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Abstract Let G be a finite group and let Irr(G) denote the set of all complex irreducible
characters of G. The Ito-Michler Theorem asserts that if a prime p does not divide the
degree of any x € Irr(G) then a Sylow p-subgroup P of G is normal in G. We prove a real-
valued version of this theorem, where instead of Irr(G) we only consider the subset Irry, (G)
consisting of all real-valued irreducible characters of G. We also prove that the character
degree graph associated to Irry, (G) has at most 3 connected components. Similar results for
the set of real conjugacy classes of G have also been obtained.

1 Introduction

Let G be a finite group, let Irr(G) be the set of irreducible complex characters of G, and let
p be a prime number. One of the fundamental theorems in the Character Theory of Finite
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Groups is the Ito-Michler Theorem that asserts that if p does not divide the degree of any
x € Irr(G) then a Sylow p-subgroup P of G is normal in G. In this paper, we only consider a
much smaller (and quite important) subset of the irreducible characters of G: the real-valued
characters. Since non-trivial real characters only appear in groups of even order, the case
p = 2 is the essential case here.

Theorem A Let G be afinite group, and let P be a Sylow 2-subgroup of G. If all real-valued
irreducible characters of G have odd degree, then P < G.

In fact, we have proved (see Theorem 4.2) that all real-valued irreducible characters of
G are of odd degree if and only if G has a normal Sylow 2-subgroup of Chillag—Mann
type. (This interesting class of 2-groups, studied in [5], are those in which every real-valued
irreducible character is linear).

As pointed out by the referee, Theorem A might even be more general. As is well-known,
real characters come into two types, according to their Frobenius—Schur indicator. It seems
to be the case that in Theorem A it suffices to consider only +1 type real characters (i.e. the
complex irreducible characters afforded by representations realizable over the field of real
numbers). A proof of this fact, however, seems very hard and requires a considerable amount
of work in addition to this already long paper.

The proof of Theorem A relies on the classification of finite simple groups. Theorem A
does not remain true for odd primes p, even if we assume our group to have even order. We
defer the study of when all real valued irreducible characters of a finite group have degree
not divisible by p to some other place.

What are the primes dividing the degrees of the real-valued irreducible characters of G? In
simple groups, as we will show, these are exactly all the primes dividing the order of G. But
of course, this does not happen in general, specially, in solvable groups. There is a convenient
way to study the primes dividing the character degrees of a finite group by using a natural
graph. Let I'r, (G) be the graph of the finite group G whose vertices are the primes dividing
the degrees of the real-valued irreducible characters of G, where we join two vertices p and
q if pq divides x (1) for some real-valued x € Irr(G).

Theorem B Let G be a finite group. Then Ty (G) has at most three connected components.
If G is solvable, then ', (G) has at most two.

It is interesting to point out that in general the graph I', (G) is not an induced subgraph of
I'(G) (the graph having vertices the primes dividing the degrees of the irreducible characters
of G, where p and ¢ are joined if pg divides some x € Irr(G).) Analogues of Theorems A
and B for the real conjugacy classes have also been obtained (see Theorems 6.1 and 6.2).

Finally, Theorem A is not true if we restrict our attention to the rational characters. For
instance, the groups PSLy(3%/*1) provide an infinite family of counterexamples. In fact,
this is the only family of examples among finite simple groups (see Theorem 2.7). On the
other hand, it is very easy to find solvable examples: for instance, the semidirect product of
a cyclic group of odd prime order with a cyclic group of order 2.

2 Even degree real-valued characters of almost simple groups
Throughout the paper, a character of a finite group is real, resp. rational, if it is real-valued,

resp. rational-valued. If G is a finite group, we denote by Irry, (G) the set of complex irre-
ducible characters of G which are real-valued. C,, denotes a cyclic group of order n. If N is
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an integer and p a prime, then N,/ denotes the p’-part of N; furthermore, 7 (N) is the set of
all prime divisors of N. Finally, ®,,(¢) is the m™ cyclotomic polynomial.
The hardest part toward the proof of Theorem A is the following.

Theorem 2.1 Let S be a normal non-abelian finite simple subgroup of G, where G/S is a
2-group, and Cg(S) = 1. Then there exists x € Irryy (G) of even degree not containing S in
its kernel.

Before proving Theorem 2.1, we establish some auxiliary statements.

Lemma 2.2 Leta,n > 2 be integers. Then a” — 1 has a primitive prime divisor (PPD), that
is a prime divisor of a" — 1 that does not divide Hf’z_ll (a' — 1), unless either (a,n) = (2, 6)
orn =2anda + 1is a2-power. Any such a PPD is at least n + 1.

Proof See [29]. ]

Lemma 2.3 Assume S is a normal subgroup of a finite group G such that G/S is a
2-group with a unique involution y. Assume « € Irr(S) is a nontrivial character such that
oV = a # . Then Irr(G) contains a real character x of even degree which is nontrivial
onS.

Proof By our assumptions, the inertia group of & in G is just S. It follows that y = «© is
irreducible of even degree and nontrivial at S. Take the subgroup R between G and S such
that R/S = (y). Then «® vanishes on R\ S and equals & + & on S, so it is real. It follows
that x = (®)@ is also real. ]

Lemma 2.4 Assume S is a normal subgroup of 2-power index of a finite group G such that
G/S < Cy x Cy, where C, = (t) = H/S and o is the unique involution in C ;. Assume
a € Irr(S) is a real nontrivial t-invariant character of even degree, not o -invariant;, more-
over, it extends to a real character B € Irr(H) in the case T € G/S. Then Irr(G) contains a
real character y of even degree whose restriction to S contains «.

Proof First we consider the case T ¢ G/S. By our assumptions, « is fixed by 7, but not by
o nor by to. Hence the inertia group of « in G is just S. It follows that x := «© is real,
irreducible of even degree, and x5 contains «. Next assume that T € G/S,i.e. G > H. Since
a® # a, B is not o-invariant. Since G/H < Cy and o is the unique involution in C, the
inertia group of B in G is just H. Now we can take x := 8¢. O

The following lemmas use the Deligne—Lusztig theory of complex characters of finite
groups of Lie type, cf. [4,7]. If G is a simple algebraic group, let 71(G) denote the funda-
mental group of G.

Lemma 2.5 Let G be a simple algebraic group in characteristic p, F a Frobenius map on
G, and let G := GF. Let the pair (G*, F*) be dual to (G, F) and G* := (GHT". Assume
s € G* is a semisimple element of order r which is coprime to both |7w1(G*)| and | Z(G)|.

(i) Then G has an irreducible character y; of degree (G* : Cg+(s)) which is trivial at
Z(G). Furthermore, Xy is real if and only if s is real in G*.

(ii) Let o, resp. o™* be an automorphism of the (abstract) group G, resp. G*, induced by the
field automorphism x +— x4 for some power q of p, and such thatoc o F = F o o.
Assume in addition that r does not divide I(Q*)"* |. Then x; is not o -invariant.
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Proof (i) Since r is coprime to |1 (G*)|, by [2, Corollary E-I11.4.6] Cg+(s) is connected. By
the Deligne-Lusztig theory, to the G*-conjugacy class of s one can associate an irreducible
(semisimple) character y; of the indicated degree. By its definition, x; is a linear combina-
tion of Deligne-Lusztig characters Rg- (0), where 7 is an F'-stable maximal torus of G and
0 is a linear character of order r of TF. By [4, Proposition 3.6.8], Z(G) = Z(G)F, also,
Z(G) < T. It follows that Z(G) < TF. Since r is coprime to |Z(G)|, 0 is trivial at Z(G),
whence R9[(9)(z) = Rg(@)(l) for all z € Z(G). We conclude that Ker(x;) > Z(G). It is
well-known, cf. e.g. the proof of [25, Lemma 9.1], that x,—1 = x,. Moreover, x, belongs to
the Lusztig series £(G, 5), and distinct Lusztig series are disjoint. Hence ; is real if and
only if s is real in G*.

(ii) By [26, Corollary (2.5)], it suffices to show that the G*-conjugacy class of s is not
o *-invariant. Assume the contrary: c*(s) = gsg~! for some g € G*. Since o* is a Frobenius
map on G*, by the Lang—Steinberg Theorem, g~! = x~'o*(x) for some x € G*. Now

o (xsx ) =o* () ()o*(x) L =xg7! - gsgT! g = xsx T,

whence xsx~! € (G*)°" and so r divides |(g*)“* [, a contradiction. O

Lemma 2.6 Let G be a simple algebraic group in characteristic p and F a Frobenius map
on G. Assume that x € Irr(GT) is the unique unipotent character of degree x(1). Then x is
rational.

Proof Since yx is unipotent, x occurs as acomponent of the Deligne—Lusztig character Rg (D
for some F-stable maximal torus 7 . The explicit formula for Rg—(l), cf. [4, Theorem 7.2.8],
shows that Rg(l) is rational and so it is invariant under any Galois automorphism y of Q.

