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Abstract. We show that maps from B” to a smooth compact boundaryless mani-
fold Y which are smooth out of a singular set of dimension n — 2 are dense for the
strong topology in W1/2(B", ))). We also prove that for n > 2 smooth maps from
B" to ) are dense in W‘/Z(B”, Y) if and only if 71()) = 0, i.e. the first homotopy
group of ) is trivial.

In this paper we consider vector valued maps into a manifold which have finite
W1/2_energy and we discuss density properties with respect to the strong topology
of WY/2, Let B" be the unit ball R”, n > 2, and let ) be a smooth oriented Rie-
mannian manifold of dimension M > 1, isometrically embedded in RY for some
N > 2. We shall assume that ) is compact, connected and without boundary.

Let W!/2(B", RN) denote standard space of functions ¢ which are traces of
functions u in Wl’z(B” x I, RN), where I =] — 1, 1[, with the norm given by

lpli2 == lol2 +inf{D() : u=¢ onB" x{0}},
compare [1]. If u € WI’Z(B" x I, RM) we will denote by

1
D) := —/ |Du(z)|2dz
2 Jprx1
the Dirichlet energy of u. Also, let
W2(B", V) :={p € W/2(B",RY) | p(x) €Y forae.x € B"}.

Finally let Rf?z(B”, )) be the set of all maps u € W'/2(B", )) which are smooth
except on a singular set X (u) of the type

E(M)ZUEi, reN,
i=l1
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where X; is a smooth (n — 2)-dimensional subset of B” with smooth boundary, if
n > 3,and ¥; isapointifn = 2.Itis well-known thatif n = 1 mapsin C'(B', ))
are dense in Wl/Z(Bl, Y), compare [4]. If n > 2, our first result is

Theorem 1. The class Rffz(B”, V) is dense in WY2(B", ).

Theorem 1 was proved in [7], compare also [5], in dimension n = 2 and in
the case ) = S!, the standard unit circle. Moreover, in [3] it is pointed out that
if the first homotopy group of the target manifold is nontrivial, m1()) # 0, then
there exist functions ¢ € W!/2(B", ) which cannot be approximated in W!/2 by
smooth maps in wl/ 2(B”, Y). Our second result proves that the converse holds
true. More precisely, we will show that if 71())) = 0, then in any dimension n
smooth maps in Wl/z(B", ) are dense in WI/Z(B”, ).

Theorem 2. The class C®(B",Y) is dense in WY/2(B",Y) if and only if
71 (Y) =0.

We remark that in [3, Lemma 4] it is claimed thatif n < p < n 4+ 1, and
[ p]—-1(Y) = 0, then maps in wi=1/p.p (B™, Y), which are smooth except at a finite
number of point, can be approximated in W!~1/7-P by smooth maps in C*(B", ))).
Actually the proof is not clear to us and we argue in a different way.

Since B” is bilipschitz homeomorphic to the unit open n-cube

c" :=]0, 11",

we will prove the theorems in the case of maps defined in C". We point out that it
is possible to modify the proofs of Theorems 1 and 2 to handle the case of maps
defined in the unit n-sphere S” or in the boundary of an (n + 1)-cube. Moreover the
proofs extend to cover the case of maps with fixed boundary data. More precisely,
if B" denotes a bounded domain in R” such that B" cC B", /2 B" = Yisa
given smooth W!/2 function, and for X = W1/2, RS p OF C™® we set

Xy (B", V) :={p € X(B", V) |9 =y onB"\B"},
we can then also state the following density result, the proof of which is omitted.

