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Abstract We introduce the formalism of positive super currents on R”, in strong analogy
with the theory of positive currents in C". We consider intersection of currents and Lelong
numbers, and as an application we show that the formalism can be used to describe tropical
varieties. This is similar in spirit to the fact that in complex analysis the current of integration
of an analytic variety can be identified with a closed, positive current.

Mathematics Subject Classification (2000) 32U - 14T - 52

Contents

I Introduction . . . . . . ... . ... 1011
2 Positive super forms and currents in R” . . . ... 1012
3 Intersection theory of currents . . . . . . . . . . ... 1019
4 Lelong numbers, trace measures and push forwards of currents . . . . . ... ... ... 1029
5 Tropical geometry . . . . . . . ... 1037

1 Introduction

In complex analysis, the natural counterpart of convexity in the real setting, is that of plu-
risubharmonicity, and there are many similarities between convex- and plurisubharmon-
ic functions. For instance, a smooth function defined on R” is convex if and only if its
Hessian is positive definite, and a smooth function defined on C" is plurisubharmonic iff its
(complex) Hessian is positive definite. On the complex side, a natural way of studying pluri-
subharmonicity is provided by the framework of so called positive currents. In fact, a closed
(1, 1)-current is positive iff it locally can be represented as idd¢ for a plurisubharmonic
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1012 A. Lagerberg

function ¢. However, one could argue that from the point of view of geometry, the study of
positive currents rather than that of plurisubharmonic functions, is in a sense more natural.
For instance, a variety of higher co-dimension than 1, relates to closed, positive currents
of higher bi-degree. The aim of this paper is to introduce a notion of positive currents cor-
responding to convex functions defined on R”. This is carried out by letting ourselves be
inspired by the complex setting (indeed, many of the results and ideas will probably be
familiar to the mathematician knowledgeable in pluripotential theory). The ideas can be seen
as a continuation of those developed in [3], and they are also influenced by the paper [14].
Another paper which treat convex analysis with tools from complex analysis is [11], with
which the present article share some similarities. We will consider the framework of positive
super currents in the context of tropical geometry, proving, amongst other things, that every
tropical hypersurface corresponds to a positive super current satisfying certain criterions.
This is similar in spirit to the fact that in complex analysis, a complex hypersurface can be
represented by a positive current satisfying certain hypotheses. The epithet “super” of “super
current” comes from the field of super geometry and super spaces, where the Berezin integral
(cf. [2]) share many properties with the integration of super forms considered in this article.
However, in order to not to burden the language more than necessary, we will refer to super
currents merely as currents, throughout the article. Our hope is for this work to provide a
useful tool for attacking problems within tropical geometry, and for it to serve as a gateway
between complex analysis and tropical geometry.

2 Positive super forms and currents in R”

Let V and W denote real vector spaces of dimension n, with coordinates x = (x, ..., x,)
and & = (&1, ..., &,) respectively, for which we fix an isomorphism J : V. — W, such that
J(x) = &. We denote its inverse by J as well, so that J(§) = x, if x € V is the element for
which J(x) = &. One should think of V and W as two copies of R” identified via the iso-
morphism J. LetE =V x W = {(x, £), x € V, & € W}. The map J extends to E by letting
J(x, &) = (J &), J(x)), so that JZ = id. We consider the space & of smooth differential
forms on E whose coefficients only depend on x. Thus, for x +— akr (x) smooth functions,

o= ak(x)dxg AdéL 2.1)

K.L
is such a form, where we use the notation dxg = dxi, A-- ~/\dxkp itK = (ky,...,kp), |K|
denotes the length of the vector K, and similarly for |L| = g. We use the convention that
we only sum over indices K and L such that if K = (ky,...,kp) thenk; < --- < k), and

similarly for the index L. If « is of the form (2.1), we say that « is a form of bi-degree (p, q),
and write « € £7°9 where 0 < p,q < n. A form « of degree (p, p) is called symmetric if
akxr = apk for all indices K, L. We identify the isomorphism J with J*,which is to say
J(dx;) = d&;, and we extend J to an arbitrary (p, ¢)-form by the rule

J ZO(K,L(x)de ANdEL | = ZO(K,L()C)d%'K Adxy.
K.L K,L

Thus a (p, p)-form « is symmetric iff J(«) = (—1)”«. Note that we use the letter J to
denote several, slightly different maps, but we hope that no confusion will arise. Finally we
put w = Z?:1 dx; Ad& and w, = %w”. In this article, we will consider three different
notions of positivity for forms:
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Super currents and tropical geometry 1013

Definition 2.1 A (n, n)-form v is positive if v = gw, for some function g > 0. Let v be a
symmetric (p, p)-form.

(i) The (p, p)-form v is weakly positive if
vAar AJ@) A Aag—p AT (@p—p)
is a positive (n, n)-form for every choice of (1, 0)-forms «y, ..., ay—p.
(ii)) We say that the (p, p)-form v is positive, if
VA (Op—plaAJ(a) >0
for every (n — p, 0)-form o, where

o = (_l)k(kz—l).

(iii) Finally, the (p, p)-form v is strongly positive if

v = ZCX(XLS ANJ(a) A Nap g ANJ(aps)
s

where ¢; > 0, and o ; are (1, 0)-forms.

In the following elementary lemma, which we shall state without proof, we collect some
properties concerning positive forms.

Lemma 2.1 The following properties hold:
(1) For (1, 0)-forms o,
ay AJ(@) A--Nap Ad(ap) =opay Ao A Aap AJ(a) A AT ().

(2) If w; are strongly positive forms fori = 1, ..., s and v is a weakly positive form, then
VAW A - A wg is weakly positive.

(3) The wedge product of finitely many symmetric forms is symmetric.

(4) We have the following inclusions:

{strongly positive forms} C {positive forms} C {weakly positive forms}.

Another elementary observation is that the property of a form being positive is reflected
in the associated matrix of the form, and we shall again omit the proof:

Proposition 2.1 Let o = ZK’L akr(op -dxg Ad&r) be a symmetric (p, p)-form. Then a
is positive iff the matrix (ag 1) k.1 s positive definite. Moreover, if a is positive, we can find
(p, p)-forms yy for which

o= ZaKK(Gp Yk NJ(vK)),
K

where ag g > 0, for each K.

The set of weakly positive and strongly positive forms are convex cones, by definition dual
under the paring

(v, w) — vAw,

where v is a weakly positive (p, p)-form and w is a strongly positive (g, ¢)-form, and
p+q = n : By definition, v is weakly positive iff v A w is positive for each strongly positive

@ Springer



1014 A. Lagerberg

w, and since the bidual of a convex cone is equal to the closure of the cone, we see that w is
strongly positive iff w A v is positive for every weakly positive v. Moreover, one can show
that the cone of positive forms is self-dual. As an easy corollary we obtain:

Lemma 2.2 A symmetric, weakly positive (n — 1, n — 1)-form is strongly positive. The same
applies for symmetric (1, 1)-forms.

In particular, the Lemma implies that the three different notions of positivity coincides for
forms of bi-degree (0, 0), (1, 1), (n — 1,n — 1) and (n, n). Thus, for such forms we will
usually only use the epithet “positive”.

Let V', W’ be real vector spaces of dimension m, between which we fix an isomor-
phism J’ as above, and let ¥ : V. — V'’ be an affine map. We let E' = V' x W'. Then
¥ extends, uniquely, to an affine map from E to E’, which we denote by w by demanding
that ¥ o J = J' o ¥. We can now define the pull-back operator U*  EE) - EE), by
letting

D appdx; Adgs | = (s o Y)Y (dxy) AYF(dE))

1,J 1,J

where, if I = (i1,...,ip), we as usual let Yy*(dx;) = ¥*(dx;) A--- A w*(dx[p), and
analogously for ¥*(d&,). Observe that the pull-back operator commutes with the operator
J, and also with the operator d. When no confusion seems likely to arise, we will denote the
extension 1} by ¢ as well. Note that if we did not demand 1 to be affine, the pullback of a
form in £ could have coefficients depending on the variable &, and thus not be a map from &
to £.If ¥ : E — Eis an affine map, an easy computation shows that

U (wn) = |det (Y) oy 2.2)

This implies that if ¢ corresponds to a change of coordinates, &*wn = cw, for some constant
¢ > 0. Thus, positivity does not depend on the form » which we use as a reference. If
corresponds to an inclusion of a subspace V C V', we call ¥* () the restriction of the form
« to the subspace V.

Pr0p0s1t10n 2.2 With the above notation the following holds: « is a weakly positive ( P, p)-
formon E, iff the restriction of « to every p- dlmenszonal subspace is positive, that is, if r* ((x)
is positive for every inclusion map  : V — V', where V is a p-dimensional subspace of V.

The proof is almost identical in the complex case, and such a proof can be found in [8, p. 102].

We want to define the integral of an (n, n)-form over the space E. For this, we assume
that the vector space V is endowed with an inner product (-, -), and choose an orthonormal
basis {ey, ..., e,}, with corresponding coordinates (x1, ..., x,). We endow W with the same
structure via the isomorphism J. Then dx; A--- Adx, isa (n,0) formonV,d& A --- Ad§,
is an (0, n)-form on W, and every (n, n)-form « can be written as

oa=oogx)dx; A ANdxy, AdET N - NEy,
for some function g on V.
Definition 2.2 The integral of an (r, n)-form « as above is given by

/a:/ao(x)dx1 A ANdxy.

E \4
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Super currents and tropical geometry 1015

The above definition depends only on the inner product chosen. Indeed, if we choose a dif-
ferent orthonormal basis, say {e|, ..., ¢,}, the map ¥ which sends ¢; to ¢; has determinant
1 or —1. In either case, by formula (2.2) this means that

E/l/}*(a) = (:i:l)z/oz =/oz.

E E

Thus the definition is independent of which orthonormal basis we choose to work with. In
particular, it does not depend on any orientation of V. One can also understand the definition
as follows: the choice of inner product allows us, as above, to choose a volume-element
d&é; A --- AN dE, on W, the total volume of which we define to be

/dglA.-.Adgn:L

W

Then, by formally applying Fubini’s theorem,

/ozo(x)dxl/\---/\dx,,/\dél/\w-/\é,,:/ao(x)dxl/\---/\dx,,-/dél/\u-/\é,,

E v w

/ozo(x)dxl A ANdxy,.
Y

If @ C Vis open, we define

/ a:/xg(x)-ao(x)dxl/\--«/\dxn/\dél/\'-'/\én,
E

QxW

where xq denotes the characteristic function of the set 2. By formula (2.2) we have the
following change of variable formula for a non-singular, affine map ¥ : V. — V:

/ Via = / ldet (W) Pao(Y (x))dx1 A - -+ Adx, = |det ()] / a. (2.3)
E

E \%
If L C V is an oriented submanifold of dimension k, and if
o= Z aj(x)dxy ANdEL AN --- ANdE,

|I|=k

is an arbitrary (k, n)-form, we define the integral of « over L x W by

> arydxg AdEy A AdE | =D /ou(x)de.

