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Abstract Based on the construction of the discriminant algebra of an even-ranked quadratic
form and Rost’s method of shifting quadratic algebras, we give an explicit rational construc-
tion of the discriminant algebra of finite-rank algebras and, more generally, of quadratic trace
modules, over arbitrary commutative rings. The discriminant algebra is a tensor functor with
values in quadratic algebras, and a symmetric tensor functor with values in quadratic algebras
with parity. The automorphism group of a separable quadratic trace module is a smooth, but
in general not reductive, group scheme admitting a Dickson type homomorphism into the
constant group scheme Z.

Introduction

Consider an étale algebra E over a commutative ring k which is projective of rank r as a
k-module. The discriminant of E is the bilinear form §g on A" E given by

SEI A AXp, YT A Ay) =det (T(xiy))),

where T (x) denotes the trace of left multiplication L(x) by x. A finer invariant is the discri-
minant algebra of E, a quadratic algebra for which various definitions have been proposed
in the literature. For example, Revoy [14] uses Galois theory while Waterhouse [16] gives a
cohomological definition. For the case » = 3, Rost [15] constructs the discriminant algebra of
E as a shift of the discriminant algebra of a suitable quadratic form. In [5], Deligne sketches
an approach which uses sophisticated algebraic—geometric methods and is quite different
from the more elementary one presented here.

The present paper combines Rost’s idea and the theory developed in [12] to give a new
construction of the discriminant algebra offering the following features:

— Itis rational over the base ring k in the sense that no extensions of k are required.
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468 0. Loos

— Itis constructive: If E/k - 1 is free as a k-module then the discriminant algebra is a free
quadratic algebra k[t]/ (t2 — bt + c), and we give explicit formulae for the coefficients
b, c as polynomials in the structure constants of E.

— It works in greater generality: The assumption that E be étale is superfluous; in fact, E
need not even be an algebra. Our construction makes sense in the following more general
situation:

It is a simple but crucial observation that the discriminant of E (and, as it turns out, the
discriminant algebra as well) depends only on the unit element, the trace and the quadratic
trace, i.e., the quadratic form Q(x) = trace /\2 L(x). Abstracting from their properties, we
define a quadratic trace module of rank r > 1 as a quadruple X = (X, Q, T, 1) consisting
of a projective k-module X of rank r, a linear and a quadratic form 7 and Q on X and a
unimodular vector 1 € X satisfying

ray=r, 0)= (;) B(l,x) = (r = DT (x)

for all x € X, where B is the polar form of Q. The zero module is considered as a quadratic
trace module as well. Not all quadratic trace modules arise from an algebra, as soon as r > 3.

We construct a discriminant algebra Dis(X) for such X as follows. Consider the bilinear
form Ax(x,y) = T(x)T(y) — B(x,y) on X. Put §x = A" Ax and note that §p = 8%
in the algebra case. First assume r = 2n even. Then Dis(X) is defined as the shift of the
discriminant algebra ©(Q) of Q by D" n /2] §x (this choice of shift comes from the
requirement that the discriminant of Dis(X) should be §x). If r = 2n + 1 is odd, the discri-
minant algebra © (Q) is a graded quadratic algebra of odd type which can only be separable
if 2 is a unit in k. On the other hand, quadratic trace modules admit natural direct sums, so
we define Dis(X) = Dis(¢; & X) where &; = (k, 0, Id, 1) is the unique quadratic trace
module of rank 1. We also give an alternative construction of Dis(X¥) in the odd rank case as
a shift of the discriminant algebra of a suitable quadratic form on X /k - 1, which generalizes
Rost’s definition in the rank three case (Theorem 3.8).

Quadratic trace modules form a symmetric tensor category qtm, with the direct sum as
the product operation. Likewise, quadratic algebras admit a natural product OJ with which
they are a symmetric tensor category qa,. We show in Theorem 6.5 that the discriminant
algebra functor is multiplicative:

Dis(X; @ X») = Dis(¥;) O Dis(X»),

and in Theorem 6.6 that it is in fact a tensor functor. However, Dis is not a symmetric ten-
sor functor, i.e., it does not commute with the symmetries of qtm,, and ga,, as foreseen by
Deligne [5]. To remedy this defect, one must keep track of the parity of the rank of X when
passing to the discriminant algebra. (For the discriminant algebra ©(¢) of a quadratic module
(M, g) this is automatic because D (q) is a graded algebra of even or odd type depending
on the parity of the rank of M). We are thus led to introduce the category qa, of quadratic
algebras with parity whose objects are pairs (D, p) consisting of a quadratic k-algebra D
and an idempotent p € k. They, too, form a symmetric tensor category, and the extended
functor

Dis(X) = (Dis(X), tk(X) (mod 2))

is a symmetric tensor functor from qtm;, to qa; (Theorem 7.7).
A quadratic trace module is called separable if Ax is non-singular. This is the case if and
only if there exists a faithfully flat and étale k-algebra R such that X ® R is isomorphic to
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the split quadratic trace module of rank r (Theorem 8.8). In the last two sections we study
the automorphism group G of a separable quadratic trace module and show first that it is a
smooth group scheme of fibre dimension (rgl) (Theorem 9.3), which admits a Dickson type
homomorphism into the constant group scheme Z, (Theorem 9.7). As an application, we
show in 9.10 that our construction, when applied to an étale algebra, yields a concrete real-
ization of Waterhouse’s abstract approach. The centre of G is determined in Theorem 10.5;
it is an open subgroup scheme of Z, resp. p,, depending on the parity of r. Finally, we
study the restriction homomorphism from G to the orthogonal group of the quadratic form
induced by Q on the submodule of trace zero elements (Theorems 10.8 and 10.9) and obtain
necessary and sufficient conditions for G to be reductive.

1. Basics

1.1. Definition. We work over an arbitrary commutative ring k and denote the category of
commutative associative unital k-algebras by k-alg. Unadorned tensor products are taken
over k.

A quadratic trace module of rank r > 1 over k is a quadruple X = (X, Q, T, 1) consisting
of a finitely generated and projective k-module X of rank r, a quadratic form Q with polar
form B, a linear form 7', called the trace, and a unimodular vector 1x = 1 € X, the unit
element or base point, satisfying the conditions

T()=r, Q)= (;) B(l,x) = (r — DT(x) (1.1.1)

for all x € X. The zero module, with the only possible choices of Q, T and 1, is also consid-
ered as a quadratic trace module. Morphisms between quadratic trace modules of the same
rank are k-linear maps preserving quadratic forms, trace forms and base points. We do not
allow morphisms between quadratic trace modules of different rank.

It is also possible to consider quadratic trace modules of variable rank. Then » = rk(X):
Spec(k) — N is a locally constant function, and (1.1.1) has to be interpreted in an obvious
way. However, by decomposing the base ring according to the values of r, it is no great
restriction to assume r constant. The category of quadratic trace modules over k is denoted
qtm,,.

We let

X:=X/k-1 and x> %

denote the quotient of X by k - 1 and the canonical map X — X. For r > 1 there is a canonical
isomorphism

r—1 r
AXx = Ax (1.1.2)

givenby Xy A+ AX,1 > LAXI A - AXp.
The discriminant form of X is the symmetric bilinear form A = Ax on X given by

Ax,y) =Tx)T(y) — B(x, y). (1.1.3)

Note that
Ax,)=rT(x)—(r—-—1T(x) =T(x). (1.1.4)
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1.2. Special cases. (a) The split quadratic trace module of rank r overkis &, := (K", Q,, T,,
1,) where k" = EB;:l k - e; in the standard basis, 1, = e; + --- + ¢, and T, and Q, are the
first and second elementary symmetric polynomials in r variables:

T(Zr:x,-e,-) = Zr:x,-, Q(Zr:x,-e,-) = Z XiXj.
i=1 i=1 i=1

1<i<j<r

Here A(e;, ej) = 8;j so A is the standard scalar product on k".

(b) The only quadratic trace modules of rank O resp. 1 are ¢y = ({0}, 0,0, 0) and &| =
(k, 0, Idg, 1).

(c) Let X be a quadratic trace module of rank 2. Then (1.1.1) shows that X is entirely
determined by X, Q and 1. Hence the quadratic trace modules of rank 2 are precisely the
unital quadratic forms of rank 2 as in [11].

1.3. Algebras. Let A be a k-algebra with multiplication xy = L, (y), which is finitely gen-
erated and projective of rank r as a k-module, and which has a left unit element 1 4. We make
no assumptions on associativity or commutativity of A. Then A determines a quadratic trace
module

X=qt(A)=(A, Q,T,14) where T(x)=tr(Ly), Q(x)=qtr(Ly). (1.3.1)

Here qtr(f) = tr( /\2 f) is the trace of the second exterior power of an endomorphism f of
A. This may also be expressed by saying that 7'(x) and Q(x) are the coefficients of t and t2
in the polynomial det(Id 4 tL,).

If A is associative and 14 is the (two-sided) unit element of A, then

A(x,y) =T(xy) (1.3.2)

which follows from associativity and the well-known relation tr( f)tr(g) = tr(f o g) +
qtr(f, g) for the trace and quadratic trace of endomorphisms. Here qtr( f, g) denotes the
polar form of the quadratic form qtr( f).

Not every quadratic trace module comes from an associative algebra via (1.3.1) unless
r < 2, see next section. Indeed, (1.3.2) says that the discriminant form must factor via T'.
Using this fact, it is easy to give examples of quadratic trace modules of rank >3 which
are not obtained from an associative algebra. Also, qt(A) does not depend functorially on A
because a homomorphism of algebras (even of the same rank) in general does not respect the
trace and quadratic trace forms.

1.4. Quadratic algebras. Suppose X = (X, O, T, 1) is a quadratic trace module of rank
2. By the proof of [11, Prop. 1.6], there is a unique algebra structure D on X such that
qt(D) = X. Then Q and T are just the usual norm and trace of D. This yields a functor
F from quadratic trace modules of rank 2 to quadratic algebras, i.e., unital algebras which
are finitely generated and projective of rank 2 as k-modules. Such algebras are automatically
associative and commutative. However, F' is not an isomorphism of categories (contrary to the
erroneous statement of [11, Prop. 1.6]), because algebra homomorphisms between quadratic
algebras need not preserve norms and traces. We therefore introduce the category qa; whose
objects are quadratic k-algebras and whose morphisms are those algebra homomorphisms
D — D’ which preserve norms and traces; equivalently, which commute with the standard
involutions of D and D’. Then the assignment D > qt(D) is an isomorphism between qa;,
and the category of quadratic trace modules of rank 2, with inverse F.
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Discriminant algebras 471

1.5. Direct sums. The direct sum of quadratic trace modules X and X’ is X" = (X &
X, 0", T",1®1) where

T"x@x)=Tx)+T'(x), 0"x®x)=0x)+ Q0 &)+TxXT'(x'). (1.5.1)

Thus the quadratic form Q" is not simply the orthogonal sum of Q and Q’ but nearly so,
because the difference between Q” and Q L Q' is just the product of two linear forms. The
properties (1.1.1) for Q" are easily verified. It is also straightforward to check that with the
direct sum operation, qtm; becomes a symmetric tensor category, with neutral object ¢y and
the interchange of factors w: X @ X’ — X’ @ X as symmetry.

Direct sums commute with the assignment A +— qt(A) described in 1.3, and from (1.1.3)
one sees that the discriminant form satisfies

Axgx = Ax L Ay, (1.5.2)
the usual orthogonal sum of bilinear forms. The split quadratic trace module &, is just the

direct sum of r copies of €.

1.6. Tensor products. The tensor product of quadratic trace modules X and X’ is X" =
(X®X',0",T" 1® 1) where

T"=T®T, 0'=T?0 +0T7T%-00. (1.6.1)

Here T @ T" is the linear form x @ x’ — T (x)T’(x’) on X ® X', and T® the bilinear form on
X given by T® (x, y) = T (x)T (y). Tensor products between bilinear forms and quadratic
forms are defined as usual, see, e.g., [13] or [11, 2.1]. Again, tensor products are compatible
with the assignment A — qt(A) of 1.3.

1.7. Remarks. Ifr € k* then X decomposes X = k-1@KerT and Q = ((})) L (Q|KerT).
Thus in this case the category of quadratic trace modules of rank r is equivalent to the cat-
egory of quadratic modules of rank r — 1. If r — 1 € kX then T(x) = (r — DB, x)
is determined by Q, and the category of quadratic trace modules of rank r is equivalent to
the category of quadratic modules of rank » with a unimodular base point 1 which satisfies
o) = (;) In general, however, it does not seem possible to base the theory of quadratic
trace modules on the quadratic form Q alone.

2. Discriminants

2.1. Definition. Let X = (X, Q, T, 1) be a quadratic trace module of rank r. The discrimi-
nant of X is the bilinear form

sx = /\ Ax @2.1.1)

on A" X, where Ax is the discriminant form of (1.1.3). For r < 1, we have A" X = k and
8x is just multiplication in k. If X = qt(A) comes from an associative algebra A as in 1.3,
then it is clear from (1.3.2) that §x = §4, the usual discriminant of A, defined by

SAGI A AXp, YIA - Ayy) =det (T(xiy))). (2.1.2)
We also note that the discriminant is multiplicative with respect to direct sums:

dxpx = 0x ® dx/ (2.1.3)
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(tensor product of bilinear forms) after identifying (A" X) ® (/\’/ X’y and /\r+’/(X ® X
by &€ ® n — & A n. This follows easily from (1.5.2).

We next express the (signed) discriminant §p of Q in terms of §x. The transpose of a
matrix A with entries in k is denoted A T.

2.2. Lemma. Let X be a quadratic trace module of rankr = m+1 and let xy, ..., x, € X.
Weputé§ = 1 AXI A ANXp, vV = (T(xl), e, T(xm)) € k™ (row vector) and D =
(B(xi, x;)) € Maty, (k). Then

8x(£.&) = det (Urr UTUU_ D) = (=) - det (m:)T g) Q2.1
If r = 2n is even the discriminant of Q is given by
So= (D" —1sx={1+4-(=1)""n/2]} 6x (2.22)
while it is
8o =(—1"ndx (2.2.3)
ifr =2n+ 1isodd.

Remark With the convention that the discriminant of the zero quadratic form on the zero
module is just ordinary multiplication on k, formula (2.2.2) holds also for r = 0.

Proof The firstequation of (2.2.1) is immediate from the definitions. For the second, multiply
the first row formally by v " and subtract from the second row. This yields

r v . r v o 1yn . r v
det (UT ‘L)Tl) _ D) = det (—mUT —D) = ( 1) det (mUT D) .

If r = 2n is even, 8¢ is (—1)" times the 2n-th exterior power of the polar form B of Q. By
(1.1.1), B, 1) =2(5) = rm and B(1, x;) = mT (x;). Hence,

o q\n rm.omv\ _ r v
80(&,&) = (—1)" det (mvT D) =m (—1)" det (mUT )
Since (—1)™ = (—=1)2"~1 = —1, we have the first formula of (2.2.2), and the second follows
from the observation that
=D)"'2en—1) =14+4-(=D)""|n/2]. (2.2.4)
Nextletr = 2n + 1 be odd and let U be the upper triangular matrix with entries u#;; = Q(x;)
and u;; = B(x;, xj). Then U + UT =Dso by (11.3.5) and (2.2.1),
i rn 2nvY g rn_ nv\ _ o
80,6 = (-1 hdet(o i ) = (—1)" det (mUT D) = (=1)"n6x (5. ),

because now (—1)" = (=1)%* = 1.

2.3..Lemma. Let X be of odd rank r = 2n + 1. There is a well-defined quadratic form 0
on X given by ]
O0() =nT(x)* = rQ(x) = ndx(x,x) — Q(x), (2.3.1)

forall x € X. The polar form B of Q is
B(x, v) =2nT(x)T(y) —rB(x,y) =2nAx(x,y) — B(x, y). 2.3.2)
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Define @ (n) by the equation
D"+ D =144 (D) @ (). 233)
Then @ (n) € N, and the discriminant of Qis given by
8o =(=1" 28 = {1+4-(-D)"@®n)}ox. (2.3.4)
where we identify \" X and \" "' X as in (1.1.2).

Proof It follows easily from (1.1.1) that Q is a well-defined quadratic form on X, and (2.3.2)
is immediate from (1.1.3). It is elementary to check that @ (n) € N.

For the proof of (2.3.4) let X1, ... X, € X wherem = r — 1 = 2n and puté =1 Ax A
- AXxpmand n = X1 A -+ A Xp. Then, with v and D as in Lemma 2.2,

8. m) = (=1)"det (— (rD —2nv'v)) (by (2.3.2))
= (—1)"F2npm=1 et (m:F 1‘;) (by (11.3.3))

= (=" H(=1)"6x(&,£) (by 22.1)).

This is the asserted formula (2.3.4) since (—1)" = 1.

2.4. Restriction to and extension from complements of 1. Let X = (X, Q,7,1) be a
quadratic trace module of rank r > 1 and fix a decomposition X = k - 1 & M (which always
exists because 1 is a unimodular vector). Let

q:=0Q|M, t:=T|M. (24.1)

Then Q and T can be reconstructed from ¢ and ¢ by the formulas

Ol ®x) = Az(;) + A0 — D) +g(x), (2.4.2)
TO1®x) = Ar+1(x). (2.4.3)

Conversely, it easy to see that, given a quadratic form ¢ and a linear form 7 on M, these for-
mulas determine a quadratic trace module (X, Q, T, 1). Thus it must be possible to express
invariants of X by means of (g, t). We do this later for the discriminant §x (5.2) and the
discriminant algebra Dis(X) (5.3, 5.4). Note, however, that (¢, t) depend on the choice of

complement M. Putting this on a more formal basis amounts to a systematic study of the
e can g . .

splittings of the exact sequence ) — k — X — X — 0, equivalently, of linear forms

o on X with (1) = 1 (unital linear forms), as was done in [11] for unital quadratic forms.

It is possible to develop the theory of the discriminant algebra in this way, but the proof

of independence of the choice of splitting becomes rather complicated. Nevertheless, this

approach will lead to effective computations of Dis(X) in Sect. 5.

The following easily established lemma will be useful to reduce proofs to characteristic
Ze10:

2.5. Lemma. Let X be a quadratic trace module with X free, say with basis X1, ..., X

where m = r — 1. Then also X is free with basis 1x, x1, ..., xm. Consider the polynomial
ring R = Z[t;, a;j : 1 <i < j <m]andthe quadruple X' := (X', Q', T, 1') where X' is the
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free R-module with basis 1, x{, ..., x,, and Q" and T' are the quadratic and linear form
givenby Q'(1) = (4), T'(I') = r, and

Q' (x)) = ayj, B’(x{,x;-) =a;; (i <j), B, x)=F—-Dt, T'x)=t.

Then X' is a quadratic trace module by 2.4, and the ring homomorphism R — k mapping
ti = T(x;), a;; = Q(x;), a;j — B(x;, xj) (i < j) induces an isomorphism

¥ ®rk — X

of quadratic trace modules.