It follows that x¥ also occurs as a component of Rg(l), whence x? is also a unipotent
character. Now the uniqueness of x implies that x¥ = . m]

The rest of this section is devoted to the proof of Theorem 2.1.

1. If S is a sporadic finite simple group, the statement can be checked directly using GAP
[9] or [6]. On the other hand, assume S = Alt,, withn > 5.If n # 6,then Alt, < G < Sym,,
and by [25, Lemma 9.3], G has rational characters of degree d and d+1 whered = n(n—3)/2
and so we can choose x to be one of these two. Assume n = 6. Then Out(S) = C% = (Jj1, Jo2)
with Symg = (S, j1). Now Irr(S) contains a character « of degree 8, which extends to a real
irreducible character of (S, j») and which is not jj-invariant, cf. [6]. Hence we are done by
Lemma 2.4.

So we will assume that S is a finite group of Lie type in characteristic p. If p = 2 and
S # 2F4(2), then the Steinberg character of S extends to a rational character of G by [8] and
so we are done. In the case S = 2F4(2)’ we can choose x of degree 78. So we may assume
p>2.

2. We will use rank 3 permutation actions, cf. [27] for instance, to produce y for several
classical groups.

First we consider the case of S = PSU,(g) with n > 4. Equip the space V = IF;2 with
the standard Hermitian form which has the isometry group GU, (q). Then I'U,(¢q) (see [17]
for the definition of this extension of GU,(g)) acts on the set Q of the singular 1-spaces
of V, with character say p. It is known that pg = 15 + o + B, where «, 8 € Irr(S) are of
degree g*(q" — (=1)")(g" > — (=1)") /(g + D(g* — D) and ¢>(¢" ' — (=1)" "N (g"* -
(—=1D""2)/(qg + 1)(g%> — 1). Notice that gar (1) — B(1) = (—1)" 24" is odd, so exactly one of
o,  has even degree; denote that one by y. Observe that G is a subgroup of I'U,,(¢)/ Ker(p).
It follows that x = 1 + o' + B’, where &', B’ € Irr(G) are some extensions to G of o and
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B, and they are rational as p is rational. Now we can take y to be the irreducible constituent
of p¢ that lies above y.

Assume S = PSUs(q). The cases ¢ = 3, 5 can be checked directly using [6], so we will
assume g = pf > 7. The character table of SU3(q) is given in [10], and with the notation
therein, we choose the character o := X((;’_Sf) (P—q+1) and B = Xq2—q- Notice that g is
rational of even degree, so we are done if G = S. Thus we may assume G > S. Observe that
Out(S) = C,4+1) : Cay [12], so up to a conjugation in Aut(S) > G, we may also assume
that G/S has a unique involution y which is induced by the field automorphism x — x4.
One can check that y sends « to its complex conjugate @ and o # &, so we are done by
Lemma 2.3.

3. Assume S = PSpy,(g) with n > 2. Equip the space V = ]Fé" with the standard
symplectic form which has the isometry group Sp2, (¢). We will consider the group I"Sp2,, (¢)
(cf. [17, Sect. 2.1] for the definition of this extension of Sp2,(g)), which induces the full
automorphism group of § since ¢ is odd. Notice that I'Spo,(¢) acts on the set 2 of the
1-spaces of V, with character say p. It is known that ps = 15 + o + B, where «, B € Irr(S)
are of degree ¢ (¢" — 1)(q"_1 +1)/2(q¢ — 1) and g(¢" + 1)(q"_1 —1)/2(g — 1). Notice that
a(l) — B(1) = ¢" is odd, so exactly one of «, 8 has even degree. Now G is a subgroup of
I'Sp2,(q)/ Ker(p) and so we are done as in 2.

Next assume S = Q,4+1(q¢) with n > 3. Equip the space V = Fé”"‘l with the stan-
dard quadratic form which has the isometry group G 03,+1(q). Then I"O2,,+1(g) (see [17,
Sect. 2.1] for the definition of this extension of G Oy,11(g)) acts on the set 2 of the singular
1-spaces of V, with character say p. It is known that ps = 15 + o + B, where «, B € Irr(S)
are of degree g (¢" — 1)(¢" "' +1)/2(g — 1) and ¢ (¢" + 1)(¢" ' — 1)/2(g — 1). Notice that
a(l) — B(1) = ¢" is odd, so exactly one of «, B has even degree. Now G is a subgroup of
['O2,+1(q)/ Ker(p) and so we are done as in 2.

Next assume § = PQ;rn(q) with n > 4. Equip the space V = IF,%" ={e1, f1,---»ens fn)
with the quadratic form Q(3°F_, (xie; + yi fi)) = > i~ x;y; which has the isometry group
G 0;; (¢)- Then T’ 02+n (¢) (see [17, Sect. 2.1] for the definition of this extension of G 0;1 (@)
acts on the set 2 of the singular 1-spaces of V, with character say p. It is known that
ps = ls + o + B, where «, 8 € Irr(S) are of degree ¢(¢" — l)(q”_2 + 1)/(q2 — 1) and
2" "+ 1)(g" ' —1)/(g%>—1). Notice that gr(1) — (1) = ¢" is 0dd, so exactly one of ,
B has even degree. Now G is a subgroup of I" 02+n (g¢)/ Ker(p) (possibly after a conjugation
in Aut(S) when n = 4), and so we are done as in 2.

4. Assume S = PQ;,(¢) with n > 4 and ¢ = p/. Equip the space V = F2" with
a quadratic form which has the isometry group G O,,(q). Then the conformal orthogonal
group C O,, (g) and a subgroup C O,, (¢)° of it (see [4] for the definition of these extensions
of GO,,(q)) act on the set €2 of the singular 1-spaces of V. Modding out the scalars, we see
that PC O,, (q)° acts on 2. Recall [12, Theorem 2.5.12] that Aut(S) = Inndiag(S) : Cay,
and Inndiag(S) >~ PCO,,(q)° can be viewed as GF for a simple algebraic group G of
adjoint type and a Frobenius map F on G. In fact, if o is the automorphism of G coming
from the field automorphism x +— x” and 7 is the graph automorphism that switches the
last two (branching) nodes of the Dynkin diagram (of type D,) of G, then F = o/ o 7.
One can identify a point stabilizer P of GF acting on € with P, where P is a standard
parabolic subgroup of G with Levi subgroup of type D,,_1, cf. [4, p. 63]. Clearly, P and P¥
are o-stable, and o induces a generator of the complement C>y in the semidirect product
Aut(S) = Inndiag(S) : C2 s that we will also denote by o'. This discussion shows that, inside
Aut(S), o normalizes P. Soif p is the character afforded by the permutation action of Aut(S)
on the cosets of (P, o), then p|gr is the character of the permutation action of G FonQ.Ttis
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known that ps = 1g+a+ B, where o, B € Irr(S) are of degree ¢ (¢" +1)(¢" > —1)/(g>—1)
and ¢%(¢" ' + 1)(¢" ' — 1)/(¢g* — 1). Notice that ga(1) — (1) = —g" is odd, so exactly
one of «, B has even degree. So we are done as in 2.

5. We will explore the method of 4. to handle the simple groups of type Eg and 2Eg. Let
G be a simple algebraic group of type E¢ over F and of adjoint type. Let o be the automor-
phism of G coming from the field automorphism x + x? and t be the (involutory) graph
automorphism of G. Consider a standard parabolic P of G with Levi subgroup of type As.
First we consider the untwisted case F = o/. Then H = ¢ = E¢(q)aq for g = pf
and S = [H, H] is simple. As in 4. we observe that P := PF is stable under o and 7, and
Aut(S) = H : ({(o) x (1)). Let p be the character afforded by the permutation action of
Aut(S) on the cosets of (P, o, 7). Then p|y is a sum of unipotent characters, of the same
rank as of the character (1w AS))W(Ef’) which is 5. Using this information one can show that

ple =1+ 61+ ¢202+ ¢303 + P54

in the notation of [4, p. 480]. All these five irreducible constituents have distinct degrees, and
three of them have even degrees. Since H <1 Aut(S), it follows that p is a sum of 5 irreducible
constituents, all rational and three of even degrees.

Next we consider the twisted case F = 0/ o 7. Then H := G¥ = 2E¢(¢)aq for g = p/
and S = [H, H] is simple. As above we observe that P := PF is stable under o, and
Aut(S) = H : (o) Let p be the character afforded by the permutation action of Aut(S) on
the cosets of (P, o). Then p| g is again a sum of unipotent characters. Computer computation
using CHEVIE [11] (done by F. Liibeck) shows that

Pl =10+ @54+ a1+ oo+ dg 5

in the notation of [4, p. 481]. Again, all these five irreducible constituents have distinct
degrees, and three of them have even degrees. Since H <1 Aut(S), it follows that p is a sum
of 5 irreducible constituents, all rational and three of even degrees, and so we are done.

