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Abstract. The structure of the ring of mod p Siegel modular forms of degree two
is determined in the cases where the prime p is 2 or 3.

1. Introduction

The theory of mod p modular forms was classically developed by Swinnerton-Dyer
[5] and Serre [4] and was applied to several fields in the theory of modular forms.
The structure theorem in the elliptic modular case was obatined by Swinnerton-
Dyer [5]. In a previous paper the author attempted to generalize this theory to the
Siegel modular case [3]. The attempt was successful in the case of degree two and
p ≥ 5. The current paper completes the generalization for the degree two case.
That is to say, the structure of the ring of mod p Siegel modular forms of degree
two is determined in the remaining cases where p is 2 or 3.

2. Mod p Siegel modular forms of degree two

Let H2 denote the Siegel upper-half space of degree two and Z a point in H2; then
�2 := Sp4(Z) acts discontinously on H2. We shall denote by M(�2) the corre-
sponding ring of modular forms. If F is an element of M(�2), then F(Z) can be
expressed as a Fourier series of the form:

F(Z) =
∑

0≤T ∈�2

aF (T )exp
[
2π

√−1tr(T Z)
]
,

where

�2 = {T = (tij ) ∈ Sym2(Q) | t11, t22 ∈ Z , 2t12 ∈ Z }.
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Taking qij := exp(2π
√−1zij ) with Z = (zij ) ∈ H2, we can write

qT := exp[2π
√−1tr(T Z)] = q

2t12
12 q

t1
1 q

t2
2 ,

where qi = qii and ti = tii (i = 1, 2). Using this notation, we get the generalized
q-expansion:

F =
∑

0≤T ∈�2

aF (T )qT =
∑

t1,t2≥0

(∑
aF (T )q

2t12
12

)
q

t1
1 q

t2
2 ∈ C[q−1

12 , q12][[q1, q2]].

For any subring R of C, we shall denote by Mk(�2)R the R-module consisting of
thoseF inMk(�2) ( the weight k homogeneous part ofM(�2)) for whichaF (T ) is in
R for every T ∈ �2. We denote by M(�2)R the sum of Mk(�2)R for k = 0, 1, 2, . . .

in M(�2); then M(�2)R forms a graded ring over R.
Let Z(p) denote the local ring at p, namely, the ring of p-integral rational num-

bers. As stated above, any element F in Mk(�2)Z(p)
may be regarded as an element

of Z(p)[q
−1
12 , q12][[q1, q2]]. We define a subset of Fp[q−1

12 , q12][[q1, q2]] by

M̃k(�2)p :=
{
F̃ =

∑
ãF (T )qT ∈ Fp[q−1

12 , q12][[q1, q2]] | F ∈ Mk(�2)Z(p)

}

where F̃ = ∑
ãF (T )qT means the Fourier coefficientwise reduction mod p of

F ∈ Mk(�2)Z(p)
. Let M̃(�2)p denote the subring of Fp[q−1

12 , q12][[q1, q2]] gen-

erated by M̃k(�2)p for k = 0, 1, 2, . . . . We call M̃(�2)p the ring of mod p

Siegel modular f orms of degree 2. Let M̃(e)(�2)p, the even part of M̃(�2)p,
denote the subring generated by M̃k(�2)p for k = 0, 2, 4, . . . .

3. Structure of M̃(�2)p for p ≥ 5

In [2] Igusa gives a minimal set of generators of M(�2)Z consisting of fifteen
modular forms:

Xk(k = 4, 6, 10, 12, 16, 18, 24, 28, 30, 35, 36, 40, 42, 48), Y12,

where the subscript denotes the weight (for the precise definition, see [2], pp. 152-
153). Each generator can be expressed as a polynomial in “theta constants” θm([2],
p. 155).
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Example 1.

X4 = 2−2 ·
∑

m:even

θ8
m

= 1 + (240q1 + 240q2) + 2160q2
1 + (240q−2

12 + 13440q−1
12 + 30240

+13440q12 + 240q2
12)q1q2 + 2160q2

2 + · · · .

X6 = 2−2 ·
∑

(m1,m2,m3)

syzygous triple

(
±θ4

m1
θ4
m2

θ4
m3

)

= 1 − (504q1 + 504q2) − 16632q2
1 + (−504q−2

12 + 44352q−1
12 + 166320

+44352q12 − 504q2
12)q1q2 − 16632q2

2 + · · · .