Lew \I=k T1=ky

Remark 2.1 It might be interesting at this point to compare with the complex setting. First
of all, the map J could be compared with the usual complex structure which identifies C"
with R” + iR". Under this identification we compactify the imaginary directions by consid-
ering R"” 4+ iR"/Z". A convex function f on R" can then be regarded as a plurisubharmonic
function on R” + iR"/Z", by demanding the extension to be independent of the imaginary
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directions. In a similar way, we can consider a real n-form « as a complex (n, n)-form ¢,
and in a natural way,

a= | «a,
R +iR" /71 R"
which could be seen as an analogue of our definition,
/dél AN NdE, = 1.
Rn

Generalizing this slightly, we use another lattice in order to compactify the imaginary direc-
tions. Thus, if T" is any lattice, we consider R” 4 iR"/T". Such a lattice induces an inner
product on R”. Indeed, I is isomorphic to Z" via an affine map, and there is a one-to-one
correspondence between affine maps and inner products. In this sense, we can say that choos-
ing an inner product on R” (thereby defining integration of (p, p)-forms along p-dimensional
subspaces of E) corresponds to compactifying using a lattice as above, and vice versa.

We define the operator d : £7°9 — £P*1:4 by the formula
d > apdxndéy | = D0 (iaa”(x)dx,-Adx[ Ads,).
1=p.1/1=q l=pidi=q \im1 %
In our setting, we have the following version of Stokes’ formula.

Proposition 2.3 For Q C V a smoothly bounded, open subset, and o« an (n — 1, n)-form
on E,

da = / o.

QxW 0QxW

Proof By the usual Stokes’ formula, we have that

/ do =" / d(ary(X)dxp) NdEp = / d(ary (x)dxr) / dé;
Q W

QxW QxW

=> / (7 (x)dxp) / dg; = / a.
Q2 W

IQXW
We define the operator d* : £74 — £P-411 by
d*=Jodo J,

which in coordinates is equivalent to
n
d* =" 0, Ad;.
j=1
As immediately follows from the definition, d 2 = (aﬁ(’*)2 = 0, and moreover, d* o J = Jod.
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Super currents and tropical geometry 1017

2.1 Currents and positivity

In this section, we assume the reader to be familiar with the basic theory of currents, but
we include some proofs to illustrate the setting in which we work. The precise defini-
tion of a (super) current is tedious and almost identical to the complex case, so we refer
to [4] for the details. The basic idea is that by introducing a topology on D74 = {«a €
EP-1; o has compact support}, we can consider the topological dual of D?+9, which we define
to be the space of currents Dy, ,—4. Suffice it so say that an element of D;,_,, ,_, can be
viewed as a (n — p, n — g)-form whose coefficients are distributions which only acts on V,
that is, the coefficients are “independent of §”. Thus every T € D), , can be written as

T = Z Trydxyp ndEy,
Hl=p,|J|=q
where T} are uniquely defined distributions on V. We denote the paring between an element
aeDPland T € D,y—p ,—q by (T, ), and we use the convention that

(Trydxy ANdEy, apdxie AdEje) = £ (T, ap) ,

where the sign is determined by the sign of the permutation sending dx; Ad&j Adx e AdE e to
w, . For convenience, when a current acts on an element of £, we always assume this element
to have compact support, without explicitly stating so. As usual we can define d T, d* T, dd* T
by (dT,«) = £ (T, da) and so forth. Thus we say that a current 7" is d-closed if dT = 0,
and similarly for d*. These operators so defined, act continuously on the space of currents.

Now, let p be a smooth, radial function with support in the unit ball, satisfying f p=1,
and put pe(x) = }n p(f), for € > 0. If we consider the convolution of a current 7 =
Z|1|=P,IJ\=€1 Trjdx; A d&; with this function p., defined in the usual way as

Txpe= >, (Tiy*podxy Adéy, (2:4)
l=p.lJ1=q

then {7 * pe}.- ¢ defines a family in £7°¢ converging weakly to the current 7', as € — 0. We
call this family a regularization of the current 7', and it is easy to see that if dT = 0, then
d(T = pe) = 0, so regularization preserves the property of being closed.

Lemma 2.3 Let @ C V be an open set. For a d-closed current T € Dp (2 x W) there
existsaT' € EP9(Q x W) such that T — T’ = dR for some R € Dp_1 4(2 x W).

Proof Let
T = Z Trydxy /\dé].
[1|=p.|J|=q
If we denote by S, the (p, 0)-currents ZII\=p T;ydx;, then
T = Z Sy AndEy,
[J1=q

and by the hypothesis dS; = 0. It is well known from theory of currents in V, that for every
such §; there is a smooth (p, 0)-form S,J such that S; — S/J = dRy for some (p — 1, 0)-
current R; (where we identify (p, 0)-currents on E with p-currents on V). Thus, if we let
T = Zl/\:q S,J AdEj,and R = ZIJ\=q R, A d€; we have that T is smooth and
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1018 A. Lagerberg

T—T =3 (S=S)ndéy= D dRjNdéy=d Y Rydé; =dR,

IJ1=q I/1=q I/l=q

as required.

Proposition 2.4 Let 2 C 'V be a star shaped open subset. If T € D, ,(2 x W) is d-closed
and q > 1, then there exists an element T e Dp-1,4(Q2 x W) such that dT = T. An
analogous statement holds if T is instead d*-closed.

Proof By Lemma 2.3, it suffices to show the proposition in the case where T has smooth
coefficients, that is, 7 € £P+4. To this end assume that

T = Z Trydxp AN dEy,
[]1=p.,|J|=q

with T7; smooth. If we, as above, denote by S; the (p, 0)-forms Zm:p T;ydx;, then
T = Z\JI S; Ad&y, and since dT = Z\JI ;(dSy) A d&; = 0 by the hypothesis, we see
thatdS,; = 0 Since 2 is star shaped, the Poincaré lemma tells us that there exists ( p—1,0)-
forms, S; suchthatdS; = S;. Thus, if we consider the (p—1, q)- formT = ZIJ\ = SJ/\dgj,
we see that it satisfies

dT = Z dS'] ANdEj = Z Syndéy=T.
[/1=q [J1=q

If T is instead d#-closed, the same argument as above still applies with the obvious changes.

We now come to the corresponding notions of positivity for currents.
Definition 2.3 We say that a symmetric (p, p)-current T is weakly positive if
(T,a) >0
for each smooth strongly positive (n — p, n — p)-form « with compact support. T is positive
if
(T.on_pBAJ(B)) =0,
for every smooth (p, 0)- form g with compact support. 7 is strongly positive, if
(T,y)=0
for each smooth, weakly positive form y of compact support.

Proposition 2.5 A continuous function f : V — R is convex iff dd® f is a positive (1,1)-
current.

Proof This is clear if f is smooth since the matrix associated to dd” f is the Hessian of
f, so we can apply Proposition 2.1. The general case follows by approximation: if f is
convex but not smooth, we can find a family { fc}¢ of smooth, convex functions such that
fe — f. Using the definition of currents, we see that dd* f. — dd* f in the weak sense, and
thus, (dd* f, &) = lim¢_,o (dd* f., &) > 0, for every positive (n — 1, n — 1)-form «. Hence
dd*f > 0. Conversely, if dd* f > 0, we put fe(x) = [ f(y)pe(x — y) where pc is the
regularizing kernel from above. One easily verifies that dd” f. > 0 and hence f, is convex.
Moreover, f¢ is smooth, f > f and f — f uniformly on compacts. Thus f is convex, as
desired.
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Super currents and tropical geometry 1019

Of course, if f is also smooth, then dd” f is a positive, closed (1, 1) — form. The following
proposition is fundamental for what is to come; it is the counterpart in our setting of the so
called dd¢-lemma from complex analysis:

Proposition 2.6 (dd*-lemma) Let T be a closed, positive (1,1)-current on E. Then there
exists a convex function f :V — R for which

T =dd*f.

Proof By regularization, we can assume T to be smooth. Since T is also closed, by Propo-
sition 2.4 we can find a smooth (0, 1)-current

S = i S;d§;
i=1

such that T = dS. Moreover, T being symmetric implies %Si =T;;=Tj = %Sj, and
so we see that

n
3
d*s=>" gjsidsj AdE = 0.
ij=1

Another application of Proposition 2.4 provides us with a function f such that § = d* f. We
conclude that
T =dd*f,
and since T is positive, f must be convex.
Using this proposition we can show the following:

Proposition 2.7 If T is a closed, positive (1,1)-current, then each component of (SuppT )¢
is convex.

Proof By the dd*-lemma, we know that T = dd* f, for some convex function f. Then f
is affine on (SuppT)“, and thus, by a standard argument, the convexity of f implies the
proposition.

3 Intersection theory of currents

Let M), denote the space of (p, p)- forms on E whose coefficients are measures, endowed
with the following topology: if T;, T € M), then T; — T iff T;(«) — T (a) for every
(n — p,n — p)-form o« with compact support and whose coefficients are continuous func-
tions. Note that M, C D), ,, as a set, but the topology of M), is stronger than that induced by
D, . However, a standard proposition in the setting of currents with measure coefficients,
which carries over to our case, is the following (cf. [8]):

Proposition 3.1 Let T;,T € M,. Then T; — T in M, if and only if
Ti(o) > T(a),

for every compactly supported, smooth (n — p,n — p)-form «, and if for every compact
subset L C R" we have,

supmax |(7;);/|(L) < +o00. (3.1
i s
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1020 A. Lagerberg

Here, if 1 is a measure || denotes the total variation of . Now, let us consider the map
given by

Uy(fieooos fp)=dd* fin-- nddfp,

where f; is smooth and convex for each index i; let us denote the set of such functions by
K. We consider W, as a map from K” to M,. Our aim is to show that this map extends, in
a natural way, to a map defined on p-tuples of convex functions (that need not be smooth).
By the inclusion M, C D, ,, this extension can be considered as a (p, p)-current, which
we will call the intersection product. The scheme to prove this extension property is the
following: first we prove that W, maps bounded subsets of K7 to bounded subsets of M.
By the Banach—Alaoglu theorem, this implies that for every bounded subset A C K7, the
family {¥,(x), x € A} contains a weakly convergent subsequence. Thus there exists at least
one accumulation point of {W¥,(x), x € A}in M), and we then show that, in fact, there exists
only one, unique accumulation point. Before we turn to the details, we need an important
property of positive currents:

Proposition 3.2 If
T= > Ty, dx AdEy)
[=[J|=p

is a symmetric, positive (p, p)-current, then each coefficient Ty satisfies

[(Trs. @) <C- D (T ),
[Il=p
for each smooth, non-negative function with compact support, ¢. In particular, Ty is a
positive measure, and Ty j is a signed measure, for each multi-indices 1, J.

Proof The argument is clearest when 7 is smooth, so let us first assume this is the case. By
Proposition 2.1 the p? x p® matrix (T};), is positive definite and symmetric at every point
of R”", and thus defines a metric g on R” ? Let (e1)|11=p be an orthonormal basis of R” ? such
that g(ey, ej) = Tyy. Then the Cauchy—Schwartz inequality gives us

Tir+Tyy
Tr) =gler,eq) </glerer)-vgles, e)) =T -Tiy < — (3.2)

where we used the inequality between geometric and arithmetic mean in the last inequality.
By exchanging e; for —e; in (3.2) we have established the inequality

1Trs () < C- > Trilx) (33)

[I1=p

for some constant C > 0, which proves the proposition when 7 is smooth. If 7" is not smooth,
we can still define an associated metric as follows: for each smooth, non-negative function
with compact support, ¢, we define

glerey) = (T, on_ppdx; Ad&y),

and extend by linearity. Then g is a positive definite, symmetric form on R”", since, if
2
v=>,vre; € R’ then

g(v,v) = <T, On—pd (z v1dx1) AJ (2 vldx1)> = <T, On—pU A J(v~)> >0,
I I
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Super currents and tropical geometry 1021

where U = /¢ >, vidx;. Thus, g(er, ef) = (Ty1,¢) > 0, which implies that Ty, is a
positive measure. Moreover, g(ey, e;) = (T17, ¢), and by the argument used above,

(T, ¢) | < C- D (T, ¢),
[l=p
for some constant C > 0. The proposition follows.

