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Abstract. We introduce a new concept of solution for the Dirichlet problem for quasilinear
parabolic equations in divergent form for which the energy functional has linear growth. Using
Kruzhkov’s method of doubling variables both in space and time we prove uniqueness and a
comparison principle inL1 for these solutions. To prove the existence we use the nonlinear
semigroup theory.
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1. Introduction

Let Ω be an open bounded set inRN with boundary∂Ω of classC1. We are
interested in the Dirichlet problem



∂u

∂t
= div a(x,Du) in Q = (0,∞)×Ω

u(t, x) = ϕ(x) on S = (0,∞)× ∂Ω

u(0, x) = u0(x) in x ∈ Ω

(1)

whereu0 ∈ L1(Ω) anda(x, ξ) = ∇ξf (x, ξ), f being a function with linear
growth as‖ξ‖ → ∞. In [4] existence and uniqueness of solutions of problem
(1) are proved for initial data inL2(Ω). Our aim here is to solve this problem
for initial and boundary data inL1(Ω) using the technique introduced in [3] to
solve the Dirichlet problem for the minimizing total variation flow.
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One of the more important examples of a functionf (x, ξ) satisfying the
conditions we shall assume onf is the nonparametric area integrandf (x, ξ) =√
1+ ‖ξ‖2. Problem (1) for this particularf , that is, the time-dependentminimal

surfaceequation, hasbeenstudied in [20] and [30].Another exampleof aproblem
of type (1) is the evolution problem for plastic antiplanar shear, studied in [34],
which corresponds to the plasticity functionalf given by

f (ξ) =



1
2‖ξ‖2 if ‖ξ‖ ≤ 1

‖ξ‖ − 1
2 if ‖ξ‖ ≥ 1

On the other hand, problem (1) is studied in [26] for some Lagrangiansf , which
do not include the nonparametric area integrand, but include instead the plasticity
functional and the total variation, that is, the casef (ξ) = ‖ξ‖. An application of
this type of equations to faceted crystal growth is studied in [27].All these results
are given for initial data inL2(Ω) and have been obtained in the framework of
nonlinear semigroup theory. We point out there is a viscosity approach to (1),
given in [24] and [25], when the space dimension is one. In recent years, with
the introduction of the concept of entropy or renormalized solutions, theL1-
theory has been developed for problems in divergent form when the associated
variational energy has growth at infinity of orderp with p > 1 (see for instance
[10], [13], [5], [6]). Now, as far as we know, for energy functionals with linear
growth at infinity, the onlyL1 results are the one obtained in [2] and [3] for the
total variation flow.

Ingeneral, problem(1)doesnothaveaclassical solution.Theaimof thispaper
is to introduce a new concept of solution for the Dirichlet problem (1), called
entropysolution, forwhichexistenceanduniqueness for initial andboundarydata
in L1(Ω) is proved. To prove existence we use our previous existence results for
initial data inL2(Ω) given in [4]. To get uniqueness we use Kruzhkov’s method
of doubling variables (both in space and time).

The paper is organized as follows. In Section 2 we summarize several results
we need about functions of a measure and functions of bounded variation. In
Section 3 we give the definition of entropy solution for the problem (1) and we
state the main result. In section 4 we study the problem from the point of view
of nonlinear semigroup theory. The final Section is devoted to prove existence
and uniqueness of entropy solutions.

2. Definitions and preliminar facts

To make precise our notion of solution, let us recall several facts concerning
functions of a measure and functions of bounded variation.

In order to consider the relaxed energy we recall the definition of function of
a measure (see for instance, [8] or [20]). Letg : Ω × R

N → R a Carath´eodory
function such that
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|g(x, ξ)| ≤ M(1+ ‖ξ‖) ∀ (x, ξ) ∈ Ω × R
N, (2)

for some constantM ≥ 0.We assume furthermore thatg posseses an asymptote
function, i.e., for allx ∈ Ω there exists the finite limit

lim
t→0+ g

(
x,

ξ

t

)
t = g0(x, ξ). (3)

It is clear that the functiong0(x, ξ) is positively homogeneous inξ , i.e.,
g0(x, sξ) = sg0(x, ξ) for all x, ξ ands > 0.

WedenotebyM(Ω,RN) the set of allRN -valuatedboundedRadonmeasures
onΩ. Givenµ ∈ M(Ω,RN), we consider its Lebesgue decomposition

µ = µa + µs,

whereµa is its absolutely continuous part with respect to the Lebesgue measure
λN ofRN , andµs is singular with respect toλN .We denote byµa(x) the density
of the measureµa with respect toλN and by(dµs/d|µ|s)(x) the density ofµs

with respect to|µ|s .
Givenµ ∈ M(Ω,RN), we defineµ̃ ∈ M(Ω,RN+1) by

µ̃(B) := (
µ(B), λN(B)

)
,

for every Borel setB ⊂ R
N . Then, we have

µ̃ = µ̃a + µ̃s = µ̃a(x)λN + µ̃s = (µa(x),1lΩ)λN + (µs,0).

Hence, we have

|µ̃s | = |µs |, dµ̃s

d|µ̃s | =
(
dµs

d|µs | ,0
)

|µs | − a.e.

For µ ∈ M(Ω,RN) andg satisfying the above conditions, we define the
measureg(x, µ) onΩ as

∫
B

g(x, µ) :=
∫
B

g(x, µa(x)) dx +
∫
B

g0
(
x,

dµs

d|µ|s (x)
)
d|µ|s (4)

for all Borel setB ⊂ Ω. In formula (4) we could write(dµ/d|µ|)(x) instead of
(dµs/d|µ|s)(x), because the two functions are equal|µ|s-a.e.

