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1 Introduction
1.1

The nilpotent blocks over an algebraically closed field of characteristic p > 0 were introduced
in [2] as a translation for blocks of the well-known Frobenius Criterion on p-nilpotency for
finite groups. They correspond to the simplest situation with respect to the so-called fusion
inside a defect group, and the structure of the source algebras of the nilpotent blocks deter-
mined in [9] confirms that these blocks represent indeed the easiest possible situation.

1.2

However, when the field of coefficients is not algebraically closed, together with Fan Yun
we have seen in [3] that, in the general situation, the structure of the source algebra of a
block which, after a suitable scalar extension, decomposes in a sum of nilpotent blocks—a
structure that we determine in [3]—need not be so simple.

1.3

At that time, we already knew some examples of a similar fact in group extensions, namely
that a non-nilpotent block of a normal subgroup H of a finite group G may decompose in
a sum of nilpotent blocks of G. In this case, we also have been able to describe the source
algebra structure, which is quite similar to (but easier than) the structure described in [3].
With a big delay, we explain this result here.
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116 L. Puig

1.4

Actually, this phenomenon is perhaps better described by saying that a normal sub-block of
a nilpotent block need not be nilpotent. However, the normal sub-blocks of nilpotent blocks
are quite special: they are basically Morita equivalent [15, §7] to the corresponding block
of their inertial subgroup. Then, as a matter of fact, a normal sub-block of such a block still
fulfills the same condition.

1.5

Thus, let us call inertial block any block of a finite group that is basically Morita equiva-
lent [15, §7] to the corresponding block of its inertial subgroup; as a matter of fact, in [12,
Corollaire 3.6], we already exhibit a large family of inertial blocks; see also [14, Appendix].
The main purpose of this paper is to prove that a normal sub-block of an inertial block is
again an inertial block. Since a nilpotent block is basically Morita equivalent to its defect
group [9, Theorem 1.6 and (1.8.1)], and the corresponding block of its inertial subgroup is
also nilpotent, a nilpotent block is, in particular, an inertial block and thus, our main result
applies.

2 Quoted results and inertial blocks
2.1

Throughout this paper p is a fixed prime number, k an algebraically closed field of charac-
teristic p and O a complete discrete valuation ring of characteristic zero having the residue
field k. Let G be a finite group; following Green [5], a G-algebra is a torsion-free O-algebra
A of finite O-rank endowed with a G-action; we say that A is primitive if the unity element
is primitive in A®. A G-algebra homomorphism from A to another G-algebra A’ is a not
necessarily unitary algebra homomorphism f: A — A’ compatible with the G-actions. We
say that f is an embedding whenever

Ker(f) = {0} and Im (f) = f(14)A" f(14), 2.1.1)

and that f is a strict semicovering if f is unitary, the radical J(A) of A contains Ker(f)
and, for any p-subgroup P of G, J(A’PY contains f(J(AT)) and f(i) is primitive in AP
for any primitive idempotent i of A” [6, §3].

22

Recall that, for any subgroup H of G, a point o of H on A is an (A")*-conjugacy class of
primitive idempotents of A and the pair Hy is a pointed group on A [7, 1.1]; if H = {1},
we simply say that « is a point of A. For any i € «, i Ai has an evident structure of H-algebra
and we denote by A, one of these mutually (A¥)*-conjugate H-algebras and by A(Hy)
the simple quotient of A" determined by «; we call multiplicity of « the square root of the
dimension of A(Hy).If f: A — A’ is a G-algebra homomorphism and &’ a point of H on
A’, we call multiplicity m(f)z/ of f at (, @) the dimension of the image of f(i)A’#i’ in
A'(Hy) fori € o and i’ € o’; we still consider the H-algebra A], = f(i)A’ f (i) together
with the unitary H-algebra homomorphism induced by f and the embedding of H-algebras

Ay — A, «— Al (2.2.1)
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Nilpotent extensions of blocks 117

A second pointed group Kg on A is contained in H, if K C H and, for any i € «, there is
j € Bsuch that [7, 1.1]

ij=J=Ji (2.2.2)
then, it is clear that the (AX)*-conjugation induces K -algebra embeddings
[+ Ap — Resg (Ay). (2.2.3)
2.3

Following Broué, for any p-subgroup P of G we consider the Brauer quotient and the Brauer
homomorphism [1, 1.2]

Br : AP — AP) = AT /ZAP : (2.3.1)
0

where Q runs over the set of proper subgroups of P, and call local any point y of P
on A not contained in Ker(Br’?)) [7, 1.1]. Recall that a local pointed group P, contained
in Hy is maximal if and only if Brp(a) C A(P,)»"""" [7, Proposition 1.3] and then the
P-algebraA,—called a source algebra of A,—is Morita equivalent to A, [17,6.10]; more-
over, the maximal local pointed groups P, contained in Hy,—called the defect pointed groups
of Hy,—are mutually H-conjugate [7, Theorem 1.2].

24

Let us say that A is a p-permutation G-algebra if a Sylow p-subgroup of G stabilizes a
basis of A [1, 1.1]. In this case, recall that if P is a p-subgroup of G and Q a normal subgroup
of P then the corresponding Brauer homomorphisms induce a k-algebra isomorphism [1,
Proposition 1.5]

(A(Q) (P/Q) = A(P); (2.4.1)

moreover, choosing a point @ of G on A, we call Brauer (a, G)-pair any pair (P, e4) formed
by a p-subgroup P of G such that Br?, () # {0} and by a primitive idempotent e4 of the
center Z(A(P)) of A(P) such that

ea - Briy(a) # (0); (2.4.2)

note that any local pointed group Qs on A contained in G, determines a Brauer (o, G)-pair
(Q, fa) fulfilling f4 - Bry(8) # {0}.

2.5

Then, it follows from Theorem 1.8 in [1] that the inclusion between the local pointed groups
on A induces an inclusion between the Brauer (a, G)-pairs; explicitly, if (P, e4) and (Q, fa)
are two Brauer (o, G)-pairs then we have

(Q, fa) C (P, en) (2.5.1)
whenever there are local pointed groups P, and Qs on A fulfilling
Q5 C P, C Gy, fa-Brj(8) # {0} and e4-Bri(y) # {0). (2.5.2)
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118 L. Puig

Actually, according to the same result, for any p-subgroup P of G, any primitive idempotent
es of Z(A(P)) fulfilling ey - Br‘?, (o) # {0} and any subgroup Q of P, there is a unique
primitive idempotent f4 of Z(A(Q)) fulfilling

ea 'Brf)(a) # {0} and (Q, fa) C (P,en). 2.5.3)

Once again, the maximal Brauer (o, G)-pairs are pairwise G-conjugate [1, Theorem 1.14].

