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Abstract We study some special almost complex structures on strictly pseudocon-
vex domains in R

2n . They appear naturally as limits under a nonisotropic scaling
procedure and play a role of model objects in the geometry of almost complex man-
ifolds with boundary. We determine explicitely some geometric invariants of these
model structures and derive necessary and sufficient conditions for their integra-
bility. As applications we prove a boundary extension and a compactness principle
for some elliptic diffeomorphisms between relatively compact domains.
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Introduction and main results

In the past twenty years, symplectic geometry has been the field of many devel-
opments. For instance, M.Gromov proved the Nonsqueezing theorem, stating that
there is no symplectic embedding of a ball into a “complex” cylinder with smaller
radius, and A.Floer proved Arnold’s conjecture on the number of fixed points for a
symplectic diffeomorphism in certain manifolds, developing Morse theory on infi-
nite-dimensional spaces. A main step in most of the recent developments in sym-
plectic geometry relies on the existence of holomorphic discs. Given a symplectic
form, the set of compatible almost complex structures is a non-empty contract-
ible oriented manifold. As observed by M.Gromov, the space of complex curves
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in an almost complex manifold tells much information about the structure of the
manifold. Symplectic invariants of the manifold appear as invariants of the cobor-
dism class of the moduli space of holomorphic curves for any compatible almost
complex structure. Underlying almost complex structures in symplectic geometry
are involved, in the issue of Nijenhuis-Woolf’s work [12], by geometric properties
of elliptic operators. Fredholm theory provides the moduli space of holomorphic
curves or spheres with a structure of an oriented manifold, and with a cobordism
between moduli space of two distinct almost complex structures. One views there-
fore almost complex manifolds as natural manifolds for deformation theory (both
of the structure and of the associated complex curves). The pertinence of this point
of view relies on some compactness principle for associated complex curves. These
compactness phenomena are based mainly on the Sobolev theory.

The present paper is dedicated to the study of strictly pseudoconvex domains in
almost complex manifolds. This is a natural development of the previous work [3]
where we proved the boundary regularity of some diffeomorphisms between strictly
pseudoconvex domains in almost complex manifolds of real dimension four. The
general regularity result, treated in the present paper, relies on the study of com-
plex invariants of some special almost complex structures. Our approach is based
on some deformation of almost complex manifolds with boundary. Inspired by
the well-known methods of complex analysis and geometry [14], we perform non
isotropic dilations, naturally associated with the geometric study of strictly convex
domains in the euclidean space. The cluster set of deformed structures forms a
smooth non trivial manifold of model almost complex structures on the euclidean
space, containing the standard structure. Such nonisotropic deformations are rel-
evant for several problems of geometric analysis on almost complex manifolds.
Model structures naturally appear in the analytic study of strictly pseudoconvex
domains in almost complex manifolds and also have other applications in almost
complex manifolds.

In a previous paper [6] we used this method to obtain lower estimates of the Ko-
bayashi-Royden infinitesimal metric near the boundary of a strictly pseudoconvex
domain. These estimates are one of our main technical tools in the present paper.
In the present paper we consider two distinct problems. The first problem affects
the elliptic boundary regularity of diffeomorphisms. In the spirit of Fefferman’s
theorem [4] on the smooth extension of biholomorphisms between smooth strictly
pseudoconvex domains, Eliashberg raised the following question. How does a sym-
plectic diffeomorphism of the ball effect the contact structure of the sphere ? One
approach consists in considering a compatible almost complex structure on the
ball and study the extension of the push forward structure under the action of the
diffeomorphism. This leads to an elliptic boundary regularity problem. Generi-
cally, this structure does not extend up to the sphere, since there exist symplectic
diffeomorphisms which do not extend up to the sphere. However we prove that
under some natural curvature conditions, the extension of this structure implies the
smooth extension of the diffeomorphism up to the boundary. More precisely we
have:

Theorem 0.1 Let D and D′ be two smooth relatively compact domains in real
manifolds. Assume that D admits an almost complex structure J smooth on D̄
and such that (D, J ) is strictly pseudoconvex. Then a smooth diffeomorphism
f : D → D′ extends to a smooth diffeomorphism between D̄ and D̄′ if and only
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if the direct image f∗(J ) of J under f extends smoothly on D̄′ and (D′, f∗(J )) is
strictly pseudoconvex.

Theorem 0.1 was proved in real dimension four in our work collaboration with
B.Coupet [3]. In that situation, one can find a normalization of the structure such
that the cluster set for dilated structures (note that dilations depend deeply on a
choice of coordinates) is reduced to the standard integrable structure. In the gen-
eral case, the manifold of model structures is non trivial, making the geometric
study of model structures consistent. Thus in the present paper we give a definitive
result, generalizing Fefferman’s theorem (dealing with the case where D and D′
are equipped with the standard structure of C

n). Theorem 0.1 gives a criterion for
the boundary extension of a diffeomorphism between two smooth manifolds, under
the assumption that the source manifold admits an almost complex structure. So it
can be viewed as a geometric version of the elliptic regularity.

The second problem concerns a compactness phenomenon for some diffeo-
morphisms. As this should be expected from the above general presentation, the
study of the compactness of diffeomorphisms is transformed into the study of the
compactness of induced almost complex structures, and consequently to an elliptic
problem. We prove the following compactness principle:

Theorem 0.2 Let (M, J )be an almost complex manifold, not equivalent to a model
domain. Let D = {r < 0} be a relatively compact domain in a smooth manifold N
and let ( f ν)ν be a sequence of diffeomorphisms from M to D. Assume that

(i) the sequence (Jν := f ν∗ (J ))ν extends smoothly up to D̄ and is compact in the
C2 convergence on D̄,

(ii) the Levi forms of ∂D , LJν (∂D) are uniformly bounded from below (with respect
to ν) by a positive constant.

Then the sequence ( f ν)ν is compact in the compact-open topology on M.

The paper is organized as follows. In the preliminary section one, we recall
some basic notions of almost complex geometry. Section two is crucial. We intro-
duce model almost complex structures and study their geometric properties. Section
three contains a technical background necessary for the proof of Theorem 0.1. It
mainly concerns properties of lifts of almost complex structures to tangent and
cotangent bundles of a manifold. We use it to prove the boundary regularity of
pseudoholomorhic discs attached to a totally real submanifold by means of geo-
metric bootstrap arguments. In section four we describe nonisotropic deformations
of strictly pseudoconvex almost complex manifolds with boundary. This allows to
reduce the study of these manifolds to model structures of section one. In section
five we prove Theorem 0.1. Our approach is inspired by the approach of Nirenberg-
Webster-Yang [13], [15], [5], [18,19]. Finally in section six we prove Theorem 0.2.

1 Preliminaries

An almost complex structure on a smooth (C∞) real (2n)-dimensional manifold M
is a C∞-field J of complex linear structures on the tangent bundle T M of M . We
call the pair (M, J ) an almost complex manifold. We denote by Jst the standard
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structure in R
2n and by B the unit ball in R

2n . An important special case of an
almost complex manifold is a bounded domain D in C

n equipped with an almost
complex structure J , defined in a neighborhood of D̄, and sufficiently close to the
standard structure Jst in the C2 norm on D̄ and every almost complex manifold
may be represented locally in such a form. More precisely, we have the following
Lemma.

Lemma 1.1 Let (M, J ) be an almost complex manifold. Then for every point
p ∈ M and every λ0 > 0 there exist a neighborhood U of p and a coordinate
diffeomorphism z : U → B such that z(p) = 0, dz(p) ◦ J (p) ◦ dz−1(0) = Jst

and the direct image Ĵ = z∗(J ) satisfies || Ĵ − Jst ||C2(B)
≤ λ0.

Proof There exists a diffeomorphism z from a neighborhood U ′ of p ∈ M onto
B satisfying z(p) = 0 and dz(p) ◦ J (p) ◦ dz−1(0) = Jst . For λ > 0 con-
sider the dilation dλ : t �→ λ−1t in C

n and the composition zλ = dλ ◦ z. Then
limλ→0 ||(zλ)∗(J )− Jst ||C2(B)

= 0. Setting U = z−1
λ (B) for λ > 0 small enough,

we obtain the desired statement. 	

Every complex one formw on M may be uniquely decomposed asw = w(1,0)+

w(0,1), where w(1,0) ∈ T ∗
(1,0)M and w(0,1) ∈ T ∗

(0,1)M , with respect to the structure

J . This enables to define the operators ∂J and ∂̄J on the space of smooth functions
defined on M : given a complex smooth function u on M , we set ∂J u = du(1,0)
and ∂̄J u = du(0,1).