Another way of writing the measureg(x, µ) is the following. Let us consider
the functiong̃ : Ω × R

N × [0,+∞[→ R defined as

g̃(x, ξ, t) :=



g
(
x,

ξ

t

)
t if t > 0

g0(x, ξ) if t = 0

(5)

In [8] it is proved that ifg is a Carath´eodory function satisfying (2), then one has
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∫
B

g(x, µ) =
∫
B

g̃

(
x,

dµ

dα
(x),

dλN

dα
(x)

)
dα, (6)

whereα is any positive Borel measure such that|µ| + λN � α.

Due to the linear growth condition on the Lagrangian, the natural energy
space for problem (1) is the space of functions of bounded variation. Let us recall
several facts concerning functions of bounded variation (for further information
concerning functions of bounded variation we refer to [1], [22], or [35]).

A functionu ∈ L1(Ω) whose partial derivatives in the sense of distributions
are measures with finite total variation inΩ is called afunction of bounded
variation. The class of such functions will be denoted byBV (Ω). Thusu ∈
BV (Ω) if and only if there are Radon measuresµ1, . . . , µN defined inΩ with
finite total mass inΩ and∫

Ω

uDiϕdx = −
∫
Ω

ϕdµi (7)

for all ϕ ∈ C∞
0 (Ω), i = 1, . . . , N . Thus the gradient ofu is a vector valued

measure with finite total variation

‖ Du ‖= sup{
∫
Ω

u div ϕ dx : ϕ ∈ C∞
0 (Ω,RN), |ϕ(x)| ≤ 1 for x ∈ Ω}. (8)

The spaceBV (Ω) is endowed with the norm

‖ u ‖BV=‖ u ‖L1(Ω) + ‖ Du ‖ . (9)

Foru ∈ BV (Ω), the gradientDu is a Radon measure that decomposes into its
absolutely continuous and singular partsDu = Dau+Dsu. ThenDau = ∇u λN
where∇u is theRadon-Nikodymderivative of themeasureDuwith respect to the
Lebesgue measureλN . Also there is the polar decompositionDsu = −→

Dsu|Dsu|
where|Dsu| is the total variation measure ofDsu.

We shall need several results from [7] (see also [28]). Following [7], let

X(Ω) = {z ∈ L∞(Ω,RN) : div(z) ∈ L1(Ω)}. (10)

If z ∈ X(Ω) andw ∈ BV (Ω) ∩ L∞(Ω) we define the functional(z,Dw) :
C∞
0 (Ω) → R by the formula

< (z,Dw), ϕ >= −
∫
Ω

w ϕ div(z) dx −
∫
Ω

w z · ∇ϕ dx. (11)

Then(z,Dw) is a Radon measure inΩ,∫
Ω

(z,Dw) =
∫
Ω

z · ∇w dx (12)

for all w ∈ W 1,1(Ω) ∩ L∞(Ω) and
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∣∣∣∣
∫
B

(z,Dw)

∣∣∣∣ ≤
∫
B

|(z,Dw)| ≤ ‖z‖∞
∫
B

‖Dw‖ (13)

for any Borel setB ⊆ Ω. Moreover,(z,Dw) is absolutely continuous with
respect to‖Dw‖with Radon-Nikodym derivativeθ(z,Dw, x)which is a‖Dw‖
measurable function fromΩ toR such that∫

B

(z,Dw) =
∫
B

θ(z,Dw, x)‖Dw‖ (14)

for any Borel setB ⊆ Ω. We also have that

‖θ(z,Dw, .)‖L∞(Ω,‖Dw‖) ≤ ‖z‖L∞(Ω,RN). (15)

By writing
z ·Dsu := (z,Du)− (z · ∇u) dλN,

we see thatz · Dsu is a bounded measure, furthermore in [28], it is proved that
z ·Dsu is absolutely continuous with respect to|Dsu| (and thus is singular) and

|z ·Dsu| ≤ ‖z‖∞|Dsu|. (16)

As a consequence of Theorem 2.4 of [7], we have:

If z ∈ X(Ω) ∩ C(Ω,RN), then z ·Dsu = (z · −→
Dsu) |Dsu| (17)

In [7], a weak trace on∂Ω of the normal component ofz ∈ X(Ω) is defined.
Concretely, it is proved that there exists a linear operatorγ : X(Ω) → L∞(∂Ω)

such that
‖γ (z)‖∞ ≤ ‖z‖∞,

γ (z)(x) = z(x) · ν(x) for all x ∈ ∂Ω if z ∈ C1(Ω,RN).

We shall denoteγ (z)(x) by [z, ν](x). Moreover, the followingGreen’s formula,
relating the function[z, ν] and the measure(z,Dw), for z ∈ X(Ω) and w ∈
BV (Ω) ∩ L∞(Ω), is established:∫

Ω

w div(z) dx +
∫
Ω

(z,Dw) =
∫
∂Ω

[z, ν]w dHN−1. (18)

Let g be a function satisfying (2). Then for everyu ∈ BV (Ω) we have the
measureg(x,Du) defined by∫

B

g(x,Du) =
∫
B

g(x,∇u(x)) dx +
∫
B

g0(x,
−→
Dsu(x)) d|Dsu|

for all Borel setsB ⊂ Ω. If we assumeΩ to have Lipschitz boundary and that
g(x, ξ) is defined also forx ∈ ∂Ω, we can consider the functionalG in BV (Ω)

defined by
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G(u) :=
∫
Ω

g(x,Du)+
∫
∂Ω

g0
(
x, ν(x)[ϕ(x)− u(x)]) dHN−1, (19)

whereϕ ∈ L1(∂Ω) is a given function andν is the outward unit normal to∂Ω. In
[8] is proved that ifg̃(x, ξ, t) is continuous onΩ×R

N ×[0,+∞[ and convex in
(ξ, t) for each fixedx ∈ Ω, thenG is the greatest functional onBV (Ω) which
is lower-semicontinuous with respect to theL1(Ω)-convergence and satisfies
G(u) ≤ ∫

Ω
g(x,∇u(x)) dx for all functionsu ∈ C1(Ω)∩W 1,1(Ω) with u = ϕ

on ∂Ω.

