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Abstract Macaulay’s Theorem (Macaulay in Proc. Lond Math Soc 26:531-555, 1927)
characterizes the Hilbert functions of graded ideals in a polynomial ring over a field. We
characterize the Hilbert functions of graded ideals in a Veronese ring R (the coordinate ring
of a Veronese embedding of P"~!). We also prove that the Hilbert scheme, which paramet-
rizes all graded ideals in R with a fixed Hilbert function, is connected; this is an analogue
of Hartshorne’s Theorem (Hartshorne in Math. IHES 29:5-48, 1966) that Hilbert schemes
over a polynomial ring are connected. Furthermore, we prove that each lex ideal in R has the
greatest Betti numbers among all graded ideals with the same Hilbert function.

1 Introduction

In this paper, S stands for the polynomial ring k[x1, ..., x,] over a field k of characteristic
zero. Thering S is graded by deg(x;) = 1 foreachi.Letq, r > 2 be integers. Throughout, we
consider the toric Veronese ring R = §/I, where [ is the defining ideal of the ¢’th Veronese
embedding of P"~! (see Sect. 3 for a precise definition). Note that Veronese rings include
the projective coordinate rings of all rational normal curves.

Let X be a graded ideal in S, and D = S/ X. If J is a graded ideal in D, then J; stands
for the vector space of all polynomials in J of degree i. The Hilbert function

h: N— N
i = dimg J;

is an important numerical invariant, which measures the size of the ideal. The following
question is very natural:
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156 V. Gasharov et al.

Question 1.1 What are the possible Hilbert functions of graded ideals in the ring D?

A classical theorem by Macaulay [23] provides the answer for D = S. The key idea
introduced by Macaulay is to consider lex ideals, which are special monomial ideals defined
in a simple combinatorial way.

Macaulay’s Theorem 1.2 [23] For every graded ideal J in S there exists a unique lex ideal
L j with the same Hilbert function.

Theorem 1.2 leads to a numerical characterization of Hilbert functions; see Theorem 4.3.

Hilbert functions of graded ideals in an exterior algebra (or in the quotient ring D =
S/ (xf, R x%)) are of interest on their own and also are of interest in Combinatorics because
they correspond to f-vectors which count faces of simplicial complexes. It is proved by
Kruskal-Katona [21,22] that Macaulay’s theorem holds over every exterior algebra. Count-
ing faces of simplicial complexes naturally generalizes to counting in multicomplexes; this
leads to considering Clements—Lindstrom rings of the form D = §/ (xi“, ..., X"y where
2 <a; < --- < a,. Clements—Lindstrom’s Theorem [7] shows that Macaulay’s theorem
holds over every Clements—Lindstrom ring.

As outlined below, if Macaulay’s Theorem holds over a ring D then lex ideals provide
a powerful tool in the study of Hilbert schemes and syzygies over D. This motivates the
open problem to find interesting classes of graded quotient rings over which Macaulay’s
Theorem holds. Unfortunately, the theorem fails over some very simple rings; for example,
there exists no lex ideal with the same Hilbert function as the ideal (ab) in the quotient
ring k[a, b]/ (azb, ab?), cf. [25, Example 2.13]. It seems that it is rare and remarkable when
Macaulay’s Theorem holds over a quotient ring.

In this paper, we consider toric Veronese rings; such rings are of interest in Commutative
Algebra (due to their nice homological properties; for example, R is well known to be a
Koszul algebra) and in Algebraic Geometry (for example, the N,-conjecture for R in [26]
is still open). A classical result of Green [15] shows that the defining ideal 7 (recall that
R = §/I) is generated by quadrics. We prove

Theorem 1.3 For every graded ideal in the Veronese ring R there exists a lex ideal with the
same Hilbert function. (We use a specific lex order; defined in Sect. 3.)

Macaulay’s Theorem and Kruskal-Katona’s Theorem yield a numerical characterization
of the Hilbert functions over a polynomial ring and over an exterior algebra, respectively.
Similarly, Theorem 1.3 leads to a numerical characterization of the Hilbert functions over a
Veronese ring; we present this in Sect. 4.

If Macaulay’s Theorem holds over a graded quotient ring then a key role in the study
of Hilbert functions and syzygies is played by lex ideals. We list the three most important
applications in 1.4, 1.6, and 1.7. They concern the following problem, which has received
broad attention.

Problem What can be said about the properties of ideals with a fixed Hilbert function?

1.4 Betti numbers

Evans raised the problem to study the possible Betti numbers of all graded ideals in S with
a fixed Hilbert function. Since the problem is very complex in general, people focused on
maximal and on minimal Betti numbers. It turned out that there exist examples of a Hilbert
function for which there exists no ideal with minimal Betti numbers. In contrast, Bigatti,
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Hilbert schemes and maximal Betti numbers over veronese rings 157

Hulett, and Pardue proved that every lex ideal in S attains maximal Betti numbers among all
graded ideals with the same Hilbert function, cf. [6, Theorem 1.1]. This property also holds
over exterior algebras by a result of Aramova—Herzog—Hibi [2, Theorem 4.4] and over Cle-
ments—Lindstrom rings by a result of Murai—Peeva [24, Theorem 1.5]. In Sect. 2 we prove the
following theorem, and in Sect. 5 we prove a more precise (but more technical) version of it.

Theorem 1.5 Every lex ideal in the Veronese ring R attains maximal Betti numbers among
all graded ideals with the same Hilbert function.

1.6 Gotzmann’s theorems

Gotzmann’s Regularity Theorem and Gotzmann’s Persistence Theorem [13] are two impor-
tant results on Hilbert functions in the polynomial ring S. Given a graded ideal J these results
provide upper bounds for the Catelnuovo—-Mumford regularity of J and for the degrees of
the minimal monomial generators of the lex ideal L; (see the notation in Theorem 1.2),
respectively, in terms of the Hilbert function of J. Analogues are proved over exterior alge-
bras in [2, Theorems 4.5 and 4.6] and over Clements—Lindstrom rings in [12]. In Sect. 4,
we prove that Gotzmann’s Persistence Theorem and Gotzmann’s Regularity Theorem hold
over a Veronese ring. Another important result on Hilbert functions is Green’s Theorem [14]
which shows how the Hilbert function changes when we take a generic hyperplane section;
in 3.8 we observe that it holds over R.