3. The discriminant algebra

As noted in 1.4, quadratic algebras (with morphisms respecting the involutions) are the same
as quadratic trace modules of rank 2. Let D be a quadratic k-algebra, with unit 1 = 1p, trace
Tp, involution op(x) = —x 4+ Tp(x) - 1 and norm (=quadratic trace) Np. We denote the
canonical map p: D — D = D/k - 1 by x +— x. The construction in (a) of the following
lemma is due to Rost [15].

3.1. Lemma. (a) Let ¢ be a bilinear form on D. Then the k-module D becomes a new
quadratic algebra with the same unit element, but with multiplication

x*ky=xy—e(x,y)-1, 3.1.1)
called the shift (“Verschiebung”) of D with respect to € and denoted by
D +e.

Obviously,
(D+¢€1)+e =D+ (g1 + ). (3.1.2)

The involution and the trace and norm forms of D + € are
op+s =0p, Tpie =Tp, Npye(x) = Np(x)+e(x, X). (3.1.3)

The discriminant of D + ¢ is
Spye = 8p — 4de. (3.1.4)

(b) Conversely, let D and D' be quadratic algebras with the same underlying
k-module, unit element and trace. Then D' is a shift of D.

(c) Suppose ¥ : D — D’ is a morphism of quadratzc algebras and ¢ and &' are bilinear
Sforms on Dand D', respecnvely If the induced map w D— D satisfies &' o (1// X W) =e¢,
theny: D+ ¢ — D' + ¢’ is again a morphism of quadratic algebras.

Proof (a)Itis clear that (3.1.1) defines the structure of a quadratic algebra D’ on D with unit
1p = 1p. Since

xxx =x—g(, %) 1=Tpk)x — (Np(x) +&(¥, %)) -1 = Tp(x)x — Npr(x) - 1,
we have (3.1.3). In (3.1.4), we identify /\1 D=D= /\2 D viax — 1 Ax and thus consider
the discriminant as a bilinear form on D. Then

2 T(x)

5069 =16y 1)
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SO

R T (x) . . ..
SD+€(x7y)_ T(y) T(xy)—Zs(x,y) —SD(%)’) 4E(xsy)'

(b) Denoting the multiplication in D and D’ by xy and x * y, respectively, xy — x * y
depends only on x and y, because D and D’ have the same unit element. Thus 8(x, y) :=
p(xy — x % y) is a bilinear form on D. Since D and D’ have the same trace, it follows that
Bx,x) = p(x2 —X*xX)= p((N’(x) —Nx)) - 1) = 0. Hence f is an alternating form on
the rank one module D and therefore vanishes. It follows that xy—x*xy=c¢g(x,y)-lisa
multiple of 1.

(¢) This is immediate from the definitions.

3.2. Free quadratic algebras. Let D be a quadratic algebra whose underlying k-module is
free. Then there exists a basis of the form {1, z} of D [8, p. 14, Exercise 3], so 2 =bz—cl
where b,c € k,or D = k[t]/(t2 — bt + ¢). We write this as

D=(b:cl.
Note that the algebra D does not determine b and ¢ uniquely; rather, we have
b:c= : '] < b =ub+2xr, ¢ =p’c+iub+2r%

for some A € k, u € k*. This corresponds to changing the basis of D to 1 and 7/ = A1+ uz.
The split quadratic algebrais 7 := ((1 : 0 ]], often identified with k£ x k by mapping z to the
first standard basis vector e; of k. The algebra of dual numbers is (O : 0 ]]. The discriminant

of (b:cllis
e = b* — 4. (3.2.1)

It D = (b : c]lis a free quadratic algebra, we identify D=D /k - 1 canonically with k
via A € k — Az € D. Then a bilinear form & on D is just a scalar e € k, and the shift of D
by e is

b:cll+e=(b:c+ell. 3.2.2)

3.3. The discriminant algebra of a quadratic form. We recall from [12] the construction
of the discriminant algebra ©(q) of a quadratic module (M, ¢) of even rank 2n.

Let first M be free with basis xi, ..., x2,, and let A be a 2n x 2n-matrix such that
ajj = q(x;) and a;j +aj; = b(x;, x;) where b is the polar form of g. Then D(q) is (isomor-
phic to) the free quadratic algebra

D(g) = (PFA—AT): (=)' qdet(A) ]

where Pf denotes the Pfaffian and qdet the quarter-determinant, cf. 11.1. A more intrinsic
construction which works for arbitrary M goes as follows.

Let a, a’ be alternating bilinear forms on M. The n-th Pfaffian power of a is the linear
form 7, (a) on L := \>" M defined by

7 (a)(§) = Pf(a(xi, x;)), (3.3.1)

where & = x1 A --- A xp, € L. Let t be an indeterminate and define I1,,(t, a, a’) by
ma(a +ta) = m,(a) +tT,(t, a, a). (3.3.2)
A representative of q is a bilinear form f such that f(x, x) = g(x) for all x € M, which

we also express as ¢ = [f], thus identifying quadratic forms with equivalence classes of
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bilinear forms modulo alternating forms. For representatives f, g of ¢ define linear forms on
L by
=y (f— 1), ke i=T(=2, f—fT, f—g), (33.3)
where f T (x,y) = f(y, x). Then
2fg =Tf — Tg, Kfg+Kgh =Kfh. 3.3.4)

There is a unique bilinear form y on L satisfying

€. €)= (=1)"Mqdet(f (x;, x))), (3.3.5)

where qdet is the quarter-determinant, see 11.1. Now D := ©(q) is, as a k-module, generated
by 1 and symbols s ¢ (&), linear in § € L, subject to the relations

sp(E) —sg(8) = xpg(§) - 1, (3.3.6)
where f and g run over all representatives of ¢g. There is an exact sequence

0——k——s3D—L5L—0

where p(s¢(§)) = &. Trace and norm, and hence the algebra structure of D, are determined
by
Tp(sp§)) =t5(E), Np(sr(§)) =vr§,86). (3.3.7)

3.4. Definition. Let X be a quadratic trace module of rank r. If » = 2n, the discriminant
algebra of X is the shift

Dis(X) := D(Q) + (=" 'n/2] -8x (r =2n), (34.1)

where |n/2] is the integer part of n/2. If r = 2n+1is odd, it would not do to define Dis(X) as
a shift of the discriminant algebra of Q, because this would yield a graded quadratic algebra
of odd type which cannot be separable unless 2 is a unit of k. Therefore, we define

Dis(X) :=Dis(¢1 & X) (r=2n+1), (34.2)

cf. 1.2(b) and 1.5. Let A be an associative commutative k-algebra which is projective of rank
r as a k-module. Then we define the discriminant algebra of A as the discriminant algebra
of the associated quadratic trace module qt(A), thus

Dis(A) := Dis(qt(A)). (3.4.3)

Clearly, Dis(X) is compatible with arbitrary base change because this is so for the discrimi-
nant algebra of a quadratic form. It depends functorially on X with respect to morphisms of
quadratic trace modules. Indeed, consider first the even rank case. A morphism ¢: X' — X
of quadratic trace modules is in particular a similitude between the quadratic forms Q’ and
Q. By [12, Theorem 2.3(b)], we have an induced homomorphism D (¢): D(Q") — D(Q),

given by 1 +— 1 and
spr(f)(E) > s (( A\e) (5)) : (3.4.4)

for all representatives f of Q and & € A" X’. Here ¢*(f) = f o (¢ x @) is the pullback of
f to X'. The discriminant forms A’ and A of X’ and X are related by ¢p*(A) = A’, whence
Sxo(N\ ¢ x A\ @) = 8x.By3.1(c), the module homomorphism D (¢) is in fact a morphism
Dis(p) : Dis(X’) — Dis(X) of quadratic algebras. The odd rank case is similar.
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3.5. Special cases. For » = 0 we have a natural isomorphism

>~

©o:1=kxk —> Dis(€). (3.5.1)

Indeed, by (3.4.1), Dis(€p) = ©(0) is the discriminant algebra of the zero quadratic form on
the zero module {0}. Since the Pfaffian and the quarter-determinant of an empty matrix are
1 and 0, respectively, and /\O{O} =k, we have ©(0) = k - 1 ® k - s9(1;) with the relation
s0(1x)? = so(14), and we obtain (3.5.1) by mapping e; — so(1x).

For r = 2, Dis(X) = ©(Q) is clear from (3.4.1). On the other hand, X = qt(D) is, by
1.4, the quadratic trace module determined by a quadratic algebra D. There is a canonical
isomorphism

®=dp:D — Dis(D) (3.5.2)

of quadratic algebras as follows. Specializing 3.3 to the present situation, ® (Q) is presented
as a k-module by generators 1 and sy (x A y) where f runs over all representatives of Q,
with relations s 7 (x A y) — sg(x Ay) = Kyg(x Ay) -1, where g is another representative
of Q. Since r = 2, we have ko (x Ay) = f(x,y) — g(x, y). Hence there is a k-module
homomorphism @: D — ©(Q) given by

d()=1 and &)= f(x,1)-14sp(1Ax). (3.5.3)

A straightforward computation shows that @ is an isomorphism of algebras.

In particular, let D = I =k - e @ k - e2 be the split quadratic algebra so that qt(/) = €.
Let Nj(keq @ pes) = Au be its norm form and fy the bilinear form with matrix ((1) 8) which
represents Nj. Then 1 A e; = (e; + e2) Aep = —e; A ey and fo(er, 1) = 0. Hence @y is
given by

Dy 1 i) Dis(&3), @r(e)) = —sp (e Aea). (3.5.4)
Finally, for r = 1 we have X = € and ¢| @ X = ¢&;, s0 3.4.2 and (3.5.4) yield
Dis(¢;) = 1, 3.5.5)

the split quadratic algebra.

We now show that our definitions give the correct discriminants and the expected result
in the split case. Consistency with Rost’s definition in case » = 3 will be proved in 3.8, and
with Waterhouse’s approach in case of étale algebras in 9.10.

3.6. Lemma. The discriminant of Dis(X) is §x.

Proof By [12, Th. 2.3(d)], the discriminant of ©(g), where ¢ is any quadratic form on an
even-ranked module, is the signed discriminant &, of g. If rk(X) = 2n is even,

Spisx) = 80 — 4 (=" [n/2)8x = (—1)"_1{2n —1—4(n/2]}8x = 5%,
by (3.1.4), (2.2.2), and (2.2.4). If rtk(X) = 2n + 1 is odd, we have similarly
dpis(x) = Opis(¢10%) = 0¢,;0x = d¢; ® 8x = 0x

by (2.1.3), since §¢, is simply the bilinear form (A, ;) — Ap on k.
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3.7. The split case. Let A be the algebra k" =k -e; @ --- D k - e, with component-wise
operations, and &, = qt(A) the associated split quadratic trace module over k as in 1.2 and
1.3, s0 T and Q are given by

T(e)=1, Qe)=0, Blei,ej)=1 @ #}]).

In view of the definition of the discriminant algebra in the odd rank case and since &; @
Eont1 = Expyo, it suffices to compute Dis(&y,). Let £ := e; A -+- A ez, and let f be
the bilinear form on k2" whose matrix with respect to the standard basis is the strict upper
triangular matrix U,, with 1 above the diagonal. Then f represents Q, so ©(Q) is the free
k-algebra with basis 1 and z := s¢(§) and the relation 2= tr(§)z — yr(,8)1, see 3.3.
From (11.2.4) and (11.2.5) it follows that 77(§) = Pf(Uz, — UzTn) = land yr(§,8) =
(—=1)""lqdet(Us,) = (—1)"|n/2]. Hence ©(Q) is the free quadratic algebra

D(Q) = (1: (=1)"[n/2] 1.
Since Ag, (e;, e;) = 8;;, we have 8¢,, (€, &) = 1, s0 by (3.2.2),
Dis(¢*") = (1: (=1)"[n/2] + (=" '[n/2) T = (1: 0] =k x k,
the split quadratic algebra.

3.8. Theorem. Let X be a quadratic trace module of odd rank r = 2n + 1 and let Q and
@ (n) be as in 2.3. Then there is a natural isomorphism

p:D(Q)+ (—)"m (m)sx —» Dis(X)
of quadratic algebras as follows: Identify N" X = N*"' X = NP (k - ) @ X) via
E=XI A Akmb>E:=1x AXI A AXmb>E:=el Alx AX| A=+ A Xom.
For a bilinear form f on X representing 0, let f be the bilinear form on X given by
Fay) ==f03) +nAlx, ),
and let f be the bilinear form on X:=k- e1 @ X defined by
fOer ®x, per ®y) = AT () + f(x, ).

Then p is givenby 1 — 1 and sy (&) — (—1)”sfc(§) —ntp€) -1

Remark For r = 3 we have in particular Dis(X) = @(Q) + (—8%). This is Rost’s definition
[15] of the discriminant algebra of a cubic étale algebra.

Proof Let g be a second representative of O and define g and g as earlier. We first show that

T5(6) = @n+ D(=D)"17 (), (3.8.1)
k7o) = @n+ D(=D"k (&) (3.8.2)
Indeed, let v = (T(x Dyeens T(xzn)) € k*" and let F and G be the square matrices of size

2n with entries f(x;, x;) and g(X;, x;), respectively. Then, with the notations introduced in
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3.3, it follows from the definition of f and from (11.6.1) that

N A~ ~ n 0 r v
Tt (f = T+t =) E =P [ —r 0 0
T 0 FT—F+tG—F)

0
=r-(=D" -1, (f = fT+t(f — ). (3.8.3)

Now (3.8.1) and (3.8.2) follow from (3.8.3), (3.3.2) and (3.3.3) by comparing coefficients at
powers of t.

— Pf (_Or r) (=)' -Pf(F = FT +4(F — G))

From the definition of Q and f it is immediate that f is a representative of Q, and
hence f is a representative of Q, the quadratic form of ¢; @ X. Let us put D’ := ©(Q)
and D := ©(Q). There is a module isomorphism p: D’ — D sending 1 to 1 and s (&) to
(— 1)”sz (é) —ntys(&)-1.Indeed, by the defining relations (3.3.6), the equation Ty — 7, = 2k r¢

~

(cf. (3.3.4)) and (3.8.2), pis Well—deﬁned. Since p induces the isomorphism & — (—1)"&
on the quotients D’ = D’/k-1and D = D/k - 1, itis a module isomorphism. Furthermore,
0 preserves traces:

Tp(p(sr (D) = Tp((=1)"s &) —ntp(§) - 1) = (=1)"73() = 2n7(§)
= Q2n+1-2n)17(&) (by 3.8.1)) = Tpy(s7(&)).

By Lemma 3.1(b), this already proves that D is isomorphic to a shift of D’. To determine
this shift, we must compute the behaviour of the norms of D" and D under p. We claim that

A A 1 ~ o~
v €. 8 = v € &)+l + Drp 2 + (- 1" ’w(n) - == ] 5xE.5). (384

Afterlocalization, it suffices to prove this in case X is free, and by Lemma 2.5, we may assume
that £ has no 2-torsion. We show that four times (3.8.4) holds. Indeed, since the discriminant
of the discriminant algebra of a quadratic form g with representative f is §; = ‘L'% —dyy

[12, 1.7] we have, using (3.8.1) in the second formula,

8y(E. &) =17(6)° —4y(£, ), (3.8.5)
85 6) = Cn+ 1Ptp(6) —4y;E.5). (3.8.6)
On the other hand, by (2.3.4) and (2.2.2),
5p(E.8) = (1 +4(=1)"wm)sxE. &), (3.8.7)
PN 1 A
§p(.8) = (1 +4(—1)”L%J) 85(5.8). (3.8.8)

By (2.1.3), we have 8x (€, &) = 84 (€, £). Now (3.8.4) follows by equating the difference
SQ(S, &) — 8é(§, é) computed from (3.8.5) — (3.8.6) and (3.8.7) — (3.8.8) and cancelling

the factor 4.
Let D" = D'+ (—1)"w (n)dx, andput w := s(§) and 0 := (—1)”sf.(§) for short. Then
Npr(w) = yr(€,6) + (=D)'w (n)dx (£, &),
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while, because of (3.8.1),
Np(p(w)) = Np (b — ntp(€)1) = Np () — nTp(@)7s () + n’rs(§)*
=y G5 —n(=D"t; Gt &) + 0’1 () =y, E) —nin+ D6

The image of p(w) = w —ntp(§) - lin Dis (—1)”2,;. Hence

Npisx) (p(w)) = Np (p(w)) + (=1)"[(n + 1)/2/85 (£, §)
=y E 8 —ni+ D1y + D"+ 1/2)85 €. )
=yrE &)+ (=1)"mm)sx(E, ) (by (3.84)) = Npr(w).

Since p preserves the traces of D’ and D, hence also those of their shifts D” and Dis(X),
it follows that p: D” — Dis(X) preserves norms and traces, hence is an isomorphism of
quadratic algebras. It remains to show naturality of p which is left to the reader.

4. Quadratic-linear modules

4.1. Definition. It will be useful to have the following non-unital version of quadratic trace
modules. A quadratic-linear module is a triple M = (M, g, t) consisting of a finitely gen-
erated and projective k-module M and a quadratic form ¢ and a linear form 7 on M. Mor-
phisms are defined in the obvious way. Just like quadratic trace modules, quadratic-linear
modules form a symmetric tensor category with the following direct sum operation. Let
M; = (M;, gi, t;) be quadratic-linear modules, denote by #; @ , and #1#, the linear resp.
quadratic form on M| @& M, given by

(1 ®12)(x1 @ x2) = 11(x1) +12(x2), (t112)(x1 B x2) = 1 (x1)2(x2),
and by g1 L g5 the usual orthogonal sum of g; and g on M| & M;. Then
M @My := (M1 @ Ma, (g1 L q2)+t1t2, 11 ©12).

There is an obvious forgetful functor from quadratic trace modules to quadratic-linear mod-
ules sending X = (X, Q, T, 1) to (X, Q, T). It is compatible with the direct sum operation.
In the opposite direction, there is a functor from quadratic-linear modules to quadratic trace
modules given by the construction of 2.4.

Let (M, g, t) be a quadratic-linear module of rank r. We define (M, ¢, NE=(ME, g1, 1)
as the quadratic-linear module of rank » + 1 where

MP=koM, ¢ Odx)=rax)+qkx), fFO®x)=r+1(x).

(The notation ¢* is incomplete because ¢° depends on g and on t.) Of course, this is just the
direct sum of (k, 0, Idg) and (M, ¢, t). This assignment becomes a functor ff from quadratic-
linear modules of rank r to those of rank r + 1 by defining, for a morphism ¢: 9t — 90,
the morphism ¢%: M — M by L D x > 1 B @(x).

4.2. Bilinear-linear modules. Replacing the quadratic form g above by a bilinear form, we
also consider triples (M, f, t) consisting of a finitely generated and projective k-module M,
a bilinear form f and a linear form ¢ on M, called bilinear-linear modules or bl-modules.
For them as well, we define a direct sum operation by

(My, fi,11) ® (M2, f2, 1) = (M1 © M2, fi2, t1 ® 1),

@ Springer



Discriminant algebras 481

where
=1L ARA+u®n. 4.2.1)

Here f1 L f> is the usual orthogonal sum of f; and f3, and #; ® #, denotes the bilinear form
on M| & M, given by

(1 @ 0)(x1 B x2, y1 @ y2) = t1(x1)t2(y2).