As in [3], we need to consider a weak trace on∂Ω of the normal component
of certain vector fields inΩ. Let us recall it. We define the space

Z(Ω) := {(z, ξ) ∈ L∞(Ω,RN)× BV (Ω)∗ : div(z) = ξ in D′(Ω)}.
We denoteR(Ω) := W 1,1(Ω) ∩ L∞(Ω) ∩ C(Ω). For (z, ξ) ∈ Z(Ω) and
w ∈ R(Ω) we define

〈(z, ξ), w〉∂Ω := 〈ξ,w〉BV (Ω)∗,BV (Ω) +
∫
Ω

z · ∇w dx.

Then, working as in the proof of Theorem 1.1. of [7], we obtain that ifw, v ∈
R(Ω) andw = v on ∂Ω one has

〈(z, ξ), w〉∂Ω = 〈(z, ξ), v〉∂Ω ∀ (z, ξ) ∈ Z(Ω). (20)

As a consequence of (20), we can give the following definition: Givenu ∈
BV (Ω) ∩ L∞(Ω) and (z, ξ) ∈ Z(Ω), we define〈(z, ξ), u〉∂Ω by setting

〈(z, ξ), u〉∂Ω := 〈(z, ξ), w〉∂Ω
wherew is any function inR(Ω) such thatw = u on ∂Ω. Again, working as
in the proof of Theorem 1.1. of [7], we can prove that for every(z, ξ) ∈ Z(Ω)

there existsMz,ξ > 0 such that

|〈(z, ξ), u〉∂Ω | ≤ Mz,ξ‖u‖L1(∂Ω) ∀ u ∈ BV (Ω) ∩ L∞(Ω). (21)

Now, taking a fixed (z, ξ) ∈ Z(Ω), we consider the linear functionalF :
L∞(∂Ω) → R defined by

F(v) := 〈(z, ξ), w〉∂Ω
wherev ∈ L∞(∂Ω) andw ∈ BV (Ω) ∩ L∞(Ω) is such thatw|∂Ω = v. By
estimate (21), there existsγz,ξ ∈ L∞(∂Ω) such that

F(v) =
∫
∂Ω

γz,ξ (x)v(x) dH
N−1.

Consequently there exists a linear operatorγ : Z(Ω) → L∞(∂Ω), with γ (z, ξ)

:= γz,ξ , satisfying

〈(z, ξ), w〉∂Ω =
∫
∂Ω

γz,ξ (x)w(x) dH
N−1 ∀ w ∈ BV (Ω) ∩ L∞(Ω).
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In case z ∈ C1(Ω,RN), we haveγz(x) = z(x) · ν(x) for all x ∈ ∂Ω. Hence,
the functionγz,ξ (x) is the weak trace of the normal component of(z, ξ). For
simplicity of the notation, we shall denoteγz,ξ (x) by [z, ν](x).

Weneed to consider the spaceBV (Ω)2, definedasBV (Ω)∩L2(Ω)endowed
with the norm

‖w‖BV (Ω)2 := ‖w‖L2(Ω) + ‖Du‖.
It is easy to see thatL2(Ω) ⊂ BV (Ω)∗2 and

‖w‖BV (Ω)∗2 ≤ ‖w‖L2(Ω) ∀ w ∈ L2(Ω). (22)

It is well known (see [33]) that the dual space
(
L1(0, T ;BV (Ω)2)

)∗
is iso-

metric to the spaceL∞(0, T ;BV (Ω)∗2, BV (Ω)2) of all weakly∗ measurable
functionsf : [0, T ] → BV (Ω)∗2, such thatv(f ) ∈ L∞([0, T ]), wherev(f )
denotes the supremum of the set{|〈w, f 〉| : ‖w‖BV (Ω)2 ≤ 1} in the vector
lattice of measurable real functions. Moreover, the dual paring of the isometric
is defined by

〈w, f 〉 =
∫ T

0
〈w(t), f (t)〉 dt,

for w ∈ L1(0, T ;BV (Ω)2) andf ∈ L∞(0, T ;BV (Ω)∗2, BV (Ω)2).

By L1
w(0, T , BV (Ω)) we denote the space of weakly measurable functions

w : [0, T ] → BV (Ω) (i.e., t ∈ [0, T ] →< w(t), φ > is measurable for every
φ ∈ BV (Ω)∗) such that

∫ T

0 ‖w(t)‖ < ∞. Observe that, sinceBV (Ω) has a
separable predual (see [1]), it follows easily that the mapt ∈ [0, T ] → ‖w(t)‖
is measurable.

To make precise our notion of solution we need the following definitions.

