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Abstract There is a well-known correspondence between infinite trees and ultrametric
spaces which can be interpreted as an equivalence of categories and comes from considering
the end space of the tree. In this equivalence, uniformly continuous maps between the end
spaces are translated to some classes of coarse maps (or even classes of metrically proper
Lipschitz maps) between the trees.
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1 Introduction

This paper is mainly inspired by a recent, interesting and beautiful one due to Hughes [4]
but it is also motivated by [8] where a complete ultrametric was defined on the sets of shape
morphisms between compacta.

In [8] it was proved that every shape morphism induces a uniformly continuous map
between the corresponding ultrametric spaces of shape morphisms which are, in particular,
complete and bounded as metric spaces. Moreover Hughes established some categorical
equivalences for some classes of ultrametric spaces and local similarity equivalences to
certain categories of geodesically complete rooted R-trees and certain equivalence classes of
isometries at infinity.
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584 A. Martinez-Pérez, M. A. Morén

In view of that, it is natural for us to ask for a description of uniform types (the classification
by means of uniform homeomorphism) of end spaces of geodesically complete rooted R-trees
in terms of some geometrical properties of the trees.

To answer these questions is the aim of this paper and we find herein that the bounded
coarse geometry, see [10,11], of R-trees is an adequate framework to do that.

Also, we would like to point out some important differences between this paper and
Hughes’s. First of all we treat different, although related, categories:

The morphisms in every category of ultrametric spaces used in [4] are isomorphisms
for the topological category of ultrametric spaces, i.e. they are always homeomorphisms,
while in this paper we get results for the whole category of complete bounded ultrametric
spaces and uniformly continuous maps between them (not only for uniformly continuous
homeomorphism).

But above all, we get an explicit formula to construct a non-expansive map between two
trees that induces a given uniformly continuous function between the corresponding end
spaces. To obtain this formula we use a procedure described by Borsuk [3], to find a suitable
modulus of continuity associated to a uniformly continuous function. This is the way in which
we pass from the total disconnectedness of ultrametric spaces to the strong connectivity of
any ray in the tree.

Our main results in this paper can be summarized as follows:

The category of complete ultrametric spaces with diameter bounded above by 1 and
uniformly continuous maps between them is isomorphic to any of the following categories:

(1) Geodesically complete rooted R-trees and rooted metrically proper homotopy classes
of metrically proper continuous maps between them.

(2) Geodesically complete rooted R-trees and rooted coarse homotopy classes of coarse
continuous maps between them.

(3) Geodesically complete rooted R-trees and rooted metrically proper non-expansive
homotopy classes of metrically proper non-expansive continuous maps between them.

We finish this paper recovering, as a consequence of our constructions, the classical relation
between the proper homotopy type of a locally finite simplicial tree and the topological type
of its Freudenthal end space, see [1].

Although our main source of information on R-trees is Hughes’s paper [4], it must be
also recommended the classical book [12] of Serre and the survey [2] of Bestvina for more
information and to go further, let us say that in [7], Morgan treats a generalization of R-trees
called A-trees. Moreover, in [5], Hughes and Ranicki treat applications of ends, not only
ends of trees, to topology.

2 Trees

We are going to recall some basic properties on trees mainly extracted from [4].

Definition 2.1 A real tree or R-tree is a metric space (T, d) that is uniquely arcwise connec-
ted and Vx, y € T the unique arc from x to y, denoted [x, y], is isometric to the subinterval
[0,d(x, y)] of R.

Lemma 2.2 If T is an R-tree and v, w,z € T then there exists x € T such that [v, w] N
[v, z] = [v, x].

Definition 2.3 A rooted R-tree, (T, v), is an R-tree (T, d) and a point v € T called the root.
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Uniformly continuous maps between ends of R-trees 585

Fig. 1 The Cantor tree

Fig. 2 Non-locally finite tree Fq

Definition 2.4 A rooted R-tree is geodesically complete if every isometric embedding f :
[0,t] — T, t > 0 with f(0) = v extends to an isometric embedding F : [0,00) — T.In
that case we say that [v, f(#)] can be extended to a geodesic ray.

Remark 2.5 The single point v is a trivial rooted geodesically complete R-tree.

Notation If (7, v) is arooted R-tree and x € T, let ||x|| = d(v, x),

Bw,r)={xeT||x|| <r}
B(v,r)={xeT||x|| <r}
oB(w,r) ={xeT||x||=r}

Notation For any pair of metric spaces, X ~ Y will denote that X, Y are isometric.
Example 2.6 Cantor tree. Assume that each edge of the tree has length 1 (Fig. 1).
Example 2.7 {(a, b) € R2|a >0andb=0,b=aorb= 2"7 with n € N}

For any two points collinear with the origin assume the euclidian metric, d,, and if the

points x,y are not collinear with the origin define d(x, y) = d,(x, v) + d. (v, y) (Fig. 2).

Example 2.8 Consider (R2, 0), for any two points collinear with the origin assume the
euclidian metric and for any two points x, y non-collinear with the origin define d(x, y) =
de(x, 0) +de(0, y) (Fig. 3).

@ Springer



586 A. Martinez-Pérez, M. A. Morén

Fig. 3 R-tree with a branching A
point of uncountable order

Definition 2.9 If ¢ is any point of the rooted R-tree (7', v), the subtree of (T, v) determined
by cis:
T.={xeT|celvx]}
Also, let
Ti=T\{c}={x € T|ce[v,x]and x # c}.

&

Lemma 2.10 If (T, v) is a geodesically complete rooted R-tree, T, the subtree induced by
any point c and x € (T, v) such thatx ¢ T, thenVy € T, d(x,y) =d(x,c) +d(c,y).

Proof 1t suffices to show that ¢ € [x, y]. Lemma 2.2 implies that there exists z € (T, v)
such that [v, x] N [v, y] = [v, z] and we start with x & T, thatis, ¢ ¢ [v, x]; in particular,
¢ ¢ [v,z]and ¢ € [z, y]. Itis clear that [x, y] = [x, z] U [z, y] and thus ¢ € [x, y]. O

Lemma 2.11 Let (T, v) a geodesically complete rooted R-tree, T, the subtree induced by ¢
and x € (T, v) such that x ¢ T, thend(x, T,) = d(x, c).

Proof 1t follows immediately from 2.10. O

Lemma 2.12 [f ¢ is any point of a geodesically complete rooted R-tree (T, v) then T, is
closed.

Proof Letx ¢ Tcand e =d(x, T.) =d(x,c) > 0.By 2.10, B(x, e) N T, = #}. Hence T\ T,
is open. O

Lemma 2.13 [f ¢ is any point of a geodesically complete rooted R-tree (T, v) then Tci is
open.

Proof Let x € Tci (c € [v,x]and x # ¢)and ¢ = d(x,c) > 0. Then B(x,¢) C Tci and
hence T is open. o

Lemma 2.14 If F : [0, 00) — (T, v) is an isometric embedding such that F(0) = v, then
Vi € [0, 00) Fli, OO) C TF(IU)~

Proof Clearly YVt > ty, F(t9) must be in [v, F'(1)]. Hence F () € Tr(yy). O

Lemma 2.15 Let ¢ € (T, v) a geodesically complete rooted R-tree, then T, is also a geode-
sically complete rooted R-tree.
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Uniformly continuous maps between ends of R-trees 587

Proof T, is a metric space since it is a subset of a metric space. It is clear that any point in 7,
is connected with ¢ by an arc; therefore any two points in 7, are connected by an arc which
is obviously unique, since 7 is a subset of (7', v) which is uniquely arcwise connected.

We take c as the root of 7.