2.6

Here, we are specially interested in the G-algebras A endowed with a group homomorphism
p: G — A* inducing the action of G on A, called G-interior algebras; in this case, for any
pointed group H, on A, A, = i Ai has a structure of H-interior algebra mapping y € H on
p(y)i = ip(y); moreover, setting x - a -y = p(x)ap(y) foranya € A and any x, y € G,
a G-interior algebra homomorphism from A to another G-interior algebra A’ is a G-algebra
homomorphism f: A — A’ fulfilling

f-a-y)y=x-f(a)-y. (2.6.1)
2.7

In particular, if H, and Kg are two pointed groups on A, we say that an injective group
homomorphism ¢: K — H isan A- fusion from Kgto H, whenever there is a K -interior
algebra embedding

fp: Ap —> ResH (Ay) (2.7.1)

such that the inclusion Ag C A and the composition of f; with the inclusion A, C A are
A*-conjugate; we denote by F4(Kg, Hy) the set of H-conjugacy classes of A-fusions from
Kg to Hy and, as usual, we write Fa (Hy) instead of Fa(Hy, Hy). If Ay =iAi fori € a, it
follows from [8, Corollary 2.13] that we have a group homomorphism

Fa(Ho) —> Ny: (H ) [ H - (AZ)" 2.72)
and then we consider the k*-group FA(Hy) defined by the pull-back

Fa(Ho) — Ny (H i) [H - (Al
1 t
Fa(Hy) —> Ny: (H i) [H- (i +7(A). 2.73)
28

Recall that, for any subgroup H of G and any H-interior algebra B, the induced G-interior
algebra is the induced bimodule

I} (B) = kG @k, 1 B @k, 11 ks, 2.8.1)
endowed with the distributive product defined by the formula
xQbyx' bV @y if yx' e H

xR QP RY)= (2.8.2)
0 otherwise
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Nilpotent extensions of blocks 119

where x, y, x’, ¥ € G and b, b’ € B, and with the structural homomorphism

G — Ind%(B) (2.8.3)
mapping x € G on the element
D xyelp®y ' => y@lz®y 'x (2.8.4)
y y

where y € G runs over a set of representatives for G/H.

2.9

Obviously, the group algebra OG is a p-permutation G-interior algebra and, for any primitive
idempotent b of Z(OG)—called an O-block of G—the conjugacy class « = {b} is a point of
G on OG. Moreover, for any p-subgroup P of G, the Brauer homomorphism Brp = Br’},G
induces a k-algebra isomorphism [10, 2.8.4]

kCg(P) = (OG)(P); (2.9.1)

thus, up to identification throughout this isomorphism, in a Brauer ({b}, G)-pair (P, ¢) as
defined above—called Brauer (b, G)-pair from now on—e is nothing but a k-block of C (P)
such that eBrp (b) # 0. Setting

Ca(P) = CG(P)/Z(P), (2.9.2)
recall that the image ¢ of e in kC (P) is a k-block of C (P) and that the Brauer First Main
Theorem affirms that (P, e) is maximal if and only if the k-algebra kC¢ (P)e is simple and
the inertial quotient

E = Ng(P,e)/P-Cg(P) (2.9.3)
is a p’-group [17, Theorem 10.14].
2.10

For any p-subgroup P of G and any subgroup H of Ng(P) containing P - C(P), we have
Brp ((06)7) = ©G)(P)" 2.10.1)

and therefore any k-block e of Cg(P) determines a unique point B of H on OG (cf. 2.2)
such that Hg contains Py, for a local point y of P on OG fulfilling [9, Lemma 3.9]

e-Brp(y) #{0}. (2.10.2)

Recall that, if Q is a subgroup of P such that Cg(Q) C H then the k-blocks of Cg(Q) =
Cp (Q) determined by (P, e) from G and from H coincide [1, Theorem 1.8]. Note that if P
is normal in G then the kernel of the obvious k-algebra homomorphism kG — k(G/P) is
contained in the radical J (kG) and contains Ker(Brp); thus, in this case, isomorphism 2.9.1
implies that any point of P on kG is local.
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120 L. Puig

2.11

Moreover, for any local pointed group P, on OG, the action of N (P) ) on the simple algebra

(OG)(Py) (cf. 2.2) determines a central k*-extension or, equivalently, a k*-group IQG (Py)
[10, §5] and itis clear that the Brauer homomorphism Br p determines a N (P, )-stable injec-

tive group homomorphism from Cg (P) to IQG (Py). Then, up to a suitable identification, we
set

Eg(Py) = Ng(Py)/P -Cg(P) and Eg(Py) = Ng(Py)/P -Cg(P); (2.11.1)

recall that from [8, Theorem 3.1] and [10, Proposition 6.12] we obtain a canonical k*-group
isomorphism (cf. 2.7.3)

EG(Py)° = FoG(Py). 2.11.2)
2.12
In particular, a maximal local pointed group P, on OGb determines a k-block e of C (P),
which is still a k-block of the group
N = Ng(Py) = NG (P, e), (2.12.1)

called the inertial subgroup of b, and also determines a unique point v of N on OGb such that
P, C N, (cf. 2.10); obviously, we have E = Eg(P)) (cf. 2.9.3), P, is still a defect pointed
group of N, and (P, ¢) is a maximal Brauer (¢, N)-pair, where ¢ denotes the O-block of N
lifting e. As above, N acts on the simple k-algebra (cf. 2.9)

kCG(P)é = (OG)(P,) (2.12.2)
and therefore we get k*-groups N and E° = E(;(Py).

2.13
Moreover, since E is a p’-group, it follows from [17, Lemma 14.10] that the short exact
sequence

11— P/Z(P) — N/Cg(P) — E — 1 (2.13.1)

splits and that all the splitings are conjugate to each other; thus, any spliting determines an
action of E on P and it is easily checked that the semidirect products

L=PxE and L=PxE (2.13.2)

do not depend on our choice. At this point, it follows from [10, Proposition 14.6] that the
source algebra of the block ¢ of N is isomorphic to the P-interior algebra O, L, and therefore
it follows from [3, Proposition 4.10] that the multiplication in OGb by a suitable idempotent
£ € v determines an injective unitary P-interior algebra homomorphism

0.L — (0G),. (2.13.3)

2.14
On the other hand, a Dade P-algebra over O is a p-permutation P-algebra S which is a full

matrix algebra over O and fulfills S(P) # {0} [11, 1.3]. For any subgroup Q of P, setting
Np(Q) = Np(Q)/Q we have (cf. 2.4.1)
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Nilpotent extensions of blocks 121

(S(Q)) (Np(Q)) = S (Np(Q)) (2.14.1)

and therefore Resg(S) is a Dade Q-algebra; moreover, it follows from [11, 1.8] that the

Brauer quotient S(Q) is a Dade NP(Q)—algebra; thus, Q has a unique local point on S. In
particular, if S is primitive (cf. 2.1) then S(P) = k and therefore we have

dim(S) =1 (mod p), (2.14.2)

so that the action of P on § can be lifted to a unique group homomorphism from P to the
kernel of the determinant detg over S; at this point, it follows from [11, 3.13] that the action
of P on § always can be lifted to a well-determined P-interior algebra structure for S.

