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Abstract We prove a bilinear restriction theorem for a surface of negative curva-
ture. This is the analogue of the results of T. Wolff [19] and T. Tao [14], [15] for
cones and paraboloids. As a consequence we obtain an almost sharp linear restric-
tion theorem.
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1 Introduction

Let S be a smooth compact hypersurface with boundary in R” and let do denote
the Lebesgue measure on S. We say that the (linear) adjoint restriction estimate
R (p — r) holds if

Ifdol, < CIfl, (1)

for all test functions supported on S, with a constant C independent of f. The
operator

fdo(x) = /S FEFE do(8),

can be considered as the adjoint of the operator of restriction of the Fourier trans-
formto S.

E. M. Stein posed this problem in the seventies. The conjecture is that if S has
non-vanishing Gaussian curvature, then (1) holds whenever

r>2n/(n—1), p < r. 2
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The problem was first studied in dimension 2 by Stein and C. Fefferman (see
[7]). The conjecture was proven in dimension 2 by A. Zygmund [20]. In higher
dimensions it is still open. The first results were due to P. Tomas [18], P. Sjolin [6],
R. S. Strichartz [12] and E. M. Stein [11] who proved that (1) was true for p = 2
and r in the range given in (2), r > 2%. Many years later, J. Bourgain [2,3,5]
showed the estimate for some p > 2, p’ < %r. There were some improvements,
due to A. Moyua, T. Tao, L. Vega and A. Vargas [9], [10], [16],[17] for hypersurfaces
of elliptic type. Recently, T. Tao [15] proved the estimate for all r > 2”%2 and p
in the range (2), p’ < %r, for paraboloids.

Given two surfaces Sy, S2 with measures do, and doy respectively, we say
that the bilinear restriction estimate R’gl 5,(p x p— q) holds if

I fi dor fadoally < ClAl I fall 3)

for all test functions fi, f> on S| and S> respectively.

If (2) were true, then, for all §1, S» C S we would have that R§1 sPxp—>q)
forallg = r/2, r in the same range. It was observed that under certain assumptions,
a wider range was allowed for (3). Tao, Vega and Vargas [16], [17], proved several
results in this direction, for elliptic type hypersurfaces under the hypothesis that
S1 and S, are separated compact subsets of S. They also proved that the bilinear
restriction estimates (with the separation hypothesis) imply the linear estimates
(Theorem 2.2 in in [16]). Finally, Tao [15] proved that if S is a paraboloid (or more
generally, a hypersurface of elliptic type), under the same hypothesis on S and S,
(3) holds also for

2 2
nt , nt +ﬁ<n. @)
n 2q P

q >

It is worth to mention that the analogous problem for cones (case of null cur-
vature) has been solved. The linear theorem in R? is due to B. Barcelo, [1]. For the
bilinear theorem, there were partial results due to Bourgain [4] and T. Tao and A.
Vargas [17]. Finally, T. Wolff [19] and T. Tao [14] gave the optimal estimates.

Here, we want to consider the case of a surface with negative Gaussian curva-
ture. The model surface is the hyperbolic paraboloid, z = xy, in R?. Concerning
bilinear restriction estimates, the first remark that we have to make is that the
hypothesis on S; and $> has to be different from the one that we had in the elliptic
case. The separation condition is not enough to give a range for (3) wider than
(2). The existence of line segments in a hyperbolic paraboloid makes the following
example possible:

Remark 1.1. Consider the hyperbolic paraboloid
S={¢.n1)/ t=6n CR.
Define the subsets of S

Si=8SN{¢E,n,v)/ 1/2<é<1, -1 <n<1}
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and
SH=8N{¢E,n,1)/ —1<€&<—-1/2, -1 <n<1}.

Then, R}, ¢, (p x p — q) is false for any p’ > g.

To prove this statement, we just consider the sets A = SN{(&,n, 1)/ 1/2 <
E£<1, Inl <€, B=SN{En1)/ —1<&<-=1/2, [ < ¢}, and the
functions

J1=xa, f2=xB-
Then, fori = 1, 2, and |[x| < 1/10, |y| < 1/(10¢), |z] < 1/(10¢), we have

|fidoi(x,y,z)| > ce.

Hence,
| fidolfadozlly > € ,

while,
Il fill p ~ €'/7.

This proves the remark.

