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Abstract We consider three systems of Laguerre functions and their corresponding
heat diffusion semigroups. For the associate maximal operators, we give necessary and
sufficient conditions in order to obtain strong type, weak type and restricted weak type
(p,p), with respect to a power weight x%, for 1 < p < oco. We also obtain sufficient
conditions for more general weights.
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1 Introduction

For a given ¢ > —1, the Laguerre polynomials are defined by
1 d"
n! dxn
for x € (0,00). They form an orthogonal system with respect to the measure e ~*x* dx.
More precisely

e " x¥Ly(x) =

(e—xxn+a)

T o o vaq. Tk+a+1)
/Lk(x)L] (x)e x%dx = W kj-
0
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330 A. Chicco Ruiz, E. Harboure

Moreover, when properly normalized, they constitute a basis for L2(RT, e x* dx).
From this system of polynomials, three different sets of Laguerre functions may be
derived, namely

! 1/2
N QN a—t/2,0/2
Lo (x) = (F(n P 1)) L (x)e™/*x (1.1)
2n! 2 2\ —x2/2, 0+1/2 2 1/2
@ (X) = (m) Ly(x7)e™ Pyt = Ly (x7)(2x) / (1.2)
n! 172 5 2
60 = (rgamp) L0 =G =

which turn to be orthonormal basis for L2(R*) with respect to the Lebesgue measure,
in the two first cases, and with respect to x* dx, in the last one. Moreover, each of
these systems is the set of eigenfunctions of a second order differential operator L,
positive and self-adjoint with respect to the corresponding measure (dx or x* dx).
More precisely, those operators are

d2
L% = —x—s —

1 d2 1 1
2 DR SR OV
[aere vz (=-3)]

Y 4
d? X
L?— xdxz (Ol+1)d7+z
and the sequences of eigenvalues are
o5,
n
2 n=0

in each of the three cases.

Let us remind that in such situation, when we have that kind of differential oper-
ator, L, with a discrete set of eigenfunctions, say ¥, with eigenvalues 1,, expanding
L*(du), the heat-diffusion semigroup may be defined as

Tof = D (F-v) yne™™, >0

and u(x,t) = T;f(x) will supply, at least formally, a solution to the heat equation
associated to L with initial data f, namely,

[ a—u =—Lu
ot
u(x,0) = f(x)

Clearly, when f is, say, a finite linear combination of v, the semigroup admits the
expression

T () = / K2 )f)duG), >0 (14)
where
K@t x,y) =D e Y (x)¥n(y)

is the heat diffusion kernel.
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Weighted norm inequalities for heat-diffusion Laguerre’s semigroups 331

In our situation, there is a well known formula that allow us to find a suitable
expression for the corresponding kernels (see the beginning of Sect. 5).

As it is well known, the a.e. convergence of the solution to the initial data amounts
to study the behavior of the associate maximal operator

W*f(x) = su}g |Tf ()]
>

The aim of this paper is to establish weighted boundedness results of the maximal
operators related to the three systems of Laguerre functions on L? spaces. For each of
the systems, we give necessary and sufficient conditions on the exponent of a power
weight in order to get strong type, weak type or restricted weak type (p,p),1 < p < oc.
Also, as a consequence of our estimates, we are able to obtain sufficient conditions
to get strong type (p,p), 1 < p < oo, and weak type (1, 1), for more general type of
weights.

Stempak, in the pioneer work [16], provided answers to these kind of questions,
proving that for the unweighted case the corresponding maximal operators were
of weak type (1,1) for the systems of functions (1.1), (1.2) and (1.3) when o > 0,
a > —1/2 and @ > —1, respectively. He also shows that the integral expression (1.4)
gives in fact a C* solution to the corresponding heat equation when the data is in
LP(RT), for 1 < p < oo. Stempak’s results of the associate maximal operator were
later extended by Macias, Segovia and Torrea in [7] to the case of negative values of
the parameter « for the system (1.1). In [8] the authors continue their research about
the system {£%}, « > —1, providing a full description of the boundedness of W* with
power weights x?, assuming the exponent § to be grater than —1. This restriction seems
unnatural in the measure space (R, dx), where x° is a locally integrable function for
any real number §, since any compact subset stays away from zero. Nevertheless, we
use the underlying ideas and refine some of their estimates in order to majorize by
operators more related to the structure of R*. More precisely, our bounds turn out to
be in terms of a local maximal function on the “local” region x ~ y, modified Hardy
operators and maximal operators associated to the natural convolution in R on the
“global” region (see Sect. 3 for the precise definitions).

For the other two cases we do not need to go over to the same kind of estimates. We
rather use some appropriate changes of variables that allow us to transfer the point-
wise estimates already obtained for the first case to the other kernels. Such kind of
connection between the systems has also been exploited in [1]. For these last two sys-
tems, Nowak in [12] obtained some results including more general weights. However,
for the system {¢ }, the class he considers, A, (dx), does not depend on the parameter
a, as expected. We present some results in this direction at the end of the paper.

Finally, let us point out that questions related to convergence of these Laguerre
functions expansions have been considered by several authors. See for example [6,9,
10,12,16-21]. Recently, we become aware of some new results of Nowak and Sjogren
in [14] concerning the weak type (1,1) for the maximal operators associated to heat
diffusion semigroups for all Laguerre function systems in higher dimensions.

The organization of the paper is the following. In Sect. 2 we state our results
with power weights concerning the maximal heat operator for all of the three sys-
tems. In Sect. 3 we present some known facts about the operators we are going to
use to majorize the ones we are concerned with, while in Sect. 4 we establish and
prove boundedness properties on LP(R*,x% dx) for a general operator controlled by
a combination of the operators given in Sect. 3. In Sect. 5 we show that our maximal
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332 A. Chicco Ruiz, E. Harboure

operators satisfy all the requirements of the proposition given in Sect. 4, completing
the proof of the main results. Finally, in Sect. 6, we give sufficient conditions to obtain
some more general weighted inequalities for the three systems of Laguerre’s functions.