2.15

Recall that a block b of G is called nilpotent whenever the quotients Ng(Q, f)/Cg(Q) are
p-groups for all the Brauer (b, G)-pairs (Q, f) [2, Definition 1.1]; by the main result in [9],
the block b is nilpotent if and only if, for a maximal local pointed group P, on OGb, P
stabilizes a unitary primitive Dade P-subalgebra S of (OGb),, fulfilling

(OGb)y =SP =S ®0 OP (2.15.1)

where we denote by SP the obvious O-algebra €, p Su and, for the right-hand isomor-
phism, we consider the well-determined P-interior algebra structure for S.

2.16

Now, with the notation in 2.12 above, we say that the block b of G is inertial if it is basically
Morita equivalent [15, 7.3] to the corresponding block ¢ of the inertial subgroup N of b or,
equivalently, if there is a primitive Dade P-algebra S such that we have a P-interior algebra
embedding [15, Theorem 6.9 and Corollary 7.4]

(0G), — S®0 OL. (2.16.1)
Note that, in this case, in fact we have a P-interior algebra isomorphism
(0G), = S®0 O.L (2.16.2)

and the Dade P-algebra S is uniquely determined; indeed, the uniqueness of S follows from
[19, Lemma 4.5] and it is easily checked that

(S ®0 OLL)(P) = S(P) @ (OL)(P) = kZ(P) (2.16.3)
and that the kernel of the Brauer homomorphism Brf)@OO*L is contained in the radical of

S ®o O*ﬁ, so that this P-interior algebra is also primitive.

3 Normal sub-blocks of inertial blocks

3.1

Let G be a finite group, b an O-block of G and (P, e¢) a maximal Brauer (b, G)-pair (cf. 2.9).
Let us say that an O-block ¢ of a normal subgroup H of G is a normal sub-block of b if we

have cb # 0; we are interested in the relationship between the source algebras of b and c,
specially in the case where b is inertial.
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122 L. Puig

32

Note that we have bTrG (c¢) = b where G, denotes the stabilizer of ¢ in G; since we know
that eBrp (b) # O (cf. 2. 9) up to modifying our choice of (P, ¢) we may assume that P sta-
bilizes c; then, considering the G-stable semisimple k-subalgebra >, O - bc* of OG, where
x € G runs over a set of representatives for G/ G, it follows from [19, Proposition 3.5] that
bc is an O-block of G, and that P remains a defect p-subgroup of this block, and then from
[19, Proposition 3.2] that we have

OGb = Indg, (OG. bc), (3.2.1)
so that the source algebras of the O-block b of G and of the block bc of G, are isomorphic.

33

Thus, from now on we assume that G fixes ¢, so that we have bc = b. Then, note that
o = {c} is a point of G on OH (cf. 2.2), so that, choosing a block e# of Cx(P) such that
efle #£ 0, (P, ef) is a Brauer (a, G)-pair (cf. 2.4 and 2.9.1) and it follows from the proof of

[18, Proposition 15.9] that we may choose a maximal Brauer (¢, H)-pair (Q, f H) fulfilling

0, f"yc(P,ef), Q=HNP and eBrp(f") #£0. (3.3.1)

Now, denote by y¢ and § the respective local points of P and Q on OG and OH determined

by e and f H; as above, let us denote by F' the inertial quotient of c; that is to say, we set
(cf. 2.9 and 2.11)

F =En(Qs) = Fou(Qs) and F = Ep(05)° = Fou(Qs). (3.3.2)

34

Since we have eBrp (f H) # 0and f "is P-stable, from the obvious commutative diagram

(OH)(Q) — (0G)(Q)

U U
(OH)(Q)F — (G Q) 341
! !

(OH)(P) — (OG)(P)

G
we get a local point § “of Q on OG such that the multiplicity mg of the inclusion (OH)?
(0G)2 at (8, 86) (cf. 2.2) is not zero and QaG is contained in PVG; similarly, we get a local
point y of P on OH fulfilling

m/° #0 and Qs C P,. (3.4.2)
At this point, the following commutative diagram (cf. 2.2.1)

Resf)(OH), —> Res}(0G),

/ / 1
(OH)s — (0G)s Resp(0G) o (3.4.3)
T/
(OG)SG
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where all the Q-interior algebra homomorphisms but the horizontal ones are embeddings,
already provides some relationship between the source algebras of b and ¢ (cf. 2.2).

3.5

If R, is a local pointed group on OH, we set
C6(Rs) = CG(R)NNG(Ry) and EG(Rs) = Ng(Rg)/R-Cg(R)  (3.5.1)

and denote by b(¢) the block of Cy(R) determined by ¢, and by b(e) the image of b(e)
in kCy(R) = k(Cy(R)/Z(R)); recall that we have a canonical Cg (R)-interior algebra
isomorphism [19, Proposition 3.2]

CG(R) ~ CG(R)
kC(R)Tr R (b(e)) = Ind R (kCg (R)b(s)) . (35.2)

Moreover, note that if £ is a local point of R on OG such that m¢ # 0 then we have
EG(Rec) C EG(Ry); (3.5.3)

indeed, the restriction to C i (R) of a simple kC¢ (R)-module determined by €€ is semisimple
(cf. 2.9.1) and therefore Cg(R) acts transitively on the set of local points & of R on OH
such that mi,G # 0, so that we have

NG(R:c) C Cg(R) - NGg(Ry). (3.5.4)
Then, we also consider Eg(R.¢) = Eg(R:) N Eg(Rec).

3.6

Since (Q, fH) is a maximal Brauer (¢, H)-pair, we have (cf. 2.12.2)

kCr(Q)f" = (OH)(Qs) (3.6.1)

and, according to the very definition of the k*-group NG(Qg), we also have a k*-group
homomorphism

NG(09) — (KCu(@7")"; (3:62)

then, denoting by ég(Q,;) the corresponding k*-subgroup of NG (Qs) and setting
Z =C6(Q5)/Cu(Q) and Z = Cs(Qs)/Cu(Q), (3.6.3)

it follows from [19, Theorem 3.7] that we have a canonical C¢ (Qj5)-interior algebra isomor-
phism

kCo(05) ' ZkCH(Q)f @ (ke2)°. (3.6.4)

Now, this isomorphism and the corresponding isomorphism 3.5.2 determine a k-algebra
isomorphism

Z (kCc(0)) TrCGEg)) ( f”) =~ Z(ke2), (3.6.5)

and induce a bijection between the set of local points 66 of Q on OGb such that m G £0
and the set of points of the k-algebra (k. 7)°hs where we denote by Brg(b) the image of
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Bro(b) in kCs(Q) and by l;(; the image of BrQ (b)Trgggg;) (fH) in the right-hand member
of isomorphism 3.6.5.

