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Abstract  We show the David—Jerison construction of big pieces of Lipschitz graphs inside
a corkscrew domain does not require surface measure be upper Ahlfors regular. Thus we can
study absolute continuity of harmonic measure and surface measure on NTA domains of
locally finite perimeter using Lipschitz approximations. A partial analogue of the F. and M.
Riesz Theorem for simply connected planar domains is obtained for NTA domains in space.
As one consequence every Wolff snowflake has infinite surface measure.
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1 Introduction

What are the minimal assumptions on the boundary of a domain  C R” to guarantee its
harmonic measure w and surface measure o = "~ !9 have the same null sets? When
n =2, for example, one has the classic result of F. and M. Riesz [15]. In the plane, a topolog-
ical condition (d€2 is a Jordan curve) and a mild measure-theoretic condition (d€2 has finite
length) imply harmonic measure vanishes exactly on sets of zero length.

Theorem A (F. and M. Riesz 1916) Let Q@ C R? be a simply connected domain, bounded
by a Jordan curve. If 71 (3S2) < o0, then

a)(E):0¢>,%p1(E):0 for every Borel set E C 092. (1.1)

The author was partially supported by NSF grants DMS-0838212 and DMS-0856687.

M. Badger ()
Department of Mathematics, University of Washington, Box 354350, Seattle, WA 98195-4350, USA
e-mail: mbadger @math.washington.edu

@ Springer



242 M. Badger

If one strengthens the hypothesis .72 (3Q2) < oo in Theorem A, the relationship witnessed
between w and o is stronger than absolute continuity [11]. A Jordan curve 9<2is called a chord-
arc curve if 02 is a quasicircle and there exists a constant C > 0 such that ) (A(Q,r)) <Cr
forall Q € 92 and 0 < r < diam €2, where A(Q,r) = 3dQ N B(Q, r).

Theorem B (Lavrentiev 1936) Let 2 C R? be a simply connected domain, bounded by a
chord-arc curve. Then (1.1) holds and w € Ao (0), i.e., there exist constants 0 < § < 1 and
0 < & < 1 such that for every A = A(Q, 1),

o0(E) <8§0(A) = w(E) <ew(A) forevery Borel set E C A. (1.2)

An amusing fact is that the “one-sided” condition (1.2) implies (1.1). Actually w € Ax(0)
ifand only if 0 € A (w); see [2], also for several equivalent definitions of A, weights. For
further discussion on harmonic measure in the plane, the reader should consult [6].

The situation in higher dimensions is more delicate. In 1974, Ziemer [18] found a topolog-
ical sphere @ C R? whose boundary is 2-rectifiable with .2 (3<2) < oo, but whose harmonic
measure is supported on a subset of zero area. This means that any analogue of Theorem A
in space must impose extra non-topological conditions on d€2. In this paper, we show the
class of NTA domains (recalled in §4) satisfy the forward direction of (1.1).

Theorem 1.1 Let @ C R” be NTA. If #1932 is Radon (e.g. if #"~1(32) < 00), then
a2 is (n — 1)-rectifiable and

w(E) =0= #""Y(E)=0 forevery Borel set E C dS2. (1.3)

The proof of Theorem 1.1 that we present is based on the extension of Theorem B ton > 3
given by David and Jerison [4]. Let 2 C R” be a NTA domain and assume its surface measure
is Ahlfors regular; that is, there exists a constant C > 0 such that

c i <o N AQ, r) < Cr'l forall Q € 9Qand0 < r <. (1.4)

Using the existence of (n — 1)-disks inside B(Q,r) N Q and B(Q, )\ of radius > cor
(a weaker property than the corkscrew conditions enjoyed by NTA domains) and (1.4), David
and Jerison gave a geometric construction of Lipschitz domains 27 C B(Q,r) N 2 such
that 52"~ 1(32, N 92) > ¢;r"~!. In other words, there exists a Lipschitz approximation to
€2 at each location and scale, which has substantial intersection in the boundary. Applying
Dahlberg’s theorem relating harmonic and surface measures on Lipschitz domains [3] and a
localization property for harmonic measure on NTA domains [8] yields Theorem B for NTA
domains. (Theorem C was independently verified for 2-sided NTA domains by Semmes [16]
using a stopping time argument.)

Theorem C (David and Jerison, Semmes 1990) Let Q@ C R" be NTA. If (1.4) holds, then
wKoKwandw € Ax(0).

The existence of big pieces of Lipschitz graphs implies that every NTA domain satisfying
(1.4) is uniformly rectifiable; this notion of quantitative rectifiability is developed in [5].
For a class of domains with non-doubling harmonic measure, on which a variant of the A
condition in Theorem C still holds, see Bennewitz and Lewis [1]. In the present work, we
revisit David and Jerison’s construction of Lipschitz approximations to €2, focusing on the
case when €2 is a corkscrew domain (e.g. when 2 is NTA). We make two observations.
First surface measure on any corkscrew domain is automatically lower Ahlfors regular
(Lemma 2.3). Second constructing a Lipschitz approximation at a given location and scale
does not require surface measure be upper Ahlfors regular. Therefore one may relax the
assumption that (1.4) holds uniformly at all scales in Theorem C. This is our main result.
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Null sets of harmonic measure on NTA domains 243

Theorem 1.2 Let 2 C R" be NTA. Then the set

n—1
AT (AQ ) ool (1.5)

A= 92 : lim inf
[Q € H}lﬁ)n e

is (n — 1)-rectifiable and w_A < ol_A < wl_A.

If #7132 is Radon, then 2" ~1(dQ \ A) = 0. Hence Theorem 1.1 follows directly
from Theorem 1.2. It remains unknown whether the F. and M. Riesz theorem has a full
analogue on NTA domains in higher dimensions. However, in view of Theorem 1.2, one can
reverse the arrow in (1.3) if and only if

Conjecture 1.3 Let Q C R" be NTA. If 2" 19 is Radon, then
AN (AQ, 1))
— =0

rn—l

B=[Qeasz:nm (1.6)

rl0

has harmonic measure zero.

The paper is organized as follows. In Sects. 2-3, we demonstrate how to build a Lipschitz
domain €2/, inside of a corkscrew domain €2 at a given location Q € 92 and scale r > 0 such
that "1 (A( 0, r)) < oo. At each step of the construction, we keep careful track of depen-
dencies on parameters. The common boundary 92N d€2;, of a domain and its approximation
has size determined by the dimension n and corkscrew constant M of €2; the Lipschitz con-
stant and character of 7, only depends on n, M and the ratio y = "~ (A(Q,r))/r" .
Section 2.1 outlines the construction of €2; using cones of a fixed aperture and reduces the
approximation theorem (Theorem 2.4) to choosing the correct slope of the defining cones
(Proposition 2.8). In Sect. 2.2 we quantify the relationship between harmonic and surface
measures on the Lipschitz domain €27 . The main tool is Jerison and Kenig’s proof [7] of
Dahlberg’s theorem for star-shaped Lipschitz domains. The construction of 2 is completed
in Sect. 3, where we verify Proposition 2.8 by following the proof of the proposition in [4].

Section 4 is devoted to absolute continuity of harmonic measure on NTA domains of
locally finite perimeter. We derive Theorem 1.2 from three main ingredients: good Lipschitz
approximations to corkscrew domains (Theorem 2.4 and Lemma 2.13), a localization prop-
erty of harmonic measure on NTA domains (Lemma 4.3), and a Vitali type covering theorem
for Radon measures in R” (Theorem 4.6). An NTA domain is a corkscrew domain that also
satisfies a Harnack chain condition. The proof of absolute continuity that we give actually
shows Theorem 1.2 is valid on any corkscrew domain whose harmonic measure satisfies the
conclusion of Lemma 4.3.