We will state a bilinear restriction theorem with some hypothesis that avoid this
type of example. Since the line segments in the hyperbolic paraboloid all lie above
the axis parallel lines in the (£, ) parameter space, one is lead to the formulation
of the separation condition: the two subsets S; and S, are separated both in the &
and the n parameter. Under this hypothesis, we can follow the argument due to T.
Tao [15] to obtain,

Theorem 1.2. Consider the surface

S={¢nt)/ t=¢En & Inl<1}CR.

Consider compact subsets of S, S| and S satisfying:
Jor all (61, n1,&1m) € Sy and (62, n2, §2m2) € S2 we have |§) — &| > 1 and
In —ml = 1.

Then, Rzl,Sz(p X p — q) holds forany g > 5/3, % + % < 3.

This separation condition appeared in [17], section 9. It was proven there that,
under the assumptions of Theorem 1.2, R’gl, s, (2 x 2 = 12/7) holds.

As in the case of elliptic surfaces, the bilinear theorem will imply the right linear
restriction estimate. Since our hypotheses here are different, we can not use directly
Theorem 2.2 of [16]. We need to prove a theorem suited for our case, adapting the
ideas of [16]. Unfortunately, we lose the endpoint.

Theorem 1.3. Define

S={¢En1),/ t=En &, <1} CR.

Then R§(p — r) holds forr > 10/3 and p" < r/2.
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In section 2 we derive Theorem 1.3 from Theorem 1.2. In section 3 we give the
proof of Theorem 1.2.

The author would like to thank Terry Tao for suggesting to work on this prob-
lem. And to him and Luis Vega for their helpful comments about this manuscript.
The author is also very indebted to the referee for his/her careful reading and all
the suggestions given, that certainly improved this paper.

After the submission of this paper, the author was informed that Sanghyuk Lee
[8] obtained independently the same result, giving also a more general version of
Theorem 1.2.

2 Proof of Theorem 1.3
By scaling and translation, Theorem 1.2 implies the following

Proposition 2.1. Let j, k, m, n, m’, n' be natural numbers such that \m —m’| =

2, |n—n'| =2, and functions f, g, with supp f C SN{(§,n, 1) : m2=k < S <
(m+1)27%, n27 <y < (n+1)277} and suppg C S N {(&. 7, r) m'27k <
E<m' +1D27% 027/ << @ +1)277}. Then, forallqg > 5/3 =<3,

12q

e —(j+k)2—-2-2
IFdogdolie < 2~ TR £ 5 gl s,
where C is a constant independent of j, k, m, n, f and g.

By interpolation, to obtain Theorem 1.3, it is enough to prove the restricted type
estimate,

Ixedoll2a < Clixallrr,
foral2 C S,2 >gq >5/3,andpsuchthat%+é < 1.

For each j, k natural numbers, we decompose S into “rectangles” r[ 7 of the
form (G « m2* <& < (m+1)27% n27/ <p < @m+1)27},
= (m,n) € ZxZ.If tlk" and ‘L’k" are two rectangles with [ = (m, n) and

h = (m/, n’) and |m m'| =2, |n —n’| = 2, we say that these rectangles are close
and write 7,' ~T, k-7 For almost every (x, y), (x', y') € [-1, 1] x [—1, 1] there

exists a unique pair of close rectangles le J , t,lf "/ containing (x, y) and (x’, y’)

respectively. Thus we have

ngaxgdozz Z XQﬂkdeXle\/dO'

k,j l,h:rlk J~r,lf J

Hence,

—_— 2 —_—— —_— —_—
Ixedolljs = lIxedoxadole <Y | D Xonti 40 Xgnhi do
k,j l,h:tlk’]'vt,f J

La
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As in [16] this can be majorized by

. — l/q
(X Wagdoxagrietts)

k,j kg kg
l,h.tl T,

By proposition 2.1, this is less than or equal to

1/q
: 2_2 . ~ . ~
Zz(j+k)(2qﬁ)< Z |Qn_Clk,,/|q/p|Qm.C}]:u/|q/p>
k.j

l,h:tlk’j'vr]f'j
for some p that we will choose later.

Due to the fact that we have a double sum, in k and j, the rest of the argument
has some technical complication. We need to decompose the set €2 in convenient
subsets. For n € [—1, 1], we define 2, = {§ : (&, n,&n) € Q}. For each natural
number K, set Q(K) = {(€,n,£n) € @ : 27K < |Q,| <27K+!}. For A C R?,
denote by P(A) the orthogonal projection onto the second coordinate axis. For
each K, denote J = J(K), a natural number so that the length |P(Qg)| ~ 277.
Then,

1Q(K)| ~ 27K, )
‘We write
o0
Q= U Q(K)
K=0
and

oo
xodo = Z Xk do.

