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Abstract Let H be a two-dimensional complex Hilbert space and P(*H) the space of
3-homogeneous polynomials on H. We give a characterization of the extreme points of its
unit ball, Bp(s H)> from which we deduce that the unit sphere of P (3 H) is the disjoint union
of the sets of its extreme and smooth points. We also show that an extreme point of Bp(z H)
remains extreme as considered as an element of B, ). Finally we make a few remarks
about the geometry of the unit ball of the predual of P(> H) and give a characterization of its
smooth points.

1 Notation, terminology and preliminary results

Given n (real or complex) Banach spaces X1, ..., X, wedenote by X| ®- - -® X, their tensor
product and by 7 the projective norm. If X ®x - ®r X, is the completionof X1 ®---® X,
under the projective norm, then we have X1®y - Rr X)* = L("X1, ..., Xp), the space

of continuous n-linear forms on X1 x - - - X X, endowed with the supremum norm. However,
as remarked in [6], most of the times the multilinear theory is far from being just a simple
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776 B. C. Grecu et al.

translation of the linear one, neither when it comes to algebraic nor analytical or geometrical
properties [1,2,9,13].

Let X be a Banach space over the scalar field K = R or C. We denote by P (" X) the
space of all scalar valued continuous n-homogeneous polynomials on X endowed with the
natural supremum norm. For every n-homogeneous polynomial P there exists a unique
symmetric n-linear form A, which we call the polar of P, such that P(x) = A(x, ..., x).
The general polarization formula gives || P|| < [|A] < ’}‘1—’: || P||. There are cases in which the
constant n” /n! can be improved. For instance, for Hilbert spaces we have || P|| = ||A] (see
Propositions 1.8, page 10 and 1.44, page 52 in [7]).

Let ®, s X be the n-fold symmetric tensor product of X, that is the subspace of X ®- - - ® X
generated by the diagonal tensors x ® --- ® x. We endow it with the topology inherited
from X® - - - ®, X and denote its completion by &, ;. » X. Note that the dual of ®, s » X
is isometrically the space of symmetric n-linear forms on X, endowed with the supremum
norm, £°(" X). Ryan showed in [17] that the space ®,, s » X can be renormed such that P (" X)
becomes its isometric dual. Indeed, every element u of ®, X can be expressed as a finite
sum ZI;ZI Ajxj ® -+ ® xj. Define the symmetric projective norm of u by

k

k
||u||71\ = inf ZP\.]’ ||x]H"u :Z)"]xj®®'x]
j=1 j=1

We endow ®,, ¢ X with this norm and we denote its completion by ®n,sm X. Then, if we put
(u, P) = 21;:1 AjP(xj), where (-, -) denotes duality, then we have (®n,s,mX)* =P"X).

A unit vector x in a normed space X is an extreme point of its unit ball By if x is not the
midpoint of a nontrivial segment lying in By. We denote by Ext(By) the set of all extreme
points of Bx. Also, a unit vector x is a smooth point of By if there exists exactly one linear
functional ¢ in By+ such that ¢ (x) = 1.

In the last 20 years many authors explored the geometry of various spaces of homogeneous
polynomials or multilinear forms. Most of the results that are known are for real spaces,
although some description of extreme and smooth points in complex spaces also exist [4,5,
8,10]. The geometry of other spaces of polynomials (not necessarily homogeneous) has also
been studied by several authors [3,14—16].

In this paper, we describe the geometry of the unit ball of the space of 3-homogeneous
polynomials on a two-dimensional complex Hilbert space H. We give a characterization of
the extreme points of the unit ball of P H) from which we deduce that the unit sphere of
P (3 H) is the disjoint union of the sets of its extreme and smooth points. Since the polarization
constant for Hilbert spaces is 1, we can consider P(* H) as a closed subspace of £(>H). It
is a well known fact that, in general, if Y is a subspace of X then the extreme points of By
are not necessarily extreme in By, but it is true that Ext(Bx) N'Y C Ext(By). However,
we show that an extreme point of B3y remains extreme as considered as an element of
Br@my thatis EXt(Bpipyy) = ExXt(B.ag,y) N PCH). Actually this seems to be part of a
pattern.