Two applications of the main theorem are presented in Sect. 5. First we prove that every
Wolff snowflake (studied in [17] and [12]) has infinite surface measure. Second we compute
the (upper) Hausdorff dimension of harmonic measure on NTA domains of locally finite
perimeter: if Q C R" is NTA and 2"~1_9Q is Radon, then #~dimw = n — 1. This
section can be read independently of §§2—4.

2 Lipschitz approximation to Corkscrew domains
A closed set ¥ C R” has big pieces of Lipschitz graphs (often abbreviated BPLG) if (i)
#"~1_% is Ahlfors regular and (ii) there are constants ¢ > 0, 4 > 0 and ry > 0 such that

forevery Q € ¥ and 0 < r < ry there exists (up to an isometry in R") a graph I' C R” of an
h-Lipschitz function such that i (B(Q,r)ynxNl) > (pr"_l. In [4], David and Jerison
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244 M. Badger

proved if ¥ C R" has Ahlfors regular surface measure and the open set R"\ X satisfies a
“two disk” condition, then ¥ has BPLG. Reading their proof carefully reveals that the upper
bound in the Ahlfors regularity condition (1.4) is not used to build Lipschitz graphs I'. We
verify this claim over the next two sections, in the special case that ¥ =92 and 2 C R” is
a corkscrew domain. (This is the case applicable for Theorem 1.2 and using the corkscrew
condition instead of the two disk condition shortens the proof of several lemmas in §3.)

Definition 2.1 An open set 2 C R” satisfies the corkscrew condition with constants M > 1
and R > O provided thatforevery Q € dQ2andevery 0 < r < R there exists a non-tangential
point A = A(Q,r) € Qsuchthat |A — Q| < r and dist(A, 9Q2) > r/M.

Definition 2.2 An open set @ C R" is a corkscrew domain if €2 is connected and both €2
and R\ satisfy the corkscrew condition with constants M > 1 and R > 0.

When Q C R”" is a corkscrew domain, we write A*(Q, r) for non-tangential points in the
interior QT = Q and write A~ (Q, r) for non-tangential points in the exterior @~ = R\ Q of
Q2. Notice the definition does not require the exterior of a corkscrew domain to be connected.

Let us start with a simple application of the interior and the exterior corkscrew conditions.
Surface measure on a corkscrew domain is always lower Ahlfors regular. Here we normalize
Hausdorff measure so that 5"~ (B,_(0, 1)) = w,_;.

Lemma 2.3 There exists a constant 8 = B(n, M) > 0 such that for every corkscrew domain
Q C R" with constants M > 1 and R > 0,

AN, 1) = B! forall Q € 92 and 0 <r < R. 2.1)

Proof Write t = M/(M + 1) and choose non-tangential points a* = A*(Q, tr) of Q*.
Then B(a™, tr/M) C QT N B(Q, r). Let 7 denote orthogonal projection onto a plane P (of
codimension 1) orthogonal to the line segment connecting ¢t and a~. Assign D* to be the
(n — 1)-dimensional disk of radius ¢r/M inside of B(a®, tr/M) and parallel to P. Because
D% and D~ lie in different connected components of R"\d<2 and the ball B(Q, r) is convex,
any line segment from DT to D™ must intersect A(Q, r). Hence, since 7 (D) = 7 (D7) is
adisk of radius tr/M =r/(M + 1) (Fig. 1),
n—1
) . (2.2)

AN AQ. 1) = A" (7 (AQ, 1) = A" N (DF)) = wp (M—Jrl

Thus 8 = w,—1 /(M + 1)"~! suffices.

Our main goal in this section is to construct Lipschitz domains inside corkscrew domains
with substantial intersection on the boundary. An important observation is the size of the big
pieces of Lipschitz graphs depends only on the corkscrew constant.

Theorem 2.4 Let Q C R" be a corkscrew domain with constants M > 1 and R > 0. There
exists a constant ¥ = ¥ (n, M) > O with the following property. For every point Q € 992
and every positive number r < R such that "~ (A(Q, r)) < 00,

(x) forevery non-tangential pointa = A (Q, r/2) there exists a Lipschitz domain Qp C R"
suchthata € Qp C QN B(Q, r), A" 1 @QNIQ) > Yr" !, and 92 N9 is con-
tained in (the rigid motion of) a single Lipschitz graph.

Moreover, we can find Q2 in (x) so that the Lipschitz constant and character of 2y, depend
only on n, M and the ratio y = "~ (A(Q,r))/r" .
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Null sets of harmonic measure on NTA domains 245

Fig. 1 Proof of Lemma 2.3

Corollary 2.5 If Q C R" is a corkscrew domain and 5"~ '_9KQ is upper Ahlfors regular,
then 02 has big pieces of Lipschitz graphs.

Corollary 2.6 Let 2 C R" be a corkscrew domain with constants M > 1 and R > 0. There
exists a constant h=h(n, M) > 0 such that

{Qeo2: ,%””_I(A(Q, r)) < oo for some r > 0} 2.3)

is contained, modulo a set of 7" -measure zero, in the countable union of sets F;(R"!)
where each function F; : R"™! — R has Lipschitz constant at most h.

2.1 Constructing a Lipschitz Approximation

Let 2 C R” be a corkscrew domain with constants M > 1 and R > 0, and fix Q € 92 and
0 < r < R such that

A"HAW, ) < yr*T! < 0. (2.4)

We do not normalize the radius r, because we want to emphasize that the construction takes
place at any fixed scale such that " NAQ, 1)) /"1 < 0o. Our immediate goal is to find
a constant ¢ =y (n, M) > 0 such that (x) in Theorem 2.4 holds.

Let a non-tangential point a =A™ (Q, r/2) of Q be given. We select a piece of the bound-
ary to approximate as follows. Pick any non-tangential point b= A" (Q, r/2) of Q™. Then
the line segment from a to b intersects A(Q, r/2) in some point Q’. After a harmless trans-
lation and rotation, we may assume that Q' =0, a=(0, a,) and b= (0, —b,,) where r/2M <
an, b, < r.Note that B(a,r/2M) C B(Q,r) N Q2 and B(b,r/2M) C B(Q,r) N Q™. Let
Iy=[—s/2, s/2]"’1 C R"~1 be the (n — 1)-dimensional cube with side length

r
S M1 23
centered at the origin. Then I} = Iy x {a,} C B(a,r/4M). Write 7 : R" — R*! and
f : R" — R for the orthogonal projections onto the first (n — 1) coordinates and the last
coordinate of R", respectively. Fix a cone % opening upwards,

“={zeR": f() = hir(@)}. 2.6)
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with parameter 2 >> 1 to be chosen later. Let .7 denote the trapezoidal region
T={yeR":=b, < f(y) <ayand (y + ) N f~(ay) C I1} .7)

and write 7 = 92 N .7 for the portion of boundary in .7. We shall approximate 7.
The reader can check that Iy x [a, — s/4,a,] C B(a,r/2M) C 2 and similarly that
Io x [=by,, —b, +s/4] C B(b,r/2M) C Q~. Thus we know

—b,+s5/4< f(y)<a,—s/4 forallyeT. (2.8)

If the slope & of the cone ¥ is sufficiently large, then the surface T has large measure.
Lemma 2.7 Ifh > ho = 16M~/n — 1, then "~ (n(T)) > r"~'/ (4M~/n — 1)"".

