,, S O2,41

or SOy,.
Proposition 2.1 For n sufficiently large, we have
A, _ v A
ﬁum ,,,,, w = Z Z Cr8 Cu
VePn sep

We also recall Littlewood’s formula [21] (see also [10]): Write 75,, for the set of pairs
(™, y7) such that y "and y* are partitions with respectively ™ and r~ nonzero parts,
and ¥+ + r~ < n. We identify each (y*,y~) € P, with the GL,-dominant weight

(yfr, e yrt, o=t —Y_,...,—y; ) € Z" and denote by VGLu(y* y7) the cor-
responding G L,-module with highest weight (y*, y~). Forallv € P, and (y*,y~) € P,
WEL, Ve Vet yl= 3 6, 23)

SEP,?,KE’P,,

where G = SO2,+1, Span, S O3, corresponds to & = (1), (2), (1, 1) respectively, LgL”
V is a G-module V restricted to GL,, and [W : V] is the multiplicity of the irreducible
module V in W.

Remark 2.2 For A, u, v € P, with n > max(¢(A) + £(w), L)) +2,if [VEQR) @ VO (w) :
VG ®w)] > 0 then |v| < |A| + |u|, and if equality occurs then the multiplicity is the LR
coefficient c; w This can be easily deduced from the following formula due to King [12]

VEM @ Ve : VeI =D efch ek,
8.6,

which holds in particular under the assumption n > max(¢(A) + £(u), £(v)) + 2. The
multiplicities are then independent of the group G considered.
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3 Crystal generalities
3.1 Affine root systems

Let I = {0, 1,...,n} be the set of nodes of the affine Dynkin diagram X with generalized
Cartan matrix (a;;);, jer, all associated with the affine Lie algebra g. We use the labeling of
affine Dynkin diagrams in [11]. Let (ao, ..., a,) and (a, . . ., a,) be the unique sequences
of relatively prime positive integers such that

> ajjaj =0 foralliel (3.1)
jel
> afaij =0 foralljel. (3.2)
iel

Then

(3.3)

oY = 2 forg= A(zi)
0 1 otherwise.

Let P be the affine weight lattice, P* = Homgz(P,Z), and (-, -) : P* x P — Z the
evaluation pairing. By definition P has Z-basis denoted {§/ag, Ao, A1, ..., Ay} and P* has
dual Z-basis {d, «y, @)’ ..., ,}. In particular

(f , Aj)y=x(@i=j) fori,jel (3.4)

i

Here x(P) = 1if P is true and x (P) = 0 otherwise. The A; are called affine fundamental
weights, § is called the null root, d is called the degree derivation, and oziv are the simple
coroots. Let P* = {A € P | (aj, A) > Oforalli € I} be the set of dominant weights.
Define the elements «; € P (the simple roots) by

ajzx(j=0)8/a0+zaij1\i for j e I. (3.5)
iel
One may check that
(@, aj) = aj; foralli,jel (3.6)
§ = Zajaj (3.7)
jel

and that {o; | i € I} is a linearly independent set. The canonical central element ¢ € P* is
defined by

c=> a'a. (3.8)

iel

The level of a weight A € P is defined by

lev(d) = (c, A). 3.9

By (3.3) and (3.4) we have
lev(A;) = a;’ (3.10)
lev(Ag) = 1. (3.11)
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826 C. Lecouvey et al.

Define the lattice P’ = P/(Z38/ap). For i € I, write o, for the image of o; under the natural
projection P — P’. Then ) = —6/ay. Since (o), 8) = O0foralli € I,lev: P' — Zis
well-defined. Denote P? = {i € P’ | leva = 0}.

Let go be the simple Lie algebra obtained from g by “omitting the 0 node”. Let Py be
the weight lattice of go. There is a natural projection P — Py with kernel Z(8/ag) & ZAo.
Let w; = w(A;) fori € I (so that wp = 0 by convention). Then Py = @ielo Zw;. The
dual lattice P(;" = Homy(Py, Z) has dual Z-basis denoted ozl.v for i € Iy. There is a natural
inclusion Py — P* defined by o’ + «;’ fori € Iy. There is a natural projection P’ — Py
with section

Py — P’

(3.12)
w; —> A — leV(Al’)A() =A; — al»vA() fori e Iy.

The image of this section is P°.
Let POJr ={e P | (aiv, A) > Oforalli € Ip} be the dominant weights in Pp. Let
Qo = @ie I Za; be the sublattice of Py given by the root lattice.

3.2 The extended affine Weyl group and Dynkin automorphisms

The affine Weyl group W is the subgroup of the group Aut(P) of linear automorphisms of
P generated by the maps

sih=A— (o), a)a; forre P and i€l
The action of W on P* is defined by either of the equivalent formulae:

(w-p, w-A)={(u, r) forwe W,Le P, uec P*
sik = — (1, o)) forpe P*iel

We write Wy for the Weyl group of go, which is the subgroup of W generated by s; fori € Iy.
Wo acts on Py and Py

Let Aut(X) be the group of automorphisms of the affine Dynkin diagram X. Let 7 €
Aut(X). By definition t is a permutation of the Dynkin node set / of X such that there is a
bond of multiplicity m from i € I to j € I if and only if there is a bond of multiplicity m
from 7 (i) to t(j), for all i, j € I. In particular,

ar() = a4 and (3.13)
atv(,.) =a; foriel (3.14)
ariy,(jy = aij fori,jel. (3.15)

T € Aut(X) induces T € Aut(P) by t(8/ap) = 6/ap and T(A;) = A forall i € I. This
satisfies T(a;) = ¢y foralli € I. v € Aut(X) also induces t € Aut(P*) by

(t(w), T(A) = (u, A) forallAe P and pe P* (3.16)

It satisfies 7(d) = d and r(ociv) = oztv(i) foralli € I. 7 € Aut(X) induces an automorphism
7 on W denoted w +— w* where s7 = s;(; foralli € I.
Define the subset of special nodes I° C I to be the orbit of 0 € I under Aut(X). Every

element of Aut(X) is determined by its action on /°. Let

0= ai; =8 — ap. (3.17)

i€l
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If g is untwisted then 0 is the highest root of gg. Let M C Py be the sublattice generated by
the Wy-orbit of 8 /ag:

M= > Zw-(0/a). (3.18)
weWy
The semidirect product Wy x Py acts on P’ by
(wty) - A = w(A +1ev(A)L) forw e Wo,Ae Py, and A e P’ 3.19)

where X is regarded as an element of PY c P via (3.12) and 1, is the translation
corresponding to A. We have

W= Wyx M
50 H> S9t—6/ay- (3.20)

For each £ € Z the action of Wy x Py on P’ stabilizes the affine subspace £Ag + PYc P’ of
level £ weights. Therefore for each £ € Z, the level £ action is defined by the representation
e : Wo x Py — Aut(Pp) by affine linear automorphisms of Py, given by
me(wty) - B = —LAg + wty (Ao + B)
=w(f+Lr) forwe Wy, A, B € Py. 3.21)

For r € Iy define [9]
¢r = max(1, a,/a)’). (3.22)

Remark 3.1 We have ¢, = 1 except that ¢, = 2 for g = B,El) withr = n,g = C,(,l) with
l<r<n-—1,g= Ff) withr € {3,4},and ¢, =3 if g = G;l) with r = 2. In particular

¢ =1fori e I°.

Define the sublattices of Py given by

M = @ Zeia; (3.23)
iely

M =P Zciw;. (3.24)
i€l

We have M > M > M’ with M = M’ except for g = A(zi) where M’ C M is a sublattice of
index 2. We define an injective group homomorphism

M/M < Aut(X) (3.25)

with image denoted X. First, there is a bijection I® — M /M given by i +— cjw; + M.
Subtraction by c;w; + M induces a permutation of M /M. The induced permutation of /¢
under the above bijection, extends to 7l € Aut(X). We define & = {z! | i € I};itis the
group of special automorphisms.

Define the extended affine Weyl group (in particular for twisted affine types) by

W=Wxgx (3.26)

viatwr ! = w’ forr € ¥ and w € W. We have W = Wo x M with
T wo't—c;w; fori € I°, where (3.27)
w(})‘ € W is the shortest element such that w(})‘ A = woA. (3.28)

@ Springer



828 C. Lecouvey et al.

Remark 3.2 In untwisted type one may identify M with the coroot lattice Q and M with
the coweight lattice P,’, although these identifications may involve some uniform dilation.

Example 3.3

@) (D (M &) 2) [OIIFNe)
9 An By | Ca Dy Agn—1|A2 | Dir (3.29)
I'I[{0, 1, ..., n} {0, 1}[{0, n} {0, 1, n — 1, n}| {0, 1} | {0} |{O, n}

For Af,l) and i € I°, t* subtracts i mod n + 1.

For D,(,l), in terms of permutations of ¥, are defined as follows. 79 is the identity and
= O, DH(n—1,n).If nis odd, 1 = O,n,I,n—1andt" =(0,n—1,1,n)and if n
iseven, 7"~ ! = (0,n — 1)(1,n) and " = (0, n)(1,n — 1).

Note that M /M admits an involution given by negation. The corresponding affine Dynkin
involution is given as follows. Let wo € Wy be the longest element. The map o > —wp« is
an involution on the set of positive roots of gg that sends sums to sums, and therefore restricts
to an involution on the set of simple roots. So there is an involutive automorphism of the
Dynkin diagram of g denoted i — i*, defined by

— woo; = o+ fori € I. (3.30)
This extends to an element denoted % € Aut(X) by defining 0* = 0. The induced
automorphism of P is given by
A —wol for A e P. (3.31)
In particular
— Wow; = wj* fori € I. (3.32)
By (3.13), (3.14), and (3.22), we see that
cir =c¢; fori e l. (3.33)

Therefore —woc;w; = Ci* Wi Since wociw; + M = cijw; + M, we have cjxwix + M =
—ciw; + M in the group M/M = X. It follows that for all i € I°, negation in M/M
corresponds to the involution i — i* on I*, and that

T'(0) = i*
(wiH ™ = wy. (3.34)

Example 3.4 We have i* = i except in the following cases. For A,,_ we have i* = n —i.
For D, and n odd, (n — 1)* = n and n* = n — 1. For E¢i + i* is the unique nontrivial
automorphism.

3.3 Crystals

Let g be an affine Lie algebra. We consider the following categories of crystal graphs of
modules over a quantum affine algebra U l; (g9): Cn(g), direct sums of affine highest weight
crystals, and C(g), tensor products of Kirillov—Reshetikhin (KR) crystals. For KR crystals
we refer to [3]. Let C, (go) be the category of direct sums of crystal graphs of highest weight
U, (go)-modules.

Let B be a crystal in one of the above categories. B is a graph with vertex set also denoted
B and directed edges labeled by the elements of the set K of Dynkin nodes of g. We call
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B a K-crystal. For K’ C K write Bg/(b) for the K’-connected component of b € B,
that is, the connected component of the graph in which all directed edges are removed except
those labeled by K'. Fori € K, each {i}-connected component is a finite directed path called
an i-string. Then for b € B, f;(b) (resp. e; (b)) is the next (resp. previous) vertex on the
i-string of b if it exists, and is declared to be the special symbol 0 otherwise. Let ¢; (b) and
&; (b) denote the number of steps to the end (resp. start) of the i-string of b. For a sequence
a=(iy,...,ip) of indices in K define

ea(D) = iy (eiy (- -- €, (b) -+ )

and f,(b) similarly.
For B € C(g) or B € C;(g), let K = I and define the functions ¢, ¢ : B — P’ by

9(b) = D gi(b)A; (3.35)
iel

e(b) = D ei(b)Ai. (3.36)
iel

For B € Cj(go) we have ¢, ¢ : B — Py with I replaced by Ip and A; replaced by w;.
For B € C(g) or B € Cj,(g) we define the weight function wt : B — P’ by

wt(b) = ¢(b) — (D). (3.37)

For B € C(g) the values of wt lie in the level zero sublattice P% ¢ P'.For B € (, (go) we
have wt : B — Py defined by (3.37).
For B € C(g) or B € Cj,(g) we have

wt(e; (b)) = wt(b) +a, fori € Iife;(b) #0 (3.38)
wt(f; (b)) = wt(b) —a fori € Iif f;(b) # 0. (3.39)

1

For B € C(go) the same conditions hold with o) = «; and i € Io.
For K’ C K, the set of K’-highest weight vertices in the K -crystal B is defined by

hwg/(B) ={b € B |e;(b) =0foralli € K'}.

Let hwg (b) denote the unique K'-highest weight vertex in the K’-component of b.
If X is a K’-dominant weight then define

hw',(B) = {b € hwg'(B) | wtg:(b) = A} (3.40)

for the subset of hwg/(B) of vertices of weight A and B(L) = Bk (A) for the irreducible
K’-crystal of highest weight A.
Let By, B be K-crystals. Then B| ® B, is a K -crystal via Kashiwara’s tensor convention

ei(b)) @by if ;i (b1) > &;(b2)

“lr®b) =1 9 ebn)  ifgilbr) < i (ba).

(3.41)

Lemma 3.5 Let By, By be K-crystals and by, c1 € By and by, ¢y € By such that c; @ ¢ €
hwg (B1 ® By) and by ® b, € Bg(c1 ® ¢2). Then c; € hwg (B1) and by € Bk (cy).