Theorem 3. The class R‘f?z I/I(B”, Y) is dense in Wé/Z(E”, Y). Moreover, the

class CS°(B", ) is dense in W,,/>(B", V) if and only if 7 (V) = 0.
Before giving the proofs we fix some notation. We will always denote
z=(x,t)=(x1,...,x5, 1) e R" xR

a point in the cylinder C"* x I.If u € WH2(C" x I, RY) and A is a "smooth"
HK-measurable k-dimensional subset of C" x I, we denote

1
D(u, A) := 5fA |Duya|® dH* D) :=Du,C" x I),
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the k-dimensional Dirichlet integral of the restriction u4 of u to A. Moreover we
will write T(u) = ¢ if ¢ € W/2(C",RN) is the trace of u on C" x {0}. If
p=(p1,.-.., Pk) eRk,weset

Ipllk :== max |p;]|.
<k

1<i
Also,fori =1,... ,n+1land A € R,wedenoteby P (A, i) therestrictiontoC" x [
of the hyperplane of R"*! = R” x R containing the point A ¢; and orthogonal to
e;, where (eq, ... ,e,+1) is the canonical basis of R e,

PA,i):={zel"xI|(z—Ae;j | e)pm+1 =0}.
For m e N* and a = (ay, ... ,a,) € [1/4m,3/4m]" we denote by L, the grid

n m—1

L= P+ j/m i) Q)

i=1 j=0

and by C ,(,f ) the k-skeleton of the grid of C" given by the intersection of £, with
the n-space R” x {0}. Moreover we define by

Cr=a+[0,(m—1)/m]"
()
20 =c®ner,  vik=1,....n

the closed n-cube of side (m — 1)/m inside C" and the part of the k-skeleton C,(,{‘ )

which is contained in .. We finally denote by 1™ the restriction u™ := u D

of u to the 2-skeleton C ,,(11 ) % 1.
Remark 1. For future use, we denote by
Ve i={y e RY | dist(y, V) < &}

the e-neighborhood of Y and we observe that, since ) is smooth, there exists gg > 0
such that for 0 < & < gg the nearest point projection I1, of ), onto ) is a well
defined Lipschitz map, with Lipschitz constant Lip IT, — 1% as ¢ — 07. Note
that for 0 < ¢ < gy the open set ), is equivalent to ) in the sense of the algebraic
topology. In particular, we have that

T (Ve) =m ().

Proof of Theorem 1. Let ¢ € WY/2(C",Y) and u € W2(C" x I, RV) be the

harmonic extension of ¢, so that T'(u) = ¢. Since fori = 1, ... ,n we have
3/4mm—1 m—1

[ X P jjmiydr < Y DG G/m <5 < G+ D/m)
1/4m J=0 Jj=0

=Dw,C" x 1),
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we find a vector a = a(m) € [1/4m,3/4m]" such that u|p;+j/m,i) € w2
(P(ai+j/m,i),RN) foreveryi =1,...,nand j =0,... ,m — 1 and

D@, C" DV x 1) <emDw,C" x I). (3)

We first make use of the argument of [3, 2.1], which in turn makes use of an
idea from [8], by taking the 1-skeleton C,(,,l) instead of the boundary of the unit
square, and prove the following O

Proposition 1. Let ¢, \ 0. There exists a sequence of continuous maps
{uﬁlm)}h - WI*Z(E,(,}) x I, RNY such that uﬁlm) — u™ strongly in WI’Z(E,(,,I)
xI,RN) and {T ™)}y € W25, Vey).

Proof. If z = (x,1) € E,S,l) x I and 0 < h < 1/4m we denote by
C(z,h) :==B"(x,h/2) x [t —h/2,1 + h/2]
the cylinder centered at z over the ball of diameter # and of height 4, and by
S(z,h) := C(z, )y N (CP x 1)
the intersection of the cylinder with the 2-skeleton C,(,l1 ) x I Setting then, for
(1)
ze X, xI,

u;lm) (2) == L / u™ (y)dH?,
H2(Z(z, b)) Js@n

it is not difficult to show that u;lm) € WI*Z(E,(n1 N ,RN ) is continuous and

(m)
that u,

(p;lm) = T(u;lm)), possibly passing to a subsequence <p,(lm) =" c Ve, -

To this aim, for &€ > 0 to be determined later, choose &, > 0 small so that for
h <hg

