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Abstract. For a bounded convex domain D C C" with C* smooth boundary
of finite type m and ¢ = 1,... ,n — 1, we construct a d-solving integral oper-

ator Tq* such that for all k € N and the usual C¥ and C¥*# -norms the operator
. _ +1 —
Tq* : Cg,q(D) Nkero — CO:;TI (D) is continuous.
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1. Introduction

For a convex domain of finite type, K. Diederich, B. Fischer and J.E. Fornass
constructed in [4] a linear 0-solving operator which satisfies the following.

Theorem 1. Let D be a bounded convex domain in C" with C % _smooth boundary
of finite type m, g = 1,... ,n — 1. We denote by Cg’q(D) the Banach space of

— L —
(0, g)-forms with continuous coefficients on D and by C' g—1 (D) the Banach space

of (0, g — 1)-forms whose coefficients are uniformly Holder continuous of order %

— _ 1 _
on D. Then there are bounded linear operators T : Cg’q(D) — C(;fq_l(D) such
that 9T, f = f for all f € CQ ,(D) with 3 f = 0.

For the construction of 7 they used Cauchy-Fantappi¢ kernels with the support
function constructed in [3]. Using the e-extremal basis of McNeal they estimated
each terms of the kernel to prove the continuity of 7. The techniques they intro-
duced are the first step to generalise their result to the C*-estimates. As have done
I. Lieb and R.M. Range in the strictly pseudoconvex case (see [7]), we modify T,
and show the following result.
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Theorem 2. Let D be a bounded convex domain in C" with C°-smooth boundary
of finite type m and g = 1, ... ,n — 1. Then there exists a linear operator Tq* :
Co,q(ﬁ) — Co,q—1(D) such that for all k € N and all 9-closed f e C(’)“q (D), we
have
ot} f = f,
1 —
ii) Tq* f belongs to CO;"’I (D) and there exists a constant ¢, > 0, not depending

on f. such that | T; fli5 ;1 < el g

For the notion of C* estimates and C¥ norms we adopt the definition of [7]. The
hard part of the estimates of T;, in [4] was the control of a boundary integral, but
to take advantage of the higher regularity of the (0, g)-form f, as in [7], we shall
integrate over a small annulus G around D. This confronts us with new problems.
For example, the normal component of the kernel in the integration variable has a
bad behavior, but since K. Diederich, B. Fischer and J.E. Fornass integrate only
over the boundary only the tangential part of the kernel plays a role. By integrating
on G however we have to take care of this component. Therefore we show new
estimates for the derivatives in the normal direction of the defining function of the
domain D. The main difficulty here consists in the uniformity of these inequalities
in a neighborhood of b D, the boundary of D. After many integrations by parts as
in [8] we can control the integrals by analysing them with respect to e-extremal
bases of McNeal.

This article is organized as follows. In section 2, we recall the support function
F of [3], the Hefer decomposition Q and the Cauchy-Fantappié kernel constructed
with it. In section 3 we show the new estimates for the normal derivatives of the
defining function and link them to the e-extremal basis. This is used in section 4 to
estimate the derivatives up to order 2 of the Hefer section and achieve the proof of
the theorem 2.

2. Integral operator

We recall the definition of the support function F of [3]. Let D be a bounded convex
domain in C" with C* smooth boundary of finite type m and r a defining function
of D. For @ € R we set D, := {z € C",r(z) < a} and we assume that r has
been chosen to be C*° and convex on C" and such that grad r(¢) # 0 for all ¢ in
a bounded neighborhood V of bD. We fix some ¢ in V and denote by T{CbDr(g)
the complex tangent space to bD,() at ¢ and by 7, the outer unit normal at ¢ to
bD, (). We choose an orthonormal basis w], ... , w;, such that w] = 7, and set
re() =r(¢ +ww) +...+ w,w,) and

m i

j 1 9/r
— 2 / A2 2 7% B
Fr(w) :==3w1 + Ko7 — K jE2K]M 2 513 ﬁ(O)w

£1=0
where K, K’, M are positive real numbers, kj =1when j = Omod 4, —1 when
Jj =2 mod 4 and 0 otherwise.
We write z € C" as z = ¢ + wy ;w] + ...+ wy ;w), and define F (¢, z) by



C*-estimates for the 9-equation on convex domains of finite type 475

F(§3 Z) = F{ (a)l,Zv AL ] wn,z)~

Theorem 3. The neighborhoodV of b D and the constants M, K and K' in the defi-
nition of F can be chosen such that F satisfies for some positive real numbers k', ¢
and R and any ¢ € V, any unit vector v € T;CbD,(;) and any w = (wy, wp) € C?,
with lw| < R and r({ + wine +wav) —r(¢) <0

NF(, ¢ +wine + wav)
Wtwl

<
- 2

/k/i Z
Jj=2a+B=j
+e(r(& +wing + wav) —r(%)).

3/ r (¢ + )»v)
YCT

- —(“wl) - lwa|/

A=0

This theorem was shown in [3]. However we may have F (¢, z) = O when [ —z| >
R so we should use a global version of this support function. For example we can
construct such a function S as in [1]. This construction does not require other ideas
than those of [11]. As in the strictly pseudoconvex case (see [11], p. 224, proof of
theorem 1.13) S satisfies

i) Sisofregularity C* in V x U, U a neighborhood of D and S(¢, -) is holomor-

phic on .

ii) S(¢,¢)=0forc eUU NV.

iii) There exists a constant ¢ > O such that RS(¢, z) < —c|¢ — z|/" forall (¢, z) €
YV x U withr(¢) > r(2).

iv) On {(¢,2) € VxU,|¢ —z| < &}, there is a C* function A with § <
|A(¢,2)| < 3, suchthat S = A - F.

We cannot define a Hefer section as in [4] because they only used the local explicitly

known support function F. Therefore we choose an arbitrary unitary matrix U of
C™" and set

(L w) =S, ¢+ Uw), (1)
: D)

ojc0) = [ (. tondr, @
0 60./

0, 2)=—-U@ @ U G@=0)....0x& U (z—0))). 3)

A simple calculation shows that X (¢, ) = Z;f:l w;o;(¢, w), that Q does not
depend on U and satisfies S(¢, z) = 27:1 0, )& —z)).

Later on we will choose U = U (¢) such that Utn; =(1,0,...,0). With that
choice the o; will locally have the same behavior than the Qg of [4].

Now we define the Cauchy-Fantappi¢ kernel. Set no(¢, 2) =3_1 ¢j — 2 ¢ — z;dg;,

M) = Y511 Q€. Ddgj n(& h2) = (1= e + A 5ES.
ForO0<g <n—1,set

n—1 — o —
Qu g = < ‘ )nA(B;,m)” A @),

Qim)"
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andifg = —1,n, 2, _1(n) = R, ,(n) = 0. We denote by B, , the component of
the Bochner-Martinelli kernel of bidegree (0, ¢) in z _and (n,n—q —1)in ¢. The
operator T, from theorem 1 is defined for f € ng q(D) and z € D by

T,f() = /

bDx][0,

1 f(é‘) A Qn,qfl(n)(é‘v A, Z) — A f(é‘) A Bn,qfl(éﬂ» 2).