2 Statement of the results

Consider a measure space (E,du). For1 <p <ooand 1 < g < oo, the Lorentz space
LP-9(E,dpu) consists of all measurable functions f on (£, du) for which the quasi-norm

1/q
%0 11 dr
Flirasan = | (67 @ '] )7 a<eo 1)
supy.q [t (O1/P], q = oo,

is finite, where
np(0) = ulx € E: 1f ()] > 1)),
We also consider
L®(E,dp) = L(E,dp)
with
IflLooEauy = esssup|f].
The Lorentz spaces L7 4 satisfy, for 1 <p < oo,
LP e [PP s [P0 22)

and
LPP =P, (2.3)
with
1/p

Wl = / P du
E

For a sublinear operator Rand 1 < p < oo, we say that R is of strong type (p,p) on
(E,du) when
R:[P(E,du) — LP(E,du)
continuously. Also, we say that R is of weak type (p,p) on (E,duw) when
R:LP(E,du) — LP°°(E,dup)
and of restricted weak type (p,p) on (E,dw) when
R: LPYE,dp) — LP®(E,dw), (2.4)

continuously in both cases.

By (2.2) and (2.3), we have that strong type implies weak type, ant they are equiv-
alent when p = oco. Also, weak type implies restricted weak type, and they are equiv-
alent when p = 1. For that reason, in the statements of the theorems we consider the
weak type (1, 1) together with the restricted weak type results.

We note that in [4], R is defined to be of restricted weak type (p,p) when there
exists a positive constant C such that the inequality
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Weighted norm inequalities for heat-diffusion Laguerre’s semigroups 333

C
an = / FOP du

{xeE:|Rf(x)|>A} E
holds for any A > 0 and for all f characteristic functions of measurable sets. For R
linear, or sublinear and nonnegative, as is shown in Theorem 5.3, Chap. 5 of [4], this
definition is equivalent to the given in (2.4), which, by the way, is the definition of
weak type in [4].

We now state the main results of this paper.

Let {1/, } be any of the three systems of Laguerre functions given in (1.1), (1.2) and
(1.3) and consider the heat diffusion kernel

K(tx,y) = > e 5y, 0y, (),
n=0

the heat diffusion integral
[o.¢]
Ko = [ Kexnfo)dy
0

and the associate maximal operator

Wif(x) = sup IK'f ().
>
We have the following results:

Theorem 2.1 Let « > —1 and 1 < p < oo. Associated to the Laguerre system {L%}
given in (1.1), we have the following results:
For any t > 0, the heat diffusion integral K'-.f (x) is finite a.e. for all f € LP (R, x dx),
1 <p=ooifandonlyifs < (5+1)p—1,and forallf € LPY(RT, x8 dw), 1 <p <oo
ifand only if § < (5 4+ 1)p — 1.
Moreover, the associate maximal operator W*., satisfies:
(a) Forl<p<ooand$ < Sp+p —1, W}, is of strong type (p,p) on (R*, x% dx) if
and only if § > —5p — 1.
(b) Forall real 5, W, is of strong type (00, 00) on (R*, x% dx) if and only if a > 0.
(c) Forl<p<ooands < 5p+p—1, Wi is of weak type (p,p) on (RT,x% dx) if
and only if § > —5p — 1 whena # 0, or § > —1 when o = 0.
(d) Forl <p <ooand$ < 5p+p — 1, W}, is of restricted weak type (p,p) on
(RT,x% dx) if and only if § > —3p —1whena #0,0r8 > —1whena = 0.

Theorem 2.2 Let « > —1 and 1 < p < oo. Associated to the Laguerre system {p-}

given in (1.2), we have the following results:
Foranyt > 0, the heat diffusion integral Kfpaf(x) isfinite a.e. forallf € LP (RT,x° dx),

1 <p <o ifandonlyif§ < (o + %)p —1, and forall f € LP'(R*,x*dx), 1 < p < o,
if and only if § < (a + %)p -1
Moreover, the associate maximal operator W, satisfies:
(a) Forl<p<ooand$ < (a+ %)p—i—p—l, W(’;a is of strong type (p,p) on (R, x% dx)
if and only if § > —(a + %)p -1
(b) Forall real §, Wi is of strong type (00, 00) on (RT,x% dx) if and only if o > —%.
@ Springer



334 A. Chicco Ruiz, E. Harboure

(c) Forl<p<ooandd < (a+ %)p +p—1, Wi is of weak type (p,p) on (RT, x dx)
if and only if § > —(a + %)p — 1 when o # —%, ors§ > —1whena = —%.

(d) Forl<p<ooand$ < (¢ + %)p +p — 1, Wi is of restricted weak type (p,p)
on (R, x% dx) if and only if § > —(a + %)p — 1 when o # —%, oré > —1 when
@=L

Theorem 2.3 Let « > —1 and 1 < p < oo. Associated to the Laguerre system {£5}

given in (1.3), we have the following results:

For any t > 0, the heat diffusion integral K. f(x) is finite a.e. for all f € LP(R™,
Xx¥dx), 1 < p < oo, ifand only if § < (a + 1)p — 1, and for all f € LP'(RT,x*x* dx),
1<p<ooifandonlyifé < («+1)p—1

Moreover, the associate maximal operator Wy, satisfies:

(a) Forl <p<ooands < (a+1)(p—1), W}, is of strong type (p, p) on (R, x3x dx)
ifand only if § > —a — 1.

(b) Wy, is of strong type (00, 00) on (RT,xx¥ dx) for all real 8.

(c) Forl<p<ooands < (a+1)(p—1), Wy, is of weak type (p,p) on (R, x8x* dx)
ifand only if § > —a — 1.

(d) Forl<p<ooand$ < (a+1)(p—1), W}, is of restricted weak type (p,p) on
(RT,x°x¥ dx) if and only if § > —a — 1.

Remark 2.1 Let us note that the restrictions on § for the boundedness of the maximal
operator in Theorem 2.1 become natural after we observe that they are the exact con-
ditions for the Laguerre functions £ to belong to the L? (x? dx) spaces, 1 < p < oo, 0r
to the LP-1(x® dx) spaces, 1 < p < oo, for the restricted weak type case. In fact, since
L£2(x) ~ x*/2 when x — 0" and £%(x) ~ O(e~¢*) when x — oo (see [19, page 27]), LY
will belong to L”(x* dx) when 8 > —%p — 1 (¢ > 0 when p = 00) and to L7} (x dx)
when § > —5p — 1. Analogous observations hold for the systems {¢};} and {£;}.