Proof ci € hwg (Byp) holds by (3.41). Leta = (i1, ..., i;,) be a sequence of elements in K
suchthate; (b1 ®b2) = ¢1 ®c3. By (3.41) there is a subsequence b of a such that ey, (b1) = ¢y.
O
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3.4 KR crystal generalities

Let C = C(g) be the tensor category of tensor products of KR crystals B*. An I-crystal B
is regular if for all subsets K C I with |K| = 2, the K-components of B are isomorphic to
crystal graphs of U, (gk )-crystals where g is the subalgebra of g corresponding to K.

Theorem 3.6 Let g be of nonexceptional affine type.

1. [26] For every (r,s) € Iy X Z~q, there is an irreducible U(; (g)-module Ws(r) with affine
crystal basis B™*. In particular every B € C is regular.
2. [3] The affine crystal structure on B"* is determined.

Proposition 3.7 Let By, By € C.

(1) There is an I-crystal isomorphism R = Rp, B, : Bl @ B, — By ® Bj called the
combinatorial R-matrix. By uniqueness, for B € C, Rp p is the identity on B @ B.

(2) Thereisauniquemap H = ﬁBl,Bz : Bi® By — Z, called coenergy function up to addi-
tive constant, such that H is constant on Iy-components, andforb = by ®b> € B] ® Bo,

—1 in case LL
H(eg(b)) =HbB)+ 10 in case LR or RL (3.42)
1 in case RR

where in case LL, when e is applied to by ® by and to Rp, p,(b1 ® by) = b, ® b as
in (3.41), it acts on the left factor both times, in case RR e acts on the right factor both
times, etc.

Proof Arguing as in [13] one may deduce these properties from the existence of the universal
R-matrix, the Yang—Baxter relation for R, and Theorem 3.6(1). O

Let B be regular. An element b € B is called an extremal vector of weight A if wt(b) = A
and there exist elements {b,,},ew such that

o by,=>bforw=e,

o if (@), wh) > Othen e;(by) = 0and £ " (by) = by,

o if (@Y, wh) <Othen fi(by) = 0and e, “ """ (by) = by.

A finite regular crystal B with weights in PY is called simple [1,23] if there exists A € PO
such that the weight of any extremal vector is contained in WA and B contains a unique

element of weight A. Here W is the affine Weyl group, which acts on P? = Py by the level
zero action.

o wi

Proposition 3.8 (1) Every B € C is simple. In particular B contains a unique extremal
vector u(B) with wt(u(B)) € P(;". Moreover u(B"%) € B"’ is the unique vector of
weight sw, and u(B1 ® By) = u(B1) ® u(B») for By, By € C.

(2) Forevery B € C, B is I-connected.

Proof By [1] a simple crystal is connected and the tensor product of simple crystals is also
simple. In [23, Section 4.2] Naito and Sagaki proved that a finite regular crystal B with
coenergy function Hppis simple.1 The equality u(B1 ® By) = u(B1) @ u(B>) follows from
the fact that the r.h.s is extremal. O

1 Although they assume that B is realized as a fixed point crystal, their proof is valid under the given condition.
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Remark 3.9 (1) Proposition 3.8 implies that if there is an /-crystal isomorphism g : B —
B’ for B, B’ € C, then it is unique: it must satisfy g(u(B)) = u(B’) and the rest of its
values are determined since B is /-connected.

(2) For By, By € C we normalize the coenergy function H by H (u(B; ® B>)) = 0.

The level of B € C is defined by
lev(B) = minlev(¢ (b)) = minlev(e(b)). (3.43)
beB beB

The subset Bpin C B is defined by

Bmin = {b € B | lev(p(D)) = lev(B)}
= {b € B | lev(e(b)) = lev(B)}.

The crystal B is said to be perfect (in the sense of [23]; compare with [13]) if B is the
crystal graph of a U, (; (g)-module, B is simple, and the maps ¢ and ¢ are bijections from Bpip
to the set of weights A € P’ that are dominant and have lev(L) = lev(B).

Theorem 3.10 [4] With ¢, as in (3.22),

(1) lev(B™) =TZ1.
(2) B™* is perfect if and only if s /¢, € Z.

Lemma 3.11 Let g be of nonexceptional affine type, (r,s) € Iy X Zq,{ = lev(B"*) and
J € I°. Thenthereis aunique elementu (r, s) € B™* suchthate(u;(r,s)) = A ;. Moreover,
WHIING t—¢ v« = WT for w € W and Tt € X with * as in (3.30) we have

EA(j) if B"* is perfect
Qi) =1 C=DA+ Ay ifg=Cl1<r<n—1j=n (44
(& —DAzjy+ A otherwise.

Proof Suppose first that B”* is perfect. Then ¢,£ = s and u(r, s) is unique. Moreover the
value of ¢(u) is verified by [4]. Explicitly:

1) g= Aﬁ,]) .uj(r, s) consists of s copies of the same column that consists of the elements
j+1,j4+2,...,j+r (modn + 1), sorted into increasing order.

@) =A% ug(r, s) = hw, (B(0)).

3) g= Drgzl. Suppose r & I°. ug(r, s) = hwy,(B(0)). For s = 25", u,(r,s) € B(sw,)
is the KN tableau with s’ columns (n —r + 1) --- (n — 1)n and s’ columns in — 1 - - -
n—r-+1. Fors = 2s'" 4+ 1,u,(r,s) € B(sw,) has, in addition to the columns for
u, (r,2s"), a middle column of height r is given by 0---0. For r = n € I*, ug(n, s)
(resp. up (n, s)) is the unique element of B(swy,) of weight sw,, (resp. —swy).

4 g= C,(l]). Forr ¢ I°, since ¢, = 2 and we are in the perfect case, s must be even (say
s = 24), and u j(r, 2¢) is given as for p?

n+1-
(2)
for D,7,.

5) g e {B,(,l), D,(,l), Ag,)_l}. Recall that for g = B,(,]), r = nB"* is perfect of level ¢
when s = 2¢. First let r € Iy not be a type DS spin node. ug(2i, s) = hwj, (B(0))
and u1(2i,s) € B(fw») has ¢ columns 12 and ¢’ columns 21 for £ = 2¢/, and in
addition a middle column 22 for £ = 20 + 1. ug(2i + 1,s) = hwy, (B(fw1)) and
u1(2i+1, s) € B(fw) is the tableau 1¢. D,(,]) has additional special nodes j € {n—1, n}.
Suppose riseven. Fors = 2s’, u,, (r, s) € B(sw,) hass’ columns (n—r+1)--- (n—1)n

Forr =n € I®, again u(n, s) is given as
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and s’ columns 7in — 1---n —r + 1. For s = 25" + 1, u,, (r, s) has, in addition to the
columns for u, (r, 2s’), a middle column given by nnnn---. If r is odd, replace s’
columns (n —r+1)---(n—Dnwith(n —r+1)---(n — Dn. up,—1(r,s) € B(sw,)
is given from u, (r, s) above by interchanging n and 7. Now let us set r = n for type
D,(,l). uj(n,s)for j =0,1,n—1,nis given by the unique element of B(sw,) of weight
swp, S(wp—1—w1), s(1—y)w1 —wy—1), s(yw1 —w,) wherey =0, 1, y = n (mod 2).
If r = n — 1, we interchange w, and w,—1 in the above description.

We enumerate the nonperfect cases [4].

(1) g=B",r=nands=2¢—1.Forneven, ug(n, 20 — 1) = hwy, (w,) and u1 (n, 20 —
1) € B(w,) is defined by wt(u) = w, — w;. For n odd, ug(n,2¢ — 1) = hw,(B((£ —
w1 + wy)). uy(n, 2€ — 1) has a half-column consisting of 23 - - - (n — Dnland ¢ —1
columns consisting of a single 1.

2 g=CVforl <r<n—lands=20—1.ug(r,2—1) = hwy (B(w)). un(r,20—1)
has ¢ — 1 columns (n —r+1)---(n — I)nand £ columnsnn —1---n—r+1. 0O

By Lemma 3.11 we may define m(B"*) = ug(r, s) € B"* or equivalently

e(m(B"%)) = lev(B"™)Ay. (3.45)
Similarly, there exists a unique element m’(B™*) € B"* such that
@(m'(B")) = lev(B"*)Ao. (3.46)
Define
b(r, s, ) =hw} (B") fori e P(r,s). (3.47)

Remark 3.12 Suppose < # @ and r € Iy is not a spin node. By (1.2) the right hand side of
(3.47) is a singleton. We have
u(B"*) = b(r,s, (s")) (3.48)
m(B"*) = b(r, s, Ao, (r, ) (3.49)
<&

where Amin = A, (7, 5) € PO(r, s) is the partition with |Api,| minimum. Explicitly

(s) ifrisoddand<>=(1,1)
AC (r,s) =1 (1") ifsisodd and & = (2) (3.50)
%} otherwise.

3.5 Grading by intrinsic coenergy

Each B € C has a canonical Ip-equivariant grading by the intrinsic coenergy function D :
B — Z which is defined as follows.

(1) If B = B"® is a KR crystal then define

Dp(b)=Hp g(m' (B)®b) — Hp p(m'(B) ® u(B)). (3.51)
(2) If By, By € C then
Dp,oB,(b1 ® by) = Dg,(b1) + Dp,(b5) + Hp, ,(b1 ® b) (3.52)

where Rp, p, (b1 ® by) = b, ® b].
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The resulting grading satisfies

5(131®Bz)®33 = ﬁBl®(32®33)

for all By, By, B3 € C [27]. For By, ..., B, € C one may prove by induction that
- - 1 - i+1
Dpgw8,b) = D Dp,(0j) + D Hpp,(bi @b ) (3.53)
i=1 I<i<j<p

where b =b; ® -++ ® b, with b; € B; for 1 <i < pand b is the kth tensor factor of the
element obtained from b by the composition of combinatorial R-matrices that swaps the jth
tensor factor to the kth position. We have

Dp=Dpog foranyg:B = B with B, B’ €C. (3.54)
Lemma 3.13 Let B be a KR crystal of level £. Then

L. EB is constant on ly-components.
2. Dp(eo(b)) = Dp(b) + L ifeo(b) > L.
3. Dp(u(B)) =0.

Proof Follows immediately from (3.51), the properties of ﬁg, B,and (3.41). O

Lemma 3.14 Let By, By € C, and let by € By and by € By be such that eq(b1 ® by) # 0
and let Rp, p, (b1 @ by) = b} @ b|. Assume that

D(eo(b1)) = D(by) + 1 if eo(by) #0

D(eo(b3)) = D(by) + 1 if ep(by) # 0.
Then D(eo(b1 @ by)) = D(b; ® by) + 1.
Proof This follows from (3.52), computing the four cases of (3.42). O

We shall prove the following explicit formula for D g at the end of Sect. 5.3.

Proposition 3.15 For g nonexceptional of kind < € {(1), (2), (1, 1)} and (r, s) € Iy X Z~o
with r nonspin, we have

rs — |\

Dprs(b(r, s, M) = 7S

forall » € P (r, ). (3.55)

3.6 Affine highest weight crystals

Let B(A) be the crystal graph of the irreducible integrable highest weight module of
highest weight A € P™. hw;(B(A)) is a singleton denoted u . The enhanced weight func-
tion wt : B(A) — P is defined by wt(ua) = A and (3.38) and (3.39) except that o € P
is replaced by the affine simple root «; € P. Alternatively, let b € B(A). Then there is a
sequence a = (iy,i2,...,1p) of elements of I such that us = ea(b). Define 5(17) to be
the number of times that O occurs in the sequence a. This yields a well-defined Z-grading
D : B(A) — 7. Then

wi(b) = ((d, A) — D(1))(8/ap) + D (9i(b) — si(B)) A (3.56)
iel
The following theorem is fundamental to the Kyoto path model for affine highest weight
crystals.
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Theorem 3.16 [13, Proposition 2.4.4] Let g be an affine algebra, B € C(g) the crystal graph
ofa U(; (g)-module, and A € PT a dominant weight with lev(A) = lev(B). Then there is an
affine crystal isomorphism

B(A) ® B =D Blpw) (3.57)
u
where u runs over the elements of B such that e (u) = A.
3.7 One-dimensional sums and stability

ForBeCand X € PJ , define the one-dimensional sum

Xop@)= > q"?. (3.58)
behw} (B)
Notation 3.17 Let
B=B""®B*?®-..-Q B, (3.59)
We write R; = (sl.ri), which is a rectangular partition with »; rows and s; columns. Let
R = (R, Rz, ..., Rp). We write B = BR if we wish to emphasize the indexing set of

rectangles.

For nonexceptional g, let n = rank(gp) and define

@ ={B=B"ecC@|> ri<n-2 (3.60)
PR ={(heP, | £H) <n—2} (3.61)
Ci°(g0) = {B € Ci(go) | if By, (v) appears in B then v € P°.}. (3.62)

These restrictions have the effect of guaranteeing that spin weights do not appear.
For <& € {(1),(2), (1, 1)} and fixed R and XA define the stable 1-d sum YXBR (g) to
be Y,\, pr(q) of type g where g is chosen such that n = rank(gp) is large enough so that

BR e Cc®(g)and 1 € P, Without loss of generality we may choose g to be reversible [that
is, of the form g<; see (1.5)].