We modify T, as I. Lieb and R.M. Range have done in [7]. To do so, we need a
Seeley type operator (see [7] or [12] for details). We set G := V' \ D, V given by
the theorem 1.

Lemma 1. There exists a linear extension operator E : C(D) — C(G U D) such
that

i) Eulg=uforallu € C(D) and Eu has a compact support in G U D,
i) for all k € N and u € C*(D), Eu belongs to C*¥(G U D) and there exists a
constant cy > 0, not depending on u, such that | Eullgup.k < crllullp g

C'"x {1} xC"— C"x[0,1] x C"

¢, 22 = ¢ r2)
For all z € D and all (0, g)-form f we define

We set (] and K,y = (7(Q2,4().

My(f)(2) = 51/@ o] Ef(&) A Qng—2(&, A, 2), if2<g=n-1,

=/GEf<c>AKn,o<c,z>, ifg=1.

Atlast we define 7" by T,) := T, — M.

Since K, is holomorphic with respect to z, 3.7} = 9, T. For g > 1, My (f)
is obviously 9.-closed so 9.7, q* f =0, T, f thus (i) of theorem 2 holds for g =
1,...,n—1.

Because T, already satisfies C 0_estimates (see theorem 1), C%-estimates for Tq*

1 J—
will be proved if we show that M,, f belongs to C(’)’jq_l (D) and satisfies | Mg fll5 1
<I\f ||570 uniformly with respectto f € Cg’ q(B).

In order to prove C k -estimates for k > 0, we use Stokes theorem and get as in
[7] for all 9-closed f € Cf ;D) k= 1,andall zin D

T f(2) = —f 1 A (ES)(E) A Qug-1)(E, 4, 2)

Gx[0,1]

_ / EF(¢) A Bug_1(Z.2). )
GUD

Since Ef has compact support in G U D, fGUD Ef(&) AN By g—1(¢, ) belongs

to Co+" (D) and satisfies | [ Ef () A Bug—1(8, ) |54 S 15 for
all ¢ € [0, 1[, uniformly with respect to f. Therefore it suffices to prove that

— 1
Tq’f = — fo[o,l] 0:(Ef) A Qpg—1(n) belongs to Cg;fl (D). We will prove that
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aT!
3ﬁf and
zZ
I=1,... ,n.

In order to show this result, as in [4], we fix some point z¢ near bD, a suffi-
ciently small ¢ > 0 and denote by w’l", ..., w; an e-extremal basis at zg. £* =
({1*, ..., &) will denote the e-extremal coordinates at zo of a point £ and @, the
unitary transformation such that {* = @, (¢ — zg). We want to get estimates of the

Hefer section in terms of the following complex directional level distances

qf

belong to C0 g— 1'" (D) for all 9-closed f e Co q(D) k > 1, and

(¢, v,8) :==sup{r,r( +rv) —r(¢) <e forallA € C, |A] < 7}

(see [10]). To do so we choose for ¢ in G a unitary matrix W (¢) such that W () ®.n,
= (1,0,...,0) and in (1), (2) and (3) we set U = \Il(g)fb*[ and we express the
kernel in the e-extremal basis by setting Q*(¢, z) := Q(g“ z). Thus we have
M 2) =Y QF (¢, 2)dgF and 3emi (¢, 2) = Yo7 i 3{* (¢, 2)dT; Adg.

J

We write 7;(z0,€) = t(z0,w/,€),i = 1,...,n, and set Pe(z0) = {¢ €
C", ¢l < 7i(z0,€), i = 1,...n}. Then we should use properties of the
g-extremal basis summarized in [4] to estimate Q*.

For §‘ € P:(z0) K. Diederich, B. Fischer and J.E. Fornass obtained the esti-

mate ’ & 2(c, z())‘ S m However, when ¢ tends to 0

’ m goes
to inﬁnlty This estimation does not matter when integration is over bD because
a’?lk is the normal component in ¢ of the kernel and does not play any role. When
the domain of integration is G it is impossible to conclude as in [4]. It turns out

S .. 00F . .
that a factor ¢ is missing, even if a% is only estimated by a constant. In order to
1

. . 90* . . .
improve the estimates of ag’i we have to generalise the estimates of the tangential

1
derivatives of r given in the proposition 3.1 (vii) of [4] also to normal derivatives.

3. Normal derivatives

As in [4], for real numbers A and B, maybe depending on some parameters, we
write A < B if there exists a constant ¢ > 0 such that A < ¢B and A =< B if
A < Band B < A. Each time, we specify on which parameters ¢ depends.

We begin with a lemma in C? that we generalize later on to C", n > 2. For
w = (wy,wy) € C?, weset x; = Rw; and y; = Swj, j = 1,2 and for Q(z) =

N _ N
> im0 Ykgi—j quz*z we define [| Q| := Y70 Y iy lgul.

Lemma 2. Let py be C*° convex functwn defined on a neighborhood of B(0, 1) C
C2. We assume that po(w) = po(0) + (0)x1 + Py (w2) + R’ (w) where Pyy# 0
is an homogeneous polynomial of even degree 2rg > 0 and R/ satisfies

IRy (w)| < C(Jwi* + lwiwa| + [wa ™) Yw € B(O, 1).

For any integer m’ > 2rq, there exist s, ¢ > 0 such that for all C*° convex func-
tions p defined on a neighborhood of B(0, 1) with ||p — PollBo Ty mss < S and
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p(w) = p(0)+ (0)x1 +R(w) where R(O) = 0and gradR(O) = 0, the following
inequalities hold

<c||w|+

—( )——( )' ‘—(w)

m/
> 1P |wali
j=2

where w = (w1, wy) € B(0, 1) and 15j(w2) = Z()Iil—(l,lgj I ]‘371 (O)w2
=J

Remark 1. The condition on R6 only means that P, is the first non zero term of
the Taylor expansion at 0 of Ry(wy, -) = po(wy, ) — po(0) — x| dx" (0) and that
R{(w) = Ro(wy, wz) — P2y, (w2). This condition will be fulfilled if pg is the C*
defining function of a convex domain of finite type 2r¢ in C. m’ is needed for the
generalization to higher dimensions.

Proof of lemma 2.

%(w) — %(O)) and ‘g—y"i(w)‘ can be estimated by the same

method. We only estimate ‘%(w) — %(0)‘ with all details.

We set s w 0 and choose a C*° convex function ¢ defined in a neighbor—

hood of B(O 1) such that ||p — ,00||B(0 Dun'43 < and p(w) = 5(0) + 2 (0)x; +

R(w) with R(0) = 0 and gradR(O) =0.