6. For the remaining Lie-type groups, we will use the Deligne—Lusztig theory to produce
x . We will again consider a certain simple algebraic group G, a Frobenius map F on G, and
the pair (G*, F*) dual to (G, F). Also let IF be the algebraic closure of IF,. To illustrate the
main ideas of this framework, we first handle the case S = PSLo(q) with g = p/ > 7
(even though one may settle this case in a more elementary way). Choose G = PSL;(FF)
and F such that GF ~ PGL>(q). Since g > 7, we can find an odd prime r; |(q2 — 1) and
a semisimple element s1 € (g*)F* = SL>(g) of order r;. Observe that s; is real. So by
Lemma 2.5(i), x5, is a real character (of even degree g + 1) of PGL>(g) which restricts
irreducibly to S. Thus we are done if f is odd, orif f isevenbut G < PGL7(q).

So we may assume that 2| f and G £ H := PGLy(q). Consider a PPD r of p?/ — 1,
and a semisimple element s € (G*)*" of order r. By Lemma 2.5(i) we get a real irreducible
character x; of degree ¢ — 1 of H which also restricts irreducibly to S. Since G is of adjoint
type, by [1, Lemma 3.1], @ := x|s belongs to the principal r-block of S. It now follows
that « is the semisimple character of SL2(g) corresponding to a semisimple element ¢ in the
dual group PG L;(g) of order divisible by r. Consider the automorphism o of SL>(F) and
P SL,(F) induced by the field automorphism x + x”. The choice of r ensures that r does
not divide |(Q"‘)(’f/2 |. So « is not o /2 invariant by Lemma 2.5 (ii), where we denote the
action on § induced by o also by o. Recall that Out(S) = C; x Cr, where C; = H/S and
o /72 is the unique involution in C . Now we can apply Lemma 2.4 to «, with 8 := ;.

7. Next we consider the case S = PSL,(q) with ¢ = p/ and n > 3. Choose G =
PSL,(F) and F such that H := ¢ ~ PGL, (g). Consider the unipotent characters yx;
of H labeled by the partitions A = (n — 2,2), (n — 2, 1Hofnifn >4,and 2 = (2,1)
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if n = 3, cf. [4, p. 465]. If n = 3 then x2,1)(1) = q(g + 1) is even. If n > 4 then
Xn—2.12)(1) =g X@n-2,2)(1) = g" is 0dd, and so exactly one of these two characters has even
degree. Itis well known that unipotent characters of H are rational and restrictirreducibly to S.
So we may assume that G £ H.Recall [12, Theorem 2.5.12] that Aut(S) = H : ({(o) x (1)),
where o is the automorphism of S induced by the field automorphism x +— x” and 7 is the
inverse-transpose. We will also consider H* := GHF "~ SL, (¢) and its natural module
V .=TF".

ASSL;ImC fisodd. Then HG/H contains T H. If n is odd, choose r to be a PPD of ¢" — 1
and s € H* with eigenvalues 24 ,0<i<n-—1onV.Ifniseven, choose r to be a PPD
of q"’1 — land s € H* with eigenvalues 1 and 29,0 <i <n—2onV.Inboth cases,
we choose A € F with |[A| = r. By our choice, r > n + 1 and so r satisfies the assumptjons
of Lemma 2.5. Claim that s is not real in H*. (Assume the contrary. Then A~! = A9" for
somei,0 <i <m—1,where m = nifnisoddand m = n — 1 if n is even. Since
r>2,i > 0.Also, r|(g® — 1) and so m|2i. But this is a contradiction as m is odd and
0 < i < m.) Thus x; is not real by Lemma 2.5. Consider an irreducible constituent & of
Xsls. By [1, Lemma 3.1], u belongs to the principal r-block of S. Viewed as a character
of H*, u also belongs to the principal r-block of H*. Also, since (1) is coprime to p,
is semisimple by [21, Lemma 7.2]. It now follows by the fundamental result of Broué and
Michel [3] that u is the semisimple character x; of H* defined by an r-element¢ € H. Notice
that x;(1) > g — land |H/S| < g — 1,50 u(1) > 1 and |¢| = r* > r. Arguing as in the
proof of [23, Lemma 2.4], one can show that |Cg+(s)| = |Cg (¢)| (and itis (¢" — 1)/(g — 1)
if n is odd and q”’1 — lif nis even). It follows that x;(1) = w(1) and so y;|s is irreducible.
Since r is coprime to ¢ — 1, there is a preimage t; € GL,(q) of order r* of . Now arguing
with eigenvalues of #; on V as above, we see that #; is not real in GL,(q). But r is again
coprime to g — 1 and H = GL,(q)/Cy—1, so t is not real in H. Thus x,|g is not real by
Lemma 2.5(i). Let o := x5lgnm. Since G N H > S, we conclude that « is irreducible,
non-real, and H-invariant. By our assumptions, G = (G N H, ht) for some h € H. Since
7 commutes with F = o/, by [26, Corollary (2.5)], (xs)¥ = Xz(s)- Observe that 7(s) is
conjugate to s~ ! in G* and so in H* as well by the Lang—Steinberg Theorem, since Cg+=(s)
is connected. Thus (xs)" = x5 # xs. It follows that ol = & # «. Hence we are done by
Lemma 2.3.

From now on we assume f is even. If n is even, choose r to be a PPD of p —1and
s € H* with eigenvalues Aql, 0<i<n-—1onV.Ifnis odd, choose r to be a PPD of
p(”‘l)f — land s € H* with eigenvalues 1 and M, 0<i<n—2onV (notice that
(n — 1)f > 4 so r exists). In both cases, we choose A € F with [A| = r. By our choice,
r > 2(n—1)41 > n and so r satisfies the assumptions of Lemma 2.5. Claim that s, s~! and
7(s) are all conjugate in H*. (For, these three elements have the same characteristic polyno-
mial on V which is at the same time also their minimal polynomial. Hence they are conjugate
in G* = SL,(F). Since Cg+(s) is connected, they are also conjugate in GHF" = H* by
the Lang—Steinberg Theorem.) Thus x, is real by Lemma 2.5. Arguing with t as above,
we see that y; is 7- stable. Consider an irreducible constituent & of xg|s. Arguing as in the
case of odd f, we see that u is the semisimple character x;, of H* defined by an r- element
t € H with [t| = r* > r. Moreover, |Cy=(s)| = |[Cy(?)|, and itis (¢" — 1)/(g — 1) if n
is even and q"_1 — 1if n is odd. It follows that x,(1) = (1) and so y;|s is irreducible.
Clearly, xs(1) = (H* : Cy~ () is divisible by ¢ — 1 and so it is even. Also, the choice
of r implies that |¢| does not divide the order of g””z = PGL, (ql/z). So x; = xsls is
not o//%-invariant. Thus & := Xs|lcng 1s irreducible, nontrivial, t-invariant but not ol/?-
invariant. Consider the extension K := (H, t) of index 2 of H. By the main result of [13],

@ Springer



762 S. Dolfi et al.

every irreducible character of K is real. Since y; is t-invariant, it now extends to a real
irreducible character y of K. Furthermore, if there is any 2 € H such that (1:h)2 eGNH,
then, setting R := (GN H, th) < K and B := y|r, we see that § is real, of even degree, and
Blgnn = a. Recall that G/(GNH) ~ HG/H < Aut(S)/H = (t) x Cy and o//? is the
unique involution in C . Applying Lemma 2.4 to (G, R, GN H, a) inplace of (G, H, S, o),
we see that Irr (G) contains a real character of even degree whose restriction to S contains x;
and so nontrivial on S.

8. Here we consider the case S has type E7. Recall [12, Theorem 2.5.12] that Aut(S) =
H : Cy, where H := Inndiag(S) = = E7(qQ)ad, q = pf,and G is the simple algebraic
group E7(FF) of adjoint type. We will also consider H* := (g*)F = E7(q)sc; notice that
S =H*/Z(H*) and H/S = C;. By [28, Proposition 3.1], every semisimple element in H
and in H* isreal. Set K := G N H and choose a PPD r of p'3/ — 1 and a semisimple element
s of order r in L, where L := H* if K = H,resp. L := H if K = S. By [23, Lemma 2.3],
[CL(s)| = P13(q)P2(g). By Lemma 2.5(i), x; is a real irreducible character of even degree
of K. Observe that in both cases y; is H-invariant. This is obvious in the former case, and
follows from [26, Corollary (2.5)] applied to the automorphism induced by the conjugation
by some element y € H \ S in the latter case. Also, by Lemma 2.5(ii), x; is not invariant
under any nontrivial element of the group Cy of field automorphisms. It follows that the
inertia group of x; in G is exactly K and so we can take x = XSG.

9. Now assume that S € {sz(q), Ga(q), 3D4(q), Fu(q), Es(q)} withg = pf. Assume
furthermore that p # 3 if § = Ga(q). Since G/S is a 2- power, G < § : Cy and in
fact G = Sif § = 2G1(g). In all these cases, any semisimple element s € S is real by [28,
Proposition 3.1]. View S as G for a suitable simple algebraic group G and a Frobenius map F
on G. Choose a PPD r of pmf —1 and a semisimple element s € (GHF " ~ Soforder r, where
m = 6, resp. 6, 12, 12, 30, if S is of type 2G2, resp. G2, >Da, F4, Eg. By [23, Lemma 2.3],
|C gy ()] = Pim(q), unless S = 2Ga(q) in which case |C gy (s)| = g £ /3¢ + 1 is
odd. It follows by Lemma 2.5(i) that x; € Irr(S) is a real character of even degree.