— u™ strongly in W2 as h — O%. It remains to show that if

/ DU ()PPdH}? <e  VzexV x1T.
X (z,h)

For fixed Py € E,(,,l ) x {0}, we observe that the 2-dimensional set X ( Py, i) always
contains a square R; of side h. More precisely, suppose for example
Py = (x,...,x},0), where x} € aj + [0, (m — 1)/m] and x}, = a; + ji/m
foreveryi =2,...,n,where j; € {0,...,m — 1}. Then we have

n
X(Py, h) = R U U R;
i=2

where R is the square

Ry = [xg — h/2,x§ +h/21 x {(x3, ..., x)} x [=h/2, h/2]
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and fori = 2, ..., n the (possibly degenerate) sets R; are rectangles R; := 13,- X
[—h/2, h/2], where

Ri = {(ar + ji/m, x3, .., xb™D) x [x — h/2, xb 4+ R/20 x {5 X))
if n > 3, and
Ry = {a1 + ji/m} x [x§ — 1/2, x§ + /2]

if n = 2, for some index j; and for some he [0, h], possibly h=0.
Slicing the square R| with hyperplanes orthogonal to the direction e, and taking
h < he, we find hy € [x} — h/2, x} + h/2] such that

2 1
D@™, R N Py, 1) < 2D@™, R)) < —/ Du™ (P dH? < £
h =(Po.h) h

Choosing zo € RiNP(h1, 1)N (E,(nl ) x {0}) and applying the Sobolev embedding
theorem, since Ry N P(hy, 1) is a line segment of length £, it follows that

max  |u(z) —u(zo)| < ce'/?.
zeR1NP(h1,1)
Let now n > 0 to be determined later. Slicing the 2-dimensional set X (Py, i) with
hyperplanes orthogonal to the “vertical” direction e, 1, and setting

Ap={0 €[=h/2,h/2] : DW"™, =(Py, k) N P(W',n+ 1)) < en/h}

and By :=[-h/2,h/2]\ Ay, for every h' € Aj, by the Sobolev theorem, since
S (Py,h) N P(h',n + 1) is the union of n line segments and diam(Z(Py, h) N
P(IW,n+ 1)) < ch, we obtain

max lu(z) —u(zo)| < c (@ +1)e'/?.
z€X(Po,h)NP(h' ,n+1)

Consequently, since ||u(’")||oo < K, being ) compact, LY(By) < h/n and
Hz(E(Po, h)) > h2, setting y}(lm) = u™(z0) € Y, similarly to [3, 2.1] we infer
that

K

i (o) = 1 S 4= e D2,

Taking first n large so that 4 Koo/n < ¢,/2, and then e small so that
c ' +1)e'/? < g;,/2, we easily conclude that

dist(py" (x0). V) < lup”(P0) = yi" | <en  Vxoe B

As a consequence of Proposition 1, we now prove the following
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Proposition 2. There exists a sequence of maps {vl(lm) b W! 'Z(C,”n x I, RN), con-
tinuous out of C}, x {O} such that v( m uicn 5y strongly in WI’Z(C;’,, x I, RN),

(m)

with v, = u! h ). In particular we have

IZw) <1 —
Ty e € WS, V) Vi,

Proof. We first give the proof in the case n = 2.

The case n = 2. Let Q,, denote the family of all squares Q of side 1/m with
boundary contained in the 1-grid 2<1) ie. 10 C 2(1) so that

UQ, =C2.