A subset A C K7 is bounded if for every compact subset L, and every element (f7, ...,
fp) € A, we have that

max sup | fi(x)| < Cp,
I xeL

for some constant Cy, (these norms, indexed by L, define the topology of K 7).

Proposition 3.3 If A C K7 is bounded, then for each compact set L C R", there exists a
constant Dy such that if

T=dd* fin---ndd"f,
where (f1, ..., fp) € A, the coefficients of T satisfy

|T771(L) 1=/|T11| =Dy.
L

Proof By the previous proposition, we need only to prove that Tj; < Dy, for every I.
Assume first that p = 1. Fix a compact set L and let f € K. Moreover, let x be a smooth
function equal to 1 on L and 0 outside a small neighbourhood of L. Then, since 8i2l. f=0,
by partial integration we get,

/a,.%.f /X(X)dd#f(x) A dxi A dE:

L E

IA

- / FEdd ) AT AdE| < sup 1F()]- Cy
xeSuppy

Supp x xR

using that x has uniformly bounded second-order partial derivatives on every compact subset.
Thus, there exists a constant Dy such that

|T;i (L) < Dy

for each i, proving the case p = 1. Assume now that we have proven the proposition for p =
k—1. We want to show that it holds for p = k as well. To thisend, let S = dd* foA---Add* fi,
and fix a multi-index [ of length k. Then, using the same notation as in the case p = 1,

/ (dd* fi A S)1dV]| < / X ()dd* f1() A S A dxT A TEr
L E

= / fiedd x (x) A S Adxy AdE]].

Supp'x xR
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1022 A. Lagerberg

By the induction hypothesis, S has coefficients satisfying [Sk 1 |(Suppx) < Dsuppy- Thus

/(dd#fl/\S)udV < swp AW Gy
v xeSuppx

and we are done.

Proposition 3.4 Let fi, ..., f, be convex (but not necessarily smooth) functions, and let,
for each i, { fik}k be a sequence of smooth, convex functions converging uniformly to f;
on compact subsets. Then the sequence {dd* flk Ao Add® f[],{ k C M) converges to an
element in M. If { gl{‘}k is another sequence of smooth convex functions converging, uni-
formly on compact subsets, to f; for each i, then the limits of dd#flk Aces A dd#f}’,‘ and
dd#g{‘ ARRRWA a’d#g';7 are equal.

Proof Let A = {(flk, R fll,‘), k > 1}. Obviously, the set A is bounded. Using Proposi-
tion 3.3, we see that for each compactly supported (n — p, n — p)-form o« with continuous
coefficients, there exists a constant D, for which

dd* ff A+ ndd® i) (@) < Dy -max sup oy (x)).
1J xeSuppa

Thus, applying the Banach—Alaoglu theorem, we see that the sequence {dd* flk A A
dd* ¥} contains a convergent subsequence, {dd* f{* A --- A dd* f}*}, in M,,. To prove

the in fact the sequence {dd#flk Ae A dd#fllj}k converges, we first assume that p = 1 and
let @ be a smooth, compactly supported (n — 1, n — 1)-form. Then,

/(dd#flk—dd#flj")Aa - /(flk—flj")/\dd#a < sup |ff—fl-c,
E

xeSuppa
& pp

which tends to 0 as k — oo. This proves that limy_, oo dd* flk =limg_ dd#flj" converges
in D1 However, by Proposition 3.3, both of the forms dd* f¥ and dd* f}* satisfy (3.1), and

so, by Proposition 3.1, dd#flk and dd#flj" converge to the same limit in M, as well. Now,
assume the statement is proved for p = m — 1, and let SK = dd#fzk ARERWA dd#f[’j. Then,

since S* is closed,
/(dd#flk ASE—dd fE A ST A = /(fl"S" — fE55) A dd*a,
E E

where « is a test-form of degree (n — p, n — p). Since

flEsik nddta = (fF = fi)SH Addba + fiS* Addta,

and since

Jim / (fF = )% Addta| < Jim sup | = nl- / Sk Add*a =0
— 00
E

X xeSuppa
E

by the induction hypothesis, we see that

Jim /(dd#flk ASE—dd* fF A STy A = Jim /(flkSk — S Add*a =0,
— 00 — 00
E E
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where we used that limg o0 [i; f1 Sik A dd¥a = limg_ oo Jg f1 Sk A dd* o by assumption.
Moreover, by Proposition 3.3, the coefficients of S* satisfy
|S7/1(Suppe) < Ca.

Thus, yet another application of Proposition 3.3 and Proposition 3.1, shows that the sequence
{dd* flk A---ANdd¥f 117(}/‘ converges. The last statement is proved by repeating the argument
above, with f/* replaced by g¥.

We can now define the intersection product dd® fi A --- A dd#fp, for fi1,..., fp convex
functions on R”", by using the continuity of W it is well known that for a convex function
f one can find a sequence of smooth, convex functions f k which is monotone in k, and
which converge to f pointwise. By Dini’s theorem (for its statement, see the discussion after

Eq. (3.10), f¥ converges uniformly to f on every compact subset of R”. Applying this for
each function f;, by using Proposition 3.4 we can define,

dd* fi n---ndd' f, = lim dd” ff Ao ndd? £y,
k—00
and the definition does not depend on the way we approximate the functions f;.

Remark 3.1 A slightadaptation of the above arguments shows thatif S is a (strongly) positive,
closed (p, p)-current, we can, in the same way as above, define the intersection product
S~dd* fi A--- Add* fi, which then is a (strongly) positive, closed, (p + k, p + k)-current.

We collect some immediate observations:

Proposition 3.5 The intersection productdd® fyn---~dd* f, p is a strongly positive current,
it is symmetric in its arguments, and its coefficients are measures. Moreover, it satisfies the
relation

Supp(dd® fy A --- A dd* f,) C Supp(dd® fi) N --- N Supp(dd® f,). (3.4)
We also have the following stability property:

Proposition 3.6 Let f, g1, ..., gp be convex functions, where p < n. If { f¢} is a family of
continuous functions converging pointwise to f, for which

sup sup fe(x)

€ xek
is bounded for every compact set K C V, then
lirr})dd#fg Add¥gy Ao nddhg, =dd" f AddPg Ao AddPg,.
€—>

Proof Since the current dd gy A-- - Add¥ g p has measure coefficients when written in coor-
dinates, we see that if « is a compactly supported, smooth (n — p — 1, n — p — 1)-form, the
(n, n)-current dd*gy A -+ A dd#g,, A dd*a can be represented by a positive measure on R”
with compact support. By the dominated convergence theorem,

lim (dd* fo Add* gy A--- AddPgp, a) = lim/fe nddgy A ndd¥g, Adda
e—0 e—>0
E

=/fAdd#g1 A ANddhgy NddPa = (dd* f nddPgi Ao AddPg,, a),
E
which proves the claim.
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Proposition 3.7 If ', ..., 7 are convex functions, and for each i € {1, ..., p} there is a
Jfamily of convex functions { f¢ }¢;>0 such that

lim 6, () = f'(x),

for every x € V, and which satisfy that sup, sup,.c g fgii (x) is bounded for every compact set
K C V and for each i. Then

lim ... lim dd*f} A-.-Andd*fP =dd*f' ' A-- AddfP, (3.5)
€~ €i,—0 ‘1 R4
for any permutation (iy, ... ,1,) of the n-tuple (1, ..., p).

Proof We can apply Proposition 3.6 successively to the left hand side of 3.5 to obtain the
desired conclusion.

Definition 3.1 The Monge-Ampere measure of a convex function f is the positive measure
defined by

MA(f) = dd* )" :=dd* f A - ~ndd*
where the product is taken 7 times.

Note that we here identify closed, positive (n, n)-currents with positive measures. If f is
smooth, then

2
MA(f)=dez( o°f

8xi8xj

)dxlAdsl/\m/\dxn/\dgn.

A very nice paper concerning real Monge-Ampere measures is [14]. In fact, our approach in
this paper could be considered as a generalization of the formalism defined there in. From
that paper, it is clear that the following proposition holds:

Proposition 3.8 Let [ be a convex, 1-homogeneous function, that is, f(Ax) = Af(x) for
everyx € Vand . € R. Then MA(f) = 0 at every point x # 0.

Example 3.1 We wish to calculate the Monge-Ampere measure of dd* |x|. First we calculate

1 dd*|x|*?  d|x|* Ad¥|x|?
dd* x| = d [ ——a*(x?)) = SR dlx] I (3.6)
2)x] 2)x] 4)x)3
But the form % = 0on |x| =r > 0 and so, by using Stokes’ theorem, we obtain
d*|x| A (dd¥|x|?)"!
(da*x)" = /
27| x|"
B(0,r)xR" 3B(0,r)xR"
n
1 !
= 5> / (szxkAdgk) - / dxi AdEL A~ Adx, AdE,
r r
BO,-)xRr K B(0,r) xR"

=n!Vol,(B(0, 1)).

Since the above integral is independent of r (or by using Proposition 3.8), we see that the
measure (dd*|x|)" equals the Dirac measure at the origin multiplied with a dimensional
constant.
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A useful class of convex functions are those that grow “at most linearly at infinity”. By
the similarity with the complex setting, we define theLelong class to be the class of such
functions:

L={f:R">R: f(x) <Clx|+ D, fconvex,C >0, D € R}. 3.7

This class is useful in our context since the intersection of currents whose potentials belongs
to £ has finite total mass. To see this, we first consider the case of the Monge-Ampere measure
of functions in £:

Proposition 3.9 Let f € L so that we can find a constant ¢ > 0 for which f < c|x|, when
|x| is sufficiently large. Then f satisfies

/ dd* )" < +o0.
E

Proof Fix € > 0. For every r > 0 we can find a constant D > 0 such that f > —D + (c +
€)lx|, if |x] < rbut f < —D + (c + €)|x], if |x| > R, for R sufficiently large. Denote by
H the function max{ f, —D + (c + €)|x|}. Then H is convex, and so dd*H > 0. We can
exploit this as follows:

dd* fyr = / (dd*H)" < / (dd*H)y"
B(0,r)xR" B(0,r)xR" B(0,R)xRR"

= / d* (=D + (c + &)|x]) A (dd* (=D + (c + €)|x])" !

9B(0,R)xR"
= / (dd#(—D+(c+e)|x|>)”s<c+e>"/ @dd*|x|)" < +o0.
B(0,R)xR" R xR"

Letting r — oo we obtain

/ dd* )" < +o0.
E

Proposition 3.10 If f1, ..., f, € L,then

/dd#fl/\~~~Add#fn<—|—oo.
E

Proof Since f1 + -+ f, € L there exists a C > 0 such that f; +--- + f, < C|x|, when
|x| is large enough. By Proposition 3.9, with f = f; + --- + f,, we obtain

/(dd#fl + 4 dd* )" < +oo.
E

But (dd* fi +- - - +dd* f,)" is a sum with one term equal to dd* f{ A - - - Add* f,,, and since
every term of the sum is a positive measure, we deduce that

/dd#flA---/\dd#f,,<+oo,
E

which concludes the proof.
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A slight modification of the proof of the above Proposition 3.9 gives us a useful comparison
theorem, whose analogue in the complex setting is well known.