Let f : [0, 7] — T, any isometric embedding such that f(0) = c. Then, consider
the isometric embedding f” : [0, 79 + ||c||] — T such that f/(0) = v, f'(|lc||) = ¢ and
f'(t + |lcll) = f(t). The map f’ extends f and, by definition of geodesically complete,
there exists an isometric embedding F'[0, co) — T such that F’ extends f’. F'(|c|)) = ¢
and by Lemma 2.14 F'[||c||, 00) C T.. If we define F(¢) := F'(t + ||c||) it is readily seen
that F : [0, c0) — T is an isometric embedding and extends f in 7. O

Definition 2.16 A cut set for a geodesically complete rooted R-tree (7', v) is a subset C of
(T, v) such that v ¢ C and for every isometric embedding F : [0, c0) — T with F(0) = v
there exists a unique 7o > 0 such that F (7)) € C.

Example 2.17 9B (v, r) withr > 01is a cut set for (T, v).

Proposition 2.18 Given a cut set C for (T, v), the connected components of T(C) := {x €
T | [v, x]NC # B} (that is, the part of (T, v) not between the root and the cut set) are exactly
the subtrees {T;}ccc.

Proof T(C) = UgecT. and we know that 7, is always connected (as it is in fact arcwise
connected). Let’s see that for any co € C, the connected component of cg in T (C) is T .

If we remove from the tree any point x € (7, v) we disconnect the tree in two subsets: T)f
and T'\T, which are open sets in (7, v), as we saw in Lemmas 2.12 and 2.13, and it is easy
to verify that T; is closed in 7T\ {x}. (Note that T; need not be connected but we may remark
that Tx" is a union of connected components of an open set and these are open since (7', v) is
locally connected).

Let ¢’ € C such that ¢’ # cgand w € (T, v) such that [v, co] N [v, ¢'] = [v, w]. Consider
x € [w, co] such that x # co and by definition of cut set it is clear that x ¢ T(C) and
T)f N T(C) is a clopen set in T(C) that contains 7, and T; N T, = . The intersection
of all the clopen sets that contain T, (we already know that 7, is connected) is the quasi-
component of T, which contains the connected component and does not intersect any other
subtree 7, induced by any other point of the cut set. Hence, the connected component of ¢g
is exactly T,. O

Remark 2.19 1If we consider in (7, v) the cut set C := dB(v, r) with r > 0, then T(C) is
exactly T\B(v, r).
3 Metrically proper maps between trees

Main concepts in this section are taken from [10, 11]. Note that herein it is used the convention
that a map need not be continuous. When continuity is required we will write it explicitly.

Definition 3.1 A map f between two metric spaces X, X' is metrically proper if for any
bounded set A in X/, f~'(A) is bounded in X.

Definition 3.2 A map between two rooted R-trees, f : (T,v) — (T’, w), is said to be
rooted if f(v) = w.
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588 A. Martinez-Pérez, M. A. Morén

To avoid repeating the expression: rooted, continuous and metrically proper map we define
metrically proper between trees as follows.

Definition 3.3 A map f between two rooted R-trees is metrically proper between trees if it
is rooted, metrically proper and continuous.

Remark 3.4 If f : (T, v) — (T', w) is a metrically proper map between trees, then:
VM >0 3Ny ;>0 suchthat f~'(B(w, M)) C B(v, Ny p).
This is equivalent to saying that f(T\B(v, Ny, f)) C T'\B(w, M).

Proposition 3.5 If f : (T, v) — (T', w) is a metrically proper map between trees, and M >
0 and N > 0 are such that f~'(B(w, M)) C B(v, N), then for any c € dB(v, N) there
exists a unique ¢’ € dB(w, M) such that f(T.) C T},.

Proof If f~Y(B(w, M)) C B(v, N) then f(T\B(v, N)) C T’\B(w, M). The map f sends
connected components of 7\ B(v, N) into connected components of 7'\ B(w, M); in parti-
cular, V¢ € 9B(v, N) f(T,) C T’\B(w, M). As it is a continuous image of a connected
set is clearly contained in one of the connected components of 7'\ B(w, M) and those are,
as we saw in Propositions 2.17 and 2.18, the subtrees determined by points of the cut set
oB(w, M). O

Equivalence relation on metrically proper maps between trees. In this paragraph we intro-
duce an equivalence relation on the maps defined between trees. The resulting equivalence
classes will be the morphisms of the category 7 whose objets are geodesically complete
rooted R-trees. The interest of this relation is that two maps will be in the same class if and
only if they induce the same map between the end spaces (that will be uniformly continuous
as we shall see). This allows us to establish the one-to-one correspondence of the morphisms
in the equivalence of categories.

We define this equivalence relation in two steps: first we put it in terms of the behavior of
the maps on the complement of closed balls centered at the root. Later, we prove that these
classes are related to some natural concept of homotopy between metrically proper maps.

Let M > 0, N > 0 be such that f(T\B(v, N)) C T"\B(w, M). For any ¢ € dB(v, N)
let 7, be the subtree determined by c. By Proposition 3.5, there is a unique ¢’ € dB(w, M)
such that f(T,) C TC’,. This allows us to consider the families 7y := {7, | ¢ € dB(v, N)}
and 7y, :={T/ | ¢’ € 3B(w, M)} and amap f7, : Tv —> T’y givenby fr, (T.) = T, if
and only if f(T;) C T/,

Remark 3.6 This map can be defined for all N > Ny, r since Vd € dB(v, N) there exists a
unique ¢ € dB(v, Ny, r) such that T; C T, and obviously

F(T) C f(T) CT) = fr,(To) = T).

Given f, f' : (T, v) — (T’, w) two metrically proper maps between trees, thenby f ~ f’
we understand the following

VM >0, 3Ny sp >0 suchthat YN > Ny rp f1, = [, 6))
Proposition 3.7 ~ defines an equivalence relation.

Proof 1t is obviously reflexive and symmetric.
Transitive: If f ~ f"and f' ~ f” then there exist constants Ny, ¢ r» and Ny g pr such
that VN > Ny yp fry = fr, and VN > Ny g pr fr, = f7,. Hence, for every

N > IIlaX{NM,f’f/, NM’f/,fN} fTN = f%v and f ~ f”. O
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Uniformly continuous maps between ends of R-trees 589

Definition 3.8 If f, g : X — T are two continuous maps from any topological space X to
a tree T then the shortest path homotopy of f to g is a homotopy H : X x I — T of f
to g such that if j, : [0,d(f(x), g(x))] = [f(x), g(x)] is the isometric embedding of the
subinterval [0, d(f(x), g(x))] C R into 7T whose image is the shortest path between f(x)
and g(x) then H(x,1) = j,(t-d(f(x),g(x)))VteIVx e X.

Lemma 3.9 If f,g : X — T are two continuous maps from any topological space (X,T)
to an R-tree T, then there is a shortest path homotopy H : X x I — T of f to g.

Proof Tt suffices to prove that H with the definition above is continuous. Consider (xo, 7o) €
X x I.The continuity of f and g implies that V& > 0 there exists U € T with xo € U such
that f(U) C B(f(x0), 5) and g(U) C B(g(xo), 5) where B(., y) is the corresponding ball
in the R-tree 7. It is immediate to check that this implies that H (U, to) C B(H (xo, t), %).
Let K besuchthatd(f(x), g(x)) < K Vx € U.Then, H(U, B(ty, ﬁ)) C B(H(xo, ), €)
and H is continuous. Clearly, Hy = f and H; = g. O

Definition 3.10 Given f, ' : (T, v) — (T’, w) two metrically proper maps between trees,
we say that H : T x I — T’ is a rooted metrically proper homotopy of f to f'if H is
continuous, Hy = f, Hy = f/, Hv,t) =w V¥t € landVM > 0, 3N > 0 such that
H~'(B(v, M)) C B(v, N) x I.Inthis case we say that f, f’ are rooted metrically properly
homotopic, denoted by f >, f'.

Definition 3.11 Two trees (T, v), (T’, w) are said to be rooted metrically properly homotopy
equivalent, (T, v) >y, (T, w), if there exist two metrically proper maps between trees
f:T — T and f': T' — T suchthat f o f’ >y, idp and f' o f >y, idr.

Proposition 3.12 f ~ f’ifand only if f >~y f'.