Proposition 1 Let K be a (real or complex) Hilbert space. We have that
ExtBpag,) = ExtB ek [ | PCK).

Proof Letustake P € Ext(Bp ). Through the identification between PEK)and £5(CK),
we have to show that the polar of P, which we call A, is an extreme point in B LK)
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The unit ball of the complex P H) 777

By Theorems 1.2 and 2.4 in [10], there exists an orthonormal basis {e;}; for K such that
forallx = >, x;e; we have P(x) =, P(ei)xi2 with | P(e;)| = 1. There exists a mapping
T : K — K such that A(x, y) = (x, Ty), with (-, -) the inner product in K. Let us note
that 7 is linear when K is real and conjugate linear when K is complex. However, in both
cases we have | T'|| = supy,<; ITx]l = [|A]l = | P|| = 1. Since | P(e;)| = 1, it follows that
Te; = P(e;)e; and so A(e;, e;) = 0if i # j.

Now suppose that A = # with A and Aj (possibly nonsymmetric) bilinear forms
of norm one. It is clear that A;(e;, ¢;) = Ax(e;, e;) = P(e;) and it follows as above that
Ai(ej,ej) = Ax(ej,ej) =0if i # j, which show that A} = A, = A.

The same result remains true for 3-homogeneous polynomials on a two dimensional real
Hilbert space. To prove it we are going to use the characterizations of extreme 3-homogeneous
polynomials and extreme trilinear forms which appear in [11, Proposition 7] and [12, Propo-
sition 2], respectively.

Proposition 2 Let K be a real two-dimensional Hilbert space. We have that

Proof Letus take P € Ext(Bpg,). By [11] there exists an orthonormal basis {e1, 2} of K
relative to which P can be written P(x) = xf + 3bx 1x§ + cxg with b and ¢ having one of
the following two forms:

i) b=4andc=0,

i) b= Sl and ¢ = SL2COSPROS ywith g e [~27/3, 27/3]\0).

In this basis the polar of P is

Ax,y,z) = x1y121 + b(x1y222 + X2y122 + X2Y221) + €X2)222.

It is straightforward to check that we always have 3b% + ¢ 4+ 2b> = 1, which is exactly the
condition required in [12, Proposition 2] so that A be an extreme point in the unit ball of
LEK).

2 The characterization of Ext(Bp 3 )

Let P be a 3-homogeneous polynomial of unit norm on the two-dimensional complex Hilbert
space H, whose inner product we denote by (-, -). Let A be the polar of P, i.e. the unique
symmetric trilinear form on H such that A(x, x, x) = P(x) for every x € H. By the Riesz
representation theorem there exists a mapping B: H x H — H such that A(x, y,z) =
(x, B(y, z)). Furthermore

IBll= sup [IB(y,2ll =IAl=IP].
Iyl lzli<1
Thus if P(x) = 1 then from (x, B(x, x)) = 1 it follows that B(x, x) = x. On the other hand,
by continuity P attains its norm on the unit sphere of H and therefore there exists a unit vector
wo such that P(wp) = 1. Consider an orthonormal basis {eq e} of H such that e; = wy.
Since P(e1) = 1 we have B(ey,e;) = ej so A(x, e1,e1) = {x, B(ey, e1)) = {x, e1) for all
x in H. Thus A(ej, e1, e2) = 0 and the expression of the polynomial P in the basis {e1, e} is

P(x) = x} + 3A(er1, €2, e2)x1x5 + P(e2)x3.
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778 B. C. Grecu et al.