1.7 Hilbert schemes

Grothendieck [16] introduced the classical Hilbert scheme, which parametrizes subschemes
of P"~! with a fixed Hilbert polynomial. When we work over a quotient ring it is natural to
consider a slight variation of Grothendieck’s construction: we consider the Hilbert scheme
H}? that parametrizes all graded ideals in the ring D with a Hilbert function &. The struc-
ture of the Hilbert scheme is usually very complicated. The main known structural result is
Hartshorne’s famous Theorem 1.8.

Theorem 1.8 [17] The Hilbert scheme, which parametrizes all graded ideals in S with a fixed
Hilbert function, is connected. Every graded ideal in S with Hilbert function h is connected
by a sequence of deformations to the lex ideal with Hilbert function h.

Analogues of this result are proved over exterior algebras by Peeva—Stillman [29, Theo-
rem 1.3] and over Clements—Lindstrom rings by Murai—Peeva [24, Theorem 1.3]. We prove

Theorem 1.9 The Hilbert scheme, which parametrizes all graded ideals in the Veronese ring
R with a fixed Hilbert function, is connected. Every graded ideal in R with Hilbert function h
is connected by a sequence of deformations to the lex ideal with the same Hilbert function h.

We raise the open problem whether the lex point on the Hilbert scheme is a smooth point.
Reeves and Stillman [32] proved that the lex point is smooth on the classical Hilbert scheme,
introduced by Grothendieck [16], which parametrizes subschemes of P” with fixed Hilbert
polynomial. It is an open problem whether the lexicographic point is smooth on the Hilbert
scheme H"l/, that parametrizes all graded ideals with a fixed Hilbert function % in the ring
V, where V is either a polynomial ring S, or an exterior algebra E, or a Clements—Lindstom
ring C, or a Veronese ring R. It is possible that the answer is different over different rings.
The proof in [32] does not work because the tangent space is different, see [30, Proposition
2.1].
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2 Lex ideals

In this section, we construct special monomial orders and examples that illustrate the subtle-
ness of the lex definition in a toric ring.

Let A ={ay,...,a,}beasubsetof N\ {0}, A be the matrix with columns a;, and suppose
that rank(A) = r. For 1 < i < n, denote t% = "' ... 1", where a; = (a;1, ..., air). We
denote by I 4 the kernel of the homomorphism

oA klxy, ..o xq] = k[t .. 8]
Xi = tai.

It is a prime ideal, and is called the toric ideal associated to A. The foric ring associated to
Ais R4 = S/I4. We have the isomorphism Q 4 := k[t?!, ..., t*] = R 4. The toric ideal
1 4 is projective (or S/1 4 is a projective toric ring) if I 4 is homogeneous with respect to the
standard grading of S with deg(x;) = 1for 1 <i < n. Then R 4 inherits the grading from
S. Let p > 0 be an integer; a p-monomial space W is a vector subspace of (R 4), spanned
by monomials of degree p. In the rest, we consider only projective toric rings.

Now, we focus on the definition of a lex ideal in a projective toric ring. For simplicity we
will assume that the monomials t?!, ..., t* have the same degree.

Construction 2.1 Order the variables in T = k[t1,...,t,]byt; > o > --- > 1. and con-
sider the following monomial order > in Q 4: if v and v’ are monomials in Q 4, then v > v’
if v is degree-lex-greater than v’. This is a total order on the monomials in Q 4 (and also in
T). We denote it by dlex 7.

Order the monomials in S so that m >7 u in S if ¢ 4(m) >alex; @A) in T. Thisis a
partial order on the monomials in S. Two monomials m and m” in § are incomparable by >7
if and only if ¢ 4 (m) = @_4(m’), which holds if and only if m — m’ € 1 4.

Construction 2.2 We define a partial monomial order <;,,;. on S using the weight orders
with respect to the rows in the matrix A. For 1 <i < r, denote by w; the weight order of the
monomials in § with respect to the vector ((a1);, ..., (a,);). Let wo = Zle w;. Let m and
u be two monomials in S. We define that m >, u if there exists a0 < j < r such that

wi(m) > wj(u) and w;(m) =w;(u) for0 <i < j.

This is a partial order on the monomials in S.

Two monomials m and m’ are incomparable by <;.,; if and only if w; (m) = w; (m’) for
all 1 <i < r; this happens if and only if m —m’ € I 4. Hence, the following two properties
hold:

(@ inc,, (14) =1a.
(b) if m and m’ are incomparable monomials, then m — m’ € I 4.

It is easy to check that the following lemma holds.
Lemma 2.3 The two partial orders on S constructed in Constructions 2.1 and 2.2 coincide.

Note that <7=</,,i. induces a well-defined total monomial order <7 in the ring R 4
since m —m’ € I 4 for two monomials m and m’ in S if and only if the monomials are equal
with respect to <7.

Let M be a monomial ideal in R 4. Denote by ¢4 (M) its image ideal in Q4 =
k[t ..., t*]. It looks natural to define that M is lex if ¢(M,) is lex in Q 4 for every
g > 0. Example 2.4 shows that this is not a satisfactory definition since a lex monomial
space (in a fixed degree) may not generate a lex monomial space in the next degree.
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Example 2.4 Consider the defining ideal 1 4 of P! x P! It is the kernel of the homomorphism
oA S =klxi,x2,x3, x4] > T =klt1, 12, 13, 14]

X1 = 1B
X2 = 4
X3 = bhis
X4 B> iy,

Here the set A is

A=1{(1,0,1,0), (1,0,0,1), (0,1,1,0), (0,1,0, 1)}.

Denote by dlex7 the degree-lex monomial order in the polynomial ring T so that the variables
are ordered by #; > f, > t3 > t4. Furthermore, we order the variables in the polynomial
ring S so that x; > x), if 9 4(x;) >1ex; ®.A(x)p). Therefore, x; > x > x3 > x4. Consider
the degree-lex monomial order dlexs on S determined by the equivalent Constructions 2.1
and 2.2.

Consider the ideal M = (x1) in the Segre toric ring S/I 4. On the one hand, ¢ 4 (M) is
spanned by 7113, so it is a lex monomial space in ¢ 4(S).