Proposition 3.7 With the the notation above, the idempotent b is primitive in Z (k, Z YEG(Qs),
In particular, if EG(Qs) acts trivially on 7 then PVG contains Q(SG Jor any local point 8¢ of

G
0 on OGb such that m  # 0.
Proof Since Q = H N P, for any a € (OG)F it is easily checked that

Bro (Trf(@) = Trjo@ (Bro() (3.7.1)

and, in particular, we have Brg ((OG)g) = kCg(Q)lf\,’G(Q) (cf. 2.9.1); consequently, since
the idempotent b € (OG)g is primitive in Z(OG), setting Eg(Q) = Ng(Q)/(Q .
Cg(Q)), Br (D) is still primitive in [17, Proposition 3.23]

kCG(QND = 7 (kC(Q))E 9, (3.7.2)

which amounts to saying that Ng(Q) acts transitively over the set of k-blocks of Cg(Q)
involved in Brg (b); hence, since any k-block of C (Q) maps on a k-block of Cs(0) (cf.2.9),
ErQ (b) is also primitive in Z (kCq( 0))Fa (@) and then, it suffices to apply isomorphism 3.6.5.

On the other hand, identifying (OG)(Q) with kCg(Q) (cf. 2.9.1), it is easily checked
that BrQ((OG)P) = kCg(0)" and therefore, for any i € y¢, the idempotent Brg (i) is
primitive in kCg (O)F 17, Proposition 3.23]; thus, since the canonical P-algebra homomor-
phism kCg(Q) — kCG(Q) is a strict semicovering [16, Theorem 2.9], it follows from [6,
Proposition 3.15] that the image Brg (i) of Brg (i) in kC(Q)” remains a primitive idempo-
tent and that, denoting by y ¢ the point of P on kCg(Q) determined by I_SrQ (i), Pyc remains
a maximal local pointed group on kCg(Q).

Moreover, since P fixes fH (cf. 3.3), we may choose i € y¢ fulfilling Bro(i) =
BrQ(i)fH; in this case, it follows from isomorphism 3.5.2 and from [19, Proposition 3.5]
that BrQ(i ) is a primitive idempotent of (kCs(Qs) f H)P and that Py is also a maximal

local pointed group on k@G(Qg)fH.
But, it follows from isomorphism 3.6.4 that we have

(kCo(0) ") (Py= (kCu(@)]") (P) @k (k:2)°(P) (3.73)

and therefore, since evidently ib = i, P;¢ determines a maximal local pointed group P);G

on (ks 2)"1;5 [9, Theorem 5.3]; moreover, if Eg(Qs) acts trivially on 7 then l;(; is a block
of Z and therefore all the maximal local pointed groups on (ki 2)0133 are mutually conjugate
(cf. 2.5). Then, any idempotent 7 € 7€ has a nontrivial image in all the simple quotient of
(k*Z )° (cf. 2.2.2); now, the last statement follows from 3.6. O
Proposition 3.8 Let 5¢ be a local point of Q on OG such that mgc
in NG(Qg)/Q - Cy(Q) induces a group homomorphism

# 0. The commutator

@ : F —> Hom(Z, k*) (3.8.1)

and Ker(w') is contained in E g (QBG ). In particular, E g (QBG Yisnormalin F, F/Eg (QSG )

N G
is an Abelian p'-group and, denoting by K® and K® the respective converse images in
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Nilpotent extensions of blocks 125

C'G (Qs) of the fixed points of F and En(Qc) over Z, we have the exact sequence
~ ~ G
1 — K — K% — Hom (F/EH(QSG),k*) 1 (3.8.2)

Proof 1tis quite clear that F and Z are normal subgroups of the quotient NG (Qs5)/Q-Cu(Q)
and therefore their converse images F' and Z in the quotient Ng(Qs)/Q - Cy (Q) still nor-
malizes each other; but, since we have

Nu(Qs) N C6(Qs) = Cu(Q), (3.83)

their commutator is contained in k*; hence, indentifying Hom(Z, k*) with the group of the
automorphisms of the k*-group Z which act trivially on Z, we easily get homomorphism
3.8.1.

In particular, Ker(z) acts trivially on the k*-group Z and therefore, since its action
is compatible with the bijection in 3.6 above, it is contained in Ex (Q 5@ ); hence, since the
p’-groupHom(Z, k*) is Abelian, E (QsG )isnormalin Egy (Qs) (cf.3.5.3)and F/Ey (Q(SG )
is Abelian.

Symmetrically, the commutator in NG(QB) /O - Cy(Q) also induces surjective group
homomorphisms

éG(Qg) — Hom (F/Ker(w),k*)
Co(0s) — Hom (En(Q,0)/Ker(m), k) (3.8.4)

A ~ G
and it is quite clear that the kernels, respectively, coincide with K® and K® ; consequently,
the kernel of the surjective group homomorphism

~ ~ ~ ~ G
C(05)/K> — C6(Q5)/K° (3.8.5)
is canonically isomorphic to Hom(F/Eg (Q 5@ ), k*). We are done.

39

Assume that b is an inertial block of G or, equivalently, that there is a primitive Dade P-alge-
bra S such that, with the notation in 2.13 above, we have a P-interior algebra isomorphism

(0G),6 =S ®p O,L (3.9.1)

where we consider S endowed with the unique P-interior algebra structure fulfilling
dets(P) = {1} (cf. 2.14). In this case, it follows from [6, Lemma 1.17] and [8, Proposi-
tion 2.14 and Theorem 3.1] that

E = FoG(Pyc) = Fs(Ppg) N Fy ;i (P;y) (3.9.2)

and, in particular, that S is E-stable [8, Proposition 2.18]. Moreover, since we have a
P-interior algebra embedding (cf. 2.14)

O — Endp(S) = S° Q0 S, (3.9.3)
we still have a P-interior algebra embedding

OsL — 5° ®0 (0G)y6. (3.9.4)
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3.10

Conversely, always with the notation in 2.13, assume that S is an E-stable Dade P-algebra
or, equivalently, that E is contained in Fs(Py) where  denotes the unique local point of P
on S (cf. 2.14); since we have [9, Proposition 5.9]

FS(Prr)mFOG(PyG) - FS°®oOG(anyG) (3.10.1)

where 7 x yS denotes the local point of P on S° ® » OG determined by 7 and y¢ [9,
Proposition 5.6], and we still have [18, Theorem 9.21]