For the sake of simplicity let b = A(eq, €2, €2) and ¢ = P (ep). Without loss of generality,
iarg(b
we can assume that b > 0, by substituting e; by e~ Ll e.
Of course |b| < 1 and |c| < 1 but the conditions || P|| < 1 and the fact of P being extreme
will impose further restrictions on b and c. For instance, it will follow that b < % Indeed,

since || P|| = 1, for x = (x1, x2) with real coordinates we have

Ixi + 3bx1x3 +cx3| < ||x|°
and so
2
Ix + 3bx1x3| < |Ix|.

This shows that the 3-homogeneous polynomial Q : R> — R defined by Q(x1, x2) = x13 +
3bx1x22 is of unit norm. Then, by the remarks preceding [11, Proposition 5], we necessarily
have b < %

We have that, if x = (x1, x2), y = (y1, y2) and z = (21, 22), in the basis {e1, €2}, then A
can be expressed as

A(x,y,2) = x1y121 + b(x1y222 + x2y122 + X2)221) + cx2y222
=x1-B1(y,2) +x2- B2(y, 2),

where

B1(y,2) = y1z1 + by2z2,

By(y,z) = b(y122 + y221) + cy222.

Using the previous considerations, we are now in a position to state and prove the following
characterization of the extreme points of the unit ball of P(C H).

Theorem 1 Let H be a two-dimensional complex Hilbert space. A polynomial P is extreme
inBpipyy if and only if || P|| = 1 and P attains its norm at two or more linearly independent
points.

Proof Let P € P(GH) of unit norm, and take {e1, ez} the basis of H described in the
comments preceding this theorem. From now on all coordinates in this proof shall be referred
to this basis. Let us suppose that there exists w = (wy, wy) with wy # 0 such that P(w) =
1. Then (w, B(w, w)) = 1 and hence, by the Cauchy—Schwartz inequality, we have that
B(w, w) = w. From the latter it follows that

Bi(w,w) = m = wi,
By(w, w) = m = wy,
from which
[w%—f—bw%:], )
2bwiwy + cw% = w,.

2 J—
Now, since wy # 0, we obtain b = % andc = %zw'wz, i.e. the system (1) determines

2 2
b and ¢ uniquely. This shows that if || P|| = 1, and P attains its norm at two or more linearly

independent points, then P is extreme. Indeed, if P = # with || Pi|| = | P2|| < 1, then
P P
| = Pley) = 1(61)-; 2(61)’

@ Springer



The unit ball of the complex P H) 779

and therefore P(e;) = Pi(e1) = P>(e;) = 1. This lets us write P; and P> as follows
Pi(x) = x} + 3b1x1x35 + c1x3,
Py(x) = x13 + 3b2x1x§ + czxg,

where x = (x1, x2). Next, since

1=P(w)ZW’

we also have that Pj(w) = P»(w) = 1, which means that (b1, ¢1) and (b3, ¢2) satisfy (1),
whose solution is unique. This shows that by = b, =bandcy =c; =c,ie. P= P =P,
and hence P is extreme.

For the converse, let us now work with an extreme polynomial P. We shall analyze

separately two different situations: 0 < b < % and b = %

(1) fo<b< % then for x = (x1, x2) in the unit sphere of H let us put |x;| = cos«
and |x2| = sinw. Define f: [0, w/2] — R in the following way:

flo) = cos® a + 3bcosa sin® o + lc| sin’ a,
with derivative
f' (o) = 3sina(2b cos’a — cos’ o — bsin® o + |c| sin cosa) = 3sina g(a).

Since limy_, ¢ g(o) = 2b — 1 < 0 and g is continuous, there is § > 0 such that g(«) <
b— % < 0on [0, ). Now, let

Ks = {(x1,x2) € C* : [[(x1, x2)[| = 1, |x1| < cos}.