Proof If h is sufficiently large, we claim that .7 contains the (n — 1)-dimensional cube
I = [—s/4,5/41""" x {—b,}. Indeed first note I, C 7 if and only if the corner y =
(s/4,...,s/4, —by) of the cube satisfies (y + %) N f~'(a,) C I;. Hence if z € R",
f@) =hin(2)|and —b, + f(z) = f(y +2) =a, (.e. y +z € (y +3€) N f~ (ay)) then
s/4+ |7 (2)| <s/2(.e. y+z € l)implies [, C 7. Thatis,

s ap+by, K
- <= I 7. 2.9
1 + ) = hC (2.9)
Since a,, + b, <2r =4Ms+/n — 1, we find that I, C 7 provided
s  4Ms/n—1 K
- < —. 2.10
4 + h -2 ( )

Thus I, C 7 when h > hy = 16M+/n — 1. Because every vertical line segment from
LCQ NItol; C QTN T intersects T and 7 (1) N (1) = 7 (l>), we conclude

N

AN (1) = 2 () = (5 @.11)

)= Gar=)

whenever h > hy.

We now use the cone ¢ to identify a subset of 7 which intersects a Lipschitz graph
contained inside 2 N B(Q, r) in a big piece. By a standard argument the set Tt (Fig. 2),

ITr={yeT:(y+)NT ={y}}, (2.12)

sits inside the graph I" of a function F : Iy — R with Lipschitz constant at most /. Note by
(2.8) replacing F by max(min(F, a, — s/4), —b,, + s/4) does not effect I' N T. Hence we
may assume without loss of generality that —b,, + s/4 < F(x) < a, — s/4 for all x € Iy.
Define the domain

Qr={(x,u)elpxR:u>Fx)}Nint (7 U Iy x [ay, a, + s/4])). (2.13)

That is, €27, is obtained by taking the area above I" inside .7 and then extending upwards so
that B(a, s/4) lies inside the domain. Since the vertical extension satisfies Iy X [a,, a, +
s/4] C B(a,r/2M), Qp C N B(Q,r) and Qr is a Lipschitz domain with intersection
07, N3 =T NT = Tr. Notice that Q27 can be covered by c(n) Lipschitz graphs with
constant at most /.

To select the slope i of € large enough so that 2Ty > 1/fr”’1 for some constant
Y =y, M) > 0, we need the following claim, a slight modification of the geometric
proposition in [4].
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Null sets of harmonic measure on NTA domains 247

s/4

ANV N )

Fig. 2 What do T and 2 look like?

[1
0

Proposition 2.8 For all ¢ > 0, there exists h > ho depending only on n, M, y and € such
that "~V (r (T)\7 (T1)) < er"~ 1.

The proof of Proposition 2.8 is a long but fairly straightforward application of the cork-
screw condition on the exterior 2~ of €2, the lower Ahlfors regularity of " 1L9Q, and
the upper bound 2"~ (A(Q, r)) < yr"~!; details are postponed until §3. First let us finish
studying the Lipschitz approximation €27, to 2 N B(Q, r).

Proof of Theorem 2.4 By Lemma 2.7 and Proposition 2.8,
A" NIy = " (e (Tr) = 2" (1) — 2" (e (T)\ (Tr))

> (1,,_1 — s)rnl. (2.14)
(4M/n —1)

Choosing ¢ > 0 sufficiently small (equivalently choosing & > hq sufficiently large), we
conclude that #1832, N 9Q) = #~(Tt) > ¢r"~! with

1
. — (2.15)

BMn—1)"""

The constant i only depends on n and M; the Lipschitz constant of the graph I and the
Lipschitz character of the domain €27 are determined by 4 and thus by n, M, y.

2.2 Harmonic measure and the A-infinity condition

Next we compare harmonic measure wy, and surface measure o7 on 27, (Lemma 2.13) using
constants depending only on n, M and y. A theorem of Dahlberg [3] asserts a strong rela-
tionship between harmonic measure and surface measure exists on any bounded Lipschitz
domain.

Theorem 2.9 ([3] Theorem 3) Let D C R" be a bounded Lipschitz domain equipped with
harmonic measure wp and surface measure op. Then wp € Ax(0p).

To use Theorem 2.9 effectively, we must understand the dependence of constants in the
Ao condition on the features of a Lipschitz domain. There are two proofs of Theorem 2.9
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248 M. Badger

(Dahlberg [3], Jerison and Kenig [7]) and each proof first establishes the theorem on a special
class of star-shaped Lipschitz domains. (A domain D is called star-shaped with center c if
every open line segment from c to d D lies inside D.) Thus the A, condition in Theorem 2.9
may depend on how star-shaped Lipschitz domains cover the original domain. To clarify this
dependence, we need to introduce some notation. Let D be a star-shaped Lipschitz domain
with center ¢, and write ny for the outer unit normal to 0D defined at /7" n—1_ae. y € dD.
Define the angle function v¥p .(y) (see Fig. 3) by

<ny7 y = C)

cosv =
ly —cll

, 0<9 <m. (2.16)
Note #p (y) is defined at A" 'ae. y € aD. Since D is star-shaped with center ¢, the
angle function ¥'p .(y) € [0, /2] almost surely.

The following proposition is adapted from the proof of Theorem 2.9 in [7].

Proposition 2.10 Let D CR" be a bounded star-shaped Lipschitz domain with center ¢ € D.
Let h be the Lipschitz constant of D and assume there exists radii p1, p» > 0 such that
B(c, p1) C D C B(c, p2). Forall b9 < 1 /2, there exists a constant C = C(n, h, p2/p1, Do)
with the following property. If ¥p . < 09 a.e. on Ap(yo, ro) for some yy € 3D and ry > 0,
then the Radon-Nikodym derivative k = dw$, /dop of harmonic measure with pole at ¢ with
respect to surface measure satisfies the reverse Holder inequality

12
G[ kszD) < C][ kdop forevery Ap(y,r) C Ap(yo,ro). (2.17)
A(y,r) A(y,r)

Here the dashed integral fA kdo = (o(A))~! f A kdo denotes an average. By the theory
of A weights, if condition (2.17) holds, then (1.2) also holds on A p(yo, r9) with constants
8 and ¢ which depend only on n and C.

Let us return our attention to the comparison of harmonic measure and surface measure
on Q. First we cover 27, using two types of star-shaped Lipschitz domains (see Fig. 4) and
estimate harmonic measure in each case separately.

Lemma 2.11 Up to a dilation, the Lipschitz domain
Dip ={y € QL : f(y) > an —s/4} (2.18)

is determined by n and h. Moreover, there exists a constant ng = no(n, M, y) such that

v

Wi (E) <no = A" NE) < Zr”—l forall E C 9Q, N Dyop (2.19)

Here ] denotes harmonic measure of 2 with pole at a.