Proposition 3.11 Let f;, gi € L be such that f; < gi + O(1) foreach 1 <i < n. Then

/dd#fl A Add? fy S/dd#gl A AddPg,.
E E

In particular, if f, g € L, satisfies [ < g + O(1), then

/ dd* fy" < / (dd*g)".
E E

Proof Fix € > 0. Forevery r > 0 we can, for each i between 1 and , find constants D; > 0
such that f; > —D; + g; +€|x|,if |x| < rbut f; < —D; + g +€|x|, if |x| > R;, for R; a
sufficiently large number. Denote by H; the function max{ f;, —D; + g; + €|x|}. Then each
H; is convex, and so dd* H; > 0. Thus:
dd* fin---ndd? f, = / dd*H A --- Add*H,
B(0.r)xR" B(0.r)xR"
< / dd*Hy A --- A dd" H,.
B(0,R)xR"
But for x € B(0, R), we have that H;(x) = —D; + g; + €|x/|, and thus we obtain,
dd* fy n---ndd? f, < / (dd*g) +edd®|x|) A - A (dd¥ g, + edd”|x|).
B(0,r)xR" R xR"
Letting r — oo we obtain that, for every € > 0,
/dd#fl Ao ndd f, < / (dd*g) + edd®|x|) A --- A (dd*g, + edd®|x)).
E R xR

This last integral contains terms of the type dd*g;, A --- A dd¥g;, , A ek (dd*|x|)k with
k=0,...,n,and 1 <i; < n.Proposition 3.10 tells us that

/dd#gil A nddhg A efddt|xE < Cér
E

and consequently there is a constant C > 0 (independent of €) for which

(dd*g) + edd*|x|) A - A (dd* g, + edd®|x|) < /dd#gl A nddhg, +€C.
R/ xR? E
Letting € — 0 completes the proof.
Interchanging the roles of f and g in the above proposition gives us:

Corollary 3.1 If f, g € L satisfy

[f—gl=C,
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for some constant C > 0, then

/ (dd" f)" = / (dd*g)".
E E

In fact, the proof gives us a slightly stronger statement, which we will find useful:
Corollary 3.2 If f, g € L satisfy
If — gl < C+elx]

for every € > 0 and for some constant C > 0, then

/ (dd* fy" = / (dd"g)".
E E

At this point, we introduce the useful notation J;l =dx; A - ANdxi—1 Adxip1 A .. dxy.

Example 3.2 Let K C R" be a convex set containing the origin, and denote by H its sup-
port function, that is, Hx (x) = supgcg {x - §}. The polar of K, denoted K°, is defined by
K° = {x : Hx(x) < 1}. If 0K is smooth and K strictly convex, it is well known that the
map x — 9 Hg (x) defines a diffeomorphism between d K and d K°. We can thus introduce
% as coordinates on d K ° to obtain

n!'Vol(K) = /(dd#|x|2)”: / d* x> A (dd¥|x)?)r!

K xR" JK xIR"
dHx 8HK -
—cn/ledx, =Cn / Z o, : BXi = / d#HKA(dd#HK)” !
dK° Ko xR
/ (dd* HyY" = / (dd* Hy Y". 3.8)
KDXR"

In the last equality we used Proposition 3.8: since H is smooth outside the origin (thanks to
dK being smooth) and 1-homogeneous, the support of (dd* Hy)" is the origin. By approxi-
mation, the same formula holds without any smoothness assumptions on 0K .

One can generalize this example as follows: Recall that if K1, ..., K, are convex sets in R"
one can define the mixed volume of K1, ..., K,, which we will denote by V (K1, ..., K;)
as follows: consider the function

Py, ....ty) :=Vol(t Ky +---+1t,K,),

where

DK =ty et xg € K T = Gy )
jeJ

is the Minkowski sum. As will follow from the proof of Proposition 3.12, P is a n-homoge-
neous polynomial in n variables:

P(ti,...it)) = D Giyiyliy iy
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for some coefficients a;, ... ;,. The mixed volume is the coefficient in this polynomial corre-
sponding to the monomial #; - - - - - t,, that is,

V(Ky,...,Ky) :=ai1,. ».
We claim the following:

Proposition 3.12 Let K, ..., K, be convex sets in R" with corresponding support functions
Hg;. Then

dd*Hg, A--- ndd"Hg, =n!- V(K1,..., Ky)8owy,
and P(ty,...,ty) ;= Vol(t1 K1 + - - - 4+ t,K},) is a n-homogeneous polynomial.
Proof To begin with, we note that
Higysp =tHg +sHp (3.9)

if K, L are compact subsets, and ¢, s real numbers. Generalizing this slightly, we obtain the
identity

MA(H g+ +1,k,) = MA(t1 Hg, + -+ + 1, Hg,,),

and thus M A(H; g, +..+1,k,) 1S a n-homogeneous polynomial in (1, .., #,). Moreover, by
(3.8) we know that

MA(H11K1+-"+tnKn) =nVolt1 K1 + -+ -+ 1t,K,) - 80 - wy,.

This immediately gives us that P (¢, ..., t,) = Vol(t; K|+ - -+1, K,,) is an n-homogeneous
polynomial. Moreover, comparing coefficients of the two polynomials, we see that

dd*Hg, A---ANdd*Hg, =n!-V(Ky,...,Ky) -8 - w,
as desired.

Example 3.3 Let K;, L; C R" be convex sets, such that K; C L; fori between 1 and n. Then
Hg, < Hp,, and an application of Proposition 3.11 together with the previous proposition,
tells us that

V(Ki,....,Kn) = V(Li,..., Ly).

We use this observation to prove that if K C L are two convex, smoothly bounded sets,
then the surface area of K is smaller than that of L. Indeed, let us consider the function
v(t) = Vol(K + tB) where B is the unit ball. Then, it is not difficult to realize that

v'(0) = |3K],

that is, the derivative of v at ¢+ = 0 is equal to the surface area of K. On the other hand, by
the description of v(#) = Vol(K + tB) as a polynomial in ¢, we see that, in fact,

v'(0)=V(B,K, ..., K).
Thus |[0K| = V(B, K, ..., K), and by the above we obtain,
|0K|=V(B,K,...,K)<V(B,L,...,L)=|0L]|,

as promised.
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Remark 3.2 These results should be compared with the results already obtained in [11].
Moreover, the setting presented here seems to share similarities with that of [7].

Let f be a convex function on R”, belonging to the Lelong class £. To this f we associate
the function

~ t

Fe = tim L9,

—00 t

where the limits exists thanks to the assumption on linear growth at infinity. This function f
is easily seen to be convex and one-homogeneous. Moreover, we claim that

If — fI < C+elxl, (3.10)

for every € > 0. This is readily seen as follows: By standard properties of convex functions,
the expression w is increasing in ¢, for every x. We recall Dini’s theorem which says
the following: if f is continuous on a compact set K, and f; is a monotone sequence of
continuous functions which converge to f pointwise, then the convergence is in fact uniform
on K. Consequently, for each € > 0 we have that

fx) — f(0)
sup | —————

Ix|=1 t

- f)| <e,

ift > T, for some T > 0. Multiplying through by ¢ we obtain
sup | f (1) = f(0) — f(t0)] < te,

Ix|=1

if 7 is sufficiently large, which implies (3.10). An application of Corollary 3.2 shows that the
total Monge-Ampere mass of f equals that of f:

Proposition 3.13 With f and f as above

/ (dd" fy" = / (dd" fy".
E E

As we will see in Sect. 5.3, the above Proposition is essentially Bezout’s theorem in tropical
geometry.

4 Lelong numbers, trace measures and push forwards of currents

Definition 4.1 Thetrace measure of a (p, p)-current T is defined as

1 —p
OrW) = g = / T A (dd*|x?)" 77,
U xR"

for each Borel-set U C R”.

Proposition 4.1 If T is a positive (p, p)-current, then Ot is a positive measure, and
[T1/1 < C-0Or, 4.1)
for some C > 0.

Proof This follows immediately from Proposition 3.2.
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Remark 4.1 Let us compare with the complex setting: if S is a complex, weakly positive
(p. p)-current, then S always satisfies a trace measure inequality of the type (4.1). However,
in our setting the form «, on E = R* x R*, given by

a=dx; Adxy ANd&3s ANdEq+dxy Adxs AdE ANdEy —dxy ANdxs ANdEy N dEy
+dxz ANdxg ANdE ANdEy +dxy ANdxg ANdéx ANdE3 —dxy Adxg ANdEL N dE3,
satisfies
anvAJ(w) =0 4.2)

for every (1, 0)-form v. Thus, « is weakly positive, but all the diagonal elements are 0, and
consequently o does not satisfy an inequality of the type (4.1). This implies a significant
difference between our setting and the complex setting. In fact, in the complex case, the
strongly positive forms constitute a basis for the space of all forms. Equation (4.2) tells us
that this is not the case in our setting.

Proposition 4.2 For fixed x € R", if T is a weakly positive (p, p)-current, then the function
Or
r= rni—p(B (x,1)
is increasing on R..
Proof We can assume that x = 0. By Eq. (3.6) we have,

dd*|x?  d|x|? A d¥|x)?

dd¥|x| =
2|x| 41x)3

’

d#lx\z

2 A %112
dXEAd X — ) on the sphere |x| = r. Moreover, d*|x| = > SO that d*|x| =

and PN
if |x| = r. Combining these observations, we find that

d#lx‘z
2r

d#|x|2 (dd#|x|2)"_l’_1

T Ad¥|x| A dd¥|x)) P71 = / T A
2lx| 2lx]

{lx|=r}xR" {|x|=r}xRn
1

/ T Ad* x> A (dd* x> P,

T
{|lx|=r}xR"
Thus, by Stokes’ theorem we obtain
T A dd¥ x> P = / T A d¥|x]? A (dd? x> P!
B(0,r)xR" {lx|=r}xR"?

= 2r)"? / T Ad¥|x| A (dd¥|x)) P!

{lx|=r}xR"

= Q)" / T A (dd”|x])" P,
B(0,r)xR"

Since T is weakly positive, T A (dd*|x|)"~? is a positive measure. Thus the function
Or
r— rni_[,(B 0,7)

is increasing.
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Corollary 4.1 Let T be a closed, positive (p, p)-current. If K is a compact set with vanish-
ing (n— p)-dimensional Hausdorff measure, then T vanishes on K. In particular, if Supp(T)
has vanishing (n — p)-dimensional Hausdorff measure, then T = Q.

Proof Let K be a compact set, satisfying the assumptions of the hypothesis. The condition
‘H""P(K) = 0, means that we can, for every € > 0, find a finite number of balls B(a;, r;)
for which K C U;B(aj, r;) and

n—p
2 =e
We can assume that each r; < 1. By Proposition 4.2 we see that
Or

n—p
r.
J

(B(aj, r})) < Or(B(aj, 1)) < Or(K),

where K is a compact set such that K C U;B(a;, 1) C K and thus, with C = G)T(K/) we
obtain the inequality: ©7 (B(a;, r;)) < Cr;'fp for all j. We conclude that

Or(K) < > Or(Baj,r)) <C Y ri " < Ce,
J J

and thus, Tjg = 0, since |T;;|(K) < ®7(K) by Proposition 4.1.

As a consequence of the proposition, we can define the Lelong number of a weakly positive,
closed (p, p)-current T at a point x by

®
T — i OB
r—0 Vol(B"P)r"—p

where Vol(B"~P) is the volume of the (n — p)-dimensional unit ball. We define the Lelong
number of a convex function f : R” — R by

ve(f) = ve(dd® f).