4 g°, Iy, and A,_;-crystals

In this section we assume g is one of the reversible affine algebras g©. Its classical subal-
gebra gé> [see (1.5)] contains the subalgebra sl, of type A,_; given by restricting to the
Dynkin node subset 74, , = {1,2,...,n — 1}. Using the notation of Sect. 3 we write

B(b) := Byy(b), Ba,_,(b) := BIA,,,I (b), and hwy, ,(b) := hWIA'H (b). In fact gl, C gg
and we use the gl,, weights below.

4.1 Some subcrystals
For go of type By, Cy, or D, and B € C;°(go), define the /p-subcrystal
max(B)= | = By (4.1)

behwy, (B)
[wt(b)|=M(B)

@ Springer



One-dimensional sums in affine types 835

where M (B) is the maximum value of |v| over v € P, such that By (v) is a component
of B. Define

ops(B) = ) Ba,_, (b (4.2)
behw , (B)

Itis an A,_1-subcrystal of B given by taking all the A, _-components of /y-highest weight
vertices in B. These A,_|-components sit at the top of their respective Ip-components.

Remark 4.1 For v € P;° we have tops(B(v)) = By, ,(v). Moreover this is the only
Aj,—1-component of B(v) of highest weight v. Therefore there is a canonical inclusion
iy 1 Ba,_;(v) = Bp(v). This isomorphism just says that a type A,_; tableau can be
regarded as an KN tableau for go.

For B € C;°(go), define
B=J U Ba._ . 4.3)

*€Pu cehw?,  (B)
n—1

B is the A,_ 1-subcrystal of B given by the dual polynomial part of B regarded as an
Ap_1-crystal. The terminology “dual polynomial part” makes sense: go DO gl, so that B
admits a gl,, weight function.

For v € P°, write

B(v) := B(v). (4.4)

It is an A,_1-subcrystal of the irreducible highest weight Ip-crystal B(v).

4.2 Row tableaux realization of B (v)

This section only concerns crystals of types B,, C,, and D,, and herein we let & =
(1), (2), (1, 1) correspond to By, C,, and D,, respectively; they coincide with gg but we
do not employ any affine algebra here.

In [15], the classical type crystal graph B(v) was realized by tableaux which we will call
Kashiwara—Nakashima (KN) tableaux. These tableaux are based on the unique Ip-crystal
embedding

B(v) — B(w”i) ® B(wué) - --

where V', is the size of the jth column of the partition v.
However we shall use a different realization of B(v) (which we call “row tableaux”) which
is better suited for the study of B(v). For v € P>, there is a unique embedding of /p-crystals

rowtab, : B(v) < B(viw)) ® --- ® B(v,w1) 4.5)
where p = ¢(v). The image of rowtab, is the connected component
Im(rowtab,) = B, (1" 2”2 ® --- ® p"7).

Here a™ denotes the word consisting of m copies of the symbol a. The image of b € B(v)
is a tensor product rowtab(b) = R ® R, ® --- ® R, with R; € B(v;wy); it is called the
row tableau associated with the element » € B(v) and may be depicted as a tableau of
shape v whose ith row is R;. Each R; is a KN tableau of the single-row shape (v;). In general
rowtab(b) does not coincide with the corresponding KN tableau of shape v. We are not aware
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of a simple characterization of the image of rowtab,,. Nevertheless we characterize the image
of B (v) under rowtab,,.

For a tableau c of shape v and D C v a skew shape, let ¢|? denote the restriction of ¢ to
the subshape D.

For § € 7?,? with 8 C v, let L°(v,8) C Bhio) ® -+ ® B(v,wy) be the set of vertices
b=R; ®---® R} such that:

(1) b|"\ is a skew semistandard tableau on {7, .. ., 1}.
) bP=cC §>, where the latter tableau is the unique tableau such that:

e For & = (1), the ith row equals n%0%~2¢7% where a = |8; /2].
e For & = (2), the ith row equals n“n“ where a = §; /2.

e For & = (1, 1), the jth column consists of 5}/2 copies of.
n

Let L) = Usepo LO, 8).

Example 4.2 For o= (1,1),v=(4,4,4,2,1,1)and § = (3,3, 1, 1),

n—23
n—1

=
N

n—2
n—1

==l

sl S
=S|

=1
=1
3

is a row tableau in hw,, (LY (v, §)).

Remark 4.3

(1) Givenany b € L (v), the unbarred letters in b determine the unique § € ’P,? such that
b e L°(v, 8), and b is determined by 8§ and b|"\?. By definition b € L (v) contains no
lettersin {1, ...,n — 1}.

(2) Letb” be the lowest weight vector of L (v). Then rowtab(h”) € L (v, @) where § = ¥
is the empty partition.

Proposition 4.4 The map rowtab,, restricts to an isomorphism
Bv) = LO(). (4.6)

Proposition 4.4 will be deduced from Proposition 4.5 below.

The reading word of a single-rowed tableau is obtained by reading its letters from right
to left. The reading word of a tableau obtained by reading its rows from top to bottom.
Aword w = x1x3---x¢ withx; € {1, n — 1, ..., 1} is Yamanouchi if for all j, in the sub-
word x1x2 - - - x; there at least as many letters i + 1 as there are letters iforl<i<n-—1.

Proposition 4.5 Let b € LV (v, 8) for some § € PY.

1. L°(v,8) is an A,_1-crystal.

2. b € hwy, (L®(v, 8)) if and only if the row-reading word of the skew semistandard
subtableau of b of shape v /8, is Yamanouchi of weight A for some A € P,.

3. If @u(b) > O then f,(b) € L°(v).

4. There exists a finite sequence a = (ji, ja, ...) in Iy such that b = e, (rowtab(b")). In
particular L° (v) C Im(rowtab,)).
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5. Assume b € thAn_l (L (v, 8)) for some A € P, and let a be as above. Then

[v] — 2]

card {k | jx =n} = o]

4.7

The proof of Proposition 4.5 is deferred to Appendix A.

Proof of Proposition 4.4 rowtabv(E (v)) and L®(v) are both A,_; -subcrystals  of
Im(rowtab,), by definition and Proposition 4.5(4) respectively. Therefore it suffices to show
they have the same A, _1-highest weight vertices. All such vertices have weight of the form
A for some A € P,. For A, € P, and § € 73,?, |hwi‘"71 (L° W, 8))| = cs, by Proposi-
tion 4.5(2) and the Littlewood—Richardson Rule [6]. All of these highest weight vertices are
in rowtab,, (hwﬁ\%_1 (§<>(v))). The result follows by summing over § € 73,? and using (2.3).
[m}

4.3 §(v) when v is a rectangle

We assume g = g is reversible, and apply the previous results to max(B™*) = B(sw,) for
B € C*®(g®). For the rectangular partition v = (s") € P let

b(r, s, 1) = hwini] (Bjy(s")) fora e P,?(r, s) 4.8)

‘<> —_

boin(r,s) = b(r, s, 1. (r,5)) (4.9)
where kﬁin (r, ) is defined in (3.50). Note that the set on the right hand side of (4.8) is a

singleton, by (2.3) and the Littlewood—Richardson Rule. We regard the elements b(r, s, 1)
as being in B"* since B"* contains a unique /p-component By, (s"). We note that

hwa, (B(s") = {b(r,s, 1) | » € PO(r, 9)}. (4.10)

Remark 4.6 For . € PP (r,s), let § € PY be the partition complementary to A in the rect-
angle (s"). Then by Propositions 4.4 and 4.5(2), rowtab(sr)(Z(r, s, 1)) is explicitly given by
the row tableau of shape (s”) whose restriction to the shape §, is the canonical tableau C§>
and whose restriction to (s")/§ is the unique Yamanouchi tableau of that shape in the letters
{n,..., 2, i}; each column of the latter subtableau consists of letters 7z, n — 1, etc., reading
from bottom to top.

For v = (s") we are going to see that every A,_-highest weight vertex in B (v) is reach-
able by Ip-lowering operators, starting with a certain fixed element. This is not true for a
general partition v € P°.

Proposition 4.7 Let (r, s) € Iy X Z~q with B"* € C®(g*) and £ = lev(B"*). Then for any
A E P,?(r, §) there exists a finite sequence b = (ji, ja, ...) in Iy such that

- =0
ugp, @ b(r,s, 1) = foluea, ® by, (1, 5)) 4.1D
A = 12830, 5)]

card{k | jy =n} = ol

(4.12)

This result follows by induction using Lemma 4.9 below. For » > 2 if & = (1, 1)
and h > 1if & € {(1), (2)}, define the following sequences (the semicolons are just for
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readability):
m—-2,n=-3,....n—h+1;n—1,n—2,...,n—h+2) for & = (1, 1)
A =3(m—1n—2,....n—h+1) for & = (1)
(n—1D* =22 ..., (n—h+1? for & = (2)
a(h) = (n;a'(h)). (4.13)

Notation 4.8 Given ) € 73,? (r,s) with A # Apin = )\'I?lin (r, 5), we define a canonical smaller
element A~ € ’P,? (r, s) obtained from A by removing a particular copy of the shape <>. Sup-
pose the rightmost column in which A and A, differ, is the pth. Let h = A}, be the height of
that column. Let A~ € 77,? (r, 5) be obtained from A by removing a vertical domino from the
pth column if & = (1, 1), removing a cell from the pth column if <> = (1), and removing a
cell from the pth and (p — 1)th columns if & = (2).
We note that if § € 77,? is a nonempty partition then §~ € 73,? can be defined similarly.

Lemma 4.9 Let A € P,?(r, s) with A # 7S (r, s). Then

min
uen, @b(r,s, 1) = fam (e, ® b(r, s, 27)). 4.14)

The proof of Lemma 4.9 is deferred to Appendix A.

5 Affine crystals and the involution o

In this section we summarize necessary facts on a single KR crystal B"* belonging to C*(g°)
and show that a tensor product B of such KR crystals has an automorphism o, which we
call the reversing crystal automorphism. This o will be effectively used to show our main
theorem (Theorem 10.1).

5.1 KR crystal B™*

We consider a single KR crystal B” € C*(g®). Note that r € Iy is nonspin. We recall the
crystal structure of B"™*. Firstly, the U, (goo)-crystal structure is described as follows. As we
explained in Sect. 1, B”* decomposes into a multiplicity-free direct sum of highest weight
crystals B()\), where A runs over ’P,? (r, s), the set of partitions obtained by removing <’s
from (s”). The action of Kashiwara operators ¢;, f; (i € Ip) on B"* is given by realizing its
elements by KN tableaux. Hence, we are left to describe the action of eg and fj. To do this
we explain the notion of +-diagrams and a certain automorphism ¢ on B"* for <> = (1, 1)
introduced in [28]. From here to Lemma 5.2 we assume <> = (1, 1).

A +£-diagram P of shape A/) is a sequence of partitions A C u C A such that A/u
and p/A are horizontal strips (i.e. every column contains at most one box). We depict this
+-diagram by the skew tableau of shape A/A in which the cells of /A are filled with
the symbol + and those of A/u are filled with the symbol —. Write A = outer(P) and
A = inner(P) for the outer and inner shapes of the £-diagram P. We call x the middle
shape. Set J = {2, 3, ..., n}. There is a bijection ® : P +— b from *-diagrams P of shape
A /A to the set of J-highest weight elements b of J-weight A. For details refer to section 4.2
of [28].

Now suppose b € B"* is a J-highest weight element corresponding to a +-diagram P of
shape A/X. Let ¢; = c;(A) be the number of columns of height i in A forall 1 <i < r with
co=s—A1.Ifi =r —1 (mod 2), then in P, above each column of A of height i, there
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must be a + or a —. Interchange the number of such + and — symbols. If i = r (mod 2),
then in P, above each column of A of height i, either there are no signs or a F pair. Suppose
there are p; = pairs above the columns of height i. Change this to (¢; — p;)F pairs. The result
is G(P), which has the same inner shape A as P but a possibly different outer shape. The
columns of height » in P are not changed by &. The following map ¢ (called o in [28]) is
an automorphism on B"* corresponding to interchanging the nodes 0 and 1 of the Dynkin
diagram of D,(,I).

Definition 5.1 Let b € B"® and a be a sequence of elements of J such that e, (b) is a
J-highest weight element. Let a’ be the reverse sequence of a. Then

cb):= fyo P oG od oe,(b). (5.1
With this ¢ the Kashiwara operators eg and fp are given by

fo=c¢ofiog,
(5.2)
ep) =Goe1og.

By (5.1) and (5.2) ¢ and fy commutes with ¢; or f; for J' = {3,4, ..., n}. Hence, the
calculation of the actions of ¢y and f are reduced to J'-highest weight elements. Note
that J'-highest weight elements are in one-to-one correspondence with pairs of +-diagrams
(P, p), where the inner shape of P is the outer shape of p. To calculate the action of e it
suffices to know the action of e; on (P, p), that is described in [28].

(1) Successively run through all 4+ in p from left to right and, if possible, pair it with the
leftmost yet unpaired + in P weakly to the left of it.

(2) Successively run through all — in p from left to right and, if possible, pair it with the
rightmost yet unpaired — in P weakly to the left.

(3) Successively run through all yet unpaired + in p from left to right and, if possible, pair
it with the leftmost yet unpaired — in p.