Next, if we assume that P attains its normonly ate;, we have thatm = supg, | P(x1, x2)| < 1.
Choose ¢ > 0 such that

b — % +e <0,
m+e<1
and let
Pi(x1,x2) = P(x1, x2) :I:ex%.
In K, we have that
[Pr(x1,x)| < |P(x1,x2)|+e<m+e <1

In a similar manner as above, we associate with P4 the functions fi: [0, 7 /2] — R in the
following way:

fr(a) = cos’ a + 3bcosa sin® o + Ic| sind o % esin’ @,
with derivative

fi(@) =3sina[(2b — 1) cos’ @ — bsin® & + (|c| £ &) sina cos ] .

Thus, f1(0) = 0 and, since in [0, §) we have

1
g(a)jzssinacosa<b—i+s<0,
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780 B. C. Grecu et al.

it follows that f1 are decreasing functions on the interval [0, §), therefore on this interval
fa(a) < fL(0) = 1. Now, if (x1, x) ¢ K5 then |x;| = cosa > cosd which means that
o €[0,6) and so [P+ (x1, x2)| < fe() < 1.

All of this shows that || P+ || = 1 and, since

P+ P
= 5 ,
it follows that P is not extreme, a contradiction.
2) Ifb= % then for all unitary elements x with real coordinates x1, x2, one has that

P

3 3 2 3
1> |P(x1, x2)| = |x] + >¥1% + N(c)x;

and, by the remarks preceding [11, Proposition 5] it follows that 9i(c¢) = 0. If we setc = i},
A € R, we claim that | P|| = 1 if and only if |A| < %

Indeed, let us take x; = :i:% and xp = ﬂ:%i. Since |P(x1, x2)| < 1, we obtain two

inequalities from which it follows that |A| < %

On the other hand, we show that for all || < \%, the polynomial P(xy, xp) = xf +

%x 1x22 + ikx% has norm one. Replacing x, by ix> and keeping in mind that P(1,0) = 1, it

follows that || P|| is the same as the norm of the real 3-homogeneous polynomial (x1, x2)

x13 - %xlxzz + Axé’. Using either Lagrange multipliers or the method described in [11] it can

be shown that the critical points of this polynomial over the Euclidean unit sphere of R? are

N rEVAZ+4 4
\/16+(Ai\/x2+4)2 \/16+(A:l:\/)\2+4)2

Evaluating at the above points, we obtain that the norm of P is the maximum of the absolute

+

. . . 11
values of the following two expressions over the interval [— 7 ﬁ]
V2 (:Fs VR E A4 0(13 A £ VAT 1 4)))

(10 S VAT F 4))

(1)

and

V2 (:Fs S VA2 T A4 A9+ AL £ VA2 T 4)))
3
(10 A VAT F 4)) 2

which are monotonous, therefore they attain their extreme values at the endpoints of the
above interval. Since all of these extreme values are between —1 and 1, we are done.

Now, if |A] < % then P is not extreme. To prove this choose ¢ > O suchthat [A£¢| < \i@

’

Therefore the two polynomials
_ 3,3 3 3
Pi(x) =x] + Exlxz + (A £ e)xy,

, we conclude that P is not extreme. There remains

1
\/E’

Pi+P_
2

1
>

have norm one, and since P =

to study the case where A = £—=. As we have seen above, when A = we have that
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The unit ball of the complex P H) 781

P(%, %i) = —1 and when A = %, we have that P(—l, %i) = 1. Thus in both cases P
attains its norm at two linearly independent points.

This shows that for b = %, the only extreme polynomials are of the formxf + %xlx% +i Axg
with A = :I:\Lf2 and they have at least two points of norm attainment.
Remark 1 When b = %, the fact that the polynomial P(x) = x13 + %x 1x§ +1i )Lxg has norm
one if and only if |A| < % can be obtained too using [5, Theorem 1]. Indeed, if A is the
polar of P then we have that || P|| = ||A]| = 1 if and only if

3 1 2+|)\|2+2 1 3 )\‘2
2 2 2 2

which easily gives [A|> < %
Corollary 1 Let H be a two-dimensional complex Hilbert space. The unit sphere of P(* H)
is the disjoint union of the set of its extreme points and the set of its smooth points.