Proof Suppose f ~ f'.Vn € Nlet t, > 0 such that f(T\B(v,1,)) C T'\B(w, n) and
f'(T\B(v, ty)) C T\ B(w, n). Without loss of generality suppose t,,+1 > t, +1.If f ~ f’,
by Proposition 3.5, V¢ € dB(v, t,,) there exists a unique point ¢’ in d B(w, n) such that the
image under either f or f” of T is contained in 7).

By 3.9, if we consider the shortest path homotopy of f to f’ it remains to check that this
homotopy is metrically proper. It suffices to show thatV ¢, and V¢ €[0, 1] H;(T\B(v, t,)) C
T'\B(w, n).Given x € T\ B(v, t,,) we know that f(x) € T\ B(w, n) and f'(x) € T'\ B(w, n)
and also, by the meaning of the relation defined, there exists a unique ¢’ € 3 B(w, n) such
that f(x) € T and f'(x) € T/. As we saw in Remark 2.15, T/, is an R-tree, so there
exists an arc in that tree from f(x) to f”(x) and, since T is uniquely arcwise connected, this
arc must be contained in TC/,. Hence the homotopy restricted to 7\ B(v, t,,) is contained in
T'\B(w, n).

Conversely, let f,f’ : (T,v) — (T’, w) be metrically proper maps between trees and
H : T x I — T’ arooted metrically proper homotopy of f to f’.Let M > 0, N > 0 such
that H,(T\B(v, N)) C T'\B(w, M)Vt € I. For any ¢ € dB(v, N) and ¢’ € dB(w, M)
such that f(T,) C TC’/ it is clear that H(T, x I) C TC’, (as it is the continuous image of a
connected set into 7"\ B(w, M)); in particular (if t=1) f'(T.)CT/, and hence, f~ f'. O

Remark 3.13 This implies that ~y, defines an equivalence relation.

Notation For any metrically proper map between trees f, let [ f]y, be the class of all
metrically proper maps between trees metrically properly homotopic to f. Some places in
section 7 where the context is clear this class will be simply denoted by [ f].
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590 A. Martinez-Pérez, M. A. Morén

4 The end space of a tree

In this section we define the functor £ on the objects of the categories, from trees to ultrametric
spaces, following step by step [4].

Definition 4.1 If (X, d) is a metric space and d(x,y) < max{d(x,z),d(z,y)} for all
x, ¥,z € X, then d is an ultrametric and (X, d) is an ultrametric space.

Elementary properties of ultrametric spaces can be found in [9].

Definition 4.2 The end space of a rooted R-tree (T, v) is given by:
end(T,v) ={F :[0,00) - T | F(0) = v and F is an isometric embedding}.

For F, G € end(T, v), define:

if F =0,

0
du(F, G) = L—fo if F # Gand tg = sup{t > 0| F(t) = G(1)}.

Note that since 7 is uniquely arcwise connected:

[0,00) if F =G,

{t>0|F@)=G@)} = [0,70] if F #G.

Proposition 4.3 [If (T, v) is a rooted R-tree, then (end(T, v), d,) is a complete ultrametric
space of diameter <1.

Remark 4.4 Abusing of the notation, we sometimes identify the element of the end space with
its image on the tree. This will be usually called branch. Also, for non-geodesically complete
R-trees, we also use branch to call any rooted non-extendable isometric embedding, making
distinction between finite and infinite branches.

Proposition 4.5 For any x € (T, v), a geodesically complete rooted R-tree, there exists
F € end(T,v)andt € [0, 00) such that F(t) = x (in fact, t = ||x||).

Proof The unique arc [v, x] is isometric to the interval [0, d (v, x)] = [0, [|x||]. If f :
[0, Ix|I]T = [v, x]is an isometry with f(0) = v, by 2.4, it extends to an isometric immersion
F (an element of the end space of the tree) and clearly F(||x||) = x. m]

5 The tree of an ultrametric space

We follow again [4] to define the functor 1 from ultrametric spaces to trees.

Definition 5.1 Let U a complete ultrametric space with diameter <1 and define:

. U x [0, o0)

~

TU:

with (a, t) ~ (B, ') if and only if 7 = ¢ and o, B € U such that d(a, B) < e".
Given two points in Ty represented by equivalence classes [x, t], [y, s]with (x, 1), (v, s) €
U x [0, oo) define a metric on Ty by:

[t — s ifx =y,

D 11 Iy, s = ’t—l—s — 2min{—In(d(x, y)). t.s} ifx # y.
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Uniformly continuous maps between ends of R-trees 591

Remark 5.2 Instead of defining the tree as in [4] for any ultrametric space of finite diameter
we restrict ourselves to ultrametric spaces of diameter <1. We define the root to be [(x, 0)]
and thus the ultrametric space is isometric to the end space of the tree.

The next two propositions are in [4].
Proposition 5.3 D is a metric on Ty.
Proposition 5.4 (Ty, D) is a geodesically complete rooted R-tree.
Proposition 5.5 U ~ end(Ty).

Proof Consider the map y : U — end(Ty) which sends each ¢ € U to the isometric
embedding f, : [0, c0) — Ty such that f, (1) = («, t) (clearly f, € end(Ty)).

Given o, f € U letdy := d(a, B). Then («, t) = (B, t) on [0, —In(dp)] and, in the end
space, d(fu, fg) = el"d0) = gy and hence y is an isometry. It is immediate to see that it is
surjective by the completeness of U. O

6 Constructing the functors
6.1 Maps between trees induced by a uniformly continuous map between the end spaces

The purpose in this section is to show how to construct a map between trees from a uniformly
continuous map between their end spaces.
For this purpose, we are going to use the following.

Definition 6.1.1 A function y : [0, o) —> [0, c0) is called a modulus of continuity if y is
non-decreasing, continuous at 0 and y (0) = 0.

If f:(X1,d1) = (X2,d>) is a map between two metric spaces and (X», d>) is bounded,
let

vr(é) = sup {d2(f(x), FON}- (@)

x,y€X1 | di(x,y)<8
Lemma 6.1.2 Consider (X1,d1), (X2, dy) two metric spaces with X, bounded and let

f: X1 — X2 be a uniformly continuous map. Then yy : [0,00) — [0, 00) is a modu-
lus of continuity such that Vx,y € X1 da(f(x), f(y)) < yr(di(x,y)).

Proof yy is well-defined since X» is bounded, and it is immediate to see that it is non-
decreasing and y¢(0) = 0. It remains to check the continuity at 0. Since f is uniformly
continuous, Ve > 0 36 > O such thatif d(x, y) < § then d(f(x), f(y)) < &. Therefore,
V3§ <8 yr(8') < e, and hence,

lim ) =0.
51 07/_/( )
O

To define the map between the trees we need the modulus of continuity to be continuous in
order to pass from the total disconnectedness of ultrametric spaces to the strong connectivity
of the tree. In fact, to define the functor and to prove the equivalence of categories, 7.6, it
would suffice to show that given a uniformly continuous map between the end spaces, there
exists a continuous modulus of continuity holding the condition of Lemma 6.1.2.
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592 A. Martinez-Pérez, M. A. Morén

Nevertheless, considering the function y s shown in (2) in certain examples, the construc-
tion of the function (4) may give us an analytic expression of this map between the trees as
we shall see later on in 6.1.15.

First, since the spaces we are considering are of diameter bounded by 1, we restrict the map
yr to a map from the unit interval to itself. Then, following the construction of Borsuk [3],
we take something similar to a convex hull of the image to make it continuous and concave.

Let us recall the definition of concave function.

Definition 6.1.3 A real-valued function f defined on a convex set C is called concave if for
any pair of points x,y in C and any ¢ € [0, 1], we have

fax+A =0y =1f(x)+ A —1)f(y).

If f: X1 — X, is a uniformly continuous map and X, X, have diameter <1 let
oy : 10, 1] — [0, 1] be a function such that o s (1) = 1 and oy (t) = y,(t) Vt € [0, 1).

Remark 6.1.4 Similarly to 6.1.2, o is non-decreasing, continuous at 0, o (0) = 0 and
Vx,y € X1 do(f(x), f(») = eorldi(x, y)).