Lemma 5.2 [28, Lemma 5.1] If there is an unpaired + in p, e} moves the rightmost unpaired
+ in p to P. Else, if there is an unpaired — in P,e| moves the leftmost unpaired — in
P to p. Else e annihilates (P, p).

For types & = (2), (1), we use a construction of B”™* in section 4.3 and 4.4 of [3] (where
it is called V). As above we can assume b € B"* is J-highest. Let p = ®~!(b) and
let p be p itself if <& = (2), and the +-diagram whose inner, middle and outer shapes are
all doubled rowwise if & = (1). Let ¢; (1 < i < r) be the number of columns of height
i in outer(p). We also set ¢cg = ys — outer(p); where y = 2/|<|. Note that ¢; is even
except when <& = (2),i = r and r is odd. There exists a unique +-diagram P such that
inner(P) = outer(p), the length of inner(P) < r and there are equal number ¢; /2 of columns
with Fand -in Pifi <r,i =r (2), with+ and — if i # (2). Then the pair of £-diagrams
(P, p) can be considered to correspond to a {3, 4, ..., n}-highest element of B""* of type
& = (1, 1). We now apply e o g oej to (P, p) following the procedure explained previously
to get (P’, p’). Let p’ be p’ if & = (2), and the +-diagram whose inner, middle and outer
shapes are all halved rowwise. (This is possible by Lemma 4.7 (1) in [3].) Finally, setting
b’ = ®(p’) we obtain egh = b'. To calculate the action of f{ we replace ej o ¢ o e; with

fiogo fi.
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5.2 The reversing crystal automorphism o
Recall 0 € Aut(X) from (1.6).

Theorem 5.3 For every B that is a tensor product of KR crystals in C*(g®), there is a
unique map 6 = op : B — B such that

00e =é€5(i)00 (5.3)
foralli € I and b € B. Moreover
A
wt(o (b)) = —wy "~ (wt(b)) 54
ol =id (5.5)
opog=goop foranyg: B= B for B, B’ €C. (5.6)
Here w(?"" € W is the longest element of the type A,—1 Weyl group generated by s;
through s,_1.

First we assume the existence of ¢ satisfying (5.3) and deduce (5.4), (5.5), and (5.6).

For (5.4) we recall the discussion of the weight function on KR crystals (and therefore
on B)in Sect. 3.4 and associated notation. By (5.3) and (3.37) we have o (wt(b)) = wt(o (b)),
computing in the lattice P’. Now wt takes values in P° = P and one may check that the
action of o on P? agrees with that of —wé”“ on P.

For (5.5), o2 is an I-crystal isomorphism B — B. By connectedness and the fact that B
contains a unique element u(B) of its weight, there is only one such isomorphism, namely,
the identity.

For (5.6), by the connectedness of B the proof reduces to verifying the relation for a single
value. However the value of both sides on u(B) must agree, for the answer must be the unique
element of B’ whose weight is —wé"" (wt(u(B))).

Next, we prove the uniqueness of o assuming its existence. Since B € C is connected
we need only show that (5.3) uniquely specifies some single value of o. The vertex u(B)
is the only element of its weight in B. The weight w(?”"l (u(B)) occurs in B since B is an
A, _j-crystal. Since B is an Ip-crystal (of classical type B,,, C,,, or D,;) with no spin weight, it
is self-dual, so its weights are closed under negation. In particular the weight —w(? "' (u(B))

must also occur in B. Since wt(u(B)) occurs exactly once, the weight —wg”" (wt(u(B)))
also occurs exactly once. By (5.4) o (u(B)) must be the unique element of B of weight
—w{"" (wt(u(B))). It follows that o is unique.

It only remains to prove the existence of 0. By (3.41) we may reduce to the case B = B"’.
The existence of o on B™® is proved in the next several subsections.

5.3 Definition of o on KR crystals

Define the sequences

2,3,...,h—1;1,2,....h=2) ifS=(,1)
a)=40,2,....h=1) if o= (1)

12,22 ..., (h—1)? ifo =2

( ( )%) if &= (2) 57
a(h) = (0; a'(h)).
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Recalling a(h) from (4.13) we have
o(a(h)) = ah). (5.8)

Lemma 54 Let A € P(r,s) and . # kﬁin(r, s). Let £ = lev(B"") and A~ be as in
Notation 4.8. Then

Uepg @ b(r, s, 1) = fam(uen, ® b(r, s, 17)). (5.9)

Proof We first treat the case &> = (1, 1). Suppose r is even. We apply fa' (). Then b(r, s, A7)
changes to the KN tableau #; of shape A~ whose columns are filled with 123 - - -, except the
rightmost, which is filled with 34 - - - instead. Now we want to apply fo to usa, ®1;. To do this
we first goto the J-highestelemente(,—1 .. 3,2)(f1) of t1, where wehaveset J = {2,3, ..., n}.
Then we have P = &1 (e(h—1,...,3,2)(t1)) is the =-diagram such that there is no sign in the
rightmost column and only + in the other ones. Hence G(P) is the £-diagram described as
follows. Denote the position of the rightmost column of A by a. The height of the outer shape
from the 1st to the (¢ — 1)th column is the same as P, but from the ath to the sth column
the height is larger than P by 2. There is only — from the 1st to the (a — 1)th column, and

....... h—1) @ (& (P)) described as
follows. The shape of ¢(#1) is the same as the outer shape of &(P). To get contents we first
place the string 23 - - - k1 in each column and then reading from left to right, top to bottom
we change Tto2and 2to 1(s — a + 1) times. Note that £;(c(f1)) = s + a — 1. One finds
f16(#1) is a J-highest element corresponding to the £-diagram that differs from &(P) only
in the ath column where there is only —. Hence we have fot; = b(r, s, 1) by definition.
Since gp(t1) = s+a—1 > s, wealsohave fo(usa, ®11) = usn, ® for1 = usn, @b(r, s, 1).

Next suppose r is odd. In this case the first row of A has s nodes. Denote the position of
the rightmost column with height greater than 1 by a. The calculation goes similarly to the »
even case. The +-diagram P is given as follows. The outer shape is the same as A ™. There is
no sign in the ath column and only + in the other columns. Applying f.3,. r—1)0 P o &,
one obtains ¢ (¢1) described as follows. The shape of ¢ (#1) is the same as #; except in the ath
column where the height of ¢ (#;) is larger than that of #; by 2. To get contents we place the
string 23 - - - k1 (1 in the column of height 1) in each column. Only in the leftmost column
we put 2 instead of 1. Note that &1 (¢ (f1)) = s +a — 1. We obtain for; = b(r, s, A), and since
go(t1) > s, we again have fo(usp, ® 11) = ugp, ® b(r, s, 1).

Next we treat the case <> = (2). (Since the case < = (1) is similar, we omit its proof.)
Applying fa ) makes b(r, s, ™) change to the KN tableau #, of shape A~ whose columns
are filled with 123 - - -, except the rightmost two, which is filled with 23 - - - instead. Note that
1> is J-highest. p = ®~!(,) is the +-diagram such that there is no sign in the rightmost two
columns and only + in the other ones. From this p construct P as prescribed in the previous
subsection. We want to apply fj o ¢ o fi to this pair (P, p) of £-diagrams. Denote the position
of the rightmost column of A by a. By Lemma 5.2 the application of f; changes (P, p) as
follows. In the (a — 1)th column there is + (resp. ) when h = r (2) (resp. h #r (2))in P
and no sign in p. f] moves + in P to p. Denote this new pair by (P’, p). Next ¢ changes
P’ as follows. In the columns of P’ of height /, the number of columns with F (resp. +)
increases by 1 while the number of those with - (resp. —) decreases by 1 when 7 = r (2)
(resp. h # r (2)). By applying f| again, we obtain (P”, p”) described as follows. p” differs
from p only at the (¢ — 1)th and ath positions. outer(p”) is of height & there with +’s. P”
is a unique +-diagram determined from p” as in the previous subsection. To show (5.9) we
still need to check eq(b(r, s, L7)) > €. Since the application of eg(= e] o ¢ o e1) is similar
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to above, we only give its value. Let ¢; (1 < i < r) be the number of columns of X of height
i and set co = s — A1. Then we have

eob(r,s, A7) =c¢, +cr—1+---+cp —1+co/2.

Noting that (c; + ¢,—1 + -+ +cp +co +7)/2=L(F =0or 1,7 =7 (2)) and ¢y > 2, we
obtain gy(b(r, s, L 7)) > £. =

For a KR crystal B of level £, say that the i-arrow b — b’ = f;(b) is good if eitheri € I
ori = 0 and go(b) > £. Traversing the above edge backwards (using a raising operator),
going from b’ to ¢; (b') = b is good if i € Iy ori = 0 and gy(b') > £.

Lemma 5.5 Let B"® be a KR crystal of level L. Then for every b € B"™" there is a sequence
of good arrows from b to m(B"*).

Proof Noting that from (3.45) usn, ® m(B"*) is an affine highest weight vector in B(£Ag) ®
B"* >~ B(¢p(m(B"*))), the lemma is clear from the previous one. m]

We obtain the following for KR crystals B for g of kind (1, 1), (2), (1) where r € Iy is
nonspin.

Corollary 5.6 For a KR crystal B of level €, there is a unique function Dy satisfying the
conditions of Lemma 3.13. Moreover, identifying elements of ugp, ® B with their images in
B(@(m(B))) under the isomorphism (3.57), we have

BB((p(m(B)))(MZAQ ® b) + Dp(b) = Dp(m(B)) (5.10)
where m(B) is defined in Lemma 3.11.

Proof By Lemma 5.5 B is connected by good arrows. But properties (1) and (2) of
Lemma 3.13 specify how Dp must change across good arrows. Therefore a single value
completely specifies Dp. This is furnished by property (3) of Lemma 3.13. The left hand
side of (5.10), viewed as a function of b € B, is invariant under good arrows in B. But B
is connected by good arrows so this function is constant, and its value is obtained by setting
b = m(B) and using that D = 0 on the affine highest weight vector. O

Let £ =lev(B"*) and letu € B be as in Lemma 3.11 using j = 0. From Theorem 3.16
there are bijections

B(tAo) ® B = B(p(u)) —> B(o(p(u))) = B({A,) ® B". (5.11)

The first and third maps are isomorphisms given by Theorem 3.16 and the middle maps
are the unique automorphism in highest weight crystals induced by relabeling everything
according to o € Aut(X).

LemmaﬁS.7 Let b(r, s, A) be as in (4.8). For . € P°(r,s), ugng ® b(r, s, A) is sent to
ugp, @ b(r, s, 1) under the previous bijection.

Proof The proof proceeds by induction on P (r, 5). The claim holds for Amin (= Azin (r,8))

since these elements are the unique affine highest weight elements of both sides of (5.11). For

A € P(r, s) with A % Amin the claim follows from Lemmas 4.9, 5.4, (5.8) and induction.
O
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Proposition 5.8 For B* € C*®(g°) there is a unique map o : B — B™ such that
1. Equation (5.3) holds for good arrows.
2. o(m(B™%)) = ﬁin(r, s).

Proof Suchamap o isnecessarily unique. Assertion 2 specifies one value of . By Lemma 5.5
B’ is connected by good arrows, so Assertion 1 determines all other values of o. So it suf-
fices to prove existence. Consider the bijection (5.11). For an element b € B™® the image of
uga, ® b by the bijection should belong to u¢s, ® B™>* by Lemma 5.7. Denote this image
by u¢a, ® o(b). This map o satisfies the two conditions. ]

Proposition 5.9 The map o of Proposition 5.8 satisfies (5.3) foralli € I and b € B"*.

The proof of Proposition 5.9 for & = (1, 1) is deferred to Appendix B. For & = (1), (2)
the map o constructed in Theorem 7.1 of [3] is the one we need.

Proof of Theorem 5.3 As noted at the end of Sect. 5.2, it suffices to establish the case of a
single KR crystal. The map o in Proposition 5.8 works by Proposition 5.9. O

The following lemma is used later.

Lemma 5.10 For any A € PO(r, ), there is a sequence a = (i1, ..., 1) of indices in I,
such that
ea(ttony @ b(r,s,1)) = ugpy @ m(B™), (5.12)
where £ = lev(B"*). Moreover
A= AS. (7, s
card{j|ij=0}=w. (5.13)
[<]
Proof This follows from Proposition 4.7, (5.3), and Lemma 5.7. O

Proof of Proposition 3.15 Equation (5.13) yields

~ EANGD]
DB(puo(r.s)) (Ueay ® b(r, s, 1)) = —|$l|n .
By Corollary 5.6 we have
<
_ — ) M —|AS (F,
Dprs (b(r, s, A)) = Dprs(m(B"™*)) — W. (5.14)

Applying this for A = (s") we have

<&
rs — A, )]

Dprs (b(r, s, (s"))) = Dprs (m(B™)) — ol (5.15)
Subtracting (5.15) from (5.14) and using Lemma 3.13(3) and the fact that u(B"*) =
b(r, s, (s")), we obtain (3.55) as required. ]

6 Splittings
In this section we define maps that embed a KR crystal into the tensor product of KR crystals.

These maps are Ip-crystal embeddings which are compatible with the grading. These results
hold for any nonexceptional affine algebra g and any r € Iy with » # 1 and r nonspin.

@ Springer



844 C. Lecouvey et al.

6.1 Row splitting

In this section we construct a map which we call row splitting, because in type A, the map
simply splits off the top row of a rectangular tableau.