For every h we let 0 < & <« 1 to be fixed later. If O € Q,,, we define
(Q) : O x I — R by setting for every (x,1) € Q x I

l_
<p+1 pt) it op<-—°

Sy u™ (v, 1) + (1 = S() u(y, 1) if

(Q) ._
v, =

Here p = p(x) := ||x — pll2, where p is the center of Q, so that p(x) = 1/2m
if x € dQ; moreover

(1) = p+ o P
= X —_—
y=yw=ptg o
and finally
2m e—1
S(p) = — Pt (%)

so that S(1/2m) = 1 and S((1 — &)/2m) = 0. Trivially i@ s a function in
W20 x I,RN), continuous out of Q x {0}, with v;(lQ) — ujgxs in
L2(Q x I, RN, Moreover, it is not difficult to prove that

|Dv\ P2 dx dt = 2D, Q x 1)

{p(x)<(1—&)/2m}x1

and
1
|D\? 2 dx dt < ¢ (m) - / e — u™ % dH?
I
{(A—e)/2m=<p(x)<1/2m}xI a0 x1
veme [ (1Dl + D P) i,
a0 xI

where 7 is an orthonormal frame to Z,(n] ) % I and ¢ (m) > 0 only depends on m.
Define now v,im) :C2 x I — RN by v(m)(x 1) i=v Q)(x, 1) if x € Q for some
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Q € 9. Then {vflm)}h is a sequence in Wl'z(C,Zn x I, RM), continuous out of
C2, x {0}, such that

1
D™, C2 x 1) < D, C2 x I) +c1 (m) - / u—u™ > dH?
&
=P
+ ey (m)e / (IDzul? + | Druf™ 1) dH?.
sV

Now, by Proposition 1, there exists h(m) such that for & > h(m)
/ D™ P dH? <2 / |Doul? dH?
=D PG
so that by (3) we have
/ (IDzul? + |Deul™?)dH? < 3em D, C* x I).
bINY

Then, for every j € N we first choose ¢ = ¢; small so that

—

3ccp(m)e;mDu,C? x 1) < ~ .

~

Secondly, since by Proposition 1 we have ug") — win L2 x 1), we take

h=hj> h(m) large enough so that hj+1 > hj and

1 1
1 (m) — / |u—u,§"J?)|2dH25—, VjeN.
.
E,(,,l)xl !

Finally, since by the previous estimates

2
D(v(m) C2x1)<Dw,C2 x 1)+ =,
J

it suffices to relabel {v(.m)} the subsequence {v}(,'?)}, where ¢ = ¢; in (4).

The case n > 3. We first set v( ™) u,gm) on E,(,ll ) % 1. Arguing by induction on

the dimension k = 2, ... , n, by the inductive hypothesis we have already defined

SICIEED > ey RN in such a way that v\ — u strongly in

==y g
wh2sh ™Y x LRV).

‘We now extend {v(m)} to E(k) x I as follows. Let F be a k-face of side 1/m
of Z,(,{( ), and hence with boundary contained in E,(,{( ~_ Without loss of generality,
we may and will suppose F oriented by e] A - - - A eg, and we set

x=X,%) e R x R"F,
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Similarly to (4), we define v,(lF) : F x I — RY by setting for (x,1) € F x I

- 9t f E
U}(zF) — u<p+ 1—¢ P ) vor 2m
) 1—¢ 1
S , Dt 1-S8 ,pot) if —<p<—.
v, (v. 2. 1)+ (1= S)u(y. p.1) i S SP= 5

Here p = p(X) := ||X — Pllx, where p = (P, p) is the center of F; moreover

@ = TP
=y(X) = —
y=y Pt o

and S(p) is given by (5). We then extend v,(lm) : E,Sf) x I — RN by setting

v}(lm)(x,t) = U}(IF)(X, t) if x € F for some k-face F as before. Finally, simi-
larly to the case n = 2, it is not difficult to show that {v}(lm)}h is a sequence in
Wl’z(E,(,f) x I, RM), continuous out of E,(,f) x {0}, such that, possibly passing to

a subsequence, v;lm) = Uk strongly in Wl’z(Z,(,{() x I, RN). The proof of
Proposition 2 is complete. O