Claim that for any field automorphism y € Cy of 2-power order 2¢ > 1, x, is not
y-invariant. By Lemma 2.5(ii), it suffices to show that  does not divide I(Q*)V* |. This last
statement is vacuous if S = 2Gz(q). It is also obvious if S = X(¢) and X € {G», F4, Eg},
since in these cases (g*)”* = X(pfl) with1 < f1 < f. Assume S = 3D4(q) and r divides
[(G*)?"|. Let o be the automorphism of G defined by the field automorphism x > x” and
7 is the triality graph automorphism of G. Then F = o/ o 7. Assuming y = o/ with
1 < j <3f—1, we see that r divides | D4(p’)| and so it divides p*/ — 1 or p® — 1. The
first possibility cannot occur as r is a PPD of p!2/ — 1. So r|(p® — 1), whence 2 f divides
j. It follows that y3 = ¢/ acts trivially on S < D4(p3/) and so the order of y in Aut(S)
is not a nontrivial 2-power, a contradiction.

We have shown that the inertia group of x; in G is just S. Now we can take x = XSG .

10. Finally, we consider the case S = G»(¢g) and ¢ = 3/ In view of [6] we may assume
f > 1. According to [12, Theorem 2.5.12], Aut(S) = S : Cp¢. Here Cay = (01), O’l is the

automorphism of G defined by the field automorphism x > x>, and § = G¥ with G a simple

algebraic group of type G, and F = o 2/ Thent := crlf is the unique involution in C7 1.

Assume s € S is such that the S-conjugacy class s° of s is T-invariant. Then 7 (s) = gsg
for some g € S. Define ¢ € Aut(S) via ¢(x) = g 't(x)g for x € S. Then ¢(s) =

g ' gsg7' g =sandsos € Cs(p). Since ¢ has order 2 in Out(S), we can write the

-1

order of ¢ in Aut(S) as 2a for some k > 1 and some odd a. Setting ¢ := <p2k71”, we see
that wz = lgand s € Cgs(¥). There are two possibilities. If ¢ is an inner automorphism of
S, then it is the conjugation by an involution in S and so Cs() ~ (SL2(q) * SL2(q)) - 2
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by [18]. Otherwise, as shown in [18], ¥ is S-conjugate to a fixed automorphism ¢, of S;
furthermore, Cg(v/) is isomorphic to G2(,/¢) if f is even and to 2G2(q) if f is odd.

Now we set m := 6if f iseven, resp. m := 3if f is odd. Choose a PPD r of p"/ —1 and a
semisimple element s € (g*)F* ~ Soforderr. By [23, Lemma 2.3], |C(g*)p* ()| = P (q).
It follows by Lemma 2.5(i) that x; € Irr(S) is a real character of even degree. Observe that r
does not divide [(SL2(q) * SL2(q)) - 21; furthermore, it is coprime to |G2(,/q)| if f is even,
resp. to | 2Ga(q)| if f is odd. Hence the previous paragraph shows that s¥ is not r-invariant.
But  commutes with F, so [26, Corollary (2.5)] implies that x; is not t-invariant. We have
shown that the inertia group of x; in G is just S and can now take x = xC.

Theorem 2.1 has been now proved completely. O

Theorem 2.7 Let S be a finite non-abelian simple group. Then all rational irreducible char-
acters of S are of odd degree if and only if S = PSL» (32 1) for some integer f > 1.

Proof Observe that if S is any simple group considered in pp. 1 — 5 of the proof of
Theorem 2.1, then the character x produced in the proof (in the case G = S) is actually
rational. Now we will consider the remaining groups of Lie type in odd characteristic p.
The case of PSL>(g) is done in [25, Lemma 9.4]; in particular, if ¢ # 32/+1 then X can
be chosen to be of degree g & 1. Furthermore, the case of PSL,(g) with n > 3 has also
been done in page 7 of the proof of Theorem 2.1. Assume S is an exceptional group of
Lie type, not of type 2G2(g). Then we can consider § = G¥/Z(GF) for a simple simply
connected algebraic group G and a Frobenius map F on G and observe that any unipotent
character of G is trivial at Z(GF). By Lemma 2.6, it suffices to find a character of G that
is a unique unipotent character of some even degree d. Using [4, Sect. 13.9], we can choose
d = qy(q)*®3(q)/6. resp. ¢> P2(q)* Ps(9)? /2, g1 (q)*P3(q)* Ps() /2. g Ps(q) Po(q),
qPs()P1s(q), D1 P3(q)*P5(Q) P7(q)Po(@)P14(9) /2,  qPa(q)*Ps(q)P12(q)
Dr0(q)P24(q), if GF = Ga(q), resp. 3D4(q), Fu(q), E¢(q), *Es(q), E1(q), Es(q).
Finally, assume S = 2G,(q) with ¢ = 3%*! and f > 1. Again consider § = G for
a simple algebraic group G of type G». Observe that S ~ (G*)F" (cf. [4]; also notice that
the existence of Jordan decomposition of irreducible characters in the case of Suzuki and
Ree groups is proved in [19]), and S > 2G,5(3) = SL»(8) - 3 contains a rational element
s of order 7. Moreover, Cs(s) has even index in S as s is certainly inverted by some even-
order element of S. By [25, Lemma 9.1], xs € Irr(S) is a rational character of even degree.
(This also follows from the explicit description of irreducible characters of S in terms of
Deligne—Lusztig characters given in [14, Sect. 8.2].) O

3 Primes dividing the degrees of real-valued characters of simple groups

The aim of this section is to prove the following theorem:

Theorem 3.1 Let S be a finite non-abelian simple group and let I'ry(S) be the prime graph
on the set of the degrees of real irreducible characters of S, with vertex set V (S). Then

® V(S) ==(S]); and
(ii) T (S) has at most three connected components.

Lemma 3.2 Theorem 3.1 holds for sporadic finite simple groups.

Proof Routine computer computation using GAP [9]. O
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Proposition 3.3 Theorem 3.1 holds for alternating groups S = Alt,. In fact, if n > 7 then
Iy (S) is connected.

Proof 1. The cases 5 < n < 8 can be checked directly using [6], so we may assume n > 9.
We will largely follow the ideas of [22, p. 33-35] to show that for any odd prime p < n,
S has a real irreducible character y such that 2p|x(1). As in [22], we choose x to be an
irreducible constituent of & | g, where & is the irreducible character of Sym,, corresponding to
the partitiona = (n —r — 5,5 + 1, " Hwitho<r—1,5,7r+2s+1<n.In particular,

n\(n—s—1\n—2s—r
=) )

Let o denote the partition associated to a. If @ # o, then x = & and so it is real. If « is
self-associated, then x (1) = £(1)/2, and this happens exactly in the following cases:

i s=0 and n=2r+1,
(i) s=1 and n=2r+2.

In the case of (i), the partition & («) of the hook lengths of « is (1), and the value &j,(«) of &
at an (even) permutation with cycle type i («) is (—1)" by [16, Lemma 2.5.12]. Similarly, in
the case of (ii), h(a) = (n — 1, 1) and &, (o) = (—1)". This implies by [16, Theorem 2.5.13]
that, in these two cases, yx is real if and only if 2|r.

In what follows, the choices of « are made following [22], and necessary divisibility prop-
erties of £(1) were proved therein. For the reader’s convenience, we will recall these choices
here.

2. Assume 7 is odd. Then one chooses r € 2Z + 1 and s € 27Z, which implies 2|£(1).

Casel: n # 0, —1(mod p). If n # 2p — 3, choose (r,s) = (p —2,0). If n = 2p — 3,
then p > 7 as n > 9; here we choose (r, s) = (3, p — 5). In both subcases, & # o’ and
2plé(1) = x(1), and so we are done.

Case 2: n = 0(mod p). If p > 3, choose (r,s) = (1,2). If p = 3, choose (r,s) = (3, 2).
In both subcases, « # o’ and 2p|&(1) = x(1).

Case 3: n = —1(mod p); in particular, n > 2p — 1. If n # 2p — 1,4p — 1, choose
(r,s) = 2p—1,0).If n =2p—1landn # 9,orifn = 4p — 1 and n # 11, take
(r,s) = (p,2). In all these subcases, « # «’ and 2p|§(1) = x(1). If (n, p) = (9, 5), then
we choose @ = (5, 2, 2), for which x (1) = &£(1) = 120. Finally, if (n, p) = (11, 3), then
we choose o = (6, 5), for which x (1) = £(1) = 132.

3. Assume 7 is even. Then one chooses r € 2Z and s € 27 + 1, which implies 2|£(1) and
X is real.

Case 1: n # 1, —-2(mod p). If p > 3, choose (r,s) = (p —3,1). If p = 3, take (r, s) =
(6, 1). In both subcases, 4p|&(1) and so 2p|x (1).