Proposition 6.1 For g nonexceptional, r € Iy not a spin node and r # 1, there exists a
unique map

S:B Brfl,x ® Bl,s

satisfying
S(ei (b)) = e;(S(b)) for any good arrow b — e;(b). (6.1)

Proof By Lemma 5.5, B™* is connected by good arrows. By (6.1) it follows that S is com-
pletely determined by any single value. Again by (6.1), S is an Ip-crystal embedding. But
S(u(B"™)) = u(B"~"%) @ u’ where u’ is the unique element in B* of weight s(w, — w,_1),
since these elements are the only ones in their respective crystals that are /p-highest weight
vertices of weight sw,. So it remains to show existence.

Let £ = lev(B"*) be the common level of B"* fori € Iy nonspin. By Lemma 3.11 and
Theorem 3.16 there are isomorphisms

B({Ag) ® B™* = B(p(m(B"?"))) (6.2)
B(tAp)® B @ B = ) Ble)) (6.3)

where u’ € B! satisfies
e(u) = p(m(B"~')). (6.4)

In the nonperfect case there may be more than one such u’. However there is a unique
u’ € B such that (6.4) holds and also

o) = (m(B""). (6.5)

First suppose B"* is perfect for i € Iy nonspin. Since m(B"~1%) e Brrn?nl’s, u’ satisfying
(6.4) is unique, in which case we must show this u’ satisfies (6.5).
For every i € Iy define ¢, = w;T; where w; € W and 7; € X. One may verify that

7, = 1,1 71. Perfectness yields the isomorphism
B({Ag) ® B"™* = B(LA+, ) = B(lA)) @ B~ @ B! (6.6)

with uga, ® m(B™*) > ugp, ® m(B"~1*) ® u’. Equation (6.5) follows by applying ¢ to
these highest weight vectors.

Suppose B!* is not perfect. Then g = C,(,l), s = 20 — 1 and lev(B"*) = £. In this
case (p(m(B’_"s)) = —1DAo+ Ar—1 and p(m(B"*)) = (£ — 1)Ag + A,. There are
exactly three elements u’ € BY* with e(u') = (m(B"~1*)) = (£ — 1)Ag + A,_1. Namely,
r,r—1 € B(wy) and 1(r — 1)r — 1 € BQ3wy). (If s = 1, neglect the last one.) The values
of pare (0 — 1)Aog+ Ar, € — 1)Ag + Ar—2, (£ —2)Ao + A1 + A,_1, respectively. Let
u' =r.B(A) = B(tAg) ® B in B({Ao) ® B"~1* ® B! such that ugp, ® m(B"*)
e ® m(Brfl,s) ® u'.

Since B"* is connected by good arrows, we may define S by

S(b) =b1 @by where ugpy, ® b ugp, @ b1 @ by under (6.6). (6.7)

Equation (6.1) follows immediately. m}
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6.2 Splitting B € C into rows

Let g be nonexceptional. We use Notation 3.17 for B = BR. Let BVS(®) e ¢>(g) be defined
by replacing each B™* in B by (B1*)®". We define a map

S =Sg : B — prows(®) (6.8)

as follows. Starting B¥ we define a sequence of maps that go through various crystals
in C, ending with B™"S(®), We repeat the following step. We locate the leftmost tensor factor
of the form B™* with r > 1, apply a sequence of combinatorial R-matrices to swap it to
the left, and apply S ® id (which we will sometimes by abuse of notation also denote S),
which trades in B”* for B"~!* @ B'*. Eventually the current crystal consists tensor factors
of the form B'-%, and we apply a sequence of combinatorial R-matrices to reorder the tensor
factors, obtaining B"$(®)_Call the composite map Sg. It is an Io-crystal morphism, being
the composition of such [see (6.1)].

Remark 6.2 One can apply splitting of the first tensor factor and combinatorial R-matrices
in any order until B%$(®) is reached. We conjecture that the resulting map is independent
of the order that these steps were taken.

Proposition 6.3 Forg = a° reversible, BR € C*®(g®), and b € tops(BR ) we have
SR O OpgR (b) = O grows(R) © SR (b) (69)

Proof By (5.6) we may reduce to the case B = B"* and Sg = S. Let £ = lev(B"*). By
(5.3) and the fact that S is an ly-crystal morphism, we may assume b € hwy, (tops(B"*)). By
Lemma 5.10, there is a sequence a = (i1, ..., i,) of indices in /,, such that e, (u¢pr, ® b) =
ugn, ® m(B"*). Therefore we have

ea(b) = m(B"™") (6.10)
and moreover this sequence consists of good arrows. Applying oS we obtain

o (S(m(B"*))) = o(S(ea(h)))
= €o(2)0 (S(D))

using (6.1) and (5.3). Applying So to (6.10) we have

S(o(m(B"*)) = S(o(ea(h)))
= ¢5(a)S(0 (b))

using (5.3), the fact that o (a) has indices in Iy, and (6.1). Since e, (a) has a left inverse, we
may assume that b = m(B"*). We have S(m(B"*)) = m(B"~"*) @ u’ for some u’ € B,
By Proposition 5.8(2) we reduce to the equality

SGo (r.s) = by (r — 1,5) @ o (). 6.11)

<>
min
1,5). By definition (rowtab -1y & 1B(sw;))(S(bpin (1, 8))) = rowtabisry (b (1, 8)) =

rowtab(srfl)(bf;in(

Since b,". (r, s) € By, (sw,), we may apply rowtab = rowtab,ry and similarly for Bfﬁn (r —
r—1,5))®u" whereu” € By, (sw) is the lastrow of rowtabyr) (Ezin (r,s)).

So it remains to show u” = o (u'). Using the explicit form of rowtab(E:ﬁn(r, s)) given in

Remark 4.6 one has
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CA,—q (& =(1,1),r : even)
e ) =1 U=DA, + A1 (O=(2),5:0dd)
LA, (otherwise)
ZAnfl (<> = (1, 1), r: Odd)
pw") =1 E-DAy+ Ay (O=(2),5:0dd)
LA, (otherwise).

Therefore (o (u”)) and (o (1)) are given by replacing every A ; with A,_; in the above
table. But (o (")) = @(m(B"~1%)) and ¢(o (")) = @(m(B™*)). Therefore by (6.7)
u' = o(u”) for there is a unique element in B'** having such values of ¢ and ¢, and we
are done since o is an involution. O

6.3 Box splitting

Let g be of affine type such that g is of type B, C,,, or D,,.
Define amap B! — B~ ® B!l as follows. For b = xy ---x, € B(pw;) C B'*,

el ifs>p+2
b~ {b®o ifs=p+1 (6.12)
X xp®x1 ifs = p.

Here @ denotes the element of B(0) c B! for g of kind (1). This map is evidently an
Ip-crystal embedding. Iterating this map on the first tensor factor, we obtain the following
Ip-crystal embedding S : BL < (BL1)®s:

S50) =x,® - @0@x1®1®---®1® g 1 -1 (6.13)
N———’ ——" —— ————
m times k times m times

where m = L%J and k is 0 or 1 according as s — p is even or odd.

Define a map Sy : BX — (BM1)®IRI a5 follows. First apply S : BR — B™Ws(®) Then
do the following repeatedly until (B'1)®I®! is reached. Find the leftmost factor of the form
B'S with s > 1 and swap it to the left end using combinatorial R-matrices and then apply
So ® id to replace this BLS with (BL1)®s, Write Sy for the composite map. We have

Spoei =e;joSy fori € Iy (6.14)
since Sy is the composition of Ip-crystal morphisms S and S; ® 1.
Remark 6.4 1If R consists of tensor factors of the form B!* then Dgr = D piysiri 0 S

Proposition 6.5 For g = g° reversible and b € tops(BF),

Sa(o (b)) = o (Sa®d)). (6.15)
Proof By Proposition 6.3, (5.6), (6.14), and (5.3) it suffices to prove (6.15) for b €
tops(Bl*'Y). Consider the case & = (1) where tops(Bl’S) consists of elements

1”7 =hwy, (B(pw1)) C BYS for 0 < p < s. With notation as in (6.13) we have
0 (S5(17) = o (19" @ g% @ T™)
=A%’ @ 0F @ n®"
= Sg(n"0kaPtm)
= Su(o (17)).
The cases < € {(1, 1), (2)} are easier. O
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7 Correspondence on A,_j-highest weight vertices

Again we assume that g = g< is reversible.
Let max(B) = max(B) in the notation of Sect. 4.1. The goal of this section is to prove
the following theorem.

Theorem 7.1 For B € C*®(g°) and every ) € Py, 0 : B — B restricts to a bijection

hwh,_, (tops(B)) % hw)y | (max(B)), 7.1)
Lemma 7.2
card hwf‘qn_l (tops(B)) = card hWiAn_l (max(B)). (7.2)

Proof There is an Iy-crystal isomorphism

veP,

By (2.3) we have

,,,,,

N — A,
cardhwj _ (Max(B®) = D" ¢k p D ¢ =8x" ¢

VEPn sepPy
where the last equality follows from Proposition 2.1. We have X; gr(1) = ﬁ;}’ﬁw R, by
(3.58), (1.2), and (2.2). Therefore (7.2) holds. m]

Proposition 7.3 The map o : B — B sends tops(B) into max(B).

Proof Letb € tops(B). By (6.14) Sp(b) € tops((B"1)®IRl) Assuming the Proposition holds
for tensor powers of BU1 and using Proposition 6.5 we have Sq(o (b)) € max((BL1)®IRl,
By (6.14), we deduce that o (b) € max(BF).

We now assume B = (B'")®" and b € tops(B). We may assume that b €
hw,,_, (tops(B)). By induction on m, the letters of b liein the set {1, 2, ..., m}U{m, ..., 1}.
Thus the letters of o (b) belong to {n —m + 1,...,n,n,...,n —m+ 1}. When n is suffi-
ciently large, this implies that o (b) € max(B). This can either be proved by induction on m
or more directly by using the insertion procedure described in [19]. O

Proof of Theorem 7.1 By Proposition 7.3 o sends tops(B) into max(B). Since tops(B) is an
Aj—1-crystal whose weights lie in Z’éo and o sends such weights to Z’éo by (5.4), o must send

tops(B) into max(B). By (5.3) and (5.4) o sends hw);‘n_1 (tops(B)) into hwan_l (max(B)).
Theorem 7.1 follows due to Lemma 7.2 and the injectivity of o [which holds by (5.5)]. O
8 A relation between D and D o &

In this section we assume g = g< is reversible. Define the map B — P, by b — A(b) where
Byy(b) = B(A(b)). (8.1)

The goal of this section is to prove the following theorem.
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Theorem 8.1 For BR € C(g°) and b € tops(BR)

— —= [R| — |A(b)]
We use Notation 3.17. For b € C(g®) set v(b) = wt(b) = (v1(b), v2(b), ...) and |v(b)| =
> vi(b). Note that some v; (b)’s may be negative. Hence [v(b)| = >, v; (b) may also become
negative. We prepare a lemma.

Lemma 8.2 Let By, By € C(go). Let by @ by be an element of By ® By and suppose it is
mapped to b, ® b\ by the combinatorial R-matrix. Then we have

(B = [v(b2)

H(bi ®by) — H(o(b) ® (b)) = ol

(8.3)

Proof Since B; ® B, is connected, it is sufficient to show

(1) if by = u(By), by = u(B>), (8.3) holds, and

(1) (8.3) with by ® by replaced by e; (b1 ® by) holds, provided that (8.3) holds and e;

(b1 ® by) # 0.
For (i) recall b} = by, b, = by if by = u(By), by = u(By). Since u(B1) ® u(B;) can be
reached from o (u(B1)) ® o (u(By)) by applying ¢; (i # 0), we have H (u(B1) ® u(B>)) =
H(o(u(B))) ® o (u(B>))) = 0. Hence (i) is verified.
For (ii) recall |v(e;b)| — [v(b)|] = —|O1 (@ = 0),= || (0 = n), = 0 (otherwise). If

i # 0, n, both sides do not change when we replace b1 ® by with ¢; (b1 ® by). If i = 0, the
first term of the 1.h.s decreases by one in case LL, increases by one in case RR, and does not
change in case LR or RL. (For the meaning of LL, etc, see Proposition 3.7(2).) The second
term does not change, while the r.h.s varies in the same way as the first term of the L.h.s. The
i = n case is similar. m}

Proof of Theorem 8.1 We may reduce to the case that b € hwy,_, (tops(B)) since tops(B)
is an A,_j-crystal and the entire Eq. (8.2) is invariant under A, _-arrows.

We proceed by induction on the number p of tensor factors in BX. When p = 1 we have
B = B"*.By (1.2) b = b(r, s, A) for some A € P(r, s). By Theorem 7.1, o (b) € max(B) C
max(B) = B((s")) C B"*. But D is 0 on B((s")) by the definition of D pgrs. Therefore
D(o (b)) = 0. Then (8.2) holds by Proposition 3.15.