For every x € [0, 1] let I'(x) denote the set of ordered pairs (xy, x3) such that xj,xy €
[0, 1], x; < xp and x € [x1, x2]. For any x € [x], x2] there exists a unique ¢ € [0, 1] such
that x = tx1 + (1 — t)xo. Then, let

Qfxix(x) =105 (x1) + (1 =)oy (x2). 3

Finally, this allows us to construct the following function which is the key to construct
the map between the trees:

Ap(x) = sup 0 xn(X). “

x1,x2€l(x)
Remark 6.1.5 Note that by definition 1 7 (x) > os(x) Vx € [0, 00).

Proposition 6.1.6 17(0) =0, A¢(1) = 1 and A ¢ (x) is increasing, concave and uniformly
continuous.

Proof Clearly A7(0) = 07(0) =0and A ¢(1) = g7(1) = L. It is immediate to see that it is
increasing since g 7 is, and concave obviously by construction. The proof that it is continuous
at 0 is similar to the analogous result in [3]. O

Hence, from a uniformly continuous map f between two metric spaces Uj, Uy with
diameter(U;) < 1, we get amap Ay : [0, 1] — [0, 1] uniformly continuous, concave and
non-decreasing with 4 £(0) = 0, A¢(1) = 1 and by Remark 6.1.5:

Vx, yeUs d(f(x), f(y) =Arrd(x,y)). (&)

Using this map we are now in position to induce, from a uniformly continuous map f
between two complete ultrametric spaces of diameter <1, a map between the corresponding
trees. As we saw in 5.5, we can identify these ultrametric spaces with the end spaces of
their trees. Given a uniformly continuous map f : Uy — Ua, by abuse of notation, consider
f rend(Ty,, v) — end(Ty,, w) in the canonical way.

Let (T, v), (T’, w) be two geodesically complete rooted R-trees and f : end(T, v) —
end(T’, w) a uniformly continuous map. Our purpose is to prove that the formula

f) = f(F) (<In(upe™)). (6)
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where x = F(¢) with F € end(T, v), t € [0, 00) and [n represents the natural logarithm,
defines a non-expansive metrically proper map between the trees.
The following fact is obvious:

Lemma 6.1.7 If f : end(Ty,, v) — end(Ty,, w) is uniformly continuous and ) y is defined
as in (4), then —In(A s (e™)) is non-decreasing.

Remark 6.1.8 Moreover, if dy = min{d > 0| L y(d) = 1}, then A is strictly increasing on
[0, do] since it is concave, and hence, it is immediate to check that —/n(A y(e™")) is strictly
increasing for ¢ on [—In(d,), 00).

Remark 6.1.9 Note that

lim.7(8) =0 = lim (=In(rp(e™))) = oo.

Now we are going to verify that the map f is well-defined and then we shall study its
properties.

Proposition 6.1.10 Let (T, v), (T'w) be two geodesically complete rooted R-trees and sup-
pose that [ : end(T,v) — end(T’, w) is a uniformly continuous map. Then, the formula in
(6) defines a map between the trees.

Proof We need to prove that each point in (7', v) has a unique image.

Letx € (T,v), F,G € end(T,v) and 19, t; € [0, 0co) such that F(#9) = x = G(t1). As
we saw in 5.1, necessarily 7y = t; and F(¢t) = G(¢) Vt € [0, t9]. Then, d(F, G) < e ' and
by (5), d(f(F), f(G)) < Ag(e™™).

Since d(f (F), f(G)) = e *"PsZ0EXO=FOE) <3 ¢ (e70) & sup{s =0| f(F)(s) =
f(G)(s)} = —In(hs(e™"0)) it is clear that, in particular, f(F) (—In(As(e))) = f(G)
(—ln(k f (e_’o))) . Thus, the image by f does not depend on the representative and it is
well-defined. O

Definition 6.1.11 A map between two metric spaces f : X — Y is Lipschitz of constant C
if for any pair of points x, x’ € X, d(f(x), f(x")) < C-d(x, x"). If C = 1 the map is called
non-expansive.

Proposition 6.1.12 If f is a uniformly continuous map between the end spaces, then f is
non-expansive.

Proof Given x, x’ € (T, v), we are going to prove that d(f(x), f(x’)) <d(x,x):

Case . If the points are in the same branch of the tree.

Then, there exists F € end(T, v) such that x = F(zp) and x’ = F(t1), suppose f; > fo,
and hence d(x, x') = t; — to.

The images are f(F) (—In(xs(e~™))) and f(F) (—In(is(e™"))) and it is clear that

d(f ). fe) = | =t (7)) = (=tn (™) |
We can avoid the absolute value, since A ¢ : [0, 1] — [0, 1] is non-decreasing:
n>tg=e <e=hp(e) Shp(e) = InGye™™) < In(hple™)).

Hence,

d(f(x), f&') =In( @) = In(hp(e™0)). ©)
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Fig. 4 The function A ¢ is _ Ap(eTfn)
concave Y=
“to _
I N (1,1)
)\f(efto) ______
)\f(eftl) _____

The concavity of A s will allow us to relate this distance with #; — #y. The idea is that if
we have two points on the line y = Kx, y; = Kx;, y2 = K x3, the difference between the
logarithms only depends on the proportion between x; and x; since [n(Kx1) — In(Kx2) =
ln(%) = ln(%) and in our case, this proportion between two points in the image of A ¢
may be bounded using the line which joins the (0, 0) with the first point since A  is concave
(see Fig. 4).

Since A, : [0,1] — [0, 1] is concave and e~ < e~ ™, we have that Ay(e” ") <
Z:? Lf(e™"). Then, since the natural logarithm is an increasing function, substituting in
(7) we finally obtain that

—1

d(f(x), f() <n (zf)»f(e_”)) —In(p(e™) =In(e" ™) =1 — 19 = d(x,x).

—1

Case II. Suppose that x, x’ are not in the same branch. Then there exist F, G € end(T, v)
and 19, t; € R such that x = F(ty), x' = G(t); also let 1, = sup{s| F(s) = G(s)}. Then
) < to, t (otherwise x and x” would be in the same branch) and d(x, x") = tg—tr+t1 — 1) =
dx,y)+ Ad(y, x") withAy = F(t%) =G(h). . .

Thus, f(F(tz)) = f(y)A = f(G(1y)) and by case I, we can see that d(f(x), f(x)) <
d(f(x), f()) +d(f(y), f(XN) <dx,y) +d(y,x") =d(x, x). o
Remark 6.1.13 Being Lipschitz, the induced map £ is uniformly continuous.

Now we are going to prove:

Proposition 6.1.14 If f is a uniformly continuous map between the end spaces, then f is
metrically proper between trees.

Proof We have already proved the continuity.
Rooted. We assumed Ay (1) = 1 and the image of the root will be the image of F'(0) for any
F € end(T, v). Thus

fw) = fF(FO) = f(F) (=In( () = fF(F)(0) = w.

Metrically proper. We need to show that V M >0 3 Ny >0 such that f‘l (B(w, M))C
B(v, Ny, r). (This is equivalent to saying that the inverse image of bounded sets is bounded).

fYBw, M) = {x € T| —In(rs(e ) < M). By Remark 6.1.7, we know that
—In(hy (e™")) is non-decreasing, and by Remark 6.1.9 it is clear that 3 Nuy,r > 0 such that
Vi> Ny ¢ —In(hg(e™)) > M, and hence, f~Y(Bw, M)) C B(v, N p). O
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Fig. 5 f :(T,v) — (T’, w) induced by a map f between the ends

Fig. 6 The resulting 1 ¢ A f

/
et

—t1

—t1

et e~lo
Now we present some examples to illustrate the above construction and we will show how

coarse category naturally appears.

Example 6.1.15 Let f : end(T,v) — end(T’, w) for the trees in Fig. 5 with t{) < tp and
such that f(F;) = F/ fori = 1,2 or 3.