Case 2: n = 1(mod p).If n > 3p + 1, choose (r, s) = (2, p). If n = p 4 1 (in particular,
p > 11), choose (r, s) = (2, 3). In both subcases, a # o’ and 2p|&(1) = x(1).

Case 3: n = —2(mod p) and p > 3;in particular, n > 2p — 2. If n > 4p — 2, choose
(r,s) = 2p,1).Ift n =2p —2and p > 7, choose (r,s) = (p — 1, 3) In both subcases,
a # o' and 2plE(1) = x(1). Finally, if (n, p) = (12,7), then we choose a = (9, 3), for
which x (1) = £(1) = 154. ]
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The rest of the section is devoted to prove Theorem 3.1 in the case S € Lie(p). We will
say that the characters xi, ..., xx € Irr(S) cover S if any prime divisor of |S| divides the
degree of at least one x;. We aim to show that Irry, (S) contains two or three characters that
cover S. Let F := Fp. We will consider a certain simple algebraic group G over F with a
Frobenius map F on G and the pair (G*, F*) dual to (G, F). We will use Lemma 2.5 as well
as certain permutation characters and unipotent characters to find desired real characters. The
reality of considered semisimple elements is established in [28]. It turns out that the cases of
PSL,(q) and PSU, (q) require attention the most.

Lemma 3.4 Theorem 3.1 holds true in the case S = PSL,(q) withn > 2 and q = p’.

Proof 1. Assume n = 2. In view of Proposition 3.3 we may assume g > 7. Then Irry, (S)
contains characters of degree ¢, ¢ — 1 and ¢ + 1, and so we are done. Thus we may assume
n > 3. View S as G¥ /Z(GF) for a suitable Frobenius map F on G := SL, (F). Observe that
Irry (SLg(2)) contains (unipotent) characters of degree 23.5.31and 2% -3 - 72, s0 we may
assume (11, q) # (6, 2).

2. Assume furthermore that n is even. Then we can findaPPD r,, > n of p”f "— 1. Notice that
Sylow r,-subgroups of (GHF "= PGL, (g) are cyclic and may be embedded in P Sp, (g).
Since any semisimple element of P Sp, (g) is real by [28], we can find a real semisimple ele-
ments, € (G*)F " of order rn. By Lemma 2.5 and [23, Lemma 2.4], s,, defines a real character
xn € Irr(S) of degree divisible by H:’z_zl (¢' — 1). We also consider certain unipotent charac-
ters x, of PGL,(q) labeled by partitions A of n, cf. [4, p. 465]; any of them is rational and
restricts irreducibly to S. In particular, x(,—2,2)(1) = (¢" — 1)(q”_] - c12)/(q2 —D(g -1,
and so x, and x(,—2,2) cover S.

3. From now on we may assume 7 is odd. Suppose that we can find a PPD r,_; of
p("_l)f — 1 such that (r,—1,n) = 1. Then Sylow r,,_1-subgroups of SL,_;(q) are cyclic
and may be embedded in Sp,_1(g). Since any semisimple element of Sp,,_1(q) is real by
[28], we can find a real semisimple element 5,1 € SL,_1(q) of order r,_; By Lemma 2.5
and [23, Lemma 2.4], s, then defines a real character y,_; € Irr(S) of degree divisible by
Hzggn, i#n—1 (qi — 1). In particular, if n > 5 then x,,—1 and x(,—1,1) cover S. It remains to
consider the cases where such an r,;,_| does not exist.

4. Assume n = 3. The cases g = 2, 3, 7, 8 can be verified directly using [6]. Since we are
assuming r,—1 does not exist, it remains to consider the two cases where either ¢ > 31 is a
Mersenne prime, or g + 1 =24 - 3% for some a, b > 1. We show that in either case there is
areal character y, € Irr(S) of degree q3 — 1. Choose € € F* of order 4 in the former case,
resp. ¢ + 1 in the latter case, and take s, € (G5 F" with preimage diag(e, €', 1) in GL3(F)
(which we also denote by s7). It is easy to check that

CrcLym (52) = Corym (52)/Z(GL3(F))

and so it is connected, that
ICPGLyq)(52)] = 1CGL3(g)(52)/ Cq—1] = [(Cp2_y X GL1(q))/Cq-1)| = -1,

and that s, is real in (G*)F" (as we can embed it in SLy(q) < (G%F"). Also, in the former
case |s| = 4 is coprime to |Z(GT)| = 3, and in the latter case | Z(GF)| = B, g — 1) = 1. By
Lemma 2.5, s, defines a real character x» € Irr(S) of degree q3 — 1. Clearly, x> and x(2,1)
cover S.

5. Assumen = 5. Again choose € € F* of order ¢ + 1 and take s, € (G*)" with preimage
diag(e, €1, 1,1, 1) in GLs(F) (which we also denote by s7). It is easy to check that

CprcLsm (52) = Corsa (52)/Z(GL5(F))

)
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and so it is connected, that

CrGLsiq)(2) = CLsiq)(s2)/Cq—1 = (Cpa_; X GL3(q))/Cq-1,

and that s, is real in (G*)* * (as we canembed itin SLy(g) < (G*)F *). Also, the non-existence
of r,_1 implies that 5|(g%2 + 1) and so | Z(G¥)| = (5, ¢ — 1) = 1. By Lemma 2.5, 5, defines
a real character x, € Irr(S) of degree (q5 — 1)(612 + 1). Now x> together with x4, 1) (of
degree (¢° — q)/(g — 1)) and X(3.12) (of degree g3 (g> + (g% + g + 1)) cover S.

6. Finally, we consider the case n > 7. Notice that SL7(2) has unipotent characters x5 2)
of degree 22.5.127 and X(5.1,1) of degree 23.3.31, while (S =1{2,3,5,7,31, 127}.
So we may assume (71, ¢) # (7, 2). Then p"*~Df — 1 has primitive prime divisors, and any
such PPD is larger than (n — 1) f. So the non-existence of r,_; implies that f = 1 and n
is a prime. Now we can find a PPD r,,_3 of p(”_S)f — 1, and clearly (r,—3,n(qg — 1)) = 1.
Arguing as in 3), we see that there is a real semisimple element s,_3 € Sp,—3(q¢) < GL,(q)
of order r,—3 with Cgr,(g)(sn—3) = GL3(q) X Cq,lfs_]. This element gives rise to a real
semisimple element (which we also denote by s,_3) of order r,_3 in (GHF =P GL,(g)
with |CpGL,(g)(sn—3)| = [(GL3(q) x Cyn—3_1)|/(q — 1). By Lemma 2.5, 5,3 defines a
real character x,_3 € Irr(S) of degree divisible by H4§i§n, i#n—3 (g" —1). Now x,_3 and
X(n—2.2) (of degree g*(g" — 1)(¢" > — 1)/(g* — 1)(q — 1)) cover S. u!

Lemma 3.5 Theorem 3.1 holds true in the case S = PSU,(q) withn > 3 and q = pf.

Proof 1. Assumen = 3. The case g = 3 can be checked directly using [6], so we will assume
that ¢ > 4; in particular (¢ — 1) does not divide ¢ + 1. Hence, in the notation of [10], Irry (S)
contains characters x,(,—1) of degree g(g — 1) and X(q+ ) of degree g3 + 1, and so we are
done.

Thus we may assume n > 4. View S as GF'/Z(GF) for a suitable Frobenius map F
on G := SL,(F). Observe that Irr, (P SUs(2)) contains characters of degree 23.5.11 and
3.7-11, while 7 (|S|) = {2, 3, 5, 7, 11}. Furthermore, SU7(2) has unipotent characters x s 2)
of degree 22 - 5 - 43 and x(s,1.1) of degree 2% - 3 -7 - 11, while 7(|S|) = {2,3,5,7, 11,43}.
So we may assume (n, g) # (6, 2), (7, 2).

2. Assume furthermore that n is even. Then we can find a PPD r, > n of p"/ — 1. Let
V.= ]FZ2 denote the natural module for SU, (¢). We distinguish two cases.

Suppose n = 0(mod4). Then Sylow r,-subgroups of GU, (g) are cyclic and may be
embedded in Sp,(¢g). Since any semisimple element of Sp, (q) is real by [28], we can find
a real semisimple element s, € Sp,(g) of order r, and then embed it in SU, (¢). We may
assume that Spec(s,, V) contains an eigenvalue « with |«| = r,. By the choice of r,,, @ has a
minimal polynomial f () of degree n/2 over F 2, whose roots are ad” ,0<1i <n/2. Since

sp € SU,(q), it also has an eigenvalue o7 Wthh is not a root of f(¢) as 4|n. Now if f is
the minimal polynomial of «™7 over F 2, then the characteristic polynomial of 5, on V is
f- f . Standard computations show that Cgy,(g)(sn) = GL1(g").