Let B =B’ ® B7*» and by ® by € B’ ® B"»*» is mapped to b, ® b| € B'7°» @ B’ by
the affine crystal isomorphism. Then o (b1) ® o (b2) should be mapped to a(b/z) ® cr(b’l).
Using (3.52) we have

D(b) = D(b1) + D(b3) + H(b1 ® b2),
D(o (b)) = D(a(b1)) + D(o (b)) + H(a (b)) ® 0 (b2)).
On the other hand, by the previous lemma we have

|A(B3)] — 1A(B2)]

H(by ®@b2) —H(o (b)) @0 (b)) = S|

Using the induction hypothesis we obtain

—= —= |B'| — [x(b1)| | |B"7r| — [A(b)|  [A(D5)] — | (b2)]
D)= Dlo®n = <] <] * 1]
Bl —|AB)]
B [l
as desired. m]
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9 Energy function on max elements
9.1 Highest elements in max(B"*5! @ B'2%2)

Proposition 9.1 Let by ® by € hwy,(max(B""*' ® B">°?)) and r = min(ry, r7).

(1) Then by = b(ry, s1, (slr' )) and there exists a partition A C (552) such that £(A) < r and
Ar > 52— 51, and by € B(sgz) is the tableau whose entries are i in the ith row in A and
r1+ 1,r1 4+ 2, ... from bottom to top outside of A.

(2) Let A be asin (1). Suppose by ® b; is sent to b/2 ® b’1 by the combinatorial R. Then the
corresponding partition i of b} is obtained from A by adding sy — s2 (resp. removing
s2 — §1) columns of height r if s1 > 57 (resp. s1 < s2).

Proof (1) is immediate from (3.41). For (2) note that the combinatorial R preserves the
weight. Given a highest element b1 ® by as in (1), there is a unique highest element in

max (B2 @ B"1-*) of the same weight. ]
Example 9.2
ATaTala 5(6(6(7|9
337313 4(5|5(/6(8
AP ®[3(3[3|5|7
R 2(2(2(2(6
1|1[{1|1]|5

is the unique element of hw/, (max(B** ® B>)) with associated A = (4, 4,3, 1). By the
combinatorial R it is sent to

s[s[5[5]s

6]6]7]9
44]4]4]4

3[3]6]3
3[3]3]3]3]®

2[2]2]7
2[2]2]2]2] Htitite
1111

Our goal in this section is to prove the following proposition.

Proposition 9.3 Assume s1 > s, and let r = min(ry, r2). Let by ® by € hwj, (max(B""*' ®
B’22)) whose partition is \. Then

— 2
H(by ® by) = m(mz — [AD.

Let ™ (b) = &5 (p).

Lemma 9.4 Let B"* be a KR crystal of type D,Sl). Leta, B,y € Z=o sum to s and let b be
the element of max(B"*) with a columns whose entries are 1,2, ..., r from bottom to top,
B columns with2,3, ..., r + 1 and y columns with 3,4, ...,r + 2. Then

(1) eo(b) =2a + B, ¢o(b) =0, and
(2) eg™(b) is the tableau with y columns with 3,4, ..., r+2, B columns with3,4, ..., r+
1,1 and a columns with 3,4, ...,r, 2, 1.
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Proof bisa{3,4,...,n}-highest weight vertex. As is explained in section 4.2 of [3], such
elements are in one-to-one correspondence with pairs of =-diagrams (P, p), where the inner
shape of P is the outer shape of p. b corresponds to (P, p), where P has the outer shape
(s") and the inner shape (s" 1 s —a), and p has the inner shape ("2, s—a,s —a— p).
The signs in P and p are all 4. Once we have the corresponding pair of £-diagrams, it is
easy to see &, ¢o, and the action of eg. As a result we see e;™* (b) corresponds to the pair of
+-diagrams with all 4 in (P, p) being replaced with —. In turn this yields the above tableau.

]

Lemma 9.5 Let b and A be as in Proposition 9.1(1). Let r = min(ry, r2) and let wy be
the longest element of the symmetric group S, C W generated by sy through s,_1. Then
hw 7, (eg'™ (b™0)) has associated partition A~ obtained by adding min(2,r — )Jj) (resp.
min(1, r — )Jj)) boxes to the jth column for 1 < j < s for &= (1, 1) (resp. & = (1), (2)).

Example 9.6 Let b be the element of max(B** ® B>?) of Example 9.2.

Tt Blelel7]o Tttt Blefel7]o
s3T5 45151608 o atats] [4]5]5]6]8
b=2222®33357—°>2222®34457
T [2[2]2]2]6 T [2[3[3]4]e
1[1[1[1]5 11212135
——— [7[7]7[1]T 5[5[5[5[7
LN ®[5]5[5[5]7]— ®[3]3[3]3]5
4l4l4(4 2222
ST3TsTs] [4]4[4]4]6 T [22]2]2]2
3[3[3(3(5 T[11[1]1

We indicate A and A~ by boldface entries.

Proof of Lemma 9.5 We first treat the case of & = (1, 1). b™o is obtained from b by modi-
fying the A-part of the second component of b as follows. The column of entries 1,2, ..., h
(h < r) reading from bottom to top is replaced by r —h+ 1, r —h+2,...,r.

Next we want to apply ei'®*. Suppose r; < r2. (The other case is similar.) Write b*o =
b1 ® by. From Lemma 9.4 we have ©0 (l; 1) =0, and ej™* (l; 1) is the tableau with s columns

of entries 3,4, ..., 7, 2, 1. To calculate eg™ (by) define a sequence @ = a,, Ll---Uas La
where

aj =+ = DT - DT

for j = 1,2,...,r, and set l;’z = eq(h2). Then I;’z is the tableau with A,, columns of
entries 1,2, ...,72, A;—1 — A, columns of entries 2, 3, ..., 7> + 1 and so — A, —1 columns
of entries 3,4, ...,z + 2. Again from Lemma 9.4 ¢ (15’2) is the tableau with sp — Ar —1
columns of 3,4, ...,rp +2, A, =1 — Ay columnsof 3,4,...,r + 1, 1 and Ar; columns of
3,4,...,r,2,1. Since ¢;, f; for 3 < i < n commutes with g, we have 15/2/ = e{)“ax(l;z) =

SfRevyeg ™ (l;é), where Rev(a) is the reverse sequence of a. The jth row of l;’z’ from bottom
(1 < j <rp)is given by
G2+ 2 4 j = DM R0+ )27 forl < j<rm -2
(r2 + DM1=2 721 (g 4 221537202y oy — 2D for j=rp — 1

)Lrl—l

(ra + 2))\,41_271;*1—1 (ry + 3)Ar1 3=hr -2, .. (r + rz)xzf)\]T for j = ry.
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Thus we have e(’)“axb“’(r) = eg‘a"(l;]) ® 5’2’.

Finally, we want to calculate the Ip-highest vertex of eglaxb%. This calculation is long but
not difficult, and it is checked that the statement is true.

For the proof for <> = (1), (2) we use the construction of a KR crystal in [3, §4.3&§4.4].
Namely, B™* is realized as a suitable subset of an A(zzn) +1-KR crystal where 0 actions are

defined in the same way as D,sl) . Hence we do not repeat the proof. O

Proof of Proposition 9.3 Let b, ® b} be the image of by ® by by the combinatorial R.
We apply wy, to both by ® by and b} ® b as prescribed in Lemma 9.5. Noting that eg
commutes with e; and f; for j > 3 we find the O-signature of these elements are 21
® _ArtAr—g and _ 25 ® _Ar A 14251252 for & = (1, 1), Sl ® __Ar and —%2 ® _Aptsi—s2
for & = (2), =2 @ —2 and =22 @ 2= for & = (1) by Lemma 9.4. Setting
by ® b5 = hwjy (eg™ ((b1 ® by)*0)) and recalling (3.42) we have

o o Ar + A1) — 250 foro=(1,1)
Hb]®b)=Hbi ®by)+ 1 Ar —s2 for & = (2)
20, — 287 for & = (1).

This formula implies the desired result. O

9.2 The general case

In this section let g be an affine algebra such that gg is of type B, C,,, or D,,. Using Remark 4.1
with v = (s") € P5° there is a unique embedding of A, _;-crystals

B = By, ,(s") 2 By(s") C B™, ©.1)
which yields an A, _1-crystal isomorphism
B’;* = tops(max(B"")). (9.2)
We use Notation 3.17. Define

Bx=BR=B}"® - -®@B["" (9.3)

where B'," is the type Afll_)l KR crystal. There is an embedding
i%.BX — BR (9.4)
given by the tensor product of embeddings (9.1), inducing the isomorphism of A, _;-crystals
BX = tops(max(BFX)). 9.5)

Theorem 9.7 For < € {(1), (2), (1, 1)}, BR € C®(g) and v € P2 such that |v] = |R| we
have

= —0 2
X, pr(q) = X, pr(qg™). (9.6)
Proof Immediate from (9.5) and Proposition 9.10 below. ]

Lemma 9.8 Let R and R’ be sequences of rectangles that are reorderings of each other with
BR, BR € C®(g) and let g : BR — BX be the unique isomorphism of I-crystals. Denote
by ga : Bff — Bf/ the corresponding isomorphism of crystals of type A;lll. Then on Bf
we have

goif =if ogy 9.7)
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Proof One may reduce to the case that R = (Ry, Ry) and R" = (R, R;) and further to
considering only A,_;-highest weight vertices. But then the two sides must agree since
Bf‘ ® sz is A,_-multiplicity-free. |

R R I7 7T .RI,R
Lemma 9.9 For B™ ® B2 € C*(g), we have HBR1®B§2 = Hyrigpr 0@y .

Proof This follows from Proposition 9.3 and the analogous type A 1 result [29,31]. O
Proposition 9.10 D, = D oi4 on By.

Proof By (3.52), induction, and Lemmata 9.8 and 9.9, we may reduce to the case of a single

r,s ~

tensor factor B"*. Since B,” = Ba,_,(s") as A,_j-crystals [14], DB's = 0. But i4 sends
the A, _1-highest weight vertex of B to b(r, s, (s")) = u(B"*), on which Dprs has value

0 by definition. O
10 Main results
10.1 The decomposition theorem

We prove Conjecture 1.1 and any tensor product of KR crystals.

Theorem 10.1 Ler BR € C®(g) where g is of kind & € {(1), (2), (1, 1)}. Then for any
A € P, we have

X @ =g o > > X 5 (g™).

vePn sepd

Proof We have

IR|=A =,
XA sr(@)=q 1B D gPe®
hehw’;O(BR)

behwﬁw1 (max(BR))

by (3.58) and Theorems 8.1 and 7.1. max(BR®) has Ip-decomposition

max(BR): ED @ B(c).

|V‘ETVI ‘ cehwy (BR)

For ¢ € hwj,(max(B)), let §(c) = B(c) for the dual polynomial part of B(c); see
Sect. 4.1. Taking the dual polynomial part, we have

max(Bf) = € P Bo.
VEP, cehw (BR)
[vI=IR]

Taking hwgn—l’ we have

hwi  @max(Bf) = | | | hwh, B

VEP, Cehw (BR)
[vI=IR]|
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Forc € hwyo(BR), observe that D(b) = D(c) for b € thAn_l (B(c)) since these vertices b
all belong to the same classical component B(c). This gives

*<> 7Y 5 o~
X =g o > > qPOcardhw,  (B(e).
‘Vle_”an R LEhW (BR)

But by (2.3) we have

cardhw’y | (B() = D ¢} ;.

sePy
By Theorem 9.7 we have
— IRI=[4] Be
X5 pr(q) =q T Z Z €34 Z qP©
VEPy sep cehw) (BR)
[v[=IR|
[RI—[A] 2
=q chm vBR(qO)
VEPy sep?

10.2 Link with parabolic Lusztig g-analogues

We now give a brief overview on parabolic Lusztig g-analogues in type A,_1, By, Cy
and Dy,. Assume G = GL,, SO2,+1, S P2, or SOy,. Consider U a subset of Ez’f and denote
by my the standard parabolic subgroup of G (that is, containing the Borel subgroup Bg)
defined by U. Write Ly for the Levi subgroup of the parabolic 7wy and [y its corresponding
Lie algebra. Let Ry be the subsystem of roots spanned by U and R;}r the subset of positive
roots in Ry . Then Ry and RZ} are respectively the set of roots and the set of positive roots
of .

The Levi subgroup Ly corresponds to the removal, in the Dynkin diagram of G, of the
nodes which are not associated to a simple root belonging to U. When U # =, write

V=3{\U={a,....aj,}

where for any k = 1, ..., p,aj is a simple root of Eg and ji < --- < jp. Then set
= ji,lk = jk— jk—1,k=2,..., pand ], =n— j,. The Levi group Ly is isomorphic
to a direct product of classical Lie groups determined by the (p+1)-tuplely = (I1, ..., p41)
of nonnegative integers summing to n. Namely, we have

GLj x - ~><GL1[, ifG=GL,

Ly ~ GLj X -+ X GLlp X SOZIP+1+1 if G = S0o,41
| GL, x - x GL;, x szlerl if G = Spay
GLj x -+ X GL[P X SOZI,,H if G = S0;y,.

Let Py = Py x -+ x Pl Then each (p + 1)-partition of Py can be regarded as a
dominant weight for Ly;. For any € Py, let VLU (1) be the finite dimensional irreducible
representation of Ly with highest weight . We denote by ;© € N” the concatenation of the
parts of the partitions M(k), k=1,...,p.