A modulus of continuity can be defined as in Lemma 6.1.2

0 if § <e™,

e ! if e <§<e0,
0@ =, e <5 <1,

1 if 1 <38.

Now, if we construct A ¢ as in (4), we have (Fig. 6)

Vs ifs<e™
Ap@) = 10,9, if e <8 <1,
1 if 1<s.

It can be readily seen that f is Lipschitz of constant < 1 from F;[O0, #y] to Fi’ [0, t(’]] and
an isometry between F;[fg, 00) and F;[z, 0o) fori = 1,2 or 3 with f(Fi (1)) = F/(zy) and
f(Fj (1)) = Fj’ (h—t+1) € F]’. (ty, t1) for j =2, 3. Thus, f is a non-expansive map.
Definition 6.1.16 A map f : X; — X, between two metric spaces is bornologous if for
every R > 0 there is § > 0 such that for any two points x, x’ € X| with d(x,x’) < R,

d(f(x), f(x) <.
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e G
F1 Fl
f
F - % R
ve Ve s
H th t1 H

Fig. 7 A metrically proper map between the trees which is not proper

Definition 6.1.17 A map is coarse if it is metrically proper and bornologous.

Lemma 6.1.18 If f is a uniformly continuous map between end spaces, then the induced
map between the trees, f, is coarse.

Proof We have already seen that it is metrically proper and since f is Lipschitz of constant
1 it suffices to consider R = S. O

Definition 6.1.19 A map is proper if the inverse image of any compact set is compact.

The following example shows that f need not be proper.
Counterexample. Let U a ultrametric space consisting of a countable family, non-finite, of
points {x,},en With d(x;, x;) = di Vi # j and another point, {y} with d(y, x;) = do V1,
suppose dy > dj, and let U’ a similar family of points {x],},en with distance d; among them
and another point, {y’} with d(y’, x/) = d|, and dj; > dy. Both spaces are uniformly discrete
and the map f which sends y to y’, and x; to x] is obviously uniformly continuous. Now
we can find a compact set K in Ty such that its inverse image under f : Ty — Ty is not
compact.

Consider tg = —In(dp), t) = —In(dy) and t; = —In(dy). The induced trees are as shown
in Fig. 7.

Let K = B(w, 1) which is obviously compact, we can see that f —1(K) is not compact.

The image by f of the arc [v, x; (0)] ~ [0, fo] will be [w, x[ (1)1 ~ [0, 1] (with £, < 19).
By concavity of Ay, Vi >1g e <e ™ = rs(e™) > ::,; Ape™) = —In(ry(e™)) <
—In(e" ™" Ap(e™0)) =1t —to+ 1. If e = 1o — 1}, > 0 then f(B(v,1)) C B(w,t — ¢); in
particular B(v, t; + ¢) C f‘l(B(w, t1)), and so the inverse image by f of K is a closed
ball about v of radius greater than #1, and since Ty is not locally compact at ¢y, this set is not
compact.

6.2 Uniformly continuous map between end spaces induced by a metrically proper map
between trees

In this subsection we treat some kind of opposite correspondence, to that of the previous one.

Proposition 6.2.1 If (T, v) and (T', w) are two geodesically complete rooted R-trees and
f (T, v) = (T, w) is ametrically proper map between trees, then for each F € end(T, v)

there exists a unique G € end(T’, w) such that G[0,00) C im (f(F[O, oo))) . Thus, f

induces a map between the end spaces of the trees.
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Fig. 8 Uniqueness

M

Proof Existence.Let F €eend(T,v).By3.4,VneN, 31, > 0 suchthat f’l (B(w, n)) C
B(v, t,). By Proposition 3.5, there exists aunique ¢, € 3 B(w, n) suchthat f (TF(z,,)) - TC”,,.

Define G : [0,00) — T such that Gljp,,) = [w.c),] Vn € N. It is clear that G is
well-defined, G € end(T, v) and G0, 00) C im ( F(FI0, oo))) proving the existence.
Uniqueness: Let H € end(T’, w) with H # G and let d(H, G) = dy > 0. We are going to
show that H[0, oo) cannot be contained in the image of F[0, oo) by f (Fig. 8).

Let M > —In(dp). As we know, EINMf > 0 such that f L(B(w, M)) C B(v, N). By
Proposition 3.5 there exists a unique w € 0B(w, M) such that f (TF(N)) C TC}V[ and it is
clear that ¢, = G(M) but since M > —In(dy) = sup{s/G(s) = H(s)} then H(M) # ¢,
and f(F[N, c0)) N H[0, 00) = ¢.

Moreover (T, v), (T’, w) are metric spaces and f is continuous. Hence f(F[O, N])is the
continuous image of a compact set and so it is compact in a metric space and it is bounded.
Therefore H[0, c0) ¢ f(F[0, NJ).

Thus, H[0, co) ¢ f(F[O, 00)) and G is unique. O

If f: (T,v) - (T',w) is a metrically proper map between trees, let us denote by
f end(T, v) — end(T’, w) the map constructed in the previous proposition. Thus f (F) =
G € end(T’, w) where G[0,00) C f(F[0, c0)).

Proposition 6.2.2 f is uniformly continuous.

Proof Let ¢ > 0. Then there exists § > 0 such that f_l(B(w, —Ine)) C B(v, —Ind) =
f(T\B(v, —Ind)) C T'\B(w, —Ine). Once again, the idea of 3.5.

Consider two branches F, G € end(T, v) with d(F, G) < §, this is, F(1) = G(7) on
[0, =Ind]. If ¢ = F(—Ind) = G(—Ind) then f(c) € T’ \B(w, —Ine) and f(F) = f(G) at
least on [0, —/ne]. Therefore, d(f(F) f(G)) < e and f is uniformly continuous. ]

Proposition 6.2.3 If f, f' : (T,v) — (T',w') are two metrically proper maps between
trees, then f ~ f' if and only if f = f'. Where ~ represents the relation defined in (1).

Proof Suppose f ~ f’ and f #* f ’(i.e. f and f’ do not induce the same map between the
end spaces). Then, there exists some F € end (T, v) such that f(F) =G #H= f/(F). If
M > —In(d(G, H)) > 0, since f, f’ are metrically proper, there exists some Ny, r >0
such that f~!'(B(w, M)) C B(v, Ny s ) and f~1(B(w, M)) C B(v Ny, 1, ). Then,
VN > Ny sy, let ¢ = F(N) € dB(v, N) and by 6.2.1 f7,(T.) = (M) # TH(M)
fTN(T) which are different because M > —In(d(G, H)). This is a contradiction with
f~r.

Conversely, suppose that f and f’ induce the same map between the end spaces. Since
they are metrically proper, see 3.4, VM > 03Ny s > 0 suchthat f(T\B(v, Ny, r)) C
T'\B(w, M) and 3Ny ;» > 0 suchthat f(T\B(v, Ny, ) C T'\B(w, M).If Ny s g :=
max{(Ny, r, Ny, )} thenV N > Ny 7 ¢, we have two maps as we saw in 3.6.

fTN’ f'}N : TN —> T/M.
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i | F F
f
B . F
V ¢ : , G v : , G

Fig. 9 A surjective metrically proper map between the trees which induces a non-surjective map between the
ends

Since the induced map between the end spaces is the same, ¥V F' € end (T, v) there exists
aunique G € end(T’, w) suchthat f(F) = G = f/(F). Consider Ty the subtree of
T\B(v, N). It is clear that the image of F[N, co) whether by f or f’ must be contained in
Té(M) since G[0, 0o) is contained in the image of F[0, 00). Thus f7, (Tr(n)) = T&(M) =
fr, (Trvy) and f~ f. o

This, together with 3.12 gives the following.

Corollary 6.2.4 If f, f': (T, v) — (T', w') are two metrically proper maps between trees,
then f ~y, ' ifand only if f = f/.

Corollary 6.2.5 Inany class of metrically proper maps between trees there is a representative
which is non-expansive.