3 Some preliminary results

In this section we introduce our basic operators which, as we shall show in Sect. 4,
majorize our maximal operators for some special values of the parameters. We state
as lemmas their boundedness properties on weighted L” and we either outline the
proof or else give a reference.

We also include some estimates on the behavior of the modified Bessel functions
which we will use frequently in Sect. 5 and also refer to a result of Landau needed in
Sect. 4.

Forg > —1landn > —1,let Hg and H), denote the modified Hardy Operators

H&U»:x*”{/f@wﬂm
0

Hf () = / Foy Tt dy,

for a measurable f defined on Rt and x € R™.
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Note that Holder’s inequality on Lorentz spaces implies that Hg f(x) is finite a.e.
for any f € LP(RT,x7dx) if 1 < p < ocandy < (B+ 1)p — 1, and for any f ¢
LPY R, xY dx)ifl <p <ooandy < (B+ 1p — 1.

Lemma 3.1 For Hg , we have

(@) Forl <p<ooify <Bp+p—1then Hg is of strong type (p,p) on R" with
measure x¥ dx.

(b) Forp = oo, Hg is of strong type (00, 00) on Rt with measure x¥ dx for any real y.

(c) Forp=1,ify < Bthen Hg is of weak type (1,1) with measure x? dx.

(d) Forl<p<ooify <Bp+p—1then Hg is of restricted weak type (p,p) with
measure xV dx.

Proof For (a) and (c), see Theorem A and Theorem 2, respectively, of [3]. Part (b)
holds since 8 > —1 and L*°((0,00),x¥dx) = L*°((0, 00), dx), with equality of norms.
For (d), it is enough to prove that Hg is of restricted weak type (p, p), with the mea-
sure x”dx, for p = (y + 1)/(B + 1). Let f € LP!(x"dx). Since p > 1 and g > —1
we have that 8 —y < 0 and y > —1. This implies that x#~7 ¢ LV (x¥ dx), where
p' = (y +1)/(y — B). Then, using Holder’s inequality we get

oo
Hpf (0] < x#71 / PO dy < x P F i rany 187771 e v any-
0

Itis an easy calculation to show that x#~! € LP*°(x¥dx) ifand onlyif y = Bp+p—1.
Thus, we get the desired inequality

IH) fllzrocoran < C IF N Lo oo -

Lemma 3.2 For H), we have

(a) Forl <p < oo ify > —np — 1 then HY, is of strong type (p,p) with measure
xVdx.

(b) Forp = oo, if n > 0 then HY, is of strong type (o0, 00) with measure x¥ dx for all
real y.

(c) Forp=1,if Y f;n_z 1, Z f 8 then H), is of weak type (1,1) with measure
xVdx.

Proof For (a) see Theorem B and for (c) see Theorems 4 and 5, all from [3]. Part (b)
holds just like Lemma 3.1.b, using this time that n > 0. O

Let us observe thatif y = —np — 1, with n £ 0 and 1 < p < oo, then HJ, is not
of weak type (p, p) with respect to the measure x¥ dx, as we may expect by the results
obtained in [8], with n = «/2. For this reason, we consider the slightly better operators
{1y }se(o,l) defined by

o0

TVf(x) = 2" / oG f )y dy,

X
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for some nonnegative function ¢ that satisfies

sup @(s,y) < 00, (3.1)
(5,)€(0,1)x (0,00)
o, 3)Y [l La(ro0) < 00 (32)
forany$,0 <s<1l,x>0and1 <¢g < o0, and
I d
sup / (5,7 = < 00 (3.3)
O<s<1 y

forany1 < g < oo. Observe thatif, for eachs € (0,1), ¢(s, y) is continuous and rapidly
decreasing at infinity, then (3.2) holds.

By (3.2), T{f(x) is finite a.e. for f € LP(R*,x?dx), for all p and all y.

T7, defined by

Tf(x) = sup |T{f(x)

O<s<l1

satisfies, by (3.1),
T'f(x) < CHL|f|(x) Vx € (0,00) (3.4)

and, by Holder’s inequality and (3.3),
T'f(x) < an”f”Lp(x—np—ldx)' (3.5)

Inequality (3.4) implies that all the HY, properties of Lemma 3.2 also hold for T7. By
(3.2), T" is of strong type (0o, c0) also when n = 0. Inequality (3.5) implies that T7 is
of weak type (p,p) with measure x¥dx, for y = —np — 1, when n # 0, since in that
case x7 belongs to LP->°(x¥ dx).

Examples of such functions ¢ are the ones we will use in Sect. 4:

o) = (2) e (3.6)

2\ € 2
(s.y) = (y?) e e, (3.7)

for some positive constants € and c. Therefore, we have obtained

or

Lemma 3.3 (About T7) Let n > —1. Then
(a) Forl <p <o ify > —np—1thenT" is of strong type (p, p) with measure x¥ dx.

(b) Forp = oo, if n = 0 then T" is of strong type (00, 00) with measure x¥ dx for all
real y.

(c) Forl <p < oo, if [ 4 ;;77171 1, Zfo then T" is of weak type (p,p) with
measure xV dx.

Local Maximal Function My . For ¥ > 1, the Local Maximal Function is defined
as

Mg f@) =~ sup o / If (1 dy

O<a<x<b<ka
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Definition 3.4 For 1 < p < oo, let Af oc denote the class of all nonnegative weights w
on (0, oo) satisfying

1
b P b '4
sup

1 _e
/a)(x)dx /a)(x) 1;’dx < 00
O<a<b<2a b—a

a a

when 1 < p < oo, and

v
1
sup /a)(x)dx ess supa)_l(x) < 0
O<a<b<2a b—a x€(a,b)

u

whenp = 1.