For j > 2 we set ﬁj(wz) = ZH,:]- k!ll, F(O)uhwz and

3)(1

Ri(w)
1

R 9%ZR 92R
=— O, w) + | A =0 x1— (twi, w2) + y1 (twy, wy) |dt
dx1 ax?2 Xq
0

0x10y1

Ri(w)
. 1 . .
R 2R 3R
=— 0O, w)+|] A=0)x; (twl w2) + y1— (twy, wp) [d
ayi J 9x10 ay?

An integration by parts leads to R(w) = x1R1(w) + y Iél (w) + ﬁ(O, w»), SO
dR dR
—(w) —(0) + Ri(w) +X1—(w) +y1—(w) 5

The derivatives of R; and R; are bounded in B (0, 1) independently of p because
16— poll g 1y.m+3 < §- Therefore we have

R R
X1 (W) 4 Y1 — ()| < Jw]. 6)
0x] 0x1

We estimate R; using the convexity of p.
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We fix v, € C such that |vy| = 1. For (a1, a2) € R? with |a1|> + |aa]? < 1,
we set oy, (a1, @2) 1= p(a1, zv2). Since py, is convex we have

2= 2= 2= 2
0 P;z 0 :0;2 _( 9~ Pvy ) > 0. 7
da; day dapdorp

We compute and estimate each term of this inequality.

S L ®)

uniformly with respect to p because ||l 1y2 < lP0llzo 1.2 + %”PQ,«O II.

32 fy, dR1(0, a2v)
P )| = | 210 o) 9
dar10 2( o) Y ®)
2..
To estimate %, we first expand p in Taylor series at 0 and get
2
2ro 8J
pwi,wy) =" > mva ,3_,(0>w’—’+R(w1,wz)
J=0 1+ |=]j
and
2ro P~ 257
va JG=D j-2_9'p kgt IR0, 03v2)
w)=) ). 0 e O T . (10)
P yiay k! w5 0w, daj

Since the derivatives up to order 2rg + 3 of p are uniformly bounded we have
32R'(0,a012)
Ba%

I Parg I
2

S a7t for all ay € [0, 11. Since 15 — pollggymss <

1 P |l 5 2r9—2 .
—5% > 0 and S 1 Pary ll|ee2| 0%, Using

p 2R (0,
we have ||P2r0|| > ; 277)
*

< 22’0 || P; |l lac2 /=2, which with (7), (8) and (9) gives

Z\/nP ez 2! (1)

for all p € [0, 1], uniformly with respect to /5 and v).
We integrate (11). Since R;(0) = 3x1 (O) = 0 we have |R{(0,avp)| <

\/ Z’;’; || Pj|l|ec]/ for all @ € [0, 1]. Since this inequality holds for all vy such

that |[va| = 1 we have uniformly with respect to p and for all wy € C with |w;| < 1

(10) we get 2 (0 as)

'3R1(0 V)
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ml
IR10, w2 S | D IPjllIwal. (12)
j=2

Also we have uniformly with respect to g| Ry (w1, w2) — R1(0, w2)| < |wq]. Plug-
ging this inequality with (6) and (12) into (5), we finally get

dp

ap
P - 2ol <
8xl(w) 8x1( )'Aqlun|-+

m/
> 1P |wald
j=2

uniformly with respect to p and w. O

We now extend lemma 2 to a convex domain D C C". We recall that V is
a bounded neighborhood of bD, that for € R, D, = {¢ € C",r(¢) < o},
T{CbDr(;) is the complex tangent space in ¢ to b D,y and 1, the outer unit normal
at ¢ o bD, ().

Proposition 1. There exists a constant ¢ > 0 such that for all ¢ € V and all
Z = ¢ + wine + wav, with v a unit vector in T{(CbDr(;), w; = x; +iy; € C,
j=1,2 with |w|* 4+ |wa|® < 1, the following inequality holds

Or(g +wing +wav) | |3r( + wine +wov)  Ir(@ +wine)
ay 0x] 0x| =0
m :
1 | 0/r(C + wav) )
scllwil+ |2 2 R r—— wal/ | (13)
=2 02 277 aamo

Proof. We fix ¢y € V, vy € T;(o:bDr({o)’ lvp] = 1 and set pg, o, (W1, w2) =
r(o + wing, + wavp). Lemma 2 applied to pg, v, give us two constants ¢z, v,
and s5¢,v,- Since r € C*°(C"), there exist a neighborhood Vy ,(%0) of ¢o and
a neighborhood Vi, ,(vo) of vp in C" such that for all { € V4, (¢o) and all
v € Vi (vo) N TCCbD,(;), the convex function p; » 1= (¢ + win: + wov) sat-
isfies |10z, — Pzo,v0ll BO, 1),m+3 < S¢o,v0- According to lemma 2 the inequality (13)
holds with ¢ = ¢y, for all ¢ in V¢, 4, (o) and all v in Vi 4, (vo) N T;CbDr(;).
The compactness argument used to prove the theorem 2.3 of [3] achieves the
proof. O

We now translate the inequality (13) in terms of e-extremal basis.

Lemma 3. For ¢ > 0 sufficiently small, zo € V and wi‘, ..., w} an g-extremal
basis at 7o and ¢ € Pg(z0) we have uniformly in zg, € and ¢

ar or
) —

* *
ow] ow)

or ar

1
_ < g2
0w ©) 0w, (@0)| S €2

(z0)

"
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Proof. In order to use proposition 1, we write ¢ € Pg(z0) as £ = zo + Ang, +
Uv, v € Tz(ngr(ZO), [v] = 1. Since w1 = Nz, WE have |A] < e. Moreover

since zg + v is also in Pe(z0), z0 + 53; v belongs to 22,, P (z0) which is in-

22n
cluded in D, (;)+- (see [10], proposition 3.1), thus ‘2’2‘,! < (20, v, &). Since 37,
j . ., .
Zo,ff,‘f/ ﬁ % ) 7(z0, v, €)) = € (see [4], proposition 3.1 (vi)), the
wy=
proposition 1 gives ‘3‘%({ )= 3% (zo)‘ +‘ O
1

In [4], proposition 3.1 (vii) applied to e-extremal bases has been a major tool to
prove Holder estimates. In order to make this method applicable we need to refor-
mulate lemma 3 in the following way.

Corollary 1. For all zg € V, all sufficiently small ¢, all { € P (z0) and all multi-
indices a and B with || + |B| > 2 we have, uniformly in zo, € and ¢,
‘ glal+11,.

—3 ¢ ' 5 n / ai+Bi°
W Jw* [Tizi 7/ (zo, )i tF

where T/(z0, €) = 7 (20, €) ifi # 1 and t](z0, &) = &2,

Remark 2. When o1 + 1 = 1 this corollary improves the estimates given in prop-
osition 3.1 (vii) of [4] by the gain of a factor e,

Proof of corollary 1. The case a1 + B1 > 1 is obvious because 83‘*I+Wr (¢) is

bounded and W is bounded away from 0.
i=17;(20,8)70 7

The case a1 + B1 = 0 follows from the proposition 3.1 (vii) and (iv) of [4].
So we assume that o1 = 1 and 81 = 0 (the case o1 = 0, 81 = 1 is analogous).