Definition 1. Let Ψ ∈ L1(0, T , BV (Ω)). We sayΨ admits aweak deriva-
tive in the spaceL1

w(0, T , BV (Ω)) ∩ L∞(QT ) if there is a functionΘ ∈
L1
w(0, T , BV (Ω)) ∩ L∞(QT ) such thatΨ (t) =

∫ t

0
Θ(s)ds, the integral be-

ing taken as a Pettis integral.

Definition 2. Letξ ∈ (
L1(0, T , BV (Ω)2)

)∗
.We say thatξ is the time derivative

in the space
(
L1(0, T , BV (Ω)2

)∗
of a functionu ∈ L1((0, T )×Ω) if∫ T

0
< ξ(t), Ψ (t) > dt = −

∫ T

0

∫
Ω

u(t, x)Θ(t, x)dxdt

for all test functionsΨ ∈ L1(0, T , BV (Ω))with compact support in time, which
admit a weak derivativeΘ ∈ L1

w(0, T , BV (Ω)) ∩ L∞(QT ).

Note that ifw ∈ L1(0, T , BV (Ω)) ∩ L∞(QT ) andz ∈ L∞(QT ,R
N) such

that there existsξ ∈ (
L1(0, T , BV (Ω)

)∗
with div(z) = ξ in D′(QT ), we can

define, associated to the pair(z, ξ), the distribution(z,Dw) inQT by
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〈(z,Dw), φ〉 :=

−
∫ T

0
〈ξ(t), w(t)φ(t)〉 dt −

∫ T

0

∫
Ω

z(t, x)w(t, x)∇xφ(t, x) dxdt.

(23)

for all φ ∈ D(QT ).

Definition 3. Let ξ ∈ (
L1(0, T , BV (Ω)2)

)∗
, z ∈ L∞(QT ,R

N). We say that
ξ = div(z) in

(
L1(0, T , BV (Ω)2)

)∗
if (z,Dw) is a Radon measure inQT with

normal boundary values[z, ν] ∈ L∞((0, T )× ∂Ω), such that∫
QT

(z,Dw)+
∫ T

0
< ξ(t), w(t) > dt

=
∫ T

0

∫
∂Ω

[z(t, x), ν]w(t, x)dHN−1dt,

for all w ∈ L1(0, T , BV (Ω)) ∩ L∞(QT ).

We shall denote by

sign0(r) :=



1 if r > 0

0 if r = 0

−1 if r < 0

and by

sign(r) :=



1 if r > 0

[−1,1] if r = 0

−1 if r < 0.

Let Tk(r) = [k − (k − |r|)+]sign0(r), k ≥ 0, r ∈ R. We consider the setT =
{Tk, T +

k , T
−
k : k > 0}.Weneed to consider amoregeneral set of truncature func-

tions, concretely, the setP of all nondecreasing Lipschitz-continuous functions
p : R → R, such thatp′(s) ∈ {0,1} and{r ∈ R : p′(r) = 1} = ∪m

j=1]aj , bj [.
Observe that the functions of the formp(r) = T (r − l), for someT ∈ T and
l ∈ R are inP, and obviously,T ⊂ P.

3. The main result

In this section we give the concept of solution for the Dirichlet problem (1) and
we state the existence and uniqueness result for this type of solutions.

Here we assume thatΩ is an open bounded set inRN ,N ≥ 2, with boundary
∂Ω of classC1, and the Lagrangianf : Ω × R

N → R satisfies the following
assumptions, which we shall refer collectively as (H):

(H1) f is continuous onΩ × R
N , convex and differentiable with continuous

gradient inξ for each fixedx ∈ Ω and satisfies the linear growth condition
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C0‖ξ‖ − C1 ≤ f (x, ξ) ≤ M(‖ξ‖ + C2). (24)

for somepositive constantsC0,C1,C2 andM.Moreover,f 0 exists andf 0(x,−ξ)
= f 0(x, ξ) for all ξ ∈ R

N and allx ∈ Ω.

(H2) f̃ (x, ξ, t) is continuous onΩ × R
N × [0,+∞[ and convex in(ξ, t) for

each fixedx ∈ Ω.

We consider the functiona(x, ξ) = ∇ξf (x, ξ) associated to the Lagrangian
f . By the convexity off

a(x, ξ) · (η − ξ) ≤ f (η)− f (ξ), (25)

and the following monotonicity condition is satisfied

(a(x, η)− a(x, ξ)) · (η − ξ) ≥ 0. (26)

Moreover, it is easy to see that

|a(x, ξ)| ≤ M ∀ (x, ξ) ∈ Ω × R
N. (27)

We consider the functionh : Ω × R
N → R defined by

h(x, ξ) := a(x, ξ) · ξ.
From (25) and (24), it follows that

C0‖ξ‖ −D1 ≤ h(x, ξ) ≤ M‖ξ‖ (28)

for some positive constantD1. We assume thath(x,−ξ) = h(x, ξ) for all ξ ∈
R
N .

We assume that

(H3) h(x, ξ) ≥ 0 for all x ∈ Ω andξ ∈ R
N , h0 exists and the functioñh is

continuous onΩ × R
N × [0,+∞[.

We need to consider the mappinga∞ defined by
a∞(x, ξ) := lim

t→+∞a(x, tξ).

Observe that
h0(x, ξ) = a∞(x, ξ) · ξ and C0‖ξ‖ ≤ h0(x, ξ) ≤ M‖ξ‖.

(H4) a∞(x, ξ) = ∇ξf
0(x, ξ) for all ξ �= 0 and allx ∈ Ω.