X10 = 2−12 ·
∏

m:even

θ2
m = (q−1

12 − 2 + q12)q1q12 + · · · .

X12 = 2−15 ·
∑

(m1,m2,... ,m6)

(
θm1θm2 · · · θm6

)4 = (q−1
12 + 10 + q12)q1q2 + · · · ,

where the summation is extended over the set of fifteen complements of syzygous
quadruples.

In [3] the author determined the structure of M̃(e)(�2)p for p ≥ 5. The main point

is to show the existence of a modular form F
(2)
p−1 ∈ Mp−1(�2)Z(p)

satisfying

F
(2)
p−1 ≡ 1 mod p

(cf. [3], Theorem A). In [3], the structure of the full ring M̃(�2)p (p ≥ 5) was not
mentioned. Considering odd weight forms, we can easily get the structure theo-
rem. Igusa constructed the modular form X35 of weight 35 with integral Fourier
coefficients ([2], Lemma 6). This is one of Igusa’s 15 generators of M(�2)Z and
any odd weight form F in Mk(�2)Z(p)

is divisible by X35, namely, F = X35F
′

with F ′ ∈ Mk−35(�2)Z(p)
. Moreover the square X2

35 has the following polynomial
expression in X4, X6, X10, and X12:

X2
35 = B(X4, X6, X10, X12),

B(x1, x2, x3, x4) = 24 · 3x3x
5
4 + 210 · 55x7

3 + 23 · 3−2 · 53x2x
4
3x2

4

−2−5 · 3−4x2
2x3x

4
4 − 2−7 · 3−5 · 52x3

2x4
3x4

+2−16 · 3−9x4
2x3x

3
4 + 2−15 · 3−9x5

2x4
3

−23 · 52x1x
3
3x3

4 − 2 · 3−2 · 54x1x2x
6
3

+2−7 · 3−5 · 5 · 7x1x
2
2x3

3x2
4 − 2−16 · 3−8x1x

4
2x3

3x4

+3−2 · 53 · 11x2
1x5

3x4 + 2−4 · 3−4x2
1x2x

2
3x3

4

+2−6 · 3−5 · 52x2
1x2

2x5
3 − 2−5 · 3−4x3

1x3x
4
4

−2−7 · 3−5 · 5 · 19x3
1x2x

4
3x4 − 2−15 · 3−9x3

1x2
2x3x

3
4
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−2−14 · 3−9x3
1x3

2x4
3 + 2−7 · 3−5 · 37x4

1x3
3x2

4

+2−15 · 3−8x4
1x2

2x3
3x4 − 2−6 · 3−5x5

1x5
3

+2−16 · 3−9x6
1x3x

3
4 + 2−15 · 3−9x6

1x2x
4
3

−2−16 · 3−8x7
1x3

3x4.

It should be noted that for p ≥ 5, all the coefficients of B are p-integral. The
structure theorem can be stated as follows:

Theorem 1. For p ≥ 5, we have

M̃(�2)p ∼= Fp

[
X̃4, X̃6, X̃10, X̃12, X̃35

]
/(Ã − 1, X̃2

35 − B̃),

where Ã(x1, x2, x3, x4) ∈ Fp [x1, x2, x3, x4] is the reduction modulo p of A(x1, x2,

x3, x4) ∈ Z(p) [x1, x2, x3, x4] which is determined by the relation F
(2)
p−1 = A(X4,

X6, X10, X12). (It should be noted that Ã ∈ Fp [x1, x2, x3, x4] is uniquely deter-

mined and is independent of the choice of F
(2)
p−1.)

4. Structure of M̃(�2)p for p = 2 or 3

In this section we shall give the structure theorem of M̃(�2)p in the case where
p = 2 or 3, which is the main purpose of this paper.
We begin with the following lemma:

Lemma 1. Assume that p = 2 or 3. If we take one of Igusa’s generators Xk ,
except for X35, then there exists a polynomial Fk,p with integral coefficients satis-
fying

Xk ≡ Fk,p(X10, Y12, X16) mod p.

Proof. If we use the result in Lemma 1 of [2] and an argument in the proof of
Lemma 2 of [2], we get the following congruences:

For p = 2,

X4 ≡ X6 ≡ 1 mod 2, X12 ≡ X10 mod 2, X18 ≡ X16 mod 2,

X24 ≡ X10X16 mod 2, X28 ≡ X30 ≡ X2
16 mod 2,

X36 ≡ X10X
2
16 mod 2, X40 ≡ X42 ≡ X3

16 mod 2,

X48 ≡ X4
16 + X10X

3
16 + X4

10Y12 mod 2.