Suppose n = 2(mod 4). Again choose @ € F* of order r,, and consider its minimal poly-
nomial f(z) over F 2. The roots of f () are a"zi 0 < i < n/2 and they do not include o~
since n/2 is odd. Notice that the Sylow r,,-subgroups of GU,, /2 (g) are cyclic. So we can find
"2 Via
the embeddings GU,/2(q) < Spa(q) < SU,(q), s’ gives rise to a real element s, of order

a semisimple element s' € GU,/2(q) having eigenvalues ad” ,0<i<n/2,on IF

rp in SU,(g) and having eigenvalues a*4”, 0 < i < n/2 on V. The explicit spectrum of s,
on V yields that Cgy,(g)(sn) = GUj ("2
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In both cases, we will denote the image of s, in (g*)F* = PGU,(q) by the same sym-
bol. Since [s,| = ry, is coprime to g + 1, Cpgu,q)(Sn) = Ccu,q)(52)/Z(GU,(q)). By
Lemma 2.5, s,, defines a real character x,, € Irr(S), of degree divisible by H:’;zl (g' = (=DY)
if 4/n and by (¢"/* — D) []rejcp_1. iznj2(@" — (=1)") if n = 2(mod 4). We also consider
certain unipotent characters x; of PGU, (q) labeled by partitions X of n, cf. [4, p. 465]; any of
them is rational (since they are rational combinations of rational Deligne—Lusztig characters
Rg—(l)) and restricts irreducibly to S. In particular,

g*(q@" — (=D")(g" 3 — (=1)"7?)
(¢>—D(g+1) '

X(n—2,2)(1) =

Clearly, x, and x(,—2,2) cover S.

3. From now on we may assume n > 5 is odd and (n, ¢) # (7, 2). Suppose that we can
find a PPD r,,_1 of p®~Df — 1 such that (r,_, n) = 1. Arguing as in 2), we can find a real
semisimple element s,_; € SU,—1(g) of order r,_; and then embed it in G5HF * such that
C(geyr* (sn—1) has order ¢"~' — 1if n = 1(mod4) and (¢""~D/2 + 1)? if n = 3(mod 4).
By Lemma 2.5, s, then defines a real character x,—1 € Irr(S). Also, here we have

@@ = D@ 2+ 1)
@ —D(g+1

In this case, x,—1 and x(,_,, ;2 cover S. It remains to consider the cases where such an r,,—;

X(n—2,12)(1) =

does not exist; in particular ¢ = p and # is a prime dividing "~ D/ 4 1.

4. Assume n = 5. The case ¢ = 2 can be verified directly using [6]. Since we are assuming
rn—1 does not exist, 5|(p2 +1)andsop=3orp >7.1If p =3, then x:32) and x5 ;2 cover
SUs(3). Suppose p > 7 Choose € € F* of order ¢ — 1 and take 55 € (G*)F" with preimage
diag(e, €1, 1,1, 1) in GUs(F) (which we also denote by s). It is easy to check that

Cpgrsm (52) = Corsa (52)/Z(GLs(F))

and so it is connected, that
Crcusiq)(2) = Cus(q) (52)/ Cqq1 = (Cpa_y x GU3(q))/Cy+1,

and that s is real in (G*)F" (as we can embed it in SU2(q) < (G*)F"). Also, |Z(GF)| =
5,9+ 1) =1.By Lemma 2.5, s, defines a real character x» € Irr(S) of degree divisible by
(@° + D(g> + 1). Now x2, x(,1) (of degree (g — 1)(g> + 1)), and x 3,12, cover S.

5. Finally, we consider the case n > 7 is a prime. Then we can find a PPD r,_3 of
q -3 _ 1, and clearly (r,—3,n(g + 1)) = 1. Arguing as in 2), we see that there is a real
semisimple element s, 3 € Sp,_3(q) < GU,(q) of order r,_3, with Cgy,(g)(sn—3) =
GU3(q) x GL1(¢"%)if n = 3(mod 4) and Cy, q)(sn—3) = GUs(q) x GU,(g"~3/%)? if
n = 1(mod 4). This element gives rise to areal semisimple element (which we also denote by
sn—3) of order r,_3 in (G*)" = PGU,(q) with |CpGu,q) (sn—3)| = |CGu, ) (n—3)1/(q +
1). By Lemma 2.5, s,_3 defines a real character x,—3 € Irr(S). Now x,—3 and x(,—2,2) (of
degree ¢%(q" + 1)(¢" 3 — 1)/(g*> — 1)(g + 1)) cover S. o

n

Now we will complete the proof of Theorem 3.1 for the remaining finite groups of Lie
type.

1. Assume § = PSpo,(q)’ withn > 2, resp. Q2,+1(¢) withn > 3 and g odd. The cases of
PSp4(2) and P Spg(2) can be checked directly using [6], so we will assume S # P Sp4(2)/,
PSpe(2). It follows that there is a PPD r of g*" — 1, and a semisimple element s of order

@ Springer



768 S. Dolfi et al.

rin (g*)F* (which is SO2,,+1(q), resp. PCSp2,(q)). Such an element is real by [28]. Fur-
thermore, |C(g*)F* (s)] = g" + 1 by [23, Lemma 2.4]. Hence by Lemma 2.5, s defines
a real character x; € Irr(S) of degree divisible by [S],/(¢" + 1). On the other hand,
S has a rank 3 permutation character with a rational irreducible constituent x, of degree
qg(g" + ("' = 1)/2(q — 1), cf. [27]. Now x1, x2, and the Steinberg character of § if
g = 2, cover S.

2. Assume § = PQ;I (g) with n > 4. The case of Q;(Z) can be checked directly using
[6], so we will assume (1, g) # (4, 2). It follows that there is a PPD r of qz”’2 — 1. If
n is even, then any semisimple element in GHF = pP(C 02; (g)°) is real by [28], and so
we can find a real semisimple element s € (G*)F " of order r. If n is odd, then any semi-
simple element in P2, _,(g) is real by [28], and so we can find a real semisimple element
s € PQy, ,(q) < (G*)F" of order r. Notice that any Sylow r-subgroup of P2, _,(q) is
cyclic and a Sylow subgroup for (G*)F" . In either case, IC(geyr ()] = (¢"~ "+ 1)(g +1) by
[23, Lemma 2.4]. By Lemma 2.5, s defines a real character x; € Irr(S) of degree divisible
by S|,/ (¢"" + 1)(g + 1). On the other hand, S has a rank 3 permutation character with a
rational irreducible constituent x of degree qz(an—z -1/ (q2 — 1), cf. [27]. Now x; and
X2 cover S.

3. Assume § = PQ, (q) withn > 4.1If n is even, then we can find a PPD r of qz" -1
and a semisimple element s € G9F Y= P(CO,,(q)°) of order r. Such an element s is
real by [28] (since n is even), and IC(g*)p* (s)] = (@" + 1) by [23, Lemma 2.4]. If n is odd,

2n—2

we can find a PPD r of ¢ — 1 and a semisimple element s € P, _,(g) of order r;

any such element s is real by [28] (since n — 1 is even). Since P2, ,(q) < (g*)F*, and
any Sylow r-subgroup of P, _,(g) is cyclic and a Sylow subgroup for (Q*)F*, we can
embed s in (G*)F"; furthermore, |Cigyr+ ()l = (""" +1)(g + 1) by [23, Lemma 2.4]. By
Lemma 2.5, s defines a real character x; € Irr(S). Next, S has a rank 3 permutation character
with rational irreducible constituents x» of degree qz(qz"_2 -1 /(q2 — 1) and x3 of degree
qg(g" + (g™ % = 1)/(g*> — 1), cf. [27]. Now x1, x2, and x3 cover S.

4. Assume S is of type Eg(g), resp. 2Eg(q). Then we can find a PPD r of ¢'> — 1, and a
semisimple element s € F4(q) of order r; any such element s is real by [28]. Since F1(g) <
(G"F" and any Sylow r-subgroup of F4(g) is cyclic and a Sylow subgroup for (G*)F 5
we can embed s in (g*)F*. Furthermore, |C(g*)1~‘* ()] = P12(q)P3(q), resp. P12(q)Ps(q)
by [23, Lemma 2.3]. By Lemma 2.5, s defines a real character x; € Irr(S). In p. 5 of the
proof of Theorem 2.1 we have shown that Irr(S) also contains a real unipotent character
X2: ¢20,2 of degree qzd>4(q)<1>5 (q)P3(q)P12(g) in the case of Ee(q), and ¢4,1 of degree
G2 D4(q)Ps(q)P10(q)P12(g) in the case of 2Eg(q). Clearly, x1 and x» cover S.

5. Assume S is of type G2(q), resp. Fa(q), E7(q), Es(q) with ¢ = pf. The cases
of G2(3) and G2(4) can be checked directly using [6], so we will assume that ¢ > 5 if
S = Gy(q). It follows that there exist a PPD r| of pmlf — 1 and a PPD r; of p’”z-f -1,
where (m1, my) = (6, 3), resp. (12, 8), (18, 14), (30, 24). Now we can find a semisimple
element s; € (G*)F * of order ri fori = 1, 2; such elements are real by [28]. Furthermore,
|C(g*)F* ()] = P, (g) or @y, (q)P2(q) by [23, Lemma 2.3]. By Lemma 2.5, s; defines a
real character x; € Irr(S). Now 1, x2, and the Steinberg character cover S.