End of the proof of Theorem 1. 'We use an adaptation of [3, Lemma 5].
Slicing the cylinder C};, x I with hyperplanes P (¢, n + 1) orthogonal to the “ver-

tical” direction e, , since {v;(lm)} converges to ujcn x; strongly in Wl’z(Cr’:l X
I,RY), see Proposition 2, we may and do choose a1 € [1/4m, 3/4m] so that

v}(lez(anHH/m’n_H) e WL2(P(aps1 + j/m,n + 1),RY) for every h € N and
jel{-m,...,m— 1}, with
m—1
> D™, Pani+ j/mon+1) <emDu,Chx 1) Yh. (6
j=—m

Let O,, denote the family of (n4-1)-cubes of C}, x I, of side 1/m, whose boundary
lies in the n-skeleton

m—1

LnU |J P+ j/mn+1),

j=—m

compare (1). Also, let F;, be the family of the (n 4 1)-cubes in ém which intersect
the n-cube C" x {0}, and let

G :=C"x]—10m~", 10m~].

(m) (m)

The case n = 2. Since v,gm = u, , where u, ° — u™ strongly in

)
1= x1
Wl*z(E,(nl )% I , RV), compare Propositions 1 and 2, then by (3) and (6) we infer

that for every & sufficiently large

> D). 00) < cmD.C" x ).
0e0,,
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Asin [3, Lemma 5], by refining the slicing arguments in (3) and (6) we in fact may
and do choose (ai, az, a3) € [1/4m, 3/4m]3 so that we also have

(m—1)*
Y D", 9C) <cmD.Gy)  Yhzh, (7)
=1

where {C; }1(21_1)2 is alist of the cubes in F,. Forevery!let f; be adiffeomorphism
between C; and [—1/2m, 1/2m]3 such that

fi(Cr N (C* x {0) = [—1/2m, 1/2m]* x {0}
£1(3C; N (C* x {0})) = 3[—1/2m, 1/2m]* x {0}

and

IDfillo <K,  IDf oo < K.

We then define U™ on C; by

o= [ Gaipean))

so that
c

DW,". €1y < — D", 9C)
for every [ and hence, by (7),

DU, UF) < CD(u, Gp). ®)
Set

(m) _ ,m) 2
Uy @)=v, (z) VYze(C,x)\UF,,
(m)

so that U™ is continuous on C,% x I except at one singularity on each C;, which

lies on C,%l x {0}. Moreover, {U}Em)} is a sequence in WI’Z(C,Z,, x I, RN) such that
for h large enough

DU — o™, C2 x 1) < CD(, Gp)
and therefore, by Proposition 2,

limsupD(U™, €2 x 1) < D(u,C2 x I) + CD(u, Gp) .

h—+00

Remark 2. We also notice that for every cube C; in F,,,, we have that U iEm)| ac, =

v}(Lm) ac, where the traces T(v;lm))m(n € Wl/z(E,(,,l), YVe,), see Proposition 2. As a
consequence, by the definition of f; we infer that the traces T (U }Em)) are functions
in W/2(C2,, Y,) forevery h.
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Now, let ¥, : C* — C,% be an affine bijective function such that Lip ¢, =
(m —1)/m and ¥, — Idp> uniformly as m — 4-o0. Setting up(x,t) =
Uf(l:’:)(l//m (x), t) for some increasing sequence h,, ' 0o, since meas(G,,) — 0
as m — oo we easily infer that {u,, },,, is a sequence of maps in wh2(C2x], RN),
continuous out of a finite number of points, such that u,, — u strongly in W12
Moreover by Remark 2 it follows that the traces T (u,,) € w22, Ye,,,) for
every m. Therefore, taking ¢, (x) :=I1 eny © T (m) (x), compare Remark 1, clearly
{om} € WI/2(C?, V) is continuous out of a discrete set of points and ¢,, — ¢ in
W1/2_ Finally, e.g. as in [2, Appendix], every function ¢,, can be approximated by
maps in R1/2(C2, ).