On the other hand, ¢ 4 (M>) contains the monomial ¢ 4 (x1x3) = f t2t32, but does not con-
tain the dlexr-bigger monomial tlztf =@ (x%). Therefore, ¢ 4 (M>) is not a lex monomial
space in g4 (S).

This example explains why a more intricate definition of lex ideals is introduced in [11].

Definition 2.5 [11, Definition 3.7] We fix the order of the variables in S to be x; >
- > Xx,, and consider the induced dlex order dlexs on S. Recall that for ¢ € N’, the

set {m is a monomial in S |@(m) = t} is called the fiber of ¢ (or the fiber of t¢). The

lex-greatest monomial in a fiber will be called the fop-representative of the fiber.

We say that a p-monomial space W in R 4 is a lex space if the following property is
satisfied: if m € W is a monomial, v € § is the top-representative of the fiber of m, and
u € Sy is a monomial such that u >giex; v, then u € W (by abuse of notation u € W means
that the image of # in R 4 is a monomial in W).

It is proved in [11, Theorem 3.4] that a lex p-monomial space in (R 4), generates a lex
monomial space in (R 4) p+1. A monomial ideal L in R 4 is called lex if for every i > 0, we
have that L; is spanned by a lex monomial space in (R 4);.

In Example 2.4, it is easy to check that M is lex monomial space according to the defi-
nition above. The fact that ¢ 4 (x%) = tlztf ¢ @ 4(M>) is not a problem anymore since x% is
not dlexs-bigger than any of the top-representatives of the fibers of the monomials in M>.

We close this section by an example which shows that the dlexy order in Q 4 does not
agree with the dlexg order on the set of the top-representatives in S. This illustrates the
subtleness of the definition of a lex ideal in a toric ring.

Example 2.6 We continue Example 2.4. On the one hand, we have the inequality
X3 <dlexs X1X3.
On the other hand, we have that
QA(X3) = 11 >alex; Nial3 = A(X1X3).

Thus, the following property fails: m > qiex; # for two top-representative monomials in § if
and only if ¢ 4(m) >alex; ¥.4(u). In this example, the dlexy order in Q 4 does not agree
with the dlexg order on the set of the top-representatives in S.
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3 Veronese rings

After notation is introduced (say in some lemma or construction), it will be used in the rest
of the paper. We will prove Theorems 1.3 and 1.9 in a series of constructions.

3.1 Veronese rings

.. r+q—1
Fix integer numbers r, ¢ > 1. Setn = .

r—1
vy
For an integer column vector v = ,setx¥ = xi” e X
Un
T stands for the polynomial ring k[t, ..., t;], graded by deg(¢;) = 1for1 < j < r.

Let R be the g’th Veronese ring in r variables which defines the gth Veronese embedding of
P’ !, Thus,

R= @ﬁoqu = k[all monomials of degree ¢ in T'].

The set of points defining the toric ideal can be taken to be
r
A=1G1.....i) eN\O| D ij=¢
j=1

We order the vectors in A lexicographically so that the first vector is the greatest, and then

denote them by {aj, ..., a,}. Let A be the matrix with columns a;. We denote k[t?!, ..., t?]
by Q.
We denote by I the kernel of the homomorphism
QO : k[x],...,.x”] - k[tla"'vtr]
Xx; >t

It is a prime ideal, and is called the toric Veronese ideal associated to A. The toric Veronese
ring associated to A is

R:=S/I =k[t",... t"]=QCT.

Furthermore, ¢g stands for the map S — R, and ¢g stands for the isomorphism R = Q
induced by ¢. Thus, ¢ = pres.

The Veronese toric ideal [ is projective, that is, / is homogeneous with respect to the
standard grading of S with deg(x;) = 1 for 1 < i < n. The ring R inherits the grading
from S.

3.2 The lex property in Veronese rings

In contrast to Example 2.6, it is easy to see that we have the following very useful lemma
over Veronese rings. This lemma is the foundation for our arguments.

Lemma 3.2.1 In the notation of Sect.2, over a Veronese ring we have that the dlexr order in
Q agrees with the dlexg order on the set of the top-representatives in S, that is, m > diexg U
Sfor two top-representative monomials in S if and only if o(m) >diex; ¢ (u).

For simplicity we call this order lex throughout.
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Proof Leta € N". We will describe the top-representative of the fiber of t2.
Consider the lex order on N” such that ey > --- > e, where eq, ..., e, are the standard
vectors. We can write

a=b;+-- +bp,

where bj is the lex-greatest vector in .4 such thata —bj + - - - +bj_1 is coordinatewise bigger
or equal to bj (we assume by = 0 here). Note that for each i, we have that ¢! (tP1) is a vari-
able in S. Denote by o (t*) the monomial ¢~ (tP1) ... =1 (tP) € S. Clearly, (o (t?)) = t2.
We will show that o (t?) is the top-representative in the fiber of t2.

Letm = xj,, ..., Xj, be a monomial in the fiber of t?, and assume that j; < --- < Jp-

We will show that m <qiexg o (t*). Recall that ¢ (x ;) = t¥1.
a

m o . . .
If a5, = by, then — <gjex; —) by induction hypothesis on the degree, so we are
} Xb

done. Suppose that ajljl;é by. Let i ble the smallest number such that the i’th coordinates
of aj, and by are different. It follows that (aj;); < (by); by the construction of by. Hence
Xj, <dlexs Xb,- Therefore, o (t*) >giexs m.

Denote by Mg the set of all monomials in S that are top-representatives. Denote by M
the set of all monomials in Q. By Construction 2.1, if m > gqjex; u for two top-representative
monomials in S then we have that ¢(m) >aiex; @(u). If a,¢ € N" and t* >giex, t¢, then
o (t*) >qlexg 0 (t°) by the construction of o. We have the dlex-order preserving bijection

(pZM5—>./\/lQ
T Mo — Msg.

Thus, the following property holds: m >gjexg # for two top-representative monomials in §
if and only if @ (m) >dlex; @ (u). m]

An immediate consequence is the following result.

Theorem 3.2.2 A monomial ideal M in the Veronese ring R is lex if and only if its image
@ (M) generates a lex ideal in the polynomial ring T .

