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Abstract Let g : (C",0) — (C", 0) be a finite analytic map. We give an expression for
the local Lojasiewicz exponent and for the multiplicity of ¢ when the component functions
of g satisfy certain condition with respect to a set of n monomial ideals /1, ..., I,. We give
an effective method to compute f.ojasiewicz exponents based on the computation of mixed
multiplicities. As a consequence of our study, we give a numerical characterization of a class
of functions that includes semi-weighted homogenous functions and Newton non-degenerate
functions.
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1 Introduction

One of the most known invariants of a germ of analytic function f : (C"*, 0) — (C, 0) with
an isolated singularity at the origin is the Milnor number p( f) of f. Kouchnirenko expressed
in [18] the Milnor number of f in terms of the Newton polyhedron I' (f) of f. Another
important invariant in singularity theory that has also been studied via Newton polyhedra is
the local Lojasiewicz exponent Lo ( f) of f.Itis defined as the infimum of those real numbers
o > 0 such that
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for some constant C > 0 and all x belonging to some open neighbourhood of the origin in
C", where V f denotes the gradient map of f. It is known that Lo (f) exists if and only if
f has an isolated singularity at the origin, and that L (f) is a rational number in this case
[19]. Moreover, by a result of Teissier, the degree of topological determinacy of f in O, is
equal to the smallest integer r such that Lo(f) < r (see [33, p. 281]). The computation or
estimation from above of Lq(f) is not straightforward at all. We refer to [6,14] or [20] for
results about this problem that consider the information supplied by the Newton polyhedron
of f.

In this paper we study the number Lo ( f) for all functions f contained in a class ampler
than the class of Newton non-degenerate functions studied by Kouchnirenko and with a given
Newton polyhedron. In order to give this expression we will look at Milnor numbers and
local Lojasiewicz exponents of functions as special cases of the analogous invariants that
are defined for arbitrary (not necessarily gradient) maps g : (C*,0) — (C", 0) such that
g~ 1(0) = {0}.

Let O, denote the ring of analytic functions (C",0) — C. Let g : (C",0) — (C"*,0)
denote an analytic map germ such that g~'(0) = {0} and let I be the ideal of O, generated
by the component functions of g. Then the colength dimc O, /1 is also known as the Milnor
number of g [11,29]. Let us remark that the Milnor number 1 (g) of g, with g being regarded
as an isolated complete intersection singularity, is given by ©(g) = dim¢c O, /I — 1 (see [22,
p- 781). We denote the colength dimc O,/ by mo(g) and we will refer to this number as
the multiplicity of g. We remark that mg(g) is equal to the Poincaré—Hopf index of g at 0
(see [29] where an upper bound for m(g) is given in terms of the degree of /C-determinacy
of g). The definition of the Lojasiewicz exponent of g is analogous to that of a function
f € O, by substituting the gradient V f by the component functions of g. It is known that
mo(g) < [Lo(g)]", where [a] denotes the integer part of a real number a (see [12] or [26]).
We refer to [12,13,23] for important applications of the number £¢(g) in complex function
theory on domains in C”.

Our study of mo(g) and of L(g) is based on a concept that we studied in [4] and that we
call Rees’ multiplicity of ideals. This is an integer that is associated to certain families of n
ideals, not assumed to have finite colength, in a Noetherian local ring of dimension n (see
Definition 2.1 and Remark 2.3). This number extends the notion mixed multiplicity of ideals
defined by Teissier and Risler in [31]. We expose the definition of and basic results about
Rees’ multiplicities in Sect. 2.

Let us fix a family Iy, ..., I, of monomial ideals of O, such that o (/y, ..., I;) < oo,
where o (11, ..., I,) denotes the Rees” multiplicity of Iy, ..., I,. In Sect. 2 we recall the
main result of [4] on the characterization of those analytic maps g : (C",0) — (C",0),
where g; € I;, foralli =1, ..., n, such that mo(g) = o ({1, ..., I,). The set of such maps
is denoted by R(/1, ..., I,). This characterization is expressed via the respective Newton
polyhedra of I, ..., I,,. The elements of R(Iy, ..., I,) are called strongly non-degenerate
maps with respect to [y, ..., I,.

In Sect. 3 we show a formula expressed in terms of [y, ..., I, for the Lojasiewicz
exponent of any map g € R([y, ..., I,)suchthat "y (g;) = ' (f;),foralli = 1,...,n(see
Corollary 3.4). This expression will arise as a consequence of a result about Rees’ multipli-
cities (see Theorem 3.2) and the relation of Lojasiewicz exponents with the integral closure
of ideals proven by Lejeune and Teissier [19]. Thus, we define the Lojasiewicz exponent of
I, ..., I,,denoted by Lo(I1, ..., I,),as Lo(g), where g is any of those maps.

We describe in Sect. 4 an effective method to compute Lo(/1, ..., I,) via our result of
[8] on the computation of the multiplicity of a monomial ideal and an equality proven by
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Local Lojasiewicz exponents, Milnor numbers and mixed multiplicities of ideals 391

Rees [27] relating the computation of mixed multiplicities with the computation of Samuel
multiplicities.

In Sect. 5 we prove that the Newton number of a Newton polyhedron I';. € R, , as defined
by Kouchnirenko in [18], is equal to the Rees’ multiplicity of certain n ideals attached to
I"+. This fact leads to a short proof of the monotonicity of Newton numbers with respect to
reverse inclusion of Newton polyhedra (see Corollary 5.6). Moreover, in Sect. 5 we also show
that the notion of strongly non-degenerate map (see Definition 2.8), when applied to gradient
maps, determines a class of functions f € O, that includes semi-weighted homogeneous
functions and Newton non-degenerate functions. We give a numerical characterization of
these functions via their Milnor number in Corollary 5.8. We also give in Sect. 5 a converse
for the result of Kouchnirenko in [18] on the computation of the Milnor number of an analytic
function (see Theorem 5.7).

2 Mixed multiplicities of ideals

In this section we show the results of commutative algebra that we will need in order to
expose our work. Let (R, m) be a Noetherian local ring and let / be an ideal of R. We denote
by e(I) the Samuel multiplicity of /. If we suppose that dim R = n and that Iy, ..., I, are
ideals of R of finite colength, we denote by e(/, . .., I,;) the mixed multiplicity of I1, ..., I,
defined by Teissier and Risler in [31]. We refer to [17, Sect. 17] for fundamental results about
mixed multiplicities of ideals.

Let us suppose that the residue field k = R/m is infinite. Let Iy, ..., I,, be ideals of
R. Let a;1, ..., a;s; be a generating system of [;, where s; > 1, fori = 1,...,n. Let
s = s1+- - -+s5,. We say that a property holds for sufficiently general elements of I1 ®- - - B I,
if there exists a non-empty Zariski-open set U in k* such that the said property holds for all
elements (g1,....81) € It ® -+ @ I, such that g; = > ujja;j, i = 1,...,n, where
W11, oy Ulsys o v oy Unls ooy Upg,) € UL

Iftheideals /1, . .., I, have finite colength, then we recall that, by virtue of a result of Rees
(see [27] or [17, p. 335]), the mixed multiplicity of /i, ..., I, is obtained as e(Iy, ..., I,,) =
e(g1, ..., gn), for a sufficiently general element (g1, ...,g,) €1 D --- D I,.

We recall that, if theideals /1, . . ., I, are equal to a givenideal, say I, thene(ly, ..., I,) =
e(l). If I and J are two ideals of finite colength of R and i € {0, 1, ..., n}, then ¢;({, J)
denotes the mixed multiplicity e(/, ..., I, J, ..., J), where [ is repeated n — i times and J
is repeated i times.

Now we show the definition, introduced by the author in [4], of a number associated to a
family of ideals that generalizes the notion of mixed multiplicity. This number is fundamental
in the results of this paper. We denote by Z the set of non-negative integers.

Definition 2.1 Let (R, m) be a Noetherian local ring of dimension n. Let I, .. ., I, be ideals
of R. Then we define

0'(11,...,1,1):;2%)( e(Ii+m", ..., I, +m"), (D
+

when the number on the right-hand side is finite. If the set {e(I1 +m", ..., I[,+m") : r € Z4}
is non-bounded then we set o (I, ..., I,) = 0.