1.1 Real submanifolds in an almost complex manifold

Let � be a real smooth submanifold in M . We denote by H J (�) the J -holomor-
phic tangent bundle T� ∩ J T�. Then � is totally real if H J (�) = {0} and � is
J -complex if T� = H J (�).

If � is a real hypersurface in M defined by � = {r = 0} and p ∈ � then by
definition

H J
p (�) = {v ∈ Tp M : dr(p)(v) = dr(p)(J (p)v) = 0}

= {v ∈ Tp M : ∂J r(p)(v − i J (p)v) = 0}.
We recall the notions of the Levi form:

Definition 1.2 Let � = {r = 0} be a smooth real hypersurface in M (r is any
smooth defining function of �) and let p ∈ �.

(i) The Levi form of � at p is the map defined on H J
p (�) by LJ (�)(X p) =

J �dr [X, J X ]p, where the vector field X is any section of the J -holomorphic
tangent bundle H J� such that X (p) = X p.

(ii) A real smooth hypersurface � = {r = 0} in M is strictly J -pseudoconvex if
its Levi form LJ (�) is positive definite on H J (�).

(iii) If r is a C2 function on M then the Levi form of r is defined on T M by
LJ (r)(X) := −d(J �dr)(X, J X).

(iv) A C2 real valued function r on M is J -plurisubharmonic on M(resp. strictly
J -plurisubharmonic) if and only if LJ (r)(X) ≥ 0 for every X ∈ T M(resp.
LJ (r)(X) > 0 for every X ∈ T M\{0}).
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1.2 Local representation of holomorphic discs

A smooth map f between two almost complex manifolds (M ′, J ′) and (M, J )
is holomorphic if its differential satisfies the following holomorphy condition :
d f ◦ J = J ′ ◦ d f on T M . In case (M ′, J ′) = (�, Jst ) the map f is called a J -ho-
lomorphic disc. We denote by ζ the complex variable in C. In view of Lemma 1.1,
the holomorphy condition is usually written as

∂ f

∂ζ̄
+ Q J ( f )

∂ f

∂ζ
= 0,

where Q = (Jst + J )−1(Jst − J ) (see [16]). However, in view of Lemma 1.1 a
basis w := (w1, . . . , wn) of (1, 0) forms on M may be locally written as w j =
dz j + ∑n

k=1 A j,k(z, z̄)dz̄ where A j,k is a smooth function. The disc f being J -
holomorphic if f ∗(w j ) is a (1, 0) form for j = 1, . . . , n (see [1]), f satisfies the
following equation on �:

∂ f

∂ζ̄
+ A( f )

∂ f

∂ζ
= 0, (1.1)

where A = (A j,k)1≤ j,k≤n . We will use this second equation to characterize the
J -holomorphy in the paper.

2 Model almost complex structures

The scaling process in complex manifolds deals with deformations of domains
under holomorphic transformations called dilations. The usual nonisotropic dila-
tions in complex manifolds, associated with strictly pseudoconvex domains, pro-
vide the unit ball (after biholomorphism) as the limit domain. In almost complex
manifolds dilations are generically no more holomorphic with respect to the amb-
iant structure. The scaling process consists in deforming both the structure and the
domain. This provides, as limits, a quadratic domain and a linear deformation of
the standard structure in R

2n , called model structure. We study some invariants
of such structures. Let (x1, y1, . . . , xn, yn) = (z1, . . . , zn) = (′z, zn) denote the
canonical coordinates of R

2n .

Definition 2.1 Let J be an almost complex structure on C
n . We call J a model

structure if J (z) = Jst+L(z)where L is given by a linear matrix L = (L j,k)1≤ j,k≤2n
such that L j,k = 0 for 1 ≤ j ≤ 2n − 2, 1 ≤ k ≤ 2n, L j,k = 0 for j, k =
2n − 1, 2n and L j,k = ∑n−1

l=1

(
a j,k

l zl + ā j,k
l z̄l

)
, a j,k

l ∈ C, for j = 2n − 1, 2n and

k = 1, · · · , 2n − 2.

The complexification JC of a model structure J can be written as a (2n × 2n)
complex matrix
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JC =












i 0 0 0 · · · 0 0
0 −i 0 0 · · · 0 0
0 0 i 0 · · · 0 0
0 0 0 −i · · · 0 0

· · · · · · · · · · · · · · · · · · · · ·
0 L̃2n−1,2 0 L̃2n−1,4 · · · i 0

L̃2n,1 0 L̃2n,3 0 · · · 0 −i












, (2.1)

where L̃2n−1,2k(z, z̄) = ∑n−1
l=1, l 
=k(α

k
l zl + βk

l z̄l) with αk
l , β

k
l ∈ C. Moreover,

L̃2n,2k−1 = L̃2n−1,2k .
With a model structure we associate model domains.

Definition 2.2 Let J be a model structure on C
n and D = {z ∈ C

n : Rezn +
P2(

′z,′ z̄) < 0}, where P2 is homogeneous second degree real polynomial on
C

n−1. The pair (D, J ) is called a model domain if D is strictly J -pseudoconvex
in a neighborhood of the origin.

The aim of this Section is to define the complex hypersurfaces for model struc-
tures in R

2n .
Let J be a model structure on R

2n and let N be a germ of a J -complex hyper-
surface in R

2n .

Propostion 2.3

(i) The model structure J is integrable if and only if L̃2n−1, j satisfies the com-
patibility conditions

∂ L̃2n−1,2k

∂ z̄ j
= ∂ L̃2n−1,2 j

∂ z̄k

for every 1 ≤ j, k ≤ n − 1.
In that case there exists a global diffeomorphism of R

2n which is (J, Jst ) ho-
lomorphic. In that case the germs of any J -complex hypersurface are given
by one of the two following forms:
(a) N = A × C where A is a germ of a Jst -complex hypersurface in C

n−1,
(b) N = {(′z, zn) ∈ C

n : zn = i
4

∑n−1
j=1 z̄ j L̃2n−1,2 j (

′z,′ z̄) + i
4

∑n−1
j=1 z̄ j

L̃2n−1,2 j (
′z, 0))+ϕ̃(′z)} where ϕ̃ is a holomorphic function locally defined

in C
n−1.

(ii) If J is not integrable then N = A × C where A is a germ of a Jst -complex
hypersurface in C

n−1.

Proof of Proposition 2.3 Let N be a germ of a J -complex hypersurface in R
2n .

If π : R
2n → R

2n−2 is the projection on the (2n − 2) first variables, it follows
from Definition 2.1, or similarly from condition (2.1) that π(Tz N ) is a Jst -complex
hypersurface in C

n−1.
It follows that either dimCπ(N ) = n − 1 or dimCπ(N ) = n − 2.

Case one : dimCπ(N ) = n − 1. We prove the following Lemma:

Lemma 2.4 There is a local holomorphic function ϕ̃ in C
n−1 such that N =

{(′z, zn) : zn = i
4

∑n−1
j=1 z̄ j L̃2n−1,2 j (

′z,′ z̄)+ i
4

∑n−1
j=1 z̄ j L̃2n−1,2 j (

′z, 0))+ ϕ̃(′z)}.
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Proof of Lemma 2.4 A germ N can be represented as a graph N = {zn = ϕ(′z,′ z̄)}
whereϕ is a smooth local complex function. Hence Tz N =

{
vn = ∑n−1

j=1

(
∂ϕ

∂z j (
′z)v j

+ ∂ϕ

∂ z̄ j (
′z)v̄ j

)}
. A vector v = (x1, y1, . . . , xn, yn) belongs to Tz N if and only if

the complex components v1 := x1 + iy1, . . . , vn := xn + iyn satisfy

ivn = i
n−1∑

j=1

(
∂ϕ

∂z j
(′z)v j + ∂ϕ

∂ z̄ j
(′z)v̄ j

)

. (2.2)

Similarly, the vector Jzv belongs to Tz N if and only if

n−1∑

j=1

L̃2n,2 j−1(
′z)v̄ j + ivn = i




n−1∑

j=1

∂ϕ

∂z j
(′z)v j −

n−1∑

j=1

∂ϕ

∂ z̄ j
(′z)v̄ j



 . (2.3)