Example 4.1 We calculate the Lelong number of the function x +— |x|. We begin with
considering the behaviour at the origin. By (3.6) and Stokes’,

dd*|x| A (dd¥|x>)"!

B(0,r)xR"
1

~ 2 / @d*|x|H" =21 nt- " Vol (B(O, 1),
r
B(0,r)xR”

and thus

. O(B(0, ) Vol,(B(0, 1))
vo(lx]) = lim =n- .
r—0 Vol,_1(B(0,r)) Vol,—1(B(0, 1))
On the other hand, at a point xo away from the origin our function is smooth, and so the form
dd*|x| is locally smooth. But if g is a smooth function in a neighbourhood around x, then the

trace measure of dd* g(x) is just the Laplacian of g at x and thus there is a constant C > 0
such that

G)dd#g(B('x’ r)) =< Cr",
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since every coefficient is uniformly bounded in some neighbourhood around x. Thus

()x 8x

Ccr’
Or" Yvol,_1(B(0, 1))

Ve (g) <

s

and so vy, (|x]) = 0if xo # 0.

The above argument displays the following expected behaviour of the Lelong number, show-
ing that the Lelong number is a measurement of the singularity at a point:

Proposition 4.3 Ifa (1, 1)-current T is locally smooth around a point x, then v(T, x) = 0.

Remark 4.2 In complex analysis, it is a well known theorem due to Y.T. Siu, which states
that the set {x : v(T, x) > c} constitutes an analytic variety, for each ¢ > 0 (in this remark,
v(T, x) denotes the complex version of the Lelong number). It would be interesting to know
if there is a corresponding result in our setting. One could perhaps hope that one would
obtain tropical varieties (which we define in Sect. 5), but this is not the case as the example
f = max(|x|, 1) shows: {x € V : v(dd* max(|x|, 1), x) > ¢} = {x : |x| = 1} whichis not a
tropical variety.

4.1 Push forwards of currents

Letf:V— V' be an affine map, withdim (V) = dim(V/) = n,inducing a map f ‘E—E.
Then we can define the push-forward f,T of a current T € Dy, (E) via the formula

(fuT, ) = (T, f*a), 4.3)
where « € DPP. This formula only makes sense if f*« has compact support on Supp(T),
and so we first demand that f is such that f~!(K) () Supp(T) is compact for every compact
K C V, or in other words, the restriction of f to Supp(T) is proper. For such f the induced
map f*: EPP(E') — EPP(E) is continuous and thus the above formula defines an element
inDy_p n—p(E). If T is weakly positive, then
(feToar AJ@) A Aap Ad(ap)) = (T, ffar AT(ffa) A A frap AT(fFap)) = 0.
Thus we have the following proposition.

Proposition 4.4 If T € D,_p ,—,(E) is weakly positive and f : V — V' is an (non-con-
stant) affine function, then f*T is a weakly positive current in Dy_, ,—p(E").

Example 4.2 Every form g € £P°P can be considered as a current acting on compactly sup-
ported forms of complementary degree. Now, if f : V — V is a non-singular affine map,
then

1)|/(f Y (fra A B)

(“af*ﬂ):(f*“aﬂ>:E/f*“/\,3 W

— Idet (f) / a AP B = Idet ()|l (F )" B).
E

where we used formula (2.3) in the third equality. Thus we see that,

fB = |detf|(f~1)*B, p € EPP. 4.4)
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Now let us consider the projection (here we write V, W = R")
TR > R m(ey, o xn) = (X1 ey Xni)s

where k > 0 and take a (p, p)-form o on R", with locally integrable coefficients, which
we will consider as a current. Assume this form « is such that & is proper on its sup-

port, and let w be a (n — p,n — p)-form on Rk = {(x1,...,x4—k)} . Observe that if
n—p > n—k, the form w is 0, so we assume this is not the case. We regard, for each
x € R the set 7~ 1(x) as R¥ with coordinates (Xn—k+1, -, Xy). Thus @ only con-

tains differentials dx; and d§; with 1 < i < n —k, and 7*w = w. Let us write ¢ =
Z|1|=|J|=P arydx; AdEy, and v = Z\K|=|L|=”*P wgrdxg A dép where each K and L
only contain indices between 1 and n — k. The (n, n)-form o A 7*w is a sum of terms of
the form oy joxrdx; Adéy Adxg A dEp and such a term vanishes if / and K, or if J and
L, contain the same indices. Since n — p < n — k, this implies that the only terms in the
expression defining « that will contribute to the push-forward are those for which dx; A d&;
contains the differential dx, 41 A+ - Adx, Ad&—g+1 N+ - - AdE,. In effect, we can write o
aso = {Z\I’lilf'\ip—k appdxp NdEpy ANdxy—gs1 A - ANdxy ANdEp_kp1 N+ ANdE, + R,
where R is such that R A " = 0 for every (n — p, n — p)-form o’ on R"~¥, and hence will
not contribute to the push forward. The definition of push-forward tells us that

(meot, ) = a T a)
/ / / (XL, vy X)) AL, oy Xn—i),
Wt Xn ) ERT K (X1, Xp) €~ (x)

and from this we deduce that the push forward of o under 7 is given by the (p —k, p—k)-form

= S anpduy adiy b Adug A A dE,

Nl T e
T i)W U= ==k

= Z ap g (X1, ..o, Xp—p)dxp ANdEy,
|I'|=|J"|=p—k

where

Ap g (X1, ey Xpg) = / apy(xt, .o X)dVi(Xn—k41, -, x0)  (4.5)
7Ti]()fl ~~~~~ Xn—k)

and d Vj is the volume measure induced by the chosen inner product on R”. We have hence
obtained an explicit formula for the push-forward of a form « under a projection. By using an
approximation argument, the discussion above still holds true if we assume « to be a current.
Now, since 7*dw = dn*w, we see that

(dmyo, ©) = + (T, do) = + (o, 7" dw) = + (1., do) = (Tde, 0),

which implies that m,do = dm.a. Thus, if « is closed, then m.« is closed as well. Since
strong positivity of forms is preserved under pullbacks, we find that if « is a weakly positive
form, then 7.« is weakly positive. Moreover, the formula

(f*oh O‘(nfk)f(pfk)ﬂ A J(,B)) = (0[7 Gn—pf*,B N J(f*,B)> s

tells us that if « is positive, then so is fi«. Thus we have:
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Proposition 4.5 Let 7 be a projection from R" onto a (n — k)-dimensional subspace, and
let a be a (weakly) positive (p, p)-current on R" x R" such that v is proper on the support
of a. Then the push-forward .o is a well-defined (p — k, p — k)-current. Moreover, .o is
(weakly) positive, and if « is closed then m.« is closed as well.

Let S be a strongly positive, closed, (p, p)-current such that

/S A (dd¥|x))"P < 4o0. (4.6)
E

We call the left hand side of (4.6) the degree of S. Let = be a projection from R” onto a
(n — k)-dimensional subspace L as above. Since the restriction of 7 to Supp(S) might not be
proper, the expression 7, S has no meaning as of yet. However, if x is a continuous function
with compact support on 77 ~' (L) and with values in [0, 1], we can consider the positive (but
not closed) current 7, x S on L. We have the following lemma:

Lemma 4.1 Let S be a strongly positive, closed, (p, p)-current of finite degree. Then, for
every compact subset K C L there exists a constant Cx > 0 which is independent of ¥,
such that the coefficients of . x S applied to K are bounded by Ck.

Proof We choose coordinates so that L = R ¥ as above and write x’ = (X1, ..., Xp—g). Itis
enough to prove that the statement holds for every ball with center at the origin, in R” ¥ Fix
such a ball B(0, R). Define a function ¢ on R” ¥ by letting ¢ (x") = |x’|? for x’ € B(0, 2R),
and ¢ (x') = 4R|x’| —4R? otherwise. Then ¢ € £, and dd*¢ = Z;l;lk dx; Ad&; on B(0, R).

Thus, (dd*$)"*=? = (dd*|x'|?)"~P on B(0, R), which implies that

Op,r) (T xS) = / XS A(dd€|x' 1)) P = / XS A(dd¢)"r
(B(0, R)xRk)xR" (B(0, R)xRk) xR"
< sup x / SA(ddp)'P.
E

Since ¢(x) < |x| + O(1), a slight adaptation of Proposition 3.11 tells us that fE S A
(ddp)""P < [5S A (dd|x])""P. Thus, by (4.6) we see that ®p(o ) (T4 xS) < —+00.
Since 7, x S is positive, we can apply Proposition 4.1 to obtain that every coefficient of 7, x S
when applied to B(0, R) has mass bounded by the trace-measure of xS acting on B(0, R)
and is consequently less than some constant Cr > 0 depending on R (since ¢ depends on

R) but not on x. The proposition follows.

Now, let S satisfy the hypothesis of the above lemma. Then Lemma 4.1 together with (4.5)
tells us that there is a constant C > 0 such that for every positive, compactly supported, con-
tinuous function x defined on 7~ 1(L) = R¥ with values in [0, 1], the following inequality
holds:

/ X Xn—ksts - X)) Sty oo, X)) A Vi (n—g 415 - -+, Xp) | < C - sup(x).
1 Xnk)

This implies that all of the integrals

/ Spp(xt, o X)dVi(Xn—k415 - -+ Xn)

A= e Xn—k)
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converge. Thus, if we let x g be functions of the kind considered with the additional assump-
tion that their support should exhaust 7 ~!(L) as R — oo, we see that the weak limit of
T« XRS as R — oo exists, and we put

.S = lim mexgS.
R—o0

It is easy to see that it does not depend on the choice of functions xg, and if 7 were to
have proper support on Supp(S), this definition would coincide with the previous one given
above. We want to show that this current is closed and positive. For this we construct explicit
choices of xr as follows:

Let xr : R4+ — R be the piecewise linear function, equal to 1 on [0, R], equal to 0 on
[2R, 400) and linear in between. Then i;e = R~ ! on the interval [R, 2R] and 0 otherwise.
We now put xg(x) = xr(|x]).

Proposition 4.6 Letw : R" — L be aprojection, where L is a (n —k)-dimensional subspace
of R", and assume that S is a strongly positive, closed, (p, p)-current of finite degree. Then
the push-forward, .S, is a well-defined positive, closed (p — k, p — k)-current. If p < k
then .S = 0.

Proof We have yet to show that it is closed and positive. But positivity is clear, since, if
o € DV PO,

/XRS/\G,,,,, mrfa ArFJ () >0,
E

((T68), Otn—t)—(p—ty ot A J (@) = Rli_)moo

by the positivity of S. To prove closedness, we use the specific function y g constructed above.
Then, for @ € D" P~ Ln=r(L),

(d(r.5), o) = £ lim (xr - S, 7*(da)) ([dxr A S, %)
—00

= lim

R—o0
thanks to S being closed. We need to show that limg_,c (dxg A S, 7*a) = 0. To this end
we define the following bi-linear form:

(v, w) = / SAop—pv A J(w),
E
where v, w are compactly supported, smooth (n — p, 0)-forms on R". Clearly (v, v) > 0,

since S is positive, and thus the bi-linear form is positive definite. A variant of the Cauchy—
Schwartz inequality tells us that for each € > 0,

(v, w) < €, v) + € Lw, w). 4.7
Let us define, for each R > 0,
2t—3, ifte[0,R)
Yr() = { 5z ift € [R,2R] .
*t—6, ift € (2R, 00)

Then g is convex, Yg(|x]) € L, and w;(t) = 1/R2 if t € [R,2R] and 0 otherwise.
Moreover, a direct calculation shows that

dd*yr —dxr Ad* g = 0. (4.8)
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Letvbea (n— p — 1, 0)-form, and w a (0, n — p)-form defined on R”~*, both smooth and
with compact support. Then

}(dXR AS, T VA n*w)| = /S ANdxr ATV AT W] = |(dXR AT, n'*w)| (4.9)
E
which by (4.7) is dominated by

e/S/\n*w/\J(n*w)—l—e_l/S/\dXR/\n*v/\J(dXR/\zr*v):I+II.
E E

Here the form 7 *w will not have compact support on R” so the first term actually has no
meaning. However, we may here replace 7 *w with y3gm*w which has compact support on
R"; doing so will not affect (4.9), since x3g = 1 on Supp(dxr). Using Lemma 4.1 we see
that the first term, /, is bounded by €C,,. For the second term, /7, we show that the trace
measure of the strongly positive current, SAd xg A J(d xg) tends to 0 as R — oo : For each
multi-index / of length n — p, we can use the idea of Lemma 4.1 to find a function ¢; € L,

such that,
dd*¢; = dd* [x} + - +x,.2n_p =dx; A dE;,

on B(0, 2R). Thus, since S Adxr A J(dxr) is strongly positive,

SAdxr AJ(dxr) Adxp AdEp| < / SAdxr AJdxr) Add*¢r|.