We remark that the ideals /1, ..., I, are not assumed to have finite colength in the above
definition. If /; has finite colength, for alli =1, ..., n, then we observe that o ({1, ..., I)
equals the mixed multiplicity e(/y, ..., I), since some power of the maximal ideal is
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contained in /; in this case, for all i = 1, ..., n. Proposition 2.2 characterizes the finite-
ness of o (11, ..., I). Obviously o (11, ..., I,) is not finite for an arbitrary family of ideals
Ii,..., I, of R.

Proposition 2.2 [4] Let 11, ..., I, be ideals of a Noetherian local ring (R, m) such that the
residue field k = R /m is infinite. Then o (11, . .., I,) < oo if and only if there exist elements
gi € lj,fori =1,...,n,suchthat (g1, ..., gn) has finite colength. In this case, we have that

o(ly, ..., Iy) =e(g1, ..., gn) forsufficiently general elements (g1, ...,8,) € 1 D---BI,.

Remark 2.3 As pointed out in [4], the previous result shows thatif o ({1, ..., I,) < oo, then
o(ly,...,1I,)is equal to the mixed multiplicity of Iy, ..., I, defined by Rees in [28, p. 181]
via the notion of general extension of a local ring. Therefore, we refer to o (11, ..., I,) as
the Rees’ mixed multiplicity of Iy, ..., I,. We remark that this multiplicity is not formulated
in [28] as in (1).

We will need the following known result (see [17, p. 345] or [30, Lemma 2.4]).

Lemma 2.4 Let R be a Noetherian local ring of dimensionn > 1. Let I, . .., I, be ideals
of R of finite colength. Let g1, . . ., g, be elements of R suchthat g; € I;, foralli =1, ...,n,
and that the ideal (g1, ..., g,) has also finite colength. Then

e(gt,....gn) = ey, ..., Iy).

Corollary 2.5 Let R be a Noetherian local ring of dimensionn > 1. Let I1, . . ., I, be ideals
of R such that o (11, ..., 1,) < oco. Let Jy, ..., J, be ideals of R such that J; C I;, for all
i=1,...,n,ando(Jy,...,Jy) < oo. Then

0'(1150"5Jn) 20(1150"5In)'

Proof 1t follows as a direct application of Proposition 2.2 and Lemma 2.4. O
Let Iy, ..., I, be ideals in a local ring R such that o (11, ..., I,,) < co. Then we define

r(y, ..., Ly =min{reZ,:o(,....L)=eli+m",.... [, +m"}. (2

If 1 is an ideal of R, then we denote by T the integral closure of /. The number r (11, ..., I)

is characterized in Sect. 3 in terms of the notion of integral closure of ideals. The following
lemma will be useful in Sect. 4.

Lemma 2.6 Let (R, m) be a local ring of dimension n. Let Iy, ..., I, be ideals of R such
thato (I, ..., 1I,) < oc. Thena(llrl,...,l,:”) < oo, forallry,...,rp > 1, and
o', ...,y =ri...rpo(li, ..., Iy),
forallry,...,rp > 1.
Proof Letry, ..., r, be positive integers. For a given r > 1 we have that
e(]lr1 +m', D +m') < e(Ilr1 +m' L+ mT™)
=e(I]' +m™, ... I, +m"n)
=e((li +m")", ..., ([ +m"))
=ri...me(li+m", ... I, +m") <ri...rpo(ly, ..., I,).
Theno (I}', ..., 1;") < oo, forallry,....r, = 1,ifo(Iy, ..., I;) < co.
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Let us fix integers r1,...,7r, > 1. Let r and r’ denote the numbers r(Iy, ..., I,) and
r(1y', ..., I,"), respectively. By an argument analogous to the previous discussion and consi-
dering the definitions of r and r/, we have that if p > max{r, r'} then

o', ....n) =el{' +mP, ... "+ mP)=e(]" +mP", ... " +mP™)
=e(li+m")" . Uy +mP)") =ri - rpe(ly +mP, ... L, + mP)
=ri...rpo(ly, ..., I).

O
Let Iy, ..., I, be a family of monomial ideals of O,, such thato (11, ..., I,) < co. For the

sake of completeness, we show the characterization given in [4] of the maps g : (C",0) —
(C",0) such that g; € I;, foralli = 1,...,n, and that e(gy,...,gn) = o({1,..., I).
Therefore we introduce some preliminary notions.

A subset I'y € R} is said to be a Newton polyhedron when there exists a subset A C Z/,
such that 'y is equal to the convex hull in R} of the set {k + v : k € A, v € R }. In this
case we also denote I'y by I'y (A). A Newton polyhedron I'y. € R} is termed convenient
when I intersects each coordinate axis.

Let us fix a coordinate system xi,...,x, in C". If k € Z", k # 0, then we denote

the monomial x/f' L xfn by x¥. Leth € Oy, h # 0, and let h = 3, axx* be the Taylor
expansion of A around the origin. The support of h, denoted by supp(h), is defined as the
set of those k € Z'| such that gy # 0. Then the Newton polyhedron of h is defined as
'L (h) = 'L (supp(h)). We say that & is a convenient function when I'; (k) is convenient.
If D € R is a compact set of R’} , then we denote the polynomial >, agx* by hp. If
supp(h) N D = @, then we set hp = 0.

If /isanidealof O, and g1, . .., g, is a generating system of /, then the Newton polyhedron
of I is defined as the convex hull of ' (g1)U- - -UT' 4 (g,). As is easy to check, this definition
does not depend on the chosen generating system of /.

Given a Newton polyhedron I'y. € R’} and a vector v € R}, v # 0, we define

L(v,Ty) = min{(v, k) : k e 'y}
AW, Ty)={kely:(v,k)y=£uv, T1)}.

The sets A(v, I'y), where v € R, {0}, are called faces of I'y. The union of the compact
faces of ' is called the Newton boundary of T';.. We remark that A(v, I'y) is compact if
and only if v € (R~ {0})".

If 7 is an ideal of O,, then we define £(v, I) = €(v, T+ (/)) and A(v, I) = A(v, '+ (1)).
Ifh € On, h # 0, we define £(v, h) and A(v, ) analogously. Given a vector v € R, v # 0,
if the Taylor expansion of 4 around the origin is given by h = >, ayx*, then we denote by
Py (h) the function obtained as the sum of those terms agx¥ such that k € supp(h) N A(v, h).

Letv = (vy,...,vy) € (Z4~{OD". If g = (g1,..., gn) : (C",0) — (C", 0) is an analy-
tic map, then we say that g is semi-weighted homogeneous with respect to v when p,(g) =
(Pu(g1)s - .., pulgn)) : (C",0) — (C", 0) is a finite map, that is, when (p,(g)) "' (0) = {0}.
Itis known that, in this case, we have mo(g) = £(v, g1) . .. £(v, gn)/V1 - . . v, (see for instance
[2, Sect. 12]).

Definition 2.7 [4] Let Iy, ..., I, be monomial ideals in O,. Let g : (C",0) — (C?,0) be
an analytic map germ such that g; € /; and g; # 0, foralli =1,..., p. Let v € R, \{0}
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andlet A; = A(v, [;), foralli =1, ..., p. We say that g satisfies the (K,) condition with
respectto Iy, ..., I, when

{xeC :(g)a(x)=--=(gpa,x) =0} S {x € C" 1 x1---x, = O}
Then the map g is termed non-degenerate with respectto Iy, . .., I, when g satisfies the (K)
condition with respect to Iy, ..., I, forall v € (R~ {0})".

Let L € {1,...,n}, L # . Then we define R} = {x € R" : x; = 0, foralli ¢ L}.
We define C/ analogously. If 4 € O,, then h% denotes the sum of all terms of the Taylor
expansion of 42 whose support belongs to R’ . If no such terms exist, then we set ht =0.We
denote by O, 1. the subring of O,, generated by all functions of O,, depending at most on the
variables x; such thati € L. We observe that the map O,, — O, 1 given by h — hlisa
ring epimorphism.

If g =(g1,...,8p) : (C",0) — (CP,0) is an analytic map germ, we denote by gL the
map (glL, R gé) . (C},0) — (CP,0). Moreover, if I is a monomial ideal of O,,, then It
will denote the ideal of O, ; generated by all elements 2%, where h varies in I.