Fig. 3 The angle function
79D,c(y)
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s/4h
el

[+
s/4
a
QO
| s/4
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IOV 0\/ V IOV 0\/ \/

Fig. 4 Star-shaped domains in Lemmas 2.11 and 2.12

Proof The Lipschitz function F : Iy — R used to build 7, satisfied F(x) < a, — s/4 for
all x € Ip. Hence Dy is a fixed subset of the region int(7 U (Iy x [ay, a, + s/4])) and
determined by n and h. By Theorem 2.9, a)taop € Aco(o10p), where a)fop is harmonic mea-

sure on Dy, with pole at a and oyop = ) Dyop. Thus there exist constants p, g > 0
depending only on n and & such that

q
A" NE) < p [wfop(E)] A" (Dyop) forall E C 0 Dyop. (2.20)

On one hand, wfop(E) < wj(E) forall E C 9Qy N 3 Dyop, by the maximum principle. On
the other hand, 72" ~! (Dyop) < Cor"~1 for some Cy = Cy(n, h). Therefore,

A" NE) < Cop [0 (E)]" r"™ forall E C 9921, N Dyop, (2.21)
and the constant ng = (y//4Cop)'/1 depending only on n, M and y suffices.

Lemma 2.12 Set h* = ha/n — 1. For each ¢ € I, define
De={yeQr:|n(y) =)l < s/8h"} (2.22)

where ||x|leo = max; |x;| for all x € R"™'. Assume |7(¢)||loo < §/2 — s/4h* — 5/8h*.
Then D, is a star-shaped Lipschitz domain with center c, the Lipschitz constant of D, is
at most h and B(c, s/8h*) C D. C B(c,4Ms+/n — 1). Moreover, there exists a constant
M =v1(n, M, y) < /2 such that Op . < U1 on d D, almost surely.

Proof Fix any point ¢ € I} such that ||7(¢)|lco < s/2 — s/4h™ — 5/8h™*. This condition on

¢ guarantees that || (y)|lcc < /2 — s/4h* for all y € D, and the top portion of D, is a box
that (up to translation) is independent of c:

Dc N Dyop = ((c) — s/8h*, m(c) + s/8)Y' U x (ap — s/4, an + 5/4).  (2.23)

Hence B(c, s/8h*) C D.. The inclusion D, C B(c,4Ms+/n — 1) follows from (2.8). The
bottom portion of D, (i.e. D, N f’1 (—o00, a, — s/4)) is the area above the graph

FCe={yedQ,NC:|x(y)—m)loo <s/8h*}. (2.24)
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250 M. Badger

Forall p > 0let %, = {z € R" : f(z) > p|n(2)|} denote the cone opening upwards with
slope p. The cone used to define 2; above was ¥ = %;,. If y € ', thenc € y + %
since f(c) — f(y) =a, — f(y) = s/4and |7 (c) — 7 (y)| < s/8h. Because 62, C %) and
(y + ¢, N T = {y}, the open line segment from c to y € I, is contained in D.. Thus D, is
star-shaped with respect to c¢. It remains to bound the angle function.

Suppose ny is an outer normal to 9D, defined at y € I'c. On one hand, ny, € —Cy,y,
since (y + ¢») N I" = {y}. On the other hand, y — ¢ € —%3;,. The greatest angle between

a vector v € —%);, and a vector w € —%), is obtained by v = (1,0, ..., —1/h) and
w = (—1,0,...,—2h); in this case,
) 1
cost = W) (2.25)

= = > .
Iviliwl (L + A= HI2A + 42— 110

We conclude 9p (y) < cos’l(l/h«/ 10) < m/2 for almost every y € I'.. Bounding ¥p
on d D \I'. (that is, on sides of a box) is easier and left to the reader.

Equipped with Proposition 2.10, Lemma 2.11 and Lemma 2.12, we are ready to compare
harmonic measure and surface measure on ;..

Lemma 2.13 There exists a constant 0 < n < 1 depending only on n, M and y with the
following property. For every Borel set E C 0L2p,

W (B) <0 = A" () < U (2.26)
Here w{ denotes harmonic measure on Q2 with pole at a.
Proof Choose points cy, ..., ¢;, € I such that |7 (¢;)|looc < /2 —5/4h* —5/8h* and
(—s/2+ s/4h*, 5/2 — s /AR*)" "1 x {a,} C U D,. (2.27)
i
We can make this choice so that iy only depends on n and /. Notice that
02 C 9Dwop U | JTe; (2.28)

1

The points ¢; and a lie inside Dyyp, at a uniform distance away from 0 Dyop. By Lemma 2.11
and Harnack’s inequality, there exists a constant C1 = Cy(n, h) > 1 such that

wzi(E) < Ciw"(E) foralll <i <ipand E C 3Q2. (2.29)

Thus, in view of (2.19), (2.28) and (2.29), to prove Lemma 2.13 it suffices to display n =
n(n, M, y) € (0, no) small enough so that

i (ENT,) <Cin=#""YENT,,) < %r"*l (2.30)
foralll <i <ipand E C 0%2.

By Proposition 2.10 and Lemma 2.12, D, is a star-shaped Lipschitz domain whose
harmonic measure a)g satisfies (2.17) on every disk for some constant C, depending only on
n, M and y. An equivalent form of the Ao, condition states that for every ¢ > 0 there exists
8 = §8(n, Cp, &) > 0 such that

WHENT,) <8 = #""WENT,) < e 1 OD,,). (2.31)
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But jf”’l(aDCi) < Cs(n, h)r"~!, so we can assign ¢ = C;lw/4io to find a constant
8§ =38(n, M, y) > 0such that

W} (ENT,) <8= 4" YENT,,) < %r"*. (2.32)
io
Set n = min(ng, §/C1) so that n only depends on n, M and y. Then (2.30) follows from
(2.32) and the maximum principle.

3 Proof of Proposition 2.8

We continue to assume the notation adopted in §2.1. Let ¢ > 0 be given. Our goal is to
choose the slope & > hg of the cone % so that A" N (T)\7w (Tr)) < er"~!. In the course
of exposition we shall introduce several constants and indicate their dependence on pre-
viously defined quantities; each one will ultimately depend on at most n (dimension), M
(corkscrew constant), y (upper bound at scale r) and ¢. Following [4], we start by breaking
up the set 7 (T)\7 (TT) into manageable pieces.

Lemma 3.1 Ler H : R"~! — [0, 0o] be the function

A" N(AQ, ) NaT (D)

EZ=T0 I cR" Visacubeandx € 1}. (3.1)

H(x) = sup [
If g (N) = {x e R"1: H(x) > N}, then #" *(Ag(N)) < 5" lyr"~1/N.
Proof Just note H (x) is the maximal function of the the measure

w=my (A" LAQ, 1)) (32)

with respect to the Lebesgue measure on R~ !. By the Hardy-Littlewood maximal theorem
(for example, see Theorem 2.19 in [14]), 52"~ 'y (N)) < 5" Lw(@®""1)/N. By (2.4), u
has total mass u(R"~1) < yr"1.

Note that the upper bound "N A0, 1)) < yr”_1 on surface measure was used in the
proof of Lemma 3.1. It will not be used again until after proof of Lemma 3.8.