K=0
We are first going to show
Ixe) dollzz < CIQUEK)|' 1. ©)

We fix K and estimate, as above,

Ixe) dol?s,
= Ixe&)doxak)do|lLa

. ) . - . 5 1/q
< 22—(1+k)(2—q—5)( Z IQ(K) N rlk’]|q/p|Q(K) N T}Il"/ri/l’)
k,j

kg ki
l,hJ:, 7,

We use the fact that for each rectangle rlk’j there are only four rectangles t;: i
such that rlk’] ~ t,f’]. We define, for [ = (m, n),

5t = (&, 0, En) s (m—2)27F <& < (m+3)27F, n—2)27 <n < (n+3)277}.
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Then, for each /,

Y& N1 WIQK) N 197 < 1K) NSt PP

kg ki
h:t) T,

Hence,
— 2 —(j+h2-2-2) k.j\2q/p v
Ixeu) doli, <C 2 (> IK) N5 G
k.j I
We will take into account that
1Q(K) N5t/ | < 25min{2~/~*, 27%2=7 0=ip=K =Ko/} 8)
To bound (7) we decompose it in four sums: firstone for j < J(K) andk > K,

second j > J(K) and k < K, third j > J(K) and k > K, and fourth j < J(K)
and k < K. We begin by

. 2 2 . - 1/q
Sii= Y Y 2 UHhe ﬁ>(Z|Q(K) msflk’f|2q/p)
l

k>K j<J

Note that for ¢ > 3/2 and p close to po, % —f—% = 1, we have that 2¢/p > 1. For
Js ksuchthat, j < J and k > K, we have, by (8),

i 2_2 . _ 1/q
=C) 2 2_(”")(2_4_13)(2 2(K) N 5tlk’]|[2_12—k]2q/17—1>
1

k>K j<J

~ . 2 2 3 . l/q
<CpRPPlay N 2_/(2_q_ﬁ)2_k(2_q)(2 1(K) N 5r,"’f|> :
1

k=K j<J
We observe that

Yo 1QK) N5 < ClIRK)I.
l

We can choose p such that, (2 — 2_ %) < 0, while 2 — 2 > 0. We sum both series

q
to bound
S| < C[Tj]z/ﬁfl/q|9(K)|1/q271(2—§f%>2—1<(2_3) < ClaK) 2,

by (5).
We do similarly for the second sum

. 2 2 . 5 1/q
S=3 > 2‘(f+">(2‘q—ﬁ>(z 1Q(K) N 5r[k’]|2q/l7>

k<K j>J l
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In this case, we use the estimate (8) to obtain,

/ ; . N 1/q
<C Z Z 2—<J+k)(2—§—f;)<z 1K) N S_L,lk»j |2(—K—J)(2q/,,_1)>
I

k<K j>J

l/q
- —k(2—2_2y__in-3 j
< C27KC/P=V D 3™ Ny TRy e ")<ZIQ(K)m5r,"”I)
l

k<K j>J
The same reasoning above, gives us
S < ClQUK)P 24,
The third piece of the sum,

. ) . 5 1/q
Syi= ) 22_(1+k)(2_4_ﬁ)<2 12(K) ms:l"’f|2‘1//’>
1

k<K j<J

IA

—(j+hk)(2=2-2) k,j 2q/p—1 V4
cY Y2 (1K) N5t 1QK)|
1

k=K j<J

l/q
—(j+k)(2—-2-2 5
CE § U= p)<|sz(1<)|2q/”>

k<K j<J

IA

Again, we obtain, 3 < C|Q(K)|>~2/4.
About the fourth term,

. 2 2 . N 1/q
Sai= ) Zz‘”"“%ﬁ(Z 12(K) N 511"'f|2‘1/1’>
[

k>K j>J

—(j+k)(2—2-2) k.jry=(i+k)12q/p—1 v
CZZQ a b Z|Q(K)05‘[l [[2 ]

k>K j>J !