It follows from (2.2) and (2.3) that N is J -complex if and only if

n−1∑

j=1

(

L̃2n,2 j−1(
′z)v̄ j + 2i

∂ϕ

∂ z̄ j
(z)v̄ j

)

= 0

for every ′v ∈ C
n−1, or equivalently if and only if

L̃2n,2 j−1 = −2i
∂ϕ

∂ z̄ j

for every j = 1, . . . , n − 1. This last condition is equivalent to the compatibility
conditions

∂ L̃2n,2 j−1

∂ z̄k
= ∂ L̃2n,2k−1

∂ z̄ j
for j, k = 1, . . . , n − 1. (2.4)

In that case there exists a local holomorphic function ϕ̃ in C
n−1 such that

ϕ
(′z,′ z̄

) = i

2

n−1∑

j=1

z̄ j




∑

k 
= j

α
j
k zk



 − i

2

n−2∑

j=1

z̄ j




∑

k> j

β
j

k z̄k



 + ϕ̃(′z),

meaning that such J -complex hypersurfaces are parametrized by holomorphic
functions in the variables ′z. Moreover we can rewrite ϕ as

ϕ(′z,′ z̄) = i

4

n−1∑

j=1

z̄ j L̃2n−1,2 j (
′z,′ z̄)+ i

4

n−1∑

j=1

z̄ j L̃2n−1,2 j (
′z, 0))+ ϕ̃(′z).

	

We also have the following

Lemma 2.5 The (1, 0) forms of J have the form ω = ∑n
k=1 ckdzk − i

2 cn
∑n−1

k=1

L̃2n−1,2kd z̄k with complex numbers c1, . . . , cn.
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Proof of Lemma 2.5 Let X = ∑n
k=1

(
xk

∂
∂zk + yk

∂
∂ z̄k

)
be a (0, 1) vector field. In

view of (2.1), we have:

JC(X) = −i X ⇔





xk = 0, for k = 1, . . . , n − 1

xn = i
2

∑n−1
k=1 yk L̃2n−1,2k .

Hence the (0, 1) vector fields are given by

X =
n∑

k=1

yk
∂

∂ z̄k
+ i

2

∂

∂zn

n−1∑

k=1

yk L̃2n−1,2k .

A (1, 0) form ω = ∑n
k=1(ckdzk + dndz̄k) satisfying ω(X) = 0 for every (0, 1)

vector field X it satisfies dn = 0 and dk + (i/2)cn L̃2n−1,2k = 0 for every k =
1, . . . , n − 1. This gives the desired form for the (1, 0) forms on C

n . 	

Consider now the global diffeomorphism of C

n defined by

F(′z, zn) =


′z, zn − i

4

n−1∑

j=1

z̄ j L̃2n−1,2 j (
′z,′ z̄)− i

4

n−1∑

j=1

z̄ j L̃2n−1,2 j (
′z, 0)



 .

The map F is (J, Jst ) holomorphic if and only if F∗(dzk) is a (1, 0) form with
respect to J , for every k = 1, . . . , n.

Then F∗(dzk) = dzk for k = 1, . . . , n − 1 and

F∗(dzn) = dzn +
n−1∑

k=1

∂Fn

∂zk
dzk +

n−1∑

k=1

∂Fn

∂ z̄k
d z̄k

= dzn +
n−1∑

k=1

∂Fn

∂zk
dzk

− i

4

n−1∑

k=1

(L̃2n−1,2k(
′z,′ z̄)

+
∑

j 
=k

z̄ j ∂ L̃2n−1,2 j

∂ z̄k
(′z,′ z̄)+ L̃2n−1,2k(

′z,′ 0))dz̄k .

By the compatibility condition (2.4) we have

F∗(dzn) = dzn +
n−1∑

k=1

∂Fn

∂zk
dzk − i

4

n−1∑

k=1

(L̃2n−1,2k(
′z,′ z̄)

+L̃2n−1,2k(
′0,′ z̄)+ L̃2n−1,2k(

′z,′ 0))dz̄k

= dzn − i

2

n−1∑

k=1

L̃2n−1,2k(
′z,′ z̄)dz̄k +

n−1∑

k=1

∂Fn

∂zk
dzk .
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These equalities mean that F is a local (J, Jst )-biholomorphism of C
n , and so that

J is integrable.

Case two : dimCπ(N ) = n −2 . In that case we may write N = π(N )×C, mean-
ing that J -complex hypersurfaces are parametrized by Jst -complex hypersurfaces
of C

n−1.
We can conclude now the proof of Proposition 2.3. We proved in Case one that

if there exists a J -complex hypersurface in C
n such that dimπ(N ) = n −1 (this is

equivalent to the compatibility conditions (2.4)) then J is integrable. Conversely,
it is immediate that if J is integrable then there exists a J -complex hypersurface
whose form is given by Lemma 2.4 and hence that the compatibility conditions
(2.4) are satisfied. This gives part (i) of Proposition 2.3.

To prove part (i i), we note that if J is not integrable then in view of part (i)
the form of any J -complex hypersurface is given by Case two. 	


3 Almost complex structures and totally real submanifolds

We recall that if (M, J ) is an almost complex manifold then a submanifold N of
M is totally real if T N ∩ J (T N ) = {0}.

3.1 Conormal bundle of a submanifold in (M, J )

The conormal bundle of a strictly J -pseudoconvex hypersurface in M provides
an important example of a totally real submanifold in the cotangent bundle T ∗M .
More precisely, following Sato (see [21]) let Ĵ denote the complete lift of J . If J
has components J h

i then, in the matrix form we have

Ĵ =



J h

i 0

pa

(
∂ J a

i
∂x j − ∂ J a

j

∂xi

)

J i
h



 ,

relative to local canonical coordinates (x, p) on T ∗M .
Let N denote the Nijenhuis tensor and let γ (N J ) be the (1, 1) tensor on T ∗M

defined in coordinates (x, p) by:

γ (N J ) =
(

0 0
pa(N J ) a

ji 0

)

.

Then the (1, 1) tensor defined on T ∗M by J̃ := Ĵ +(1/2)γ (N J ) defines an almost
complex structure on the cotangent bundle T ∗M . Moreover, if f is a biholomor-
phism between (M, J ) and (M ′, J ′) then the cotangent map f̃ := ( f, t d f −1) is a
biholomorphism between (T ∗M, J̃ ) and (T ∗M ′, J̃ ′).

If� is a real submanifold in M , the conormal bundle�J (�) of� is the real sub-

bundle of T ∗
(1,0)M defined by �J (�) =

{
φ ∈ T ∗

(1,0)M : Re φ|T� = 0
}

. One can

identify the conormal bundle �J (�) of � with any of the following subbundles of
T ∗M : N1(�) = {

ϕ ∈ T ∗M : ϕ|T� = 0
}

and N2(�) = {
ϕ ∈ T ∗M : ϕ|J T� = 0

}
.
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Propostion 3.1 Let � be a C2 real hypersurface in (M, J ). If � is strictly J -
pseudoconvex, then the bundles N1(�) and N2(�) (except the zero section) are
totally real submanifolds of dimension 2n in T ∗M equipped with J̃ .

Proposition 3.1 is due to A.Tumanov [19] in the integrable case. The question
whether a similar result was true in the almost complex case was asked by the
second author to A.Spiro who gave a positive answer [17]. For completeness we
give an alternative proof of this fact.

Proof of Proposition 3.1 Let x0 ∈ �. We consider local coordinates (x, p) for the
real cotangent bundle T ∗M of M in a neighborhood of x0. The fiber of N2(�) is
given by c(x)J ∗dρ(x), where c is a real nonvanishing function. In what follows
we denote −J ∗dρ by dc

Jρ. For every ϕ ∈ N2(�) we have ϕ|J (T�) ≡ 0. It is equiv-
alenty to prove that N1(�) is totally real in (T ∗M, J̃ ) or that N2(�) is totally real
in (T ∗M, J̃ ). We recall that if� = pi dxi in local coordinates then d� defines the
canonical symplectic form on T ∗M . If V,W ∈ T (N2(�)) then d�(V,W ) = 0.
Indeed the projection pr1(V ) of V (resp. W ) on M is in J (T�) and the projection
of V (resp. W ) on the fiber annihilates J (T�) by definition. It follows that N2(�)
is a Lagrangian submanifold of T ∗M for this symplectic form.