The case n > 3. Let }",(nk ) be the k-dimensional skeleton of Fmn, 1.e. the union of
the k-faces of the (n 4 1)-cubes C; of F;,,. Since v;(lm) — u in Wl'z(Cr’f1 x I, RN),
by using a more refined slicing argument similar to the one in [6, Prop. 4], we may
and do choose (ai, ... ,an+1) € [1/4m, 3/4m]’“rl so that for every & sufficiently
large the following holds:

1) for every k = 2, ..., n the restriction of v(m) to any k-face Q of ]—"(k) is a

@) y h y m
function in W!2(Q, RN);

(ii) there exists some absolute constant ¢ > 0, not depending on /%, such that

D", FO) < em™ D, G)  Yhk=2,....n. ®)

First we let U, m) — vh ) on .7-",&12), and then we extend U, ™ (o ]—",ﬁ,) arguing by
induction on the dlmenswn k=3,...,n+ 1. To this aim, for every k-face Q in
(k) . .
Fm~ we distinguish two cases.
If Q is “horizontal”, i.e. the direction e, is not spanned by the vector space
underlying Q, we let

U™ =uv"  onQ. (10)

If Q is not "horizontal", as in the case n = 2 we let fp be a diffeomorphism
between Q and [—1/2m, 1/2m]* such that

fo(@N(C" x {0)) = [—1/2m, 1/2m]*" x {0}
fo(@0 N (C" x {0)) = d[—1/2m, 1/2m]*~! x {0}

and

IDfolloo < K. IIDfg' llo <K .

Since we have already defined U, ™ 6n 9 0, we extend U, ™ 1o Q by setting

U @) = U(m)[fQ_l<_2m|]|CJ€Q(2)||k)]’ (an

so that

(m) < (m)
DWW, 0) < m DWU,,00). (12)
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Repeating the argument for k = 3, ... ,n + 1, we then easily estimate
- 1
D" UF) < C) Y — D" FY) (13)
k=2

and hence, by (9), we obtain again (8). Setting then U }(lm)(z) = v}(lm>(z) for every
z € (C x I) \ UF,, this way U,Em) is continuous on C, x I except at an (n — 2)-
dimensional singular set, which lies on C;, x {0}, given by the union of a finite
number (depending on n and m) of affine (n — 2)-planes parallel to the coordi-
nate directions in R” x {0}. Moreover, by the construction we infer that the traces
T(U}Em)) e Wiz (C, Ve,) for every m. The rest of the proof follows as in the case
n=2.

Proof of Theorem 2. We shall first give the proof in the case n = 2.

The case n = 2. Due to Theorem 1 it suffices to show that smooth maps in
C(C2, V) are dense in R?}’z(Cz, V). Letyp € Rffz(Cz, )), so that ¢ is smooth out
of a discrete set of points. Since the argument is local, without loss of generality
we may and will suppose that ¢ is smooth out of the origin. For 0 < r < 1 we
denote

0, =[-rrP, Fri= 0, N(R* x {0}).

Letu € Wh2(C? x I, RY) be the harmonic extension of ¢. For every fixed ¢ > 0
let 0 < R = R(¢) < 1 be such that

D(u, Qr) <¢.

Since
1 R
D(u, Qr \ Qrp2) = E/ dr/ |Du|? dH?,
R/2 90,
then there exists » = r(¢) € [R/2, R] such that

1 ) 2
D(u,0Q,) := 5/ |Dul”dH” < gD, Qr\ Qrp) = . (14)

30,

Since ¢j3F, : 0F, — Y is a smooth map in W1/2(8Fr, )), and the first ho-
motopy group m1()) = 0, then there exists a smooth extension ¢, : F, — ) of
¢ with finite W!-2-energy.