For p = 3,

X4 ≡ X6 ≡ 1 mod 3, X12 ≡ X10 mod 3, X18 ≡ X16 mod 3,

X24 ≡ X10X16 mod 3, X28 ≡ X30 ≡ X2
16 mod 3,

X36 ≡ X3
16 + 2X3

10Y12 + X10X
2
16 mod 3, X40 ≡ X3

16 + 2X3
10Y12 mod 3,

X42 ≡ X3
10Y12 + X3

16 mod 3, X48 ≡ X10X
3
16 + 2X4

10Y12 mod 3.
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The above congruences mean that every generator with even weight can be ex-
pressed as a polynomial of X10, Y12, and X16 under congruence modulo p (p = 2
or 3). �	

From this result, we get the following theorem:

Theorem 2. For p = 2 or 3,

M̃(e)(�2)p = Fp

[
X̃10, Ỹ12, X̃16

]
,

where X̃10, Ỹ12, and X̃16 are algebraically independent over Fp.

Proof. We assume that p = 2 or 3. If we take a modular form F in Mk(�2)Z(p)
for

even k, then the Fourier coefficients aF (T ) have bounded denominators because
F has a polynomial expression in X4, X6, X10, and X12 with rational coeffcients
(for general case, see [1]). Then we can take a constant c ∈ Z, with (c, p) = 1,
such that c · F ∈ Mk(�2)Z. Hence we can express c · F as a polynomial of Igusa’s
generators Xk (k 
= 35) and Y12:

c · F = P(X4, X6, · · · ),

with P(x1, · · · ) ∈ Z [x1, · · · ]. Taking the reduction modulo p of both sides, by
Lemma 1, we have

c̃ · F̃ = P̃ (X̃4, X̃6, · · · ) = Q̃(X̃10, Ỹ12, X̃16),

for some Q̃(x1, x2, x3) ∈ Fp [x1, x2, x3]. Consequently, we have

F̃ = c̃−1 · Q̃(X̃10, Ỹ12, X̃16).

To prove the algebraic independence, we note the Fourier series expansions:

X10 = (q−1
12 − 2 + q12)q1q2 + · · · ,

Y12 = q1 + q2 + · · · ,

X16 = q1q2 + · · · .

We assume that X̃10, Ỹ12, and X̃16 have an algebraic relation

∑
γabcX̃

a
10Ỹ

b
12X̃

c
16 =

∑
(γabcq

−a
12 qa+b+c

1 qa+c
2 + · · · ) = 0

(γabc ∈ Fp). If (a, b, c) 
= (a′, b′, c′), then

q−a
12 qa+b+c

1 qa+c
2 
= q−a′

12 qa′+b′+c′
1 qa′+c′

2 .

This implies that all γabc vanish. This completes the proof of Theorem 2. �	

By Igusa’s expression for X2
35, we have the following lemma:
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Lemma 2. (1)

X2
35 ≡ X2

10Y
2
12X

2
16 + X6

10 mod 2.

(2)

X2
35 ≡ 2X10X

4
16 + X10Y

2
12X

3
16 + 2X2

10X
3
16 + X2

10Y
2
12X

2
16 + 2X3

10Y12X
2
16

+2X4
10Y

3
12 + X4

10X
2
16 + 2X7

10 mod 3.

The final result is as follows:

Theorem 3. (1) For the case p = 2,

M̃(�2)2 ∼= F2
[
X̃10, Ỹ12, X̃16, X̃35

]/
(X̃2

35 − P̃2(X̃10, Ỹ12, X̃16)),

where P̃2(x1, x2, x3) = x2
1x2

2x2
3 + x6

1 ∈ F2 [x1, x2, x3].
(2) For the case p = 3,

M̃(�2)3 ∼= F3
[
X̃10, Ỹ12, X̃16, X̃35

]/
(X̃2

35 − P̃3(X̃10, Ỹ12, X̃16)),

where

P̃3(x1, x2, x3) = 2x1x
4
3 + x1x

2
2x3

3 + 2x2
1x3

3 + x2
1x2

2x2
3 + 2x3

1x2x
2
3

+2x4
1x3

2 + x4
1x2

3 + 2x7
1 ∈ F3 [x1, x2, x3] .
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