Let V be a vector field in T (N2(�)) ∩ J̃ T (N2(�)). We wish to prove that
V = 0. According to what preceeds we have d�(V,W ) = d�(J V,W ) = 0
for every W ∈ T (N2(�)). We restrict to W such that pr1(W ) ∈ T� ∩ J (T�).
Since � is defined over x0 ∈ � by � = cdc

Jρ, then d� = dc ∧ dc
Jρ + cddc

Jρ.
Since dc

Jρ(pr1(V )) = dc
Jρ(J pr1(V )) = dc

Jρ(pr1(V )) = dc
Jρ(J pr1(V )) = 0

it follows that ddc
Jρ(pr1(V ), pr1( J̃ W )) = 0. However, by the definition of J̃ ,

we know that pr1( J̃ W ) = J pr1(W ). Hence, choosing W = V , we obtain that
ddc

Jρ(pr1(V ), J pr1(V )) = 0. Since � is strictly J -pseudoconvex, it follows that
pr1(V ) = 0. In particular, V is given in local coordinates by V = (0, pr2(V )). It
follows now from the form of J̃ that J V = (0, J pr2(V )) (we consider pr2(V ) as
a vector in R

2n and J defined on R
2n). Since N2(�) is a real bundle of rank one,

then pr2(V ) is equal to zero. 	


3.2 Boundary regularity of J -holomorphic discs

Many geometric questions in complex analysis or in CR geometry reduce to the
study of the properties of holomorphic discs. Among these the boundary regularity
of holomorphic discs attached to a totally real submanifold appeared as one of the
essential tools in the understanding of extension phenomena. In the almost com-
plex setting, this is stated by H.Hofer [8] (refered to a bootstrap argument), and a
weaker regularity is proved by E.Chirka [1] and by S.Ivashkovich-V.Shevchischin
[9]. This can be formulated as follows:

Propostion 3.2 Let N be a smooth C∞ totally real submanifold in (M, J ) and let
ϕ : �+ → M be J-holomorphic. Assume that the cluster set of ϕ on the real
interval ] − 1, 1[ is contained in N. Then ϕ is of class C∞ on �+∪] − 1, 1[.

Here � denotes the unit disc in C and �+ := {ζ ∈ � : I m(ζ ) > 0}.
In case N has a weaker regularity then the exact regularity of ϕ, related to that

of N , can be derived directly from the following proof of Proposition 3.2.
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Proof of Proposition 3.2 We proceed in three steps, using a geometric bootstrap
argument.

Step one : 1/2-Hölder continuity . Since N is totally real, using a partition of unity,
we may represent N as the zero set of the positive, smooth, strictly J -plurisubhar-
monic function ρ (see the details in [3]).

As usual we denote by C(ϕ, ] − 1, 1[) the cluster set of ϕ on ] − 1, 1[; this
consists of points p ∈ M such that p = limk→∞ ϕ(ζk) for a sequence (ζk)k in�+
converging to a point in ] − 1, 1[. The 1/2-Hölder extension of ϕ to�+∪] − 1, 1[
is contained in the following proposition (see Proposition 4.1 in [3] for its proof).

Propostion 3.3 Let G be a relatively compact domain in (M, J ) and let ρ be a
strictly J -plurisubharmonic function of class C2 on Ḡ. Let ϕ : �+ → G be a
J-holomorphic disc such that ρ ◦ ϕ ≥ 0 on �+. Suppose that C(g, ] − 1, 1[) is
contained in the zero set of ρ. Then ϕ extends as a Hölder 1/2-continuous map on
�+∪] − 1, 1[.

Step two : The discϕ is of class C1+1/2. The following construction of the reflection
principle for pseudoholomorphic discs is due to Chirka [1]. For reader’s conve-
nience we give the details. Let a ∈] − 1, 1[. Our consideration being local at a,
we may assume that N = R

n ⊂ C
n, a = 0 and J is a smooth almost complex

structure defined in the unit ball Bn in C
n .

After a complex linear change of coordinates we may assume that J = Jst +
O(|z|) and N is given by x + ih(x) where x ∈ R

n and dh(0) = 0. If� is the local
diffeomorphism x �→ x, y �→ y−h(x) then�(N ) = R

n and the direct image of J
by�, still denoted by J , keeps the form Jst + O(|z|). Then J has a basis of (1, 0)-
forms given in the coordinates z by dz j + ∑

k a jkd z̄k ; using the matrix notation
we write it in the form ω = dz + A(z)dz̄ where the matrix function A(z) vanishes
at the origin. Writing ω = (I + A)dx + i(I − A)dy where I denotes the identity
matrix, we can take as a basis of (1, 0) forms : ω′ = dx + i(I + A)−1(I − A)dy =
dx + i Bdy. Here the matrix function B satisfies B(0) = I . Since B is smooth,
its restriction B|Rn on R

n admits a smooth extension B̂ on the unit ball such that
B̂ − B|Rn = O(|y|k) for any positive integer k. Consider the diffeomorphism
z∗ = x + i B̂(z)y. In the z∗-coordinates the submanifold N still coincides with
R

n and ω′ = dx + i Bdy = dz∗ + i(B − B̂)dy − i(d B̂)y = dz∗ + α, where the
coefficients of the form α vanish upto first order on R

n . Therefore there is a basis of
(1, 0)-forms (with respect to the image of J under the coordinate diffeomorphism
z �→ z∗) of the form dz∗ + A(z∗)dz̄∗, where A vanishes to first order on R

n and
‖A‖C1(B̄n)

<< 1.
Consider the continuous map ψ defined on � by






ψ = ϕ on �+

ψ(ζ ) = ϕ(ζ̄ ) for ζ ∈ �−.

Since, in view of (1.1) the map ϕ satisfies

∂̄ϕ + A(ϕ)∂ϕ = 0 (3.1)
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on �+, the map ψ satisfies the equation

∂̄ψ(ζ )+ A(ϕ(ζ̄ )) ∂ψ(ζ ) = 0

for ζ ∈ �−.
Hence ψ is a solution on � of the elliptic equation

∂̄ψ + λ(·)∂ψ = 0 (3.2)

where λ is defined by λ(ζ ) = A(ϕ(ζ )) for ζ ∈ �+∪] − 1, 1[ and λ(ζ ) = A(ϕ(ζ̄ ))
for ζ ∈ �−. According to Step one, the map λ is Hölder 1/2 continuous on� and
vanishes on ]− 1, 1[. This implies that ψ is of class C1+1/2 on� by equation (3.2)
(see [16,20]).

Step three : geometric bootstrap. Let v = (1, 0) in R
2 and consider the disc ϕc

defined on �+ by

ϕc(ζ ) = (ϕ(ζ ), dϕ(ζ )(v)).

We endow the tangent bundle T M with the complete lift J c of J (see [21] for its
definition). We recall that J c is an almost complex structure on T M . Moreover, if
∇ is any J complex connection on M (ie ∇ J = 0) and ∇̄ is the connection defined
on M by ∇̄X Y = ∇Y X + [X, Y ] then J c is the horizontal lift of J with respect
to ∇̄. Another definition of J c is given in [10] where this is characterized by a
deformation property. The equality between the two definitions given in [21] and
in [10] is obtained by their (equal) expression in the local canonical coordinates
on T M :

J c =



J h

i (0)

ta∂a J h
i J h

i



 .

(Here ta are fibers coordinates).

Lemma 3.4 T N is a totally real submanifold in (T M, J c).

Proof of Lemma 3.4 Let X ∈ T (T N ) ∩ J c(T (T N )). If X = (u, v) in the triviali-
sation T (T M) = T M ⊕ T M then u ∈ T N ∩ J (T N ), implying that u = 0. Hence
v ∈ T N ∩ J (T N ), implying that v = 0. Finally, X = 0. 	


The cluster set C(ϕc, ] − 1, 1[) is contained in the smooth submanifold T N
of T M . Applying Step two to ϕc and T N we prove that the first derivative of ϕ
with respect to x (x + iy are the standard coordinates on C) is of class C1+1/2 on
�+∪] − 1, 1[. The J -holomorphy equation (3.1) may be written as

∂ϕ

∂y
= J (ϕ)

∂ϕ

∂x

on �+∪] − 1, 1[. Hence ∂ϕ/∂y is of class C1+1/2 on �+∪] − 1, 1[, meaning that
ϕ is of class C2+1/2 on �+∪] − 1, 1[. We prove now that ϕ is of class C3+1/2 on
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�+∪] − 1, 1[. The reader will conclude, repeating the same argument that ϕ is of
class C∞ on �+∪] − 1, 1[.