Definition 2.8 [4] Let Iy, ..., I, be monomial ideals of O, such that I} + --- + I}, is an
ideal of finite colength in O,. Let g : (C",0) — (CP?,0) be an analytic map germ such
that g; € I;, foralli = 1,..., p. We say that g is strongly non-degenerate with respect
tol,...,1, when forall L C {1,...,n}, L # @, the map g& : (C?,0) — (C”,0) is
non-degenerate with respect to the non-zero ideals of the sequence / IL R § }f.

Under the conditions of the previous definition, we denote by R(/y, ..., I)) the set of all
maps g = (g1,...,8&p) : (C",0) — (CP,0) such that g; € I;, foralli = 1,..., p, and
such that g is strongly non-degenerate with respect to Iy, ..., I,. We remark that, since we
assume that Iy + - - + I, is an ideal of finite colength, then the family of non-zero ideals
in the sequence IIL, R Iﬁ is non-empty, for all L € {1,...,n}, L # (. We denote by
Ro(I1, ..., I,) the family of maps (g1, ..., gp) € R(Iy, ..., Ip)suchthat"y (g;) = '+ (1;),
foralli =1,..., p. As will be seen, we are mainly concerned with the case p = n.

We observe that, under the conditions of Definition 2.7, if the ideal /; is an ideal generated
by a single monomial, say x¥, and g; = x*, then the map g is automatically non-degenerate
with respect to Iy, ..., I,. This fact lead us to introduce Definition 2.8 in [4]. However,
Proposition 2.10 shows that Definitions 2.7 and 2.8 are equivalent when /; has finite colength,
fori=1,...,p.

Example 2.9 Let us consider the ideals of O3 given by I} = (x7,x%y, y), I, = (y’, x2y%)
and I = (z). Let g : (C3,0) — (C, 0) be the map given by

gx,y,2) = (x5 + y5 —I—x2y — 2xy3, y7 +x2y3 — 2xy5, z) .

Let us denote by g1, g2, g3 the respective coordinate functions of g. The map g is non-
degenerate with respect to Iy, I, I3, since I3 is generated by a single monomial which is
equal to g3.

Let L = {1,2}, we have that Il = I),If = L,If = 0. Letv = (2,1) and let
A; = A(v, I;), fori = 1, 2. The polynomials glL and g2L vanish along the curve y2 —x=0.
Then we have that (glL R gzL) : ((Cz, 0) — ((Cz, 0) is degenerate with respect to IL, IzL, and
therefore g is not strongly non-degenerate with respect to 11, 1>, I3. However if we replace
g2by gy =y’ +x%y’ then (g1, 85, 83) € R(I1, I, I3).
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Proposition 2.10 [4] Let Iy, ..., I, be monomial ideals of finite colength of Oy. Let g; € 1;,
fori =1,..., p, and let us consider the map g = (g1, ..., gp) : (C",0) — (C?,0). Then
g € Ry, ..., 1p) if and only if g is non-degenerate with respect to I, . . ., I .

The following result gives a numerical characterization of the elements of R(1y, ..., I,).

Theorem 2.11 [4] Let Iy, ..., I, be monomial ideals of O,,. Suppose that o (11, ..., I,) <
oo. Letgy, ..., 8gn € Oy suchthat g; € I;, foralli =1, ..., n. Then the following conditions
are equivalent:

(1) theideal (g1, ..., gn) has finite colength and o (11, ..., I,) = e(g1, ..., &n);
2) geRUy, ..., In).

Definitions 2.7 and 2.8 are motivated by the notion of Newton non-degenerate function
introduced by Kouchnirenko [18]. This notion motivated in turn the definition of Newton
non-degenerate ideal (see [8,10] or [32]). Let / be an ideal of O,, and let g1,..., g be a
generating system of /. Then we recall that the ideal / is said to be Newton non-degenerate
when for each compact face A of I'y (/) we have

(reC : (gDa(0) = = (g)a(®) =0} C {x € C" 1 xy---x, = 0}.

It is straightforward to see that this definition does not depend on the generating system of
I. Then a function f € O, is termed Newton non-degenerate when the ideal generated by
X1 %, o Xn % is Newton non-degenerate.

We observe that any monomial ideal is Newton non-degenerate. Moreover, it is clear
that an ideal I of O, is Newton non-degenerate if and only if / admits a generating system
g1, ..., &g suchthatthemap (g1, ..., g) : (C",0) — (C", 0) is non-degenerate with respect
w9, ..., 1° with I° repeated r times, where / 0 is the monomial ideal of O, generated by all
x¥ such thatk € [+ (I).If I is an ideal of finite colength, then / is Newton non-degenerate if
and only if / admits a generating system g1, ..., g, such that (g1, ..., g-) € R(U°, ..., I9),
by Proposition 2.10. Hence, we observe that Lemma 2.4 and Theorem 2.11 constitute a
generalization of the following theorem (which in turn is extended to modules via the notion
of Buchsbaum-Rim multiplicity in [7]).

If ' € R4 is a convenient Newton polyhedron, then we denote by V,(I'y) the
n-dimensional volume of R’} ~\T'.

Theorem 2.12 [8] Let I be an ideal of Oy, of finite colength. Then e(I) > n!V,(I'+.(I)) and
equality holds if and only if I is Newton non-degenerate.

Corollary 2.13 Let Iy, ..., I, be monomial ideals of O,, suchthato (11, ..., I,) < co. Then
o(ly,....I))=ell1+---+ 1)

and equality holds if and only if the ideal (g1, ..., g,) is Newton non-degenerate, for all
(gl, ey gn) € fR()(Il, ey In).

Proof Tt follows as a consequence of Theorems 2.11 and 2.12. O

3 An expression for the Fojasiewicz exponent

If 1 is an arbitrary ideal of O, of finite colength and gy, ..., g, is a generating system of
1, then the Lojasiewicz exponent of I, denoted by L(]), is defined as the infimum of those
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a > 0 such that there exists an open neighbourhood U of 0 in C"* and a constant C > 0 such
that

X[ = C sup [gi ()], 3

1<i<r

forallx e U.

By a result of Lejeune and Teissier (see [19, p. 55]), we have that L(g) is a rational
number and that Lo (7) satisfies the above Lojasiewicz-type inequality (that is, Lo (/) is the
minimum of the set of ¢ > 0 satisfying (3)). By [19, p. 55] we also have

Lo(I) =min{r/s :m" C I*}

and that L (1) is equal to the number 7*(/) defined by D’Angelo in [12, p. 21]. That is

. ord(hoy)
Lo(I) = sup (| inf —— ),
yep \hel ord(y)

)
where P denotes the set of analytic maps (C, 0) — (C", 0). The number on the right of (4)
is also known as the order of contact of 1, for a given ideal I of O, [23]. It is proven in [23]
that, in the case n = 2, the computation of L(/) via relation (4) reduces to considering a
finite number of analytic curves y : (C, 0) — (C", 0).

Let g : (C*,0) — (C",0) be a finite analytic map germ, that is, a map such that 0 is
isolated in g~ (0). Then the Lojasiewicz exponent of g is defined as the Fojasiewicz exponent
of the ideal generated by the component functions of g. We denote this number by L (g). In

this section we express the L.ojasiewicz exponent of a map g € Ro(/y, ..., I,) in terms of
Ii,... I,

Lemma 3.1 Let Iy, ..., I, be monomial ideals in O, and let g; € I;,i = 1,...,n. Let
us suppose that g = (g1, ..., &) is non-degenerate with respect to (11, ..., I,) and that
Ii(gi) =T+y), foralli =1,...,n. Let r be a positive integer. Then there exist C-linear
combinations hy, ..., hy of x|, ..., x;, such that (g1 + hy, ..., gu + hy) is non-degenerate
with respect to (It +m", ..., I, +m").

Proof Letus fix avectorv = (vy, ..., v;) € (R~ {0})" and let A; = A(v, I; +m"), for all
i=1,...,n. Let A; = A;NI'(L;), foralli =1, ...,n, where I'(/;) denotes the union of

all compact faces of I';.(/;), fori =1, ..., n. Then A; is either a face of I' ;. (I;) or empty,
foralli=1,...,n.