Proof Let M be alex idealin R. Let p € Nand d,, = dim(M,). By Lemma 3.2.1, it follows
that ¢ (M) is the vector space spanned by the d), lex-greatest monomials of degree pg in T
starting with t]p 9 Therefore, ¢(M) generates a lex ideal in the polynomial ring 7.

Let M be a monomial ideal in R such that ¢ (M) generates a lex ideal in the polynomial
ring T. Let p € Nand d,, = dim ¢(M). We have that ¢ (M) is the vector space spanned
by the d,, lex-greatest monomials of degree pg in T starting with tlp 7. By Lemma 3.2.1, it
follows that M), is a lex p-monomial space in R. Hence, M is lex in R. O

Construction 3.2.3 If G is an ideal in the polynomial ring 7', then we set Gp = QN G and
Gr = (pEI(GQ), and denote by G g the preimage of G in S. Thus, G, and G are ideals
in R and S, respectively. We also set Gt = G.

Construction 3.2.4 If N is an ideal in the Veronese ring R, then we denote by g N the iso-
morphic ideal p (N) in Q. Furthermore, denote by 7 N the ideal in T’ generated by ¢ N, and
denote by s N the preimage of N in S. Thus, 7 N and gN are ideals in 7', and S, respectively.
We also set kN = N.

Anideal in § is called lex+1 if it is the preimage of a lex ideal in R.
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Proposition 3.2.5 (1) If G isalexideal in T, then G is lex in R, and G is lex+1 in S.
(2) IfNisalexidealin R, then TN islexin T, and gN is lex+1 in S.

We will consider three types of deformations, which we call Type-A deformations, Type-B
deformations, and Type-C deformations.

3.3 Type-A deformations using change of coordinates

The general linear group G = GL(r, k) of invertible (r x r)-matrices over k, acts as a group
of algebra automorphisms on the polynomial ring 7 by acting on the variables as follows:
if E € G has entries ¢;j, then E(t;) = >.\_, e;;t;, and furthermore E(¢{",...,#/") =
E(t))P, ..., E(t,)P . This is called a change of coordinates in T. Let ¥ be such a change
of coordinates. Note that ¥7(Q) = Q. We denote by v its restriction on Q. We denote
by s the change of variables (coordinates) in the polynomial ring S that is induced by v¢.
Therefore,

s = Yro.

If f € I = Ker(p), then ¥s(f) € I since pyrs(f) = Yre(f) = 0. Hence, ys(1) = 1.
Let G be an ideal in the polynomial ring 7. If H = ¥7(G), then we have that

Hg = ¥9(Go),
Hg = Y r(GR),
Hs = ¥5(Gy),

where the last equality follows from the fact that ¥g(/) = 1.
We say that H, Hgp, Hg, and Hg are Type-A deformations of G, Go, Gg, and Gg,
respectively. Such a deformation preserves the Betti numbers.

3.4 Type-B deformations using initial ideals

Let H be a graded ideal in the polynomial ring 7', and let F' be an initial ideal of H. By [3],
we can choose a vector z = (zy, .. ., 2,) With strictly positive integer coordinates, such that
F is the initial ideal of H with respect to the weight order induced by the weight vector z, cf.
[8, Theorem 15.16]. Let H be the homogenization of H in the polynomial ring T =TI[t];

here T is graded by deg(#;) = z; for 1 <i < r anddeg(t) = 1. Then ¢ and 7 — 1 are regular

elements on T / H, cf. [8, Theorem 15.17]. Set Q Q[t]. Furthermore, set H o= HN Q
Clearly, H Q = HQ.
We will show that 7 and # — 1 are regular elements on Q/ FI 5. Suppose that th € FI 5

for some i € Q. It follows that th € H. Since t is a regular element onT / H, we conclude
that 2 € H. Hence, h € HQ = HQ N H. Therefore, t is a non-zerodivisor on Q/H The

argument for 7 — 1 is similar. Suppose that (t — 1)/ € H for some /1 € Q. It follows that

(r— l)h € H.Sincet —lisa regular element on T/H we conclude that & € H. Hence,
he H~ = H N H. Therefore, 1 — 1 is a non-zerodivisor on Q/H~

Furthermore, set R = R[r]. Let HR ~71 (HQ) where ¢ is the isomorphism R=(
induced by ¢g. We conclude that t and r — 1 are regular elements on R / H 3

Set § = S[r],and let @ : § — R be the map induced by ¢. Let I:IS be the preimage of ﬁé
in §. We will show that 7 and 7 — 1 are regular elements on S/ Hg. Suppose that th € Hg for
some h € S. It follows that t¢(h) € HQ. Since ¢ is a non-zerodivisor on Q/HQ, it follows
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that ¢(h) € HQ. Hence, h € go’l(ﬁQ) = I:IS. Hence, ¢ is a non-zerodivisor on S‘/ﬁg.
The argument for 7 — 1 is similar. Suppose that (1 — 1)k € Hg for some i € S. It follows that
(t—Dep(h) € HQ. Since t — 1 is a non-zerodivisor on Q/HQ, it follows that ¢ (h) € HQ.
Hence, h € (p’l(ﬁé) = I:IS. Hence, t — 1 is a non-zerodivisor on S‘/I:IS.

By construction we have that

T/F=T/H®T/t and T/H=T/H @ T/t —1).
It follows that
Q/Fg=0/Hy® 0/t and Q/Ho=0/Hz ® O/(t—1).
As R = Q,we get
R/FR=R/H; ® R/t and R/Hg=R/Hz ® R/(t —1).

Consider the grading of S with deg(x;) = deg(¢(x;)) = aj - z. Homogenize the idfgl
Hy using the variable 7 with respect to that grading. We denote this homogenization by H.
Recall that H is the preimage of the ideal H in S. Then we have Hg = Hj. Therefore,

S/Fs=S/H;® 8/t and S/Hsg=S/H; ® S/(t —1).