Replace now the data (M, J ) and ϕ by (T M, J c) and ϕc in Step three. The map
2ϕc defined on �+ by 2ϕc(ζ ) = (ϕc(ζ ), dϕc(ζ )(v)) is 2 J c-holomorphic on �+
(2 J c is the complete lift of J c to the second tangent bundle T (T M). According to
Step two, its first derivative ∂(2ϕc)/∂x is of class C1+1/2 on �+∪] − 1, 1[. This

means that the second derivatives
∂2ϕ

∂x2 and
∂2ϕ

∂x∂y
are C1+1/2 on �+∪] − 1, 1[.

Differentiating equation (3.1) with respect to y, we prove that
∂2ϕ

∂y2 is C1+1/2 on

�+∪] − 1, 1[ and so that ϕ is C3+1/2 on �+∪] − 1, 1[. 	


3.3 Boundary regularity of diffeomorphisms in wedges

Let � and �′ be two totally real maximal submanifolds in almost complex mani-
fodls (M, J ) and (M ′, J ′). Let W (�,M) be a wedge in M with edge �.

Propostion 3.5 If F : W (�,M) → M ′ is (J, J ′)-holomorphic and if the cluster
set of � is contained in �′ then F extends as a C∞ map up to �.

Proof of Proposition 3.5 In view of Proposition 3.2 the proof is classical (see [3]).
	


As a direct application of Proposition 3.5 we obtain the following partial version
of Fefferman’s Theorem:

Corollary 3.6 Let D and D′ be two smooth relatively compact domains in real
manifolds. Assume that D admits an almost complex structure J smooth on D̄
and such that (D, J ) is strictly pseudoconvex. Let f be a smooth diffeomorphism
f : D → D′, extending as a C1 diffeomorphism (still called f ) between D̄ and
D̄′. Then f is a smooth C∞ diffeomorphism between D̄ and D̄′ if and only if the
direct image f∗(J ) of J under f extends smoothly on D̄′ and (D′, f∗(J )) is strictly
pseudoconvex.

Proof of Corollary 3.6 The cotangent lift f ∗ of f to the cotangent bundle over D,
locally defined by f ∗ := ( f,t (d f )−1), is a ( J̃ , J̃ ′)-biholomorphism from T ∗D
to T ∗D′, where J ′ := f∗(J ). According to Proposition 3.1, the conormal bundle
�(∂D) (resp. �(∂D′)) is a totally real submanifold in T ∗M (resp. T ∗M ′). We
consider �(∂D) as the edge of a wedge W (�(∂D),M) contained in T D. Then
we may apply Proposition 3.5 to F = f ∗ to conclude. 	


4 Boundary estimates and the scaling process

Our further considerations rely deeply on the following estimates of the Kobay-
ashi-Royden infinitesimal pseudometric obtained in [6] :
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Proposition A. Let D = {ρ < 0} be a relatively compact domain in an almost
complex manifold (M, J ), where ρ is a C2 defining function of D, strictly J -plu-
risubharmonic in a neighborhood of D̄. Then there exist positive constants c and
λ0 such that for every almost complex structure J ′ defined in a neighborhood of
D̄ and such that ‖J ′ − J‖C2(D̄) ≤ λ0 we have :

K(D,J ′)(p, v) ≥ c

[ |∂Jρ(p)(v − i J (p)v)|2
|ρ(p)|2 + ‖v‖2

|ρ(p)|
]1/2

, (4.1)

for every p ∈ D and every v ∈ Tp M.
Let D (resp. D′) be a strictly pseudoconvex domain in an almost complex

manifold (M, J ) (resp. (M ′, J ′)) and let f be a (J, J ′)-biholomorphism from D
to D′. Fix a point p ∈ ∂D and a sequence (pk)k in D converging to p. After
extraction we may assume that the sequence ( f (pk))k converges to a point p′ in
∂D′. According to the Hopf lemma, f has the boundary distance property. Namely,
there is a positive constant C such that

(1/A) dist ( f (pk), ∂D′) ≤ dist (pk, ∂D) ≤ A dist ( f (pk), ∂D′), (4.2)

where A is independent of k (see [3]).
Since all our considerations are local we set p = p′ = 0 ∈ C

n . We may assume
that J (0) = Jst and J ′(0) = Jst . Let U (resp. V ) be a neighborhood of the origin in
C

n such that D∩U = {z ∈ U : ρ(z, z̄) := zn+ z̄n+Re(K (z))+H(z, z̄)+· · · < 0}
(resp. D′∩V = {w ∈ V : ρ′(w, w̄) := wn +w̄n + Re(K ′(w))+ H ′(w, w̄)+· · · <
0}) where K (z) = ∑

kνµzνzµ, kνµ = kµν, H(z) = ∑
hνµzν z̄µ, hνµ = h̄µν andρ

is a strictly J -plurisubharmonic function on U (resp. K ′(z) = ∑
k′
νµw

νwµ, k′
νµ =

k′
µν , H ′(w) = ∑

h′
νµw

νw̄µ, h′
νµ = h̄′

µν and ρ′ is a strictly J ′-plurisubharmonic
function on V ).

4.1 Asymptotic behaviour of the tangent map of f

We wish to understand the limit behaviour (when k → ∞) of d f (pk). Consider
the vector fields

v j := (∂ρ/∂xn)∂/∂x j − (∂ρ/∂x j )∂/∂xn

for j = 1, . . . , n − 1, and

vn := (∂ρ/∂xn)∂/∂yn − (∂ρ/∂yn)∂/∂xn .

Restricting U if necessary, the vector fields X1, . . . , Xn−1 defined by X j := v j −
i J (v j ) form a basis of the J -holomorphic tangent space to {ρ = ρ(z)} at any
z ∈ U . Moreover, if Xn := vn − i Jvn then the family X := (X1, . . . , Xn) forms a
basis of (1, 0) vector fields on U . Similarly we define a basis X ′ := (X

′1, . . . , X
′n)

of (1, 0) vector fields on V such that (X
′1(w), . . . , X

′n−1(w)) defines a basis of
the J ′-holomorphic tangent space to {ρ′ = ρ′(w)} at any w ∈ V . We denote by
A(pk) := (A(pk) j,l)1≤ j,l≤n the matrix of the map d f (pk) in the basis X (pk) and
X ( f (pk)).
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Remark 4.1 In sake of completeness we should write X0 and X ′
0 to emphasize that

the structure was normalized by the condition J (0) = Jst and A(0, pk) for A(pk).
The same construction is valid for any boundary point of D. The corresponding
notations will be used in Proposition 4.5.

Propostion 4.2 The matrix A(pk) satisfies the following estimates :

A(pk) =



On−1,n−1(1) On−1,1(dist (pk, ∂D)−1/2)

O1,n−1(dist (pk, ∂D)1/2) O1,1(1)



 .

The matrix notation means that the following estimates are satisfied: A(pk) j,l =
O(1) for 1 ≤ j, l ≤ n − 1, A(pk) j,n = O(dist (pk, ∂D)−1/2) for 1 ≤ j ≤
n − 1, A(pk)n,l = O(dist (pk, ∂D)1/2) for 1 ≤ l ≤ n − 1 and A(pk)n,n = O(1).

The proof of Proposition 4.2 is given in [3] (Proposition 3.5) in dimension two
but is valid without any modification in any dimension. This is based on Prop-
osition A. We note that the asymptotic behaviour of A(pk) depends only on the
distance from the point to ∂D, not on the choice of the sequence (pk)k .

4.2 Scaling process and model domains

The following construction is similar to the two dimensional case. For every k
denote by qk the projection of pk to ∂D and consider the change of variables αk

defined by





(z j )∗ = ∂ρ

∂ z̄n
(qk)(z j − (qk) j )− ∂ρ

∂ z̄ j
(qk)(zn − (qk)n), for 1 ≤ j ≤ n − 1,

(zn)∗ = ∑n
j=1

∂ρ

∂z j
(qk)(z j − (qk) j ).

If δk := dist (pk, ∂D) then αk(pk) = (0,−δk) and αk(D) = {2Rezn + O(|z|2) <
0} near the origin. Moreover, the sequence (αk)∗(J ) converges to J as k → ∞,
since the sequence (αk)k converges to the identity map. Let (Lk)k be a sequence of
linear automorphisms of R

2n such that (T k := Lk ◦αk)k converges to the identity,
and Dk := T k(D) is defined near the origin by Dk = {

ρk(z) = Rezn + O(|z|2)
< 0}. The sequence of almost complex structures

(
Jk := (T k)∗(J )

)
k converges

to J as k → ∞ and Jk(0) = Jst . Furthermore p̃k := T k(pk) satisfies p̃k =
(o(δk), δ

′′
k + io(δk)) with δ′′k ∼ δk .