@ Springer



854 C. Lecouvey et al.

Define the partition function PU by the formal identity

[T = rwe

+\ pt+ n
a€RE\RY BEZ

Consider A € P, and u € Py then we have [7, Theorem 8.2.1]
VO VR l= D (=D PV wor— p).
weWg

Here [VC (1) : VLU ()] is the branching multiplicity of the irreducible Ly -module Vv (1)
in the restriction of VY (1) to Ly . For GL,, S O2n41, S P2y, SO»,, we define the g-partition
function Pg from the formal identity

I1 1—1qe"‘ = > Pl (10.1)

a€RE\RS pezt

In type B, we shall also need another partition function. Consider the weight function L on
the set REFOan of positive roots of SO, such that L(«) = 2 (resp. L(«a) = 1) on the long

(resp. short) roots. The partition function Pg ‘L'is defined by
1 U.L B
[1 | —gl@ex — 2 P

+ + Bez"
aGRSOZ)H»] \RU

Definition 10.2 Let A be a partition of P, and u € Py.

1. The parabolic Lusztig g-analogue K f ’MU (g) is the polynomial

KoV = 3 (=) PY won—p (102)

weWg

where w o A = w(A + pg) — pG-
2. The stable parabolic Lusztig g-analogue *° K f ”U (gq) is the polynomial

*K5(q) = D (=D IPYwor—p) for G =GLy. SPy. SOz (10.3)

N
weS),

*k5(q) = D (=D PYEwor —p) for G = S0 (10.4)
weS),

Remark (1) When U = Eg, [y is the Cartan subalgebra of g and K f ’MU (gq) is the usual
Lusztig g-analogue.

(i1)) The terminology for the polynomials *° K f ;LU (¢) is motivated by the following iden-
tities proved in [18]

©kGU(g) =2k%Y | (q) forG =GL,, SOxy41, SPay, SO,

N2 Ak, K
OoK)\G!’MU (q9) = K&—Z«,ﬂ%x (q) for G = GL,, SPy,, SO>, and k sufficiently large
where k = (1,...,1) € P,. In particular“Kﬁﬁ"'U(q) = Kﬁﬁ”’U(q).

The problem of the positivity of the coefficients appearing in the polynomials K f ’MU (@)
has been barely addressed in the literature.
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Conjecture 10.3 Let X be partition of P, and i € Py such that | is a partition. Then
k&Y @) h ) 1
i (q) has nonnegative coefficients.

We have the following result due to Broer [2].

Theorem 10.4 Let A be a partition of Py and . = (uV, ..., u'?) a dominant weight of
Ly such that the u® s are rectangular partitions ofdecrea sing widths with /(P = 0 when
Ly is not a direct product of linear groups. Then K (q) has nonnegative coefficients.

This theorem has been recently extended in [8]. Nevertheless, as far as we are aware,
Conjecture 10.3 has not been completely proved yet.

Let n = (n1,...,7np) be a p-tuple of positive integers summing n. Consider 1 € P,
and u = (uV, ..., uP) a p-tuple of partitions such that u® belongs to Py, for any
k= 1....,p. Recall that &7, is the multiplicity of V() in W) ® - ®

.....

WO (uP). Write u € N" for the n-tuple obtained by reading successively the parts of the

partitions £, ..., (P defining u from left to right. Let a be the minimal integer such that
— A
a > w and (10.5)
A=@—Ip...,a—r)eN', T=(a—pin,...,a—pu) € N".

Then 7 is a partition of length n.

For any k = 1,...,p, set x = np—k41 and 7 = (71,...,7p). Denote by
Z = (W, ...,z?) the p-tuple of partitions such that 7V = (u1,...,u5) € Py

and 1 = (UGt Tk 1415 - - > MGy +t7) € Pp forany k = 2, ..., p. The Lie groups
GL,, S02n+15

S P>y, SOy, contain Levi subgroups Ly isomorphic to GL7; x - -+ X GLﬁp. With the above
terminology, the corresponding subset of simple roots is

U={0<o; <M}Uisk<p—ifo |T1+-+M <i <O+ -+ M1} (10.6)

In particular when G = SO2;,+1, S P2, or SOz, U never contains the simple root o, .

Example 10.5 Consider uV = (5,4,4), u® = (6,3,2) and u® = (4,3). Take A =
(4,4,3,2,2,1,0,0). Then a = 8,2V = (5,4),2® = (6,5,2), 1% = (4,4,3) and
A =(8,8,7,6,6,5,4,4).

The coefficients Ri‘f) L) defined in (2.1) can in fact be regarded as branching coef-

ficients corresponding to the restriction to Levi subgroup isomorphic to a direct product of
linear groups. The following duality was established in [18].

Pr0p0s1t10n 10.6 With the prewous notation forl\, 1 we have for G = SO,41, S Py, and

$O0mR u“) ,,,,, un = K . Uy,
We then define for G = SO2,41, SP2, and SOz, the g-analogue ﬁum o (q) of
PR .
ﬁll«(l) ..... w(p by setting
A
.ﬁu(l) ,,,, M(P)(Q) KAA (C])
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Theorem 10.7 [18]

1 We have the decomposition

Il =21 2
RS w@=qa T > > K@), (10.7)

vePy sepp

2 The polynomial RI);’(?) ,(q) has nonnegative integer coefficients when the w® s are

(p
..... I
rectangular partitions of decreasing widths

Remark (i) Assertion 2 of the previous theorem follows directly from Theorem 10.4 for
G = S Py, and SO»,. For G = S 0y,+1, we have to use Assertion 1 and Theorem 10.4
for G = GL,.

(i) Proposition 10.6 generalizes a similar duality result in type A,_. For (u", ..., uP)
GL,,U .
(= L 18 the

a p -tuple of partitions, we have K, c;(l) ) where cl‘i“)

.....

multiplicity of VOLu () in VOl () @ .. @ VELn(u(P)). We set for completion

(@) = KV (g). (10.8)

YW
ﬁu(l) ,,,,, e
Recall the following theorem connecting one-dimensional sums in affine type A,(ll) with

parabolic Lusztig g-analogues for GL,,.

Theorem 10.8 [30] Let B be the tensor product of type A,(ql) KR crystals associated to the
p-tuple of rectangular partitions (R\V, ..., R\P)) of decreasing widths. Then for any parti-
tion A in Py, we have

.....

where U is defined in (10.6) and
IRl =" D" [RiNRyl. (10.9)

I<i<j<p

Theorem 10.9 Let B be a tensor product of p KR crystals. Assume the widths of the rectan-

gles RV, ..., R associated to B are decreasing and the large rank hypothesis is satisfied.
Then, for any A € P,
— 2ARIFIRIZAD _ 2(IRII+IRI=IA]) GU, —
Xis@=a P 80 @ H=q B K@
where U is defined in (10.6) and ||R|| in (10.9).
Proof This follows from Theorems 10.8, 10.7 and 10.1. O

Theorem 10.10 Let B be a tensor product of KR crystals. Assume the large rank hypothesis

is satisfied. Then, for any A € P,

20IRIHRI=AD —¢

1ol X B (q ! ).

A,
..... RMD ..,

in [16]. By using Theorem 10.8, one obtains Y?r’Br (@) = q”B”Y?!B(q_l). Theorem 10.1

gives

*<>1
Xy pi(q) =q

< (@) was proved

ot LN t =0 2
Xop@=q P D Dy Xy (@),
VEPu sePy

@ Springer



One-dimensional sums in affine types 857

But cKi st = €5 s- Thus by using the previous identity for & = ¢

2 w 0
X)v p(q) = A

X\ 5(q Rl = T X (g,

vePy sepd

11 Splitting preserves energy

In this section we assume g is of affine type with gg of type B,,, C,, or D,,.

For B € C(g) we define the opposite grading D : B — Z (the intrinsic energy) to D g. We
show in Theorem 11.3 that it is invariant under the row-splitting map S. The normalization
of D is somewhat subtle. For example, D is nonnegative with minimum value zero, while
D may be negative. Also, if By, By € C are both tensor products of KR crystals, then the
formula relating Hp, p, and H p, p,, requires knowledge of all the KR tensor factors in B}
and B».

For this reason, instead of an inductive definition analogous to that of ‘Dp we make the
following definitions.

For B; = BR = B'i:%i € C®(g) fori € {1, 2} we define

Hp, B,(b1 ® by) = |R1 N Ra| — Hp, B, (b1 ® b2) (11.1)

for by € By and by € By, where |[Ry N Ry| = min(ry, ) min(sy, s2) is the number of cells in
the rectangular partition given by the intersection of the Young diagrams of the rectangular
partitions R and R,. We define

Dpyr, () = —Dygr, (b) forb e BRI (11.2)
Analogous to (3.53) we define
P
Dgr(b) = D" Dyr b))+ > Hp,p,(bi @), (11.3)
i=1 I<i<j<p

We make the same definitions (11.1), (11.2), and (11.3) for type Ailll also. Then (11.2) reads
DBRl = —5BR1 = 0. Using (3.53) we deduce that
A A

Dyr(b) = ||R|| — Dgr(b) forb e BR (11.4)
Dgr(b) = ||R||—BB§(b) for b € BX (11.5)

where ||R|| is defined in (10.9). D BR has nonnegative values with minimum value O in the
large rank case, while Dgr has negative values in general.

Proposition 11.1 For any sequence of rectangles R such that BRi € C*(g),
Dgr = Dgr oif. (11.6)
Proof As in the proof of Proposition 9.10, we reduce to checking the case R = (R;) and
.R1,R
HBf‘,sz = Hpyr, gry 072, (11.7)
For (11.6) for R = (R;) we see that both sides yield zero by definition. Equation (11.7)

follows from Lemma 9.9 and the definitions. O
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Let Su : B/{f — Bi(R) be type A;lzl row-splitting of the first tensor factor and Sy :

B f — Bf:ws(m the type A complete splitting into rows (split first factor if possible and use

R-matrices).
Proposition 11.2 With R such that BRi € C*®(g),

ii(R)oSA = Soi§

(11.8)

i ® o5, =s0if.
Proof By Lemma 9.8 and the definitions, we may reduce the statement on S to that of S and
check S only in the single tensor factor case B = BR = B"S.In this case tops(max(B)) is
the A,,_1-component of b(r, s, (s")) € B(s") C B"*, tops(max(B)) consists of type B, Cy,,

or D, KN tableaux of shape (s") with no barred letters, and (11.8) is easily verified. O
Theorem 11.3 For B = BR € ¢ (g°),
Dgr = Dgsw o S (11.9)
Dgr = Dpgrowsr) 0 S. (11.10)

Proof We need only prove (11.9). Since energy functions are constant on /p-components, it
suffices to check (11.9) on b € tops(B). We have
IR — 1x®)]
[l
by Theorem 8.1 and (11.4). Since S is an embedding of Iy-crystals, S(b) € tops(BS(R)).
Applying the previous argument to S(b) we have
[S(R)| — [A(SD))I
[
But |S(R)| = |R| and |A(S(D))| = |r(b)| since S is an embedding of Iy-crystals. So
it suffices to prove that D(o (b)) = D(o(S(b))). By Proposition 6.3, this is equivalent
to D(o(b)) = D(S(o(b))). So by Theorem 7.1 we are reduced to prove the equality
D(c) = D(S(c)) for any ¢ € max(BX). Since D is constant on Io-components we need
only show D(c) = D(S(c)) for ¢ € hwy, (max(BF)) = hwy,_, (tops(max(BR))). By Prop-
osition 11.1 applied for R and S(R), the desired equality reduces to the identity D4 (a) =
D4(Sa(a)) forany a € Bff which was established in [29]. m]

D(b) = D(o (D)) —

D(S(b)) = D(o(S(b))) —

Remark 11.4 In the statement of Theorem 11.3, it should be unnecessary to assume that g
is reversible and BR e C*°(g). However for S to make sense there cannot be spin nodes in
the R;.
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Appendix A: Proofs for Section 4
A.1. Proof of Proposition 4.5

Proof of Proposition 4.5 Letb € LV (v, 8) for8 € 73,? . Observe that the letters of the canon-

ical subtableau C§> collectively do not affect any A, _-string. Now b|"\? is a semistandard
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tableau in the alphabet {7, ..., 1}. It is well-known that the set of skew tableaux of a fixed
shape, form an A, _;-crystal. This proves 1.

For Assertion 2, based on the above observations, b is A, _1-highest weight, if and only
if b|"/% is A,_-highest weight as an element of the type A,_; skew tableau crystal. But it
is well-known that such a skew tableau is A, _;-highest weight if and only if its row-reading
word is Yamanouchi. Finally, since the tableau has letters in {7, . . ., i}, if itis A,_1-highest
weight, then its weight must have the form A for some A € P,,.

For Assertion 3, suppose b admits f;,.

(1) < = (1, 1): The application of f, to b, changes an n (which by the signature rule, must
be in a corner cell of §) to an — 1. Since every n sits atop a n, Assertion 3 follows.
(2) < = (1): The application of f;, to b changes some O to n or some n to 0 (say in

row 7). The tableau f, (b) contains C(gl,) where §~ € ’P,(,l) is obtained from § by remov-
ing a cell in row i. The only way that f;,(b) is notin LD, §7)isif £, (b)|"/*" contains
two letters 7 in the same column, either because the changed letter became n and now
lies beneath another 7, or because in b there was a pair of letters n atop each other but
one was in § and the other not in §, but now in f;, (b) both are outside § ~. However the
assumption that §; 4| < §; and the signature rule, imply that this cannot occur.