In particular, as a consequence of Euler’s Theorem, we have

f 0(x, ξ) = a∞(x, ξ) · ξ = h0(x, ξ),

for all ξ ∈ R
N and allx ∈ Ω, and consequently,

C0‖ξ‖ ≤ f 0(x, ξ) ≤ M‖ξ‖ ∀ ξ ∈ R
N, ∀ x ∈ Ω (29)

(H5) a(x, ξ) · η ≤ h0(x, η) for all ξ, η ∈ R
N , and allx ∈ Ω.
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Either from (H4) or (H5) it follows that a∞(x, ξ) · η ≤ h0(x, η) for all
ξ, η ∈ R

N , ξ �= 0, and allx ∈ Ω. Indeed, it suffices to replaceξ by tξ in (H5)
and lett → +∞.

(H6) We assume that

|a(x, ξ)− a(y, ξ)| ≤ ω(‖x − y‖) (30)

for all x, y ∈ Ω, and allξ ∈ R
N , whereω(r) is a modulus of continuity.

From the definition ofa∞

|a∞(x, ξ)− a∞(y, ξ)| ≤ ω(‖x − y‖).
Hence

|h0(x, ξ)− h0(y, ξ)| = |a∞(x, ξ) · ξ − a∞(y, ξ) · ξ |
≤ ω(‖x − y‖)‖ξ‖. (31)

Remark 1. Note that assumption (H6) is only needed to prove uniqueness. The
Lipschitz continuity inx of the flux is a common assumption to prove uniqueness
of Kruzhkov’s solutions of scalar conservation laws ([29]).

Definition 4. Ameasurable functionu : (0, T )×Ω → R is anentropy solution
of (1) inQT = (0, T )×Ω if u ∈ C([0, T ];L1(Ω)),p(u(·)) ∈ L1

w(0, T , BV (Ω))

for all p ∈ T , and there existsξ ∈ (
L1(0, T , BV (Ω)2

)
)∗ such that:

(i) (a(x,∇u(t)), ξ(t)) ∈ Z(Ω) a.e. t ∈ [0, T ],
(ii) ξ is the time derivative ofu in

(
L1(0, T , BV (Ω)2)

)∗
,

(iii) ξ = div(a(x,∇u(t))) in (
L1(0, T , BV (Ω)2)

)∗
,

(iv) [a(x,∇u(t)), ν] ∈ sign
(
p(ϕ)− p(u(t))

)
f 0(x, ν(x)) a.e. int ∈ [0, T ] for

all p ∈ T ,

(iv) The following inequality is satisfied

−
∫ T

0

∫
Ω

j (u(t)− l)ηt dxdt +
∫ T

0

∫
Ω

η(t)h(x,Dp(u(t)− l)) dt

+
∫ T

0

∫
Ω

a(x,∇u(t)) · ∇η(t)p(u(t)− l) dxdt

≤
∫ T

0

∫
∂Ω

[a(x,∇u(t)), ν]η(t)p(u(t)− l) dHN−1dt,

for all l ∈ R, for all η ∈ C∞(QT ), with η ≥ 0, η(t, x) = φ(t)ψ(x), being

φ ∈ D(]0, T [), ψ ∈ C∞(Ω), andp ∈ T , wherej (r) =
∫ r

0
p(s) ds.

Our main result is:
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Theorem 1. Assume we are under asumptions (H) and letu0 ∈ L1(Ω) and
ϕ ∈ L1(∂Ω). Then there exists a unique entropy solution of (1) in(0, T ) × Ω

for everyT > 0 such thatu(0) = u0. Moreover, ifu(t), û(t) are the entropy
solutions corresponding to initial datau0, û0, respectively, then

‖(u(t)− û(t)
)+‖1 ≤ ‖(u0 − û0

)+‖1, ‖u(t)− û(t)‖1 ≤ ‖u0 − û0‖1 (32)

for all t ≥ 0.

4. The semigroup solution

To prove the existence part of Theorem 1 we shall use the techniques of com-
pletely accretive operators and theCrandall-Liggett’s semigroup generationThe-
orem ([19]). Let us recall the notion of completely accretive operator intro-
duced in [11]. LetM(Ω) be the space of measurable functions inΩ. Given
u, v ∈ M(Ω), we shall write

u � v if and only if
∫
Ω

j (u)dx ≤
∫
Ω

j (v)dx (33)

for all j ∈ J0 where

J0 = {j : R → [0,∞], convex, l.s.c., j (0) = 0} (34)

(l.s.c. is an abbreviation for lower semicontinuous function). LetA be an operator
(possibly multivalued) inM(Ω), i.e.,A ⊆ M (Ω) ×M(Ω). We shall say that
A is completely accretiveif

u− û � u− û+ λ(v − v̂) for all λ > 0 and all(u, v), (û, v̂) ∈ A. (35)

Acompletely accretiveoperator inL1(Ω) is said tobem-completely accretive
if R(I+λA) = L1(Ω) for anyλ > 0. In that case, byCrandall-Ligget’sTheorem,
A generates a contraction semigroup inL1(Ω) given by the exponential formula

e−tAu0 = lim
n→∞(I + t

n
A)−nu0 for anyu0 ∈ L1(Ω).

Let us writeu(t) = e−tAu0. Thenu ∈ C([0, T ], L1(Ω)) for anyT > 0 and it is
amild solution(a solution in the sense of semigroups [12]) of

du

dt
+ Au ! 0, (36)

such thatu(0) = u0. Moreover, ifu(t), û(t) are themild solutions corresponding
to initial datau0, û0, respectively, then

‖(u(t)− û(t)
)+‖1 ≤ ‖(u0 − û0

)+‖1, ‖u(t)− û(t)‖1 ≤ ‖u0 − û0‖1 (37)
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for all t ≥ 0.