With this operation, bl-modules form a tensor category. In particular, after identifying the
k-modules (M1 & M) & M3 and M| & (M> & M3), we have the associativity law

(ol A+ )@ =11 f3)+1& " e1n). 4.2.2)

However, bl-modules do not form a symmetric nor even braided tensor category. The reason
lies in the asymmetry of the definition of #; ® , above. This definition is of course not canon-
ical; for instance, it would have been equally possible to put (1| ® t2)(x; @ x2, y1 ® y2) =
H(yDn(x2).

There is a tensor functor from bl-modules to quadratic-linear modules givenby (M, f, t) —
(M, [f],t) (where [ f] denotes the quadratic form x +— f(x, x)). In particular, this means
that if f; is a representative of ¢; then fi; is a representative of (q1 L ¢2) + t11.

Just as before, we define (M, f, 1‘)jj =k M, fﬁ, tﬁ) where

ffo@x, pn@y) =rO) + fx,y), FA@x)=r+1(x).

This is the same as the direct sum of the 1-dimensional bl-module ¢y := (k, 0, Id;) and
(M, f,t). Note that the n-fold direct sum ¢y @ --- @ ey is (K", Uy, (1,..., 1)) where we
identify bilinear and linear forms on k" with n x n-matrices and row vectors, respectively,
and U, is the strict upper triangular matrix with 1 above the diagonal.

4.3. Notation. 'Let M; = (M;, gi, t;) be qual_dratic-linear'modules of rank r; and put L; =
N M. ForxV . xD e My tets = x0 Ao A x) € LiLet M = My @ M and
identify

r

Li®L —» Li=/\M

via &l @ & > & = & A &. Incase M = (k, 0,1dy) and My = M, we identify \" M =
NI MibyE =xi A Ax, > £ = 1 AE.

For representatives f; of g; we introduce the square matrices F; = ( fi (xﬁi), xl(i))) of size
r; x ri and the row vectors x() = (T; (xii)), e T,-(xr(ii))) € k", and put x := x and
y := x@_ Then the matrices of f’ := f; L f> and f := f' 4 11 ® 1o with respect to the

(1)
Y
,_(F1 0 _ (P xTy
F_(0 P and F = 0 P )
4.4. Lemma. LetM; = (M;, qi, t;) be quadratic-linear modules of even rank r; = 2n; and

put M := My & My. Let f;, gi be bilinear forms on M; representing q;, define f' and f as
in 4.3 and put similarly g’ = g1 L gr and g = g’ + 11 ® 1. Then, with Ty, k r4 and yy as in

, xl(z) are

@ Springer



482 0. Loos

3.3, we have

TF =Ty, “4.4.1)
Kfg = Kfrgls 4.4.2)

Here q isdefinedasin4.1 and § I is identified with a bilinear form on L; via the isomorphism

Li=N\'"M= /\r’+1 MIj of 4 3 and hence 8 ® ) o with a bilinear form on L.

Proof Define the matrices G; for g; like the F,- for f; in 4.3 and let t be an indeterminate.
Since f — g = f’ — g/, we have, using (11.6.1), and with n = n| + ny,

T e (FiI — F +t(Fi — Gy) x'y
(f =+ =) ® = Pf( 1—yTx Fr— F) +t(F> — Gz))
_ Pt Fi — F| +t(F\ — Gy) 0
- 0 Fy — F) +t(F, — G)

=mu(f = f T+t = g))E)

Then (4.4.1) and (4.4.2) follow by comparing coefficients at powers of t in view of (3.3.2)
and (3.3.3). By (3.3.5) and Lemma 11.5,

T 0
(_l)n{)/f(g’ S) - Vf’ (E? S)} = _qut (f)l xFZy) + qut (}(7)1 FZ)

. 0 0 vy
= hdet (0 i ) hdet (0 F2) . 4.4.4)

From 4.2 it follows that (8 ; ) is the matrix, with respect to 1, xfl), . x£11>’ of a bilin-
1

ear form flti on M f representing the quadratic form qf. Since M f has odd rank 2n; + 1, the
discriminant of qf is given by

8oefy o 1ym 0 x
Sq?(él, &) = (—=1)""hdet (0 Fl)'
An analogous formula holds for Sq;, so (4.4.3) follows.
2

The following result will be crucial for the proof in Sect. 6 that the discriminant algebra
is a tensor functor. The quadratic form ¢ = (q1 L ¢2) + t1#2 of the direct sum of two qua-
dratic-linear modules is not quite the orthogonal sum of ¢; and ¢». This is reflected in its
discriminant algebra © (¢) which is a shift of ©(q; L ¢2).

4.5. Proposition. Let 9M; be quadratic-linear modules of even rank and M = (M| @
M>, q, t| @ 1) their direct sum as in 4.1. Then there is a module isomorphism ¥ : ©(q; L
q2) — D(q) which sends 1 to 1 and

SHLAHE) > sp,(6) (4.5.1)

where f; is a representative of q; and f1> is as in (4.2.1). Moreover,

Y = Yo om, 1 Dlg1 L g2) + (Sqlr ® 5q§) D(q) 4.5.2)

is an isomorphism of quadratic algebras which is natural in 9 and M.
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Proof Letusput D' :=D(q; L ¢g2) and D := D(q) for short. As a k-module, D is generated
by 1 and all s 7 (§), subject to the relations (3.3.6) where f, g run over all representatives of g,
and trace and norm of D are determined by (3.3.7). Analogous statements hold for D’, with
f, g replaced by representatives f’, g’ of ¢’ := g1 L q2. Now let f;, g; be representatives of
gi and let & be a representative of ¢’. Then also f’ := f; L f» is a representative of ¢’, and
f := fi12 is a representative of g. We claim that the expression

spE) +xpp(€) -1 (4.5.3)

does not depend on the choice of the f;. Indeed, let also g; be representatives of g;, and define
g  and g like f’ and f. Then by (3.3.6) and (4.4.2) and the cocycle relation (3.3.4) for «,

&) +hnpr(§) - 1 —5g(8) —kpgr(§) - 1= (icpg(§) + knpr(§) — kng' (§)) - 1
= (kprgr (&) — K pm(§) —iepgr(§)) - 1 =0.
To prove that there exists a well-defined module homomorphism 1 sending s, (£) to (4.5.3),
it remains to show that ¥ respects the defining relations of D’. Thus let also j be a repre-

sentative of ¢’. Then s;(§) — s;(§) = kpj(§) - 1 while, again by the cocycle relation for
K,

sp&) +rpp () -1 —=s5p(8) —kjpr(§)- T =upj(§) -1,

as desired. Now we have a well-defined module homomorphism vy : D’ — D and it satisfies
(4.5.1) because ks = 0. Also, ¥ induces the identity on L = D = D’ and hence is a
module isomorphism.

To prove (4.5.2), it suffices by Lemma 3.1 to show that the traces and norms of D and D’
are related by

Tp(y(w)) = Tp (w), 4.5.4)
Np(f(w)) = Np(w) + (8411 ® ng)(u'), w), (4.5.5)
where w € D' and v = p’(w) € D'/k -1 = L. Observe that D’ is spanned by 1 and
all s, (&1 A &) where & € L; is arbitrary and  is a fixed representative of ¢’. Moreover,

Tp(1) =2 and Np (1) = 1. This allows us to assume h = [/ = f| @ f> as above, and then
(4.5.4) and (4.5.5) follow from (4.4.1) and (4.4.3). Finally, naturality of v is easily checked.

5. Explicit computations

In this section, we derive explicit formulas for the discriminant algebra in the free case,
based on the remark made in 2.4. The following result says, roughly speaking, that shifting a
quadratic form by a symmetric bilinear form is reflected by a shift of its discriminant algebra.

5.1. Lemma. Let (M, q) be a quadratic module of rank 2n and let h be a symmetric bilinear
formon M. Put q'(x) := q(x) + h(x, x), i.e, ¢ = q + [h].
(a) There is a well-defined isomorphism of k-modules ¢ = ¢, : D(q) — D(q’) given by

p() =1, @57 (&) =57, () (5.1.1)

in terms of the generators s¢(§) of D = ©(q) and s}+h(.§) of D' := D(q'), for all f
representing q and all € € L := /\2” M. Moreover, g, := yyy — Vr is independent of the
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choice of f and thus is a well-defined bilinear form on L, depending only on h (and of course
on q), and

on: D(q)+en — D(g)
is an isomorphism of quadratic algebras. The discriminants of q and q' are related by
8y =084 —4en. (5.1.2)

(b) Let I’ be another symmetric bilinear formon M andputq” := q'+[h'] = g+[h+h'].
Then
En+h = Eh + &, (5.1.3)
and the diagram

(D(q) + &1) + e ———D(g) + &

lwh/ (5.1.4)

D) + ey ——5——D(q")

s commutative.

Proof (a) Recall from 3.3 the linear forms 77 and « s, and the bilinear form y on L. Since
h is symmetric,

i =ma(f+h =+ ) =m(f— =1/ (5.1.5)
Kpihgrn = (=2, f +h—(f+m) ", f+h—(g+h))
=M, (=2, f— 1. f— 8 =Ky (5.1.6)

Now it follows immediately from (5.1.6) and (3.3.6) that (5.1.1) defines a homomorphism
of k-modules. As ¢ induces the identity on L, it is an isomorphism of k-modules. Moreover,
from (5.1.5) and the definition of the trace of ®(g) and D(q’) (cf. (3.3.7)) we see that ¢
preserves traces. Hence by Lemma 3.1(b), ¢ is an isomorphism of a shift D + ¢ onto D', and
by (3.1.3) and (3.3.7), ¢ is given by

£(5,6) = Np/(9(s57(5) = N (7)) = vr4n(6, 6) — vr (&, ).

Finally, (5.1.2) follows from (3.1.4) and the fact that the discriminant of D (q) is .

(b) By (a), wehave ey = Yttty = Vf = V(f+h)+h' —Vi+h T YVf+h —Vf = En' +En.
Now the commutativity of (5.1.4) follows immediately from (5.1.1).

5.2. Proposition. Let X be a quadratic trace module of rank r > 1. Fix a decomposition
X=k-1x®M andletq := Q|M andt = T|M as in (2.4.1), thus defining a quadratic-lin-
ear module M = (M, q, t). Consider me = (Mﬁ, q°, tﬁ) as in 4.1 and identify M=k M
with X by 1y + lx. Denote the polar forms of q and g* by b and b, respectively, and
identify N\"~' M and \" X vian =x; A+ Ax,_1 > & = L An. Then

r—1 r
83e=(—1)’_1[r~/\b+(r—1)-/\b:]. (5.2.1)
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Depending on the parity of r, this can be rewritten as follows:
8x =08, —4- (=1)"{n/2] -8, —n-8;} ifr =2niseven, (52.2)
Sx =8 —4-(=D)""H{(mn+1/2]-8,+n- 8,2} if r =2n+ lis odd. (5.2.3)
Proof We putm = r — 1 and use the notations introduced in 2.2. By (2.2.1) and (11.3.2),

r v

5x(&,86) = (=D"- (mvT D) =(=D" [r-detD+m . det (UOT lv))]
=(=D" {r . (/\ by(n,n)+m- (/\ bﬁ)(é,f)] 7

proving (5.2.1). Now we distinguish the cases r even and r odd.

(a) r = 2n is even: Since M has odd rank m = 2n — 1, the discriminant of g is §; =
(—=1)"=1 A" q, where the bilinear form A\ g on \"™ M is given by the half-determinant and
satisfies 2 A" ¢ = A" b. Furthermore, §,: = (—1)" /\2" b*. Substituting this into (5.2.1)
yields

5x = (=D @128, + @0 = (=18, ],

which together with (2.2.4) gives (5.2.2).
(b) r = 2n + 1 is odd: Then M has even rank 2n, so by interchanging the roles of ¢ and
¢* we now have /\2" b = (=1)"é,. Furthermore, ¢ is a quadratic form on the odd-ranked

module X, so /\Z"H br=2. (—1)”8qt. Substituting this into (5.2.1) yields
Sx = (—1)2"{(2;1 + D(=D"8; + (=D"2- 2n54;}.

From (2.2.4) (with n replaced by n+ 1) we see 2n+ 1) (—=1)" = 1 —4-(=1)" T [(n+1)/2].
By substituting this in the above formula we obtain (5.2.3).

5.3. Proposition Let X be a quadratic trace module of even rank r = 2n > 2. We fix a
decomposition X =k - 1x @& M and use the notations of Proposition 5.2. Then

Dis(¥) = D(¢%) + (=1)" {SJ y —n-aq]. (5.3.1)
Proof Let us abbreviate

e = (=1)"{[n/2) -8 —n-8,}. ¢=(=D""[n/2] 5%

Also, let «: X — k be the linear form determined by «(1) = 1 and Kero = M. Consider
the following symmetric bilinear form on X:

h(x,y) = (0 = D[aMT () +a()T ()] - [(;) - r} a(X)a(y).

An easy verification shows that O = ¢® + [A]. Hence Lemma 5.1 yields an isomorphism

@(qﬁ) + &n i D (Q) which induces in an obvious way an isomorphism

(D(g") + &) +¢ =D(@") + (e + &) —> D(Q) + ¢ = Dis(X),
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cf. (3.4.1). Comparing this with (5.3.1), we see that it remains to prove
e =g +¢. (5.3.2)

By Lemma 2.5 we may assume that the base ring has no 2-torsion, so it suffices to prove that
four times (5.3.2) holds. By (2.2.2), (5.2.2) and (5.1.2) we have

8p—0x =40, dx—8p=—4-" 5:—8p=4-z.

Adding these equations yields 4 - (¢ — &* + ;) = 0.

5.4. Proposition Let X be a quadratic trace module of odd rank r = 2n + 1. Choose a
decomposition X = k - 1x @& M and use the notations of Proposition 5.2. Then

Dis(X) = D(q) + (=D H”;lj ~8q+n-8qg]. (5.4.1)

Proof Let O be the quadratic form on X=X /k - 1 introduced in 2.3. The canonical map
X — X induces an isomorphism M = X by which we identify O with a quadratic form, again
denoted Q, on M. Define a bilinear form 2 on M by h(x,y) =n Ax(x, y) forallx,y € M,
so that Q = —q + [h]. Let us note that ©(g) = D(—¢q) by mapping s (n) to (—=1)"s_ (1)
for a representative f of g and alln € /\2” M. This follows from the easily proved relations
T p=D"tp,k_fg =(=D"kfgand y_y = yyr;cf. 3.3 and [12, Theorem 2.3], applied
tog = —q,¢ =1d, u = —1. Hence by Lemma 5.1, ©(q) + & = D(—q) + &5 = @(Q) and

(D(g) + &) +¢ =D(@) + (e + ) — D(Q) +¢ = Dis(X),

where the last isomorphism comes from Theorem 3.8 and we put { = (—1)"@ (n) - §x. Thus
it remains to show that

&= (— 1)"““ ZIJ(S +nd, ]=8h+;.

By the same argument as in the proof of Proposition 5.3, it suffices to prove four times this
equation. By (2.3.4), (5.2.3) and (5.1.2), we have

8Q—8x:4~§, 5x—8q2—4-8, (Sq—SQ =4.¢gp.

As before, the assertion follows by adding these equations.

5.5. Proposition Let X be a quadratic trace module of rankr = m+ 122, choose a decom-

position X =k - 1x & M and suppose that M is free as a k-module, with basis x1, . .., Xp.

Letv = (vy,...,vy) € kK™ where v; = T (x;), let f be a bilinear form representing Q and

puta;jj == f(x;, xj) sothat a;; = Q(x;) and a;j +aj; = B(x;, xj) fori # j. Finally, define
A = (a;}) € Maty (k) and A = (8 A) € Mat, (k).

Then Dis(X) = (b : c 1| is a free quadratic algebra where b, ¢ € k are given as follows:

(@) Ifr =2niseven,

b=Pf(A—AT), (5.5.1)
¢ = (=1)"qdet(A) + |n/2] det (A + AT) 4 nhdet(A) (5.5.2)
= (2n — 1)qdet(A) 4+ (—=1)"[n/2]b* 4+ n hdet(A). (5.5.3)
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(b) Ifr =2n+ lisodd,

b=Pf(A—A"), (5.5.4)
¢ = (—1)"qdet(A) — |(n + 1)/2] det (A + AT) — nhdet(A) (5.5.5)
= —(2n + Dadet(A) + (="' (n + 1)/2]b*> — nhdet(A). (5.5.6)

Proof We use the notations of 5.3 and 5.4.
(a) By [12,2.7], ©(¢%) = (b : co ]| where

b=Pf(A—A"), co=(=1)""qdet(A).
By Proposition 5.3 and (3.2.2), Dis(X) = (b : co + e ]l where
e=(=1)"[n/28,:(6. &) + (=1)"'nd,(n. ),
where n = x{ A -+ AXxy and € = 1 A 5. On the other hand,
8,0 (6.8) = (=1)"det(A+ AT), 8,(n.n) = (—=1)"'hdet(A),

which yields (5.5.2). The altergativg form (5.5.3) follows easily from the relations (11.1.2)
and (2.2.4) because b = det(A — AT).

(b) r = 2n + 1: Here ©(q) is the free quadratic algebra (b : cq ]] where b = Pf(A — AT)
and ¢p = (—1)"+1qdet(A). By 54,Dis(X) =(b:coll + e = (b : co+ e]l where

e = (=" L+ 1)/2] 84(n. n) +n 8,5, 6)).
Since ¢ and ¢ are quadratic forms in 27 and 2n + 1 variables, we have
840 ) = (=1)" det(A + AT), 8,:(5, &) = (—1)"hdet(A).

It follows that

c=co+ (D" + 1)/2] 84, (0. 1) + (="', (£, 6)
= (=1)"'qdet(A) — [(n + 1)/2] det (A + AT) — nhdetA.

Again, (5.5.6) is an easy consequence of (2.2.4) and (11.1.2).

5.6. The case r = 3. We have qdet(A) = det(A) for a 2 x 2-matrix. Moreover, because of
(11.4.1),

A 0
hdet(A) = det (UT Z) = —anv% — a22v12 + (a2 + az1)vqva.

By 5.5(b) this yields

b =apn —a,
¢ = —3qdet(A) + b*> — hdet(A)
= —3ajjaxn + apax +a%2 +a%1 +a11v§ + azzv% — (a12 + az1)vyva.
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5.7. The case r = 4. Here we use 5.5(a) and obtain
b=Pf(A—AT) = (a2 — ax1)v3 + (a31 — a13)v2 + (a23 — ax)vi,
¢ = 3qdet(A) + b” + 2hdet(A)
= 3det (UOT f‘) +det(A—AT) +det(A+AT),

by (11.1.1) and (11.4.2).