For the remainder of the section, fix N = 2 - 5"~y /e so that the set A = Ag(N) of
points in R"~! where the maximal function H (x) is large has small measure, 7 n=l(A) <
(s/Z)r”_l. We must control the size of 7 (T)\7 (Tt) in A€ = R \A.Foreachy € 7, let
L(y) = [y, (m(y), an)] denote the vertical segment above y in .7. Then the set of points

Tp={yeT:Ly)NnT ={y}} (3.3)

denotes the “top edge” of 92 inside .7. Observe that Tr C Tg C T and n(T) = n(TE). Let
a be a large power of 2 to be chosen later (after Lemma 3.8) and abbreviate s, = s/a” for
all p. For each integer k > 0, define the set F; C Ip (Fig. 5),

Fr ={n(y):3y,z€ Tgsuchthatz € y+ % and sp < f(z) — f(y) < sk—1}. (3.4)

By (2.8), if we choose as = s_1 > a, + b, — s/2, each bad point x € 7 (T)\x (1)
belongs to at least one Fy. For this reason, we will stipulate that

a>4MVn—1=2r/s > s Ya, + by — s/2). (3.5)
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Fig.5 A pointw(y) € Fy

Thus, we can prove Proposition 2.8 by verifying 7" ~! (Uk Fk) < er"~!, or because of
Lemma 3.1, by demonstrating that

> AN ENA) < gr"—l for some h > ho. (3.6)
k

Remark 3.2 We do not assert that T or Fj, are measurable. While this fact is irksome, it does
not hinder the proof. A careful reader will observe that we only use countable subadditivity
of the outer measure .72~ in coverings involving Fy.

The next lemma captures a simple idea. If the surface Q2 Nz ~!(I) overa cube I ¢ R*~!
has a big vertical span relative to the width of 7, then the maximal function is big on / (by
lower Ahlfors regularity). Thus the maximal theorem limits the frequency of “vertical jumps”
in 0Q2. Let B = B(n, M) be the constant given in Lemma 2.3. Define the n-dimensional box
X =21y x [—by,,a,]and note  C Z C B(Q,r).

Lemma 3.3 Let I C 21y be a cube of side length t. Suppose one can find line segments L
inQNRZand L' in Q™ N X such that w(L) and w (L") belong to I and f(L) N f(L') isa
segment of length > [4"~'B=IN1t. Then the cube I belongs to A.

Proof Select (4”_1,3_1N1 points u; in f(L) N f(L") suchthat |u; —u | >t fori # j.Then
for each u; the horizontal line segment in f ~!(u;) which joins L to L’ intersects d€2 at some
point y;, because L and L’ belong to different components of %#\9€2. The balls A(y;, 1/2)
are disjoint sets and by Lemma 2.3 (note t < 25 < r < R),

n—1
! (U A, r/2>) =@ pTINB (%) =Na"en. G

Hence, 21 C A, since A(y;, t/2) C A(Q,r) N~ (21) for each y; (one easily checks that
the distance of Z to R"\ B(Q, r) is farther than ¢/2). In particular, I C A.

It will be convenient to work with a “dyadic” decomposition of /p. We say that a cube
I C Iy is admissible if the cube {(1/2,...,1/2) 4+ x/s : x € I} is dyadic in the usual sense.
Hence Iy is admissible and every admissible cube I C Iy of side length s/2 is the almost
disjoint union of 2/~1 admissible cubes of side length s/2*/. Moreover, given any cube
I C Iy of side length ¢, we can find an admissible cube contained in / of side length > ¢ /4.
The following “search lemma” locates admissible cubes inside A U Fy,.
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Lemma 3.4 There exist constants C1 = C1(n, N, a, B) and C, = Co(n, M, N, B) with the
following property. If I C Iy is any cube with side length t satisfying

C
Wlsk <t <s. (3.8)

then one can find an admissible cube J C I N (A U FY) of side length >t/ C».

Proof Let I C Ip with side length ¢, Cih~lsp <t < s be given. Since any cube contains
an admissible cube of comparable size, we may first search for a cube J C I N (A U FY)
which is not necessarily admissible.

For every cube 2 C R"~! such that 7 (T) N 2 # @, define

M2) =max{f(y):y e Tgand n(y) € 2}. 3.9
The maximum in (3.9) is realized, because T is the “top edge” of T and T is compact.
Suppose there exists a cube 2 C I of side length gt such that A(2) < A (32) + si/8.
Pick w € T such that 7(w) € 12 and f(w) = A(J2), and let c = A~ (w, qt/8) be

a non-tangential point of Q. Then B(c, gt/8M) C Q™. We assign K C R"~! to be the
(n — 1)-dimensional cube with center 7 (c¢) and side length t¢,

tx =[4"7' BN gt /4M. (3.10)
Note K C 2 C I, since 7 (c) is the center of K, 7w (w) € %e@, dist(%e@, 2¢) = qt /4 and

di K t 1 3qgt
AR 1) — n(w)] < ?—6 + % - % forall x € K. (3.11)

If K N Fy = @, we are done. Otherwise there exist points y, z € Tg such that 7(y) € K,
zey+Fand sy < f(z) — f(y) < sk—1. We claim 7 (z) € 2 if C; is sufficiently large.
Because z € y + ¢ and Cih s, <1,

() — I <h N (f) = f(») < h'ase < ta/C). (3.12)
Since 7 (y) € K, using (3.11) it follows that

dist(x, 1.2) <

o 3
dist(w (2), 1.2) < |7(2) — 7 ()| + dist(x (y), 1.2) <1 (F + TZ) . G13)
1
Hence, dist(7(z), %3) < gt/4 and 7(z) € 2 provided C; > 16«/q. Assume that Ci has
been chosen so that this is true. Then

7 7 3
fO) S f@) —sk <MD — s <M32) — gk =fw) — g8 = fO) =75 (.14)

where the last inequality holds since | f(¢) — f(w)| < |c — w| < gt/8 < sx/8. Now con-
sider the line segment L = L(y) C 2 N % and let L’ be the vertical line segment inside
B(c,qt/8M) C Q~ N % through ¢ with length gr/4M. By (3.14), f(L") C f(L). Hence
7 (L) = w(y) and (L") = 7(c) belong to K and f(L) N f(L') = f(L') is a line segment
of length > [4"~ 18~ N7tgx. By Lemma 3.3, the cube K C A. We have proved that if C; >
16ct/q and if there exists a cube 2 C I of side length gt such that A(2) < A(%Q) + s /8,
then I N (A U FY) contains a cube K of side length tx = [4n=18=IN1"1gr/4M.

To finish the lemma, set mo = [32"~ '8~ N7 and consider the sequence of cubes I D
J1 D -+ D Ju, with the same center as / but with side lengths 7, 7/2, ..., /2", There are
three alternatives. First if it happens J,, N7 (T) = @ forsome 1 < m < moq,then J,, N Fx =0
and we set J = J,,. Otherwise we know A(J,,) is defined for every m. Second suppose that
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for each m < mo, A(Jy) = A(Jm+1) + sx/8. Then one can find mq points y,, € T such that
T(ym) € I C Ibut |y — vyl = 1f Om) — Fmr)| > sx/8 > t/8 for each m # m’. The
my surface balls A(y,,,t/16) C A(0,r) N a2 are disjoint; by Lemma 2.3,

A"HAO, 1) N @) = meBt/16)" !
> 32" N /16)" " = N 2. (3.15)

Thus, 2/ C A and wecanselect J = I. Third suppose that 1(J,,) < A(Jp+1)+5k/8 for some
1 <m < mg. Put C; = 2m0t3gy (which depends only on 2, N, « and B) so that C; > 16«/q
for g = 1/2™. With 2 = J,, the argument above produces a cube K C I N (A U FY)
with side length rx = [4"~18~1N171g¢/4M and we can set J = K. In the worst scenario
(the last case), we found a cube J C I N (A U FY) of side length > ¢/2mo+2n+1g=Inpp,
Therefore, since any cube contains an admissible cube at least one-quarter of its own size,
we can take Cy = 2"0+21+3 =1 N M1 (which depends only on n, M, N and 8).