We expand 72 i 2 4|+ Bl — Latz

Wy
jalHBI+2 1 " ,
= X (e T po(g ),
j=1 lo/|+18'|=] 811)1‘(311)*0(/8?'6

If ¢ € Pe(z0) 1€ — 20| S 8%, so we have |o(|*|lITIBITE -1y < g2 uniformly in
20, ¢ and . Lemma 3 implies that for all ¢ € P.(z0), € > 0 small enough,

jal+pI+5 1 - ,
3 V| < b,
j=1 |/ |+18|=j Bwi‘aw*"‘,aw*ﬂ

*

4 .
TGoa We normalize and get

By setting &; :=

lal+1B1+% 1 ne

.
Z Z v _ﬂ,(Zo)E &’ l_[fl(zo )bt < ez,

- xa’
=l =g dwiow dw i=1
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for all £ € C" which satisfy |&| < 1,i =1,
For a polynomial P(€) = Y111 <ial4 81441 Par, g E%E , we set | P, =

SUPig,|... g, <1 1P E1s - En)l and | Pllx = SUPio/ 117 <jaj i1+ 2 -1 [P g -
Since || - ||« and || - ||« are two equlvalent norms on the vector space of poly-
nomials of degree at most |a| 4 |B] 4+ % — 1, this implies for all " and g with

L=<+ 18] = lal+ 1B+ 5 — 1

D=

!’ ’
I I+IB 1+, ¢

(20)| S

* oy ~ n . ﬂ./—}-o[{ : (14)
dwiow** dw [Tz 7izo, )T

f 3\\ \m,

Next, we compute the Taylor expansion o at zo of order 7

glal+1Bl,

dwgu’
glal+o I+IBI1+18' —p m
= Y e T o).

—p'+
O<lo/[+181<% gt

Inequality (14) hields to

AN . " ,
P rall o’ an
e g P 7O S Ty o/ (zo.0)% o Pt oralla”and

B’ with |o'| + 1Bl + let| + |Bl < 3. Using [£7] < 7j(20,€), j = 1,...,nand
0(1¢*1%) < &3 forall ¢ € Py (z0), weﬁnallyget‘d‘*(‘x—;"’(;)‘ S

£
T/ (z0.8)% TP
o

4. Estimates of the Hefer-Leray section and conclusion

. . . 1, . 907 .
Corollary 1 will give us a gain of a factor £2 in the estimate of ag’i . Because S is
1

1
holomorphic with respect to z, with this new factor €2 we will be able to prove that

PY ol

T f belongs to C0 m(D) for all [ and all 9-closed f € CO (D), k > 1. We

also have to prove that % belongs to C, qj " (D). We can not directly succeed
in showing this and we have to integrate by parts as J. Michel in [8]. In order to
integrate by parts we set §; = 3{1 + az, I =1,...,n. We have for all 9-closed

fe Cg’q(ﬁ)
Ty _

dz Gx[0,1]
=Y —X.

_ — ]
8§Ef A SlQn,q—l(n) - f 8{Ef A _Qn,q—l(n)
Gx[0,1] a¢g

Later on we will show that the action of §; to S or Q is comparable to that of %
1
Thus Y will have good estimates. To treat X, as in [8], we use inner product, Stokes
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theorem and the hypothesis @ f = 0 on D to show that

0 0
XZ/b _f/\Qn‘qfl(n)_/ _f/\anfl

Dx[0,1] 91 ¢ 94
IES IES
— AD.Q 2(77)+/ A B 1.
/Gx[O 1] A e G 9 e
This implies that for all z € D
T, f
(2)
0E 0
=/< f(é)— f(;“))/\Kn,ql(é,Z) _f(é‘)/\Banl(@Z)
G Gup 94
AES i - af
+/ <—( )—E —( )) A0 Qp g2, 1, 2)=T] <—> (2)
Gx[0,1] \ & ¢ ¢ s ¢ 7\ 8¢
+/ A Ef(C) A81Qng—1(M(&, A, 2). (15)
Gx[0,1]
In(15)weshouldnoticethatfcx[0 1 (% — E%)/\B Qp.g—2(n) = 0forg = 1.
We also have fG (%’g E§£>AK” g—1 = 0 for g # 1 because, since S and Q

are holomorphic with respect to z, K, 41 = O forall g # 1.
For f € Clgq(ﬁ), k > 0, we will prove that each term in (15) belongs to
Clg qlt”’ (D). This result is already known for the Bochner-Martinelli term. For

T* <ﬂ> we use an induction argument. The other terms will be estimated with

respect to an g-extremal basis as in [4]. So we need estimates of §;S and §; Q in
terms of e-extremal bases.

We use the notations of the end of section 2 and fix some zp € D close enough
to bD. When ¢ in G is such that | — zo| > g9 > 0, S(¢, zo) is bounded away from
0 so we just have to integrate on a small polydisc P, (z0). We choose &g sufficiently
small so that for all z € D sufficiently close to bD, all ¢ €]0, eg] and all ¢ € P, (z),
we have [ — z| < %, where R is given by theorem 3.

As in [4] we cover Pg,(z0) with some polyannuli based on McNeal’s poly-
discs. For sufficiently small ¢ > 0 we set Pé (z0) = Par-i(z0) \ c1Pr-i.(20),
where c; given by proposition 3.1 (i) of [4] is such that for all ¢ > 0 and all
i € N¢1Pr-ig(20) C Pa-12-ig)(20). This gives us the following covering

Jo
Peg(20) C Pirzoy) (20) U [ Py (20) (16)
i=0

where jj satisfies 27 gy = |r(zo)l, uniformly in zg and &g.
Now, we fix an ¢ in ]0, g9] and we choose an g-extremal basis w’f, .., wiat
zo and assume that zq is close enough to the boundary and &y small enough so

that 38’ > ¢ > 0 forall { € Py(z9). In [4] the support function S was only
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estimated for z in D and ¢ in b D, but we need estimates of S when z belongs to D
and ¢ to G :

Lemmad. i) For all ¢ in C" such that r(¢) > r(zo) we have, uniformly in z
and ¢,

1S(¢. z0)| 2 7(§) — r(z0).

ii) For sufficiently small & and for ¢ € P2(z0) with r(¢) > r(z0) the following
inequality holds uniformly in zo, € and ¢

182, 20| Z € + (&) —r(z0).

Proof. For ¢ € Pe(z0) we have S(¢, 20) = A(¢,20)F (¢, 20) and |A(¢, 20)] > 5.
So it suffices to estimate |F (¢, zp)| and (i) is a straight forward consequence of
the inequality satisfied by —RF (¢, zp). Now to prove (ii) we just have to show
|F(¢,z)| 2 &. We assume for a moment the following.

Claim: Let ¢ € Pg(z()) and v € T{CbD,(;), lv| = 1, such that zo0 = ¢ +
nv + An. Then for sufficiently small ¢ > 0 and sufficiently small ¢ > 0, if
ln| < ¢t (¢, v, €) we have |A| < &, uniformly with respect to zg, ¢, € and .