<1,

Proof A 3-homogeneous polynomial of unit norm P must attain its norm on Bg. If it does
so at only one point, then P is a smooth point of B3y [11, Corollary 3]. If P has at least
two points of norm attainment, then P is extreme. Since there are no extreme polynomials
that attain the norm at only one point, there do not exist any polynomials that are extreme
and smooth at the same time.

3 The connection between Ext(BP(s m) and Ext(B CGH))

The following theorem will be useful in order to prove our next result. Its proof can be found
in [5].

Theorem 2 [5] A trilinear form A : H> — C on the Hilbert space H = C? is an extreme
pointin B ) if and only if there are three orthonormal bases {e1, e2}, { f1, f2), and {g1, g2}
of H and complex numbers by, b, b3, ¢ such that, if Aji = A(ej, fx, &), then A =1,
A1 = A1p1 = A211 =0, Ao = by, az12 = by, Ay = bs, Azxp = ¢ and we have that

2 2 2, el c?

(D117 + |b2] +|b3|+7+ 2b1b2b3+? =1, 2)

and in addition either
C2

2b1byb3 + 5 = 0, 3)

or the strict inequality
CZ |C|2
[2b1b2b3| < |2b1b2b3 + 5 + > 4)

holds.

This characterization will allow us to prove for the two-dimensional complex Hilbert
space H a similar result to Propositions 1 and 2.
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782 B. C. Grecu et al.

Theorem 3 Let H be a two-dimensional complex Hilbert space. A polynomial P is extreme
in the unit ball of PCH) if and only if its polar A is extreme in the unit ball of LCH). In
other words,

EXt(Bp(sH)) = EXt(B[;@H)) ﬂ P(3H)~

Proof Let P € Ext(Bp ) and let us show that its polar A belongs Ext(B, ). As we
did earlier, P can be expressed as follows

P(x1,x2) = xi + 3bx1x3 + cx3,

in an orthonormal basis {e;, e} where P(1,0) = ||P|| = 1and 0 < b < % For the rest
of this proof all coordinates shall be referred to {e;, e2}. We shall show that the polar of P,
given by

Ax,y,2) =x1y121 + b(x1y222 + x2y122 + X2Y221) + €X2¥222

is an extreme point of Bp 3 ).
We will analyze the following two cases. '
(1) Ifb = % then we have necessarily that ¢ = iﬁ (see the proof of Theorem 1). It is

straightforward to check that the 3-linear forms

1 i
A_(x,y,2) = x1y121 + z(x1y222 + x2Yy122 + X2Y221) — —=X2)222,
2 V2

1 i
Ay(x,y,2) = x1y121 + 7 (x1y222 + X2¥122 + X2)221) + —=X2)222,
+ y y B y y y: «/E y

satisfy the conditions (2) and (3) from Theorem 2.

2) f0<b < 1, since P attains its norm at a point (wi, wp) with wy # 0, we have

2
from (1) that

wy — w?
2 9
wy

b =

1= 3lwi]? + 2w
C = —2.
wy

Now, some calculations show that

2 =3 3 4 2
c 4wy’ + 4w; — 3|w]* — 6lwy |7 + 1
X:=203+ 5 =2 L= 3wl = O+ 1 (5)
2 2w
We can show that the numerator in the right hand side of (5) is positive. Indeed, since |b|*> < %,
2 wy — wl2 wy — ule
Ibl” = )
w) wy

—3
P —wr —wi + u ]

lwy |4
. lwi > — w1 — w + |wy|*
(1 —|w]?)?