(0,2R) xRR" nxR?

By (4.8) the last integral is dominated by

/S/\dd#wR/\dd#qb[ .
E

Thus, since dd* ¥z (|x]) = R~2dd*|x| on B(0, R) and zero otherwise, we obtain by Propo-
sition 3.10 that

e ! / SAdxr AJ(dxr) Adxy AdE| < e_lR_Z/S Addtix| ndd?¢; < e 'RT2D,
(0,R)xR" E

for some constant D > 0 independent of R. Thus the trace measure of the positive current
S ANdxr N J(dxg) tends to O with R. Thus we find that the second term, /7, tends to O as
R — o0. In conclusion, we see that

lim (dxg A S, 7" (v Aw)) =0,
R—o0

for every pair of forms v and w as above. Since every (n — p — 1,n — p)-form « can be
written as a linear combination of forms of the type v A w as above, this implies that

. N
Jim (dxr NS, %) =0.

By definition, this mean precisely that d (7, S) = 0, as desired.
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Corollary 4.2 If fi,..., fp € L, then n*(dd#fl Ao A dd#f,,) is a positive and closed
(p — k, p — k)-current.

Proof The current dd” fi A -+ A dd* fp has finite degree by Proposition (3.9), and thus
satisfies the hypothesis of the Proposition.

5 Tropical geometry

For a finite set A in Z" we let P = conv(A), the convex hull in R” of the set A.

Definition 5.1 A tropical polynomial is a function f(x) = maxyea(—v(a) + « - x), where
v : A — Ris some arbitrary function. For a tropical polynomial f, we define the associated
tropical hypersurface, which we will denote V, as the set where f is not smooth.

Observe that a tropical polynomial is a convex function. Moreover, since the maximum of a
finite number of affine functions is piecewise affine, we see that V is the set where f is not
affine. This set coincides with the set where two or more of the elements which we take the
maximum over obtain the maximum value at the same time. It is easy to realize that V¢ thus
consist of finitely many affine hyperplanes (or rather convex polyhedras), glued together at
(n — 2)-dimensional affine manifolds of R”. Now, let us extend the function v to all of R"
by letting

v(x), x€A

UOO(X)=[00 ¢ A

The tropical polynomial f then coincides with the Legendre transform of v. It is a well
known fact of convex analysis that applying the Legendre transform twice to any function
g : R" — R will produce the largest convex function which is smaller than g at any point.
Thus, applying the Legendre transform to the tropical polynomial f gives us the largest
convex function on R” which, when restricted to A, is less than or equal to v. We will denote
this function by v. It is not hard to realize that v is piecewise affine on P and equal to +o00
on R™\ P. Let us assume for the time being that the dimension n = 2. Then the set ' C P
defined as the set where the function ¥ is singular, is a graph which is dual to the tropical line
Vs in the following sense (cf. [15]): each edge of I" is perpendicular to an edge of V¢ and vice
versa. One calls the graph I' a convex triangulation of the polytope P. Similar statements
hold in higher dimensions as well.

We can associate weights, normal vectors and primitive integer vectors to the facets of
Vy in the following way: consider an (n — 1)-dimensional facet V of V. The set V is the
set where precisely two of the affine functions competing for the maximum in the tropical
polynomial f,say —v(«1)+ o - x and —v(a2) + a2 - x, are equal and realize the maximum.
The facet V has two natural normal vectors defined from the data given, namely o — a2 and
ar — o1 We pick one of these two, and call it the normal vector v associated to V. Note that
a choice of normal vector v induces an orientation on V compatible with any fixed choice of
orientation on R”. We will only be interested in the pair (V, v) where we take the orientation
of V into account, and consequently it does not matter which vector we chose above to be
the normal vector associated to V': If we instead had chosen —v, the orientation of V would
have been reversed. The weight w is the absolute value of the greatest common divisor of
the numbers v!, ..., v", where v/ denotes the j:th component of the vector v. We let N
denote the primitive integer vector associated to v = o] — a2, i.e., the vector in Z" such that
wN =v.
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A tropical hypersurface V¢ thus consists of a finite number of convex polyhedras of
dimension (n — 1), call them V1, ..., Vs, which are glued together along convex polyhedras
of dimension (n — 2), which we denote by Wy, ..., W,.. Now, assume that W is the locus
of intersection of Vi, ..., Vi, and the sign of the corresponding normal vector v; has been
chosen such that each V; induces the same orientation on W;. We explain this last condition
in detail. Fix an orientation of W; and let {ey, .., e,—2} be a basis of Wy, compatible with the
orientation chosen. Fix also one of the convex polyhedras adjacent to Wy, say V;. Then there
exists a unique unit normal of Wy pointing into V7, which we denote by w1, and for which
{w, ey, .., e,—2} is a basis for V;. We choose the sign of v; so that {vy, wy, ey, .., ep—2}isa
basis compatible with the fixed orientation of R”. Under these circumstances one can show:

Proposition 5.1 (Balancing property of tropical varieties, cf. [9]) With the above hypothesis
the balancing condition holds around W :

k

Let us study an example as to see how tropical polynomials may arise in practice.

Consider a complex algebraic hypersurface {# = 0} in (C\ {0})", where % is a Laurent
polynomial A = ), 4 caz®, where multi-index notation is used. Let P = conv(A) be
the Newton polytope associated with f. We consider the function Log : (C\ {0})" — R”,
given by Log(z1,...,2,) = (—log|z1l, ..., —1og|z,|), and define A;, = Log({h = 0}).
This set A, C R” is called the amoeba of the polynomial /. Tropical pictures arise when
we start deforming the amoeba, and shrink its width to 0. To make this precise, we let for
t > 0,log,(x) = log(x)/log(t), and define Log; by exchanging log for log, in the definition
of Log. Also we define Afl = Log;({h = 0}). Then as t — 0, the sets A;l converges to a set
in the Hausdorff topology (cf. [9]), which we denote by Sy,. This set Sy, can actually be seen
to be piecewise affine, and all its pieces have rational slope. Thus, it constitutes a tropical
variety.

Example 5.1 Let us consider the two dimensional case. We choose the polynomial /4 to be
1 — z2 + w where (z, w) are coordinates for C2. Its Newton polytope is then the trian-
gle with vertices at the points (0, 0), (2, 0), and (0, 1). We want to consider the image of
{h = 0} C (C\{0})2, where we denote the coordinates on R? with (x, y), under the map
Log;. Of course, for a fixed point (zg, wo) € {h = 0} N (C\ {012, we have

1 1
oglzol _ OgIWOI) — (0.0),
logt logt

lim Log;(zp, wo) = lim (—

t—0 t—0
However, if we were allowed to insert the point (1, 0) (note that while 4 (1, 0) = 0, the point
does not belong to (C\ {0})2, we would obtain

liII(l) Log:(1,0) = (0, —00).
t—

Since we can find points in {# = 0} N (C\ {ohH? arbitrarily close to (1, 0), we see that the limit
set, Sp, will contain the ray starting at (0, 0) and “ending in” (0, —oo). Similar behaviour
will be observed for every point in {# = 0} (as a subset of C2) where at least one of the
coordinates is 0. Consequently, we start searching for those. If w = 0 then z = +1, if we are
to have (z, w) € {h = 0}. This point will give rise, under the Log-map, to the ray along the
y-axis starting at (0, 0) and ending in (0, —o00). Similarly, if z = 0 then w = —1, and this
point will give rise to the ray along the x-axis, starting at (0, 0) ending in (—o0, 0). Also,
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for z and w large, and (z, w) € {h = 0}, we have that log |w| = 2log|z|, thatis y =~ 2x.
Thus the amoeba will have three asymptotic lines, namely the sets (0o, 0] x {0}, {0} x (o0, 0]
and {y = 2x} N {x > 0}. Moreover, one can show that each component of the complement
of the amoeba is convex (cf. [11]). It is not hard to realize that if we consider the limit of
A’f as ¢ gets closer and closer to 0, the picture is that the “deformed” amoeba converges
to exactly the asymptotic lines we have found, and we obtain the tropical curve given by
the tropical polynomial max{0, y, 2x}. At this point we should also note that each of the
directional vectors for the lines are in fact normal vectors to the Newton polytope. As in the
above discussion, we say the S, is dual to the polytope P.

Tropical geometry can also be seen as algebraic geometry over a non-archimedian field,
K. The attribute non-archimedian means that the field has a norm which satisfy a stronger
condition than the triangle inequality, namely that

[x + y| < max{|x], |y[}.

Here we let K be the field of Puiseux series, namely the set of all formal power series
> 7€Q 9q 19, where we demand that the set of all ¢ such that a, # 0 is bounded from below.
We can equip K with a valuation map v : K — R, by demanding that v(3 7€Q aqyt?) is the
infimum of all g such that a, # 0. Let us now consider the polynomial ring K[z1, ..., z,],
and an element init, G. Thus G = Za,- ca Te; 2%, for A some finite subset of Z", and r,,;, € K.
To this G we associate its tropicalization

trop(G)(x) = max {a; - x — v(ry,)},
o €A

where x € R”, and « - x is the scalar product between x and «. For instance, trop(t—2zw +
rw?)(x, y) = max {—2 + x + y, 1 4+ 2y}. Similar as for the function Log defined above, we
put Val(zy,...,zn) = (val(zy), ..., val(z,)). We now come to an important point: One
can show ([5]) that the closure of the set Val({G = 0}) is equal to the set in R"” where
the maximum ¢ropG(x) = maxy;eca {o; - x — v(rg,)} is obtained by two or more of the ;.
Thus the closure of the set Val({G = 0}) defines a tropical variety. Of course, by letting the
function v in Definition 5.1 be equal to «; +> v(ry,), the tropical polynomial will be just
trop(G), and so we could equally well take the following as a definition of a tropical variety:

Proposition 5.2 ([5]) A tropical variety is given by the closure of Val({G = 0}) in R",
where G € K[z1, ..., zn].