6. Multiplicativity of the discriminant algebra

6.1. The product of quadratic algebras. Recall from [11, 2.4, 2.6] that there is a natural
product Dy 00 D> of quadratic algebras with which the category qa,, is a symmetric tensor
category. The product is constructed using the machinery of unital linear forms (although
there is a simpler description if the algebras are étale, see [10, III, (2.3.4)]). We recall this
quickly. A unital linear form on a quadratic algebra D is a linear form « with «(1p) = 1.
Then Dy O D, is generated as a k-module by 1 and symbols x| Oy, «,) X2 Where x; € D;,
X; = can(x;) € D,- = D;/k - 1, and ¢; is a unital linear form on D;. These symbols are
bilinear in x| and X, and satisfy relations for which we refer to [11, 2.1, 2.4]. There is an
exact sequence

0— s k——DiOD,— 5D, @D —0 6.1.1)

where i(1) = 1 and p(t1 O, ay) X2) = X1 ® X2. The product of free quadratic algebras is
given by the formula

(b1 et 18 (b2 21l = (biba s c1(b3 = 2e2) + e2(b] = 2e) 11, (6.1.2)
see [8, p. 30, p. 42, Exercise 14] and [11, Th. 2.4]. The split algebra I =k - e @ k - ep (cf.
3.2) acts as a neutral element for the product OJ: There are natural isomorphisms

¢p:DOI — D, Ip:10D —» D, (6.1.3)

given by
XO@p ér—=x—ax)l, é0gqx—x—alx)l, (6.1.4)

where f is the unital linear form on / with B(e;) = 0 and B(ez) = 1, and « is any unital
linear form on D, see [11, 2.6.11]. We will also need the associativity constraints
a=ap,p,ns : (D10 D)0 D3 — D0 (D20 D3)

which are as follows. Let «; be unital linear forms on D;. Then there are unique unital linear
forms «;; on D; 00 D; which vanish on all x; ) xj.Since (D; 0 Dj)/k-1= D; ® Dj
by (6.1.1), (D1 O D7) O D3 is generated by 1 and the elements (X ® X2) O(ay,,a3) %3, and
then a is given by

(X1 ® %2) Diapy.az) X3 > X1 Diay.ams) (F2 @ ¥3). (6.1.5)
(Note that formula (7) of [11, 2.6] is incorrect and should read

n(u1 Uy oz (2 ® u3)) = (u1 ® uz) Uergyp)3 U3-
Line —3 of [11, p. 59] has to be modified similarly.)
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The product (1 is a bifunctor: If ¢; : le — D; are homomorphisms, then ¢; 0 ¢; is given
by 1+ 1and
(01 Do) (] D) ) 1) = @10 D) 952, (6.1.6)

where o) = @; o ¢; and X! € D]. — We show next that the product of shifted quadratic
algebras is a suitable shift of their product:

6.2. Lemma. Let D; (i =1, 2)‘ be quadratic algebras, let §; = §p, be their discriminants,
and let €; be bilinear forms on D;. Then

(Di+e1)O(Dr+e)=(D1OD2) + (61 Q% +81 ®ex —4e1 ®er).  (6.2.1)

Proof Tt follows from [11, 2.1, 2.11(b)] that the underlying module, the unit element and the
trace of Dy 00 D depend only on the modules D;, their unit elements and the traces Tp,,
but not on their norms. By 3.1, the shifted algebras D] = D; + ¢; have the same underlying
modules, unit elements and traces as D;, hence so do Di O Dé and D10 D,. Thus the equality
sign in the statement of (6.2.1) makes sense. For the proof, we may by localization assume
that the D; = ((b; : c; ]| are free. Then, after identifying Di = k as in 3.2, the ¢; and §; are
identified with scalars, and we have le = ((b; : ¢ci + €& ]I. By (3.2.1), the discriminants of
D; are §; = b[2 — 4c;. Now (6.2.1) follows from (6.1.2) by a straightforward computation.

6.3. We will need the product D; [0 D; in particular when the D; are the discriminant
algebras of quadratic forms of even rank or shifts of such algebras. Let (M;, g;) (i = 1, 2)
be quadratic modules of even rank r; = 2n;. Choose representatives f;, g; of g; and let
f'=f1i L frand g = g1 L g be their orthogonal sums, which are then representatives
of ¢ = q1 L g2. By 3.3, D; has generators 1 and s, (&) where §; € L; = A" M;. By

[12,2.2], the f; determine unital linear forms py, on D; satisfying p, o 5o, = —k f;4;. Also,
D; = L; viasy, (&) — &. We put
§10p & =& 0y, .05 &2- 6.3.1)

Then D” := D; O D, is generated by 1 and the symbols &; O &, bilinear in &; and &,
subject to the relations

§ 0p & -8 0y =kpyE1®8) -1 (6.3.2)

By [12, Th. 2.11], ® is a symmetric tensor functor from even-ranked quadratic modules (with
1) to quadratic algebras (with [J), i.e., there are natural isomorphisms

9 :D(g1) O0D(q2) — D(g1 L ), (6.3.3)
901 — D(0). (6.3.4)
They are given by 1 — 1 and

V(&1 Uy &) = spr(61 A&2), Poler) = so(li). (6.3.5)

6.4. Lemma. Let (M, q) be a quadratic module of even rank r. Let fy be the bilinear form
with matrix ((1) 8) on k2, let f be a representative of q and let & € " M. Then the composite
isomorphism

Dis(¢2) 0 D(q) % 109(q) [D—;)> D(q) (6.4.1)
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(where @ = @y is as in (3.5.4)) is given explicitly by
—(61 /\62) Dfolff = Sf(i;'). (6.4.2)

Proof Let B be the linear form on / given by B(e1) = 0 and SB(e2) = 1. By (3.5.4) we have
®(e1) = —sf,(e1 A ep) and hence @(é1) = —ey A ez. We claim that pgy o @ = B. This
follows from p (@ (e1)) = —py (s (e1 A €2) = 0 = Ber) and pyy (D(1) = pp(1) =
1 = B(ez) = B(e1 + e2). Now (6.1.6) and (6.3.1) imply

(@ OId)(e1 O,pp §) = —(e1 Ae2) Doy o) § = —(e1 Ae2) Opyir .
On the other hand, putting x = s7(&§), we have x = & and ps(x) = 0 so by (6.1.4),
o) (€1 Dp.pp) &) = 57(8)
This implies (6.4.2).

6.5. Theorem. Let X; = (X;, Q;, T;, 1;) be quadratic trace modules of rank r; and X =
X1 0 Xy = (X, Q,T,1) their direct sum. Then there are isomorphisms

© = Ox,x, : Dis(¥) O Dis(X2) — Dis(X; & X2) 6.5.1)

of quadratic algebras, natural in X1 and %X, defined as follows: Choose representatives f;

of Qi and let

o=l D+Teh
be the representative of Q as in (4.2.1). Also, let& € L; = N\ X;, and recall the notations
fEand € of 42 and 4.3,

(@) If r1 and ry are even, Dis(X) is by the definition in (3.4.1) a shift of ©(Q) and
Dis(%1) O Dis(Xy) is, by Lemma 6.2, a shift of ©(Q1) O D(Q2). Then O is, as a module
homomorphism, the composition

W 14
DENUD(Q2) ——D(Q1 L Q) ——D(0Q)
of (6.3.3) and 4.5. Explicitly, it is given by
E0n1p 6 > spmé A& (6.5.2)

(b) If r1 is odd and ry is even, we have Dis(X|) = Dis(&; @ X ) and Dis(X) = Dis(¢;®X)

by definition in (3.4.2). Then © is the isomorphism
Dis(€; @ X1) 0 Dis(X2) —> Dis(¢; & X)

of (6.5.1), where we canonically identify (€1 @ X1) ® X2 = €1 & (X1 & X»). Explicitly, it
is given by
ft
§ 0p,p 820 sz (1 A 8)F). (6.5.3)

©)Ifriisevenandryisodd, let j: X1 ®E DXy — € DX be the switchx; DA Dx2 —
A @ x1 @ x2. Then © is the composition

>~ Dis(j
Dis(X1) O Dis(¢; & X)——Dis(X, @ ¢, & %2)&Dis(€1 ® X) = Dis(X), (6.5.4)
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where the first isomorphism is as in (6.5.1). Explicitly,
f
S0,y 6 s (G A E2)F). (6.5.5)

(d) If r1 and ry are odd, we have Dis(X;) = Dis(&; @ X;) by definition. Let €3 = &1 @ ¢
be the split quadratic trace module of rank 2 and let j: €1 & X1 D €1 D Xy — € D X be
the switch A1 @ x1 ® Ao @ x2 > A1 D Ao @ x1 D x2. Then O is the composition

. .
Dis(€¢; @ X1) [ Dis(€] @ X2)——sDis(€, &% B €, ®X2) —2 Dis(¢,@%)
— =, Dis(¢,) O Dis(X) ——» Dis(X) (6.5.6)

where the first and third maps are as in (6.5.1) and the last map is the isomorphism (6.4.1).
Explicitly, ® is given by the formula

§ 0,2 & 0 57 A &), (65.7)

Proof (a) Let r; = 2n; and r = r; +ro = 2n. Put D; := ©(Q;), D" := D; O Dy,
D' :=D(01 L 03),and D := D(Q) for short. Recall from (3.4.1) that Dis(X;) = D; + ¢;
and Dis(X) = D + ¢ where

gii= (=" n;/2)8%,, e:=(=1)"""n/2)8%.

We apply Proposition 4.5 in case g; = Q;, and thus have to compute § o This follows
immediately from (2.2.3) and (2.1.3): l

dor & &) = (=) mid s (5 &) = (=) midx, (i &0).

By (6.1.1), D"/k -1 = Ly ® L, which is identified with L = A" X. Thus it makes sense
to shift both sides of the composition ¥ o #: D” — D’ — D by ¢ which yields an algebra
isomorphism

D" + ((=1)"miny6x +¢€) —» D+ = Dis(X),
and from (6.3.5) and (4.5.1) it is clear that (6.5.2) holds. On the other hand, by (6.2.1),

Dis(%1) ODis(X2) = (D1 +¢1) O (D2 4 £2)
=D"4+ (18 +8 Qe — 41 &)

where §; = 6p, = J8¢,, so it remains to show that
(=D)"nn2dx +e=6e1®8% +8 Q& —4e1 @ &7. (6.5.8)
By (2.2.2) and (2.1.3),
8 = (="' = Ddx;, 8x = 8x, ® bz,
Then (6.5.8) comes down to the formula

s [P272 om0 2 0] %[ 2] 2

for all natural numbers n1, ny. The elementary proof is left to the reader.
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(b) From what was proved in (a), it is clear that & is an algebra isomorphism. By special-
izing (4.2.2) to the case where the first factor is the bilinear—linear module ¢; of rank one,
we have

fh=Ui L +T/ .

Hence (6.5.3) follows from (6.5.2) after replacing f by f7 and & by &F because & A & =
AAEDAE =1A (5] AE) = (§] A &) in the exterior algebra.

(c) Again, it is clear from (a) that ® is an algebra isomorphism, so it remains to show
(6.5.5).Put g := (fi L f)+T1 ® Tf and h := f,. A calculation shows that

g1 ®A®x2, y1 & u®dy2) = filx1, y1) + falx2, y2) + Ti(x)T2(y2)
+uTi(x1) + AT2(32),

M@ @ASx2, Y1 O u®y2) = filxr, y1) + foalx2, y2) + T1(x1)Ta(y2)
+ATi(y1) + AT2(y2),

for A, u € k, x;, yi € X;. We claim that

Sjran (E1 A ED) = sg (61 AE)). (6.5.9)
By the defining relations (3.3.6) of D(Q; @ Q5), this is equivalent to i _j=(u (€1 A £5) = 0.
Let t be an indeterminate and put « = g — g' and a’ = g — j*(h). We use the notations

introduced in 3.3 and 4.3 and put 2n = r; + ro + 1. Then by (11.6.1),

Fi—F d+ox"  xTy

mi(a+ta)E AE) =PF[—(1+tx 0 y
—yTx -y’ Fy—F)
0 y
= Pf(F| — F|') - Pf
( 1 1 ) (_yT F2 _ FJ)

is independent of t, whence kg j+;) = 0, as asserted. Now we apply the definition of ® in
(6.5.4) and the formula for Dis(j) in (3.4.4) which yields

&1 Elflj_fzIj (Sg) = sg (&1 A 5;) = sj*n) (&1 /\55)
ri+r2+1

sl N\ DEAE) = s (G A7),

because r is even.

(d) It is clear that ® is an algebra isomorphism so let us prove (6.5.7). Let &, =
k%, Q0. Ty, 1) be the split quadratic trace module of rank 2, so Qo(te; + pez) = Apu,
To(ker + pnez) = A+ pand 1 = e; + ez, cf. 1.2(a). Let fj be the bilinear form on k% with
matrix ((1) 8), a representative of Qg, and put

e=(F LA +T'T,, h=(fo L fi) + To®(T1 & T).
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These are bilinear forms on X f X g and k @ k & X1 ® X», respectively. A computation
shows that

g1 @ x1 ® A D x2, U1 @Y1 DB u2 @ y2) = filxr, y1) + falxz, y2)
+T(xDT2(y2) + 2ipz + 21 (T (1) + T2(y2)) + p2T1(x1) + 22T2(y2),

JTRY ®x @A @ x2, 1 By ® 2 ®y2) = filxr, y1) + fa(x2, y2)
+T1(x1)T2(y2) + Aop1 + (A1 + 22) (T (1) + T2 (32)).

We claim that )
sjn Ef A ED) = sg(Ef A ED). (6.5.10)

Similarly as in the proof of (¢c),leta = g —g ' anda’ = g — j*(h), and put 2n = ri +ry +2.
Using the notations of 4.3, let

~ 0 X e 0 y
= nle) -0 wle)

F=0,x) ekt and § = (1 +t,y) € k[t]"2T!. Then

I
Tula +ta)(EF A E) = PF (_; "Sy) — Pf(R) - P£(5)

X

(by (11.6.1)) is independent of t. Hence kg, j«») = 0 which proves (6.5.10).
Now we can establish (6.5.7). Let us identify e; with 1; #0040 and e, with 0B 1; H0DO
in & @ X. Then since r; is odd and & € A" X1,

2n 2n

(ANNEAED=(N\i)ernéinesntr) =—er nes nEl A&

and hence ® maps

E0p 8 = s A8 = spaE AL
= —spler Aea ANELANE) € Dis(€, @ X)
= —(e1 Ae2) Og1p, (61 A2) € Dis(€) O Dis(X),
= s, 61 A &),

where we used (6.5.2) in reverse in the last but one and (6.4.2) in the last step.

We finally show that the isomorphisms @ are natural in X| and X». In case (a), this follows
from naturality of ¥ and ¥ (Proposition 4.5). The cases (b) and (c) follow easily from this,
and in case (d) one uses the naturality of the isomorphism [5,) which implies that also the
isomorphism Dis(€;) 00 Dis(X) = Dis(X) of (6.4.1) is natural in X.

6.6. Theorem The functor Dis is a tensor functor from the category qtmy, of quadratic trace
modules (with @) to the category qa;, of quadratic algebras (with OJ).

Proof This means [9] that, in addition to the natural isomorphisms & of Theorem 6.5, we
have a natural isomorphism &y : I = Dis(0) such that the following diagrams commute for
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all X, X;, where we put D; := Dis(¥;) for short:

Dis(¥) 0 1 — 2 Dis(X) I 0 Dis(X) —2— Dis(%)

JIdD@O T @oDldJ( T (6.6.1)

Dis(%) 0 Dis(0) —5 Dis(X ®0)  Dis(0) [ Dis(X) —- Dis(0 & )

(D, 0 Dy) 0 Dy —— D, 0(Dy 0 D3) 2429 p, O Dis(x @ %3)

@Dldl @J (6.6.2)

Dis(X| & X2) 0 D3 — Dis((X] @ X2) ® X3) — Dis(X; @ (X2 @ X3))

The commutativity of (6.6.1) is easy (use (3.5.1) and (6.1.3)) so we only do the commutativity
of (6.6.2). The unnamed arrow on the lower right is treated as the identity. The map a on the
upper leftis as in (6.1.5). According to the parities of the ranks of the X;, there are eight cases
in which commutativity of (6.6.2) needs to be checked, because @ is defined differently in
each case. We do the case where all X; have even rank. The others follow the same pattern
and are left to the reader.

Since D; is a shift of ©(Q;) we have D,- = L; = N\ X;. Let f; be representatives of
Q;. Specializing formula (6.1.5) to the present situation and using (6.3.1), one sees that a is
given by

E1®&)01pmis & 80811 62 ®8).
Let (fij, Tij) == (fi. T)®(fj, Tj)) asin42. Thus T;; = T; ®Tj, fij = (fi L [+ T, QT;
and f;; is arepresentative of the quadratic form Q;; = Q; L Q;+T;T; of X; ® X ;. Formula
(6.5.2) yields
OG U1y &) = 55,6 NEj),

and therefore the map ®: D; O D; — Dis(X; ® X;) is given by O & ®&j) =& NEj. Now
we can compute the effect of going across and down in (6.6.2):

ERE)OnLp Ly E —— 604 1UpL 6 ®E)
1d0e
——— & 0p1p; E2AE)

12}
" s(hLp+niers (6 A G2 AE)). (6.6.3)
Going down and across is easier and results in
e01d
E®E) Oy 1pminé —— EAE)Op,Lp &

— S(fia L f)+TneTs (E1 A &) A &3). (6.6.4)

By (4.2.2) we have the associative law

(Ll f3) + Te®T3=(f1 L f3) + T1 ® T3 (6.6.5)

so the commutativity of (6.6.2) follows.
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7. The discriminant algebra as a symmetric tensor functor

7.1. Notations. LetF, be the functor from k-alg to the category of commutative rings which
assigns to R the set F»(R) of all continuous maps from Spec(R) to F,, the ring with two
elements, with the obvious ring structure. We usually identify an element f € F,(R) with
the idempotent p € R such that f -1y = Spec(Rp). Then the addition in F»2(R) is given
by

p+p =pd-=pH+pd-p=p+p —2pp

while multiplication is the usual product of idempotents in R. We denote by Z; the k-group
functor assigning to R € k-alg the additive group of F2(R). There is a homomorphism

X:Zp —> p,, p—>1-=-2p=(—1)7,
where p, is the k-group functor of second roots of unity.

7.2. Involutions of quadratic algebras. A quadratic algebra D has a natural involution
o =op givenby x +o(x) = Tp(x) - 1. By [11, 5.3] there is a homomorphism

bp: Zr — Aut(D), bp(p):=c?:=1—-p)-ld+p-o. (7.2.1)
Here Aut(D) is the k-group functor R — Aut(D ® R). Explicitly, this means
bp(p) - x = 0P (x) = pTp(x) - 1 + (1 = 2p)x, (7.2.2)
forall p € Zy(R), x € D ® R, R € k-alg. Hence the map induced by o on D is given by
x(p):x—>(1-=2p)x = (=1)Px. (7.2.3)
Since D = /\2 D under the map x — 1 A x, it follows that
dethp(p) = x(p) = (~D)P.