Letus supposethatfy, ..., h, are C-linear combinations of x|, ..., x;,. If A;NA (v, m") =
@,foralli =1,...,n,then (g + hij)a, = (gi)ar, foralli =1,..., n. Thus no conditions
on the polynomials 41, ..., h, are needed in order to ensure that the set of common zeros of
(gi+hi)a;,i =1,...,n,iscontainedin {x € C" : x1 ...x, = 0}, since g is non-degenerate
with respect to Iy, ..., I,.

Let B = {i : A] # #}, letvg = min; v; and let L = {i : v; = wo}. Letey,... e,
denote the canonical basis of R} . Since Iy (g;) = I'y ({;), foralli =1, ..., n, then we have

(gi)a; = (8i)ar # 0, foralli € B. Moreover it is straightforward to see that

hE, i AN A@,m") # 9
(hi)a; = .
0, otherwise.
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LetC ={i: A;NA(w,m") #0}. Leti € {1,...,n}, then

(&) s ifi € BNC
(8 +hi)a, = (&) +hf, ifieBNC ®)
L . .
hi, ifi ¢ B.

We have that (g;)’ is a non-zero weighted homogeneous polynomial with respect to
(v1,...,vp), for all i € B. Therefore, by (5), we can choose the C-linear combinations
of x{, ..., x,, defining the polynomials 41, ..., &, in such a way that the greatest common
divisor of the set of non-zero polynomials {(g; + h;)a, :1 =1, ..., n}is amonomial. Then
the result follows, since the Newton polyhedron of (/1 +m") - - - (I, +m") has a finite number
of faces. ]
Theorem 3.2 Let Iy, ..., I, be monomial ideals of O, such thato (I, ..., I,) < oo. Letr

be a positive integer. Then the following conditions are equivalent:

) oly,....Ly=elli+m", ..., I, + m");
2) m" < (g1,...,&n), forallg e R(Iy, ..., I,));
(3) m" < {(g1,...,&n), forsome g € Ro(Iy, ..., I).

Proof Letussee (1) = (2).Letg = (g1,...,8&n) € R(I1, ..., I,) andlet H denote the ideal
of O, generated by g1, ..., g,. Then, let us suppose that e(H) = e(I; +m", ..., I, +m").
By Rees’ multiplicity Theorem (see [17, p. 222]), we have that m” < H if and only if
e(H) = e(H + m"). We also have that m" = (x{, ..., x};) (see [17, Proposition 8.1.5]).
Hence e(H +m") = e(H + (x], ..., x},)).

LetJ = (x{, ..., x;,). Fromaresult of Northcott and Rees (see [24, p. 153] or [17, p. 166]),
the multiplicity of e(H + (x|, ..., x};)) is equal to the multiplicity e(fi + h1, ..., fu + hy),
where (f1,..., fu) and (x], ..., x;) are sufficiently general elements of H @ --- ® H and
J @ --- @ J,respectively. Then, let D and G be squared matrices of size n with entries in C
such that

f+m
[D|IG]V' = : ,
fn + hl’l
where V' denotes the transpose of the 1 x 2n matrix V = [g1 --- g x| --- x] and

[D|G] denotes the juxtaposition of the matrices D and G. Since the coefficients of D are
generic, we can suppose that D is invertible. In particular, we find that

fi+h
[L.|p~'G]v'=D"! ; : (©)
Jn+

where I,, stands for the identity matrix of size n. Therefore, the entries of the matrix on the
left hand side of (6) are of the form g; + h/l ..., &n+h,, where h: is a C-linear combination
of x{,...,x,, foralli =1,...,n. Relation (6) implies that

(fi+h, ..., fa +hn>=(gl+h/1»~-~agn+h;>~
Then the ideal (g1 +h], ..., g, +h},) has also finite colength and e(g1 + 7}, ..., gn +h)) >

e(I1 +m”, ..., I, + m") by Lemma 2.4. In particular, we have
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e(H) = e(H+m") =e(fi+hi,..., fu+ha) =e(gr+hy, ..., g0 +hy)

>
>e(hh+m',. ... L +m")=0c(l,...,. I,) = e(H).

Thus e(H) = e(H + m") and consequently m” C H.

The implication (2) = (3) is obvious. Let us see (3) = (1). Let g € Ro(/1, ..., I,;) such
that m” C (g1, ..., gn)-

By Lemma 3.1 there exist C-linear combinations %1, ..., h, of x{, ..., x}, such that the
map (g + 1, ..., g +hy) is non-degenerate with respectto It +m’, ..., I, +m". In parti-
cular, we have thate(gy +h1, ..., gn +hn) = e(l1+m", ..., I, +m"), by Proposition 2.10
and Theorem 2.11. Let us suppose that m” C (g1, ..., g). Thene(g1 +hy, ..., gn+hn) >
e(g1, ..., gn). Therefore

o(ly,....I,)>e(l1 +m", ..., I, + m") =e(g1 + h1,..., g + hy)
Z e(glv"'sgn) :6(1]7'-'71}1)7
where we have applied Theorem 2.11 in the last equality. Then e(f; +m", ..., I, + m") =
o(ly,..., I). ]

Let1y, ..., I, be monomial ideals of O, suchthato (/1, ..., I,) < ccandlet(gy, ..., g)

€ Ro(ly, ..., I,). Then, from Theorem 3.2, we have
r(Iy, ..., Iy =min{r>1:m" C(g,....gn}. (7)

Despite the above equality, we remark that the ideals (gi, ..., g,), where (g1, ..., g)
varies in Ro(Iy, ..., I,), do not have the same integral closure (it is easy to find some
examples).

In the next example we show that relation (7) does not hold for an arbitrary g €
Ry, ..., Iy).

Example 3.3 Let Ij and I, be the ideals of O, given by I} = (x) and I, = (xy, y3). Let
g1 = x>, g = y>and let I = (g1, g2). Then we observe that o (I1, [) = e(g1, g2) = 15.
Hence (g1, g2) € Ry, L)~Ro(I1, I), since T'1(g2) # '+ (12). Moreover, the fact that
I is a monomial ideal implies that m> C I. However, a simple computation shows that
e(li +m>, L+ m®) =10 < o (1}, I).

Corollary 3.4 Let I, ..., I, be monomial ideals of O, such that o(Iy, ..., 1I,) < oo. If
g € Ro(ly, ..., 1), then Lo(g) depends only on 11, ..., I, and it is given by:
rdf, .. )
Lo(g) = min ————. ®)
s>1 S
Proof By aresult of Lejeune and Teissier [19], we have
Lo(g) = min {r/s € Qy :m’ S (g1, g}« ©)

for any analytic map germ g : (C", 0) — (C", 0) such that g~'(0) = {0}. Let us suppose
that g € Ro({y,..., 1) and let r and s be positive integers. Then it is easy to see that
(g,---.8y) € Ro(y, ..., I;). Hence, by Theorem 3.2, it follows that m" C (g}, ..., g3)
if and only if

o(ly,....[)=e(l{+m' ..., I, +m").
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Moreover we have (g1, ..., g,)* = (g},...,g5) (see [17, Proposition 8.1.5]). Then, from
(9) we conclude
Lo(g) =min{r/s €Qi:o(ly,.... I}) =e(1f +m", I +mr)}. (10)

Then, applying (10) and the definition of r(I7, ..., I}), s > 1, the result follows. ]
Remark 3.5 Under the conditions of the previous result, if we do not assume that I' (I;) =
'y(gi), foralli = 1,...,n, then Lo(g) depends only on the ideals Jy, ..., J, where J;
is the ideal generated by all monomials x* such that k € supp(g;), fori = 1,...,n, by
Corollary 3.4.

Under the conditions of Corollary 3.4, we will denote the number on the right hand side
of (8) by Lo(Iy, ..., I,) and we call this number the Lojasiewicz exponent of I, . . ., I,. As
we see in the next section, the computation of Lo (I, ..., I,;) is not obvious.

Corollary 3.6 Let Iy, ..., I, be monomial ideals of O, such that o (Iy, ..., I,) < co. Then

r(ly, ..., L) =1 < Lo(ly,.... L) <r(L1,..., Iy).

Proof Let g € Ro(11, ..., I,) and let r(g) denote the minimum of those » > 1 such that
m” C (g1, ..., gn). Then the result follows from (7) and the fact that r(g) is the least integer
bigger than or equal to Lo(g). O

The previous result can be seen as a extension to non-gradient maps of the main result
of [1].