From Propositions 6.1 and 6.3 of [13], we have thatif w € Afoc then, for any « > 1,
My is of strong type (p,p) with measure w(x)dx ,if 1 < p < oo, and of weak type

loc
(1,1) with measure w (x)dx, for p = 1. Is not difficult to see that w(x) = x” € AP for

loc’
all real y,and 1 < p < oo. Therefore we have

Lemma 3.5 Letk > 1, then

(a) My, is of strong type (p,p) with measure x¥ dx for any real y and 1 < p < oo,

(b) M is of weak type (1,1) with measure x¥ dx for any real y.
We will also need the following results:

Lemma 3.6 (Estimates for I,) Let a > —1. If 1,(z) = i~ %Jy(iz) is the modified Bessel
function (where Jy is the usual Bessel function), then there exist two positive constants
cq and Cy such that

1. if0<z<1 then cuz% <1y(z) < Cyz®
2. ifz=1 then cye?z7 V2 <I,u(z) < Cue?z™1/?

For a proof see [5, p. 5, 86].

Lemma 3.7 (Landau) Let X be a Banach function space (see [4]) and g a measurable
function; then

/Igfldu<oo VieX
E

if and only if g belongs to the associate dual space X'.
For a proof, see [4, page 10].

Remark 3.1 The space LP-9(du), withl <p <ocoand1 < g <oo,0rp =g = 00, is
a Banach function space, and his associate dual space is L?"% (du), where 11; + % =1

and % + % = 1, and moreover

lgll(zr.ay = sup H/fg’ fe Lp’q] =gl p.a-
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4 A general result

Based on the results quoted in the previous section we establish sharp strong type,
weak type and restricted weak type (p, p) inequalities with respect to a power weight
for a general operator controlled by the operators of Lemmas 3.1, 3.3 and 3.5.

Proposition 4.1 Let {R;}sc; be a family of integral operators with nonnegative and
measurable kernels Rg(x,y) on (0,00) x (0,00). Let us assume that there exist constants
B> —1,n>—1,k > 1and C such that

Rf < C(Mfy f+Hif + T (4.1)

loc

for all s € I and for any nonnegative and measurable function f on (0, 00). Suppose
further that for some so € I there exists ¢ > 0 such that

Ry (x,y) > cx”y/3 (4.2)

forall (x,y) € (0,1) x (0,1).
Then we have

(1) Forl < p < oo, Ryf(x) is finite a.e. for any s € [ and for all f € LP(R™,x¥dx) if
andonly ify < (B+ 1)p —1

(i) Forl <p < oo, Ryf(x) is finite a.e. for any s € I and for all f € LP''(R*, xV dx) if
andonly ify < (B+ 1p — L

For the associate maximal operator

Rf(x) = sup |Rsf(x)]

sel

we have:

(a) Forl <p<ooandy < Bp+p — 1, Ris of strong type (p,p) on (RY,x¥dx) if
andonly if y > —np — 1

(b)  For any real y, R is of strong type (00, 00) on (R, x¥dx) if and only if n > 0.

(¢) Forl<p<oocandy < Bp+p—1, Risof weak type (p,p) on (R, x”dx) if and
onlyify > —np —1whenn #0,ory > —1 whenn =0.

(d) For1 <p <ooandy < Bp+p — 1, R is of restricted weak type (p,p) on
(RT,x”dx) if and only if y > —mp — 1 whenn # 0, or y > —1 when n = 0.

Proof From our assumptions on Ry, the sufficient conditions on the domain of R; for
any s € [ arise from the domain of each operator on the right hand side of inequal-
ity (4.1). Let us note that the domains of M* and T¢ contain all L”(R*,x"dx) for

loc
any value of y, and the domain of Hg contains LP(R*,x"dx) (or LP(RT, xVdx)) if
l<p<ooandy < (B+ 1)p — 1 (respectively,1 <p <occandy < (B+ 1)p —1).
For the necessary conditions in i) and ii), let assume first that Ry f(x) < oo a.e. for
all f € LP(R™,x”dx). Then, by (4.2)

1
/ FOIYF 7y dy < 00 43)
0
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for all f € LP((0,1),x"dx). Then, by Lemma 3.7 and the Remark 3.1 below, y#~7 ¢
LP'((0,1),x7dx). If 1 < p < oo, this means that

1
/y(ﬂfy)p’yy dy < o0
0

which implies (8 — y)p’ +y > —1 and hence y < (8 + 1)p — 1. For p = oo, this holds
for all y since g > —1.

Now assume that Ry f(x) < 0o a.e. for all f € LP!(R*,x7dx), with 1 < p < co. By
(4.2) we have that (4.3) holds for all f € LP1((0,1),x”dx) and therefore Lemma 3.7
gives

Y7 e LP°((0,1), x” dx)

which implies, for p = 1, that y < 8, and for 1 < p < oo, that

A / ydy < C, (4.4)
{ye(0,1):yf~7 >}

for all 2 > 0. We may assume 8 < y, otherwise, the inequality y < Sp + p — 1 holds
since 8 > —1 and p > 1. In this case

ye©1):yf7 > ) = (o,xﬁ) Vi > 1.
Then (4.4) implies

1
AB-Y

Ap’/yydygc V> 1

(=]

that is
AW FEHDENT < 0 v s 1,
and consequently

P+ +DB-yt<0

which givesy < p+p — 1.

Now, we consider the associate maximal operator R. The sufficient conditions for
the strong, weak and restricted weak type (p,p), 1 < p < oo, of this operator come
out from the hypothesis (4.1) together with Lemmas 3.1, 3.3 and 3.5.

Let us prove the necessary conditions.