Suppose in particular that D = (b : ¢ ]l = k- 1 @k - z is free, and identify GL(D) with GL,
by means of the basis 1, z. Then it is easily seen that Aut(D) C GL is the subgroup of all

matrices
1 A
h= (0 M) (7.2.4)

20=b(1—p), A(b—21r =c(l—u?). (7.2.5)

where 1 is a unit and

Also, (7.2.2) applied to x = z shows that

(1 pb
i =(o 175,): (726)

7.3. Proposition. Let Dy and D be quadratic algebras with product D = Dy O D,. For
automorphisms h; of D; let h1 O hy be the automorphism of D as in (6.1.6).
(@) The map (hy, ho) — hy O hy induces a homomorphism of group functors

0O : Aut(D) x Aut(Dy) — Aut(D). (7.3.1)
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(b)Let Di = (bi :cill =k -1k -z befreeand D = (b : c]| as in (6.1.2). Writing
h; = (1 )L’i) as in (7.2.4), we have

0w
1 A 1 A 1 Xiby+ Axby —2A1A2
O = . 7.3.2
(0 Ml) (0 Mz) (0 2 ) ( )

(¢c) The following diagram is commutative:

hp, xbp,
7, x 7, —  Aut(D)) x Aut(D,)

+J lD (7.3.3)

Zo———— s Aut(D O Dy)
Yp,0p,

In particular; for p € Zy(k),

op, Oldp, =1dp, Dop, = o). (7.3.4)

Proof (a) This is clear because the product O of quadratic algebras is a bifunctor commuting
with base change.

(b) Let @j: D; — k be the linear form given by «;(1) = 1 and «;(z;) = 0. Then
D =k-1®k-zwherez =21 O a) 22. Now put ;i = o; o h;. Since fzi(z'i) = WiZi,
(6.1.6) shows

(h1 O h2)(z1 Ogy,py) 22) = 1221 Oiay,an) 22)-
Define #y, € D} by to, (1) = Tp, (x — &;(x) - 1). Then
Bi(zi) = oti(hi - 1+ pizi) = Aiy 14, (Zi) = T, (zi — @i (zi)) = b;.
By the defining relations of Dy OO D5 (cf. [11, 2.1]),
21 Oer,a0) 22 = 21 O(gy,80) 22 +Ccap(21 ® 22) - 1,

where cop = €y @ tay +ta; @Carpy —2Ca, ; ®Carpy, see [11,2.1.4]. Substituting the above
data, we obtain cyg (21 ® 22) = A1b2 +A2b| — 21 A2, and therefore, by an easy computation,

(h1 O h2)(z) = (Mby + A2by — 2X142) - 1 + pypo - 2.

In matrix notation, this is (7.3.2).

(c) Since everything is compatible with base change, it suffices to prove the commutativity
of (7.3.3) when the group functors are evaluated at R = k. By localization, we may assume
D; and hence D free. Then the assertion follows by direct computation from (7.2.6) and
(7.3.2).

7.4. Quadratic algebras with parity. The categories qtm,, of quadratic trace modules and
qa, of quadratic algebras are symmetric tensor categories. It is thus natural to ask whether the
tensor functor Dis: qtm;, — qa; respects the symmetries. This is not the case, but becomes
true after replacing qa, with a bigger category which we now define. Let qa; be the direct
product of qa;, and the discrete category F (k). Thus the objects of qa, are pairs D = (D, )2}
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consisting of a quadratic algebra D and an element p € F,(k), called the parity of D, and
the morphisms are

Mor ((D, p), (D, p/)) _ [Mor(D, DYif p=p ]

0 it p#p

Anobject D € qa, will be called even or odd if its parity is O or 1, respectively. For R € k-alg,
the base change of Dis D ® R = (D ® R, p ® 1r). We leave it to the reader to show that
qa,;, becomes a tensor category with product

(D,pO (D', p)=(DOD, p+ph,

unit/ = (1, 0) and the associativity, left and right unit constraints a, 1, ¥ derived in the obvious
way from the corresponding ones in 6.1. The symmetry ¢ of qa,, is defined as follows. First,
qa; is a symmetric tensor category with the symmetry

¢=cpp,: DIOD; — DyO Dy, % Oy %2 > %2 Oapayy £1. (T4.1)

see [11, Theorem 2.6]. Now define ¢: f)l O f)z — f)z O 51 for D,- = (D;, pi) € qa; by
A, b, = DDy © B0, (P1P2) = bpy0p, (P1P2) © <Dy D, - (7.4.2)
7.5. Lemma. With the symmetries © defined as above, qQay is a symmetric tensor category.

Proof Since the automorphisms o ” have period two, it is clear that (¢ by [32)_1 =7 Dy. By It
remains to show the commutativity of the diagram

(D) 0 Dy) 0 Dy ~=% (5,0 Dy) 0 Dy —— B, 0 (B, O D)
al Jmuz (7.5.1)
Dy 0 (D> 0 D3) —— (D20 D3) O Dy —— D, 0 (D3 0 Dy)
By (7.3.4) and because the automorphisms h(p) = o commute with morphisms of qa,;, we
can collect the powers of ¢ in going around the diagram. This yields for the upper leg
(IdO%oao (c0OId) =02 00’3 o (IdUT<¢) oao (¢cId),
while the lower leg results in
Gotod=o"PTr) ggocoa.

Now g P1P2 o gP1P3 = gP1P2FTPIP3 = gP1(P2FP3) because p +> o is a group homomor-
phism, and (Id O ¢) oa o (¢ O1Id) = a o ¢ o a because qay, is a symmetric tensor category.

7.6. Definition. Let X be a quadratic trace module. The discriminant algebra with parity of
X is defined as

Dis(%X) = (Dis(%), rk(X) (mod 2)).

For example, the discriminant algebras with parity of the split quadratic trace modules &
and &, are now different, namely

Dis(¢;) = (Dis(&,), 1) = (1, 1), Dis(&,) = (Dis(&),0) = (1,0) = I,
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while their ordinary discriminant algebras are the same. If X has non-constant rank, rk(X):
Spec(k) — Zis locally constant, so rk(X) (mod 2) € F» (k). Since by definition there are no
morphisms between quadratic trace modules of different rank, it is clear that Dis is a functor
from qtm;, to qa,.

7.7. Theorem. Dis: qtm; — qa, is a symmetric tensor functor.

Proof Let X; = (X;, Q;, T;, 1;) be quadratic trace modules with parities p; = rk(X;)
(mod 2). Then rk(X; & X») (mod 2) = p; + p2, and hence the isomorphism @ = O, x,
of Theorem 6.5 induces an isomorphism

@: Dis(X;) O Dis(X») — Dis(X; ® X»).

It is easy to check, using Theorem 6.6, that with these isomorphisms Dis is a tensor func-
tor from qtm, to qa,. The symmetry in qtm, is the switch w: X @ X2 — X2 @ X1,
X1 @ x2 = x3 @ x1. Thus for Dis to be a symmetric tensor functor, it remains to check that
the diagrams

_ _ 6
Dis(X1) O Dis(X,) — Dis(X; & X»)

El Jﬁi’s(m) (7.7.1)

Dis(%,) [ Dis(%1) — Dis(%2 ® X1)

commute. After decomposing the base ring, we may assume that r; = rk(X;) is constant on
Spec(k). Then there are four cases, depending on the parity p; of r;. We do the case where
r1 and rp are odd and leave the other cases, which follow a similar pattern but are easier, to
the reader.

Let f; be bilinear forms on X; representing Q; and let Q;; be the quadratic formof X; ®X ;.
Then f;; := (fi L fj) +T; ® T} is a bilinear form on X; & X ; representing Q;;, cf. 4.2.
Put D; = Dis(¥;) and Dj; = Dis(X; ® X,) for short, and let e = & 0z | g e D OD,,
where we use the notations of Theorem 6.5(d). Since O is just ® as amap on D O Dy, we
have by (6.5.7) that O) =s f12 (61 A &2). We claim that the effect of going across and down
in (7.7.1) is

Dis() (6(2)) = 0y, (875, (E2 A E1)). (1.72)

Indeed, let us note first that (A2 w)(&] A &) = (=1)12& A& = —& A &, since
& € /\r" X; and both r1 and r, are odd. Hence, by (3.4.4),

Dis(w) (sg(§1 A &2)) = —sp, (52 A&, (7.7.3)
where the pullback g := w*(f21) to X1 @ X» is
g(x1 @ x2, y1 ® y2) = fi(x1, y1) + fa(x2, y2) + T1(y1) Ta(x2).
Let f := fi2 for short. By the defining relations (3.3.6) of D12, we have sy — 5o = k7 - 1,

so we compute next « rg. Let 2n = r| + r2, and use the notations introduced in 4.3. Then by
(11.6.2) and (3.3.3),
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T o FI-F 4ty
w(f = f +t(f—g))($1A%“z)—Pf(_(lth))l»Tx Fz—FzT)

B 0 (14 t)x 0 y

= Pf (—(1+t)xT F —FlT) Pt (—yT F,— F)
0 X 0

= (1 +OPf (—xT o FlT) pf (_y

. Fy — FIT xTy

= +t)Pf( o

=1+ Om(f = fE AE) =1 +0TrE AE).

y
T B-F

On the other hand, by (3.3.2),
Ta(f = fT+Uf =) =m(f — f )+t f— 1. f—g).

By comparing coefficients at t we see that I, (t, f — f |, f —g) =7 r is independent of t.
Therefore kg = I1,(=2, f — fl.f—g = Ty and sy — sg = Ty - 1. Since the trace of
sp(&1 AN &) is Tr (&) A &), it follows that

op,(srEIANE)) =TrEIAE) -1 —sp(E1 A&) = —s4(E1 AE2),

so (7.7.3) implies

Dis(w) (0py, (s (E1 A £2))) = s, (E2 A&1).

But Dis(w) commutes with the standard involutions of D5 and D;;, whence

Dis(w)(sy (&1 A &2)) = opy (sp, (2 A ED)).

This proves (7.7.2). On the other hand, going down and across in (7.7.1) yields, since ®
commutes with the involutions,

Z ';) Op,0D, (C(Z)) = O0p,0D, (Sg D%‘ijj’:lj S]ﬁ)

'L.} ODy; (@(EztI Dg:gj_gf Sf)) = 0Dy (Sf21 &N -‘31)).

This completes the proof.

8. Separable quadratic trace modules

8.1. Definition. A quadratic trace module X is called separable if its discriminant form
A = Agx is non-singular; equivalently, if the discriminant §x is non-singular or if the discri-
minant algebra Dis(X) is a separable quadratic algebra (Lemma 3.6). Separability is preserved
under arbitrary base changes and descends from faithfully flat base changes.

Since the discriminant form of the split quadratic trace module €, is the standard scalar
product on k', it is clear that &, is separable. The goal of this section is to show that, con-
versely, a separable quadratic trace module is, locally in the étale topology, isomorphic to
&,

In the sequel, a k-functor means a set-valued covariant functor on the category k-alg.
Following [6], schemes are considered as special k-functors. The affine k-scheme defined
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by a k-algebra A is Spec(A)(R) = Homy.ag(A, R). For a k-module X let X, denote the

k-functor R — X ® R.If X is finitely generated and projective then X, is an affine finitely

presented k-scheme whose affine algebra is the symmetric algebra over the dual module X*.
For an arbitrary quadratic trace module X, define k-functors Y and U by

YR)=(x e X®R:T(x)=1, Q(x) =0}, (8.1.1)
U(R) ={u € Y(R) : 1 — u unimodular}, (8.1.2)
forall R € k-alg. Since X, is finitely presented and affine sois Y. Let oy, ..., o, be a set of

generators of the dual module X™* and let ¢; (x) = «; (1 — x). Then U C Y is the union of the
open affine subschemes Y; of Y where ¢; does not vanish, i.e., u € U(R) <= u € Y(R)
and D°; Rg;(u) = R, see [6, L, §1, 3.6]. Hence U is a quasi-affine finitely presented k-
scheme. We will see that it plays the role of the unit sphere in Euclidean geometry. Note that
Y = Spec({0}) is empty (Y(R) = @ for all R # {0}) if r = tk(X) = 0, and Y = Spec(k) is
the one-point functor for r = 1, while U is empty for r =0, 1.

8.2. Proposition. Let X = (X, Q, T, 1) be a quadratic trace module of rank r and let
u € U(k) (hence r >?2). Let X' := u with respect to A = Ax, put I’ := 1 — u and denote
by Q' and T’ the restrictions of Q and T to X'. Then X' := (X', Q', T', 1') is a quadratic
trace module of rank r — 1 and

X=k-uoX =¢ 00X, (8.2.1)

the direct sum of quadratic trace modules as in 1.5. Moreover, X is separable if and only if
X' is separable.

Proof We have A(u, u) = T (u)®> — 2Q(u) = 1, so the direct sum of modules in (8.2.1) is

clear. Next, A(u, 1 —u) = A(u, 1) —1 =T (u) — 1 (by (1.1.4)) = 0, which proves 1’ € X’.
Clearly X’ is finitely generated and projective of rank r — 1, and 1’ is unimodular by

definition of U. Furthermore, by (1.1.1), T’(1") = T(1 —u) = T(1) — 1 =r — 1 and

—1
0'(1")y = 0(1 —u) = (1) — B(1,u) + Qu) = (;)_(r_l)w: (r 5 )

Finally, let x’ € X’. Then B'(1’,x") = Bl —u,x) = T(1 —u)T(x') — Al —u,x) =
r—DTx)—A,x)+0= (r—2)T(x"), by (1.1.4). Hence X’ is a quadratic trace module
of rank r — 1.

We show that X = ¢; @ X’ as quadratic trace modules. Clearly 1 = u®1’and T Au®x’) =
AT () + T(x") = A + T'(x). Moreover, Q(Au & x') = 22Qu) + AB(u, x') + Q(x') =
0+ A(TWT (') — A(u,x")) + Q(x') = AT'(x") + Q'(x") because u L x’ with respect to
A. The statement concerning separability follows from (1.5.2).

8.3. Lemma. Let X = (X, Q, T, 1) be separable of rank r. If r > 1 then T: X — k is
surjective. If r > 2, the restriction of Q to X° := KerT is primitive.

Proof By separability, A induces an isomorphism between X and its dual X*, and (1.1.4)
shows that 7 € X™* is the image of 1x. Since 1y is unimodular so is 7. Hence there exists
ueX*=XwithTu)=1.

For the second statement, we may assume that & is an algebraically closed field and then
have to show that Q ‘ X0 # 0.If r =2, X = qt(D) is the quadratic trace module determined
by a separable quadratic algebra, so D = k> =k -e; @ k - e2, and D° =k - (e] — e3), with
QO(e1 — e2) = Q(e1) — B(er,e2) + Q(ex) = —1. If r > 3, pick an element u € X with

@ Springer



Discriminant algebras 501

T(u) = 1sothat X = k-u @ X°. Assume that Q vanishes on X°. After choosing a basis in

X9, the matrix of A has the form ) where . = A(u, u) € k and v is a row vector of

v
vl 0
length » — 1 > 2. Such a matrix must be singular, contradiction.

8.4. Lemma. If X is separable of rank r > 2 over an algebraically closed field K then
U(K) # 0.

Proof By Lemma 8.3 there exist x, y € X with T(y) = 1, T(x) = 0 and Q(x) # 0. Put
u =y + Ax and determine the scalar A € K by the requirement Q(«) = 0. This yields the
quadratic equation

A2Q(x)+AB(x,y)+ Q(y) =0

which has a solution since K is algebraically closed. If u # 1 we are done. Otherwise,
(3) = (1) = Q(u) = 0in K whichimpliesr>3. Also, T(1) = T (u) = 1so X = K-1&X°.
Since Q does not vanishon X 0 and dim X°>2, there exists a non-zero isotropic vectorz € X 0,
Putit = 1+z.Thenut # 1, T(w) = T(1) = 1and Q) = Q1) + B(1,2) + Q(z) =
0+ (r — )T (z) + 0 = 0, as required.

8.5. Corollary. A separable quadratic trace module X over an algebraically closed field is
split.

Proof If X has rank <1 this is evident, so we assume r = rk(X) > 2. Then the assertion
follows by induction from Proposition 8.2 and Lemma 8.4.

8.6. Theorem. Let X be a separable quadratic trace module of rank r > 2. Then U is a
smooth quasi-affine finitely presented k-scheme. The geometric fibres of U have dimension
r — 2. They consist of two points if r = 2 and are connected and non-empty forr > 3.

Proof As noted in 8.1, U is quasi-affine and finitely presented. By [6, I, §4, Corollary 4.6],
U is smooth if and only if, for every R € k-alg and every ideal n of square zero in R,
the canonical map U(R) — U(R/n) is surjective. After a base change from k to R we
may assume R = k to simplify notation. Denote the canonical maps k — k := k/n and
X - X := X/nX = X @ k/n by abar, and let v € U(k/n). Decompose £ =k - v ® X’
with X’ separable of rank » — 1 as in Proposition 8.2. Choose x € X with ¥ = v. Then
T(x) = 1+ 6 and Q(x) = & where §,& € n. Since n has square zero, | +§ € k>
with (1 +8)~! = 1 — 8. After replacing x by (1 — &)x, we may assume 7' (x) = 1. Then
Ax,x) =Tx)?—B(x,x) =1-2¢ € k*, so X decomposes X = k-x® M where M = xt
with respect to A, and M=X. By Lemma 8.3, there exists w € X’ with T (w) = 1. Choose
y € M withy = w. Then T(y) = 1 + y € 1 4 n is invertible, so after replacing y by
1+ y)‘ly, we have found an element y € M with 7(y) = 1. Since also T(x) = 1, it
follows that

0=A0,y) =TxT(y) = Bx,y)=1-=B(x,y).
Nowputu :=x+¢e(x —y).Thenu =x=v,T(u)=14+¢(1 —1) =1, and
Q) = Q(x) +¢&B(x,x —y) = Q(x) +£(20(x) — B(x,y)) =& +£2e — 1) = 0.
It remains to show that 1 — u is unimodular. Since 1 — v is unimodular in X, there exists a

linear form g € X* with 8(I — v) = 1. Now X* & X* ® k since X is finitely generated
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and projective, so there exists « € X* with @ = 8. This implies «(1 — #) = 1 and therefore
a(l —u) € 1 +n C k™, as required.

To determine the geometric fibres of U we may, after a base change, assume that k = K
is an algebraically closed field. By Lemma 8.4 and Corollary 8.5, U(K) # @ and X = €&,
is split. Put m = r — 1 and identify X with K" by means of the standard basis e, ..., €;.
Let Greek indices run from O to m and Latin indices from 1 to m. Then Y(K) c K" is

described by the equations
D=1 D xx, =0, (8.6.1)
A A<p

and x € U(K) if in addition x # 1y = (1,...,1). Forr = 2, Y(K) = U(K) =
{(1,0), (0, 1)} consists of two points. Assume r > 3 and use the first equation of (8.6.1),
xo = 1 — > x;, to eliminate xo from the second equation. Then Y(K) becomes identified
with the affine quadric in K™ with equation

f(xl,...,xm):zxi—inxj:O. (8.6.2)
i i<j
Since m > 2, it is easily seen that the polynomial f(xq,...,x,) € K[xq,...,x,] is irre-

ducible, so Y(K) is an irreducible algebraic variety. Hence U(K) is connected [2, II, §4.1,
Prop. 1].