4 On the effective computation of L.ojasiewicz exponents

If Iy, ..., I, are monomial ideals of O,, suchthato (/y, ..., I,) < oo, then we show a method
to compute Lo(/y, ..., I,) that is based on the following result of Ptoski [25]. In practise,
this method requires a powerful computational tool.

We recall from the Introduction that, if ¢ = (g1,...,¢,) : (C",0) — (C",0) is a
finite analytic map germ, then m((g) denotes the multiplicity of g at the origin. That is
mo(g) =e(g1, ..., &n)-

Theorem 4.1 [25, p. 358] Let g : (C",0) — (C",0) be an analytic map germ such that
2 10) = {0}. Let us write Lo (g) = g, where p, q are relative prime positive integers. Then
Il =g =p=mog.

In the remaining section let us fix n monomial ideals Iy, ..., I, of O, such that
o(ly,...,1I,) is finite. We will denote o ({1, ..., I,) by o. For each integer s such that
1 <s <o, letus define

= r(y, ..., 1), ifr(l‘,'...,l,f)go (an
0, otherwise.

Corollary 4.2 Under the above conditions we have

. r‘
Lolly, ..., ;)= min —.
I<s<rg<o §
(s.r)=1
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Proof Let us suppose, by Corollary 3.4, that Lo(Iy, ..., I,) = g, where s > 0 and r =
r(l7, ..., I3). Then
oI}, ... I =eI{ +m",.... I} + m"). (12)

Let us write r = ar’ and s = as’, for some positive integers r’, s’, where a is the greatest
common divisor of r and s. Then r’/s’ is an irreducible fraction. From Lemma 2.6 and the
properties of mixed multiplicity (see [17, p. 152]) we have

o(If,.... I} =d"o(I},....I})

e +m', .. I 4m") =d"el] +m" ... IS +m").

’'n

Then relation (12) is equivalent to

oIy .. Iy =ed{ +m", ... T +m").

Hence Lo(1, ..., I,) is equal to the minimum between the quotients r(I{, ..., I})/s,
where s > 1 and r(Ij,..., I})/s is irreducible. Moreover, the number Lo(/y, ..., I,)
is realized as the Lojasiewicz exponent of an analytic map germ g € Ro({/y, ..., I,), by
Corollary 3.4. Then, the result follows easily from Theorem 4.1. O

In view of the preceding result, if o is known then the computation of Lo(Iy, ..., I;)
reduces to compute the numbers r; defined in (11). That is, for each integer s € {1, ..., 0},
we need to compute the minimum between the integers r € {s, ..., o} such that

sto =el{ +m", ..., I] +m"). (13)

Let us fix an integer s € {1, ..., o}. In order to compute the multiplicity on the right of

(13), we point out that, by a result of Rees [27, p. 409], it is known that if Jy, ..., J, are

ideals of finite colength in a Noetherian local ring of dimension n, then

e(Jl,...,Jn):% Z (—1)"'L'e(HJ,-). (14)
)

TLCl,..n ieL
L0
If we suppose that Ji, ..., J, are monomial ideals of O, of finite colength then the mul-

tiplicities e(] [;.; Ji) that appear in (14) can be computed effectively through the method
shown in [8] to compute the multiplicity of a monomial ideal. Let us explain this. Let J be a
monomial ideal of O, of finite colength and let 4 denote the sum of all monomials x* such
that k is a vertex of I' (/). Then by [8, Theorem 5.1] we have

On

oh oh

e(J) = dime .
lm,---,xnm>

(15)

Hence the mixed multiplicity e(/{ +m", ..., I, +m") of (13) can be computed by taking
Ji = I +m" foralli =1, ..., n,inrelation (14) and then computing the multiplicities of the
monomial ideals involved in (14) via the equality (15). Therefore the number r, is computed
effectively by testing the equality (13) for all » € {s,..., o} and thus Lo(/q, ..., I) is
obtained via Corollary 4.2.

Example 4.3 Let us consider the ideals of O3 given by I} = (x2, ¥3, z), I, = (xy?, z%) and
I3 = (z). Given an analytic map g € Ro(/1, I, I3) then it is straightforward to see that
g is semi-weighted homogeneous with respect to w = (3, 2, 6). Then o (11, I, I3) = 7.
Applying Corollary 4.2 and the method to compute the numbers 7 (17, 15, 15),for1 <s <7,
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we obtain that Lo (I, I, I3) = % The colengths involved in the computation of the integers
r(1{, I3, I3) have been obtained with the aid of the program Singular [16].

Letg : (C*,0) — (C", 0) be afinite analytic map. Thenitis known thatmg(g) < [Lo(g)]"
(see [12] or [26]). Therefore, from this fact and Theorem 4.1, if Lo(g) is not an integer then
it follows that

b
Lo(g) =N + pr (16)

where N is an integer and a, b are relatively prime integers such that 0 < b < a < N"~!
(see also [25] or [26]). Then we obtain the following result.

Corollary 4.4 Letr =r(Iy, ..., I,) and let

0 Gt (17)
=r— .
(r—1nr-1 -1
Let us suppose that 0 = %, where c, d are relatively prime positive integers. Then
(1) either Lo(Ily, ..., I,) =rorLo(ly,..., 1) =r—1+ 3, where a,b are relatively
prime integers such that0 < b < a < (r — 1)*™1;
(2) we have Lo(1y, ..., I,) < rifand only if
d"o(ly, ..., L) = e +mC, ... 194+ m). (18)

Proof The first part follows easily from (16) and Corollary 3.6.
As we saw in the proof of Corollary 3.4, we have

Loy, ..., Ly =min{r/s € Qy :s"o(I1,.... L) =e(I] +m", ..., I} +m")}. (19)

It is straightforward to see that the greatest number of the form % such that 0 < b <
(r=1""'-2
r—)=T-1°
consequence of this fact and relation (19). O

a < (r — 1)"!is given by Then the second part of the corollary follows as a

We remark that condition (18) can be tested by using relations (14) and (15). We denote
by 6(I, ..., I,) the number defined in (17), where Iy, ..., I, are ideals of O, such that
o(ly,..., I;) < oo.

Example 4.5 Let us consider the ideals of O3 given by I} = (x, y3, D)L = (y2, 22),
Iz = (z4). We observe that, if g € Ro(Iy, I, I3), then g is semi-weighted homogeneous
with respect to the weights w = (3, 1, 1). Then o (11, I, I3) = 8 and, following the method
described before Example 4.3, we find that r (11, I, I3) = 4. As a consequence we have
0(I1, I, I) = 3. Moreover

o(I3, 13, 1¥) = 8o (11, I, I3) = 4096
8 31 31 48 31y _
e(Iy +m> , L +m”, I3 +m”") = 3968.
Since these numbers are not equal we conclude that Lo (11, I>, I3) = r(Iy, I, I3) = 4, by
Corollary 4.4.

Example 4.6 Let us consider the ideals /] = (x5, x2y2, y5) and I, = (x3y3) of Oy. Any
element g = (g1, g2) € Ro(l1, I) verifies that g is non-degenerate with respect to the
Newton filtration in O, defined by ' (11) (see the details about this definition in [10]).
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Then, as a consequence of [10, Theorem 3.3] have that e(g1, g2) = 30. Thus o (11, 1) = 30,
by Theorem 2.11. Moreover we have r (11, I) = 8 and 6 (I, ) = %. We also obtain

0(116, 126) =6%0 (I}, I,) = 1080
eI +m*7, I8 + m*T) = 1080.

Then L(I1, I2) < 8. In fact, using Corollary 4.2, we deduce L(/1, I) = %

Letey, ..., e, denote the canonical basis of R’} . Let I, .. ., I, be monomial ideals of O,
such thato (I, ..., I,) = e(l; +---+ I,) < oo. Then, as a consequence of Corollary 2.13
and [5, Corollary 3.6], we have that Lo (I, ..., I,) is an integer and it is given by

Lo(ly, ..., I;) =max{Py, ..., Py},

where P; € Zy,foralli =1, ..., n, and P;e; denotes the point where the Newton boundary
of 'y (11 + - - - + I,) intersects the x;-axis, fori =1, ..., n.