We proceed similarly on D′. Denote by sk the projection of f (pk) onto ∂D′
and define the transformation βk by





(w j )∗ = ∂ρ′

∂w̄n
(sk)

(
w j − (sk) j

)
− ∂ρ′

∂w̄ j
(sk)(wn − (sk)n), for 1 ≤ j ≤ n − 1,

(wn)∗ = ∑n
j=1

∂ρ′

∂w j
(sk)(w j − (sk) j ).

We define a sequence (T
′k)k of linear transformations converging to the iden-

tity and satisfying the following properties. The domain (Dk)′ := T
′k(D′) is de-

fined near the origin by (Dk)′ = {
ρ′

k(w) := Rewn + O(|w|2) < 0
}
, and f̃ (pk) =



582 H. Gaussier, A. Sukhov

T ′k( f (pk)) = (o(εk), ε
′′
k + io(εk)) with ε′′k ∼ εk , where εk = dist ( f (pk), ∂D′).

The sequence of almost complex structures (J ′
k := (T

′k)∗(J ′))k converges to J ′
as k → ∞ and J ′

k(0) = Jst .
Finally, the map f k := T ′k ◦ f ◦ (T k)−1 satisfies f k( p̃k) = f̃ (pk) and is a

(Jk, J ′
k)-biholomorphism between the domains Dk and (D′)k .

Let φk : (′z, zn) �→ (δ
1/2
k

′z, δk zn) and ψk(w
′, wn) = (ε

1/2
k w′, εkw

n) and
set f̂ k = (ψk)

−1 ◦ f k ◦ φk . The map f̂ k is ( Ĵk, Ĵ ′
k)-biholomorphic, where Ĵk :=

((φk)
−1)∗(Jk) and Ĵ ′

k := (ψ−1
k )∗(J ′

k). If D̂k := φ−1
k (Dk) and (D̂′)k := ψ−1

k ((D′)k)
then D̂k = {z ∈ φ−1

k (U ) : ρ̂k(z) < 0} where

ρ̂k(z) := δ−1
k ρ(φk(z)) = 2Rezn + δ−1

k [2ReK
(
δ

1/2
k

′z, δk zn
)

+H
(
δ

1/2
k

′z, δk zn
)

+ o
(
|
(
δ

1/2
k

′z, δk zn
)

|2
)
.

and (D̂′)k =
{
w ∈ φ−1

k (V ) : ρ̂′
k(z) < 0

}
where

ρ̂′
k(w) := ε−1

k ρ′(ψk(w)) = 2Rewn + ε−1
k [2ReK ′(ε1/2

k w′, εkw
n)

+H ′(ε1/2
k w′, εkw

n)+ o(|(ε1/2
k w′, εkw

n)|2).
Since U is a neighborhood of the origin, the pullbacks φ−1

k (U ) converge to C
n

and the functions ρ̂k converge to ρ̂(z) = 2Rezn + 2ReK (′z, 0)+ H(′z, 0) in the
C2 norm on compact subsets of C

n . Similarly, since V is a neighborhood of the
origin, the pullbacks ψ−1

k (U ′) converge to C
n and the functions ρ̂′

k converge to
ρ̂′(w) = 2Rewn + 2ReK ′(′z, 0) + H ′(′z, 0) in the C2 norm on compact subsets
of C

n . If � := {z ∈ C
n : ρ̂(z) < 0} and �′ := {w ∈ C

n : ρ̂′(w) < 0} the
sequence of points p̂k = φ−1

k ( p̃k) ∈ D̂k converges to the point (0,−1) ∈ � and

the sequence of points f̂ (pk) = ψ−1
k ( f̃ (pk)) ∈ D̂′k converges to (0,−1) ∈ �′.

Finally f̂ k( p̂k) = f̂ (pk).
The limit behaviour of the dilated objects is given by the following proposition.

Propostion 4.3 (i) The sequences ( Ĵk) and ( Ĵ ′
k) of almost complex structures

converge to model structures J0 and J ′
0 uniformly (with all partial derivatives

of any order) on compact subsets of C
n.

(ii) (�, J0) and (�′, J ′
0) are model domains.

(iii) The sequence ( f̂ k) (together with all derivatives) is a relatively compact fam-
ily (with respect to the compact open topology) on�; every cluster point f̂ is a
(J0, J ′

0)-biholomorphism between � and �′, satisfying f̂ (0,−1) = (0,−1)
and f̂ n(′0, zn) = zn on �.

Proof of Proposition 4.3 Proof of (i). We focus on structures Ĵk . Consider J =
Jst + L(z)+ O(|z|2) as a matrix valued function, where L is a real linear matrix.
The Taylor expansion of Jk at the origin is given by Jk = Jst + Lk(z) + O(|z|2)
on U , uniformly with respect to k. Here Lk is a real linear matrix converging to L
at infinity. Write Ĵk = Jst + L̂k + O(δk). If Lk = (Lk

j,l) j,l then L̂k
j,l = Lk

j,l(φk(z))
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for 1 ≤ j ≤ n − 1, 1 ≤ l ≤ n, L̂k
n,l = δ

−1/2
k Lk

n,l(φk(z)) for 1 ≤ l ≤ n − 1 and

L̂k
n,n = Lk

n,n(φk(z)). This gives the conclusion.
Proof of (i i). We focus on (�, J0). By the invariance of the Levi form we

have LJk (ρk)(0)(φk(v)) = L Ĵk (ρk ◦ φk)(0)(v). Write J0 = Jst + L∞. Since ρk
is strictly Jk-plurisubharmonic uniformly with respect to k (ρk converges to ρ and
Jk converges to J ), multiplying by δ−1

k and passing to the limit at the right side as
k → ∞, we obtain that LJ0(ρ̂)(0)(v) ≥ 0 for any v. Now let v = (v′, 0) ∈ T0(∂�).

Then φk(v) = δ
1/2
k v and so LJ

k (ρ)(0)(v) = L Ĵk (ρk)(0)(v). Passing to the limit
as k tends to infinity, we obtain that LJ0(ρ̂)(0)(v) > 0 for any v = (v′, 0) with
v′ 
= 0.

Proof of (i i i). This statement is a consequence of Proposition A. We refer to
Section 7 of [3] for the existence and the biholomorphy of f̂ . We prove the identity
on f̂ n . Let t be a real positive number. Then we have:

Lemma 4.4 limt→∞ ρ̂′( f̂ (′0,−t)) = ∞.

Proof of Lemma 4.4 According to the boundary distance property (4.2) we have

|ρ′( f ◦ (T k)−1 ◦ φk)(
′0,−t)| ≥ C dist

(
T −1

k (′0,−δk t)
)
.

Then

|ρ̂′
k( f̂ k(′0,−t))| ≥ Cε−1

k δk t.

Since ρ̂′
k converges to ρ̂′ uniformly on compact subsets of �′ and εk � δk (by the

boundary distance property (4.2)) we obtain:

|ρ̂′( f̂ (′0,−t))| ≥ Ct.

This proves Lemma 4.4. 	

We turn back to the proof of part (i i i) of Proposition 4.3. Assume first that J

(and similarly J ′) are not integrable (see Proposition 2.3). Consider a J -complex
hypersurface A × C in C

n where A is a Jst complex hypersurface in C
n−1. Since

f ((A × C) ∩ HP1) = (A′ × C) ∩ HP2 where A′ is a Jst complex hypersurface in
C

n−1, it follows that the restriction of f̂ n to {′z =′ 0, Re(zn) < 0} is a Jst auto-
morphism of {′z =′ 0, Re(zn) < 0}. Let φ : ζ �→ (ζ − 1)/(ζ + 1). The function
ĝ := φ−1◦ f̂ n ◦φ is a Jst automorphism of the unit disc in C. In view of Lemma 4.4
this satisfies ĝ(0) = 0 and ĝ(1) = 1. Hence ĝ ≡ id and f̂ n(′0, zn) = zn on �.