8.7. Remark. In the situation of Theorem 8.6, define
S(R) =Y(R) N{lx,}

for all R € k-alg. Then S is a closed subscheme of Y, isomorphic to Spec(k/kd;) where

(8.7.1)

2n — 1 if r = 2n is even
dl:dl(”):[ ]

n if r =2n 4+ 11is odd

Moreover, Y is geometrically the union of U and S, and U is precisely the set of points of Y
where the canonical projection Y — Spec (k) is smooth. The proof is left to the reader. As a
consequence, we note:

U=Y <& d@r) -1eck”.
Clearly di(r) = 1 ifand only if r =2 or r = 3. Hence U =Y is affine for r = 2, 3.

8.8. Theorem. Let X be a quadratic trace module of rank r. Then X is separable if and only
if there exists an étale cover R of k (i.e., an étale and faithfully flat R € k-alg) such that
X®R=ECE ®R.

Proof The condition is necessary because separability descends from faithfully flat base
extensions. The proof of the converse is by induction on r. The cases r = 0, 1 being triv-
ial, we assume r > 2. By Theorem 8.6 and [7, Cor. 17.16.3(ii)], there exists an étale cover
k' € k-alg such that U(k") # @. Choose u € U(k’). Then Proposition 8.2 shows that
X QK = (¢ @ k') ® X' where X’ is separable of rank r — 1 over k’. By induction,
¥ Qv R = ¢&,_1 ®; R where R is an étale cover of k' and hence of k. It follows that
XR=(E®R) @ X @ R)Z¢ @R
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9. The automorphism group I

9.1. Definition. Let X = (X, Q, T, 1) be a quadratic trace module of rank r. An automor-
phism of X is an element g of GL(X) such that

g)=1 and T(g(x)) =T(x), QO(gx)) = Q(x), forallxeX. 9.1.1)

We denote by Aut(X) the set of all automorphisms of X, and let G = Aut(X) be the k-group
functor G(R) = Aut(X ® R), for all R € k-alg. Note that the automorphism group is trivial
if r < 1.

From the fact that X is finitely generated and projective as a k-module it follows easily
that G is an affine finitely presented k-group scheme.

9.2. Lemma. Let g = Lie(G) be the Lie algebra of G = Aut(X). The following conditions
are equivalent for an element A of End(X):

i Aeg,
(i) AQ)=0and T(A(x)) = B(x, A(x)) =0, forall x € X,
(i) A1) =0and A(x, A(x)) =0, forall x € X.

Proof A belongs to g if and only if Id + ¢A € G(k(e)) where k(e) is the algebra of dual
numbers. Now the equivalence of (i) and (ii) follows easily from (9.1.1). Next, we have
A(x, A(x)) = T(x)T(A(x)) — B(x, A(x)) which shows (ii) implies (iii). On the other hand,
A(l,x) = T(x) by (1.1.4), and from A(x, A(x)) = 0 for all x we get by linearization
that A(x, A(y)) = —A(A(x), y). Hence A(1) = 0 implies that T (A(x)) = A(1, A(x)) =
—A(A(1), x) = 0, so that (iii) implies (ii).

9.3. Theorem. Let X be a separable quadratic trace module of rank r > 2.

(a) G = Aut(X) is smooth of fibre-dimension (rgl).

(b) If X = €&, is split, g = Lie(G) is the set of alternating r x r matrices with all row
sums equal to zero.

(¢) The “unit sphere” U of (8.1.2) is a homogeneous space under G in the following sense:
If Uk) # @, choose u € U(k) and decompose X = k -u @& X' as in
Proposition 8.2. Then H := Centg(u) = Aut(X'), and the orbit map B: G — U,
g +— g(u), is smooth and surjective, so that G/H = U as étale sheaves. In general, the
map v: G xU— UxU, (g,u) — (u, g(u)), is smooth and surjective.

Proof (a), (b) By localization we may assume that X=X /k - 11is free, so X has a basis of
the form xo = 1, x1, ..., x,, where m = r — 1. We first show that g € GL(X) belongs to
G (k) if and only if

g() =1, 9.3.1)
T(gx)=T(x;), fori=1,...,m, 9.3.2)
Q@) =0, fori=1,...,m, 9.3.3)

B(g(xi), g(xj)) = B(x;,xj), forl<i<j<m. 9.3.4)

These conditions are obviously necessary. Now suppose that they hold. Then (9.3.1) implies
that (9.3.2) holds for i = 0 as well so we have T o g = T. Similarly, (9.3.3) holds for
i = 0 and we also have B(g(1), g(x;)) = (r — DT (g(x;)) = (r — DT (x;) = B(1, x;), for
j=1,...,m.This implies Q o g = Q, so g is an automorphism.
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Clearly, (9.3.1)—(9.3.3) are polynomial equations in the entries of g (where we identify g
with its matrix with respect to the basis xo, ..., x,,). Note that (9.3.1) amounts to r scalar
equations for the components of g(1). Since all this remains valid in any scalar extension,
we see that G is defined by

20— 1 +(r—1)_ 2_(r—l)
r (r ) ) =r )

To prove smoothness of G, it suffices by [6, II, §5, Prop. 2.7] that for every prime ideal p
of k, the Lie algebra of G ® k(p) has dimension (rgl). Since G ® k(p) = Aut(X ® k(p))
and X ® k (p) splits over the algebraic closure of k (p) by Corollary 8.5, this will follow once
we have established the description of g in (b). Let, then, X = €&, be split and let ¢; be the
standard basis of k". By 1.2, A is the standard scalar product on k”. Hence A € Mat, (k)
is alternating if and only if A(x, A(x)) = 0 for all x € k", and since 1 = 1y is the vector
with all components equal to 1, A(1) = 0 means that all row sums of A zero. In view of
Lemma 9.2(iii) this completes the proof of (a) and (b).

(¢) Letu € U(k). Since G leaves the discriminant form A invariant and X’ is the orthog-
onal complement of « with respect to A, we see that H is the isomorphic image of Aut(X’)
under the map g’ > Idg., @ g’, so we identify Aut(X’) and H. We show that G/H = U as
sheaves in the étale topology, i.e., that for every R € k-alg and every v € U(R) there exists
an étale cover S of R and g € G(S) such that g(u) = v. After a base change, we may assume
R = k for easier notation. By Proposition 8.2, X = k - v @ X where X" is also separable of
rank » — 1. Theorem 8.8 shows that there exists an étale cover E of k and an isomorphism
h: X @ E— X" ® E. Define g(u) = vand g xor = - Then g € G(E) and g(u) = v.

Since H = Aut(X') is smooth by (a), in particular, flat, it follows from [6, III, §3, Proposi-
tion 2.5(a), Corollary 2.6] that 8 is faithfully flat and smooth. Hence so are § xIdy: GxU —
Ux UandIdg x 8: G x G — G x U. One checks that the diagram

polynomial equations.

GxG—GxU

Idg xﬁl J{ﬁ

GxU———UxU
BxIdy

is Cartesian, where the top arrow is given by (g, h) > (hg™!, g(u)). By faithfully flat
descent, ¢ is faithfully flat and smooth.

In general, there exists a faithfully flat R € k-alg such that U(R) # ¢
[7, Corollary 17.16.2]. Here we use the fact that the canonical projection U — Spec(k)
is surjective, hence (by smoothness of U) faithfully flat, cf. Theorem 8.6. By what we proved
already, ¥ ® R is faithfully flat and smooth, and therefore so is ¢ by faithfully flat descent.

9.4. The Dickson homomorphism. Since the discriminant algebra Dis(X) of a quadratic
trace module X depends functorially on X (cf. 3.4) and is compatible with base change, there
is a homomorphism

Dick = Dickx: Aut(X) — Aut(Dis(X)), g +> Dis(g), (9.4.1)

called the Dickson homomorphism, because it has properties similar to the classical Dickson
homomorphism for orthogonal groups of even rank.
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Suppose that X is separable, whence also D = Dis(X) is a separable quadratic algebra by
8.1. Then the canonical homomorphism hp: Z; — Aut(D) of 7.2 is an isomorphism [11,
5.3]. In fact, it is the unigue isomorphism between Z; and Aut(D) because the automorphism
group of the group scheme Z; is trivial. We then define

dick = dicky := hBl o Dick: Aut(X) — Z,. 9.4.2)

Let in particular A € k-alg be finitely generated and projective as a k-module, and let
X = qt(A) be the associated quadratic trace module as in 1.3. Clearly, Aut(A) C Aut(X),
and we define the Dickson homomorphism of A as the restriction of Dick x:

Dicky = DiCkx|Am(A) : Aut(A) — Aut(Dis(A)). (9.4.3)
If A is étale, we put in analogy to (9.4.2),
dicky = bl_)l oDicky : Aut(A) — Z;. 944

An explicit formula for Dick x is as follows. First let X have even rank r = 2n and let

g € Aut(X). Since Dis(X) is a shift of ©(Q), the automorphism Dick(g) of D is the same

as the automorphism ©(g) € Aut(D(Q)) (cf. 3.1(c)). Therefore, [12, 2.4.1] shows that it is
given by

Dick(g) - 57(€) = Kf.g(r) (€) - 1 +det(g) - 5(£) (94.5)

where f is arepresentative of Q and § € /\2" X. If X has odd rank 2n 4 1 then by definition,
Dis(¥) = Dis(¢| @ X), and Dick(g) = Dis(Ide¢, @ g). Hence the above formula applies with
the appropriate modifications. Since A" X = Dis(¥X)/k -1 = /\zDis(%), (9.4.5) implies
that

det(g) = det(Dick(g)). (9.4.6)

If X is separable, the analogous formula for dick is
det(g) = x(dick(g)) = 1 — 2dick(g), 9.4.7)

cf. 7.1 and (7.2.3).

‘We use this to obtain an explicit formula for p = dick(g) in case X = &, is split. Identify
bilinear forms with matrices by means of the standard basis ¢; and put§ = e; A--- Aep,. By
3.7, f = Uy, isarepresentative of Q and D = Dis(X) = k-1@k-z where z = 57 (&) satisfies
22 =z;in particular, Tp(z) = 1. Hence (9.4.5) and (9.4.7) show Dick(g) - z = kf,g+(r)(§) -
14 (1—2p)z. On the other hand, by (7.2.2), Dick(g)-z = bp(p)-z = pTp(2)-1+(1—2p)z.
By comparison, we obtain the formula

dick(g) = krgr(r)ler A -+ Aeap). (9.4.8)

9.5. Lemma. Let X, X, be quadratic trace modules and X = X1 @ X, their direct sum.
Let G; = Aut(X;), G = Aut(X) and put D; := Dis(X;) and D := Dis(X). Denote by
0: Aut(Di0Dy) — Aut(D) the isomorphism induced by the isomorphism ® : D10 Dy —
D of 6.5, and let Dick; : G; — Aut(D;) be the Dickson homomorphisms. Then the following
diagram is commutative:

Dick xDicky

G x Gy Aut(D;) x Aut(Dy)
@l ll] 9.5.1)
G Dick Aut(D) ; Aut(D; O Dy)
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where the left vertical arrow is the embedding (g1, g2) > g1 D g = (%‘ SZ) and the right
vertical arrow is the homomorphism introduced in (7.3.1). If the X; (and therefore X) are
separable, the analogous diagram for dick is

dick xdick
GIXGz e Z2XZ2
EBJ J-&- 9.5.2)
G dick Z;

Proof Let g; € G;(k) and h; = Dick;(g;) € Aut(D;). Since @ is functorial, the following
diagram is commutative:

h1Ohy
DiO0Dy ——— DDy

@} :Ll@

Dick(g1©g2)

By definition of 0 we have 8(h1 O hy) = ® o (hy O hy) o ©~!. Hence 0(h; O hy) =
Dick(g & g2), which shows (9.5.1) is commutative when the group functors are evaluated
at R = k. Since everything is compatible with base change, we have (9.5.1).

In the separable case, (9.5.2) follows from (7.3.3), the definition of dick in (9.4.2) and the
fact that 6 o hp,op, : Zo — Aut(D) is an isomorphism and therefore agrees with bp.

9.6. Lemma. Let X be a quadratic trace module of rank two, thus X = qt(D) where D is a
quadratic algebra, cf. 1.4. Then Aut(X) = Aut(D), and Dick: Aut(D) — Aut(Dis(D)) is
the isomorphism induced by the isomorphism @p: D — Dis(D) of (3.5.2). Moreover, the
following diagram is commutative:

Aut(D) —— 2% Aut(Dis(D))

\ / 9.6.1)
bp hpis(D)

7
If X is separable, equivalently, if D is étale, then
dick = b3, : Aut(D) — Zy; 9.6.2)

in particular,
dick(op) =1 € Z,(k), (9.6.3)

where op is the involution of D, cf. 7.2.

Proof After a base change, it suffices to show that the diagram

D%D

Dis(X) ——— Dis(X)
Dick(g)
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is commutative for all g € Aut(D) = Aut(X). Let f be a bilinear form representing Q and
let x € D. Then by (3.5.3) and since g(1) = 1,

P(g(x) = f(gx), 1) - T+s57(1Ag)) = f(g(x), 1) - 1 +det(g) - sp(1 Ax),
while by (9.4.5),

Dick(g) (P (x)) = kper(p)(1 AX) - 1+ f(x,1)- 1 +det(g) - sp(1 Ax)
= (f,x) = f(1,gx) + f(x, D) - 1 +det(g) - sp(1 Ax).

This proves our assertion because the trace form 7 (x) = f(1,x) 4+ f(x, 1) is invariant
under g. Being an isomorphism of quadratic algebras, @ respects the involutions. Hence
Dick(op) = opis(p), from which (9.6.1) follows immediately. Finally, (9.6.2) and (9.6.3)
follow easily from (9.6.1) and the definition of dick in (9.4.2).

9.7. Theorem. Let X be a separable quadratic trace module of rank r >2, with automorphism
group G = Aut(X) and Dickson homomorphism dick: G — Zj, and let G = Ker(dick).

(a) If X splits off a direct summand of rank two; in particular, if X is split, then dick has
sections in the category of group schemes. In general, dick has sections locally in the étale
topology, so the sequence

inc dick

1 Gt G 7, 0

is exact in the étale topology. Moreover, G is smooth and dick is smooth and surjective.
(b) G has connected fibres. If r > 3 then U is a homogeneous space under G™; i.e.,
Theorem 9.3(c) holds for Gt and HY = G N H instead of G and H.

Proof (a) Assume that X = X; @ X, where X has rank two, and let G; = Aut(X;). By
Lemma 9.6, dick; : G| — Z is an isomorphism. Now it follows from (9.5.2) that a section
s: Zy — G of dick is given by s(p) = dickl_l(p) @ Idx,, forall p € Zo(R), R € k-alg.
Hence G is the semidirect product of G and Z; in particular, G is isomorphic to G x Z;
as a k-scheme. Since G is smooth by Theorem 9.3 it follows that GT is smooth as well.
Hence dick is smooth and obviously surjective.

In general, X splits over an étale cover of k by Theorem 8.8, so the assertions follow by
descent from the split case.

(b) We proceed by induction on r. For r = 2, dick: G — Z; is an isomorphism by
Lemma 9.6, whence G™ is trivial. Now let » > 3. We show that U is a homogeneous space
under G, First, assume there exists a section # € U(k), decompose X = k- u @ X’ as in 8.2
and let H be the isotropy group of # in G. By Theorem 9.3(c), G’ := Aut(X’) is isomorphic
to H under the map g’ +> Idy., @ g’. From (9.5.2), specialized to the present situation (where
now G; = Aut(k - u) is trivial and G, = G’) it follows that the restriction of dick to H
corresponds to the Dickson homomorphism dick” of G’. This implies

H" = Centg+ (1) = (G)™. 9.7.1)

We show that U = GT/HT as étale sheaves. Let v € U(R), R € k-alg. By
Theorem 9.3(c), there exists an étale cover E of R and an element g € G(E) with g(u) = v.
We now modify g to an element g™ having the same property.

Since r — 1 > 2, dick’: G’ — Z, is an étale epimorphism by (a), so there exists an étale
cover E' of E and g’ € G'(E’) such that dick’(g’) = dick(g) . Put g* :=go (ld® ¢) €
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G(E’). Then still g* (1) = v and furthermore,
dick(g1) = dick(g) + dick(Id @ g") = dick(g) + dick/(g") =0,

so gt € GT(E'). This proves that U = G+ /H™ as étale sheaves. Now the same arguments
as in the proof of Theorem 9.3(c) show that the orbit map 8: G — U is smooth and
surjective, and so is the map #: G x U — U x U even when U(k) is empty.

By induction and (9.7.1), HY = (G’)™ has connected fibres, and by Theorem 8.6 so does
U. Since B: Gt — U is faithfully flat and therefore open it follows easily that Gt has
connected fibres.

9.8. The sign homomorphism. The constant k-group scheme defined by the symmetric
group &, is denoted & .. An element of & ,(R) can be considered as a locally constant map
from the spectrum of R to &, or as a complete family of orthogonal idempotents (67 )rcs,
of R, with multiplication (e5) - (¢5,) = (¢/), where e/, = " &€ The sign homomor-

OT=T
phism
0 if 7 iseven

sgn: &, — 7Z/27, sgn =

gn: & — Z/2L,  sgn(m) [1 if 7 is odd
induces a homomorphism

sgn: 6, — Zo, sgn((sﬂ)negr) = Z Exs (9.8.1)

TG\,

where 2(, denotes the alternating group.
Let E, = k" be the split étale algebra of rank r, with standard basis e, . .., e, and let
P; € GL, (k) be defined by Py (e;) = ex(;). It is well known that the map

i &, — AW(E,), (ex)zes, F> D &xPx (9.8.2)

TeS,

is an isomorphism.

9.9. Lemma. The Dickson homomorphism of E, (cf. (9.4.4)) is induced by the sign homo-
morphism; i.e., the diagram

Gr LZZ

n[g dickE,/ Tdick@r
/

Allt(Er) T} Aut(@r)
s commutative.

Proof We may assume r > 2, otherwise both sgn and dick are trivial. Let 712 € &, be
the transposition of 1 and 2. Decompose &, = qt(E,) = X| & X, where X; = &, and
X> = &,_. Then n2(712) is the switch of factors in E> = k X k, that is, n2(t12) = oF, is
the involution of E5. Hence dickg, (72(112)) = 1 € Z(k) by (9.6.3), and (9.5.2) implies
dick(n,(t12)) = 1 = sgn(z12).

An arbitrary transposition T is conjugate to 7y in the symmetric group &,. As Z, is
abelian, dick(n, (7)) = dick(n,(t12)) = 1 = sgn(r). Since the transpositions generate &,
it follows that dick(n, (;r)) = sgn(r) for all 7 € &,.. Finally, &, is the sheaf in the Zariski
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topology associated to the constant functor F(R) = &, for all R € k-alg. We have shown
that the morphisms sgn and dickg, o n, from &, to Z, agree on F. Hence they are equal
because Z, is a Zariski sheaf [6, III, §1, Prop. 1.7].