We remark that if I, I are two monomial ideals of O, such that o (11, I5) < oo and if
g = (g1,8) : (C2,0) — (C?,0) is a finite analytic map such that I'y (g;) = ' (I;), for
i = 1,2, then g is non degenerate with respect to 1, I, if and only if the map g satisfies
the condition given by Lenarcik in [20, Definition 4.1]. Therefore [20, Theorem 4.2] shows
an effective computation of Lq(g), for all g € Ro(I1, I2) in terms of certain combinatorial
aspects of 'y (/1) and ' (I5) that are easily computable (see also [9, Theorem 4.3]). The
techniques applied in the proof of the said result of Lenarcik for maps of two complex
variables are based on the Newton—Puiseux theorem.

The next result helps in the understanding of the failure of semicontinuity of Lojasiewicz
exponents [12,13,23].

Proposition 4.7 Let (R, m) be a Noetherian local ring of dimensionn. Foreachi =1, ..., n
let us consider ideals I; and J; such that I; < J;. Let suppose that o (11, ..., I,) < oo and
thato (1, ..., 1) =o(J1, ..., Jn). Then

L()(Il,...,ln)SL[)(Jl,...,Jn). (20)
Proof If r, s are positive integers then
sto(ly,....,L)=c},....I)=e(I{ +m", ..., I, + m")>e(J{ +m", ..., JS +m").

Since o (I, ..., Iy) =o(J1,..., Jy)itfollows that r(I{, ..., I}) <r(J],..., J;). There-
fore
r(I¢,..., I Ji,o TS
min 4 n) < min rti ").
s>1 N s>1 S

The strict inequality in (20) can hold, as we will see in the next example.

Example 4.8 This is inspired by the example (5.1) of [23]. Let us consider the ideals of O,
given by I} = (x3, yS), I = (x2, ylm), Ji = (x,x3, y8) and Jo = I>. Let us define the
functions f; = sx 4+ x> + y® and g = x2 — y'%, where s > 0 is parameter.

We observe that (f;, g) is strongly non-degenerate with respect to Jy, J> and that ( fo, g)
is strongly non-degenerate with respect to 11, I,. Moreover e( fs, g) = e(fo, g) = 16, for all

s > 0. Then
oIy, ) =16 =0(Jy, J2),
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by Theorem 2.11. Then we can apply Proposition 4.7 to deduce that Lo (11, I2) < Lo(J1, J2).
We remark that Lo(/1, ) = Lo(fo, g) and that Lo(J1, J2) = Lo(fs, g), if s > 0, by
Corollary 3.4. In fact, by [23] we have L(fo, g) = 8 and Lo(fs, g) = 16, if s > 0 (these
computations can be done also via Corollary 4.4).

5 Mixed multiplicities of monomial ideals and Milnor numbers
In this section, we show that the Rees’ mixed multiplicity of certain ideals attached to a

Newton polyhedron I' is equal to the Newton number v(I") defined by Kouchnirenko.
If f € Oy, wedenoteby V f the gradient map of f. ThenV f is the map (C*, 0) — (C", 0)

given by
a 0
Vf(x):(a—f(x),..., / (x)).
X1 0xy,

We denote by J(f) the Jacobian ideal of f, that is, the ideal generated by the components
of V f. We denote by I (f) the ideal of O,, generated by

A |
axy T ok,
We will also write f, instead of % foralli=1,...,n.

Let I'y be a Newton polyhedron in R’,. We denote by O(T"y) the set of all functions
f € O, such that T (f) = T'; and f has an isolated singularity at the origin, that is,
(V)71 (0) = {0}). We recall that if f € O, has an isolated singularity at the origin, then the
Milnor number of f is defined as u(f) = dimc O,/ J(f).

If I'y € R’ is a convenient Newton polyhedron, then Kouchnirenko defined in [18] the
Newton number of T' as

V(M) =n!V,y(Tp) = (1= DIV, (D) + -+ + (=D V(M) + (=17,

where V; (I' 1) denotes the sum of the i-dimensional volumes of the intersection of R, ~\T'y
with the coordinate planes of dimension i, foralli =1,...,n — 1.

Let us suppose that I"y C R’} is a Newton polyhedron that is not convenient. Let O denote
the set of indices i € {1, ..., n} such that I'y does not intersect the x;-axis. Let I be the
union of the compact faces of I';. and let pr denote the sum of the monomials x* such that
k € I'. Then the Newton number of I'y, also denoted by v(I"), is defined as

vCy) =supv [Ty [or+D 57 ] ] 1)
reZ, i€Q

We observe that in this case we could have v(I"';) = co. Now we recall a celebrated result
of Kouchnirenko.

Theorem 5.1 [18] Let I'y be a Newton polyhedron of R such that O(I'y) # @. Then
v(I'y) < ocoand u(f) = v(l'y), forall f € O(T'y). Moreover, the equality n(f) = v(I'y)
holds for all Newton non-degenerate function f € O(T'4).

If I'y is a Newton polyhedron of R} such that I';_ is not convenient and I' ;. has some face
of dimension n — 1, then it is shown in [18, p. 18] a constructive method to compute v(I").
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Definition 5.2 If ', is a Newton polyhedron in R, . For alli = 1, ..., n, we define the i-th
Jacobian ideal of Ty as

JiTy) =" v el (f), f€0n Ti(f) =T4).

We observe that J; (I';.) is generated by all monomials x” whose exponent v belongs to
theset{k —e; :kel'y, kj >0}, foralli =1,...,n.

IfI"y € R} isaconvenient Newton polyhedron then we remark that J; (I' ) is an integrally
closed monomial ideal of finite colength, foralli =1, ..., n.

Let ' € R’ denote an arbitrary Newton polyhedron. If f € O, verifies that ' (f) =
Iy, then T (fy,) CT4(Ji(Ty)), foralli =1,...,n. Ifequality holds foralli =1, ..., n,
then we say that the function f is I'-full. We observe that the function pr is not always a
['-full function. However, a simple observation reveals that examples of I"-full functions can
be obtained as finite sums of a high enough amount of monomials x* such that k € '

If "'y isa Newton polyhedronin R’} suchthat O(I'y.) # @theno (J1(I'y), ..., J,(I'y)) <
00, by Lemma 2.4. We now will focus our attention to functions f € O(I'y) such that V f
is strongly non-degenerate with respectto Ji(I'y), ..., J,(I'4).

Theorem 5.3 Let [ : (C*,0) — (C,0) be an analytic function germ with an isolated
singularity at the origin. Let Ty = Uy (f) and let J; = Ji(Ty), foralli = 1,...,n.
Suppose that f is Newton non-degenerate. Then V f € R(J1, ..., Jy).

Proof Let A denote the support of f andlet A; ={k € A:k; >0}, foralli =1,...,n.If
v € R {0}, then a straightforward computation shows

b 0
Pv (i) = 7Pv(fA,~),

Bx,- axl‘
foralli =1, ..., n. We also have, by similar computations, that
8f 8fA,’
Xy (3—) ) = (x,» - ) . (22)
Xi Xi S AW T4 (f4;))
Let A denote the face A(v, '+ (f)) and leti € {1, ..., n}. Then, we observe
afa, ) .
Xj 5L , ifANA; #0
(Xi %) — ( L dx; A(v,F+(fAi)) ! # (23)
xi / 0, otherwise.
Let ka denote the Newton polyhedron of J;, foralli =1, ..., n.
Let us suppose first that I'y is a convenient Newton polyhedron and that f is I"-full. Let
us suppose that V f is not non-degenerate with respect to Jp, ..., J,. Then there exists a
vector v € (R4~{0})" and a point xo € (C~{0})" such that (3f/0x;)a, (x9) = 0, for all
i=1,...,n,where A; = A(v,I'"), foralli =1, ..., n. Since we assume that f is I'-full,

then we have that the polynomials p,(df/dx;) and (3f/dx;)a, coincide. Then

a
pv( f)(xo)zo, foralli=1,...,n.

ax;

Hence relations (22) and (23) show

a
(xil) (x) =0, foralli=1,...,n,
0xi ) o

Xi
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where A denotes the compact face A(v, f). In particular, we deduce that f is not Newton
non-degenerate, which contradicts our hypothesis. Then V f is non-degenerate with respect
to Ji, ..., Jy. Since I'; is convenient, then all the ideals J; have finite colength. Then V f is
strongly non-degenerate with respect to Jp, ..., J,, by Proposition 2.10.