Fs(Pg) = k* x Fs(Pyg), (3.10.2)

it follows from [9, proposition 5.11] that the k*-group E is isomorphic to a k*-subgroup of
Fso9 06 (Prxyc); then, since E is a p’-group, it follows from [10, Proposition 7.4] that
there is an injective unitary P-interior algebra homomorphism

Oy — (8° ®0 OG)rxyc (3.10.3)

and, in particular, we have
|PIIE] < ranko(S° ®0 OG)zxy6 - (3.10.4)
O

Proposition 3.11 With the notation above, the block b is inertial if and only if there is an
E-stable Dade P-algebra S such that

ranko (S° [26) OG)

Proof 1f b is inertial then the equality 3.11.1 follows from the existence of embedding 3.9.4.
]

= |P||E| (3.11.1)

TxyG

Conversely, we claim that if equality 3.11.1 holds then the corresponding homomor-
phism 3.10.3 is an isomorphism; indeed, since this homomorphism is injective and we have
rank (O*I:) = | P|| E|, it suffices to prove that the reduction to k of homomorphism 3.10.3
remains injective; but, it also follows from [10, Proposition 7.4] that, setting ks =k ®p S,
there is an injective unitary P-interior algebra homomorphism

kol —> (kS° % kG) , (3.112)

TXYyG
where 77 and ¢ denote the respective images of v and ¥ in ¥ §° and kG, which is a conjugate

of the reduction to k of homomorphism 3.10.3.
Now, embedding 3.9.3 and the structural embedding

($° ®0 OG)rxys —> S° ®0 (OG)y6 (3.11.3)
determine P-interior algebra embeddings

S ®o (8°®o OG)nxyG — S®o S° ®o (OG)V(’
2l T ; (3.11.4)
S®0 O4L (0G)yq

thus, since P has a unique local point on § ® §° ®o (OG)y¢ [9, Theorem 5.3], we get a
P-interior algebra embedding

(0G)y6 — S®0 O4L (3.11.5)

which proves that b is inertial. We are done.
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3.12

With the notation above, assume that the block b is inertial; then, denoting by x the unique
G
local point of Q on S (cf. 2.14) and by 5% alocal point of Q on OGb such that mg # 0, there

is a unique local point 8" of 0 on O,L such that isomorphism 3.9.1 induces a Q-interior
algebra embedding [9, Proposition 5.6]

(0G);6 — Sy ®o (O*i)SL; (3.12.1)

but, the image of Q in (S,)* need not be contained in the kernel of the corresponding deter-
minant map. Note that, as above, it follows from this embedding and from [6, Lemma 1.17]
and [8, Proposition 2.14 and Theorem 3.1] that

EG(Qs ) = FoG(Q) = Fs(Qy) N Fy ;(QsL), (3.12.2)

so that the Dade Q-algebra Sy is EC;(QS(;)—stable; as in 2.13 above, let us consider the
corresponding semidirect products

M=QxF and M=QxF. (3.12.3)
We are ready to state our main result.

Theorem 3.13 With the notation above, assume that the block b of G is inertial. Then, there
is a Q-interior algebra isomorphism

(OH)s = S, ®0 O.M (3.13.1)
and, in particular, the block ¢ of H is inertial too.

Proof We argue by induction on |G/H |; in particular, if H’ is a proper normal subgroup of
G which properly contains H, it suffices to choose a block ¢’ of H’ fulfilling ¢’b # 0 to get
¢’¢ # 0 and the induction hypothesis successively proves that the block ¢’ of H’ is inertial
and then that the block c¢ is inertial too; moreover, setting Q' = H' N P, the corresponding
Dade Q’-algebra comes from S and therefore the final Dade Q-algebra also comes from S.
Consequently, since G fixes c, it follows from the Frattini argument that we have (cf. 2.3)

G = H - NG(Qs) (3.13.2)

and therefore we may assume that either C¢(Qs) C Hor G = H - Cg(Qs).

Firstly assume that Cg(Qs) C H; in this case, it follows from [18, Proposition 15.10] that
b = c¢; moreover, since Cg(Qs) = Cy(Q), it follows from 3.6 above that Q has a unique

G
local point 8 on OGb such that mg # 0, and from isomorphism 3.6.4 that we have

- —H - —H

(OH)(Qs) =kCu(Q)f =kCs(Qs)f (3.13.3)

in particular, Ng (Qs) normalizes Q 56 and therefore the inclusion 3.5.3 becomes an equality
EG(Qg6) = EG(Qs); (3.13.4)

thus, since F' is obviously contained in EG (Qs), Sy is F-stable too. Consequently, according
to Proposition 3.11, it suffices to prove that

ranko (S5 ®0 OH)yxs = | Q| F. (3.13.5)
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As in 3.12 above, the P-interior algebra embedding 3.9.4 induces a Q-interior algebra
embedding [9, Theorem 5.3]

(OuL)r — S5 ®0 (OG)s6 (3.13.6)

and it suffices to apply again [6, Lemma 1.17] and [8, Proposition 2.14 and Theorem 3.1] to
get

Ep(Qs) = Fp j(Qs1) = Fs(Qy) N Foc(Qs6), (3.13.7)

so that we obtain

Er(Qs) = Eg(Qg6) C Fs(Qy). (3.13.8)

In particular, it follows from [8, Proposition 2.12] that for any x € Ng(Qs) there is
sy € (S,)* fulfilling

Sy -u=u" sy (3.13.9)

for any u € Q, and therefore, choosing a set of representatives X C Ng(Qs) for G/H
(cf. 3.13.2), we get an O Q-bimodule direct sum decomposition

Sy ®0 0G = P(s: ® x)(S; @0 OH). (3.13.10)

xeX

But, for any x € Ng(Qs), the element s, ® x normalizes the image of Q in S; ®o OH
and it is clear that it also normalizes the local point x x § of Q on this Q-interior algebra;
more precisely, if S, = £S¢for £ € x and (OH)s = j(OH)j for j € §, thereis j' € x x §
such that [9, Proposition 5.6]

e pH=j=t®)Hj (3.13.11)
thus, for any x € Ng(Qj) the idempotent j"*®¥ still belongs to x x & and therefore there is
an inversible element a, in (S5 ®o OH) fulfilling

e e, (3.13.12)

so that we get the new O Q-bimodule direct sum decomposition

J'(5°®0 0G)j' = Ps: ® x)(a) ' j'(5° ®0 OH)J'. (3.13.13)

xeX

Moreover, the equality in 3.13.8 forces the group Eg(Qs) = Eg(Q 80) to have a normal
Sylow p-subgroup and therefore, since we are assuming that Cg(Qs) C H, it follows from
equality 3.13.2 that the quotient G/H also has a normal Sylow p-subgroup. At this point,
arguing by induction, we may assume that G/ H is either a p-group or a p’—group.