Let ¢ be in PS(ZO) such that r(¢) > r(zo). We first assume that |u| <
ct(¢, v, ). The claim says that [A\| < & thus we have with the theorem 3 and
the proposition 3.1 (vi) of [4]

|F(£,z0)| 2 ISF(S, z)|+|‘RF(§ z0)|

2 M= AP - KZ >

j=2a+p=j

8/r(§ + uv)

j
opeanP [

u=0
Ze(l—e—0),

and if ¢ and ¢ are sufficiently small |F (¢, z9)| 2 &.
Now, if || > ¢t (¢, v, €) by theorem 3 and proposition 3.1 (vi) of [4]

J .
3’/ r(¢ + pv) > e
CopeamP

~

|F(¢,z0)| =

j=2a+p=j #=0

To conclude the proof of the lemma we prove the claim.

For¢ in Pg (z0) and ¢ > Otobe chosen in amoment, we write zg = ¢ +UV+AN;
and assume that || < ¢7(¢, v, €). We denote by v* and n}‘ the g-extremal coordi-
nates at zo of v and 7, respectively.

We first show that || < e. We have ¢ = —A(n;)7 — pv}. Since (n¢)f

|arl(g)| JuF (¢) according to proposition 3.1 (vii) and (iv) of [4], we have |(n;) | <

s and 11 S Y Il of| S e
For sufficiently small & and ¢ and i # 1 we show that [¢*| < ¢17;(z0, &).

On one hand, proposition 3.1 (iv) and (iii) of [4] lead to > 7 Iudifl

i=17(z0,6) ™
r(;lfﬂ,s)’ and if || < ¢t(g, v, &), we have for all i |uv}| S €7i (20, €).
1
On the other hand, if i # 1, e2 < 7;(20, ), so |(ny)f| < ti(zo0.€) and
[A(no)F| S eti(zo, &).
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Therefore we get |*| < (e + )7 (20, &) for all i # 1. So, if we choose ¢ and
¢ sufficiently small, we have |§i*| < ¢17i(z0,¢) forall i £ 1. Since ¢ ¢ ¢1P:(20)
we must have || > ¢171(z0, &).

Since |(n;)7] < 1 and |uvf| S ¢t1(zo, &) uniformly in ¢, zo and &, we have
A 2 c171(z0, €) — CT1(20, €). Since ¢ =~ 11(z0, €) (see proposition 3.1 (v) of [4])
we just have to choose ¢ sufficiently small again and the claim is true. O

It will be easier to study &; with respect to an g-extremal basis. Therefore we put
5* = * +3 g* and show estimates like those of lemma 5.4 in [4].

To study the Hefer decomposition for all ¢ close enough to b D we need a unitary
matrix W(¢) smoothly depending on ¢ and such that W (¢)®.n, = (1,0, ...,0).
In [4], such a matrix was already defined for all { € 5D but with the assumption
that |grad r| = 1 on bD. We cannot assume this on a neighborhood of D so we
normalize and set

Vi) =g @), =1,
V|5 ©

Aj©) =1=Y0 @ j=1,....,n,
Wy (8) =i (2), i=1,...,n,

andif j > 1

1 —v;(Qvi(¢) ifi=1lori>j
Vi) =~ 0 ifl<i<j

Aj-1(5)A;(©) Aj@)  ifi=

In spite of this normalization W has the same properties than the matrix defined
in [4]. For all ¢ € Ps(z0) W(¢) is a unitary matrix such that ¥ ()®@.n, =
(1,0...,0). Moreover W(¢) still satisfies estimates like those of lemma 5.2 in
[4], that is

Proposition 2. Forall¢ € P.(z0),i =2,... ,nand j, k, 1 =1,... ,n, j#i, we
have uniformly with respect to ¢, 7o and €

1S IW;01 <1,

82
|wjk<c)|sm,
‘aaq;: @)‘ 1] = O T, ST
‘Z\I;: (;)' - (g) < Tj(Zng)Ti(j(i )7, (z0. )’
% @! s O
2 .
aagk:[;lgjl (g)‘ ‘ aros (O‘ aagq;z O 7, TG TGS




486 W. Alexandre

Py |+ ' v (g)' Vi | < e
actac’ Gle% 84“, a;k 8{1 ~ 1j (20, €)7i (20, )7/ (20, £) T (20, &)
82 u 8 “Ijit
(;)‘ ' - (z)' —— LS ———
actac; GIelen g agl ~ 1,20, €)7/ (20, &)

Proof. The inequality |W;;(¢)| < 1 holds because W (¢) is a unitary matrix.
The proposition 3.1 (vii) and (iv) of [4] give for all j

0
o —— (17)
0] 720, €)
and therefore
V; <
il S TG0, 8)
We then estimate the derivatives of v;, j =1,... ,n.
Wi ¢y = : "o
iley 8{}‘8{,;"
Zl 1 ‘3{* ‘
1 n
- —(5)‘
. 3C gy ; ag’
2(21=1 3| )
(17) and the corollary 1 imply fori > 1
31),'
ag 1™ (20, )20, €)
Since for all I 7/(z0,€) 2 s%, the corollary 1 implies % Y 3;*@)‘ '

1

7 (zo 5 Again with the corollary 1 this implies

vy
gy

&
Tk(ZO’ ‘9) tl/ (ZOa 8)1—12 (ZOa 8)

The same inequalities obviously hold for

a”’ ({)‘ Moreover we could show as for

the first order derivatives

9%v; &
’a;,a;k(“' a;,*az;‘;“)‘ az;"azi“)Nr;(zo,s)r/(zo,s>r,:<zo,s)‘
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. 1 . . .
Since for all s # 1 74(z0, &) 2 €2, those estimates of v; and its derivatives imply

3Ei (g)' agk rk(zo, €)
82
Gt (“‘ ‘ag A (g)' 9T k“) 7o 0 8)

Moreover we have |A, ()| 2 ’3{* ({)‘ > 1forall ¢ € P.(z0).

Now it suffices to use all those estimates and to distinguish the different cases
to achieve the proof the proposition. O

We set w (¢, z) = W(¢)(z* — ¢*) sothat F(¢,z) =
estimates Q7 and its derivatives we show

Fr(w(¢, z)) and before we

Lemmas. For j,k = 1,... ,n, 1 = 2,... ,nand ¢,z € P:(20) the following
inequalities hold uniformly with respect to ¢, z, zo and ¢

lw; (¢, 2| S 1j(20, ),

|87 01(¢, 2)| + (20, €),

dw; £
=D S 7 —
T, ¢ 7} (20, &)

&

J

|87 w1(8, 2)| +

j
» 001

J

dw;
S* , S 75—
kar SERIRS 7;(20, £)7 (20, €)

dwq
hdad <
T ¢, 2)

~ 120, )

8 —x f/ /—/.
"a; €2 7;(20, £)7;(20, &)

71(20, €),

&

&

Proof. Since 1,(z0, €) 2 ¢ for all p, the proposition 3.1 (v) of [4] and the propo-

sition 2 give for all [ and all ¢, z € P.(z0)

lwi (¢, 2)| S 1lzo.8) + Z

2

<
) S 71(20, €)-

Using the proposition 3.1 (v) of [4] and proposition 2 one can analogously show

the other estimates.