Case (b) Let f = X @), then f € L®(R*,dx) = L®(R™,x"dx). Assume R is of
strong type (0o, 00) with measure x¥dx. Then
Rf € L®(R*,xdx) = L(R*, dx), which implies [}/, Ry, (x.y)dy < C
for a.e. x € RT. Therefore, hypothesis (4.2) gives

1

)c”/y’3 dy < Cforae.x e (0,1)

3
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and then
xT < Cfora.e.x € (0,1)
which implies n > 0.
For 1 < p < oo, consider again f = X3y} then

felPRT,x"dx), 1<p < oo,
and moreover

felPY@®RY xdy), 1<p<oo.
Also, by (4.2),

Ry f(X) = cx(0.1)(x0)x" (4.5)

for some positive constant c.
Case (a) Assume first that R is of strong type (p, p), with measure x¥dx, 1 < p < oo.
Then, Rf € LP (R, x” dx), which implies Ry, f € LP(R",x”dx), and by (4.5) we have

1
/ x"Px? dx < o0
0
which implies
y>-np—1

Cases (c) and (d) Suppose now that R is of weak type or restricted weak type (p, p)
with measure x¥dx, 1 < p < oo. In any case, (4.5) implies that x" € LP-*°((0, 1), x" dx),
and therefore

)Lp/xydeM Vi >0 (4.6)
Ej

for some constant M, where

E,={xe©1:x">xr}.
1
n

Suppose first > 0. Then E, = (A7,1) for all 0 < A < 1, and inequality (4.6) implies
1
)\p/x”deM VOo<i<l,

==

A
which gives
+1
W <M Vo< <l

From this we obtain the desired inequality y > —np — 1.
1
If » < Othen E; = (0,A7) for all » > 1 and (4.6) implies that

>
==

M [ x¥dx<M Vi>1,

o
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which gives

+1
WS <M VA > 1

and therefore y < —np — 1.
Finally, if n = 0, then E; = (0,1) for all0 < A <1 and we musthavey > —1. O

5 Proof of the theorems

Before proceeding with the proofs, let us consider the heat-diffusion kernel for the
first system of Laguerre’s functions,

X
Kea(t,x,y) = D e ™ Lo (0) L5 (7)
n=0

1
where 1, = n + %, fort > 0,0 < x < ooand 0 < y < oo. Following [7] or [8],

after performing a change in the parameter, the kernel can be written as

1—e/?
Kpo(t,x,y) = Wea (m,xa)’)

with

_¢? 2
Wea(s,x,y) = llise*%(ﬂ%)(ﬁy)]a (127S(xy)1/2) (5.1)
s

2 25

for0 <s <1,0 <x <ooand 0 < y < oo, where I,(z) = i~ *J4(iz) is the modified
Bessel function (J, being the usual Bessel function, see [5]). Therefore, the maximal
operator W¥., may be expressed in terms of W« (s,x,y) by

Wiaf(x) = sup / Wea (s, x, »)f (y)dy
0

O<s<1

Regarding the two other Laguerre’s systems, we can check that their kernels are
related to the above case since, by (1.2) and (1.3), we have

oo
Ky (1,,9) = D e ™ (g5 (1) = 200) K e (6,27, %)

n=0
and
[e.¢]
Kpa(t,x,y) = D e ™ ex ()i (y) = ()" Kpa(t,x,y).
n=0
. a+1. .
Again, A, = n+ in both cases. After performing the same change of parameters,

we arrive to

O<s<1

W) = sup | [ Woa(s. ) ()
0
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and
o0
Wiaf(x) = sup / W (s,, ) f (0)y* dy|
O<s<1 0

with

Woa (s,x,y) = 2(xy)1/2W[;a (s,x2,y2) (5.2)
and

Wi (s, x,y) = 2(xy)’°‘/2W£a (5,%,¥) (5.3)

for0 <s < 1.
We proceed now with the proof of the theorems of Sect. 2.

Proof of Theorem 2.1 Leta > —1. We will prove that the family of integral operators
corresponding to the kernels (5.1), where s € (0, 1), satisfies hypotheses (4.1) and (4.2)
of Proposition 4.1, with 8 = n = § and x = 16.

In order to obtain (4.2), let s) = +/2 — 1. Then 0 < 59 < 1 and % = 1. For

0<x<land0 <y < 1wehaveO < %(xy)l/2 < 1 which implies, by Lemma 3.6,
that the inequality

1-— So2 o
Iy (2—<xy)1/2) > ¢ (xy)*/?
S50

holds for some constant ¢. Also, for0 <x <1and0 < y < 1 we have

e—%(80+%)(x+y) > ¢,
and then
Wea(o,x,y) > ¢ (xy)*/?.

Now, we will obtain (4.1). Let f be a nonnegative and measurable function on R*.
Let denote with D,(x) the set {y € (0,00):0 < %(xy)l/2 < 1}. By Lemma 3.6, if

y € Ds(x) then
1—s2 1—s2\“
(=% 12y (175 o2
o ( F (xy) ) ( s ) (xy)
and if y ¢ Dg(x) then
1—s2 1—s2\ 2 12 12
L (T()‘y’m) - (T) (ry) Ve ',

Thus, if we denote with Wk, (s,x,y) and W2, (s,x,y) the restrictions of the kernel
W (s,x,y) to Dg(x) and to Ds(x)¢, respectively, from (5.1) we obtain

2

2s

a+1
W};a<s,x,y>~( ) (ry)?/2e ™3 D) (5.4)

and
1/2 1/2_y1/22

1— 2 s X
W%a(s,x,y)*v( ZSS) (xy)*1/4e7|x1/2+yl/2|2e" i (5.5)
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since

1 s 1
_,(s + )(x +y) + (xy)”2 TG A Hel e GRS

We consider separately three cases.
Local case: We fix 0 < s < 1 and 0 < x < 0o, and we consider those y such that
x/4 <y < 4x. Our aim is to obtain

/ Wz (s.x,)f )dy < CME, f(2) (56)
x/4

for some ¥ > 1 and some C > 0 only dependent of o. Observe that x/4 < y < 4x
implies that (xy)®/?> ~ x* and x + y ~ x. Therefore the kernel in (5.4) is bounded by

1 at+l o
Wﬁa(sxy)<C (s) e s,
Since o > —1, 1**le~ is bounded for all positive ¢, and we get
1 1
Wﬁa (S,x,y) < C},

consequently

4x 4x
1 1 /
/ Weels, 2, f)dy < € — 7 fydy

x/4 x/4
< CM;S f).