Y

C 2“”’”(2‘3)( |sz(1<)05r’”|> q<C|S2(K)|2_2/q

> ) / < .
1

k>K j>J

IA

This proves (6).
Once we have this, to be able to sum in K, we have some loss. Using (6)

Ixedolle <) lxaw dolle < C Y 1QEK)"4.
K K

Now, simply notice that |Q (K)| < 27X, and write,

Yol <yt < ot
K K>0

for all € > 0. This finishes the proof.
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3 Proof of Theorem 1.2

By interpolation, it suffices to prove that R*gl 5,(2x2— g)holds forallg > 5/3.
Our proof follows the lines of the proof in [15]. The “local part”of the argument
is exactly the same. We only need to check the transversality properties which are
crucial for the “global part”. For the sake of completeness, we will recall the main
steps of [15].

By translation, we can assume that

Si=8SN{¢E,n,t)/ —1<&<—-1/2, -1 <n<—1/2}

and
SH=8N{E,n1t)/ 1/2<€&<1, 1/2<n<1}

Denote by R§1,SZ (2 x 2 = ¢, a) the estimate

I fido1 fadozllLasp, Ry < CR | fill2ll f21l2 )

for all balls of radius R and all functions f, f2 in S1, S2. Then, the epsilon removal
argument on [13] reduces the proof of the theorem to show that R*S‘] 52x2—
5/3, «) holds for all @ > 0. Moreover, following Wolff’s induction on scale argu-
ment we just have to prove:

Proposition 3.1. There is a constant C > 0 such that, if
R§1,52(2 x2—5/3,a) (10)
holds for some o > 0, then
5.5, 2 x2— 5/3, max{(l — 8)a, C8} + €)
holds forall 5 > 0 and all0 < € << 1.

Fix R > 0. To prove this proposition, we decompose f;, j = 1, 2 following
the notation in Lemma 4.1 in [15]. There the tubes T are defined as as the sets of
the form

T ={(x,y,1) 1 R/2<t<R; |(x,y)— x(T), y(T)) —tv(T)| < R'?},

where (x(T), y(T)) € RY/2Z2 is the initial position of T and v(T) € R~'/2Z2 is
the velocity. Then, Tao shows that we can write

fido =) crér;.
T.

J

for some coefficients cr; satisfying

2 2
> ey P < 1£5115.
Tj



Restriction theorems for a surface with negative curvature 105

and some functions ¢7; adapted to tubes T}, i.e. satisfying

_ G, y) — e (T7). y(T)) — to(THI\
|7, (x, . 1)| < CNR l/2<1 + U ! (11)
forall N > O.
Moreover, the functions quj are of the form
1, = Jr,do (12)

where f7; is supported ina R~1/2_neighborhood of some point (£, 1;,£;n;) € S;

and v(T;) = (—n;, —&;). Notice that the axis of the tube T is orthogonal to the
surface §; at the point (§;, n;,&;n;). Finally, we also have, for any family of
tubes, T,

< C#T (13)

> fT

T;eT

or equivalently

< C#T uniformly in 7. 14)

> ¢riC r)

T;eT

Denote by T(S;), j = 1,2, the family of all the tubes T, such that v(T) =
(—n, —&) for some (&, n,&n) € §;. A transversality condition holds:

If 71 € T(S1) and T> € T(S»), then T and T5 are transversal, (15)

meaning this that the angle between their axes is bounded below by a positive
absolute constant (independent of the tubes).

Let us go back to the proof of the proposition. We assume that R 52%x2—
g, «) holds and consider Qg C {(x,y,t) : R/2 <t < R} asquare of 51de length
R/2. It suffices to prove the estimate

I frdoy frdoallpsiscggy < CesRE (R + ROV fill2ll foll2. (16)

Using the decomposition of fi and f, and some pigeonholing argument, this can
be reduced to

Proposition 3.2.

Z Z ¢T1 ¢T2

T1€T| TreT,

< C(RU™D 4 RO)#T)' 2 (#T2)'2 (17)
L33(Qr)

for all collections of tubes T; C T(S;), j =1,2.
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We cover the ball Qg by balls B of radius R!~? with finite overlap. Then

’ZZ¢T|¢T2 <S> e

T e gl
We will also decompose each ball B in cubes ¢ of side length R!'/? with finite
overlap.
By a pigeonholing argument we can assume that there are numbers 1 < w1, p2
< R290 gych that, for all the cubes g that we will consider, we have:

L5/3(B)

pj <#{T; €T :TjNRq#P)<2u;  forj=12. (18)
Also, we can assume that there is A; > 0, such that for all tubes T,
A < #{q satisfying (18) : TN R‘Sq Z+ 0} < 2Aq. (19)

We associate tubes in T; U T, and balls B as in [15]. There is a relation ~,
between tubes and balls, such that, for all T € T| U T, we have