O

Lemma 6. Forall ¢ € P:(z0), all multiindices B with 1 =0and j,k=1,... ,n
we have uniformly with respect to ¢, 7o and &

Nl
kAt B

_1 Tp(z0, &)Pr
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if |B] = 2 and for |B| > 1

3 3Py,

a 3Pl
= )‘ :

il dwb

&
T‘;' (ZO» 8) l_[’;;:] T[)(Z07 S)ﬂp

A

©0)

~

32 8Pl
dgrar; dof

&

7 (20, )7} (20, &) [Ty Tp (20, )P

N

~

Proof. re(w) =r(¢ + \Il(g“)ta)) therefore we have forall ay, ... ,ap, p > 2:

= Y >1£[W /()
0wy, ... 0wy, a 3(;;...8{;’; ¢ 11 arif (§)-

i1,0,ip=1

If there exists s such that «g # iy we have by proposition 2 Wy ; (¢)] <

~ Ty (zo &)’
&

3 1 Tap(ZOvS) ’

The other estimates also follow from the corollary 1 and proposition 2. O

If oy = i for all s then the corollary 1 gives a;*a 5T @) <

Lemma 7. Forallt € [0, 1], ¢,z € P:(20), i, j, k = 1, ..., n, we have uniformly
ing,z,z0 tande

|Fe(to (¢, 2)| Se,

’

9
83 Fc(to (. 2)| + | = = s (F (¢, 2)| S

J

Tj (2o, &)

&

7/(20, £)7(20, 8)

57532 (Feoz. )| <

; &
’ (ol N3 7(20, &)’
( ) 8
5 Ti(20, £)Tj (20, &)

J

5 i ( )
oC;

Proof. Since 11(z0,€) ~ ¢ the case i = 1 is obvious. Therefore only the cases
i > 1 have to be considered. The estimates are then straightforwards consequences

&

7i (20, €)7}(20, £)7 (20, &)

of the lemma 5 and 6. O
Lemma 8. Forall { € P:(z0),1, j,k =1, ... ,n, we have uniformlyin ¢, zo and &
|05, Zo)| r,(z 5’

o = (.20 .
— 0 e I —
7i(20, £)7} (20, &)
BQ. £
* 1
— (¢, 20)| S
k 0

; 7i(20, £)7j (20, £)7; (20, &)
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Proof. We have by definition Q;.k = — Z;’:] U;; 07, thus we have to estimate the oy
and its derivatives. .
We set A (w) := A(L, ¢ + W(¢) w) sothat for [¢ — z| < §

o01(¢,w(¢,2)) =
1 aA{ 1
_ /O L 106, ) Felto (e s + f Aoz, z)) (rw(; D)dr. (18)

Since A and all its derivatives are bounded lemma 7 gives forall/ # 1 |o7(¢, w(¢, 20)|

< % Now' t'he proposition 2 give |Ql*(§, 20)| § ﬁ .

The proposition 2 and the lemma 7 similarly give the other estimates. O
Corollary 2. For all i, j,k = 1,...,n, { € Ps(z0) we have, uniformly in ¢, zo
and ¢,

1
ez 3Q ez 1
807 (¢, 20) = (£, 20) | S——————, |8;5(&, 20)| Se2.
4 B Ti(z0.6)" | agy ~1;(20, £)T((20. &) 10 |
1
Proof. For all | we have 7/(z0, €) 2 ¢?. Lemma 8 gives |<Sl* Q7 (¢, z)| < T,'(8Z(2) 5
L 90" < o3 . L o .
L) P ¢, z)' S —ri(zo)s)ré(zoyg).Smce d; 1sa11nearcomb1nat10n0f6l JA=1,...,n,

the two first inequalities are now obvious. The last inequality comes from the first
one because §;S(¢,z) = Y i1 8; QX (¢, 2)(g* — z}). O

At last, we prove similar estimations to lemma 5.5 of [4] for a differential
operator of arbitrary order.

Lemma9. Let A = aa ———5 be adifferentiation of order j > 1,k =0,... ,n—1,
I=1,....,nand ¢ € (V\ D) NPL(z0) if ¢ # |r(z0)| or ¢ € (V\D)ﬂpe(ZO)if
e = [r(zo)l-

M, 20) A @eni (€, z0)

A .
! Sk1(¢, zo)

can be estimated by a sum of products of the form
. ]
3 k and —z T—1 ’
[Tico 7 (2o, &) [Ty T (20, ©) [Tico i (o, &) [;2) i (20, ©)

this last term appearing only when k > 0.

m(¢, 20) A @ (€, zo)*
Sk+1(g, z0)

ANT)]

can be estimated by a sum of products of the form
i}
3 k and —z =1 ’
[Tizo ™ (20, ) [ i) Ti (20, ©) [Tico ™ 2o, & [1;2) T (20, ©)

this last term appearing only when k > 0.
In both cases we have v; # vy and p; # wp if i’ #i and p; > 1 foralli.
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Proof. We fix ¢ € Pg(z()) NV \ D)ife # |r(zo)l and ¢ € Pe(z9) N (V \ D)

. . . Bk . .
otherwise. As in [4], we write mAS(k—ﬂ“) with respect to an g-extremal basis and get

asumof [,k = §~*k+D o NN /\/\, ! Q”’ d;M Adg, where necessarily

the v; (respectively u;) are pairwise different. We apply lemma4 (ii) if & # |r(z0)|
and lemma 4 (i) if ¢ = |r(z0)| and get in both case |S(¢, zo)| 2, €. We notice that
the derivatives of S are uniformly bounded with respect to ¢ and zop and that the
boundedness of the derivatives of S is the best estimate we have in general because

one can show that ({ z())‘ > 1.

. QTi
We use the estimates |0} (¢, z0)| S —Tv W |7 (g“ 20)| S —fv @007, @0e)
. - 8/ ./ . . Q*_
given by lemma 8. For A j» = Py J' =1, since A]/Q,,O(é', 7o) and A jr i
1! 617]./
are bounded uniformly with respect to ¢ and zg and o (Z 54 and T 0,807, 0.e) are

bounded away from zero for small ¢, we use the two estimates |A j Q* (¢, Zo)| <
el=J’ v

-5 007,
e~/ A 2 7:2 ({ Zo)} N m The derivative of Q and

Tug (20, 5 @ ac
i
may have better estimates, however this would not lead to better estimates because
the derivatives of S are only bounded.
. [\ Y

We now estimate A ;T8 7%, (¢, 20)-

Ifk =0orif u; # 1 foralli, 1 <i <k, we have r/’u(zo, g) = 1, (20, &) for
alli so

and

87].