6. Assume S = 3D4(q); in particular, every character of S is real by [28, Theorem 1.2].
There is a PPD r of ¢'2 — 1, and a semisimple element s of order r in (G*)F" ~ §; further-
more, |C(g*)F* (s)] = ®12(g) by [23, Lemma 2.3]. Hence by Lemma 2.5, s defines a real
character x; € Irr(S) of degree [S|, /®12(g). On the other hand, Irr(S) contains a unique
character y» of smallest degree g ®12(q), cf. [20]. Now x; and x» cover S.
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Assume S = 2F4(q)/. The case of 2F4(2)’ can be checked directly using [6], so we will
assume g > 8. It follows that there is a PPD r of q6 — 1, and a semisimple element s of
order r in (g*)F* =~ §. Such an element is real by [28]; furthermore, |C(g*)p* (s)] = Pe(q)
by [23, Lemma 2.3]. Hence by Lemma 2.5, s defines a real character x; € Irr(S) of degree
[S|,/Ps(g). On the other hand, Irr(S) contains a unique, hence rational, character x> of
third smallest degree g ®¢(q)P12(q), cf. [20]. Now x; and x2 cover S.

Assume S is of type 2By (q), resp. 2G2(g), with ¢ = p/ and f > 3 is odd. There exist a
PPD ry of p"™1/ — 1 and a PPD r; of p™2/ — 1, where (m1, m>) = (1, 4), resp. (1, 6). Now
we can find a semisimple element s; € (GHF * ~ § of order r; fori = 1, 2; such elements
are real by [28]. By [23, Lemma 2.3], |C(g*)F* (si)|=¢qg —1fori =1andqg =+ ,/pg+1 for
i = 2.By Lemma 2.5, s; defines a real character x; € Irr(S). Now x1, x2, and the Steinberg
character cover S.

Theorem 3.1 has been proved completely. O

4 Proof of Theorem A

We shall need the following result.

Lemma 4.1 Let G be a finite group and let N < G be with G /N of odd order. If x € Irryy (G),
then all irreducible constituents of xn are real-valued. If 6 € Irr(N) is real-valued, then
there exists a unique W € Irryy (G) over 6.

Proof The second part is [25, Corollary 2.2]. The first part is easier. If x € Irry(G) and
0 € Irr(N) lies under x, then & and 6 are G-conjugate by Clifford’s theorem. Thus 6% = 0
for some ¢ € G and g? stabilizes 6. Since (g2N) = (gN), it follows that g stabilizes 6.
Hence 6 = 6. m]

Recall that a 2-group P is of Chillag—Mann type if Irryy (P) = Irr (P /P (P)).

Theorem 4.2 Let G be a finite group and let P € Syl,(G). Then all x € Irry,(G) have odd
degree if and only if P < G of Chillag—Mann type.

Proof Suppose first that P < G and that all characters in Irry, (P) are linear. Let x € Irryy (G)
and let 6 € Irr(P) be under y, which we know by Lemma 4.1 that it is linear. Hence x (1)
divides |G : P| which is odd.

Now, we assume that every character in Irr, (G) has odd degree, and prove by induction
on |G|that P< G.If 1 < N« G, then Ity (G/N) C It (G), and by induction we have that
PN < G.Now, let 0 € Irry(PN). By Lemma 4.1, there exists x € Irry (G) over 6. Since
x has odd degree, 0 has odd degree. If PN < G, then P < PN by induction hypothesis,
and so P < G. Hence, we may assume that PN = G for every | < N < G. Arguing by
contradiction, we may assume that P # 1 is not normal in G. In particular, we deduce that
G has a unique minimal normal subgroup, say M.

Suppose first that M is abelian. Hence, M is an odd order normal subgroup of G and
G = M P. We also may assume that M > 1. In particular, Cp(M) = 1 because M is the
unique minimal normal subgroup of G. Since P # 1, we can choose an involution x € P.If
x fixes all Irr (M), then x fixes all conjugacy classes of M by Brauer’s lemma (6.32) of [15].
Since |M| is odd, it follows that [x, M] = 1, which is impossible. Therefore, there exists
A € Irr(M) such that 1 # v = A~'A*. Now, v® = . If T is the stabilizer of v in G and
n € Irr(T) is the canonical extension of v to T (see Corollary (6.28) of [15]), we have that
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n* = 7 because (7)* and n are two canonical extensions of v to T. Now, if x = n% € Irr(G),
then

X=m%=mH"=n"=yx.
Thus x is real and has odd degree. But |G/M| is a 2-power, so s is a multiple of v. Since
v* = v, this implies that v = ¥ and this is not possible (since v # 1).

Thus we may assume that M is a direct product of non-abelian simple groups which are
transitively permuted by P. Write M = S; x - - - x §,,, where each S; is simple non-abelian.
Now write S = Sj and let H = Ng(S). Since CG (S)NS = 1, iteasily follows that the group

= H/Cg(S) has a normal s1mple group S = SCy (S)/Cpg(S) such that CH(S) =1.
Slnce M C SCg(S), it follows that H/S is a 2-group. Hence, by Theorem 2.1 there exists

S € IrrrV(H) of even degree such that [§s, 15] = O when we inflate § to H. Let 1 # 6 € Irr(S)
be an irreducible constituent of 55 and let

Y =001, ® - ®lg, .

Notice that § lies over ¥. Now, let T be the inertia group of ¥ in G. We claim that T < H.
Perhaps, the easiest way to see this is the following. Let t € T, and notice that Ker(y) =
S> x ---x §,.Hence {9, ..., S,} is t-invariant, which implies that S is 7-invariant and so
t € H. Now, if £ is the Clifford correspondent of § over v/, then we have that £ € Irr(G).
Thus 8 is an irreducible real character of even degree, and this contradiction finally proves
that P < G. Finally, notice thatif @ € Irryy (P), then 0 lies under some irreducible x € Irry (G)
by Lemma 4.1. In particular, we deduce that every real irreducible character of P is linear.

O

5 The graph of real-valued characters

Let 'ty (G) be the prime graph on the set of the degrees of the irreducible real characters of
the group G. Namely, I'y (G) is the graph with vertex set

VG = |J mxy

x €lrrry (G)

and edge set

E(G) ={{p.q}|p #q. {p.q} S n(x(1)) for some x € Irry(G)} .

For a nonlinear x € Irry (G), we denote by Ag () the connected component of 'y (G)
that contains the set of vertices (x (1)). In the same way, if ¢ € V(G) we denote by Ag(g)
the connected component of I'yy (G) which ¢ belongs to.

Let n(I'n(G)) = {Ag(x) | x € Irry(G)}| be the number of connected components of
the graph I'ty (G).

Observe that if N < G, then I'ty(G/N) is a subgraph of I',y(G). If |G : N| is odd, then
by Lemma 4.1 also 'y (V) is a subgraph of 'ty (G).

We are now going to prove Theorem B. Observe that the bounds on the number of con-
nected components of 'y, (G) are sharp, as n(I'1,(53)) = 2 and n(I'yy (A5)) = 3.

Theorem 5.1 Let G be a finite group. Then

i) n(Cw(G)) <3;
(i) n(Tw(G)) <2if G is solvable.
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Proof Let G be a counterexample of minimal order. Then, n(I';y(G)) > 3 if G is solvable
and n(I'yy(G)) > 4 if G is non-solvable.

Let N be a maximal normal subgroup of G and assume that G/N is non-solvable. Then
G/N is a non-abelian simple group and V(G/N) = n(|G/N|) by Theorem 3.1(i). Observe
also that, by Theorem 3.1(ii), N # 1. Thus, n(I'ty(G/N)) < 3 < n(T'y(G)) and hence
there is a x € Irryy (G) such that Ag(x) N V(G/N) = @. Then (x(1), |G/N|) = 1 and
hence by [15, Corollary (11.29)] xn € Irrwy (N). Therefore, by [15, Corollary (6.17)] for any
Y € Ity (G/N), we have x ¢ € Irryy (G). Taking € Irry (G/N) with ¢ (1) # 1, it follows
that Ag(x) = Ag(x V) intersects nontrivially V(G /N), a contradiction.

Assume now that G/N is a cyclic group of prime order p # 2 for some N <« G.

As n(I'y(N)) < n(I'y(G)), there exists a x € Irry (G) such that Ag(x) N V(N) = 0.
By Lemma 4.1, then xy = Zle ¢; where each ¢; € Irry(N) is linear and nontrivial.
Hence K = Ker(x) < N and N/K is an elementary abelian 2-group, as |N : Ker(¢;)| = 2.
Take now ¢ € Irr(G) such that Ag(Y) # Ag(2) and Ag(Y¥) # Ag(p) (it exists as
n(I'w(G)) = 3). Then (¥ (1),|G/K|) = 1 and hence ¥x € Irr (K). Therefore, ¥ x €
Irryy (G) and, as p|x (1), it follows that A (¥) = Ag(x¥) = Ag(p), a contradiction.