1 <#{B: T ~ B} < CR, (20)
and by (19), forall Ty € Ty, T1 ~ B,
#{qg : qN10B#0, TyNRq # W} > R™Cx,. 1)

For each ball B set B as the union of all the cubes ¢ in B satisfying (18). We
estimate the local part

Dol D onen

B T\~B T»~B

Z Z ¢T1 ¢T2

T1~B T»,~B

LS/}(B)

<
L5/3(é) ;

as in [15], using the induction hypothesis (10) and (14), by
<Y CRUDUGMT e Ty : Ty ~ BY'*#MTr e T : T ~ BY'/2.
B

By Cauchy-Schwarz inequality,

172 172
< CRUDe (Z#{Tl €T : T ~ B}) (Z#{Tz €Ty: Th ~ B}) .

B B
Finally, by (20), this is less than or equal to

The geometry of the surface will be important for the estimate of the global part

Z Z ¢T1¢T2+ Z Z ¢T]¢T2+ Z Z ¢T]¢T2'

Ti1#B T,~B T1#*BT)*B Ti~B Th*B



Restriction theorems for a surface with negative curvature 107

We will consider the first term of this sum, the others being similar. We are going
to interpolate an L' and an L? estimate for that sum. For the L' estimate, we apply
Cauchy-Schwarz inequality

Y Y énen <> ¢n > ¢n
T1#B Tr~B LI(B) T14B L2, p LX(B)
and directly estimate the norms using (14) to obtain
< RGHT)'2#HT)'2.
The proof will end if we show the estimate
2
D7) ¢nen| | < CRORTVEHT)#HT). (22)
L2(B)

T1%B To~B

As we said before, we decompose B in cubes g of side length R'/?, satisfying
(18). We estimate the left hand side of (22) by

D12 D onen

q Ti\#*BTh~B

2
L%(q)
We can assume that we have (18) and (19). Set, for g C 2B,

Ti(@) =(T1 € Ti: T1 # B, i NRq # 0, (23)

and
To(q) ={T, € To: TaNR°q # B},

We will consider the contribution of the cubes g and tubes 77, satisfying (18) and
(19), such that 71 € T1(g) and T> € T(q), the remaining being easy to estimate

by (11).
Denote Aj = {(&,n) : (§,n,&n) € S;}, j = 1,2, the orthogonal projections
of S; onto the £n—plane. For (&1, 1) € Ay and (£}, n5) € Az, define the set

(1, m), (63, m5))
= {(&1, 1) € A= (Ermn, E1m) + (B2, 2, E2m2)
= (&1, 1, E1my) + (&3, my + &yny) for some (62, m2) € Az} (24)
It turns out that 7 ((€1, n1), (Eé, 77/2)) is contained in a straight line. Actually, if

weset A = &, — & and B = n) — 11, then, w((§1, 11), (&3, 5)) is contained in the
straight line that passes through (£1, 1) and orthogonal to the vector (B, A), i.e.

r=r((¢Lm). (&, 7)) = {(1.n1) : B§ + Any = B& + A} (25)

Note also that by the definition of S; and S>, A ~ 1, and B ~ 1. This implies
that for all (&2, n2) € A2, r((€1,m), (&5, n5)) is transversal to the vector (&2, 12),
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and that, the distance from (&2, 72) to r((&1, n1), (§5, 15)) is ~ 1. This has an
important consequence for us: define the plane

P((&1, M), (£}, 15))

as the plane containing the point (0, 0, 1) and the straight line {(§,7n,0) : (§£,n) €
r((€1, m), (&5, n5))}. Then, for all (&, n2) € Az,

(=&, —m2, 1) and P((&1,m), (§;,15)) are transversal. (26)

For each cube ¢ we want to estimate

Z Z ¢T1 ¢T2

T1€Ti(q) T2€Ta(q)

2

L%(q)

First, note that, by (11) and the fact that the tubes 77 € T; and 7, € T, are
transversal, we have

g7, ¢mll3, < CR™V2.

Moreover, we can write

Z Z ¢T1 ¢T2

T1€Ti(q) T2€T2(q)

2

=Y ¥ X ¥ [enennen

T1eTi(q) T2€T2(q) T{€T1(q) T,€T2(q)

and use (12)

= Y Y Y Y (fndo) = (frdo) x (fr;do) x (fr;do)(0).