I3 % :
[Tizo 7 (zo, & [ [i=) T, (20, €)

| AT (5, 20)] S

If i, = 1 for a necessarily unique iy, 1 < ip < k, we have ‘L’ (z(), g) = 52 SO

.1
g2

1_[ 07v1(2075)1_[, 1 ‘L'MI(Zo,E)

i#ig)

TV0se s Vk
A./l—‘ul,...,uk(gv Z0)| ~

The last estimate can be shown by the same method. O
In order to estimate the different integrals, we also need this obvious lemma.

Lemma 10. If ¢ is sufficiently small, then for all j € Nand all g € C/(G U D), g
identically zero on D and all { € Ps(z0), we have, uniformly with respect to zg, ¢
and g,

18O S ellglligup, )

By using lemma 10 the regularity of the d-closed form f will recover missing
¢ factors. We now are ready to estimate all the integrals. The method is based on
the one of [4].
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Proof of theorem 2 (ii) :. We first show theorem 2 (ii) for k = 0. Since Tq* =
T, — M, and since T, satisfies C 0_estimates (see theorem 1) we have to prove that
1 _
M, f belongs to Cé',’q_l(D) and satisfies ||qu||5’$ < I £ 1150 uniformly with
respectto f € C8’ q(ﬁ).
In order to use the Hardy-Littlewood lemma we set A = % or A = %, we
fix zo € D close to bD and we use the covering (16).
Forq =1, M1 f(z0) = [ Ef(5) A K0, 20) and Ky 0 = (2imS)™"n1 A
(5;771)”’1. Forall j =0,..., jo,all¢ € 73;8’0 (z0) N G the lemma 9 yields to
1/, 02 eg) ™!
~ T2 (2o, 277 e0) [T/ s i (20, 27 £0)
115,02 0) 2
+Y s

Y Ti(zo, 27 e0) [11= ti(z0, 277 €0)
i#k

|Af () A Kno(C,20)] S

Forl =1,...,n we set {l* = u; + iv; with u;, vy € R. According to proposition
3.1 (v) of [4] we have 2 7 gy = 11(20, 277 £¢) and therefore we get

A/ - Ef(0) ANKno(,z0)
GNP, (z0)

/ , ||f||5,o(2_j80)_1du1dv1 ...duydv,
ikimi=aGo 20 I (20 2= e0) [T, T (0, 2~/ €0)

lun.lvn|<Tn (20,27 £0)

. 3
||f||D 027 7e0) " 2durdvy ... dupdvy
+Zﬁ

2—J - —
ubEnGo 20l T 74 (20, 27/ 60) H?j 7i(z0, 27/ €0)
1

lien . lon <2 uo,z*fso)

S (1 + Z(ijso)*%fk(zo, 2j€0)> If115,0-

k=2

We use the inequality (20, 2~/ £0) < (27 e0)m and we get

: 1_1
S Qe 2 flip - 19)

A/ - Ef(©) A Ko, z0)
GNP, (z0)

Using lemma 9 we get in the same way

1 1
SIrolm 20 fllp - (20)

A f Ef () A Kno(Z. 20)
GOPirzo1(z0)

We add (19) for j = 0, ..., jo and (20) and use 2= Mgy = |r(zo)|. We get when
m=72

A/ Ef(&) A Kno(5,20)| S Inlr@oll I fllp,o
an&‘o(zo)
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and when m > 2

1_1
Srol 2 flip -

A / EF (@) A Kno(£. 20)
G Pey (20)

Since z is any point in D close to bD, in both case the Hardy-Littlewood lemma

implies that M1 f belongs to C0 O(D) and satisfies ||M1f||D 1 5 ||f||D o uni-
formly with respect to f. With the theorem 1, this prove theorem 2 @ii) fork =0
andg = 1.
For ¢ € PgO(ZO) N G we have [¢ — zg| = 2 /g, thus for k = 0, ...,
k 2
n—1and ¢ € Pi(z0) N G we have |5, 0200 AGen0)””

[t—zo P —%—D) ~ |§_ZO|2(nfk71) and
Aj 10A@¢ o) A@10)4 2 e
Zz |{_Z0|2(n—k—l) ~ \C—ZOP(n_k_l).
respectto z, forq =2, ... ,n — 1 lemma 9 then gives

Since Q and S are holomorphic with

‘A/ Ef(£) A 3;Qu.g—2)(&, A, 20)
2e[0,1]

—1 _ _
23> 1£ 15,027 20)”!
~ k —j k —j —k—
k=0 1=vg<..<vg=n Hi:O TV[ (ZO’ 2 jEO) HiII tﬂi (ZO’ 2 j80)|; - Z0|2(n k b
l<pp<..<pg=n

i _3
+Z Z ”f”ﬁ’()(2 180) 2
k —j k—1 _i —k—
1<vg<...<vg<n l_[i:O Ty; (ZO’ 2 150) l_[izl Tui (Z()v 2 150)|§ - Z0|2(n k=1)

1</1,1 <..<Hf_1Zn

uniformly with respectto ¢ € ngo (zo) N G. We estimate

. 3
f I f15,02 7 e0)" 2durdvy ... duydv,
ansfo (20) Hf:() 1y, (20, 277/ &0) l_[fc;ll Ty, (20, 277 &0)1C — 20|2(1—k=1)

Sincel <yp<...<vy <nandl < u; < ...ux < n, we can integrate with
TeSPECt {0 Uyg, « .., Uy, Vpys « -+ 5 Uy, and vy and we get

, 3
/ 1 f15,0(27/€0)" 2duidvi ... dupdv,
G

i k i k—1 i e
0Pl o) [ Ti—o T (z0, 277 €0) [T;Z1 T (20, 277 €0) | — 202 =F =D
i1 dV(w)
S (277e0) 2/ e B
lol<supi—;__, 7i(z0.2 o) ||

where w is a variable of dimension 2n — 2k — 1. Since for alli = 1,... ,n
. . 1
7;(20, 277 80) < (27 gp) m, we get

L3
/ I fll5.027 e0) " 2durdvy ... duydvy
GNP, (z0) 15 7, (20, 27 £0) 1_[, ! 14, (20, 27T 80)|C — zo[21=k=D)
n—2k—2

~Jgn)"3 o dp
< () f e 11
p<@iggym P>O7KD D,0

i 1_1
<@ e 2 flip o
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Analogously we show the following inequality

I £ll5.0Q2 7e0) " durdvy ... duydv
fG = - <150

: % — % — i
Py zo) [Tizo T (20, 277 €0) [Tizy Tui (z0, 277 €0) 15 — 29|21 =+=D

and finally we get

Ef () A3, Quq—2(D(&, 2 20)| S @7 e0)m ™ 2| fli-

A / .
(GNP (20)) x[0,1]
21)

We show in the same way

11
S Ir@ol =21 flip.o-

(22)

Ef(¢) A3 Qpg—2(n)(, A, 20)

s
(GOPir ()1 (20)) %[0, 1]

Now adding (21) for j = 0, ..., jo and (22) and using 2~ 0gq = |r(z0)|, we get
1 1
|AM, f(z0)l S 1r(zo)lm 21 fli5,o whenm > 2 and [AMg f(z0)| < |In|r(zo)ll
IIf ||5)0 whenm = 2. The Hardy-Littlewood lemma then implies that M, f belongs
1

to C(qul (D) and satisfies ||qu||5,% < I fllp o uniformly with respect to f €

Cg’ q(ﬁ). With the theorem 1, this prove the theorem 2 (ii) for k = 0 and ¢ =
2,...n—1.

o1
We may notice that, forg = 1,... ,n —1, M, f € C()Z’;rfl (D) whenm > 2
and M, f € Cé;l‘fl(ﬁ) for all & €]0, 1] when m = 2. However this is useless in
this work because Ty, f is not as regular as M, f.