Consider now the kernel (in 5.5). For every integer k we define the disjoint sets

12 _ 12
By (x) = [y 12K < % < zkH} . (5.7)
A)

Let ko be the unique integer that satisfies
oko+3 ({)1/2 < pkot4
—\s
It is easy to check that for k < kg

By (x) = (ak,ar_11U [bx_1,bi)

with
ap = (V2 = 2222 b (/2 4 pkH21/2y2 (5.8)

From this expression is clear that ay ' x and by \( x when k — —o0. Also
x/4 <ay, <ax <x <bp <by, <4x
and

(akg»bry) \ () = | Br().
k<k0
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Consequently we may write

ax,
/ W2, (5,2, )f (y)dy = / W2, (5,2, )f )y
x/4 x/4
+>° / Wz (s,%,9)f ()dy
k<kop ()

+ / W (s,x,y)f (y)dy = 1+ 11 4 III
bko

If y € By (x) then from (5.5), (5.7) and since y ~ x, we get

C 722k
Wﬂa(s x,y) < G )1/2

Also from (5.8) we have that by — a; = 2%+4(sx)/2. Then we obtain

_22k

/ Wﬁ”‘(s X }’)f()’) y < (X)1/2 /f(Y)dy

By (x)
1 k
<Coke? 1 / Fo)dy
bi — ay
a,

92k
< C2ke 2 "MIE f(x).

The last inequality holds since by < 4x = 16(x/4) < 16ay and x € (ag, by). Using now
that

ad 2k
3 oke P o
—0o0

we obtain the desired estimate for II.
For I and III, we first check that

25 b
a —Xx < —Xx < by,.
ko = 1% < 167 = ko
Then if either y € (x/4,ay,) or y € (by,,4x), there is a positive constant ¢ such that
24122 .
e” & <e ¢

This estimate in (5.5), together with y ~ x, gives

ako
1/2
/Wza(s,x,y)f(y)dy < (;ﬁ) e e /f(y)dy
x/4 x/4
< CM5 ()
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and also

4x
/ Wla (s.x,9)f)dy < CMIS. £(x).

b,

Thus we have obtained the desired estimate (5.6) with k¥ = 16.
The other two cases are the global cases, at zero (when 0 < y < x/4) and at infinity
(when 4x < y < 00). In both situations we have

pl2oy2p

X Yy
e Iy <e ¢ e_dE

for some positive constants ¢ and d. Consequently we get
2

2s

a+1 ,
Wlﬁa (s,x,y) <C ( ) (xy)"‘/ze_‘%e_d? (5.9)

and "
1—s2 (1-+ - s
W2o(s.x0,y) < C —— (=2 @pl2)  e~cte a5, (5.10)
2s 2s

Global case at zero: We consider 0 < y < x/4. For the kernel W, (s, x, y) we have,
from (5.9), that

1 e
WEO‘(S,X,)’) = C ﬁxa/zya/ze s

_ Cx/2 1y ({)“*1 oCE
S

< C xfa/Zflya/Z’

since @ > —1. As for the kernel W%a (s,x,y), we consider first « > —1/2. In that case

1—s2 -2 1—s? *
(2—<xy)1/2) < (—(xy)l/z)
s 2s

since %(xy)l/ 2 > 1, and from (5.10) we have
1 x o
W%a(s,x,y) <C SaTxa/Zya/Ze 5 <Cux a/2 lyct/2'

Also, if —1 < o < —1/2, we have

1 x gy
2 < ~1/4,,~1/4—c* ,—d¥
Wia(s,x,y) < C s—l/zx y e “se

— Cxellyen (E)“/z”/“ e (X)—“/z—”“e_d%
S S

@l

(¢]

—a/2—-1 a/2

<Cx y

where the last inequality arises since both exponents «/2 + 3/4 and —«/2 — 1/4 are
positive.
Then, for both kernels, we obtain the same estimate leading to

Wea(s,x,y) < Cx~/271y/2,
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and we may conclude that
x/4
[ Westsxrnsondy = CHpo.
0

Global case at infinity: We consider 4x < y < oo. Analogously to the global case at
zero, from (5.9) and (5.10) we obtain

Wha(s,x,y) < Cx2y=/* g (s, y)
where
atl
P1(5,y) = (X) e,
K
and
Wha(s,x,y) < Cx*2y />l (s,y)
where

2(s,y) = (f)e e e,

with € = max{a + 1,a/2 + 3/4}. These estimates allow us to conclude that

2

/ Weo 5.2, 0)f ()dy < C Tf (),
4x

where the function ¢ involved in the last operator is ¢; + ¢, that clearly satisfies the
requirements asked in Sect. 3, as we remarked in (3.6). O

Remark 5.1 If we keep track of the factor 1 — s? in the above estimates of the kernel,
we would get that

[ Westxnfoidy = €= 5 (HEPFoo0 + Mg f + T ().
0

for all 0 < s < 1, where ¢ = min{o + 1,1/2}. From the change of parameters
s=(14e?)/(1 —e /%) we get that 1 — s? is equivalent to e /2. Thus, for all ¢ > 0,
we obtain

g 2 o
KLof (x) < Ce™'3 (Hg/ £(x) + ML f(x) + T /2f(x)).
Similar estimates for the semigroup were obtained in [7,16,8].

Proof of Theorem 2.2 We will prove that the family of integral operators with kernels
Wy (s,x,y), given by (5.2), satisfies the Proposition hypotheses (4.1) and (4.2) with
n=B=a+1/2andk =4.

In order to use the relationship (5.2), we will need some estimates obtained in the
proof of Theorem 2.1. More precisely, we will use that

Wea(v2 = 1,x,y) = C (xy)*/?, (5.11)
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for0<x<land0 <y < 1. Also

4x
/ Wea(s,x, )f()dy < CMS f(x), (5.12)
x/4

and for the global region
Wea(s,x,y) < Cx /2 1y0/2, (5.13)
with 0 <y < x/4 and
Wea(s,x,y) < Cx*/2y* /2 g (s, y), (5.14)

with 4x < y < oo, where ¢ is the sum of two functions like (3.6).
From relation (5.2) and inequality (5.11), we easily obtain

Wye (v2 —1,x,y) > Clxy)* /2

for0 <x < 1and 0 < y < 1. Thus, hypothesis (4.2) holds.