1
< 7’

4
from which we obtain that

4wy |? — 4w7° — 4w + 4wt < 1= 20w >+ Jwy |,
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The unit ball of the complex P H) 783

which proves our claim. Thus

4wid + 4w = 3lw[* — 6lw > + 1

X =
X 2|ws|®
On the other hand
2 2 _ 3 3 4 =
c wil® —wp” —wy + [w cc
3P + 1 4 x) = gl ' il ),
2 lws| 2
and since
o L=3Jwi > +2w} 13w+ 2w7°
c|” = .
wg Wf
1= 6jwi 2 4+ 2wp° + 9w [* — 6w [Pw1> + 2w} — 6]w; Pwi + 4[w, [®
a lwa | ’
after making all the calculations we arrive at
2 |C|2
31b| —I—T—HXI:I.

Thus A verifies (2). Let us now see that (4) holds. From the latter identity we have

|C|2 2
|X|+T:1_3b'

In other words, there remains to prove that 203 < 1 — 3b%, which is straightforward since
0<b<3i.

In the light of this result and of Propositions 1 and 2 we would like to finish this section
with the following question: Is it true that Ext(Bp¢ ) = Ext(Bz¢m)) (| P(*H) for any
(real or complex) Hilbert space H and for any degree n?

4 Some remarks regarding B®?’”S H

From [8], it follows that the extreme points of the unit ball of ®§f’ . H are the vectors x @ x @ x
with x in the unit sphere of H. Thus, any element of the unit ball of ®§,mH is a convex
combination of a finite number of such points and we know, by Caratheodbry’s Theorem,
that, like in all finite dimensional spaces, this number is limited.

However, in certain cases we have more precise information. For instance, if K is a two
dimensional real Hilbert space then any element u in the unit sphere of ®§,m K is a convex
combination of at most three points of the form x ® x ® x with x in the unit sphere of K.
This comes from the fact that for u there exists a polynomial P € Ext(Bp ) such that
(u, P) = 1 (where (-, -) denotes duality) and P cannot attain its norm at more than three
points in the unit sphere of K (see [11, Proposition 13]). Thus, on the four dimensional space
®?,m K, any tensor u of unit norm can be written as a convex combination of three elementary
tensors (not five, as it would be the best given by Caratheodory’s Theorem).

In our case the situation is more complicated since it is possible that an extreme point
of the unit sphere of (> H) attains its norm at an infinity of points. Indeed, let us consider

@ Springer



784 B. C. Grecu et al.

the extreme polynomial P (xg, x2) = xf + %xlxg + ﬁx% . Its points of norm attainment are

given by the equations

2, 1.2 —
Xyt 5X; = X1,

X1x2 + \'72)622 = X2,
which have an infinity of solutions (x1, x2) with |x; |2 + |x2/> = 1. Indeed, for any p with

0<|pl < % and 6 such that 4 sin 36 + 3+/2p = 0, taking

x3 = p(cosB +isinb)

—__ i 2
X2——5X5
we have that |x1|2 + |x2|> = 1 and the equations above are verified. This shows that

P(x1,x2) = 1 for all of these points. Therefore we cannot hope to obtain more precise
information than what is given by Caratheodory’s Theorem. However, as a consequence of
Theorem 1 we can give a characterization of the smooth points of B .

Proposition 3 Let H be atwo-dimensional complex Hilbert space. A unit vector u is a smooth
point of the unit ball of ®§ », H if and only if u can be written as a convex combination of at
least two points of the form x ® x ® x with x in the unit sphere of H.

Proof Suppose that u is a convex combination of two such points, # = AXQ@xQX+uy®@yQy
with x and y unit vectors,0 < A, © < l and A+u = 1.Let P be a3-homogeneous polynomial
that norms u. Then necessarily P(x) = P(y) = 1 and from the proof of Theorem 1 it follows
that P is uniquely determined and so u is a smooth point.

For the converse, it is easy to see that, given x in the unit sphere of H, it is not possible
that x ® x ® x be a smooth point since there are many 3-homogeneous polynomials that
attain their norm at x.
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