In [4], using nonlinear semigroups, the Dirichlet problem (1) is studied for
initial data inL2. For that we consider the energy functionalΦϕ : L2(Ω) →
[0,+∞] defined by

Φϕ(u) :=
∫
Ω

f (x,Du)+
∫
∂Ω

f 0(x, ν(x)[ϕ − u]) dHN−1,

if u ∈ BV (Ω) ∩ L2(Ω) and
Φϕ(u) := +∞ if u ∈ L2(Ω) \ BV (Ω).

Note that, on theboundary, the integrandcanbewritten in the formf 0(x, ν(x)

[ϕ−u]) = |ϕ−u|f 0(x, ν(x)). FunctionalΦϕ is clearly convex and has the form
given in (19). Then, as a consequence of Anzellotti’s result ([8]), we have that
Φϕ is lower-semicontinuous, therefore the subdifferential∂Φϕ of Φϕ, i.e. the
operator inL2(Ω) defined by

v ∈ ∂Φϕ(u) ⇐⇒ Φϕ(w)−Φϕ(u) ≥
∫
Ω

v(w − u) dx, ∀ w ∈ L2(Ω)

is a maximal monotone operator inL2(Ω). Consequently, existence and unique-
ness of a solution of the abstract Cauchy problem


u′(t)+ ∂Φϕ(u(t)) ! 0 t ∈]0,∞[

u(0) = u0 u0 ∈ L2(Ω),

(38)

follows immediately from the nonlinear semigroup theory (see [15]). Now, to get
the full strength of the abstract result derived from semigroup theory∂Φϕ(u) is
characterized. To get this characterization, the following operatorBϕ in L2(Ω)

was introduced in [4].
(u, v) ∈ Bϕ ⇐⇒ u ∈ BV (Ω) ∩ L2(Ω), v ∈ L2(Ω) and

a(x,∇u) ∈ X(Ω) satisfies:

−v = div a(x,∇u) in D′(Ω), (39)

a(x,∇u) ·Dsu = f 0(x,Dsu) = f 0(x,
−→
Dsu)|Dsu|, (40)

[a(x,∇u), ν] ∈ sign(p(ϕ)− p(u))f 0(x, ν(x)), ∀ p ∈ P HN−1 − a.e.
(41)

In [4], the following result is proved.

Theorem 2. Let ϕ ∈ L1(∂Ω). Assume we are under assumptions (H1)-(H5).
Then the operator∂Φϕ has dense domain inL2(Ω) and

∂Φϕ = Bϕ.
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As a consequence of the above result the following characterization of the
semigroup solution is obtained.

Theorem 3. Letϕ ∈ L1(∂Ω). Assume we are under assumptions (H1)-(H5). Let
(S(t))t≥0 be the semigroup inL2(Ω) generated byBϕ. Then, givenu0 ∈ L2(Ω),
the strong solutionu(t) = S(t)u0 of (38) is characterized as the only function
u ∈ C([0, T ], L2(Ω)) that verifies:u(0) = u0,u′(t) ∈ L2(Ω),u(t) ∈ BV (Ω)∩
L2(Ω), a(x,∇u(t)) ∈ X(Ω) a.e. t ∈ [0, T ], and for almost allt ∈ [0, T ] u(t)
satisfies:

u′(t) = div(a(x,∇u(t)) in D′(Ω), (42)

a(x,∇u(t)) ·Dsu(t) = f 0(x,Dsu(t)), (43)

[a(x,∇u(t)), ν] ∈ sign(p(ϕ)− p(u(t)))f 0(x, ν(x)), ∀ p ∈ P. (44)

Proposition 1. Letϕ ∈ L1(∂Ω). Assume we are under assumptions (H1)-(H5).
Then the operatorBϕ = ∂Φϕ is completely accretive.

Proof.We first consider the functionalΓϕ : L2(Ω) →] − ∞,+∞] given by
Γϕ(u) :=

∫
Ω

f (x,∇u) dx +
∫
∂Ω

f 0(x, ν(x)[ϕ − u]) dHN−1,

if u ∈ W 1,1(Ω) ∩ L2(Ω) and
Γϕ(u) := +∞ if u ∈ L2(Ω) \W 1,1(Ω)

Let us see thatΓϕ satisfies:

Γϕ(u+ p(û− u))+ Γϕ(û− p(û− u)) ≤ Γϕ(u)+ Γϕ(û) (45)

for all u, û ∈ L1(Ω), p ∈ P0. In fact, we may assumeu, û ∈ W 1,1(Ω). If
v := u+ p(û− u) andv̂ := û− p(û− u), then

Γϕ(v) =
∫
Ω

f (x, λ∇û+ (1− λ)∇u) dx

+
∫
∂Ω

f 0(x, ν(x))|α(ϕ − û)+ (1− α)(ϕ − u)| dHN−1

and

Γϕ(v̂) =
∫
Ω

f (x, λ∇u+ (1− λ)∇û) dx

+
∫
∂Ω

f 0(x, ν(x))|α(ϕ − u)+ (1− α)(ϕ − û)| dHN−1,

where

λ = p′(û− u) and α = 1l{u�=û}
p(û− u)

û− u
.
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By the convexity off (x, ξ) with respect toξ , we have
f (x, λ∇û+ (1− λ)∇u)+ f (x, λ∇u+ (1− λ)∇û)

≤ λf (x,∇û)+ (1− λ)f (x,∇u)+ λf (x,∇u)+ (1− λ)f (x,∇û)
= f (x,∇u)+ f (x,∇û).