9.10. Torsors and cohomology. In 9.4, the Dickson homomorphism was deduced from the
discriminant algebra functor. This can—to a certain extent—be reversed. As an application,
it will be seen that our definition of the discriminant algebra of an étale algebra is compatible
with Waterhouse [16].

Let 7 be a Grothendieck topology on k-alg. Fix a quadratic trace module X with discri-
minant algebra Dy = Dis(X¢). Let qtm(X() C qtm, be the subcategory whose objects are
quadratic trace modules 7 -locally isomorphic to X and whose morphisms are isomorphisms,
and define qa(Dy) C qa,; analogously. As the functor Dis commutes with base change, it
restricts to a functor Dis: qtm(Xp) — qa(Dg). Let Go = Aut(Xo) and Hy = Aut(Dy), and
denote the categories of Go-torsors and Hy-torsors (with respect to 7°) over k by tor(Go) and
tor(Hp), respectively. Then the Dickson homomorphism Dick: Gy — Hy induces a functor,
likewise denoted Dick: tor(Gg) — tor(Hp), which assigns to a Go-torsor X the Hyp-tor-
sor X V6o Hy [6, 111, §4, 3.2]. There are equivalences of categories qtm(Xgp) — tor(Go)
and qa(Dg) — tor(Hp) given by X — Isom(Xy, X) and D — Isom(Dy, D), with quasi-
inverses given by twisting X resp. Do with a torsor [6, III, §5, Prop. 1.2]. Then the following
diagram is commutative up to a natural isomorphism of functors:

qtm(Xp) —>—— qa(Dy)
Isom(xo,—)l Jlsom(Do,—) (9.10.1)

tor(Gg) ———— tor(Hp)
Dick

Indeed, let X € qtm(Xp) and put X := Isom(Xp, X) € tor(Gg) as well as Y:=
Isom(Dy, Dis(X)) € tor(Hp). We must construct an isomorphism ¢ = @x : X vGo Hy > Y
of Ho-torsors, natural in X. First, there is a morphism ¥ : X x Hy — Y as follows: Let
R € k-alg, f € X(R) and h € Hp(R); thus f: Xo ® R — X ® R is an isomorphism and
h € Aut(Do ® R). Since Dis commutes with base change, we have an isomorphism
.. h Dis(f) . ~ e
Y(f,h):=Dis(f)oh: Dg® R — Dp® R —— Dis(X ® R) = Dis(X) ® R,

ie., ¥ (f, h) € Isom(Dg ® R, Dis(X) ® R) = Isom(Dy, Dis(X))(R) = Y(R). Next, for all
g € Go(R) = Aut(Xp ® R),

Y(fog,h) =Dis(f og)oh =Dis(f)oDick(g) o h = ¥ (f, Dick(g)h),

by functoriality of Dis and definition of Dick. It is immediate that ¥ ( f, hoh’) = ¥ (f, h)oh’,
forall i’ € Hy(R). Now X G0 Hj is the quotient sheaf of X x Hy by the equivalence relation
(f og,h) ~ (f,Dick(g)h). Hence ¥ induces a morphism ¢: X vG0 Hy — Y of Hy-tor-
sors which is automatically an isomorphism [6, III, §4, Prop. 1.4]. Naturality of ¢ is easily
checked.

The preceding argument only required that Dis be a functor commuting with base change.
Hence, analogous statements hold when qtm(X) is replaced by the category of finitely gen-
erated and projective k-algebras locally isomorphic to a fixed algebra Ag and Go by Aut(Ay),
with Dis and Dick for algebras defined as in (3.4.3) and (9.4.3).

Let us specialize to the case where 7 is the étale topology and Xy = &, is the split
quadratic trace module of rank r. By Theorem 8.8, qtm(Xy) is the category of separable
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quadratic trace modules of rank . Furthermore, Dy =Dis(&,) =k x kby3.7andhp,: Zr —
Hy = Aut(Dy) is an isomorphism. Denote as usual the pointed set of isomorphism classes of
G-torsors by H! (k, G). Then (9.10.1) says that the assignment X > Dis(X) gives, in the sep-
arable case, a concrete realization of the map H!(dick): H'(k, Gg) — H'(k, Z,) between
the cohomology sets. Similarly, by Lemma 9.9, the assignment E +— Dis(E) (where E is an
étale algebra of rank r) realizes the map

H!(sgn): H'(k, &,) - H'(k, Z»).

This proves that our definition of the discriminant algebra of an étale algebra is compatible
with Waterhouse’s cohomological definition [16].

10. The automorphism group II: centre and restriction map

10.1. Lemma. Leta, b, ¢ € k be relatively prime. Consider the polynomials P(t) = at> —
bt + ¢ and P(t) = t> — bt + ac and the k-algebras C := k[t]/(P) and D := k[t]/(P) =
k-1@k-z Let C:= Spec(C) and D := Spec(D) be the affine schemes determined by C
and D.

(a) Define t: C — D by «(x) = ax, for all x € C(R), R € k-alg. Then ¢ is an open
immersion whose image is the open subscheme of D defined by the ideal I = Da+ D (b —z)
of D.

(b) Cis aflat, finitely presented and quasi-finite k-scheme. The image of CinS = Spec(k)
is the open subscheme defined by the ideal ka + kb. Hence C is faithfully flat over k if and
only if a and b are relatively prime.

(¢) If b* — 4ac € k* then C is étale over k. The converse holds if ka + kb = k.

Proof (a) Wehavex € C(R)ifandonlyifx € Rand P(x) = 0.Hence }N’(ax) =aP(x)=0,
so ax € D(R) and thus ¢ maps C to D. Next, ¢ is a monomorphism: Let x1, xo € C(R) and
axy = axp. Then 0 = P(x1) — P(x2) = a(x; — x2)(x1 +x2) — b(x1 —x2) = —b(x1 — x2),
and 0 = P(x1)(x; — x2) = c(x1 — x2) imply x; — xp = 0 because a, b, ¢ are relatively
prime. The open subscheme V of D defined by [/ is the functor

V(R) ={y € D(R) : Ra+ R(b —y) = R},

cf. [6, 1, §1, 3.5]. The values of ¢ lie in V: Let x € C(R) and let / = Ra + R(b — ax). Then
a,b € J, hence also ¢ = x(b — ax) € J,so J = R because a, b, c are relatively prime.
Conversely, let y € V(R), thus y(b — y) = ac and R = Ra + R(b — y). We must show that
y = ax for some x € C(R). Choose u, v € R such that

1l =ua+vb—y). (10.1.1)
Multiplying this equation with y yields
y = yua + yv(b —y) = auy + (ac)v = a(uy + cv).

Putx = uy+cv. Thenax = y, and it remains to show that x € C(R), i.e., thatx(b—ax) = c.
Now

x(b—ax) =x(b—=y)=Wy+cv)(b—y)=uyd—y)+cvb—-y)
=u(ac)+vb —y)c=(uwa+vb—y)c=c,

because of (10.1.1).
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(b) Clearly, D is a flat and finite (of rank 2) k-scheme. Since ¢ is an open immersion, C
is flat and quasi-finite over k, and it is obviously finitely presented. The fibre of C over a
prime ideal p of k is Spec(C ® k(p)) which is empty if and only if a, b € p. This proves the
remaining statements.

(c) D is étale if and only if the discriminant b2 —4ac of P is a unit of k. Now the assertions
follow readily from (a) and (b).

10.2. Definition. We define a family of groups C, (r € N) which are open subgroups of Z,
resp. iy, depending on the parity of r. Let

r n if r =2niseven
d(r) = ecd(2,r) [r if r=2n+1is odd] (10.2.1)
and consider the polynomials
. 2 _ _ nt2 —t if r=2n
P.(t) =d(r)t- —ged(2,r — Dt = [rtz ot ifr=2ndtl| (10.2.2)

The coefficients of P, are relatively prime so Lemma 10.1 is applicable. Let C, := k[t]/(P;)
and let C, = Spec(C,) be the affine scheme defined by C,, i.e., the set-valued functor on
k-alg given by

C(R)={r€R:P-())=0} (R € k-alg). (10.2.3)

Note that Cy = Spec(k), that C; = Z, and that C; = u,, the group scheme of second roots

of unity, under the map A — 1 — A.

10.3. Lemma. (a) C, is an affine faithfully flat finitely presented quasi-finite abelian k-group
scheme with the group law

AN =a4+2 —ral,

forall A, € C,(R), R € k-alg. Moreover, Cy, is étale while Cy, 11 is étale if and only if
2 ek*.
(b) The maps

wp: Coyp = Lo, wp(A) =nA,
Vn: Cong1 = Mo, ¥u(A) =1—-02n+ DA
are open immersions and homomorphisms of group schemes. They are isomorphisms if and

only ifd(r) € k™, and are constant if and only if d(r) = 0 in k.
(¢) The homomorphism

) | xowyifr=2n
Xr: Cr = po, X’_ll/f,, ifr:2n+1]

(where x: Zy — p, is as in 7.1) is a monomorphism if r = 1 (mod 2) or r = 0 (mod 4)
while the kernel of xaj+2 is K(R) ={A € R : A2 = A, 21 = 0. It is an isomorphism if and
only ifr € k*.

Proof (a) The scheme-theoretic properties of C, follow from Lemma 10.1 and the rest is a
straightforward computation.
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(b) If r = 2n then w, is the open immersion ¢ of Lemma 10.1. If r = 2n + 1 then v, is
the composition of ¢ and the isomorphism C; — u, given by u — 1 — u. Hence w, and
Y, are open immersions. The homomorphism property is easily checked. The last statement
is obvious.

(c) If r is odd then ¥, is a monomorphism by (b). Now let » = 2n and assume that
X(wp(A)) = 1 —2nk = 1. Then 2nA = 0 and therefore 2n2%2 = 20 = 0. If n = 21 then
A=nA2=2I2>=0.Ifn = 2] + 1 then A = (2 + 1)A> = A2, s0 A € K(R). Conversely,
K C Ker(x4/42) is clear from the definitions. Finally, if € k> then u +— rl(1 = ) is the
inverse of x,. Conversely, assume that y, is an isomorphism but that r ¢ k*. After dividing
by a suitable maximal ideal, we may assume r = 0 in k. Then x, is constant, but u, is not
the trivial group, contradiction.

10.4. The quadratic form Q° and the restriction map. Let X be a separable quadratic
trace module of rank r > 2, let X0 = Ker(T) and define

0" := -0 - (10.4.1)

By 8.3, X is a direct summand of X of rank r — 1 and QU is primitive. The minus sign is
introduced so that the polar form B? of Q° becomes the restriction of A to X°:

B(x.y) = A(x.y) (x,yeX"), (10.4.2)
as is immediate from (1.1.3). Suppose X = @rZ split over Z, with standard basis ey, ..., e,.
Thenv; =e¢; —e;—1 (i =2,...,r)is abasis of X9, and
2 ifi=j
%) =1, Bvi,vj)=1-1 ifli—jl=1}, (10.4.3)

0 otherwise

so QY is the quadratic form of the root system A,_j.
An automorphism g of X leaves X invariant and induces an orthogonal transformation
of the quadratic form Q. We thus have a restriction homomorphism

res: G = Aut(¥) — 0(Q"), g+~ g|x°. (10.4.4)
Note that
det(res(g)) = x(dick(g)) =det(g) (g € G(R), R € k-alg). (10.4.5)

Indeed, pick an element u € X with T'(u) = 1, write X = k - u ® X° and thus identify g with
a formal 2 x 2-matrix. Then g(¢) = u (mod X°), so g = (l 2) where & = res(g), which
implies det(res(g)) = det(g) = x (dick(g)) by (9.4.7). Hence res induces a homomorphism

rest: GT = Ker(dick) — SO(Q"). (10.4.6)

10.5. Theorem. Let X be a separable quadratic trace module of rank r > 2 over k with
automorphism group G = Aut(X), and let Cent(G) be the centre of G in the sense of group
schemes 6,11, §1, 3.9].

(a) There is an isomorphism cen: C, i) Cent(G) given by
cen(A)(x) = x,(A)x + AT (x)1y, (10.5.1)
forall A € C.(R), x € X ® R, R € k-alg.
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(b) Let res be the restriction homomorphism of (10.4.4) and let cen®: p, — O(QY) be
the monomorphism X +— A - 1dyo. Then the diagram

Cr cen G

x{ Jres (10.5.2)

H2 ———— 0(Q")
cen

is commutative and in fact Cartesian, i.e., res™! (, - Idyo) = Cent(G). Hence the kernel of
res is central in G and the restriction cen: Ker(x,) — Ker(res) is an isomorphism.

(¢c) The restriction of the determinant and the Dickson homomorphism to the centre of G
are as follows:

det(cen(r)) = H’(M iﬁ : z;’; o ] , (10.5.3)
dick(cen(1)) = "O"”(M g : z;’; . ] , (10.5.4)

forall . € C.(R), R € k-alg.

Proof (a) A straightforward computation shows that cen: C, — GL(X) is a group homo-
morphism. It is a monomorphism: If cen(X) = Id then cen()»)|XO = xr(A) - Idyo which
implies x-(A) = 1 because kX% = r — 1> 1. For an element u with T (1) = 1 (which exists
by Lemma 8.3) it then follows that u = cen(A) - u = u + A - 1x and hence X = 0, because
1x is unimodular.
We show next that the centralizer of G in End(X) consists of all endomorphism of the
form
Ry (x) = px + AT (x)1x (10.5.5)

where A, & € k. Since 1x and T are invariant under automorphisms, it is evident that £;,
commutes with all automorphisms of X in all base ring extensions. In particular, cen(A) =
hj 1—ry centralizes G. Conversely, let # € End(X) have this property. After passing to a
faithfully flat base extension we may assume that X is split. Then # commutes with all
permutations of the standard basis vectors e; (cf. 9.8), so the matrix (a;;) of & satisfies
ajj = ax(i),x(j) forall m € &,. This means a;; = a1 and a;; = a2 forall i and all j # i.
Hence h = h) , for A = ajz and u = ay; — ayz.
To complete the proof of (a), it remains to show, after a base change, that

h=h), €Aut(X) <<= pu=1-rrandi e C,(k). (10.5.6)

Since T(1x) = r, we have h(1x) = (u + rA)lx and T (h(x)) = (u + rA)T (x), for all
x € X. Hence

h(lx)=1x and Toh=T << u=1-—rA.

Assume that this is the case. Then a simple computation using (1.1.1) shows
r
0(h(x) = 0(x) = (u? = QW) + [ (r = Dt + (2)A2]T<x)2

= (222 —2r0)0() + [(r — D — (;)AZ]T(x)Z

=F(M\) Q) — GWT (x)? (10.5.7)
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for all x € X, where
F)=(1—rt)> —1=r2t>—2rt and G(t) = (;)tZ —(r—Dt.

This proves the implication from right to left of
Qohp,=0 <<= FX)=GH=0.

For the implication from left to right, let first x € X 0. Then (10.5.7) says F'(A) - 0% =0and
therefore F(A) = 0, because QO is primitive (8.3). Now choosing an x with T(x) = 1 in
(10.5.7) yields G (1) = 0. It is an elementary exercise to show that the ideal of k[t] generated
by F and G is precisely the one generated by P,. Hence

FO=GOl) =0 < PM=0 < irecCk).

This completes the proof of (10.5.6) and hence of (a).

(c) Commutativity of (10.5.2) is evident from (10.5.1). Now let g € G (k) with res(g) =
- Idyo where u € o (k). Choose u € X with T(«) = 1 and put w := g(u) — pu. Then g
is given by

gx)=pux+Txw (10.5.8)

forall x € X. Indeed, for x € X© this is clear, while pu+ T (u)w = pu—+gu) — pu = g(u),
so the assertion follows from X = k - u @ X°. We claim that A(w, X°) = 0. Indeed, for all
X € XO,

Aw, x) = Alg(u) — pu, x) = Adu, g~ (x)) — A, ux) =0,

since A is invariant under g and g(x) = ux = g‘1 (x). It follows that w € (X9t =k - 1y,
because A is non-degenerate and X0 = 1§ by (1.1.4). Thus w = Xlx, and then (10.5.8)
says that g = h;_,,. By what we proved in (a), g = cen(A) is central.

(c) Let u € X with T(u) = 1. Then cen(A) - u = u (mod X°) because cen()) pre-
serves T, and cen()) induces y,(A) - Id on X0 by (105.2). As X =k-u & X0 we have
det(cen(X)) = x, (1) ~!. This proves (10.5.3) because x, (1) is a second root of unity.

Let us compute the Dickson invariant. By faithfully flat descent and Theorem 8.8 we may
assume X = €, split. Consider the split quadratic trace module QE,Z over the integers, let A =
Z|[t]/(Py) be the coordinate ring of C,Z, lett =can(t) € Aand g := cen(t) € Aut(Cfi,Z ® A).
Then by (10.5.3), Lemma 10.3(c) and (9.4.7),

1—-2w,(t) if r=2n

detg = [ ) ifr=2n+1 ] =1 — 2dick(g). (10.5.9)

By Lemma 10.3, A is flat over Z, in particular, it is a torsion-free abelian group. Hence
(10.5.9) shows that (10.5.4) holds in the special case A =t € A. Returning to X = &, over
the ring k, let A € C,(R). Then there is a ring homomorphism A — R sending ¢ to A, and
since (C%,Z ®z A)®y R = G,Z ®z R = X ® R, we have (10.5.4) in general.

10.6. Corollary. We keep the assumptions and notations of 10.5.

(a) If r = 2n is even then the multiplication map mult: G+ x Cent(G) — G is an open
immersion. Its image is the inverse image under dick of the image of w, in Zy, cf. 10.3(b).
In particular, Gt N Cent(G) = {1}.

(b) If r = 2n + 1 is odd then Cent(G) C G™.
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Proof One checks, using the first formula of (10.5.4), that the diagram

pry
Gt x Cyy —— Cyy

—_— 7
G dick 2

is Cartesian, where ¢(g*, 1) = g™ - cen()). Hence ¢ is an open immersion, being the base
change via dick of the open immersion w, (Lemma 10.3(b)). Since cen is an isomorphism,
¢ is isomorphic to mult: G x Cent(G) — G. This proves (a) while (b) is immediate from
the second formula of (10.5.4).

10.7. Lemma. Let X be a separable quadratic trace module of rank r > 2 and let u € X
with T (u) = 1. Then the map n +— u An is an isomorphism /\r_1 X — N X, independent
of the choice of u. Treating this as an identification, the (signed) discriminant of Q° is

sg0 = (=12 . d(r) - 82 (10.7.1)

where d(r) is defined in (10.2.1). Hence Q0 is separable if and only if d(r) € k*.

Here we call a quadratic form g on a finitely generated and projective module M separable
if its discriminant is non-singular. This means that its polar form b is non-singular if M has
even rank, and that g is semiregular [10, IV, §3] if M has odd rank.