Assume now that J and J ′ are integrable. Let F (resp. F ′) be the diffeomor-
phism from � to HP (resp. from � to HP ′) given in the proof of Proposition 2.3.
The diffeomorphism g := F ′ ◦ f ◦ F−1 is a Jst -biholomorphism from HP to HP ′
satisfying g(′0,−1) = (′0,−1). Since (�, J ) and (�′, J ′) are model domains,
the domains HP and HP ′ are strictly Jst -pseudoconvex. In particular, since P
and P ′ are homogeneous of degree two, there are linear complex maps L , L ′
in C

n−1 such that the map G (resp. G ′) defined by G(′z, zn) = (L(′z), zn) (resp.
G ′(′z, zn) = (L ′(′z), zn)) is a biholomorphism from HP (resp. HP ′) to H. The map
G ′ ◦ g ◦ G−1 is an automorphism of H satisfying G ′ ◦ g ◦ G−1(′0,−1) = (′0,−1).
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Let � be the Jst biholomorphism from H to the unit ball Bn of C
n defined by

�(′z, zn) = (
√

2
′
z/1 − zn, (1 + zn)/(1 − zn)). Let ĝ := �−1 ◦ g ◦ �. In view

of lemma 4.2 this satisfies ĝ(0) = 0 and ĝ(′0, 1) = (′0, 1). Hence ĝn ≡ id and
f̂ n(′z, zn) = zn for every z in �. 	


According to part (i i) of Proposition 4.3 and restricting U if necessary, one
may view D ∩ U as a strictly J0-pseudoconvex domain in C

n and J as a small
deformation of J0 in a neighborhood of D̄ ∩ U . The same holds for D′ ∩ V .

For p ∈ ∂D and z ∈ D let X p(z) and X ′
f (p)( f (z)) be the basis of (1, 0) vector

fields defined in Subsection 3.2 (see Remark 4.1). The elements of the matrix of
d fz in the bases X p(z) and X ′

f (p)( f (z)) are denoted by A js(p, z). According to
Proposition 4.2 the function An,n(p, ·) is upper bounded on D.

Propostion 4.5 We have:

(a) Every cluster point of the function z �→ An,n(p, z) is real when z tends to
p ∈ ∂D.

(b) For z ∈ D, let p ∈ ∂D such that |z− p| = dist (z, ∂D). There exists a constant
A, independent of z ∈ D, such that |An,n(p, z)| ≥ A.

Proof of Proposition 4.5 (a) Suppose that there exists a sequence of points (pk)
converging to a boundary point p such that An,n(p, ·) tends to a complex number
a. Applying the above scaling construction, we obtain a sequence of maps ( f̂ k)k .
For k ≥ 0 consider the dilated vector fields

Y j
k := δ

1/2
k

(
(φ−1

k ) ◦ T k
)
(X j (pk))

for j = 1, . . . , n − 1, and

Y n
k := δk

(
(φ−1

k ) ◦ T k
)
(Xn(p

k)).

Similarly we define

Y
′ j
k := ε

−1/2
k

(
(ψ−1

k ) ◦ T
′k
) (

X
′ j ( f (pk))

)

for j = 1, . . . , n − 1, and

Y
′n
k := ε−1

k ((ψ−1
k ) ◦ T

′k)
(

X ′
n( f (pk))

)
.

For every k, the n-tuple Y k := (
Y 1

k , . . . , Y n
k

)
is a basis of (1, 0) vector fields for

the dilated structure Ĵ k . In view of Proposition 4.3 the sequence (Y k)k converges
to a basis of (1, 0) vector fields of C

n (with respect to J0) as k tends to ∞. Sim-

ilarly, the n-tuple Y
′k :=

(
Y

′1
k , . . . , Y

′n
k

)
is a basis of (1, 0) vector fields for the

dilated structure Ĵ
′k and (Y

′k)k converges to a basis of (1, 0) vector fields of C
n

(with respect to J ′
0) as k tends to ∞. In particular the last components Y n

k and

Y
′n
k converge to the (1, 0) vector field ∂/∂zn . Denote by Âk

js the elements of the

matrix of d f̂ k(0,−1). Then Ak
n,n converges to (∂ f̂ n/∂zn)(0,−1) = 1, according
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to Proposition 4.3. On the other hand, Ak
n,n = ε−1

k δk An,n converges to a by the
boundary distance preserving property (4.2). This gives the statement.

(b) Suppose that there is a sequence of points (pk) converging to the boundary
such that An,n tends to 0. Repeating precisely the argument of (a), we obtain that
(∂ f̂ n/∂zn)(0,−1) = 0; this contradicts part (i i i) of Proposition 4.3. 	


5 Proof of Theorem 0.1

From now on we are in the hypothesis of Theorem 0.1. The key point of the proof
of Theorem 0.1 consists in the following claim :

Claim: The cluster set of the cotangent lift f ∗ on�(∂D) is contained in�(∂D′).
Indeed, assume for the moment the claim satisfied. We recall that according

to Proposition 3.1 the conormal bundle �J (∂D) of ∂D is a totally real submani-
fold in the cotangent bundle T ∗M . Consider the set S = {(z, L) ∈ R

2n × R
2n :

dist ((z, L),�J (∂D)) ≤ dist (z, ∂D), z ∈ D}. Then, in a neighborhood U of any
totally real point of �J (∂D), the set S contains a wedge WU with �J (∂D)∩ U as
totally real edge.

Then in view of Proposition 3.5 we obtain the following Proposition:

Propostion 5.1 Restricting the aperture of the wedge WU if necessary, the map
f ∗ extends to WU ∪�(∂D) as a C∞-map.

Proposition 5.1 implies immediately that f extends as a smooth C∞ diffeomor-
phism from D̄ to D̄′.

Therefore the proof of Theorem 0.1 can be reduced to the proof of the claim.

Step one. We first reduce the problem to the following local situation. Let D and
D′ be domains in C

n, � and �′ be open C∞-smooth pieces of their boundaries,
containing the origin. We assume that an almost complex structure J is defined and
C∞-smooth in a neighborhood of the closure D̄, J (0) = Jst . Similarly, we assume
that J ′(0) = Jst . The hypersurface� (resp.�′) is supposed to be strictly J -pseudo-
convex (resp. strictly J ′-pseudoconvex). Finally, we assume that f : D → D′ is a
(J, J ′)-biholomorphic map. It follows from the estimates of the Kobayashi-Royden
infinitesimal pseudometric given in [6] that f extends as a 1/2-Hölder homeomor-
phism between D ∪ � and D′ ∪ �′, such that f (�) = �′ and f (0) = 0. Finally �
is defined in a neighborhood of the origin by the equation ρ(z) = 0 where ρ(z) =
2Rezn +2ReK (z)+ H(z)+o(|z|2) and K (z) = ∑

Kµνzµν, H(z) = ∑
hµνzµ z̄ν ,

kµν = kνµ, hµν = h̄νµ. As we noticed at the end of Section 3 the hypersurface
� is strictly Ĵ -pseudoconvex at the origin. The hypersurface �′ admits a similar
local representation. In what follows we assume that we are in this setting.

Let� := {
z ∈ C

n : 2Rezn + 2ReK (′z, 0)+ H(′z, 0) < 0
}
, �′ := {z ∈ C

n :
2Rezn + 2ReK ′(′z, 0)+ H ′(′z, 0) < 0

}
. If (pk) is a sequence of points in D con-

verging to 0, then according to Proposition 4.3, the scaling procedure associates
with the pair ( f, (pk)k) two linear almost complex structures J0 and J ′

0, both
defined on C

n , and a (J0, J ′
0)-biholomorphism f̂ between � and �′. Moreover

(�, J0) and (�′, J ′
0) are model domains. To prove that the cluster set of the cotan-

gent lift of f at a point in N (�) is contained in N (�′), it is sufficient to prove that
(∂ f̂ n/∂zn)(′0,−1) ∈ R\{0}.
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Step two. The proof of the Claim is given by the following Proposition.

Propostion 5.2 Let K be a compact subset of the totally real part of the conormal
bundle�J (∂D). Then the cluster set of the cotangent lift f ∗ of f on the conormal
bundle �(∂D), when (z, L) tends to �J (∂D) along the wedge WU , is relatively
compactly contained in the totally real part of �(∂D′).

We recall that the totally real part of�(∂D′) is the complement of the zero section
in �(∂D′).