We can finally assume that, |G/N| = 2 for every maximal normal subgroup N of G.

LetM = 02(G) and consider L < M, L normal in G, such that M/L is a chief factor of
G (observe that M is non-trivial).

We claim that there is a x € Irr, (G) such that Ag(x) N7 (|G/L|) = @. This is clear if
ML is solvable, since then 7 (|G/L|) = {2, ¢} for some prime ¢. If M /L is nonsolvable,
then M /L is a direct product of isomorphic non-abelian simple groups and, by Theorem 3.1
VIM/L) = x(|IM/L|) = w(|G/L]). But as n(T'y(M/L)) < 3 < n(I'w(G)), there is a
x € Iy (G) such that Ag(x) N V(M /L) = ¢ and the claim is proved.

In particular, (x (1), |G/L|) = 1 and hence x; € Irryy(L). Observe now that G /L has no
normal Sylow 2-subgroup, as otherwise there is a maximal normal subgroup N of G such
that |G/N| = |M/L| # 2. Therefore, by Theorem A there is a ¥ € Irr (G /L) such that
¥ (1) iseven. Since x ¥ € Irryy (G), it follows that Ag (x) = Ag(x ) intersects nontrivially
(|G /LJ), against the choice of x. ]

6 Real conjugacy classes

Recall that an element g of a finite group G is said to be real in G if there is an x € G such
that g—! = g*. In the following we denote by Re(G) the set of the real elements in G. A
conjugacy class g¢ = {g* | x € G} is said to be a real class when g is a real element of G
or, equivalently, when gG = (g_l)G.

Ithas been observed that the set of the sizes of the conjugacy classes of a finite group shows
strong similarities with the set of the degrees of the irreducible characters. Usually, results
for conjugacy classes are somewhat stronger and also easier to prove than the corresponding
results for character degrees.

This is the case for real classes and real characters as well. The following Theorem 6.1,
which is an analogue for conjugacy classes of Theorem A, does not require the use of the
classification of the finite simple groups.

Theorem 6.1 Let G be a finite group, and let P be a Sylow 2-subgroup of G. Then all real
classes of G have odd size if and only if P < G and Re(P) C Z(P).

We recall that the 2-groups P such that Re(P) C Z(P) have been studied by Chillag and
Mann in [5].
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We also have an analogue of Theorem B. Let I'*(G) be the prime graph on the set of the
sizes of the real conjugacy classes of G. Precisely, I'*(G) is the graph with vertex set

ViG) = |J w(gD

geRe(G)

and edge set

E'@) = {(p.a} | p #4. () < 7(1g%) for some g € Re(G)] .
Let us denote by n(I'*(G)) the number of connected components of the graph I'*(G).

Theorem 6.2 For any finite group G,
n(*(G)) < 2.

We start now working towards the proof of Theorems 6.1 and 6.2.

Lemma 6.3 (a) If x € Re(G) and |x%| is odd, then x* = 1.

() If x,y € Re(G), xy = yx and (|x9|, |yC|) = 1, then xy € Re(G). If further
(), 0(») = 1, then 7 (1x%) Un(Iy%) € w(|(xy)C ).

(c) Let M <« G be a 2-subgroup and let x € G be an element of odd order. If xM €
Re(G /M), then x € Re(G).

() If N < G and |G/N| is odd, then Re(G) = Re(N).
Proof (a) The inversion map, acting on the real class x©
Hence y = y~! forall y € x%.

(b) Let u, v € G such that x~! = x* and y~! = yV. Since [G : Cg(x)] and [G : Cg ()]
are coprime, then G = Cg (x)Cg(y) and we can write uv—! = a=1b for suitable a € Cg(x)
and b € Cg(y). It follows that

, must have at least a fixed point.

1 1 —-1,-1 au . .bv

(xy)_lzy_ X =T yT = ayt =yt = (oy)f

where ¢ = au = bv. Finally, if x and y have coprime orders, then Cg (xy) = Cg(x)NCg(y)
and hence 77(|(xy)“1) 2 7 (|x%) Um(Iy9)).

(c) This is a special case of the Lemma 2.2(d) in [24]. For reader’s convenience, we give a
proof of it anyway. Let g € G such that (x M)$ = x~' M and write H = (x). By the Frattini
argument, g normalizes some conjugate Hy of H in M H and hence g acts as the inversion
on Hy. It follows that Hy € Re(G) and then that x € Re(G).

(d) Let g € Re(G) and let x be an element of G such that g* = ¢~'. Observe that gN is
areal element of G/N and, since by (a) a group of odd order has no nontrivial real element,
it follows g € N. Consider now y = x™, where m = o(x)y is the 2'-part of the order of
x. Then g¥ = g~ ! and, as y is a 2-element, y € N, which implies that g € Re(N). Hence,
Re(G) € Re(N). The other inclusion is trivial. m}

We next describe the groups with no nontrivial real elements of odd order.

Proposition 6.4 The following are equivalent:

(a) Every nontrivial element in Re(G) has even order;
(b) Every element in Re(G) is a 2-element;
(¢) G has normal Sylow 2-subgroup.
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Proof Observing that powers of real elements are real as well, it is clear that (a) and (b) are
equivalent.

‘We show now that (a) implies (c). By Lemma 6.3(c), if (a) holds in G then alsoin G/ 0> (G)
there is no nontrivial real element of odd order. Working by induction on |G|, we can hence
assume that O2(G) = 1. Assume by contradiction that |G| is even and let x € G be an involu-
tion. For every g € G, the subgroup D = (x, x8) is dihedral and then D = Re(D) < Re(G)
and D is a 2-group. By a theorem of Baer, it follows that x € O2(G) = 1, a contradiction.

Finally, if G has a normal Sylow 2-subgroup P, then by Lemma 6.3(d) Re(G) = Re(P)
and hence (c) implies (b). ]

Proof of Theorem 6.1 Let P be a Sylow 2-subgroup of G.

Assume first that |gG| is odd for all g € Re(G). Then by Lemma 6.3(a) g2 = 1 for all
g € Re(G) and hence by Proposition 6.4 P is normal in G. Further, if g € Re(P) then clearly
g € Re(G) and hence g centralizes P.

Conversely, assume that P < G and that Re(P) € Z(P). By Lemma 6.3(d) Re(G) =
Re(P) and hence |gG| is odd for all g € Re(G). O

We now come to the proof of Theorem 6.2. For g € Re(G), ¢ ¢ Z(G), we denote by
AY(g) the connected component of I'*(G) that contains the set of vertices 7 (] 29)). In the
same way, if ¢ € V*(G) we denote by AF;(g) the connected component of I'*(G) which ¢
belongs to.

Proof of Theorem 6.2 Working by contradiction, let G be a group of minimal order such that
n(T'*(G)) = 3.

Assume first that there exists a nontrivial element of odd order x € Re(G). By taking
a suitable power, we can assume that o(x) = p with p an odd prime. By Lemma 6.3(a),
then AF (x) = A (2). Since n(I'*(G)) > 3, there is a connected component A* of I'*(G)
with A* £ A% (x) and A* # AF(p). Let y be a noncentral real element of G such that
A* = AF(y). Because 2 ¢ A¥, y is an involution. Further, as p ¢ A*, y commutes with a
Sylow p-subgroup of G and, up to conjugation, we can assume that x and y commute. Hence
by Lemma 6.3(b) we get the contradiction A7, (x) = AF(xy) = AG(Y).

Therefore, every real element in G is a 2-element and hence by Proposition 6.4 G has a
normal Sylow 2-subgroup P. In particular, by the Feit~-Thompson theorem G is solvable. Let
N be a maximal normal subgroup of G containing P. Then [G : N] = ¢ an odd prime and
Re(G) = Re(N) by Lemma 6.3(d). If x € Re(G), thenw(|x™|) € 7 (|xC|) € w(1xV)U{q}.

By minimality, n(I'*(N)) < 2 and this implies that a connected component of I'*(G)
must consist of the single prime g. Thus, if g € Re(G) and ¢ € (g%, then |gC] is a
g-power and g € Z(N). Further, g is an involution by Lemma 6.3(a).

Let Z = Z(P) <« G. As P lies in the kernel of the action of N on Z, we have the decom-
position Z = Cz(N) x [Z, N], with Cz(N), [Z, N] < G. Let x € G with A§(x) = {g}.
Thenx € ZN Cg(N) = Cz(N). Observe now that [Z, N] # 1, as otherwise every real
class of odd size would have g-power size and hence n(I'*(G)) < 2. Let y € [Z, N]
be an involution. Then y € Re(G) and (|xC|, [y©|) = 1, so by Lemma 6.3(b) it follows
xy € Re(G). Since x and y lie in normal subgroups of G which intersect trivially, we
have Cg(xy) = Cg(x) N Cg(y) and hence w(|(xy)C|) 2 7 (IxC|) U m(|yC|). This gives
AL (x) = AL (xy) = AG(y), a contradiction. O
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