Next we iterate Lemma 3.4. If the slope & of ¥ is sufficiently large, then Fi\A is not
concentrated in any cube of size sy.

Lemma 3.5 Forall § > 0 there exists hy = hy(n, Cy, Ca, §) such that
AN N F\A) < 82" 1D (3.16)
whenever h > h1, k > 0 and I C Iy is an admissible cube of side length sj.

Proof Letus agree thatacube J C [is goodif J C AUF, kc ; otherwise, we call J bad. Let P
be the smallest integer power of two that is at least C5. In round one, cover I by P”~! admis-
sible cubes of side length si/ P. If h is sufficiently large, then Lemma 3.4 applies to / and at
least one cube of size s/ P is good and at most P"—1 _ | cubes are bad. Round two. Cover
each bad cube of size s; /P by P"~! admissible cubes of size s;/ P>. Applying Lemma 3.4
to each parent, we conclude the number of bad admissible cubes of size s;/P?2 is at most
(P! —1)2 = p>n=D(1 — p~"*1)2 Repeating this procedure through round R, we con-
clude the number of bad admissible cubes of size s; / PR is at most PR~ (1 — p~+1)R Set
R to be the first positive integer such that (1— P~"+1)® < §.In order to invoke Lemma 3.4 for
R rounds total, we needed s/ P9 > Clh‘lsk for each ¢ < R. Thus,if h > h = ClPR_l,
then the number of bad admissible cubes J of size s;/ P¥ is at most § PR=D It follows that

A" INFAAN) < D" (I 0 F\A)
JcliI
< sPRO=D (g /PR = s~ 1(1) (3.17)

as desired.

For each k > 0, call (I ;); the sequence of all admissible cubes of side length s; that
meet Fi\A. In order to control the sum in (3.6), we associate a piece of surface S(Ii, ;) to
every cube Iy ; and then study the size and overlap of the S(If, ;):

Fix a large constant { > 1 to be chosen later (after Lemma 3.8). Suppose I = I ;
is an admissible cube of side length s; that meets Fy\A. Let y = y(/) and z = z(I) be
any two points of 7g such that w(y) € I N (F;\A), such that z € y + %, and such that
sk < f(2) — f(y) < sxg—1. Let ¢ = c(I) be any non-tangential point ¢ = A~ (z, sx/¢)
of zin Q7. Then |c — z| < sx/¢ and B(c, sy /¢M) C Q™ N B(z, 2s;/¢). Furthermore,
B(c, sk /¢ M) C Z if we select ¢ > 8 (compare points in the ball to z € Tg). Assign
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D = D(I) to be the (n — 1)-dimensional disk with center ¢ and radius sx/2¢ M that is
parallel to /p. We define S = S(7) to be the set of all points w such that (Fig. 6)

1. wedQNZorw e a(D) x {—b,},

2. w(w) e m(D),

3. f(w) < f(c) —sx/¢M, and

4. the open vertical line segment joining w to w = (7 (w), f(c)—sx/¢ M) does not intersect
Q2.

Including the extra (n — 1) disk 7 (D) x {—b, } in the definition of S ensures that the projection
7 (S) = w (D) is also a disk of radius s;/2¢ M.

Lemma 3.6 Assume that h > 4a and ¢ > 8. Then w(S(Iy ;) C 21y ;.

Proof Let I = Iy ; and write y, z, ¢, D and S for the data associated to /. Then 7 (y) € /
and [71(z) — 7| < h Y (f @) — f(¥) < se—1/h = as;/h. Let x € 7(S). Since the disk
7 (S) = (D) of radius s /2¢ M is centered at 7w (c) and |7 (c) — 7 (z)| < sk /¢, we get

oSk

dist(x, I) < |x — 7(0)| + [7(c) — 7 @) +I7 (@) — ()| < 2;—"M+Sz" +25 e

Hence, dist(x, I) < sx/2 and x € 21, if we require that { > 8 and & > 4.
Set Sy = Uj S(Ik, ) to be the union of pieces of surface S(Ix, ;) associated to cubes of

side length s¢. If the slope & of ¢’ is sufficiently large, then the measure of Fi\ A is controlled
by the measure of 7 (Sk).

Lemma 3.7 There exists hy = ho(n, M, y, €, C1, Ca2, ¢) such that if h > max(hy, 4«), then
for each k > 0,

H"UFND) < 2 AT (S0). (3.19)

(=)

Proof Let hy = hy(n, Cy, C2, §) from Lemma 3.5 where

5= f Wp—1

1 —1
2 (V NN 1) * ermyT

(3.20)

Fig. 6 A piece of surface S(Iy, ;)

S(Ik)
(D) X {-bn} -=m
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If p is the number of admissible cubes of size s; that meet Fi\ A, then
AN ENA) < A" Ui j N RAA) < posp (3.21)
J

Fix a cube I = I ;. By Lemma 3.6, 7 (S(1)) = w(D(I)) is a disk of radius s /2¢ M that
is contained in 21. Hence 2"~ (z(Sy) N 21) > a),,_l(sk/ZgM)”_]. Because the cubes
(21, ;) j have bounded overlap (each x € R"~! lies in at most 3”1 cubes),

pon1 (/20 M) < DA (S N 20 ) < 37T (S). (B22)
j
(This step uses the fact that the sets 7(Sx) and 7(Sg) N 2[; ; are measurable.) Thus,
AV FA\A) < 862 M) 1"~ (7w (8))) /wa—1, explaining our choice of §.

By choosing good parameters, we can make the pieces of surface Sp, S1, S2, ... disjoint!

Lemma 3.8 We can find a > 4M~/n — 1 depending only on n and M, and find { > 8
depending only on n, N and B such that Sy N\ Sy = ¥ for all k # k' whenever h > at.

Proof To start assume that 4 > 4o and ¢ > 8. Then the pieces of surface (S(/g,;)); have
finite overlap by Lemma 3.6. Hence Sy = Uj S(Iy, ) for each k.

Let cubes I = I ; and I = I, j» be given. We shall write y, z, ¢, D and S for the data
associated to I and write y’, 7/, ¢/, D’ and S’ for the data associated to I’. Suppose to get a
contradiction that k > k' 4+ 1 and S N S’ # . Then there exist w € § and w’ € S’ such that

S
w—w'| < ——.
4cM

(3.23)

Let L,, denote the vertical line segment joining w to w = (7w (w), f(c) — sx/¢ M), and write
Ly = L(y) C  for the vertical line segment over y in 7. Also set B' = B(c’, sy /¢ M) C
Q.

Our first claim is 7 (y) € w(B’) and f(y) > f(c’) for certain choices &, o and ¢. Indeed,
since w(w) € w(S),

|7(w) —7(Y)| <|zx(w) -7+ |7(c) — 7@+ |7(2) — 7 (y)]
Sk Sk oSk

< — . 3.24
= %M + ¢ + 3 ( )
If we select h > «¢, then (3.24) implies that |7 (w) — 7 (y)| < 3s%/¢. Hence,
[ (y) = ()| < |w(y) —ww)| + |7 (w) — 7 (w)] + |7 (W) —7()]
- 3& Sk Sk _ 38 S/ Sk (3.25)

- ¢ +4§M+2§M e +4§M+2§M’
where s; < sp/a since k > k' + 1. Thus, |7 (y) — 7 (c")| < si/¢M and 7 (y) € n(B'),
provided « > 12M. If f(y) < f(c), then n(y) € w(B’) implies that L, C € intersects

B’ N f~1(¢") ¢ ~, which is absurd. Therefore, f(y) > f(c), as claimed.
Next we claim L,, C Q7. On one hand the upper endpoint w of L,, satisfies

A 2 3 /
F@) 2 @ =" 2 f@ = 2 S0+ 7 > f©) (3.26)
since { > 8. On the other hand the lower endpoint w of L,, satisfies,
’ Sk’ ’ 35/ ’
f(w)ff(w)+w§f(0)—w<f(6). (3.27)
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Thus, since 7(w) € w(B’) (in fact |7 (w) — 7w ()| < (3/4)sp/¢ M), the line segment
L,, intersects B’ N f~1(¢’) ¢ ™. But L,, does not intersect <2 (by definition of S), so
L,CQ.