In the same way
|α(ϕ− û)+ (1−α)(ϕ−u)|+ |α(ϕ−u)+ (1−α)(ϕ− û)| ≤ |ϕ−u|+ |ϕ− û|.
Then, integrating, we obtainΓϕ(v)+ Γϕ(v̂) ≤ Γϕ(u)+ Γϕ(û).

SinceΓϕ satisfies (45), by Lemma 7.1 in [11], we have that the operator∂Γϕ
is completely accretive. Now, by the results in [8], the lower semicontinuous
envelope of the functionalΓϕ is the functionalΦϕ. Hence, by Lemma 7.5 and
Lemma 7.1 in [11], we get that∂Φϕ is completely accretive. %&

To associate an m-completely accretive operator inL1(Ω) with our problem
we need to consider the function space

T BV (Ω) := {u ∈ L1(Ω) : Tk(u) ∈ BV (Ω), ∀ k > 0},
and to give a sense to the Radon-Nikodym derivative∇u of a functionu ∈
T BV (Ω). A similar problem was treated in [10] where the authors had to give a
sense to the derivative of functions whose truncatures are in a Sobolev space (in
their notation, for functions inT 1,1

loc (Ω), p ≥ 1). Notice that the function space
T BV (Ω) is closely related to the spaceGBV (Ω) of generalized functions of
bounded variation introduced by E. Di Giorgi and L. Ambrosio ([17], see also
[1]). Using the chain rule for BV-functions (see for instance [1]), with a similar
proof to the one given in Lemma 2.1 of [10], we obtain the following result.

Lemma 1. For everyu ∈ T BV (Ω) there exists a unique measurable function
v : Ω → R

N such that

∇Tk(u) = v1l{|u|<k} λN − a.e. (46)

Thanks to this result we define∇u for a functionu ∈ T BV (Ω) as the unique
function v which satisfies (46). This notation will be used throughout in the
sequel.

Lemma 2. If u ∈ T BV (Ω), thenp(u) ∈ BV (Ω) for everyLipschitz continuous
functionp : R → R satisfyingp′(s) = 0 for |s| large enough. Moreover,
∇p(u) = p′(u)∇u λN -a.e.

Proof.The proof of this lemma is straightforward sincep(u) = p(Tk(u)) for k
large enough. Hence,p(u) ∈ BV (Ω) and by the chain rule,

∇p(u) = ∇p(Tk(u)) = p′(Tk(u))∇Tk(u) = p′(u)∇u 1l{|u|<k} = p′(u)∇u.
%&

We define the operatorAϕ in L1(Ω) by:



Linear growth functionals 153

(u, v) ∈ Aϕ ⇐⇒ u, v ∈ L1(Ω), p(u) ∈ BV (Ω) for all p ∈ P
anda(x,∇u) ∈ X(Ω) satisfies:

−v = div a(x,∇u) in D′(Ω), (47)

a(x,∇u) ·Dsp(u) = f 0(x,Dsp(u)) ∀ p ∈ P, (48)

[a(x,∇u), ν] ∈ sign(p(ϕ)− p(u))f 0(x, ν(x)), ∀ p ∈ P HN−1 − a.e.
(49)

Taking into account Lemma 2, we have that if(u, v) ∈ Aϕ, then∫
Ω

(w − p(u))v dx =
∫
Ω

(a(x,∇u),Dw)−
∫
Ω

h(x,Dp(u))

−
∫
∂Ω

[a(x,∇u), ν](w − p(ϕ)) dHN−1

−
∫
∂Ω

|p(u)− p(ϕ)|f 0(x, ν(x)) dHN−1,

(50)

for all w ∈ BV (Ω) ∩ L∞(Ω) and for allp ∈ P.
Lemma 3. If (u, v) ∈ Aϕ, for a, b > 0, we have

1

b

∫
{a<|u|<a+b}

a(x,∇u) · ∇u dx

≤
∫

{|u|>a}
|v| dx +

∫
{|ϕ|>a}

|[a(x,∇u), ν]| dHN−1.

(51)

In particular,

lim
a→∞

∫
{a<|u|<a+b}

a(x,∇u) · ∇u dx

= lim
a→∞

∫
{a<|u|<a+b}

|∇u| dx = 0.

(52)

Proof.We consider the truncature functionTa,b(s) := Tb(s − Ta(s)). SinceTa,b
is an element ofP, applying Green’s formula, we have

−
∫
Ω

vTa,b(u) dx =
∫
Ω

div(a(x,∇u))Ta,b(u) dx

= −
∫
Ω

(a(x,∇u),DTa,b(u))+
∫
∂Ω

[a(x,∇u), ν]Ta,b(u) dHN−1



154 F. Andreu-Vaillo et al.

= −
∫
Ω

a(x,∇u) · ∇Ta,b(u) dx −
∫
Ω

a(x,∇u) ·DsTa,b(u)

+
∫
∂Ω

[a(x,∇u), ν]Ta,b(u) dHN−1 = −
∫

{a<|u|<a+b}
a(x,∇u) · ∇u dx

−
∫
Ω

f 0(x,DsTa,b(u))+
∫
∂Ω

[a(x,∇u), ν]Ta,b(u) dHN−1.