Firstly assume that G/ H is a p-group or, equivalently, that G = H - P [9, Lemma 3.10]; in
this case, it follows from [6, Proposition 6.2] that the inclusion homomorphism OH — OG
is a strict semicovering of Q-interior algebras (cf. 2.1) and, in particular, we have § C 8¢
since mgG # 0; similarly, since for any subgroup R of Q we have [9, Proposition 5.6]

(8°®0 OH)(R) = S(R)° ®« (OH)(R)

(3.13.14)
(5° ®0 OG)(R) = S(R)° @k (OG)(R),
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it follows from [6, Theorem 3.16] that the corresponding Q-interior algebra homomorphism
S°®0 OH — S° ®p OG is also a strict semicovering and, in particular, we have x x § C
X X SG, so that j" belongs to x x s°.

But, since Q(SG C PVG (cf. 3.4), it is easily checked that QxxaG C anyG’ where as
above 7 is the unique local point of P on S, and therefore we get the Q-interior algebra

embedding (cf. embeddings 2.2.3 and 3.9.4)
(5°®0 0G) ;6 — Res((S°®0 OG) 6 ZResg(O:L);  (3.13.15)
in particular, it follows from equality 3.13.13 that we have
|X|ranko (S5, ®0 OH)yxs < |L|. (3.13.16)

Moreover, we have | X| = |G/H| = |P/Q] and, since Cp(Q) C Q, it follows from [4, Ch.
5, Theorem 3.4] that E C L acts faithfully on Q = H N P; in particular, 8" is the unique

local point of Q on O*i (actually, we have 3 = {1 o i}) and therefore, since (cf. 3.13.4
and 3.13.8) o

E1(Q5) = EG(Qs6) = EG(Qs) D F (3.13.17)

and Eg(Qs)/F is a p-group, the p’-group E is actually isomorphic to F.
Consequently, it follows from the inequalities 3.10.4 and 3.13.16 that

[F11Q] < ranko(S) ®0 OH)yxs < |LI/1X| = |F||Q| (3.13.18)

which forces equality in 3.13.6.
Secondly assume that G/H is a p’-group; in this case, we have Q = P, § = y and
8¢ = yG; in particular, since we are assuming that

Cs(Qs) CH and Eg(Qs ) = Eg(Qs), (3.13.19)

we actually get

IX| =1G/H| = |EG(Pc)|/|IEn(Qs)| = |EI/|F]. (3.13.20)

Moreover, we claim that, as above, the idempotent j’ remains primitive in (S ®@ 0G)* 1
so that it belongs to 7 x y¢; indeed, setting

A '=j(S°®0 OG)j’ and B’ = j(5°®p OH)j’, (3.13.21)

let i’ be a primitive idempotent of A’" such that Brp(i’) # 0; in particular, i’ belongs to
T X y¢ and we may assume that
i'Ali' = (8° ®0 0G) o = OsL. (3.13.22)
It is clear that the multiplication by B’ on the left and the action of P by conjugation
endows A’ with a B’ P-module structure and, since the idempotent j’ is primitive in B'?,
equality 3.13.13 provides a direct sum decomposition of A” in indecomposable B’ P-modules.
More explicitly, note that B’ is an indecomposable B’ P-module since we have End g/ p (B) =
B’?: but, for any x € X, the inversible element

d, = (sx ®x)(ay) ")’ (3.13.23)

I The corresponding argument has been forgotten in [18] at the end of the proof of Proposition 15.19!
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of A’ together with the action of x on P determine an automorphism g, of B’ P; thus, equality
3.13.13 provides the following direct sum decomposition on indecomposable B’ P-modules

A" = (PRes,, (B). (3.13.24)
xeX
Moreover, we claim that the B’ P-modules Res, (B’) and Res, , (B') for x, x" € X are
isomorphic if and only if x = x’; indeed, a B’ P-module isomorphism

Resg, (B") = Res, , (B) (3.13.25)

is necessarily determined by the multiplication on the right by an inversible element b” of B’
fulfilling

Gux™H v =b - @ ux'"hH (3.13.26)

or, equivalently, (u - j’ e w j’ for any u € P, which amounts to saying that the
automorphism of P determined by the conjugation by x’x~! is a B'-fusion from P, to P,
[8, Proposition 2.12]; but, once again from [6, Lemma 1.17] and [8, Proposition 2.14 and
Theorem 3.1] we get

FA/(PVG) = EG(PyG) =FE and Fp(P)) = Eg(Py); (3.13.27)

hence our claim now follows from equalities 3.13.20.

On the other hand, it is clear that A’i’ is a direct summand of the B’ P-module A’ and
therefore there is x € X such that Resg, (B’) is a direct summand of the B’ P-module A’i’;
but, it follows from [8, Proposition 2.14] that we have

Fi’A’i’(PyG) = FA’(PVG) =FE (3.13.28)

and therefore, once again applying [8, Proposition 2.12], for any y € NG(Pya) there is an

inversible element ¢, in A’ fulfilling
i)™ = yuy™ i’ (3.13.29)

for any u € P; then, for any x’ € X, it is clear that A’i" = A’i’c;_lx, has a direct summand
isomorphic to Resg , (B’), which forces the equality of the O-ranks of A’i" and A’, so that
A'i’ = A’ and i’ = j/, which proves our claim. Consequently, it follows from the equalities
3.13.13 and 3.13.20 that

ranko (S ®0 OH)yxs = |L|/I1X| = |F|Q], (3.13.30)

so that equality holds in 3.13.6.

From now on, we assume that H - Cg(Qs) = G; in particular, Cg(Q) stabilizes §, we
have Eg(Qs) = Eg(Qs) = F and we can choose the set of representatives X for G/H
contained in Cg(Q) so that this time we get the O Q-bimodule direct sum decomposition

Sy ®0 0G = P, ® x)(S; ®p OH). (3.13.31)

xeX

Since any z € C(Q) stabilizes § choosing again ¢ € x, j € § and j' € x x § such that [9,
Proposition 5.6]

Jep)=j=teinj, (3.13.32)
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there is an inversible element a. in (OH)2 fulfilling j* = j%; consequently, with the
notation above, from these choices and equality 3.13.31 we have

A =Py ®x(a) B (3.13.33)

xeX

As in Proposition 3.8, denote by K? the converse image in ég(Q) of the fixed points of
F in Z and by K° the k*-quotient K®/k* of K®; since K° is a normal k*-subgroup of
C’G(Q), H - K? is a normal subgroup of G and therefore, arguing by induction, we may
assume that it coincides with H or with G.
Firstly assume that H - K% = G in this case, since we have K® = C5(Q), F acts trivially
G

on Z and we have F = EH(Q‘SG) for any local point 8% of Q on OGD such that mg # 0,
so that S, is F-stable (cf. 3.12.2); consequently, according to Proposition 3.11, once again
it suffices to prove that

ranko (S5 ®0 OH)yxs = |Q|F. (3.13.34)