Denote by F # @ graded minimal free resolution of R / Hp over R. Note that this resolution
is infinite. Then F 3 ® R/t is a minimal free resolution of R/Fgr = R/Hz ® R/t. Thus, the
graded Betti numbers of R/Fg and R/H; coincide. On the other hand, Fg ® R/(r — 1) is
a non-minimal graded free resolution of R/Hg = R / H 7 ® R /(t — 1). Therefore,

Fr®R/t—1)ZHp® U,

where Hg is a minimal graded free resolution of R/Hp and U is a trivial complex, cf.
[8, Theorem 20.2]. The triviality of the complex U implies that the graded Betti numbers
of R/Hpg are obtained from those of R/H # by consecutive cancellations. Therefore, the
graded Betti numbers of R/Hg are smaller or equal to those of R/Fg and are obtained by
consecutive cancellations.

The same argument can be applied over S as follows. Denote by G 5 a graded minimal free

resolution of S / H s over S. Note that this resolution is finite. Then G §® S /t is a minimal
free resolution of S/ Fs = §/Hz ® S/t. Thus, the graded Betti numbers of S/Fg and S/ Hg
coincide. On the other hand, Gz ® S/(¢ — 1) is a non-minimal graded free resolution of
S/Hs = §/H; ® S§/(t — 1). Therefore,

Gs®S/t—1)ZEsadV,

where Eg is a minimal graded free resolution of S/Hg and V is a trivial complex, cf.
[8, Theorem 20.2]. The triviality of the complex V implies that the graded Betti numbers of
S/ Hg are obtained from those of S/H 5 by consecutive cancellations. Therefore, the graded
Betti numbers of S/ Hg are smaller or equal to those of S/ Fs and are obtained by consecutive
cancellations.

Wesay that F', Fp, Fr and Fs are Type-B deformations of H, Hop, Hg and Hg, respectively.
A Type-B deformation increases the graded Betti numbers and the smaller Betti numbers can
be obtained from the new greater ones by consecutive cancellations.
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3.5 Type-C deformations using polarization

Let X be a monomial ideal in 7. Fix an 1_5 i < r. We recall the definition of the partial
polarization of X using the variable #;. Let T = T'[y]. If m is a minimal monomial generator
of X, then we set

Ty ift; divides m
m=3"
m  otherwise.
Let my, ..., m; be the minimal monomial generators of X. Set
Xpor = (my,...,mp).
Then
T/ (Xpot + (ti = y)) = T/X.

The ideal X, in T is called the partial polarization with respect to t; of X. Let a1t] +
-+ + a1, be a generic linear form in T (here «j, ..., a, € k). Furthermore, let X’ be the
ideal in T such that

T/ (Xpor + (aity + -+ orty — y)) =T/ X

Note that X’ is usually not a monomial ideal. The elements ¢; — y and aj¢) + -+ - + ot — y
are non-zerodivisors on T /X poi» since we use the usual construction of partial polarization
in the polynomial ring 7. Therefore, the ideals X and X’ have the same Hilbert function. Let
dlex; be a degree-lex order in the polynomial ring T such that #; is greatest. By construction,
it follows that inglex; (X") 2 X. Since the two ideals have the same Hilbert function, we con-
clude that ingjex; (X') = X. Therefore, the ideals X and X’ are connected by a deformation
over T, cf. [8, Chap. 15].

By 3.4, it follows that the ideals X, X, X, and X are deformations of the ideals X /.
X /Q’ X'z» and X, respectively. We call these deformations Type-C deformations.

3.6 A proof of Theorems 1.3 and 1.9

We need the following observation from [11, Lemma 2.3].

Lemma 3.6.1 Let P and U be homogeneous ideals in R. Let P and U be the preimages of
these ideals in S, respectively. The ideals P and U have the same Hilbert function over R, if
and only if, the ideals P and U have the same Hilbert function over S.

We are ready to prove the theorem.

Proof of Theorems 1.3 and 1.9 Let J be a graded ideal in R. Denote by gJ its preimage in
S, and by ¢ J its isomorphic image in Q. Denote by 7J the ideal in T generated by ¢ J.
Also, set gJ = J.

By Macaulay’s Theorem 1.1 there exists a lex ideal L7 in the polynomial ring 7 with
the same Hilbert function as 7J. By [17,27], there exists a sequence of Type-A, Type-B,
and Type-C deformations that connects 7J to L7. The argument above implies that the ideal
J is connected to Lg by a a sequence of Type-A, Type-B, and Type-C deformations, and
also that the ideal Jg is connected to Lg by a a sequence of Type-A, Type-B, and Type-C
deformations.

The ideal L7 is lex in the polynomial ring 7. By Proposition 3.2.5 it follows that the ideal
L is lex in the Veronese ring R. Thus, we have proved (1) and (2). m]
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3.7 A proof of Theorem 1.5

Let J be a graded ideal in R. We denote by ,BZ.R]. (J) and ﬁiR (J) the graded Betti numbers and
the total Betti numbers of J over R, respectively.

Definition 3.7.1 A monomial ideal M in the polynomial ring T is called Borel if mt; € M
implies mt; € M forall 1 <i < j. We say that a monomial ideal B in the Veronese ring R
is Borel if 7 B is Borel.

Note that lex ideals are Borel. Borel ideals play an important role in Commutative Alge-
bra since every generic initial ideal (assuming that char(k) = 0) is Borel. The minimal free
resolution of a Borel ideal over the polynomial ring S is the well known Eliahou—Kervaire
resolution [9, Sect. 2]. It is proved using iterated mapping cones, cf. [31]. It yields a formula
for the Betti numbers and shows that if a Borel ideal is generated in one degree then its
resolution is linear. In this section, we prove analogues results for the Betti numbers over R
in Theorem 3.7.4.

First, recall that a graded ideal J in R is said to have a j-linear resolution if ﬁiﬁ =0
for all i, s with s # j. In particular, J is generated in degree j in this case.

For a monomial m in the polynomial ring 7', let max(m) [respectively, min(m)] be the
maximal (respectively, minimal) integer j such that ¢; divides m. Set F'(1) = {0} and

F(i) = {x € S : x is a variable such that min(¢(x)) <i} for i =2,3,...,r.

Let Jr(; be the ideal in R generated by the image of F(i) in R. The ideal Jf ;) has a 1-linear
resolution; indeed the following fact is known (cf. [18]).

Lemma 3.7.2 Any ideal in R generated by variables has a 1-linear resolution.