T1€Ti(q) T2€T2(q) T|€T1(q) T;€T2(q)

(Here we use the notation g = g(—-).) Now, notice that
(fry do) * (fr,do) * (fr; ds) * (fr; ds)(0)

itnot zero only if (£, n}) belongs to a R~ !/2_neighborhood of 7 ((&1, n1), (&5, 15))
and

1,1, E1m) + (&2, 2, E2m2) = (&1, 0y, E0}) + (B3, 1., &4mh) + O(R™/?).

For fixed (&, n}), (§1,m) and (%2, n2), there are at most O(1) points (£}, n5)
satisfying that equation.

Denote by v(g) the supremum on all the points (£, n1) € Aj, (Eﬁ, 7]’2) € Ay
of

#{T| € Ti(q) : v(T{) = (—n}, —&]) such that (&1, n}) belongs to a

R~/ — neighborhood of 7 (&1, n1), &, )}

Then, the above reasoning shows that

Z Z ¢T1 ¢)T2

T1€Ti(q) T2€Ta(q)

2

< CR™V20(g)#T1(9)) #T2(q)).
L2(q)
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To end the proof we need to show that

Y V(@ EHT (@) #T2(q)) < CRPHT)HT).
q
By (19)

Y #Ti(g) < M#T)
q

and by (18),
#T2(q) < 2ua.

Therefore, as in [15] this reduces our problem to show that for each cube ¢,

v(q) < RO 12

g

Fix a cube go and (1, n1) € A1, (§}, n5) € Az. Denote

T} = {T{ € Ti(qo) : v(T{) = (—n}. —&]), (&{.7}) belongstoa R~/
—neighborhood of 7 ((§1, ). (&5, n))}.

We want to prove

4T
#T, < CRO 2
ALl2

By (18) and (21),

#(q, T, T) : T{ € T}, T{NRq #0, >N Rq #4, dist(q,q0) > R"°°R}
> R0 up#T).

Besides,

#(q.T{,To) : T{ € T\, T{ N R°q # ¥, TN R’q # 0, dist(q,q0) = R"°R}

< (#Ty) - sup #{(q. T)) : T{ € T}, T/ N R°q # 0, TN R’q # 0,
T>eT,

dist(q,q0) = R™°R).
Hence, what we need to prove is
Lemma 3.3. Forall T, € T,

#(q. T)): T{ € T}, T/ N R%q # 0, ToN R°q # ¥, dist(q,q0) = R"°R}
< CR®.

To prove the lemma, note that once 7> is fixed, if (g, Tl’ ) is as in the lemma, g
is contained in a ball of radius R€® R1/2 determined by RC? Tl/ N RC3 T>. Hence,
we just have to count the tubes 77 such that
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(@) T{ N R’qq # 0,

(b) (&{, 1)) belongs to a R~!/?>~neighborhood of 7 ((&1, 1), (£}, n5))
and for which there is a cube g such that

() T/ N Roq # 0,

(d TLNRqg +0

(e) dist(q,q0) > R™°°R.

We observe that the union of all tubes 7/ satisfying (a) and (b) is contained in
a R®? neighborhood of a plane that passes through go and is parallel to the plane

P={t(—n, =&, 1): teR, &, n)er(&,m), &, 1mH)).

Note that 7> crosses that plane transversally, for all 7> € T». This can be seen as
a consequence of (26), since under the 0rth9g0nal transformation L(u, v, w) =
(v, u, w), v(T2) goes to (—&2, —n2, 1) and P goes to P((§1, 11), (&5, n5)). More-

over the sets
ROT/ N {p e R®: dist(p,q0) = R"°R)}

have overlap bounded by RC% . Hence, we conclude that R€% T» intersects at most
R of those R T/. This proves the lemma.

Remarks. The proof of Theorem 1.2 can be adapted to other pairs of surfaces, S,
S>, with non vanishing curvature. To repeat the proof for general S; and S, the
axis of the tubes T € T have to be normal to §;, j = 1, 2, at some points. For a
point p € §; denote N (p) a normal vector to S; at p. To have (15) we need

(A) Forall p; € S1 and p> € S2, N(p1) and N(p») are transversal.

For py € S and p) € >, denote

7(p1, ph) ={py € S1/ p1+ p2=p)+p, forsome p, € S,}.

A second transversality condition is needed in the Proof of Lemma 3.3. The defi-
nition of P is replaced by

P={tN(p): t€R pen(p,ph)
The second condition that we need is

(B) For all p; € S1 and p3, p/2 € S, N(py) is tranversal to P.
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