Proof of Proposition 5.2 Let (zk, Lk) be a sequence in WU converging to (0, ∂J
ρ(0)) = (0, dzn). We shall prove that the sequence of linear forms Qk := t d f −1

(wk)Lk , where wk = f (zk), converges to a linear form which up to a real factor
(in view of Part (a) of Proposition 4.5) coincides with ∂Jρ(0) = dzn (we recall that
t denotes the transposed map). It is sufficient to prove that the (n − 1) first compo-
nent of Qk with respect to the dual basis (ω1, . . . , ωn) of X converge to 0 and the
last one is bounded below from the origin as k goes to infinity. The map X being
of class C1 we can replace X (0) by X (wk). Since (zk, Lk) ∈ WU , we have Lk =
ωn(zk)+O(δk), where δk is the distance from zk to the boundary. Since |||d f −1

wk ||| =
0(δ−1/2

k ), we have Qk = t d f −1
wk (ωn(zk))+ O(δ1/2

k ). By Proposition 4.3, the com-

ponents of t d f −1
wk (ωn(zk)) with respect to the basis (ω1(zk), . . . , ωn(zk)) are the

elements of the last line of the matrix d f −1
wk with respect to the basis X ′(wk) and

X (zk). So its (n − 1) first components are 0(δ1/2
k ) and converge to 0 as k tends to

infinity. Finally the component Ak
n,n is bounded below from the origin by Part (b)

of Proposition 4.5. 	


6 Compactness principle

In this section we prove Theorem 0.2.
We note that condition (i i) is equivalent to the existence, at each p ∈ ∂D, of a

strictly J -plurisubharmonic local defining function for ∂D (consider the function
ρ + Cρ2 for a sufficiently large positive C).

We first recall the following result proved in [6]:

Proposition B. (Localization principle) Let D be a domain in an almost complex
manifold (M, J ), let p ∈ D̄, let U be a neighborhood of p in M (not necessarily
contained in D) and let z : U → B be the diffeomorphism given by Lemma 1.1.
Let u be a C2 function on D̄, negative and J -plurisubharmonic on D. We assume
that −L ≤ u < 0 on D ∩ U and that u − c|z|2 is J -plurisubharmonic on D ∩ U,
where c and L are positive constants. Then there exist a positive constant s and a
neighborhood V ⊂⊂ U of p, depending on c and L only, such that for q ∈ D ∩ V
and v ∈ Tq M we have the following estimate:

K(D,J )(q, v) ≥ sK(D∩U,J )(q, v). (6.1)

We can now prove Theorem 0.2.
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Proof of Theorem 0.2 We assume that the assumptions of Theorem 0.2 are satis-
fied. We proceed by contradiction. Assume that there is a compact K0 in M , points
pν ∈ M and a point q ∈ ∂D such that limν→∞ f ν(pν) = q .

Lemma 6.1 For every relatively compact neighborhood V of q there is ν0 such
that for ν ≥ ν0 we have : limx→q in fq ′∈D∩∂V d K

(D,Jν )
= ∞.

Proof of Lemma 6.1 Restricting U if necessary, we may assume that the function
ρ + Cρ2 is a strictly Jν-plurisubharmonic function in a neighborhood of D̄ ∩ U ,
for sufficiently large ν. Moreover, using Proposition B, we can focus on K D∩U .
Smoothing D∩U , we may assume that the hypothesis of Proposition A are satisfied
on D ∩ U , uniformly for sufficiently large ν. In particular, the inequality (4.1) is
satisfied on D ∩ U , with a positive constant c independent of ν. The result follows
by a direct integration of this inequality. 	


The following Lemma is a corollary of Lemma 6.1.

Lemma 6.2 For every K ⊂⊂ M we have : limν→∞ f ν(K ) = q.

Proof of Lemma 6.2 Let K ⊂⊂ M be such that x0 ∈ K . Since the function x �→
d K

D (x
0, x) is bounded from above by a constant C on K , it follows from the

decreasing property of the Kobayashi pseudodistance that

d K
(D,Jν )( f ν(x0), f ν(x)) ≤ C (6.2)

for every ν and every x ∈ K . It follows from Lemma 6.1 that for every V ⊂⊂ U ,
containing p, we have :

lim
ν→∞ d K

(D,Jν )( f ν(x0), D ∩ ∂V ) = +∞. (6.3)

Then from conditions (6.2) and (6.3) we deduce that f ν(K ) ⊂ V for every suffi-
ciently large ν. This gives the statement. 	


Fix now a point p ∈ M and denote by pν the point f ν(p). We may assume
that the sequence (Jν := f ν∗ (J ))ν converges to an almost complex structure J ′ on
D̄ and according to Lemma 6.2 we may assume that limν→∞ pν = q . We apply
Subsection 4.3 to the domain D and the sequence (qν)ν . We denote by T ν the
linear transformation T ν := Mν ◦ Lν ◦ αν , as in Subsection 4.3, and we consider
Dν := T ν(D), and J ν := T ν∗ (Jν). Ifφν is the nonisotropic dilationφν : (′z, zn) �→
(δ

1/2
ν

′z, δνzn) then we set f̂ ν := φ−1
ν ◦ T ν ◦ f and Ĵ ν := (φ−1

ν )∗(J ν). We also
consider ρ̂ν := δ−1

ν ◦ ρ ◦ φν and D̂ν := {ρ̂ν < 0}. As proved in Subsection 4.3,
the sequence (D̂ν)ν converges, in the local Hausdorff convergence, to a domain
� := {z ∈ Cn : ρ̂(z) := 2Rezn + 2ReK (′z, 0)+ H(′z, 0) < 0}, where K and H
are homogeneous of degree two. According to Proposition 4.3 we have:

(i) The sequence ( Ĵ ν) converges to a model almost complex structure J0, uni-
formly (with all partial derivatives of any order) on compact subsets of C

n ,
(ii) (�, J0) is a model domain,

(iii) the sequence ( f̂ ν)ν converges to a (J, J0) holomorphic map F from M to�.
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To prove Theorem 0.2, it remains to prove that F is a diffeomorphism from M to
�. We first notice that according to condition (i i) of Theorem 0.2 and Lemma 6.1,
the domain D is complete Jν-hyperbolic. In particular, since f ν is a (J, Jν) biholo-
morphism from M to D, the manifold M is complete J -hyperbolic. Consequently,
for every compact subset L of M , there is a positive constant C such that for every
z ∈ L and every v ∈ Tz M we have K(M,J )(z, v) ≥ C‖v‖. Consider the map
ĝν := ( f̂ ν)−1. This is a ( Ĵ ν, J ) biholomorphism from D̂ν to M . Let K be a com-
pact set in �. We may consider ĝν(K ) for sufficiently large ν. By the decreasing
property of the Kobayashi distance, there is a compact subset L in M such that
ĝν(K ) ⊂ L for sufficiently large ν. Then for every w ∈ K and for every v ∈ Tw�
we obtain, by the decreasing of the Kobayashi-Royden infinitesimal pseudometric:

‖d f ν(w)(v)‖ ≤ (1/C)‖v‖,
uniformly for sufficiently large ν. According to Ascoli Theorem, we may extract
from (ĝν)ν a subsequence, converging to a map G from � to M . Finally, on any
compact subset K of M , by the equality ĝν ◦ f̂ ν = id we obtain F ◦ G = id . This
gives the result. 	


As a corollary of Theorem 0.2 we obtain the following almost complex version
of the Wong-Rosay Theorem in real dimension four:

Corollary 6.3 Let (M, J ) (resp. (M ′, J ′)) be an almost complex manifold of real
dimension four. Let D (resp. D′) be a relatively compact domain in M (resp. N).
Consider a sequence ( f ν)ν of diffeomorphisms from D to D′ such that the sequence
(Jν := f ν∗ (J ))ν extends to D̄′ and converges to J ′ in the C2 convergence on D̄′.

Assume that there is a point p ∈ D and a point q ∈ ∂D′ such that limν→∞ f ν(p)
= q and such that D′ is strictly J ′-pseudoconvex at q. Then there is a (J, Jst )-bi-
holomorphism from M to the unit ball B

2 in C
2.

Proof of Corollary 6.3 The proof of Corollary 6.3 follows exactly the same lines.
Indeed, by assumtion there is a fixed neighborood U of q such that D′ ∩ U is
strictly Jν-pseudoconvex on U . According to Lemma 6.2, we know that for every
compact subset K of D the set f ν(K ) is contained in V for sufficiently large ν.
If we fix a point p ∈ D we may therefore apply Subsection 4.4 to the sequence
( f ν(p))ν and to the domain D′ (with V exactly as in Subsection 4.4). The proof
is then identical to the proof of Theorem 0.2. 	
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