For any z € Cg(Q), the element z(a,)~" stabilizes j(OH)j = (OH)s and actually it
induces a Q-interior algebra automorphism g, of the source algebra (O H)g; but, symmetri-
cally, Cg(Q) acts trivially on [8, Proposition 2.14 and Theorem 3.1]

F = En(Qs)° = Fomy,(Qs); (3.13.35)

hence, it follows from [10, Proposition 14.9] that g, is an inner automorphism and therefore,
up to modifying our choice of a,, we may assume that z(a;)~" centralizes (O H)j; then, for
any x € X the element 1, ® x(ay)~ ! centralizes

B = j(5°®p OH)j’ (3.13.36)

and therefore, denoting by C the centralizer of B’ in A’, it follows from equality 3.13.33 that
we have

A'=C®zp) B (3.13.37)
in particular, we get A’ = C ®gzp) B'Y which induces a k-algebra isomorphism
[10, 14.5.1]

A'(Q) = C®zp) kZ(Q) (3.13.38)
and then it follows from isomorphism 3.6.4 that
k @z C = (keZ)°. (3.13.39)

G
At this point, for any local point 8% of Q on OGb such that mg # 0, it follows
from Proposition 3.7 that QBG C Pyc, so that QxszG CcP /0 [9, Proposition 5.6] and

T X

therefore x x 5% is also a local point of Q on the P-interior algebra (cf. embedding 3.9.4)
(8° ®o OG)ﬂXyG = 0O.L; (3.13.40)

actually, singe Ng(P) normalizes Q = H N P, Q is normal in L and therefore all the poin}s
of Q on O, L are local (cf. 2.10). In conclusion, since {1, } is the unique point of P on O,L,
isomorphism 3.13.40 induces a bijective correspondence between the sets of local points of

Q on
' (5°®0 OGb)j' = A'(1 ® b) (3.13.41)
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and on O, L; moreover, note that if two local points x X ¢ and x X &5 of Q on the left-
hand member of 3.13.40 correspond to two local points 3% and 26 of Q on O,L, choosing
suitable jG € SG, K e £l jG €8’ andk’ e €9, from isomorphism 3.13.40 we still get an
O Q-bimodule isomorphism

Ak’ = %o 0ik°. (3.13.42)

Consequently, since we have A'? = C ®zp/) B'? and C is a free Z(B')-module, for
suitable primitive idempotents jG and k° of C we have (cf. 3.13.37 and 3.13.38)

dim (k ®zu (G° C/EG)) ranke (B') = ranke ( he ((9*12)126)
. . o (3.13.43)
dim (k ®zmy (J Ck )) = rankz(g) (J (OsL)k ) (0);

thus, since the respective multiplicities (cf. 2.2) of points 3¢ and BrS*L(SG) of Q on (9*2,
and on (O*i)(Q) = k.«C; (Q) coincide with each other, we finally get

IL| = rankp (O, L) = |C1(Q)| ranko (B). (3.13.44)

But, according to 3.5.4, NG(PyG) normalizes y which determines f " (cf. 3.3.1) and

therefore y determines the unique local point § of Q on OH associated with f H; thus,

NG(PyG) is contained in Ng (Qs) which acts trivially on Z, and therefore NG(PVG) stabi-
- G

lizes all the local points & “of Q on OGY fulfilling mg # 0 (cf. 3.6); hence, it follows from

isomorphism 3.13.40 above that, denoting by 39 the point of Q on O, L determined by SG,

L normalizes Q 563 in particular, we have

F=Eg(Qs) = EGg(Qy) = Foo) o (Q40)

(3.13.45)
= Er(Qz) =L/Q-CrL(Q)
and therefore from equality 3.13.44 we get
|FI1Q] = |L|/|CL(Q)] = ranko(B"), (3.13.46)

which proves that c is inertial.
Finally, assume that K 8 = Cy(0); in this case, since the commutator in Ng(Q5) / (Q .
Cy (Q)) induces a group isomorphism

C6(Qs)/K® = Hom (F /Ker(w), k*), (3.13.47)

the quotient G/ H is an Abelian p’-group and, in particular, we have P = Q. But, since with
our choices above we still have (cf. 3.13.33)

(0G); = j(0G)j = Px(a)~ (OH); (3.13.48)

xeX

where the element x(ay)~! determines a Q-interior algebra automorphism of (OH)s, it
suffices to consider the k*-group

0= x@)" ((OH)(SQ)* (3.13.49)
xeX
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to get the Q-interior algebra (OG); as the crossed product [3, 1.6]

(0G)s = (OH)s ® U. (3.13.50)

(0mg)

Then, since G/ H is a p’-group, denoting by U the k*-quotient of U it follows from [10,
Proposition 4.6] that the exact sequence

1—>j+J(((’)H)5Q) U — G/H — 1 (3.13.51)
is split and therefore, for a suitable central k*-extension ({/71 of G/H, we still get an evident
Q-interior algebra isomorphism

(0G)s = (OH)s & G/ H; (3.13.52)
at this point, it suffices to compute the Brauer quotients at Q of both members to get
k ®iz(0) (0G)5(Q) = k.G/H (3.13.53)

and therefore, comparing this k-algebra isomorphism with isomorphism 3.6.4, we obtain a
Q-interior algebra isomorphism

(0G)s = (OH)s @+ 2° (3.13.54)

for a suitable action of Z over (OH); defined, up to inner automorphisms of the Q-interior
algebra (OH)s, by the group homomorphism

7 — Auts (EH(QS)) (3.13.55)

induced by the commutator in Ng (05)/(Q - Cr(Q)) [10, Proposition 14.9].
Similarly, considering the trivial action of Z over S, we also obtain the Q-interior algebra
isomorphism

5° ®0 (0G)s = (8° @0 (OH)s) @+ 2°; (3.13.56)

since x x 8 is the unique local point of Q on S° ® (OH)s, we have jZ = j"* for a suit-
able inversible element bz in (S° ®p (OH )5)Q; hence, arguing as above, we finally obtain
a Q-interior algebra isomorphism

(5°®0 OG)yxs = (S° @0 OH)yxs @pr 2°. (3.13.57)

Moreover, since the k-algebra kyZ is now semisimple, for any pair of primitive idem-
potents 7 and i’ of O,Z we have 1(O.Z)i’ = O or {0}, and, since O, Z is contained in
(8° ®0 OG)yxs C S° ®o OG, in the first case from isomorphism 3.13.56 we get

ranko (f(So ®0 OG)i’) <ranko(S° ®o OH)y xs; (3.13.58)
hence, since isomorphism 3.13.57 implies that
ranko (S° ®o OG), xs = ranko(S° ®o OH), x5 1Z|, (3.13.59)

all the inequalities 3.13.58 are actually equalities and, in particular, we get (cf. embed-
ding 3.9.4)

|L| = ranko(S° ®o OG)ﬂxyG =ranko(S° ®o OH), xs (3.13.60)
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since P = Q and & x y0 =X X §¢ (cf. 3.4). Consequently, according to Proposition 3.11,
it suffices to prove that S is F-stable.