To obtain (4.1), let f a be nonnegative and measurable function on R*. We consider,
as in Theorem 2.1, three cases.

Local case: x/2 < y < 2x. From (5.2) we have

2x 2x
/ W (s,x, y)f (n)dy = 2x1/? / W e (s, 22, y)f ()y'/2dy.
x/2 x/2

If we introduce the change of variable z = y* we get

2

2x 4x

1
/ Wm(s,xz,yz)f(y)yl/zdyzi / Wea(s,x%, 2)g(2)dz,
x/2 x2/4

where g(z) = f(z!/?)z=1/4. Applying inequality (5.12) we obtain

2x
/ Wi (5,1, )f )y < Cx/2MIS g(x2).
x/2

Changing variables again we can see that

bl/Z
1
KM g(x?) = sup — / FO) ey dy
0<al/2<x<bl/2<4q41/2 b—a Un
a

Since
b—a= b +a1/2)(b1/2 — a2y ~ x (b2 — 412y
and (xy)l/2 ~ x, we have that

PMIE e(x?) < CME L f ().

loc
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Therefore,

2x
/ W (5,0, 0)f0)dy < CME_Fv).
x/2

Global case at zero: 0 < y < x/2.
Since 0 < y* < x?/4, we use relation (5.2) and inequality (5.13) to obtain

We(s,x,y) < Cx~@H/D=1yat1/2
for 0 <y < x/2. Thus we have

x/2
/ Wi (5,2, 0)f )dy < C HE ()

for any s € (0,1).
Global case at infinity: 2x < y < oco.
Analogously to previous case, and using inequality (5.14), we obtain

W,pﬂt (S,x,y) < CxO(-‘rl/Zy—(O(-‘rl/z)—l@(s’y)

for 0 <y < x/2, where ¢(s, y) is the sum of two functions of the form

for some positive constants € and c. Since those functions are like (3.7), we have that
o.¢]
[ Wearts.xpfondy = €T o
2x

Therefore, hypothesis (4.1) of Proposition 4.1 is satisfied with = 8 = « +1/2 and
k =16. O

Proof of Theorem 2.3 Proceeding in an analogous way to the proof of Theorem 2.2,
using this time (5.3), it is easy to check that the family of integral operators with
kernels Wy (s, x,y), where s € (0,1), satisfies hypotheses (4.1) and (4.2) with n = 0,
B = «a and k = 16. Therefore, we obtain the desired results if we replace y by § + « in
Proposition 4.1. O

6 General weighted inequalities
In the previous section we have bounded our maximal operators by modified Hardy

operators and the local maximal function pointwisely; more precisely, we have
obtained (omitting constants):

fe S HYP +MIS + HE, (6.1)
1 1
Wi SHp'? + M} +He 2, (6.2)
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and
Wie S HS + M8 +HY. (6.3)

loc

In fact, we have shown a little bit stronger estimates, using the operator T" instead
of HX,. But, by (3.4), the above inequalities also hold. The reason for this choice is that
now we will restrict our results to strong type (p,p) and weak type (1,1) inequalities,
and in such cases the operators HZ, and T7 behave in the same way (see Lemmas 3.2
and 3.3).

For the operator My, the class Af oc 2iven in Definition 3.4 provides a characteriza-
tion of weights that gives strong type (p,p), for 1 < p < oo, and weak type (1,1). For
the operators Hg and H),, with > —1 and 8 > —1, such characterization of weights
is also known. More precisely, we quote the following facts from [3], Theorems A, B,
2,5 and 4, respectively:

Hg is of strong type (p,p), 1 < p < oo, with respect to w(x)dx if and only if

00 1/p r ) 1/p’
sup /w(x)x’p(’sﬂ)dx /w(x)f%x”/’sdx <00 (6.4)

r>0
0

HZ, is of strong type (p,p), 1 < p < oo, with respect to w (x)dx if and only if

r Up /o , 1/’
sup /u)(x)xp”dx /a)(x)_%x_”/(”l)dx < 00 (6.5)

r>0
r

Hg is of weak type (1,1) with respect to w(x)dx if and only if

o0

sup / (;)6 wx)x P dx (ess supw(x)_lxﬂ) < 00 (6.6)

r>0 xe(0,r)

for some € > 0.
— HY is of weak type (1, 1) with respect to w(x)dx if and only if

,
X\ € 1
sup / =) x"w(x)dx | { esssup ———— | < o0 (6.7)
r>0 ) (r) xe(r,00) x')-‘r]w(x)
for some positive €, when n > 0, or
[ 1
sup " /a)(x)dx esssup———— | < o0 (6.8)
r>0 xe(r,00) x”*lw(x)

0

when —1 < <0.
We consider the following class of weights.

Definition 6.1 Letn > —1 and 8 > —1 such thatn+ 8 > —1. For 1 < p < oo, we say
that a nonnegative weight w belongs to class Ag’ﬁ if there exists a constant C such that
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b 117 b , /% b
/w(x)xp"dx /w(x)f%xp/ﬂdx < C/x"*ﬁdx
a a a

forall0 <a < b < .

Forp =1, wesay thatw € A'l”3 if there exist positive constants C and y such that
b b
Y
/ (g + f) w()x"dx | esssupw(x)"Ixf < C /x'7+ﬂdx
X b xe(a,b)
a a
when n # 0, or
b b
/w(x)dx ess supw(x)’lxﬁ <C [ xPdx
g x€(a,b) g

whenn =0, forall0 <a <b < 0.

Similar classes of weights were introduced in [2]. Note that the power weights that
belong to AZ’ﬁ are exactly the ones that satisfy the sufficient conditions of Proposition
4.1(a)ifl < p < coand (d)if p = 1, in order to obtain strong type (p, p) and weak type
(1,1), respectively. Indeed, w(x) = e Ag’ﬂ ifandonlyif -1 —np <§<pBp+p—1
whenl <p <oo,—1—n<8§<pBwhenp=1landn#0,or—1<§<pBwhenp=1
and n = 0. In this more general setting, we have the following results.