Given f : (T,v) — (T’,w’) a surjective metrically proper map between trees, the
question arises whether the induced map between the end spaces is also surjective. It need
not be as the following example shows.

Counterexample. Consider the trees shown in Fig. 9.

Let
Fj (1) if re[0,1].
FFl+@n-1@-1 if el 1],
S (0] = Fz((;n(l —1) ) ift ([;4, 12]],
Fl/(t—1) if 1e(1,00),
and

f(G®) =G'(0).

The map f is clearly rooted, continuous, surjective and metrically proper but if we consider
the induced map between the end spaces we find that Fj) is not contained in the image of any
branch of T'.

7 Equivalence of categories
Consider the categories,

T Geodesically complete rooted R-trees and rooted metrically proper homotopy classes
of metrically proper maps between trees.
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U: Complete ultrametric spaces of diameter <1 and uniformly continuous maps.

Define the functors,

&: 7T — U suchthat&(T, v) = end(T, v) for any geodesically complete rooted R-tree
and E([f1pmp) = f for any rooted metrically proper homotopy class of a metrically proper
map between trees.

n : U — 7T such that n(U) = Ty for any complete ultrametric space of diameter <1
and n(f) = [ f Imp for any uniformly continuous map.

Proposition 7.1 & : 7 — U is a functor

Proof &(id(t,v)) = idena(t,v) is Obvious.
fLf]:(T,v) — (S,w), [g]:(S,w)— (R, z) represent classes of metrically proper
maps between trees then

E([glo[fD =&(gD o &(LSD-

By 6.2.1, the induced maps between the end spaces are clearly the same. O
Proposition 7.2 n : U — T is a functor.

Proof n(idy) = n(idena(r,)) = idr, is obvious.
If f:U; — Uz, and g : Uy — Uz are uniformly continuous maps then

n(go f)=mn(g)on(f).

This follows immediately from 6.2.3 since the maps between the end spaces are the same.
]

To prove the equivalence of the categories we use the following lemma from [6].

Definition 7.3 A functor § : A — C between two categories is full if for every pair of
objects a, a’ in A and every morphism g : S(a) — S(a’) in C, there exists a morphism
f:a— awith g = S(f).

Definition 7.4 A functor S : A — C between two categories is faithful if for every pair
of objects a,a’ in A and every pair of morphisms fi, f» : a — d’ in A, the equality
S(f1) = S(f2) : S(a) — S(da’) implies that f1 = f>.

Lemma 7.5 Let S : A — C be a functor between two categories. S is an equivalence of
categories if and only if S is full, faithful and each object ¢ € C is isomorphic to S(a)
for some object a € A.

Theorem 7.6 (Main theorem) & : 7 — U is an equivalence of categories.

Proof & is full. This is immediate since for every morphism f € U, f = E(f)).

& is faithful. This follows immediately from Proposition 6.2.3.

It remains to check that VU € U4 3T € 7 such that £&(T) ~ U. As we saw in 5.3,
&(Ty) ~ U, finishing the proof. ]

Corollary 7.7 Two geodesically complete rooted R-trees are rooted metrically proper homo-
topy equivalent if and only if their end spaces are uniformly homeomorphic.

The following example illustrates the importance of asking the map between the trees to
be metrically proper.
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F Fy F3 F| F, Fj
‘ :
Vo ° . . G w o ° o)
i ) 3 N

Fig. 10 A homeomorphism between the trees which does not induce a map between the ends

Example 7.8 A homeomorphism between the trees need not induce a map between the ends.

Consider (T, v), (T’, w) the geodesically complete rooted R-trees shown in Fig. 10.

We can easily define a homeomorphism between these trees. Let f be such that f(G[n —
L,n]) = F,([1 - 2,1%,, 1- zi,,]) linearly Vn € N, and an isometry on the rest (the vertical
lines) with f(F,) = F, Vn € N. Then it is obviously a homeomorphism but clearly not
uniform since f~! is not uniformly continuous.

—_—

Since f is a non-expansive map, f ! is metrically proper and hence, it induces a map f !
from end(T', w) to end (T, v) which is uniformly continuous but f is not metrically proper
(for example f ~1(B(w, 1)) is not bounded) and it does not induce any map from end(T, v)
to end(T’, w) since f(G) is not geodesically complete.

f is bornologous but it is not coarse (fails to be metrically proper) and f~! is not borno-
logous.

Example 7.9 We can define also a homeomorphism f* between two rooted geodesically
complete R-trees such that f is a non-uniform homeomorphism between the end spaces.

Consider the trees (T, v) and (T, w) in Fig. 11. (T, v) has branches {Fi}72, such that
F; N F; = {v}, and Vi there are branches {F; ¢ )72, such that F; ; = F; on [0, k]. (T, w) is
quite similar but Vi the branches {Fl’ (172, are such that Fl’ ;= F/ on [0, lk.] Yk <iand
Fl =F on[0,k—i] Vk>i. '

Define f : (T,v) — (T’, w) such that f(F;(t)) = Fl.’(f—.) Vt € [0,i] and f(F;i(t)) =
F/(t—i+1)Vre[i,o0) Vi € N,and also f(F; (1) = I’ifk(t—i+lkf)Vt €li,00),Vk <i
and f(Fix(t) = Fi/,k(l — i)Vt €li,00), Vk > i. Hence, the induced map between the end
spaces f : end(T,v) — end(T', w)is f(F;) = F/and f(Fl-yk) = Fi,,k Vi, k € N.Itis easy
to verify that f is a homeomorphism but this homeomorphism is not uniform. Let & < e/,
andV$§ > 0let Ns > Osuchthate™ <8 Vi > N.Then, Vi > Nsd(F;, F;;) =e™" <3§
and d(f(F), f(F)) =d(F, F[) =e™ > &.

Define g := f—!. Then it easy to check that g is uniformly continuous and the induced
map & is such that §| 0,00y = FI[0, 00) is an isometric embedding V F’ € end(T’, w).

Nevertheless, the end spaces of these trees are in fact uniformly homeomorphic, and
hence, as it has been proved, there are f : (T,v) — (T, w), and f' : (T',w) — (T, v)
metrically proper maps between trees such that f o f’ 2y, idyr and f’ o f ~p, idy. Let
us define f : (T,v) — (T', w) such that f(F[0,1]) = w VF € end(T,v), f(F;i(t)) =
F/(t = 1)Vt € [1,00), Vi € N, f(F;x(t)) = Fijyi—1(t = 1)Vt € [1, 00), Vk>2 and
finally f(F#_‘_k’l) = Fl’k Vk <i,Vi € N. The induced map f between the end spaces

is a uniform homeomorphism and therefore, if 7 = f =1 it suffices to define f’ := h.
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Fig. 11 A homeomorphism between the trees which induces a non-uniform homeomorphism between the
ends

8 Lipschitz maps and coarse maps between trees

Lemma 8.1 Ifxy, x2, y1, y2 € R, then foranyt € [0, 1],
d(tx; + (1 —)xa, tyr + (1 = 1)y2) < max{d(x1, y1), d(x2, y2)}.

Proof d(tx; + (1 — t)xa,ty1 + (1 — Hy2) = |tx;y + (I — Hxa — [ty
(IT=0pydl = tx1 —yD)+ A =2 —y) < t-|x1 —yil + A —1) - |x2 — y2|
max{d(x1, y1), d(x2, y2)}.

oA+

Lemma8.2 If f,g : T — T’ are two metrically proper maps between trees and H
T x I — T’ is the shortest path homotopy of f to g, then for any two points x,y € T,

d(H;(x), H; (y)) < max{d(f (x), f(y)), d(g(x), g(y))}.

Proof Suppose d(f(x), f(y)) <d(g(x), g(y)). If for some t € Id (H;(x), H;(y)) >d(g(x),
g(y)) then there must be some fy > ¢ € I such that d(Hy,(x), Hy, (y)) = d(g(x), g(y)). So
let us assume d(f(x), f(y)) = d(g(x), g(y)) = do and it suffices to show that in this case
the condition is satisfied.