Finally, since f(w) > f(y) + 3sg/4 and f(y) > f(c’) > f(w), we know the interval
f(Ly) N f(Ly) has length at least 3si /4. Previously we showed |7 (w) — 7 (y)| < 3s¢/¢
if h > a¢. Thus, Ly, and Ly lie over a cube J of side length (4" 1=IN1" 135 /4 if
¢ > 4[4""187IN7. By Lemma 3.3, n(y) = w(Ly) € J C A. This contradicts the fact
w(y) € A (by the definition of y). Examining conditions on the parameters assumed above
reveals the lemma holds with ¢ = 4[4" 1 7IN], @ = max(4M+/n — 1, 12M) and h > «t.

We are ready to conclude. Use Lemma 3.8 to pick the constants o and ¢, and set & =
max(hg, ha, a¢). Then the pieces of surface S C .7 := A(Q, r)U2Iy x {—b,}) are disjoint
and measurable. Thus, since .77~ (A(Q, 1)) < yr"‘l,

S A NSy < > A (Sk) < "N < (y + (3.28)
k=0

71 )r"_l.
o My/n—1

Using Lemma 3.7, we conclude

iw—‘(mm < (y + 1)1 iﬁf”“(n(sk)) <l (329)
pr =2 Myn—1) = T2

Therefore, (3.6) holds and Proposition 2.8 is established.

4 Harmonic measure on NTA domains

In this section we prove Theorem 1.2 on the absolute continuity of harmonic measure. An NTA
domain is a corkscrew domain (studied in §2 above) that also admits a Harnack chain condi-
tion. The class of NTA domains was introduced by Jerison and Kenig [8]. Given X, X, € 2
a Harnack chain from X1 to X5 is a sequence of open balls in € such that the first ball
contains X1, the last ball contains X», and consecutive balls intersect.

Definition 4.1 A connected open set 2 C R" satisfies the Harnack chain condition with
constants M > 1 and R > 0 if for every Q € 02 and 0 < r < R when a pair of points
X1, X2 € QN B(Q, r) satisty

ilnzdist(Xj, Q) > ¢ and |X| — X,| < 2ke 4.1)

J
then there exists a Harnack chain from X to X» of length Mk such that the diameter of each
ball is bounded below by M~! min ;o dist(X;, 02).

Definition 4.2 A domain Q C R”" is non-tangentially accessible or NTA if there exist M > 1
and R > 0 such that (i) 2 satisfies the corkscrew and Harnack chain conditions, (ii) R\
satisfies the corkscrew condition.

The exterior corkscrew condition guarantees an NTA domain 2 C R” is regular for the
Dirichlet problem; i.e. for every f € C.(0R2) there exists u € C 2(Q) N C(S2) such that
Au = 0in Q and u = f on d2. Together the maximum principle and Riesz representation
theorem yield a family of Borel regular probability measures {&* } xeq on 92 such that

u(X) = / F(Q)d*(Q) 4.2)
02
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is the unique harmonic extension of f € C.(9€2). We call X the harmonic measure of Q
with pole at X. Because 0! <« 0*? « ¥ forany X1, X, € Q (by Harnack’s inequality),
it makes sense to discuss null sets of harmonic measure w = wX° with respect to some fixed
pole X € 2 far away from the boundary.

The special feature of harmonic measure on NTA domains (versus corkscrew domains)
that we need below is the the following localization property.

Lemma 4.3 ([8] (4.18)) There exists C = C(n, M) > 0 with the following property. Let
Q C R” be NTA with constants M > 1 and R > 0. Assume the pole of harmonic measure
o = X0 satisfies Xo € Q\B(Q, 2r) for some Q € 9Q and r < R/2. Then for every
non-tangential point a = AT (Q, r) and every Borel set E C A(Q, 1),

w(E) #
—————— < Co"(E). 4.3)
w(A(Q, 1))
Remark 4.4 In Definition 4.2 we allow an NTA domain 2 C R” to be either bounded or
unbounded. The proof of Lemma 4.3 for bounded domains in [8] carries through to the
unbounded case without modification; c.f. [10].

Cl'o%(E) <

At every boundary point of finite lower density there is a shrinking sequence of scales on
which the harmonic measure and the surface measure are comparable in the sense of (1.2).
The proof of Proposition 4.5 below follows the same structure of David and Jerison’s proof of
Theorem 2 in [4]; however, we keep careful track of the constants appearing from Lipschitz
approximations of the domain (Theorem 2.4 and Lemma 2.13). The required technical tools
are the localization principle for harmonic measure (Lemma 4.3) and the maximum principle
for harmonic functions.

Proposition 4.5 There exist constants 0 < § < 1 and 0 < ¢ < 1 depending only on n,
M and y with the following property. Let Q@ C R" be NTA with constants M > 1 and
R > 0. Ifliminf, o jf"*l(A(Q, r))/r’"1 < Yy < 00, then there is a sequence of numbers
0 < ri < R such thatlim;_, » r; = 0 and for every Borel set E C A(Q, r;):

w(E) <80(A(Q, 1)) = A" NE) <e"N(AQ, 1), (44
A" NE) < 8" N AQ, 1)) = w(E) < ew(A(Q, 7). (4.5)

Proof Let Q C R" be NTA with constants M > 1 and R > 0 and assume Q € 92 satis-
fies liminf, ;o 7"~ (A(Q, ))/r"~! < y < oo. Then there exists a sequence of numbers
0 < r; < R decreasing to zero such that %”_I(A(Q, ri)) < yri"_l. Let ¥ = v (n, M) and
n = n(n, M, y) be the constants given by Theorem 2.4 and Lemma 2.13. By passing to a
subsequence of r; if necessary, we may assume that the pole of w lies outside B(Q, 2r;) for
all i (so that we can invoke Lemma 4.3).

Fix r; and pick any non-tangential pointa = AT (Q, r;/2) of Q. Let @® denote harmonic
measure of 2 with pole at a and let A = A(Q, r;). By Lemma 4.3,

—1_ a Cl)(E) a
C  wE) < m < Cw"(E) forevery Borelset E C A, 4.6)
w

where the constant C > 1 only depends on the dimension and NTA constants of Q2. By
Theorem 2.4 there is a Lipschitz domain €2;, C R” such that (i)a € Q; C QN B(Q, r;) and
(i) F = 9Q N 9 satisfies #"~1(F) > 1//r;171. Let w{ denote the harmonic measure of
Q2 with pole at a.
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Assume E C A is Borel and w(E) < §w(A). By (4.6) and the maximum principle,
0} (ENF) <o'(ENF) <w(E) <CS. “@.7
If Cé < 7, then (2.26) and (4.7) imply H"YWENF) < (1///2)r;’71. Hence
A"NF\E) = #""\(F)— #""(ENF)
=y =@/ = g2 (4.8)
It follows that

A"NWE) = "N A) — #"HA\E) < A" (A) — #"V(F\E)

<" 1(A) — %r;H =" (A) - %W{H
=" - %ff”‘l(A) _ (1 _ %) AN, (4.9)

Thus (4.4) holds for all 0 < 6 < n/Candforall 1 — ¢ /2y <e < 1.