Theorem 6.1 Leta > —1,1 <p <ocoand w € Ag/z’a/z. Then W7, is of strong type
(p,p) for p > 1 and of weak type (1,1) on (R, w(x)dx).

1grl
Theorem 6.2 Leta > —1,1 <p <ococand w € AZ+2’Q+2. Then W, is of strong type

(p,p) for p > 1 and of weak type (1,1) on (R*, w(x)dx).

Theorem 6.3 Let @« > —1, 1 < p < 00 and w(x)x* € Ag’“ (or equivalently v €
Ap(x*dx)). Then W}, is of strong type (p,p) for p > 1 and of weak type (1,1) on
(RT, w(x)x*dx).

We shall prove the three Theorems simultaneously.

Proof We will prove that if w € A}Z’ﬁ then w satisfies the required conditions for the
boundedness of the operators My, Hg and H),. Then, estimates (6.1), (6.2) and (6.3)
would imply the conclusions.

Letw € AZ”S. It is immediate to check that w € Afoc, 1<p<oo,sincex~a~b
on local intervals (a,b), where 0 < a < x < b < 2a.

Next, assume 1 < p < oo. We will prove that w satisfies (6.4) and (6.5). Note that
w e AZ’ﬂ is equivalent to say w (x)x*"""7F ¢ Ap (x"*#dx). Then, from the theory of Ay
weights, we know that o (x)x?"~7# € A,(x""#dx), for some 1 < q < p. This, together
with Holder’s inequality, give

b b ql b q
/ w(x)xP"dx < / U(x)dx) ~ ( / xPdx (6.9)

a a a

forall0 <a < b < oo, with v(x) = (w(x)xpn_”_ﬂ)_% xtP,
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Let r > 0. Breaking the integral into dyadic intervals, using (6.9) and that (0,r) C
O, r2k) for any k£ > 0, we obtain

o0 p2k+1

ad —p+B+1)
/a)(x)x_p(ﬂﬂ)dx <C z (er) P / (xX)xP" dx

r k=0 0

r
(g—p)(n+p+1)
(er) P /v(x)dx

0

9
q

A
QO
Iy

,
< Cr_p(""'ﬂ"‘])/w(x)x”p dx,
0

where the last inequality arises since 3" 2K@-P)1+A+D ~ oo Therefore, using again
that w € Ag’ﬂ ,

o0 % r , i/
/w(x)x_p(ﬁ+1)dx /w(x)_%xp’ﬁdx <C
r 0

holds for all r > 0. Thus, condition (6.4) is satisfied.
On the other hand let us note that also

(w(x)xP1=1=F)" v € Ay (xTPdx), for some ¢’ < p’. Then we have

/

b b / T b ¢
,IL/ / rq
/w(x) ? xPP dx /(w(x)xpﬂ*nfﬂ)pqr X Bdx ~ /x"*ﬁdx
a a a

forall0 < a < b < co. We proceed analogously as we did before to obtain (6.5).
Consider now p = 1. In order to prove that (6.6), (6.7) (if n > 0) and (6.8)
(if =1 < n < 0) hold, we will use the following facts:

Ifwe A;”’S then we have

b~P essinf w(x) <C essmf w@)x P (6.10)
xe(b/2,b) xe(a,
and
a" 1 essinf w(x) < C essmf w()c)x’7+1 (6.11)
xe(a,2a) xe(b/2,

for all positive a and b such that b > 2a.
Indeed,

b
essmf a)(x) <C, b7 1/(g)yw(x)x”dx

xe(b/2,
b/2
for any y > 0. From Definition 6.9 we have
b
X\ B+n+1 agqi -B
(7) wX)xTdx < CbPTT essinf w(x)x
b x€(a,2a)

a
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for some y > 0if n # 0 and y = 0 when n = 0; then we get (6.10). Inequality (6.11)
arises in a similar way.
We will prove now (6.6). Let r > 0 and € > 0, then

00 0o 2k+1r
€
/(1) w@x T dr < €S 27k ! / w()dx.
x k=0
r - 2ky

Since w satisfies the A}DC condition and (6.10) holds, we have that for any k € Ny
2k+1,

(2]‘r)”3’1 / wx)dx < C(Zkr)*ﬂ essinf  w(x)
) xekr2k+1p)
2kr

< C ess infa)(x)x_ﬁ
xe(s,2s)

for any 0 < s < r. Then, since € > 0 we get
o0
\¢ —p-1 - B
(7) w(X)x dx < C essinf w(x)x
X xe(0,r)

r

and condition (6.6) is satisfied.
In order to prove (6.7), we write

r 2k

/ (2) wexrdr=c iz*’“ (2’ / o (@)dx.
k=0

0 2—k—1
Using (6.11) and the Alloc condition we have

r2—k

(rz—k)'7 / w@)dx < C essinf )x'!
x€e(s/2,s)
r2—k-1

for any s > r and any k € Ny. Then we get

r

/ (E)6 w(X)x"dx < C essinf a)(x)JC'H_1
P

xe(r,00)
0

and condition (6.7) is satisfied for all  and in particular for n > 0.

For —1 < n < 0 we have, since w € A}DC, that

r oo
/a)(x)dx <C ZrZ_k essinf  w(x).
=0 xe(r2=k=1,2-k)
5 —
By (6.11), for all s > r we have
r o0
" dx<C 2kn inf n+l
r / w(x)dx < (Z )xeesg ES) w(x)x
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which implies

r

r”/a)(x)dx < C essinf w(x)x"!
x€(r,00)
0

since n < 0. Thus, (6.8) holds for —1 < n < 0.

To prove that the above inequality also holds for n = 0, consider r > 0. For a.e.

x € (r, 00), there exists some k € Ny such that x € (#2%, 725+1). Then

—B-1
o)l < (rzk) esssup w(y) " 1yP
ye(0,r2k+1)
. -1
C /w(x)dx

0

IA

where the last inequality holds by Definition 6.9. Finally, taking ess sup over (7, c0) we
obtain (6.8) for n = 0. O
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