Now if we show that in this conditions there is always some ¢ > O such that for any
O<t<eorl—e<t<1 d(Hi/(x), H(y)) < do, then we have that this happens for any
t in an open set of / and by continuity of the metric, this will be also a closed set of I and
hence, d(H;(x), H;(y)) <dyVtel.

Now to prove the lemma it suffices to distinguish the following cases.

Case 1. If there is an arc on the tree containing f(x), f(y), g(x) and g(y), then we can
apply Lemma 8.1.

Case 2. If there is an arc containing three of the points (and no one containing all). Consider
the subtree given by the points and the minimal paths between them. In this subtree there is
a unique point, b, of order 3 and either f(x), f(y) or g(x), g(y) are border points. Let us
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suppose f(x), f(y) are in the border. If § < min{d(f(x), b), d(f(y), b)}, defining ¢ := j—o
it is immediate to check that d (H;(x), H;(y)) < dyp Vt < ¢.

Case 3. If there is no arc containing three of the points. In this case, the subtree has
fx), f(y), g(x), g(y) as border points and there are either one or two branching points
different from { f (x), f(¥), g(x), g()}: two points of order three or one point of order four.
Let § less than the distance from any of the border points to a branching point. Thus, defining
g = j—o it is immediate that d(H;(x), H;(y)) < do VYt < ¢. ]

Definition 8.3 Two maps are rooted metrically proper non-expansive homotopic, f >~ f’,
if there exists H : T x I — T’ arooted metrically proper homotopy of f to f’ such that H;
is non-expansive for every ¢ € I.

Definition 8.4 Two maps are rooted coarse homotopic, f ~c¢ f' if there exists H :
T x I — T’ arooted (metrically proper) homotopy of f to f’ such that H; is coarse
for every ¢ € I. Being metrically proper is already supposed by definition of coarse.

The next propositions follow immediately from the lemma and Proposition 6.2.3.

Proposition 8.5 If f, f "+ T — T’ are two non-expansive metrically proper maps between
trees, then f = f’ ifand only if f ~ f'.

Corollary 8.6 There is an equivalence of categories between U and the category of geodesi-
cally complete rooted R-trees with rooted metrically proper non-expansive homotopy classes
of non-expansive, metrically proper maps between trees.

Corollary 8.7 Two geodesically complete rooted R-trees are rooted metrically proper non-
expansive homotopy equivalent if and only if their end spaces are uniformly homeomorphic.

Corollary 8.8 There is an equivalence of categories between U and the category of geode-
sically complete rooted R-trees with rooted coarse homotopy classes of rooted, coarse and
continuous maps.

Corollary 8.9 Two geodesically complete rooted R-trees are rooted coarse homotopy equi-
valent if and only if their end spaces are uniformly homeomorphic.

Proposition 8.10 If f, f " T — T’ are two coarse metrically proper maps between trees,
then f = f’ifand only if f ~¢ f'.
Corollary 8.11 There is an equivalence of categories between U and the category of geode-

sically complete rooted R-trees with coarse, (metrically proper) homotopy classes of coarse,
(metrically proper) maps between trees.

Corollary 8.12 If f : T — T’ is a metrically proper map between trees, then there exists a
rooted continuous metrically proper non-expansive map ' : T — T’ such that f ~y, f'.

Corollary 8.13 If f : T — T’ is a rooted continuous coarse map between trees, then there
exists a rooted continuous metrically proper non-expansive map f' : T — T’ such that

f=cf.

9 Freudenthal ends and classical results

This work allows us to give some new proofs of already known results and to look at them
from a new perspective. We also extend in this section the field of our study to include some

considerations about non-rooted and non-geodesically complete trees and how can we use
or adapt our tools with them.
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Pruning the tree. When we have a non-geodesically complete rooted R-tree and we are only
interested in the geodesically complete branches we can prune the rest as follows.

Theorem 9.1 If (T, v) is a rooted R-tree then, there exists (T, v) C (T,v) a unique
geodesically complete subtree that is maximal.

Proof Using Zorn’s lemma. Consider (7., <) with 7, geodesically complete subtrees of
(T, v) containing the root, and 71 < T» < T; C T5. This is an ordered structure.

It is not empty since the root is a trivial geodesically complete subtree.

To prove that every chain of (74, <) admits an upper bound T} it suffices to show that
the union of elements of the chain is also a geodesically complete subtree of (7', v). Itis a
subset of the tree where every point is arcwise connected to the root and hence it is obviously
a subtree. Let f : [0,¢] — Ty, t > 0 any isometric embedding such that f(0) = v, then
there exists an element 7y in the chain such than f(¢) € To = f[0, t] € Ty and f extends to
an isometric embedding f : [0, 00) — Ty C Tuy, and hence, Ty, is geodesically complete.

Then, by Zorn’s lemma (7., <) possesses a maximal element.

The union of two elements of (7, <) is also a geodesically complete subtree and hence,
the maximal element (T, v) is unique. ]

Lemma 9.2 [f the metric of (T, v) is proper then it is a deformation retract of (T, v).

Proof Since the metric is proper, for any x € T\Tx there is a point y € T, such that
d(x,Ts) = d(x,y) and it is unique since the tree is uniquely arcwise connected. Let
r: T — Ts suchthatr(x) = y Vx € T\Tw and the identity on T,. Then r is a retraction
and the shortest path homotopy makes the deformation retract. O

Proper homotopies and Freudenthal ends

Definition 9.3 Two proper maps f, g : X — Y are properly homotopic f >, g in the usual
sense if there exists a homotopy H : X x I — Y of f to g such that H is proper.

Definition 9.4 X, Y are of the same proper homotopy type or properly homotopy equivalent
in the usual sense if there exist two proper maps f : X — Y and g : ¥ — X such that
gofll7 Idxandfog:p ldy.

Notation ~pp means properly homotopic such that the proper maps and the homotopy are
rooted, and =, is the usual sense of proper homotopy equivalence.

Lemma 9.5 Let S1, S> two locally finite simplicial trees and consider any two points x| €
S1,x2 € S2. Then (S1, x1) ~gp (82, x2) if and only if S| ~) $>.

Proof The only if part is clear since it is a particular case.

The other part is rather technical. Consider f : S — S2 and g : S — S proper maps
and proper homotopies H' of g o f to Id s, and H 2of fogtold s, . First we construct two
rooted proper maps 'near’ f and g. Consider the unique arc in $> [x2, f(x1)] and, in order
to define the rooted proper map from S to S, we are going to send this arc with a proper
homotopy to the root x; and to pull somehow the rest of the tree after it.

Since [x2, f(x1)] is compact and the tree is locally finite, there are finitely many vertices
V1, ..., Uy in this arc. Let us denote also f(x;) = vg. The tree is locally compact, hence
consider B (v;, &;) compact neighborhoods of v; withi = 0, .. ., n (we may assume that they
are disjoint).
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Fig. 12 The homotopy sends _
[x2, f(x1)] to x and [v, y] to NS 8B(v, 6) NnT,
[x2, y]

T2 o U- o f(71)

We define a homotopy H that sends [x3, f(x1)] to xo (Fig. 12), that for each point
yeT,Nn 9B (v, &), with y & [x2, f(x1)], goes linearly from the arcs [v;, y] to [x2, y],
and it is the identity for every ¢ on the rest. If x € [xz, f(x1)] and j, : [0, d(x2, x)] —
[x2, x] is an isometry with j,(0) = x then let H(x,t) = j,(t - d(x2,x)). If x € T, N
B(v;, &) such that x & [x2, f(x1)], then for j, : [0,d(x2,x)] — [x2,x] an isometry
such that j,(0) = x let H(x, ) = j, (z : [f’(;‘% (ei — d(x, v) — (& — d(x, v))]) -

i (1 2022 61 — dx, v) ).