Let B be a Borel ideal in the Veronese ring R, and mingens(7 B) = {vy, ..., v,} denote
the set of the minimal monomial generators of 7B (note, that here each v; is a monomial
in 7). We may assume that deg v; < --- < deg v, and that the ideals (vy,...,v;) are
Borel for j =1, ..., p. Fix monomial generators uy, ..., u, of B such that ¢(u;) = v; for
j=12,...,p.

Lemma 3.7.3 For j =1,2,..., p, one has that

(@i, o uj—1) iR uj) = JF(max(,))-
Proof Itisenoughto provethecase j = p.Let B’ betheidealin R generatedby uy, ..., u,p_1.
Then 7 B’ is the Borel ideal in T generated by vy, ..., vp—1. We will show that

(rB" 7 vp) = ({t; : i < max(vp)}).

Indeed, (7B" :7 vp) D {t; : i < max(v,)} is obvious by the definition of Borel ideals. Let
m € (rB’ 7 vp) be a monomial. Then mv, € 7B’ and it follows from [9, Lemma 1.1]
that there exists the unique generator vy of 7 B’ which divides mv), and satisfies max(vx) <
min(mv—l;"). Since vy # v, it follows from [9, Lemma 1.2] that min(m) < max(vp). Thus
m e ({t; i <max(vp)}) and (7B’ :7 vp) C ({t; 1 i < max(v,)}) as desired.

Since

(0B :0vp) =B :7v,) N0 = ({px):x € F (max(vp))}),

it follows that (B" :g u,) = q)];l(QB’ 20 Vp) = JF(max(vy))- O
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Recall that the Castelnuovo—Mumford regularity (or simply regularity) of a graded ideal J
in R is

regp(J) = max{;j |13i{ei+j (J) #0 for some i}.
Theorem 3.7.4 Let B be a Borel ideal in R. With the same notation as above, one has that

BR.(B) = > BE(R/IFmaxwy)) for alli, j.

vemingens(r B), deg v=gj

We have that regz (B) is equal to the maximal degree of a minimal monomial generator of B.
In particular, if B is generated in degree j, then its minimal free resolution over R is j-linear.

Proof Note that deg v; = g deg u; for all j. We use induction on p. Since max(vy) = 1
and since R is a domain, the statement is obvious if p = 1.
Suppose p > 1. Let B’ = (ui, ..., up—1). Consider the short exact sequence

0 —> R/(B':gup)(—degu,) — R/B'—> R/B —> 0,

where the first map is a multiplication by u,. By Lemma 3.7.3 we have that (B :g u),) =
JF(max(v,))- Let G be the graded minimal free resolution of R/J F(max(v,)) (—deg up) over R,
and let F be that of R/B’. We will consider the mapping cone of the complex homomorphism
G — F that is a lifting of the map F/(B’ :g up)(—deg u,) —> R/B’. In the mapping
cone construction, we have that the free module in homological degree i is F; & G;_. Since
B’ is Borel and deg u,, > - -- > deg u1, by induction hypothesis we have that the degree of
any basis element of F; is less than or equal to deg u, +i — 1. Also, since JF (max(v,)) has a
1-linear resolution, the degree of each basis element of G;_ is equal to deg u, +i — 1. These
facts show that the mapping cone is a minimal free resolution of R/B. Then the theorem
follows from the induction hypothesis. O

For a graded ideal J in R, we write J;y for the ideal in R generated by all elements of degree
jinJ.Letm = (x1, ..., x,) C R be the graded maximal ideal in R.

Corollary 3.7.5 Let B be a Borel ideal in R. For all integers i, j, one has that
Bl (B) = B (Bij)) + By (B — (dimy Bj—DB (k).

Proof Note that B(;, and mBy;_, are Borel ideals generated in degree j. By Theorem 3.7.4
they have j-linear minimal free resolutions. Since

{v € mingens(r B) : deg (v) = ¢j} = mingens(7 By;,) \mingens(,(mB;_1))),
Proposition 3.7.4 implies that
Bilij(B) = B (B(j)) — B (mB(j_)).
Consider the short exact sequence
00— mB 1y — Bj-1) — B(q,_1>/mB(j_1> — 0.
For each s, the short exact sequence leads to the long exact sequence
+ = Tor (B(j—1)/mB(j—1). k)s
—> TOI”iR(mBQ,U,k)s —> TOI"IR(B(]‘,U, k)s —> TOI'{Q(BU‘,l)/mB(j,l),k)X

— TOriRil(mB(jfl),k)S — e
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Since the Veronese ring R is quzul, the residue field k has a linear resolution over R.
Thus both B(;_y/mB;_1) = Zl:mlk Bj= k and Bj_1y have (j — 1)-linear minimal free

resolutions, and mB; _py has a j-linear minimal free resolution. Therefore, for each i, the
long exact sequences on Tor yield the short exact sequence

0 — TorX(B(j_1y, )it j—1 — TorX(Bj_1y/mBj_1y, k)it j_1
— Torf_](mB(_/_1>,k);_1+j — 0.
Hence we get
B mB; 1) = (dimx B;— 1), (k) — B (Bij—1)).
Then it follows that
BRyj(B) = BF(B()) — BB 1)) = BR(B)) + BR (Bj—1)) — (dimi BB (k)

as desired. m]

In the rest of this section we prove Theorem 1.5.

We have proved that Type-A deformations preserve the graded Betti numbers, and also
that Type-B deformations increase the graded Betti numbers so that the smaller Betti numbers
can be obtained from the new greater ones by consecutive cancellations. Since every generic
initial ideal is Borel when char(k) = 0, for any graded ideal J in R there exists a sequence
of Type-A and Type-B deformations that connects 7 J to some Borel ideal in 7' (cf. [8, Chap.
15.9]). Thus, to prove Theorem 1.5, it is enough to prove the following claim.

Proposition 3.7.6 The graded Betti numbers of a Borel ideal B in R are smaller than or
equal to those of the lex ideal L in R having the same Hilbert function as B.