Let us suppose that f is not I'-full. Then, we can consider a function 2 € O, such that
the function f’ given by f' = f + h verify that f’ € O(T'y.), f’ is Newton non-degenerate
and convenient and f” is I'-full. Then u(f) = w(f’) by Theorem 5.1, since f and f’ are
Newton non-degenerate and they have the same Newton polyhedron. By the above discussion

we deduce that V f’ is strongly non-degenerate with respect to Ji, ..., J,,. In particular we
have
a a af’ af’
e —f,..., / =e i,..., / =0 (J1,...,In),
x| dx, ax1 0xp

where the second equality follows by Theorem 2.11. But, also by Theorem 2.11, it follows
that V f is strongly non-degenerate with respect to Jy, ..., J,.

Now let us suppose that I'; is not a convenient Newton polyhedron. By an application of
Nakayama’s Lemma there exist an integer 7 > 1 and an homogeneous polynomial g of degree
r such that u(f) = u(f + q). Now let f' = f + g. Since we can take g as a generic linear
combination of the set of monomials x* of degree r, then we can assume that f” is convenient
and Newton non-degenerate, by [18, Théoréme 6.1]. Let I, = I'y (f 4 ¢). By the previous
discussion we have that f” is strongly non-degenerate with respect to Ji(I'"), ..., J,(I'}).

Since I'y C I/, we have J;(I'y) € J;(I'}), foralli = 1,...,n. Then

o (1o dn) < () = p(f) =0 (N, (@) <0 iy ),

where the first and the last inequalities come from Lemma 2.4. Then, from Theorem 2.11,
the map V f is strongly non-degenerate with respect to Ji, ..., J,. O

In order to simplify the notation, if I"y is a Newton polyhedron in R’} such that O(I";.) #
¢, then we denote by R(I';+) the set of those f € O, such that ' (f) = I';+ and that
VfeR(U(Ty), ..., Jn('1)). We denote by Ro(T";+) the set of I'-full functions of R(T";.),
thatis, Ro(I'+) = Ro(J1(T4), ..., Ju(Ty)).

‘We point out that the converse of Theorem 5.3 does not hold in general, as the next example
shows (see also Example 5.9). If f € R(I';), then we will show in Theorem 5.7 a sufficient
condition on f implying that f is Newton non-degenerate.

Example 5.4 Let us consider the function of O3 given by f(x, y,z) = (x + y)> + xz + 22
(this is the function defined in [18, Remarque 1.21]). We have that ' (f) = 't (x2, y2, 22)
and J;(I'y) = (x, y,z), foralli = 1, 2, 3. Therefore

o (iT'y), L(Ty), BI4)) =1 = pu(f).

Hence f € R(I'y), by Theorem 2.11; but f is not Newton non-degenerate, as is easy to
check.

Corollary 5.5 Let Ty € R} be a Newton polyhedron such that O(T'y) # (. Let J; denote
the ideal J; ('), foralli = 1,...,n. Let f € O(I'y) and let H; denote the ideal generated
by all x* such that k € Iy (fy) foralli =1, ..., n. If fis Newton non-degenerate, then

v(ly) =o(Hy, ..., Hy) =0 (J1,..., Jn).

@ Springer



406 C. Bivia-Ausina

Proof We have H; C J;,foralli =1,...,n. Then
u(f)y=>=o(Hy,...,Hy) >o(Jy,...,Jn).
Therefore, the result follows as a consequence of Theorems 5.1 and 5.3. O

Corollary 5.6 Let 'y, T/ C R, be Newton polyhedra in Rl such that Ty C T'/_. Let us
suppose that v(I'y) and v(l"g_) are finite. Then

vy = v(T).

Proof Since I'y. C I'!,, we have J;(I'y) € J;(I'}), foralli = 1,...,n. By Corollary 5.5
we have

v(ly) =0 (Ji(T4), ..., Ju(T1))
v(I) =0 (i), ..., Jo(T)).

Therefore the result follows as a consequence of Lemma 2.5. O

The existence of an elementary proof of the previous result was posed as a problem by
Arnold in [3, p. 48]. We remark that an elementary proof of Corollary 5.6 for the case n = 2
was given by Lenarcik in [21, Sect. 6] following a completely different approach.

As mentioned in the Introduction, if Iy is a Newton polyhedron in R, and f € O(I';),
then I'; has been used by many authors to estimate the Lojasiewicz exponent of V f. Let
Ji =Ji(Ty), fori =1, ..., n. As a consequence of Corollaries 3.4 and 5.5, we have that if
f € Ro(I'+), then

ST
Lo(Vf)=Lo(Jy,...,Jy) =min —— "

s>1 N

. (24)

Therefore, the number Lo (V f) depends only on I'y, for all f € O(I';) such that u(f) =
v(['}) and f is I'-full.
The next result can be seen as a converse of Theorem 5.1.

Theorem 5.7 Let I'y. be a Newton polyhedron of R, such that O(I'y) # @ and 'y is
convenient. Let f € O(I'}) such that the ideal 1( f) has finite colength in O,. Suppose that
forall L C{1,...,n}, L # 0, it holds that

(%) =0, foralli ¢ L. 25)
L

ax,-

If u(f) =v(l'y) then f is Newton non-degenerate.

Proof By Theorem 2.12, it suffices to prove that the colength of I(f) in O, equals the
number n!V, (I';). Let us denote the ideal J; (') by J;, foralli =1,...,n.
If L C{l...,n}andi € L then a straightforward computation shows

Ji (M) = (k. (26)
It is known (see [18, p. 17]) that

. Oy
dime —— = > u(fo), 27)
n
where we define u(fy) = 1.
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Let L € {1,...,n} and suppose that L = {iy,...,i,}, where 1l <ij <--- <i, < n.
Then (8f/dx;;) = 9f1/0xi;,forall j =1,..., p. Moreover, since u(f) = v(I'y) we have
that V f is strongly non-degenerate with respect to Ji, ..., J,, by Theorem 2.11 and Corol-
lary 5.5. This fact together with condition (25) shows that the map (317 /9x;,, ..., dfL /8x,-p)
is non-degenerate with respect to (J;, Yoo p)L. Therefore, by Theorem 2.11, we have

() =0 (Ui)hee Gt 28)

We will also denote the multiplicity on the right of (28) by o (Jl.L 11 €L).
Let h € O(I'1) such that & is Newton non-degenerate. In particular the ideal I (k) has
finite colength. Then, by relation (27) and Lemma 2.4, we obtain

. (@) .
AV, (T4) = dime 1(2) = > upz= > o ((J,»)L i€ L)
LC(l,....n} LC{l,...n}
. On
= 2 A(f)=dime 7o = iV, (D).
1<{l,...,n} f
Then n!V,(I';) must be equal to the colength of I (f) and the result follows. ]
Letw = (wy, ..., w,) € (Z~{OD". If f € O, then we say that f is semi-weighted

homogeneous with respect to w when p,,(f) has an isolated singularity at the origin. Let
W, denote the set of functions f € O, such that there exists some w € (R~ {0})" such
that f is semi-weighted homogeneous with respect to w and let K, be the set of Newton
non-degenerate functions of Oj,.

It is known that there is no inclusion relation between K,, and W,,. However, K,, and W,
are contained in the class of functions f such that there exists some Newton polyhedron
"4 such that f € R(I'y), by virtue of Theorems 2.11 and 5.3, respectively. That is, we
can see K, and W, as particular cases of the same property. This property is characterized
numerically through the value of the Milnor number, as we see in Corollary 5.8. Therefore,
the next result consists of a generalization of the main result of Furuya and Tomari [15] on
the characterization of semi-weighted homogeneous functions (see also [10, Theorem 3.3],
where non-degenerate maps (C", 0) — (C”", 0) with respect to a Newton filtration are cha-
racterized).

We remark that C.T.C. Wall showed in [34] a different approach to the problem of seeking
a theory considering simultaneously semi-weighted homogeneous functions and convenient
Newton non-degenerate functions.