Remark 5.1 Leth = >, 4 cqz® be a complex polynomial with #(0) = 0, where A is a
finite subset of Z". In the complex setting, there is a generalization of the Lelong number,
called Kisleman’s directed Lelong number, denoted y; o, (x), which gives more precise infor-
mation concerning the singularities of ¢. It depends on three parameters: a plurisubharmonic
function ¢ on C", a point z € C", and a vectorinx € R, and if x = (1, ..., 1) it reduces
to the ordinary (complex) Lelong number. It is well known that x — —y; ,(x) is a convex
function, for x € R’ For our discussion, it suffices to say that, with ¢(z) = log(h(z)),

V0,0 (X) = glelg{a -x}

This is closely related to choosing K = C and endowing K with the trivial valuation v(w) = 0
for every w € C. Indeed, then we would have

trop(h)(—x) = max{—o - x} = —y0,log(h(z)) (X)-
aeA
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For v a valuation on K, we put
tropy(log(h))(x) = max {o; - x — v(re;)}-
a; €A

Thus, if we restrict ourselves to complex polynomials, trop, could be considered as a gener-
alization of Kiselman’s Lelong number. It would be interesting to know if one could extend
trop, to act on arbitrary plurisubharmonic functions.

5.1 Tropical geometry and super currents

Since a tropical polynomial f is the maximum of a finite number of Z-affine functions on
V and since dd* f = 0 at points where f is affine, we must have that Supp(dd” f) = Vy.
Thus the support of the current dd” f coincides as a point set with the tropical hypersurface
V. We make the following definition.

Definition 5.2 The support of a current 7 is of dimension k if Supp(T') is a piecewise smooth
manifold of dimension k, that is, Supp(T') consists of a finite number of smooth manifolds
of dimension k, glued together along manifolds of lower dimension.

We can now prove the fundamental result of this paper.

Proposition 5.3 There is a one to one correspondence between tropical hypersurfaces V',
and closed, positive (1,1)-currents T whose support is of dimension n — 1, and whose normal
vectors (see below) are integral.

Proof Let T be as in the hypothesis, and denote by A the support of 7. We first show that A
is a piecewise affine manifold. Fix a point x € A, and a small ball B centered at x, such that
B\ A consists of precisely two components; call them Cy and C;. By Proposition 2.7 both Cy
and C; are convex, which implies that each (n — 1)-dimensional piece of A must be affine.
Thus A is piecewise affine. Now, by Proposition 2.6, we can find a convex function f such
that T = dd* f.Letusdenote by Vi, ..., Vy the (n — 1)-dimensional (affine) pieces of A.
Foreachi =1, ..., N, there is a vector v; € V and a real number ¢; such that, for x € V;,

f(x)=—ci+v-x.
The convexity of f implies that, in fact,

fx) = max (—c;+v;-x),
i=l,...N

for x € V. The condition that the currents normal vectors are integral, means that each
vector v; belongs to Z" (under the identification of V with R"). If this is the case, then f
is actually a tropical polynomial, and thus we can conclude that Supp(T') coincides with a
tropical hypersurface. This establishes one part of the correspondence. The second part is
easier: for each tropical hypersurface Vy we let T = dd* f; then T satisfies the hypothesis
of the proposition.

The arguments used above immediately give:

Corollary 5.1 If the support Supp(T) is of dimension n — 1, for a closed, positive (1, 1)-
current T, then Supp(T) is piecewise affine.

By the previous discussion, we know that Supp(T) = Vj consists of a finite number of
convex polyhedras V;, whose affine hull is of dimension n — 1, glued together at affine con-
vex polyhedras Wy of dimension n — 2. Let us recall the discussion before Proposition 5.1:
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each facet V; is the set where, for some 1, oy € A,
—Cqy F Vg * X = —Coy + Vgy - X

attains the maximum defining the tropical polynomial f, and we defined the normal vector
of V; to be, up to sign, equal to v; = o1 — «p. Thus v; is a normal vector to V; whose length
is determined by the tropical polynomial. We make the following definition:

Definition 5.3 The normal 1-form associated to V; is defined as v} = d(v; - x).

Let V be a hyperplane in R” with normal v, and let §y denote the surface measure of V. We
will consider the (1, 1)-current

1
—S8y v A J (),
[v]
whose action on an (n — 1, n — 1)-form « is defined by

1 1 AT A
<—8VU* A J(U*)’ a> = 7/‘ WSV
vl [v] J @n

Observe that this current does not depend on which sign we have chosen for the normal
vector v. This current represents a tropical variety:

Proposition 5.4 Let V. C R" be a hyperplane, determined by a normal vector v =
(v1, ..., V), and define f = max (0, v - x). Then

1
dd* f = mavv* A J(0%).

Moreover, we have the following equality
* 1 * *
[VIANJT( ):ﬁ&/v A J ), (5.1)
v
where [V] is the current of integration on V , with orientation determined by v.

Proof We prove Eq. (5.1) first. We have the following equality of currents on R":

iavu* =[V], (5.2)
vl

where [V] is the current of integration of V, defined in a natural way as

(V] @) Z/fx,

1%

for a acompactly supported dim V -form on R”. To prove this we extend {v} to an orthonormal
basis of R”, compatible with the orientation chosen, which we denote {|v| —ly, €l,...,en—1}.
For simplicity, we use the notation e* = ej A --- A ef_,. Then we need only to prove
the formula for forms of the type ape™, where «g is a function. But, since §y = e*, and
v* Ae* = |v|ldx) A -+ Adx,, we see that

dy
<—v*, aoe*> = (8V, aolv|~To* A e*) = /aoe*.
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On the other hand,

([V], ape*) = / ape”,

14

which proves the formula (5.2). Thus, we see that

|71|6vv* ANJ®) =[VIAJW).

We now proceed to prove the first formula of the proposition. Recall that if P' C V is a
submanifold of the same dimension as that of V, and with piecewise smooth boundary, then
the current T := [P’] A J (v*) satisfies

@dT,a)=([0PTAJ(V), ),

which follows from Stokes’ theorem (2.3).

We begin by considering the function f = max {0, x,,}. To compute dd* f we choose for
€ > 0, a family of smooth, one-variable functions g, satisfying lim¢_,o g¢(#) = max {0, ¢},
and limg_, ¢ gg = §o (the Dirac measure at 0). For such a family g, we put

Sexr, oo xn) = ge(xpn).
Then, for each @ € =11,

(dd* f.. o) = < £l dx, A déy, a> - < £ldxy A déy, a,,,,dxmg,,>

"
= /fg Uppdxi A -+ ANdxy,
Rn

where «,,, is the coefficient in front of dx, A d§, in the sum defining «. Thus we see that

lim (dd* fo, ) = / (X1, ooy Xn—1, 0)dx1 A~ Adxp_1, (5.3)
¢ Rn—l
which is the same as saying
dd* f = dd" max {0, x,} = [{x, = 0}] A d&,.

Now, let’s turn to the general case: as above, let {v/|v], ey, ..., e,—1} be an orthonormal
basis, and let F correspond to the matrix (v/|vl, e1, ..., ¢,—1) in the standard basis of R".
We again use the notation e* = e] A --- Ae)_,. Then, if we consider the action of dd* f on
the form ae™ A J(e*), since det F = 1 we get by (4.4) and the discussion above, that

(dd*max (0, v - x), ae* A J (")) = (dd*max (0, |v]x,), F*(ae* A J(e*)))

= |v| / F*(ae™) = |v| / ae®.

{xn=0} {v-x=0}

On the other hand,

([{v-x =0} A J(W"), ae™ A J (")) = |v] / ae*,

{v-x=0}
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where we used that fW J(v*) A J(e*) = |v|. Since we need only to consider forms that are
multiples of e* A J(e*), we have proved that

{v-x =0 A J") =dd*max(0,v - x),
which is what we aimed for.

For a tropical hypersurface V consisting of (n — 1)-dimensional convex polyhedras V;
as discussed before, we consider the current defined as T = ZlNzl [Vil A J(v}), and let
T = dd*f. The previou/s proposition shows that Supp(T — T') is of dimension/ at most
n — 2. Moreover, T — T is closed. These hypotheses actually implies that 7 — 7 = 0 as
follows from the following lemma.

Lemma 5.1 Let S be a closed (p, q)-current whose coefficients are measures and whose
support is a piecewise affine manifold M C R" of co-dimension p + 1. Then S = 0.

Proof Let x € M. Assume that, for a small neighbourhood U of x, we can choose coordi-
nates sothat M NU = {x; = xp = -+ = x4 = 0}. Since S has measure coefficients, it is
easy to see that

xS=x8=---=x,5=0

on U. It follows that d(x1S) = dx; A S = 0, thanks to S being closed. Thus, we can
write S = §' A dxy for a d-closed (p — 1, g)-current s By the same means sz, =0
from which we see that dxy A S =0andso S =5 A dx; for some (p — 2, g)-current
s, Repeating the argument, we eventually find that there is a (0, g)-current S” such that
S =S"AdxiA-- -Adx . As before, this s satisfies the equation S”/xp+1 = 0, whichimplies
S" Adxpp1+dS" x,11 =0.Thus S Adxpy1 =0on M,andsince S" =3, _, S;d&;

for some measures S;, we see that S W, and hence S, vanish on U. Thus we have shown that S
carries no mass on the pieces of Supp(S) which are of pure co-dimension p + 1. Thus § has
support that is a piecewise affine manifold of co-dimension p + 2. Iterating the procedure
above gives the desired result.

Concluding the discussion before the lemma, we obtain the following result:
Proposition 5.5 With the notation above, dd* f = > [Vi] A J(v}).

We can also show the following proposition, shedding more light on the connection between
currents and tropical hypersurfaces.

Proposition 5.6 Let T = > [Vi] A J (v}) be a tropical hypersurface. Then the condition
dT = 0 is equivalent to the balancing condition (cf. Proposition 5.1): for each (n — 2)-
dimensional affine manifold W defined as the locus where m hyperplanes V1, ..., V,, meet,
we have that ' v; = 0.

Proof For1 < j < n, we let vl.] denote the j:th component of the vector v;. Each V; has
a boundary built up from a number of (n — 2) dimensional pieces which we call P;. For a
fixed W where V1, ..., V,, meet, we then have finitely many Pi’, say Pll, R Pkl coinciding
with W as sets. Fixa (n —2,n — 1)-form o = Zl,j al,jcde A d&; with compact support in
a small neighbourhood of a point on W. We can choose the support so small that W is the
only part of co-dimension two of V that lies in Supp(c). Then, by Stokes’ theorem,

dT,a) = <Z[av,~] AJ(F), a> = <Z[Pil] AT (), a>.

i=1 i=1
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Thus, since J (v}) A Jé\, = vijdél A ANdEy,

m

dT, a) = Z<[Pil] A J()), Z“l.jdxl /\J-S\,> = :E:Z(Zv[j)/aljdxl.
1,j

i=1 j.1 \i=l1 W

Thus, if /L, v; = 0, this last sum is 0, whence (dT, &) = 0. Since we can do this for every
W, we see that dim(Supp(dT)) < n — 3 and since dT has measure coefficients, Lemma
(5.1) implies that dT = 0. Conversely, if (dT, o) = 0, then

n
Z(Zvij)/aljdxlzo
j.I \i=1 W 7

and so, to see that the balancing property holds, it suffices to choose, for every fixed Iy, jo,
a form o such that [}, oy, i dxi, =1and Jw o, ;=0for I # Iy, J # Jo.

Example 5.2 For the tropical hyperplane corresponding to the polynomial f = max {0, v - x}
we have

vo (V) = vo(dd" f) = |v].
To see this, let V be the singularity locus of f. Then, since T := dd* f = [V] A J(v*),

we have

n

1 #1 o 2n—1
Or(BO.N) = 30—y, Zvi / d&; A (dd*|x[*)"
=1 BO,/NV)xR

and it easy to see that,

! #F-2yn—1 — i n—1y,.n—1
21 — 1)l / d& A dd"|x|)" = Vol (B" )r" ™.
{B(0,r)NV}xR"
Thus
O7(B(0, ) = Vol (B" )[u|r"~",
and so
. Or(B(x,r))
ve(dd” f) = lim ———"—= = |v|,
r—0 r
as claimed.