Proof By Corollary 3.7.5, it is enough to show that B%(Byj)) < BX(L(j)) for all i, j. Let
V ={v,...,vs}and V' = {v], ..., v;} be the sets of monomials of degree jg in 7B and
in 7L, respectively. By Green’s Theorem [14] we have that

[{v eV :max(v) < £} > |{v e V' : max(v) < £}

for¢ =1,2,...,r. Thus we may assume that max(vy) < max(vé) fort =1,2,...,s. Note
that both ideals Jrmax) and Jrmaxw))) are Borel. Since mingens(rJr(y)) C
mingens(r Jr(s)), Theorem 3.7.4 implies that

ﬂiR(R/JF(maX(W))) = ﬂiR(R/JF(max(v;z)))

for all i. By applying Theorem 3.7.4 to B(;) and L jy, we obtain

BEBU) =D BE R/ Iremaxw) < D BRI Tpmaxapyy) = BF (L)

=1 =1

for all i as desired. ]

3.8 Green’s Theorem
We close this section by observing that Green’s Theorem [14] (cf. [14, Theorem 3.4],

[5, Theorem 4.2.12]) holds over R. In [14, Theorem 3.4] this result is called the Hyper-
plane Restriction Theorem.
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Green’s Theorem 3.8.1 Let J be a graded ideal in R, and L be the lex ideal with the same
Hilbert function as J. Let h be a generic linear form. For every s > 0 we have

dimy (R/(L,h)), > dimy (R/(J, h)); .

Proof Since h is a generic linear form in R, we have that ¢ (h) is a generic form of degree
q in the polynomial ring 7. As in 3.7, let L7 be the lex ideal in 7" with the same Hilbert
function as 7J. By [19, Proposition 1.4], t!isa generic form for Lr, so

dimy (T/(L7.@r(h))); = dimy (T/(L7. 1)),
for every i > 0. A result of Gasharov [10, Theorem 2.4] shows that
dimy (T/(Lt, pr(h))); = dimg (T/(rJ, pr(h)));

forevery i > 0.
Since Q =TNQ,Lp=LrNQand oJ =7J N Q,andsince pr(h) € Q, we conclude
that

dimy (Q/(Lo.¢r(h),, = dimy (Q/(oJ. ¢r(M))),,

for every s > 0. Then the isomorphism R = Q implies
dimg (R/(L, ), = dimy (Q/(Lo, QUR(h)))Sq
> dimy (Q/ (o, WR(/’!)))W =dimy (R/(J, ),

for every s > 0. O

4 Numerical versions of Macaulay’s theorem and Gotzmann’s persistence theorem
over Veronese rings

In this section, we derive some corollaries of the proof of Theorem 1.3: a numerical charac-
terization of the possible Hilbert functions in the Veronese ring R, Gotzmann’s Persistence
Theorem over R, and Gotzmann’s Regularity Theorem over R.

Macaulay’s Theorem 1.2 leads to a numerical criterion on what sequences of positive
numbers are Hilbert functions. We will describe this criterion. Let i be a positive integer. It is
easy to prove (cf. [5, Lemma 4.2.6]) that for every p € N there exist unique natural numbers
gi > -+ > g1 > 0 such that

_ (s 8i—1 81
p_(l. )+(l._1)+-.-+(1) @1

This is called the ith Macaulay representation of p. For example, the third Macaulay

representation of 14 is 14 = (g) + (;) + (i) Set
W _ (& +1 gi-1+1 g1+1
P _(i—i-l )+( N R

() 0)-

For example, 143
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Lex ideals are highly structured and it is easy to derive the inequalities characterizing
their possible Hilbert functions. The following proposition is easy to prove, cf. [5, Corollary
4.2.9], [14, Proposition 3.7].

Proposition 4.2 Let o« = {ag = 1,1 = n, ay, ...} be a sequence of non-negative integer
numbers. If this sequence is the Hilbert function of S/L for a lex ideal L in the polynomial
ring S, then ajy1 > Ol for each i > 0, and a strict inequality holds if and only if L has a
minimal monomial generator in degree i + 1.

By Macaulay’s Theorem 1.2 it follows that we have the following numerical character-
ization of Hilbert functions, cf. [14, Theorem 3.3], [5, Theorem 4.2.10].

Numerical version of Macaulay’s Theorem 4.3 Let o = {og = 1,01 = n,a2,...} be a
sequence of non-negative integer numbers. This sequence is the Hllbert function of S/J for
a graded ideal J in the polynomial ring S if and only if oj 11 > a for eachi > 1.

Two other important results on Hilbert functions in a polynomial ring are proved in [13],
also cf. [14, Theorems 3.8 and 3.11], [5, Theorems 4.3.2 and 4.3.3].

Theorem 4.4 Let J be a graded ideal in the polynomial ring S. Set «; = dimy (S/J); for
i > 0. Let s be such that ag+1 = aé” and J is genemled in degrees < s.

(1) Gotzmann’s Persistence Theorem. «; | = a for eachi > s. If Lj is the lex ideal
in S with the same Hilbert function as J, then L J is generated in degrees < s.
(2) Gotzmann’s Regularity Theorem. regq(J) < s.

A similar Numerical version of Macaulay’s Theorem holds over an exterior algebra.
Gotzmann’s Persistence Theorem and Gotzmann’s Regularity Theorem also hold over an
exterior algebra by [2, Theorems 4.5 and 4.6]. We will prove Theorems 4.5 and 4.7, which
give analogues of Theorems 4.3 and 4.4 over the ¢’th Veronese ring R.

Consider the gi’th Macaulay representation (4.1) of a number p € N

_ (& 8qi—1 (&
p_(qi )+(qi—1)+ +(1 )

We define a new operation (g, i) as follows
@iy _ [ 8qi T4 8qi—1+4 g81+t4q
P (qi+q)+(qi—l+q Tty )

For example, the 6th Macaulay representation of 14 is 14 = (?) + ? + (?), and

soforqg =3,i =2 we get 14832 = (Z) + (i) + (2) = 211. Note that p%) = p{l.i),

Theorem 4.5 (1) Numerical version of Macaulay’s Theorem over Veronese rings. Let
oa={ag =1, a1 =n, ay, ...} be a sequence of non-negative integer numbers. This
sequence is the Hilbert functton of R/ J for a graded ideal J in the q’th Veronese ring

R if and only if o4 20{< foreachi > 0.