Corollary 5.8 Let 'y be a Newton polyhedron in RY, such that O(T'y) # @. Let J; denote
the ideal J;(T'y), foralli =1, ...,n. Let f € O, with an isolated singularity at the origin.
Suppose that T (f) € T'y. Then

M(f)za(117-"7jn)a (29)
and equality holds if and only if f € R(I'1).

Proof Since I' 1. (f) € I'y, we have that ' (fy;,) € I'+.(J;), foralli = 1, ..., n, which is
to say that fy, € J;, foralli = 1,...,n, since each ideal J; is integrally closed. Then the
result follows as an immediate application of Lemma 2.4 and Theorem 2.11. O

Example 5.9 Let us consider the function f € O3 given by f(x1, X2, x3) = xg + xlz(xl —
x)? + x12x2x3 + x§ . Let ' denote the Newton polyhedron of f. Using the program
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Singular [16] we check that u(f) = 30 = v(I';). We observe that the function f is
neither Newton non-degenerate nor semi-weighted homogeneous with respect to any w €
(R4~ {0})". However, by the previous corollary we deduce that f € R(I'1).

Let H; denote the ideal generated by the monomials x* such that k € "y ( fx;), fori =
1,2,3. Then u(f) = o (H;, H2, H3) = 30, by Corollary 5.5. Moreover r(H{, Hy, H3) = 4,
0(Hy, H>, H3) = 3 and

o(HY, HS, HY) = 830 (H), Hy, H3) = 15360
e(HS +m3', HY + m3', HS + m®') = 15168.

Then Lo(V f) = 4, by Remark 3.5 and Corollary 4.4.

Acknowledgments Part of this paper was developed during the stay of the author at the Max-Planck-Institut
fiir Mathematik in Bonn during March—April of 2007. The author wishes to express his deep gratitude to this
institution for its support, hospitality and excellent working conditions.

References

1. Abderrahmane, O.M.: On the Lojasiewicz exponent and Newton polyhedron. Kodai Math. J. 28(1), 106—
110 (2005)
2. Arnold, V.I., Gusein-Zade, S., Varchenko, A.: Singularities of differentiable maps. Volume I: The classi-
fication of critical points, caustics and wave fronts, Monogr. Math. vol. 82, Birkhiduser, Basel (1985)
3. Arnold, V.I.: Arnold’s Problems. Springer, Heidelberg (2005)
4. Bivia-Ausina, C.: Joint reductions of monomial ideals and multiplicity of complex analytic maps. Math.
Res. Lett. 15(2), 389-407 (2008)
5. Bivia-Ausina, C.: Jacobian ideals and the Newton non-degeneracy condition. Proc. Edinburgh Math.
Soc. 48, 21-36 (2005)
6. Bivia-Ausina, C.: Lojasiewicz exponents, the integral closure of ideals and Newton polyhedra. J. Math.
Soc. Japan 55, 655-668 (2003)
7. Bivia-Ausina, C.: The integral closure of modules, Buchsbaum-Rim multiplicities and Newton polyhe-
dra. J. London Math. Soc. 69(2), 407-427 (2004)
8. Bivia-Ausina, C.: Non-degenerate ideals in formal power series rings. Rocky Mountain J. Math. 34(2),
495-511 (2004)
9. Bivia-Ausina, C.: The integral closure of ideals in C{x, y}. Comm. Algebra. 31(12), 6115-6134 (2003)
10. Bivia-Ausina, C., Fukui, T., Saia, M.J.: Newton graded algebras and the codimension of non-degenerate
ideals. Math. Proc. Cambridge Philos. Soc. 133, 55-75 (2002)
11. Camacho, C., Lins Neto, A., Sad, P.: Topological invariants and equidesingularization for holomorphic
vector fields. J. Differ. Geom. 20, 143-174 (1984)
12. D’Angelo, J.P.: Real hypersurfaces, orders of contact and applications. Ann. Math. 115, 615-637 (1982)
13. D’Angelo, J.P.: Subelliptic estimates and failure of semicontinuity for orders of contact. Duke Math.
J. 47, 955-957 (1980)
14. Fukui, T.: Lojasiewicz-type inequalities and Newton diagrams. Proc. Am. Math. Soc. 114(4), 1169-1183
(1991)
15. Furuya, M., Tomari, M.: A characterization of semi-quasihomogeneous functions in terms of the Milnor
number. Proc. Am. Math. Soc. 132(7), 1885-1890 (2004)
16. Greuel, G.-M., Pfister, G., Schonemann, H.: SINGULAR 3.0. A Computer Algebra System for Polynomial
Computations. Centre for Computer Algebra, University of Kaiserslautern. http://www.singular.uni-kI.
de. (2005)
17. Huneke, C., Swanson, L.: Integral Closure of Ideals, Rings, and Modules, London Math. Soc. Lecture
Note Series, vol. 336. Cambridge University Press, London (2006)
18. Kouchnirenko, A.G.: Polyedres de Newton et nombres de Milnor. Invent. Math. 32, 1-31 (1976)
19. Lejeune, M., Teissier, B.: Cloture intégrale des idéaux et equisingularité. Centre de Mathématiques,
Université Scientifique et Medicale de Grenoble (1974)
20. Lenarcik, A.: On the Lojasiewicz exponent of the gradient of a holomorphic function. In: Jakubczyk, B.
(ed.) Singularities Symposium-Lojasiewicz, vol. 70, pp. 149-166. Banach Center Publications, 44,
Warszawa (1998)

@ Springer


http://www.singular.uni-kl.de
http://www.singular.uni-kl.de

Local Lojasiewicz exponents, Milnor numbers and mixed multiplicities of ideals 409

21.

22.

23.

24.

25.

26.
217.

28.

29.
30.

31.

32.

33.

34.

Lenarcik, A.: On the Jacobian Newton polygon of plane curve singularities. Manuscripta Math. 125(3),
309-324 (2008)

Looijenga, E.: Isolated singular points on complete intersections, London Math. Soc. Lecture Note Ser.,
vol. 77. Cambridge University Press, London (1984)

McNeal, J.D., Némethi, A.: The order of contact of a holomorphic ideal in C2. Math. Z. 250(4), 873-883
(2005)

Northcott, D.G., Rees, D.: Reductions of ideals in local rings. Proc. Cambridge Philos. Soc. 50, 145-158
(1954)

Ptoski, A.: Multiplicity and the Lojasiewicz exponent, Singularities (Warsaw, 1985), 353-364, Banach
Center Publ., 20, PWN, Warsaw, (1988)

Ptoski, A.: Sur I’exposant d’une application analytique. Bull. Polish Acad. Sci. 32(3-4), 123-127 (1985)
Rees, D.: Generalizations of reductions and mixed multiplicities. J. London Math. Soc. 29(2), 397414
(1984)

Rees, D.: Lectures on the asymptotic theory of ideals, London Math. Soc. Lecture Note Series 113,
Cambridge University Press (1988)

Soares, M.: Bounding Poincaré—Hopf indices and Milnor numbers. Math. Nachr. 278(6), 703-711 (2005)
Swanson, I.: Mixed multiplicities, joint reductions and quasi-unmixed local rings, J. London Math. Soc.
(2) 48, No. 1, pp. 11-14 (1993)

Teissier, B.: Cycles évanescents, sections planes et conditions of Whitney, Singularités a Cargese, Asté-
risque, no. 7-8, pp. 285-362 (1973)

Teissier, B.: Monomial ideals, binomial ideals, polynomial ideals. Math. Sci. Res. Inst. Publ. 51, 211-246
(2004)

Teissier, B.: Variétés Polaires I, Invariants polaires des singularités d’hypersurfaces. Invent. Math. 40,
267-292 (1977)

Wall, C.T.C.: Newton polytopes and non-degeneracy. J. Reine Angew Math. 509, 1-19 (1999)

@ Springer



	Local Lojasiewicz exponents, Milnor numbers and mixed multiplicities of ideals
	Abstract
	1 Introduction
	2 Mixed multiplicities of ideals
	3 An expression for the Lojasiewicz exponent
	4 On the effective computation of Lojasiewicz exponents
	5 Mixed multiplicities of monomial ideals and Milnor numbers
	Acknowledgments


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /Description <<
    /ENU <>
    /DEU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [5952.756 8418.897]
>> setpagedevice