Let now Q;t = {z=(x,1) € O, | £t > 0} be the upper and lower half cubes
of Q.. Moreover, let v : 0 — RV be the solution of the Dirichlet problem on
Q3 with boundary condition

vE=u on 3QFN{(x,1)| £t >0}
vri=<pr on F;
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and let v, : Q, — RV be given by v,(z) = v(z) if z € QF. Define then

w, :C* x I — RN by
r .
Ur(EZ) if  zll3 <8

0 (2) = u<ri) it s <zl <r
EE
u(z) if Jzllz>r

forsome 0 < 8 < r, so that w, € WE2(C?% x I, RY) is continuous and with trace
T(wy) € W1/2(C2, Y). We easily estimate

D(w,,C> xI) <D,C>x I)+crDu,d0,) + §D(v,, 0,)
r

for some absolute constant ¢ > 0, so that by (14), and since » < R,

8
D(w,,C*> x I) < D(u,C?> x I) +2ce + -D(vy, Or)
r
<Dw,C*>xD)+Qc+1)e,

taking 6 sufficiently small. Letting ¢ — 0 we infer that w,, — wu in
W12(C? x I, RN) and hence that T(w,) = ¢in W1/2(C?, )). Since the trace
T (w,) € WY/2(C?, V) is continuous, then in a standard way it can be approximated
by smooth maps, as required.

The case n > 3. We will modify the End of the proof of Theorem 1. Recall that
the singular set of the approximating map U ,Em) is contained in C,, x {0} and

intersects every "horizontal" (k + 2)-cube Q in .7-',51“2) ,fork=1,... , n—1,on
a (k — 1)-dimensional set obtained by the "homogeneous" extension (11) of the
restriction of U }Em) to the boundary of Q. To remove the singular set, working by
inductiononk = 1, ... , n — 1, it then suffices to modify the definition (11) to (17),
where vp : Q — R¥ is a suitable smooth extension of the boundary datum. More
precisely, let

F:=0n[®R" x {0}) (15)

be the (k + 1)-face in E,gf +D given by the intersection of Q with C" x {0}, see
(2). Moreover, let § = T(U}Em))w r be the trace of U;Em) on the boundary of
F.Since m1(Y) = 0, if kK = 1 there exists a smooth extension ¢ : F — YV,
of @ and therefore, as in the case n = 2, we define vy by solving the Dirich-
let problem on the upper and lower half cubes QF with boundary data given by
(16). However, since we have no information on the higher order homotopy groups
7, () for k > 2, we cannot in general expect the existence of a smooth extension
or : F — Y, of @.To overcome this difficulty, at the (k — D™ Step we will

show how to modify the definition of the trace of U }Em) on 22‘ ) insucha way that
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@ : dF — Y, is homotopically trivial. More precisely, we first let U}Em) = v}(,m)
on }",512). Then forevery k = 1, ... ,n — 1 we give the following

k'™ Step: definition of the trace on E,%H) and extension to ]-",(,LHZ).

We first give a list {0D}; of the n-cubes of T\ in such a way that Q(~D
intersects Q(‘) on an (n — 1)-face, for every i.

Incase k < n—2, for every i we also give a list {F;') }; of all the (k + 2)-faces
of 0@ such that the following holds:

@) F;i) is not a (k + 2)-face of the n-cubes Q), forevery I <i — 1;
(i1) there exists a (k + 1)-face Z;i) of F ;i) which is neither a face of the I?l(i)’s, for
every [ < j — 1, nor a face of the Q’s, forevery [ <i — 1.

We then relabel by {F (i)}i the (k + 2)-faces of Z,Sf +2) by means of the lexico-
graphic order given by the indices i and j of the F ;l)’s. Note that F) = QW if
k = n — 2. Moreover, let {Ly)}j:g be a list of the (k + 1)-faces of F such that

the last (k + 1)-face L;.i()k) is exactly Z;.i), if FO = IFJ@.