Now we prove theorem_Z (ii) for k > 0 @d assume it shown for all k' =
0,...,k— 1. We fix some d-closed f € Cé"q(D). We have to prove that Tq’f =

— L —
— fo[O,l] 0 Ef(8) A Qpq—1()(L, A, -) belongs to CO""q_l(D). Forl=1,...,n
we will prove that BBTZI/ and aaT%f
differentiation of order k.
T, f
9z7;
respect to z and |{ — zg| 2 27 /eg for ¢ € 773]0 (zo). Therefore with lemma 10 and

be a

=1+ —
belong to Co,q—tm (D). Let Ag = azjg?ﬁ

k=1+1 — L
We first prove that belongs to C, qj (D). S and Q are holomorphic with

9,fork=0,...,n— g—land¢ € PSJO(ZO), we can estimate

9, k
A (5;Ef(§) A 9 m(&, 20) A (@i (&, 20))

9z Sk1(z, z0)
M0, 20) A @emoc, 20" 1R A (@2, zo))q—l)

& = 2o =D
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If k.0 @ e0) "

1‘[1 o T, (20,277 0) [Ty T34 (20,2 80)) g =20/ 2K
HfIIkD(Z_jeo) 3

1‘[, 0 T; (0. (277 e0)) TT1Z] Ty (0.2 £0))|g —z0 2=k =D

k > 0, and in both terms w; > 1 and u; # wj, v #vjforalli, j, i # j. Using

by a sum of terms such

, this last term appearing only for

(277 gg)-extremal coordinates we then integrate over 735]0 (zo) and get

— 0
Ax f | B EF() A~ Qg (0(E. s 20)
(GNP, (20)x[0.1] 0z

. 1
SIflpx@@ Teg)mt. (23)

Using lemma 10 and 9 on Py, ;)| (z0) We get

9
Ak/ B EfQ) A 37, Sna—1 (. 2 20)
(GNP zg)1(z0)) X0, 1]

SN flpalrzo)m . (24)

Adding (23) for j = 0,... ,jo and (24) and using 2 0gy = |r(zo)|, we get

‘Ak e (zO)‘ < | flp. k|r(zO)|m , where all the involved constants do not depend

on zp and f.
v 41
The Hardy 83%‘ ’” (D) and
satisfies 1y < ckll fll5 +» ck depending only on k.
3z1 Dk—141 D.k p 8

qf

To prove that belongs to Cé" P 1 (D) we use (15).

Since Ef is compactly supportedin GUD, fGUD % (&)ABy 4-1(L, -) belongs
to C’&;E_I(ﬁ) and satisfies ”fGUD %(() A Bug-1(Z,-) Hﬁ,k—s < cell fllpy for
all ¢ €]0, 1], ¢, depending only on €.

By induction 7, 3 belongs to ch” ’”(D) and | T <
y 0,9 Bzz

o
Il f15 x uniformly w1th respect to f.
Using lemma 9 and 10, exactly as we have studied M, f we show that, when

; ho
=1 g (%(;) 3L(©)) A Kuo(€. ) belongs to Cy' 7 (D) and satis-
fies | [ (% ©) = EFE©) MK, < 1/l and, when g #

k=141

that fg 00 (32 @) - E2L©) A D sz“, 2N 1) € Coq (D) and
[oxon (3@ - EL@) A5.20q- o S gy We
also notice that for g # 1 [ (%(;) ~EY (;)) A an l(mg ) = 0 and for
=1 [0 (B @ = EFE©) A8 Q0g2(E 2 ) =0,
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4+l
In order to prove that the last term of (15) belongs to C, gﬁ qu " (D) we fix a differ-

entiation Ay, = % of order k, zo € D close to bD and we use the covering
(16). Lemma 9 and 10 give for j =0, ..., jo:

’Ak f IEF (L) A8 g—1(n)(C, A, 20)
rel0,1]

—1 _ _3

Y% 1 £l (2T e)~3

~ k —i k —i —k—1)—
=0 12w on=n | lizo i (20, 277 €0) TTiZy T (20, 277 £0) 1€ — 20| =H= D!

I<py<..<pg=n

—1 i _
+”Z 3 I£115,0Q2  €0) ™2
k —j k—1 i —k—1)—1"
k=1 1=vp<..<v=n Hi:O -CVi (ZO’ 2 180) Hi:] Tﬂi (ZO’ 2 ]SO)M - Z0|2(n k=1-1
l<pp<..<pp_1=n

Using (277 gg)-extremal coordinates, we integrate over G N ngo (zo) and get

Ax / | TeES(Q) A8iQmgt (D 2 20)
GNPy, (z0)x[0,1]

S f I 0(@ T e0) 2 + 27 sg)n ). (25)

We also have

Ak/ B Ef(§) A 81Sug—1(D (&, X, 20)
GNPy () (20) x[0,1]

S flp0(rG) "2 + [r(zo)ln . (26)

Adding (26) and (25) for j = 0, ... , jo and using 2 ¢ = |r(zo)| we get when
m>2

Ax / TeEFE) A 81g1 (D (E 2 20)
GNPey (20)x10,1]

T 2_
S ”f”ﬁ,()('r(z()” 2+"l + |r(Z0)|m 1)_

and whenm = 2

S fllp ol Inlrzo)ll.

Ak/ I Ef(E) A 81 g—1(m)(&, A, 20)
GNPy (z0)x[0,1]

The Hardy-Littlewood lemma then implies that f GOPey (zo) 10,11 5; Ef(E)N812p,4-1

. k=141 — . . .
(M, A,-) is in Cqulj”’ (D) and satisfies, uniformly with respect to f,
HfGﬂPso(ZO)X[OJ]5§Ef(§) N 51§2n,q71(n)(§, Ayc) ”5k—1+l 5 ”f”ﬁo

. . aT! k=141l .
Therefore equation (15) implies that lef belongs to C,, g—1 ™ (D) and satisfies,
. . AT, f
uniformly with repect to f, || =& ||_ < = . O
y p f 0 || pa_ipl ~ ”f”D,k

m
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