On the other hand, it follows from Proposition 3.7 that F acts transitively over the set
of primitive idempotents of Z (k*Z ) 55; but, since k*2 is semisimple, this set is canonically
isomorphic to the set of points of this k-algebra (cf. 2.2), so that F acts transitively over the

G
set of local points § @ of Q on OGD fulfilling mg # 0 (cf. 3.6). More precisely, choosing
. G A
s¢ = yG and denoting by K? the converse image in C¢ (Q) of the fixed points of E g (QSG )

R G A G G
in Z and by K® the k*-quotient of K® , as above H - K% is a normal subgroup of G and

G G
therefore, arguing by induction, we may assume that either C7(Q) = K® orG = H-K? .
In the first case, it follows from Proposition 3.8 that

F=En(Q) C EG(Qy ) =E (3.13.61)

so that S is indeed F-stable (cf. 3.9). In the second case, since we have (cf. Proposition 3.8)
G
F/EH(Q(Sc;)zK‘s /K‘SzG/sz, (3.13.62)

the number of points of O*Z coincides with its O-rank which forces the k*-group isomor-
phism Z = k* x Z; in particular, isomorphism 3.13.54 becomes the Q-interior algebra
isomorphism

(0G)s = (OH)s Z = @(OH)g .z (3.13.63)

zeZ

and therefore we have (0G)? = (OH)2Z.
Thus, since Q = P, we may assume that the image i of ﬁ ZzeZ zin (OG)s C OG

belongs to 8¢ = yG and then we get (cf. 3.9.1)

S®e O.L Zi(0G)i = (OH)Z. (3.13.64)

But, it follows from [10, Proposition 7.4] that there is a unique j + J ((OH )SQ)-conjugacy

class of k*-group homomorphisms
&:QxF— (OH)s)* (3.13.65)
mapping ¥ € Q on u - j; then, since Z is a p’-group, it follows from [3, Lemma 3.3

and Proposition §.5] that we can choose « iAn such a way that Z normalizes a(I:" ) and then
we have [Z, a(F)] C k* In this case, a(F) stabilizes (OH )8Z and therefore, throughout

isomorphism 3.13.64, F acts on S @ O, L normalizing the structural image of Q; hence,
F acts on

S @0 OLL /J(S ®0 0.1) = S®0 kB (3.13.66)

stabilizing the simple k-subalgebra S ® o k and the image of Q inside; finally, it follows from
[11, 1.5.2] that § is also F-stable. We are done.
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4 Normal sub-blocks of nilpotent blocks
4.1

With the notation of sect. 3, assume now that the block b of G is nilpotent; since we already
know that (OG), = S ®p OP for a suitable Dade P-algebra S [9, Main Theorem], the
block b is also inertial and therefore we already have proved that the normal sub-block ¢ of
H is inertial too; let us show with the following example—as a matter of fact, the example
which has motivated this note—that the block ¢ need not be nilpotent.

Example 4.2 Let § be a finite field of characteristic different from p, g the cardinal of § and
¢ a field extension of § of degre n # 1; denoting by @, the n-th cyclotomic polynomial,
assume that p divides ®,(¢g) but not ¢ — 1, that @, (¢) and ¢ — 1 have a nontrivial common
divisor r—which has to be a prime number? —and that n is a power of r. For instance, the
triple (p, g, n) could be (3, 5, 2), (5,3.4), (7,4,3) ...

Set G = GL3(€) and H = SL3(€), and, respectively, denote by 7" and by W the images
in G of the multiplicative group of & and of the Galois group of the extension ¢/F; since p
does not divide ¢ — 1, T N H contains the Sylow p-subgroup P of T and, since p divides
®, (g), we have

Co(P)=T and Ng(P)=T x W; 4.2.1)

consequently, since W acts regularly on the set of generators of a Sylow r-subgroup of T,
a generator ¢ of the Sylow r-subgroup of Hom(7, C*) determines a local point y of P on
OG such that

Ng(Py,) =T = Cg(P) (4.2.2)

and, by the Brauer First Main Theorem, P, is a defect pointed group of a block b of G which,
according to [13, Proposition 5.2], is nilpotent by equality 4.2.2.

On the other hand, since r divides g — 1, the restriction ¥ of ¢ to the intersection TN H =
Cp (P) has an order strictly smaller than ¢ and therefore, since we clearly have

Nuy(P)/Cu(P)=W, (4.2.3)

r divides [Ny (Ps)/Cyg (P)| where § denotes the local point of P on OH determined by ;
once again by the Brauer First Main Theorem, Py is a defect pointed group of a block ¢ of
H, which is clearly a normal sub-block of the block b of G and it is not nilpotent since r
divides |Ny (Ps)/Cr (P)|.

Corollary 4.3 A block c of a finite group H is a normal sub-block of a nilpotent block b of
a finite group G only if it is inertial and has an Abelian inertial quotient.

Proof We already have proved that ¢ has to be inertial. For the second statement, we borrow
the notation of Proposition 3.8; on the one hand, since the block b is nilpotent, we know that
EG(Qc) is a p-group; on the other hand, it follows from this proposition that Ex (Q ) is
a normal subgroup of F and that F'//E (Qc) is Abelian; since the inertial quotient F is a
p’-group, we have EH(Q(SG) = {1} and F is Abelian. We are done. O

2 We thank Marc Cabanes for this remark.
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Remark 4.4 Conversely, if P is a finite p-group and E a finite Abelian p’-group acting faith-
fully on P, the unique block of L =P xE for any central k*-extension of E is a normal
sub-block of a nilpotent block of a finite group obtained as follows. Setting

Z = Hom(E, k*), (4.4.1)

it is clear that Z acts faithfully on E fixing the k*-quotient E; thus, the semidirect product
E % Z still acts on P and we finally consider the semidirect product

M=Px(ExZ)=LxZ. (4.4.2)
Then, we clearly have
(O:M)(P) =k (Z(P) x Z) (4.4.3)

and therefore any group homomorphism ¢ : Z — k* determines a local point of P on
O, M—still noted ¢; but E acts on kZ, regularly permuting the set of its points; hence, we
get

Ny(P)=k*x P xZ. (4.4.4)

and therefore P; is a defect pointed group of the nilpotent block {1 , -} of M.
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