Iftk=1,welet W : E,(nl) — Y, be given by wd .- T(U}(lm))m(]), where
U,Em) is given by Theorem 1. Also, let 5;0 = \IJ(l)laLm be the trace of U}Em) on
the boundary of the 2-face Ly). Since 71(),) = 0, compare Remark 1, then 55.’)
is homotopically trivial.

If 2 <k <n-—2,atthe (k — 1)’h Step the function VIO E,Sf) — YV, 18

defined so that if g?;i) = w® 5@ then 5;.[) : BLy) — Y, is a homotopically
J

|
trivial smooth function in Wl/z(aLy), YVe,) foralli and j.

For every k < n — 2, we let o . L;.i) — ), be a smooth map in

Wl’z(LE”, Ve;,) such that asi'il)ﬂL(i) = a;i), andlet @@ : 9FD — ), be such that
i

dW = 5?) on Lj,i). We now modify the maps ) to new maps & which are ho-
motopically trivial. To this aim, let V@) := §F® \Li‘i()k) and g : gF) — y@
be a Lipschitz map such that g(i)lv(i> = Id‘vg) and g(i)
v,

We first modify the function oM by setting & = oM o gD This way
&M is a homotopically trivial smooth map in W!2(@F®, Ve,).

Arguing by iteration on the index i, once we have defined the functions &), for

@ 1sal to 1 map onto

1L

I = 1,...,i — 1, at the i"" step we first substitute 'EIS(") by the map
oW . gF®» Vg, such that oD = oD op LE.!), if L?) is a (k + 1)-face
of FO forsomel = 1,....i — 1, and ®© = ®@ elsewhere on dF@. We

remark that by the previous conditions (i) and (ii) we infer that o) = @ on
L(l.l()k). We then modify the function o0 by setting &) = oD o g®. This way
@@ is again a homotopically trivial smooth map in W'2(@FD, Y, ). Finally, let

J&tD g &)y be given by TEHD = o@D on §F D, for every i.
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Remark 3. Note that, since ®@D = &® on V@, when defining ®@ we do not
modify the definition of W*+1 on 9 F® foreveryl <i — 1.

Itk =n—1,atthe (n — 2)'" Step the function W=D . 0D . y_
is defined in such a way that W=D ;6 : 90¥ — Y, is a homotopically
trivial smooth W2 function for every n-cube Q) of E,(?f ). Therefore, we let
gm . xm Ve, be asmooth W2 extension of W=D,

Forevery k =1,...,n — 1, we now extend the function U,Em) to .7-',51“2).

If Q is a “horizontal” (k 4+ 2)-cube in ]—',%HZ), we define U }(lm) as in (10).

If Q is not “horizontal”, let F be the (k + 1)-face given by (15) and let
or : F — ), be defined by ¢p = \Tll(§+1), so that ¢F is a smooth map in
WL2(F, Ve, ). Let now Q% :={z=(x,1) € Q| £t > 0} be the upper and lower
half (k + 2)-cubes of Q. Moreover, let vz : 0 — R be the solution of the
Dirichlet problem on QF with boundary condition
[vi=u,§m) on 90N {(x.1) | £t > 0} (16

vy = ¢F on F

andlet vp : Q — RV be given by vo(2) = vg(z) if ze QF. If fo is the diffe-
omorphism between Q and [—1/2m, 1/2m]**? given by Theorem 1, we modify
the definition (11) of U ,Em) by setting for every z € Q

vo[ 7" (2] if [l fo@lks <8

m[ -1 fo@) ) 1 a7
010 )] 1 8 = 1e®lkea = 5

(m) ._

Similarly to the case n = 2, we easily infer that (12) holds again if
0 <8 < 1/2m is sufficiently small, whereas this time U h(m) is continuous on
0 and with trace T(U}(l'")) in W/2(F, Ye,). We conclude the k' Step by setting
gkt T(Uigm))m,(,f“)‘

After the (n — 1) Step, we obtain again (13) and hence, by (9), we conclude
again with (8). The rest of the proof is similar to that of Theorem 1.
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