Proof Independence of u is easily seen. By Theorem 8.8, it suffices to consider the split
quadratic trace module QErZ over Z. Choose u = e. With respect to the basis v; = ¢; — ¢;_
(i =2,...,r)of X° the matrix A = (Bo(vi, vj)) is the Cartan matrix of type A,_; (cf.
104),sodet A =r [4]. Putn = vy A---Av,and & = e; A = €1 A--- A er. Then for
r = 2n even,

2800(n. n) = (=1)""det A = (=1)""'2n8x (£, &),

while for r = 2n + 1 odd,
Sgo(m, ) = (=1)" det(A) = (—=1)"réx(&,%).

10.8. Theorem. Let X be a separable quadratic trace module of rank r > 2 with auto-
morphism group G = Aut(X). Suppose that d(r) € k*; equivalently, by 10.7, that Q° is
separable.

(a) Let r = 2n be even. Then Q° is a semiregular quadratic form of rank 2n — 1 and the
maps

mult: G* x Cent(G) —» G, (10.8.1)
dick: Cent(G) —s Z», (10.8.2)
rest: Gt —s SO(Q") (10.8.3)

are isomorphisms.
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(b) Let r = 2n+1 be odd. Then Q° is a non-singular quadratic form of rank 2n. The centre
of G is isomorphic to w, and is contained in G*. The restriction map res: G — 0(0% is
an isomorphism compatible with the Dickson homomorphisms, i.e., the diagram

——— 0"

10.8.4
s commutative.

Here dick: O(Q°%) — Z, is the usual Dickson homomorphism of the even orthogonal
group.

Proof (a) The first statement is clear from Lemma 10.7. Asd(r) = n € k*, w, is an isomor-
phism by Lemma 10.3(b). Now (10.8.1) follows from Corollary 10.6(a). Also, Theorem 10.5
shows that dick: Cent(G) — Z; is an isomorphism with inverse cen o w,; ! which proves
(10.8.2).

It remains to prove (10.8.3). Let us put H := SO(Q%) and 7 := rest for simpler nota-
tion. First, 7 is a monomorphism because Ker(res) C Cent(G) by Theorem 10.5(b) and
G' N Cent(G) = {1} by Corollary 10.6(a). Next, suppose k = K is a field. It is known
that H, which is a form of SO,,_, is a connected smooth algebraic K-group of dimen-
sion (2"; 1). By Theorems 9.3 and 9.7, G™ is also smooth of the same dimension, and
Lie(x): Lie(G™) = Lie(G) — Lie(H) is injective because 7 is a monomorphism. Since
the dimension of a smooth K -group equals the dimension of its Lie algebra, Lie(rr) is an iso-
morphism. It follows that 7 is an open immersion [6, II, §5, Corollary 5.5(b)], and therefore
even an isomorphism because H is connected.

Finally, return to the case of an arbitrary base ring k and let G act on H via g* - h =
w(gT)h. Then 7 is the orbit map g > g - ¢ where e € H(k) is the unit element, and the
centralizer of e in GV is trivial because 7 is a monomorphism. Now [6, III, §3, Prop. 2.1]
shows that 77 is an isomorphism.

(b) By Lemma 10.7, 0Yis non-singular if r is odd. The structure of Cent(G) is clear from
Corollary 10.6(b) and the fact that x,: C, — p, is an isomorphism, by Lemma 10.3(c),
becauser = d(r) € k*.Sincealso T (1x) = r € k¥, wehave X = k-1x @ X as k-modules.

Moreover, Q = ((;)) 1(=0% (orthogonal sum of quadratic forms) by 1.7. It follows easily

that res is an isomorphism, with inverse & +— ((l) 2) with respect to the above decomposition.

It remains to prove (10.8.4). Let g € Aut(X) and h = res(g) € O(QO) Consider the qua-
dratic form Q on X asin (2 3.1). Then the k- modulelsomorph1sm<p X0 > x ,p(x) = x (the
canonical image of x in X = X/k-1x) satisfies Q((p (x)) = r- Q%x), and hence is an invert-
ible similitude. By [12, Theorem 2.3(b)], it induces an isomorphism ® (¢) : D(0% — D( Q)
of discriminant algebras. Observe that the isomorphism h of X induced by 4 is the same as
the transformation ¢ induced by g. Hence by functoriality of ©, the diagram of isomorphisms

0 D(p) .
D(Q°) —2(0)

%)J l@@ (10.8.5)

0 )
Q) —5, PW@
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is commutative. By Theorem 3.8, there is a natural isomorphism p: D(Q) + & — Dis(X)
(where ¢ = (—1)"@ (n)dx) and hence a commutative diagram

D(0) +& ——— Dis(X)

D(é)l lDick(g) (10.8.6)

D(Q) + & ——— Dis(®)

Now observe that for a separable quadratic algebra D, and for a shift D + ¢ of D which
is also separable, we have Aut(D) = Aut(D + ¢). This follows from the isomorphisms hp
and hp from Z; to Aut(D) (cf. 7.2 and 9.4) and the fact that D and D + ¢ have the same
standard involution, cf. (3.1.3). Applying this to D = D (Q"), we obtain from (10.8.5) and
(10.8.6) the commutative diagram of isomorphisms

(0% +& — 5 Dis(¥)
@(h)l JDick(g) (10.8.7)

D(Q% + ¢ —— Dis®

where &’ corresponds to & under D () and ¥ = p o D(p).

By definition, Dick(g) = bpisx)(dick(g)) and D(h) = bhggo(dick(h)). Now
dick(g) = dick(h) follows from (10.8.7) and the fact that the isomorphism hp: Z; —
Aut(D) is unique, for a separable quadratic algebra D, as remarked in 9.4.

10.9. Theorem. Let X be separable of rank r > 2 with automorphism group G = Aut(X%).
Suppose that d(r) = 0 in k, equivalently, by 10.7, that Q° has zero discriminant.

(a) Thenr = 0 ink and therefore 1x € X°. The quadratic form Q° induces a non-singular
quadratic form Q of rankr —2 on X := X%/k - 1x.

(b) G has trivial centre. Denote by O (Q°) the isotropy group of lx in 0(Q%). Then the
restriction map

res: G — 01(Q%) (10.9.1)

is an isomorphism, and there is a split exact sequence

0—— X —0,(0% —— 0(0) 1 (10.9.2)

described as follows: Denote the canonical map X O — X by x > X. Then for a linear form
fonX, i(f) € 01(Q°) is given by

() =x+f@-1x (x e X,
while p(h) = h is the map on X induced by h € O1(Q°).
Proof (a)By (10.2.1),d(r) = Oink impliesr = 0ink.Hence T(1x) =r =0,s01x € X0,
By (1.1.4), X0 = 1§ with respect to A, and since A is non-singular, k - 1y = (XL, As
BY is the restriction of A to X° by (10.4.2), the kernel of BY is k - 1x. Now 1y is uni-

modular, so X = X%/k - 1x is finitely generated and projective of rank r — 2. Moreover,
(;) = d(r)d(r — 1) shows that Q°(1x) = —(;) = 0 in k, hence QY induces a quadratic
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form Q on X whose polar form B is the non-singular symmetric bilinear form induced by
B%on X.

(b) From (10.2.2), (10.2.3) and d(r) = 0 it is clear that C, is the trivial group and hence
so is Cent(G) by Theorem 10.5(a). Since automorphisms fix 1y, res maps G to 0,(0Y.
The kernel of res, being central (Theorem 10.5(b)), is trivial, so res is a monomorphism.
To determine its image, choose u € X with T(u) = 1, decompose X = k - u @ X0 and
identify elements of GL(X) with formal 2 x 2-matrices. Then an easy computation shows
that g € G(k) if and only if g = (! 9) where w € X%, h € 01(Q°) and

O(w) + B(u, w) =0, (10.9.3)
B(w, h(x)) + Bu,h(x) —x) =0 (x € X%). (10.9.4)

After replacing x by A~ (x), (10.9.4) is equivalent to
Bw,x) = B(u,x —h~'(x)) (x € X°). (10.9.5)

Now let i € 01(Q°) be given. Then finding an element g € G (k) with res(g) = h amounts
to finding a solution w € X 0 of (10.9.3) and (10.9.5). As a function of x, the right hand side
of (10 9.5) is a linear form on X° which vanishes for x = 1y. Hence it induces a linear form
on X which is uniquely representable by B. Lifting this back to X, there exists w’ € X°,
unique modulo k - 1x, such that (10.9.5) holds for all w = A - 1y + w’. Then condition
(10.9.3) becomes:

0= Q(A-l—i—w’)—i—B(u,A-l—l—w’)
= (;)AZ + (r — 1)T(w’) + Q(w/) + (r — DAT (u) + B(u, w/)
= QW) — A+ Bu,w,

because r = (%) = 0in k and T'(w’) = 0. This proves the existence of w, as desired. Since
these arguments remain valid in all base extensions, we have (10.9.1).

It remains to show (10.9.2). Choose a decomposition XO=k-1@Mandlet Q' = Q° ]M.
Then Q° = (0) L @', and the canonical projection induces an isomorphism (M, Q') =
(X, 0). Writing the elements of GL(X 0y again as 2 x 2-matrices with respect to this decom-
position, it is easy to see that i € OI(QO) if and only if h = (0 h’) where h/ € O(Q’) and
o« € M* are arbitrary. From this, the remaining assertions follow readily.

10.10. Corollary. Let X be a separable quadratic trace module of rank r > 2 and G =
Aut(X). Then

Gisreductive <= d(r)ek* << QVis separable.

Proof The equivalence of the second and third condition follows from Lemma 10.7. Suppose
d(r) € k*.If r = 2n then by Theorem 10.8(a), G = SO(Q°) x Z,. After a faithfully flat
base change, Q° becomes isomorphic to the standard quadratic form of rank 2n — 1 and
therefore SO(QO) isomorphic to SO»,_; which is known to be reductive. Hence so is G. The
proof in case r odd is similar, using Theorem 10.8(b) and reductivity of Oy,. On the other
hand, suppose d(r) ¢ k™. Then there exists a prime ideal p of k such that d(r) = 0 in & (p).
As d(2) = 1, we have r > 3. Then the fibre G ® k(p) has a unipotent radical of dimension
r — 2 by Theorem 10.9.
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11. Appendix: Some determinant formulas
11.1. The half- and the quarter-determinant The n x n unit matrix is denoted /,, and
the transpose of a matrix A is AT.If A is a matrix of odd order with indeterminate entries,

the determinant of A + AT is divisible by 2, so there is a well-defined integral polynomial
hdet(A) in the entries of A such that

2hdet(A) = det(A + AT), (11.1.1)

called the half-determinant of A. Similarly, if A is of even order 2n, the quarter-
determinant of A is the integral polynomial qdet(A) in the entries of A satisfying

4qdet(A) =det(A+AT) — (=1)"det(A — AT), (11.1.2)

see [12, 1.1] for details. The Pfaffian of an alternating matrix of even order is denoted Pf(A).

11.2. Lemma. Denote by U, the n x n-matrix which has zeros in and below the diagonal
and all entries above the diagonal equal to 1. Then

det(U, + Uy = (=1)"(n = 1), (11.2.1)
det(nl, — U, —U) = (n+ 1", (11.2.2)
hdet(Uzny1) = n, (11.2.3)

Pf (U, — Uy,) = 1, (11.2.4)
qdet(Ua,) = —[n/2], (11.2.5)

qdet(Uz, — nlyy) = @ (n). (11.2.6)

Proof (11.2.1) and (11.2.2) are special cases of the formula
det (aln +bU, + U,,T)) =(a—b)"a+ @1 -1)b] (11.2.7)

which is easily proved by using the basis ej, e2 — ey, ..., e, — e of k". For the remaining
formulas, we may assume k = Z. Then (11.2.3) is clear from (11.2.1) and (11.1.1) since
we can cancel a factor 2. Formula (11.2.4) follows by induction from the expansion formula
for the Pfaffian given in [1, Exercise 5 for §5, p. 86]. Formula (11.2.5) is a consequence of
(2.2.4),(11.2.1) and (11.2.4) and (11.1.2). Finally, by (11.1.2), (11.2.2), (11.2.4) and (2.3.3),

4qdet(Us, — nlyy) = det(Uay + Uy, — 2nlp,) — (—=1)" det(Uy, — Uy))
=@+ D" = (=" = 4w (0,

cf. (2.3.3).
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11.3. Lemma. Let A and D be matrices of size | x | and m x m with coefficients in k, let
x,u € k' and y, v € k™ be row vectors and let o € k. Then

det (yo‘T 11))) =adet(D) —vD'yT (11.3.1)
0 v
=adet(D) +det( 7 p). (11.3.2)
o det (y"‘T g) = det (aD — yTv), (11.3.3)

det(A)det(D) — wA'x)(wDTy"). (11.3.4)

det A xTv
yTu D

If m =2n and U is an m x m-matrix, then

a 2v o v
hdet (O U) = det (ZUT U+ UT) . (11.3.5)

Here At denotes the adjoint matrix, so AAT = det(A)1;; in particular, AT =1 ifl =1.

Proof Formula (11.3.1) follows by expanding with respect to the first row and column,
see also [3, p. 640, Exercise 13]. For (11.3.2), use (11.3.1) in the special case « = 0. To
prove the remaining formulae, we may by a standard density argument (or by working in the
rational function field in the indeterminate entries of A, D, x, u, y, v over Q) assume that A
is invertible. Then, for rectangular matrices B, C of the appropriate size, a calculation shows

A BY (I 0)(A 0 L A-1B
(C D)_(C/rl Im)(o D—c/rlg)(o I, (11.3.6)

which implies
A B 1
det c pl= det(A)det(D — CA™ ' B). (11.3.7)

Let here in particular / = 1 and A = « € k¥, s0 B = vand CT = y are in k. Then
multiplying (11.3.7) by &~ ! yields

o™ det (yOlT g) =" det(D —a”'yTv) = det(@D — y " v),

which is (11.3.3).
Nowlet B =x"vand C = y'u. Then CA~'B = y"(uA~'xT)v. On the other hand,
for A € k,by (11.3.3) and (11.3.1),

1 v

det(D — Ay "v) = det (yT D) =det(D) — awDyT. (11.3.8)

Substituting (11.3.8) into (11.3.7) where A = uA~'x T = det(A) ' (uATx ") yields (11.3.4).

Finally, to prove (11.3.5), we may assume that « and the entries of v and U are indeter-
minates and work in the polynomial ring Z[«, v, U]. Then

a 2v 2a 2v o v
2hdet (O U) = det (ZUT U+ UT) = 2det (Z‘UT U+ UT) ,

so the assertion follows by cancelling the factor 2.
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114. Lemma. Leta €k, y,v € k" and D € Mat,, (k). Then if m = 2,

a v\ T 0 v+y
hdet (yT D)—adet(D—l—D ) 4 det (vT—i-yT D ), (11.4.1)

while form = 3,
a v\ 0 v 0 y\_ T T
qdet (yT D) = ohdet(D) +det (UT D) +det (yT D) v(DxD)y'. (11.4.2)
Here A x B = (A + B)' — AT — BT is the bilinear map determined by the quadratic map
A AT

Proof We may assume that « and the entries of v, y and D are indeterminates and work in the
ring Z[v;, y;, d;;]. Letfirstm = 2. Then D DV is linear and commutes with transposition.
Hence by (11.1.1) and (11.3.1),

a v\ 200 v+ y
hdet (yT D) — det (vT T Dy DT)
=2adet(D+D")— w4+ D +DHw+yT
—2adet(D+ D7) —2(w+ D (w+y) T

0 v+ y
_ T
= 2adet(D + D )+2det(v-|—+yT D )

For m = 3, we use (11.1.2) and again (11.3.1):

4qdet (yaT g) = det (UTZ_fyT Dv_’-_l—va) — det (yT g o7 DU:gT)
=2adet(D+D")—w+yMD+DHw+yT
+@=-»)D-DHy-v"
= 4ahdet(D) —4vD™v" —4yDTyT —4u(D x D)y,

11.5. Lemma. Let F| and F> be square matrices of size 21 and 2m, respectively, and let
x € k! and y € k> be row vectors. Then

FroxTy) Fi 0 0 «x 0
qdet(0 Fz)—qdet(o FZ)—hdet(O Fl)hdet(o P (11.5.1)

Proof Since the asserted formula is a polynomial identity with integer coefficients in the
entries of Fy, F», x, y, we may assume these entries to be indeterminates and work over the
ring Z[Fy, Fo, x,yl.PwtA=F + F|,D=F+F, ,R=F — F and S=F, — F, .
By Lemma 11.6, and since the square of the Pfaffian is the determinant, we have

R xTy R O
det (—yTx s ) = det (0 S) .

Now (11.1.2) and (11.3.4) imply

Fi x'y Fi 0Y) _ A xTy A 0
4qdet(0 Fz)—4qdet(0 F = det yix D — det 0 D

=—@xA'xH(yDy"). (11.5.2)
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On the other hand, by (11.1.1) and (11.3.1),

0 X _ 0 X\ _ - T.T
2 hdet (0 F]) = det (xT A) = —xA'x (11.5.3)

and similarly for the second factor. Now the assertion follows from (11.5.2) and (11.5.3) by
cancelling the factor 4.

11.6. Lemma. (a) Let R and S be alternating matrices with entries from k of even order 21
and 2m, respectively, and let x € k*' and y € k*™ be row vectors. Then

R xTy _ R 0\ _
Pf(_yrx S)—Pf(o S)—Pf(R)-Pf(S). (11.6.1)

(b) Let R and S be alternating matrices of odd order 21 + 1 and 2m + 1, and let x € k*'*!
and y € k"1 be row vectors. Then

.
Pf(_fo xSy):Pf(_?CT ;).Pf(_(y)T ?) (11.6.2)

Proof (a) By a standard density argument it suffices to prove this in case R is invertible. A
calculation shows that

Iy  OY(R O\(lu x"y\ _( R Rx'y
yix Lp)\O SJ\O0 DLn)  \3TxR S+y"xRx"y)"

Since R is alternating, we have xRx " = 0. Now the lemma follows from

R O

Pf(PT X P) = det(P)Pf(X), Pf(o S

) = Pf(R)Pf(S) (11.6.3)

(see[1, §5.2, Prop. 1]), and the fact that as x runs over k2! so does x R, because R is invertible.
(b) Let

(0 1 _(—x 0 T o (RO
A_(_l 0), B_(O y), c=-B", D_(O s)'

We compute the Pfaffianof X := (2 g) intwo ways. Since A isinvertibleand (A~!B) T =
CA~!, we have by (11.3.6) and (11.6.3) that

A BY . (A 0 B i
Pf(c D)_Pf(o D_CA_IB)_Pf(D CA™'B),

. —1 0 —)CT
and a computation shows CA™'B = |

yTx 0 y). Hence Pf(X) equals the left-hand
side of (11.6.2). On the other hand, let

1 0 0 0
P L R S

0 —Iyy O 0

0 0 0 Dy
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Then det(J) = 1 and

0 x 1 0
T
T _ X R 0 0
I'Xr=|1" ", 0 o y
0 0 —y' s
Hence, by (11.6.3) and (11.6.1),
0 x 1 0
xT R 0 0 0 x 0
PICX) =P — y _Pf(_xT R)-Pf(_yT s)'
0 0 —yT s
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