An easy adaptation of this example shows the following:

Proposition 5.7 Let T = > [V;] A J(v}) and let x be a point where a finite number of the
polyhedra V; meet at a convex polyhedron of co-dimension 2. Assume, after reordering, that
they are Vi, ..., Vyy. Then

m

1
XGRS

i=1
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5.2 Intersection theory and tropical varieties of higher co-dimension

Let fi,..., fp be tropical polynomials with corresponding tropical hypersurfaces
Vi, pr.

Definition 5.4 The intersection of Vy,, ..., pr is defined as the strongly positive (p, p)-
current

Vi Ao AV, i=dd iAo AddE .
By Proposition 3.6 the intersection is stable in the following sense: if V. — V, then
Ve ANVIA-- AV, = VAVIA-- AV,

as ¢ — 0. However, it is important to realize that this does not imply that the support of
Ve AViA--- AV, tend to the support of V A Vi A --- A V), in the Hausdorff topology (see
Example 5.3). We proceed by investigating properties of intersections of tropical hypersur-
faces.

Proposition 5.8 Let v; be linearly independent vectors in R", for 1 < i < n, and define
fi(x) = max{0, v; - x}, where x € R". Then

dd* fi A -+ A dd? f, = 8
where
c =|det(vy,...,v,)l.

Proof Let F be the linear map corresponding to the inverse of the matrix (vy, ..., v,), SO
that |det|F|| = ¢ !. Then, fi o F = max(0, x;), and consequently

F*dd* f; = dd*max{0, x;}.
Using formula (4.4) we see that for a compactly supported, smooth function g,
(dd* fi A - Add? £, g) = c(F*@d* fy A--- Add? f,), F*g)
= c(dd*max{0, x1} A -+ Add*max{0, x,}, g o F).

By Fubini’s theorem and Eq. (5.3), the last line of the above equation is equal to c-(go F) (0) =
¢ - g(0), which finishes the proof.

If V; is a tropical hyperplane of the form
Vi =dd" fi = [{v; -x = 01 A T (v])
foreach 1 <i < g, the same argument as in the above proof gives us that
Vin-AVy=dd*fin---ndd*f =[{vi-x=0}N---N{y,-x =0}]
AP A AT ().

Notice that if two of the ¢ hyperplanes are parallel, then the intersection vanishes. Thus, in
this case the support, Supp(Vy--- - Vy), is either of dimension n — g or empty. This property
holds for general tropical hypersurfaces as well:

Proposition 5.9 Let Vi, ..., Vi, be tropical hypersurfaces such that Vi A--- A Vi, # 0.
Then,

dim(Supp(Vy A -+ A pr)) =n-—p.
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Proof By Proposition 5.5, each tropical hypersurface V can be written as

k
V=2 IVilA T,

i=1

whe~re each V,-~is a convex polyhedron of dimension n — 1. Each [V;] can be considered as
xi[Vi] where V; denotes the affine hull of V;, and yx; is the characteristic function

() = 1, xeV;
XilX) = 0, x¢Vi'

Define the (1, 1)-current V by
k
V=>ViIAJ@). (5.4
i=1

This current is positive and closed since each summand is, and satisfies the relation

Supp(V) C Supp(V).

Thus the inclusion
Supp(Vy N+ A Vi) C Supp(\;f1 Ao A pr)
holds, which implies, since dim(Supp(Vf, A A pr)) =n — p, that
dim(Supp(Vy A -+ A pr)) <n-—p.

By the assumption that Vi A -+ A Vg # 0 we see that in fact equality must hold, since
dim(Supp(Vy A--- A Vy,)) <n— p would force Vi A--- A Vy, = 0by Corollary 4.1.

The following result can be compared with the case of positive (1, 1)-currents in Proposition
2.7:

Proposition 5.10 Let T be a strongly positive, closed (p, p)-current of finite degree (i.e. T
satisfies (4.6)) such that Supp(T) is a piecewise smooth manifold of dimension n — p. Then
Supp(T) is piecewise affine.

Proof Let L be an affine subspace of R"” of dimension n — p + 1 and let 7; denote the
projection onto L. By Proposition 4.5, the push-forward (7r1,).T is a closed, positive (1, 1)-
current on L x L. Since Supp((n1)«T) C mr(Supp(T)), we see that for every subspace
L as above, Supp((mp)+T) is of at least co-dimension 1 in L. If the co-dimension is larger
than 1, then (7r7),T = 0 by Lemma 5.1. On the other hand, if the co-dimension is 1 we
obtain by Corollary 5.1, that Supp((7r).T) is piecewise affine. This implies that Supp(T)
is piecewise affine.

As an immediate corollary, we obtain:

Corollary 5.2 With the notation of Proposition 5.9, Supp(Vy A -+ A Vy,) is piecewise
affine.

Example 5.3 For a simple example, assume that we are in R> and consider the intersec-
tion dd* f A dd*g where f = max(0, vix + v2y), and g = max(0, wix + wpy) where
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(v1, v2) # (w1, wy) are vectors in RZ. This corresponds to the intersection between the lines
{vix 4+ v2y} and {w1x + wyy = 0}. Indeed, by Proposition 5.8,

de[|:wl UliHBo
wy VU

Thus the intersection of the two lines is the origin with intersection multiplicity determined
by the volume of the parallelepiped spanned by the defining vectors of the two lines. As was
noticed above, we see that if the two lines coincide, the intersection vanishes.

Let us take (vy, v2) = (w1, wy) = (1, 0) with associated tropical lines V and W and let
us perturb W slightly by considering the tropical line W, associated to g.(x) = max{(1 +
€)x1 + €xo, 0}. Then

dd* f ndd*g =

We -V =4

11+e€
det [0 € ]‘:5065

and
We - Vo>W.V,

ase — 0. But, Supp(W - V) = @ and Supp(W, - V) = {0}, which shows that the condition
We - V. — W -V does not imply that Supp(We - V) — Supp(W - V).

These results motivate the following definition:

Definition 5.5 A tropical variety of co-dimension p is the support of strongly positive, closed
(p, p)-current T of finite degree, and where T satisfies:

— dim(Supp(T)) =n — p, and
— each of the affine pieces of Supp(T) have rational slope.

A piece has rational slope if its affine hull, which is a plane of co-dimension k, is the set
where k linear forms with integer coefficients vanish.

Proposition 5.11 Let Vi, ..., V), be tropical hypersurfaces, and let T = Vi A --- AV,
Then, if T # 0, then T is a tropical variety of co-dimension p.

Proof Indeed, by Proposition 5.9 the dimension of Supp(T) is n — p, and by Corollary 5.2
we know that Supp(T) is piecewise affine. Moreover, since

Supp(Vy----- Vp) C Supp(V)) N ---N Supp(V,),

by Eq. (3.4), each piece has rational slope. Thus, T is a topical variety of co-dimension n — p.

The set theoretic intersection of two tropical hypersurfaces need not coincide with the sup-
port of a tropical variety. Indeed, if f = max{0, x, y} and g = max{0, x — y} then the set
theoretic intersection of V¢ and V, is the half-ray {(x, y) : y = x, x > 0} which is not a
tropical variety (for instance, it does not satisfy the balancing property). However, Vy A V,
is equal to dpwj,, which is a tropical variety.

Remark 5.2 The intersection theory developed here seems to fit well with the intersection
theory for tropical geometry considered in [10].
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5.3 Bezout’s theorem

We use the ideas we have developed to prove known theorems within tropical geometry.
Recall that we associated to an element f € L the function
~ . tx
f(x) = lim A ),
t—00 t

and that by Proposition 3.13 we have the following relation between f and f :

/ (dd" f)" = / dd" fy". (5.5)
E E

Letus explore the effects of this result to tropical polynomials. For f(x) = maxyea{cq +o-x}
it is easy to see that f (x) = maxgea{o - x}. Relating to the discussion in the beginning of
Sect. 5, this means that if f corresponds to a convex triangulation of conv(A) then f corre-
sponds to “forgetting” this triangulation. In fact, since

max{o - x} = max {«a-x},
acA aeconv(A)

we see that f is just the support function of the set conv(A).

Proposition 5.12 Let fi, ..., f, be tropical polynomials defined by

fi= max{cfx +o-x},
aEA;

where each A; is a finite set of point of Z", and céz are real numbers. Let A; = conv(A).
Then f; is the support function of A; and
/dd#flA---Add#f,,:n!-V(Al,...,/{,,). (5.6)
E

Proof Ttis clear that,if g = f; +---+ f,,then g = fl 4+ fn Thus, (5.5) implies that,
for every (t1,...,t,) € R,

n n
[ (0t (Zon)) = [ (o (o
E jelJ E jeJ
and so, by comparing coefficients, we see that
/dd#fl A ndd f, =/dd#f1 A ndd .
E E
Since fl is the support function of the set A;, we obtain from Proposition 3.12 that
/dd#f1 A Add* f,=nl- V(AL ..., Ay).
E

Remark 5.3 In the complex setting, there is an analogue of the associated function f,
called the indicator associated to a plurisubharmonic function of logarithmic growth. See
for instance the article [12], and also the article [13] where relations between mixed Monge-
Ampere measures (of plurisubharmonic functions of logarithmic growth) and mixed volumes
are obtained.
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Let us apply the above Proposition to obtain, in an easy way, two results from tropical geom-
etry. We stress that these are not new results. Let us assume for the moment that n = 2. A
tropical curve associated to a tropical polynomial f = maxyes{cy + « - x} is of degree d
if Newt(f) is equal to the set {(x,y) : x +y < d, x,y > 0}. The tropical version of the
Bezout theorem in 2 dimensions is the following:

Theorem 5.1 Consider two generic tropical curves C| and C, in R2 of degree d and d;
respectively. Then the number of intersection points counted with multiplicity is equal to
did;.

Proof If the curve C; corresponds to the tropical polynomial f; then we know that the number
of intersection between the curves is equal to

/ dd* fi A dd* f.
RZxR2
By Proposition 5.12 this number is equal to n! - V(Newt(f1), Newt(f2)). But, if we let
Se ={(x,y):x+y<d,x,y >0}, then
V(Say, Sa,) = Vol(Sq; + Sa,) — Vol(Sa;) — Vol(Sqa,)
=27 ((d1 + )’ — df = d3) = dd,

and we are done.

In general, we consider Eq. (5.6) to be the general version of Bezout’s theorem. As another
application, we show that the Proposition implies an interesting interplay between tropical
and ordinary polynomials (cf. [16]): We begin by recalling Bernstein’s theorem.

Theorem 5.2 Let Py, ..., P, be (generic) polynomials on (C\{0})". Then the number of
solutions of the system Py = --- = P, = 0 is equal to

n!-V(Newt(Py), ..., Newt(Py)),
where Newt (P;) is the Newton polytope of P;.

For each polynomial P;, we associate the function fl-(x) = SUPgenewr(p) & - X, that is,
the support function of Newt?(P;). Clearly, f; belongs to £ and is a tropical polynomial.
Then Proposition 5.12 combined with Bernstein’s theorem says the following: the number
(counted with multiplicities) of intersection points of the tropical hypersurfaces associated
to f; is equal to the number of intersection points of the varieties { P; = 0} C (C\{0})".
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