It is easy to check that H (v; x I) = [x2, v;] with H (v;, 0) = v; and H (v;, 1) = x3, and
Vy € 9B (vi, &) N Ty, with y & [x2, f(x1)] H(y,t) =y Vt. H(x,t) = x on the rest of
the tree. This map is continuous. To see that it is proper first consider Ko := [x2, f(x1)] U

n
(_U] B(v;, ;1)) which is a compact subset of the tree S», and hence Ko x [ is a compact subset
i=

of S x I. For any compact set K € S, H~'(K) is a closed (since H is continuous) subset
of the compact set Ko U K. Thus, H is proper.

Clearly f(x) = H(x,0) and let f(x) := H(x, 1). The map fis proper, f(xl) = xp (it
isrooted) and f ~, f .

We do the same for g : S — S; and we get a rooted proper map g : (S2, x2) — (81, x1)
such that g >~ g.

Hence we have a proper homotopy H' of g o f to Ids, (conversely H? of f o g to Ids,)
such that H!(x1,0) = x; = H' (x;, 1).

To finish the proof we need this homotopy to be rooted.

Since y is compact and S is locally finite, and hence locally compact, let € > 0 such that
B(xy,€) is compact. Then consider H: S1 x I — S such that ﬁ(x, t)y=H(x,t)VY(x,t) €
(S1\B(x1,€)) x I and V (x,t) € S; x {0, 1}, and in the rest of the domain we change H to
make it rooted. To do this, the points H (x1, ) must be sent to x; and pull the image of the
pointsin B(x1, &) to keep continuity. Also, notice that Hy and H; must not change. Therefore,
let us define d; = d(H (x1, t), x1) to change the homotopy at each level proportionally.

Consider, for each (x, 1) € B(x1, €) x I,

. d(x,x1)
dyy=min (1 — ———=)-d;, d(x1, H(x, 1))
3
and for the isometric embedding jy ; : [0, d(x1, H(x,t))] — [x1, H(x, )] with j, ;(0) =
H(x,1) let
I:I(X, t) = jx,t(dx,t)~

It is immediate to check that this makes H a rooted homotopy of g o f to I ds,.

It remains to see that it is proper but for any compact set K € Sy, H~'(K) ¢ H~(K) U
B(x1, ¢) and then H is also proper.

The same works with H2 and we finally obtain that (S1, x1) ~gp (S2, x2). O

We can now give another proof of the following corollary in [1].

Proposition 9.6 Two locally finite simplicial trees are properly homotopy equivalent (in the
usual sense) if and only if their Freudenthal ends are homeomorphic.
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Proof Let S1, S> two simplicial, locally finite trees. Let v € S and w € S any two points,
hence (S1, v) and (S, w) are two rooted trees, and by Lemma 9.5 (S, v) ~gp (S2, w) if
and only if §1 =) S5.

We can change the metric on the simplices and assume length 1 for each simplex. Then
we have two homeomorphic copies of the simplicial rooted trees (S7,v) = (S1,v) and
(85, w) = (82, w) (in particular (S7, v) ~gp (Sy,v) and (S5, w) ~gp (S2, w)), such that
the non-compact branches are geodesically complete.

The metrics on (Si, v) and (Sé, w) are proper. It suffices to check that any closed ball
centered at the root is compact and this can be easily done by induction on the radius. Since
the trees are locally finite and the distance between two vertices is at least 1, the closed ball
B, 1) (similarly B(w, 1)) is a finite union of compact sets (isometric to the subinterval
[0, 1]in R). Let B (v, n) a finite union of compact sets, d B (v, n) is a finite number of vertices
and, since the trees are locally finite and the distance between two vertices is at least 1,
B(v,n+ 1) is also a finite union of compact sets. Thus every closed ball centered at the root
is compact.

(S}, v) and (S,, w) are proper length spaces, and by the Hopf-Rinow theorem for metric
spaces, see [10], (7, v) and (S5, w) are complete and locally compact.

Now consider the maximal geodesically complete subtrees (77, v) and (73, w) of (S i, v)
and (S5, w) (Note that these are empty sets if and only if (S}, v) and (S, w) are compact).
These trees are locally finite, complete, geodesically complete and their metrics are proper.
We can now find a proper homotopy equivalence between the pruned tree 7; and S;. The
retractions r; : (Slf, v) = (T;,v),i = 1,2, such that r;(x) = y with d(x, T;) = d(x,y)
defined in Lemma 9.2 are proper maps since after the change of metric the bounded branches
are compact and the tree is supposed to be locally finite. Clearly this retraction and the
inclusion give us rooted proper homotopy equivalences between the trees, (S}, v) ~gp
(T1, v) and (S}, w) ~gp (T2, w). Thus

(S1,v) =gp (T1,v) and (S, w) =gp (T2, w)

It is well known, see for example 9.20 in [1], that since S are locally finite simplicial
trees, end(Ty, v) = Fr(S;,v) = Fr(S)) and end(T>, w) = Fr(S'2, w) = Fr(S;) and, by
7.7, end(Ty, v) = end(T>, w) & (11, v) ~pp (T2, w). If the metric is proper (71, v) >y,
(Tr, w) & (T1, v) ~gp (T2, w) and hence Fr(S)) = Fr($2) < (T1,v) ~gp (1o, w).

Thus, Fr(S1) = Fr($2) < (51,v) ~gp (52, w) & 1 =, 5. O

There is also an immediate proof of the following corollary in [4].

Proposition 9.7 Two geodesically complete rooted R-trees, (T, v) and (S, w), are rooted
isometric if and only if end (T, v) and end (S, w) are isometric.

Proof If there is an isometry between the trees then the induced map between their end
spaces is clearly an isometry.

Let f : end(T,v) — end(S,w) be an isometry between the end spaces. Then, to
induce the map between the trees we can take the identity as modulus of continuity. If
Lp = Idp1 then f(F)(—In(kp(e™))) = f(FY®OVF € end(T,v)Vt € [0,00) and
the map restricted to the branches is an isometry. Consider any two points in different
branches x = F(r),y = G(t') with —In(d(F, G)) < t,t'. Since the end spaces are iso-
metAric, thf, distance between two branches is the same between their images and hence
d(f@). f3) =t +1' = 2(~In(@d(f(F), f(G)) = 1 +1' = 2(~In(d(F, G))) = d(x, y)
and f is an isometry between the trees. O
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Non-rooted maps between the trees If the map is not rooted we can extend the idea of the
rooted case and define how a non-rooted metrically proper map induces a map between the
end spaces.

Let f : (T,v) — (T’,w) be any metrically proper (non-rooted) map between two
geodesically complete rooted R-trees. Then VM > 0 3N > 0 such that f(B(v, N)) C
B(f(v), M).Ifdy :== d(w, f(v)),hence f(B(v, N)) C B(w, M +dp) and this is equivalent
to f_] (T'\B(w, M + dy)) C T\ f(B(v, N)). Now we can induce a uniformly continuous
map between the end spaces almost like in 6.2.1, since for each branch F' € (T, v) there is a
unique branch F’ € (T’, w) such that F'[dy, c0) C f(F) and so we define f : end(T, v) —
(T’, w) such that f(F) = F'.

The results then are not so strong, as an example of this we can give the following
proposition.

Proposition 9.8 An isometry (non-rooted) f : (T, v) — (S, w) between two geodesically
complete rooted R-trees, induces a bi-Lipschitz homeomorphism between end(T, v) and
end(S, w).

Proof Let f : (T, v) — (S, w) beanon-rooted isometry. Consider F, G any two branches in
end(T, v) and let x € T such that F[0, co) N G[0, o0) = [v, x] = [0, —In(d(F, G))] C R.
Then f(F[0,00)) N f(G[0,0)) = [f(v), f(x)] =~ [0, —In(d(F, G))] C R since f is
an isometry. If dg = d(w, f(v)), hence f(F) =: F' and f(G) =: G’ coincide at least
on [0, —In(d(F, G)) — do] and at most on [0, —In(d(F, G)) + do] and so, ¢!"@(F-GN=do <
d(F',G') < MdF.O)Fdo thisis, e~ .d(F, G) < d(F',G') < e®.d(F, G) and therefore
£ is bi-Lipschitz. O
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