(3) < = (2): The application of f, to b changes some n to n (say in the ith row). The
tableau f;, (b) contains C;%) where §~ € 73,(,2) is obtained from § by removing two cells
in row i. Similarly to the case <> = (1), one may deduce Assertion 3.

We prove Assertions 4 and 5 by induction on |§] = |v| — [A|. Equivalently we find a
sequence a of indices in I such that f;(b) = rowtab(b"). By Assertion 1 we may assume b
is a A,—1-lowest weight vertex.

If |§] = 0 then b = rowtab(b") and the empty sequence works. Suppose § 7# #. Since b is
A,—1-lowest weight and v € PS° the skew tableau b|"\ admits no Ap—1-lowering operator
and contains lettersin{n — 2, ..., 2, i}. So the letters outside b|5 = C§> are irrelevant for the
n-signature. In the various cases we see that f,(b) € LV (v, 87) where 8~ € 73,? is obtained
from ¢ in the same way that A~ is obtained from A in Lemma 4.9. Induction completes the
proof. O

Example A.1 %= (4,3,3,1,1) € P(5,4) since § = (3,3,1,1) e LD,

n|n=2|n=-2|n—4 n|n|n|n
_ nian—1 n—1 n—3 L ni|n|n|n
rowtab(b(5,4,1)) =| n n n n—2 | androwtab(b [ "(5,4)=| n | n | n | n
n n n n—1 nin|ni|n
n n n n n|n|n|n
Proof 0]: Lemma 4.9 Let rowtab = rowtabry, b’ = rowtab(b(r, s, A7)) and b =
rowtab(b(r, s, A)). It suffices to show
en(fyran ) = € (A1)
on(faan () > 0 (A2)
ugp, @b = fam(ea, ® ). (A3)

Let 5~ € P11 be the complementary partition to A~ within (s”). We will need to keep track
of certain letters that may contribute to the n-signature.

Suppose <> = (1, 1). By Proposition 4.5(2), the restriction of b’ to the skew shape (s")\8 ™,
has the letter n at the bottom of each column and a letter n — 1 atop the letter  if it fits into
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(s"). We may think that every n not in the top row is paired (in the (n — 1)-signature) with the
7 sitting atop it. The n’s in the top row (which may occur if r is even) are unpaired and occur
at the end of the rowwise n-signature reading. There are s unpaired letters 7 in the bottom
row, and an unpaired n — 1 in each column of § that is not of maximum height 2|r/2]. We
now apply f ) to b'; call the result b”. Tt only changes letters at the top of the pth column
from the right, from (reading down) n —h +3,...,n —1,n,ton—h+1,...,n — 2. The
bottom row still consists of s copies of 7 which occur at the beginning of the n-signature, so
(A.1) holds. The dominant elements in the n-signature of " are the unpaired letters 7 in the
top row if r is even, and the copy of n in the active column, since the relevant letters changed
fromn — 1,7, nton — 3, n — 2, n. Therefore (A.2) holds. Applying f, to b” changes the n
in the active column to the letter n — 1, with final result rowtab(b(r, s, 1)).

Now assume <> = (2). Similarly, the restriction of 4’ to the skew shape (s") \ §~, has the
letter 71 at the bottom of each column and a letter 7 or n — 1 atop the letter 7 if it fits into (s”).
Moreover, each letter 7 is paired with a letter 7 in the (n — 1)-signature of b’. Therefore,
b" = fzu) (') is obtained by changing the letters at the top of the pth and (p + 1)th columns
from (reading down)n —h +2,...,n— 1,n,ton—h+1,...,n—2,n— 1.In b’ and b”
the bottom contains at least "ﬂ letters n which are unpaired in the n-signature. Thus (A.1)

holds. In the columns p and p + 1, the letters n are changed in n — 1. Therefore (A.2) holds.
Applying f, to b” changes the n in the active column p to the letter 7z, with final result
rowtab(b(r, s, 1)) as desired.

The case <& = (1) is similar. O

Appendix B: Proofs for Section 5

In this appendix we assume < = (1, 1) and ¢ = D,(,l).
B.1. Reduction to relation on automorphisms of B"*

Our first reduction for proving Proposition 5.9 in the case < = (1, 1) is to rephrase it in
terms of a relation among various automorphisms on B”*. Recall the automorphism ¢ on
B™* from Sect. 5.1.

Let¢’ € Aut(D,(,l)) be defined by the permutation of I* given by (n — 1, n). ¢’ is also
not a special automorphism. It coincides with * € Aut(D,(ll)) if n is odd. There is a unique
bijection ¢/ : B — BS' (s

g/ei = eg’(i)g/ foralli € I. (Bl)

It is explicitly given by exchanging n’s with 72°s in KN tableaux. For r € Iy nonspin, ¢’ is an
involution on B”*.

Lemma B.1 If

do=oc¢ (B.2)
holds on B"™*, then Proposition 5.9 holds.
Proof We have

/ / /
cloeg=0gey =0e1¢ =e,_10¢ =¢;,_15'0 = ¢ ey0.
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Applying the involution ¢’, we have oep = e o on B™*. By Proposition 5.8 it follows that
o satisfies (5.3) as required. m]

B.2. Rule for rowtab(o (®(P))) for a £-diagram P
We give a rule for rowtab(o (®(P))) for any £-diagram P.

Rule 1. Rotate P 180 degrees and place it in the r x s rectangle so that the NE corners

of the rotated P and the rectangle coincide.

2. Fill each column of the inner shape of P by sequences of the form k, ..., n — 2,
n — 1 reading from the top, place 7 in each node where + is situated, and fill all
columns from top to bottom in the rest of the rectangle by sequences of the form
n,n,n,n, ..., always starting with n.

3. In each row perform the following substitution. Suppose there are ki n’s and
k_n’s in the row. Then replace them with (n — 1)k~ nk+ =%~ (n — )k~ ifky > k_,
and
(n — DR+ a* ==k (n = D)*+ otherwise.

Example B.2 Letn =9,r =6,s =7.

—| + 919(8|7(6/5(4 818|8]7(16[5]4
—|= 9191918171615 819181871615

L I ~[2o[olo]s]7Te],, [s[o]o]8]8]7]6

+ — |+ 9(919/9(9(8]|7 81819(8|8(8]7

== 1 [o[oelolo]9]s] [8[8[8]s]s[s]s

¥ =] [5]9ol9l9[o]o]9] [8[8[89[8]8]3

Proposition B.3 For any +-diagram P for B"*, the above rule gives rowtab(c (®(P))).

The proof of this key technical result is given in the following subsection. We use it to
finish up the proofs of Sect. 5.

Proposition B.4 For any b € hw;(B"*), we have o ¢(b) = ¢'o (b).

Proof Compare P and G(P) where G is the involution on £-diagrams corresponding to the
automorphism ¢ on B”*. The inner shapes are the same and in each column, if there is +
in P, then there is no 4+ in &(P), and vice versa. Therefore, at the moment when Rule 2 is
finished, the number of n’s and 7n’s in each row are switched for P and G(P). Hence, we
have 0 ®(&(P)) = ¢’o ®(P). This is what we needed to show. ]

Proof of Proposition 5.9 Let b € B™*. Let b° = hw;(b) and let b = (i1, i, . ..) be a finite
sequence in J such that b = f;,(b°). Then

o5(b) = focmyos (),

§'o(b) = feoms'o®°),
where the Dynkin automorphisms ¢, ¢/, and o act on sequences of Dynkin nodes in the

obvious way. Since o¢(b) = ¢’o(b) and 6¢(b°) = ¢’o(b°) by Lemma 5.7, we obtain
oc(b) = c'o(b). O
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B.3. Proof of Proposition B.3

We need some notation. Let ' = |r/2]. For AL € P(r,s) and 0 < j < r’, define cj by

r

A= Z(Cj — Cjr1)wr_2;j

j=0

with co = s and ¢, = 0. Then a sequence (cy, c2, ..., ¢) suchthats > ¢ > ¢y > -+ >
¢, > 0 is in one-to-one correspondence with the Ip-highest element b(r, s, A) € B™.

It remains to prove Proposition B.3. First we assume the £-diagram P has no column for
which a + can be added. Let A be the outer shape of P, ¢;” the number of columns that has

a — at heighti in P. Seta; = 23:1 ¢; - By [25, Prop. 2.2] we have

D(P) = faar,.. (n=1)ar nor (n=2)ar ..., (r+-1)ar yar ... 202 1ayb(r, s, X).

(The notation ¢; in [25, Prop. 2.2], is equal to Z;’:l c;.) Hence, by Lemma 5.7 and the
definition of o we obtain

o (D(P)) = fin—tyor...10r 00r 20r ... (n—2)%2,(1—1)a1)D(r, 8, A).

Lemma B.5 The row tableau

1= four,. . (n—r—1)a (eryr ...(1=2)22 (n—1ya b (r, 5, 1)
differs from b(r, s, 1) only in the top row, which is given by

AT L IR gy
for r is even and
aShe—e 2)\2*14*03_}1 — 4)L4*)\6*C5_ B _m)w—lfcfiar
for r is odd.
Proof We consider the r even case. Consider the (n — 1)-signature. +’s in the (2;)th row
and —’s in the (2j + 1)th row from bottom cancel out for any j = 1,...,r — 1. Hence
Sf((n—1m1 acts only on the top row. We proceed similarly. m}

Let ¢ be the row tableau constructed by the Rule 3. The following lemma allows us to
calculate the action of Kashiwara operators on ¢ before applying Rule 3.
Lemma B.6 Let t— be another row tableau obtained by putting n*+ 7k~ instead of apply-
ing Rule 3 in each row. One can formally apply e, and f, on t_. Then the action of e,
(resp. fn) commutes with applying Rule 3. A similar fact hold also for e,_1 and f,—1 by
replacing n*+ k= with w*-nk+.

Proof 1t suffices to prove the statement for a one-row tableau. This is done easily. O
Lemma B.7 The row tableau t; for

eq1ar ... (n=2)4r (n—1)ar)t

differs from t only in the bottom row, which is given by 19 n* =%,
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Proof In view of the previous lemma we can replace ¢ with 7_. Note that the lowest row of
t is given by n n* =% . Since e((,—1)er) acts only on the lowest row, we get (n — 1)%n* 9.

The application of e(jar __ (,—2)ar) is easier. m]

Next we want to show fgayt1 = t. To do this we calculate the {3, 4, .. .}-highest ele-

ment of #; and ;. Let N (@) (resp. N'(«)) be the number of letter « in 7 (resp. (2)_) (see
Lemma B.6 for the definition of 7_). Define a sequence a by a = a, Ll - - - Llay U a; where

aj = ((] + 2)S+N(§)7 e (n— 2)s+N(nfj71)’ (n— 8;2))s+N(nfj))

for j=1,2,....r —Landa, = (r +2)" VO, ... (n = 25N (n — §P)s—ND),
Here 8;.2) = 1if j is even, = 0 otherwise and LI means the concatenation of sequences. We
also define @’ = a/ja), - - - a,. by replacing N (k) with N'(k) fork = 3,4, ...,n— 1 and N(2)
with N’(1) in a. Then we have the following lemma.

Lemma B.8 1. eqt;isa{3,4,...}-highest element whose jth row from bottom is given by
G+2)¥forj=1,....,r —1and (r +2)*~%2" for j =r.

2. egtrisa{3,4,...}-highest element whose jth row from bottom is given by 143~ for
j=land (j+ D4 (G +2)° % forj=2,...,r.

3. N(k) = N'(k) fork =3,4,...,n—1and N(2) = N'(1).

Proof For (1) and (2) simply calculate the action of ¢, and e, using Lemma B.6. For (3)
note thatfor1 < j <n —3N(n —j)=1; — cj_Jrl if j is odd, = A4 otherwise when r is

even,and N(n — j) = Ajyif jisodd, = A; — C;_H otherwise when r is odd. We also have

N(2) = N'(1) = a,. For the definition of the partition A, c; oray see the paragraph before
Lemma B.5. O

Now we can prove Proposition B.3 under the assumption that P has no column for which
a + can be added. Using Lemma 9.4 with@ = 0, 8 = a,, Y = s — a, and with applying
e?’, the results in Lemma B.8 show that f(ger)eqf] = eqt2. Since fy commutes with e; for
3 < j < n,weobtain f(at; = tp, but this equality is what we wanted to show.

Finally, we prove Proposition B.3 for general £ -diagram P. We show by induction on
the number of columns for which a + can be added. If there is no such column, the statement
is proven already. Now let P be a £-diagram with at least one column for which a + can
be added. Let ¢ be the rightmost such column. Let P’ be the +-diagram obtained from P
by adding a + in column c. Let & be the height of this added +. Then it is known [28] that
®(P) = fa...h—1,nP(P’). Hence, we have

o (®(P) = firt,..n—iyo (P(P).

Since we know the row tableau of o (®(P’)) is given by the Rule by induction hypoth-
esis, it suffices to calculate the right hand side and see it agrees with the row tableau of
o (P (P)) given by the Rule. Careful calculation using Lemma B.6 shows that the application
of fu—1,...n—n) changes the row tableau of o (®(P’)) only in the rightmost column with let-
tersn—h+1,n—h+2,...,n,...reading fromtopton —h,n—h+1,....,n—1,....
This completes the proof of Proposition B.3.
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