Now assume E C A satisfies "~ (E) < 8" 1(A) < 8yr!~'. 1f 8y < y/4, then
H"VF\E) = 2"\ (F) — #"~"(E N F) > 3y/4)r""". The contrapositive of (2.26)
implies @} (F\E) > 7. By (4.6) and the maximum principle, w (F\E) > (1/C)w(A). We
conclude

o(E) = w(A) — o(A\E) = 0(A) —o(F\E) = (1 —n/C)o(A). (4.10)
Thus (4.5) holds for all 0 < § < ¥/4y and forall 1 — n/C < & < 1. Therefore,
8 =min{n/C,¢¥/4y} and e=1-34 (4.11)
which depend only on n, M and y suffice.

To stich together estimates in Proposition 4.5 at different points, we use a Vitali type
covering lemma for Radon measures in R”.

Theorem 4.6 ([14] Theorem 2.8) Let ;v be a Radon measure on R", A C R" and % a family
of closed balls such that each point of A is the center of arbitrarily small balls; i.e.,

inf{r : B(x,r) € #} =0 forallx € A. (4.12)

Then there are disjoint balls B; € % such that

,u(A\ U Bl-) =0. (4.13)

We now establish the main theorem. Recall: Let Q C R" be NTA. Then the set

A" (A,
A:[QeaﬂzliminfM<oo] (4.14)
ri0 pn—l
is (n — 1)-rectifiable and wl_A < ol_A < wl_A.
Proof of Theorem 1.2 The set A is (n — 1)-rectifiable by Corollary 2.6. Define
A" 1A,
Ak:[Qeaﬂ:liminfﬂ <k] (4.15)
rl0 rn—1
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for each integer k > 1. Then A = [J;2, Ay and to show 0l A < oL A < oA we may
prove that w (E) = 0 if and only if "N (E) = 0 for every k > 1 and compact set E C Ag.
(It is enough to take E compact, because .7~ _Ay is Radon.)

Let E C Ay be an arbitrary compact set and assume w (E) = 0. By Proposition 4.5 there
exist constants 0 < § < 1 and 0 < & < 1 such that (4.4) and (4.5) hold for all Q € E
(along some sequence r; | 0 depending on Q). Let U be any (relatively) open set U C 992
such that £ C U. The family .% = {A(Q, r;)} of all closed balls with center Q € E and
radii r; satisfying A(Q, r;) C U and (4.4) is a fine cover of E, in the sense of (4.12). By
Theorem 4.6, there exists a disjoint sequence A; of disks in .# such that

Y (E\ U A,-) =0. (4.16)

Since w(E N A;) = 0 < dw(A;) for each i, #"~(E N A;) < e~ 1(A;) for each i by
(4.4). Thus, by (4.16),

2" YE) = Zg%ﬂ"—l (ENA) <e Zz%ﬂ"—l (A)) < e N (U). 4.17)

Because U D E was an arbitrary open set, by the outer regularity of Radon measures,
" VE) < e#""Y(E). But #" 1(E) < oo (since E is compact) and 0 < ¢ < 1.
Therefore, #"~!(E) = 0 whenever w(E) = 0.

If E C Ay is a compact set such that H#"1(E) = 0, then the same argument with the
roles of @ and "1 reversed and (4.5) in place of (4.4) shows w(E) = 0. This completes
the proof of absolute continuity on A.

5 Hausdorff dimension and Wolff snowflakes

We now present two corollaries of Theorem 1.2 related to the dimension of harmonic
measure. Let dim E denote the Hausdorff dimension of a set E C R". The (upper) Hausdorff
dimension of harmonic measure,

J-dimw = inf{dim E : E C Q2 is Borel and w(FE) = 1}, 5.1

is the smallest dimension of a set with full harmonic measure. In [13] Makarov showed that
s~dimw = 1 for every simply connected planar domain (independent of the Hausdorff
dimension of the boundary); moreover, w <« J#° forall s < 1 and w L 57" forallr > 1.
Higher dimensions display different behavior.

Wolff [17] constructed NTA domains 2 C R> such that #~dim @ > 2 and other NTA
domains  C R3 such that 2 dimw < 2. Extending this construction, Lewis, Verchota
and Vogel [12] built 2-sided NTA domains Q@ C R” (i.e. QT = Q and Q~ = R*\Q are both
NTA) called Wolff snowflakes such that

1. s~dimwt >n—1and #~dimw™ >n — 1,
2. #dimwt >n—1land #~dimw™ <n —1,
3. #~dimwt <n—1land #~dimw™ <n — 1.

Here w™ denotes harmonic measure on the interior 2+ and w™ denotes harmonic measure
on the exterior Q7 of . While surface measure o = .~ !_dQ is clearly infinite for Wolff
snowflakes of type (1) or (2), the same is not apparent for snowflakes of type (3). This is the
first application of Theorem 1.2: every Wolff snowflake has infinite surface measure. In fact,
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if the dimension of harmonic measure on a (1-sided) NTA domain is small, then the surface
measure is infinite at all locations and scales.

Theorem 5.1 Let Q C R" be NTA. If #/~-dimw < n — 1, then o is locally infinite; i.e.,
A" HA(Q, 1)) = oo forevery Q € dQ and r > 0.

Proof Assume that Q@ C R” is NTA and #~dimw < n — 1. Then there exists a Borel
set E C 02 such thatdim £ < n — 1 and w(dQ2\E) = 0. Suppose for contradiction that
A" Y (A(Q, 1)) < oo for some Q € 3 and r > 0. Then harmonic measure and surface
measure have the same null sets on A(Q, r) N A by Theorem 1.2. On one hand,

o(AQ,1)NA) =w(ENAQ,r)NA) =0 (5.2)
since 2"~ (E) = 0. On the other hand,
w(A(Q,r)NA) >0 (5.3)

since "~ 1(A(Q, r) N A) = "1 (A(Q, r)) > 0 by Lemma 2.3. The fallacy is clear. We
conclude #"~1(A(Q, r)) = oo for every Q € 02 and r > 0.

In [9] Kenig, Preiss and Toro used the tangent measures of harmonic measure to demon-
strate #/-dim o+ = #-dimw~ = n — 1 on every 2-sided NTA domain Q C R” (n > 3)
with o7 « @~ <« w™. (Thus the interior and exterior harmonic measures on Wolff snow-
flakes are mutually singular.) Using Theorem 1.1, we obtain a similar result for (1-sided)
NTA domains of locally finite perimeter.

Theorem 5.2 Let Q2 C R" be NTA. Ifjf"_lLE)Q is Radon, then 7~dimw =n — 1.

Proof If E C 92 is Borel and has dimension ¢t < n — 1, then %"_1(8Q\E) > 0. Hence,
w(0Q\E) > 0, because 0 < w by Theorem 1.1. Since no set E C 92 of Hausdorff
dimension ¢ < n — 1 has full harmonic measure, we get .#-dimw > n — 1. Conversely,
H-dimw < dim 92 = n — 1, since 2"~ 19 is Radon.
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