(2) Gotzmann’s Persistence Theorem over Veronese rings. Let J be a graded ideal in
the q’th Veronese ring R. Set a; = dimy (R/J); fori > 0. If s is a number such that
Ugy] = ozfq and J is generated in degrees < s, then aj11 = a for eachi > s. If
Ly is the lex ideal in R with the same Hilbert function as J, then Ly is generated in
degrees < s.
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Proof Define a new sequence y as follows:

yo = 1
yi=--=y-1=0
and for j > g — 1 define
4+l if j + 1is divisible by ¢
Vitl =1 ) i
2 otherwise.

Clearly, the sequence y satisfies the equalities yj | = y ') for each j=0 such that j + 1
is not divisible by ¢. If j 4+ 1 is d1v151ble by g, then the inequality y; 1 > y ! holds if and
only if the inequality oj+1 > a ) holds for i = % -1

First, we will prove (1). Suppose that oj 1 > a " for each i > 0. Therefore, yj 11 > y
holds for all j > 0. By Theorem 4.3, y is the Hllbert function of a lex ideal U in T. Set
L=Ugr=¢ " (QNU).Itisalex ideal in R by Proposition 3.2.5, and its Hilbert function
is given by the sequence «.

On the other hand, let« = {xg = 1, @1 = n, «, ...} be the Hilbert function of a graded
ideal J in the Veronese ring R. By Theorem 1.3, « is the Hilbert function of a lex ideal L
in R. Let U be the ideal generated by ¢ (L) in the polynomial ring 7. It is a lex ideal by
Theorem 3.2.2. Since U is lex, it follows that the sequence y is the Hilbert function of U.
By Theorem 4.3, we have that y; | > y  holds for all Jj > 0. Therefore, ;41 > oc ) for
each i > 0. We have proved (1).

Now, we will prove (2). Denote by V the ideal in T generated by ¢(J). Let W be the lex
ideal in T with the same Hilbert function as V. It follows that U € W, and U;;, = W;, for
every i > 0. Denote by v; = dimy W; for all i. Therefore, y; < v; fori > 0 and furthermore,
Yj+1 = vj+1 whenever g divides j+ 1
Since we have o5 = a(
1) — 1. Hence,

by assumption, it follows that y.+; = yc ) for ¢ = q(s +

Vet = Yer1 = ¥ <0l < ey,

where the last inequality holds by Macaulay’s Theorem 4.3. Therefore,

Vet = Vc(c)-
Since J is generated in degrees < s, it follows that V is generated in degrees < gs <
qgis+1)—1=c. By Gotzmann’s Persistence Theorem 4. 4 1n the polynomial ring 7', we

(q,

have that v = v  holds for all J = c. Hence, a1 = q; " for each i > 5. O

The following is an immediate corollary of Theorem 4.5(1) (which can also be proved
using Proposition 4.2 and the argument in the proof above).

Proposition 4.6 Let @ = {xg = 1,1 = n, ay, ...} be a sequence of non-negative integer
numbers. If this sequence is the Hilbert function of R/L for alex ideal L in the q 'th Veronese
ring R, then oj 41 > O{ for eachi > 0, and a strict inequality holds if and only if L has a
minimal monomial generator in degree i + 1.
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Gotzmann’s Regularity Theorem 4.7 Let J be a graded ideal in the q’th Veronese ring R.

Set o; = dimy (R/J); fori > 0. If s is a number such that o511 = ol and T is generated
indegrees < s, then we have the following inequality for the Catelnuovo—Mumford regularity

regp(J) <s.

Proof Denote by L ; the lex ideal in R with the same Hilbert function as J. We have that L ;
is generated in degrees < s by Theorem 4.5(2). Every lex ideal is Borel. Hence, we can apply
Theorem 3.7.4 and getreg, (L ;) < s.Finally, Theorem 1.5 yieldsregp(J) <regr(L,) <s.

O

5 Consecutive cancellations

Given a sequence of numbers {c; ;}, we obtain a new sequence by a cancellation as follows:
fix a j, and choose i and i’ so that one of the numbers is odd and the other is even; then
replace c¢; j by ¢; j — 1, and replace ¢/ ; by ¢;s ; — 1. We have a consecutive cancellation
when i’ = i + 1. If we need to be specific, we call it a consecutive i, j-cancellation. The
term “consecutive” is justified by the fact that we consider cancellations in Betti numbers of
consecutive homological degrees.

A more precise version of Theorem 1.5 says:

Theorem 5.1 [28, Theorem 1.1] If J is a graded ideal in S and L is the lex ideal with the
same Hilbert function, then the graded Betti numbers ,Bf j (S/J) can be obtained from the

graded Betti numbers ,Bf j (S/L) by a sequence of consecutive cancellations.
The analogue of this result holds over an exterior algebra.

Theorem 5.2 Let E be an exterior algebra on variables ey, ..., e, over k. The ring E is
graded by deg (e;) = 1 for eachi. If J is a graded ideal in E and L is the lex ideal with the
same Hilbert function, then the graded Betti numbers ﬂf (E/J) can be obtained from the

graded Betti numbers ,ij (E/L) by a sequence of consecutive cancellations.

The above theorem is not published, but it follows from Theorem 5.1 and a formula in
[1, Proposition 2.1] relating a finite monomial resolution over S and an infinite monomial
resolution over E.

We have the following more precise versions of Theorem 1.5.

Theorem 5.3 Let R = S/I be a Veronese toric ring. If J is a graded ideal in R and L
is the lex ideal with the same Hilbert function, then the graded Betti numbers ﬂiRJ. (R/J)

can be obtained from the graded Betti numbers ﬂfj(R /L) by a sequence of consecutive
cancellations. .

Proof By the proof of Theorem 1.5 it follows that we may assume that J is Borel. Set
diivj = Biv1(Lj)) — Bi+1(J(j)). We showed in the proof of Proposition 3.7.6 that d; ; are
nonnegative integers. Also, by Corollary 3.7.5 8; ;(J) = B; j(L) —d;—1,j—1 — d; j—1. This
formula and the non-negativity of d; ; show that the graded Betti numbers of J is obtained
from those of L by a sequence of consecutive cancellations (a consecutive i, j-cancellation
occurs d; ; times).
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