Since ∫
∂Ω

[a(x,∇u), ν]Ta,b(u) dHN−1

=
∫
∂Ω

[a(x,∇u), ν](Ta,b(u)− Ta,b(ϕ)) dH
N−1

+
∫
∂Ω

[a(x,∇u), ν]Ta,b(ϕ) dHN−1

= −
∫
∂Ω

|Ta,b(u)− Ta,b(ϕ)|f 0(x, ν(x)) dHN−1

+
∫
∂Ω

[a(x,∇u), ν]Ta,b(ϕ) dHN−1 ≤
∫
∂Ω

[a(x,∇u), ν]Ta,b(ϕ) dHN−1,

it follows that ∫
{a<|u|<a+b}

a(x,∇u) · ∇u dx

≤
∫
Ω

vTa,b(u) dx +
∫
∂Ω

[a(x,∇u), ν]Ta,b(ϕ) dHN−1

≤ b

( ∫
{|u|>a}

|v| dx +
∫

{|ϕ|>a}
|[a(x,∇u), ν]| dHN−1

)
,

and the result follows. %&
The main result of this section is the following.

Theorem 4. Let ϕ ∈ L1(∂Ω). Assume we are under assumptions (H1)-(H5).
Then,Bϕ ⊂ Aϕ and the operatorAϕ is m-completely accretive inL1(Ω) with
dense domain. Moreover, if(T (t))t≥0 is the semigroup of order preserving con-
tractions inL1(Ω) generated by the operatorAϕ, then its restriction toL2(Ω)

coincides with the semigroup generated by the operatorBϕ.
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Proof.Let us see first thatBϕ ⊂ Aϕ. If (u, v) ∈ Bϕ, thenu ∈ BV (Ω) ∩L2(Ω),
v ∈ L2(Ω) anda(x,∇u) ∈ X(Ω) satisfies:

−v = div a(x,∇u) in D′(Ω), (53)

a(x,∇u) ·Dsu = f 0(x,Dsu) = f 0(x,
−→
Dsu)|Dsu|, (54)

[a(x,∇u), ν] ∈ sign(ϕ − u)f 0(x, ν(x)), ∀ p ∈ P HN−1 − a.e. (55)

Since the functions ofP are nondecreasing, from (55) we get (49). On the
other hand, by (54), we have

θ(a(x,∇u),Du, x) = f 0(x,
−→
Dsu) |Dsu| − a.e (56)

Then, givenp ∈ P, by Proposition 2.8 of [7], for every Borel setB ⊂ Ω, we
have∫

B

a(x,∇u) · ∇p(u) dx +
∫
B

a(x,∇u) ·Dsp(u) =
∫
B

(a(x,∇u),Dp(u))

=
∫
B

θ(a(x,∇u),Dp(u), x)|Dp(u)| =
∫
B

θ(a(x,∇u),Du, x)|Dp(u)|

=
∫
B

θ(a(x,∇u),Du, x)|∇p(u)| +
∫
B

θ(a(x,∇u),Du, x)|Dsp(u)|

=
∫
B

θ(a(x,∇u),Du, x) · p′(u)|∇u| dx +
∫
B

f 0(x,
−→
Dsu)|Dsp(u)|

=
∫
B

a(x,∇u) · ∇p(u) dx +
∫
B

f 0(x,
−→
Dsu)|Dsp(u)|.

Hence,a(x,∇u) · Dsp(u) = f 0(x,
−→
Dsu)|Dsp(u)| = f 0(x,Dsp(u)). Thus,

(48) holds and, therefore, we have proved thatBϕ ⊂ Aϕ. Moreover, since the
domain ofBϕ is dense inL2(Ω) (Theorem 2), we also obtain that the domain of
Aϕ is dense inL1(Ω).

Next we are going to prove that the operatorAϕ is accretive inL1(Ω). We
must show that ∫

Ω

|u− û| ≤
∫
Ω

|f − f̂ | (57)

wheneverf ∈ u+ Aϕu, f̂ ∈ û+ Aϕû. Indeed, forr, k > 0, we have∫
Ω

[
(f − u)− (f̂ − û)

]
Tr(Tk(u)− Tk(û)) dx
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=
∫
Ω

(a(x,∇u)− a(x,∇û),DTr(Tk(u)− Tk(û)))

−
∫
∂Ω

[a(x,∇u)− a(x,∇û), ν]Tr(Tk(u)− Tk(û)) dH
N−1

=
∫
Ω

(a(x,∇u)− a(x,∇û)) · ∇Tr(Tk(u)− Tk(û)) dx

+
∫
Ω

(a(x,∇u)− a(x,∇û)) ·DsTr(Tk(u)− Tk(û))

−
∫
∂Ω

[a(x,∇u)− a(x,∇û), ν]Tr(Tk(u)− Tk(û)) dH
N−1.

If we write

Ir,k :=
∫
Ω

(a(x,∇u)− a(x,∇û)) · ∇Tr(Tk(u)− Tk(û)) dx,

Jr,k :=
∫
Ω

(a(x,∇u)− a(x,∇û)) ·DsTr(Tk(u)− Tk(û)),

since ∫
∂Ω

[a(x,∇u)− a(x,∇û), ν]Tr(Tk(u)− Tk(û)) dH
N−1 ≤ 0,

we have ∫
Ω

(u− û)Tr(Tk(u)− Tk(û)) dx

≤ −Ir,k − Jr,k +
∫
Ω

(f − f̂ )Tr(Tk(u)− Tk(û)) dx.

(58)

Now, if Ωk,r := {|Tk(u)− Tk(û)| < r}, then

Ir,k =
∫
Ωk,r

(a(x,∇u)− a(x,∇û)) · ∇(Tk(u)− Tk(û)) dx

=
∫
Ωk,r∩{|u|<k,|û|<k}

(a(x,∇u)− a(x,∇û)) · (∇u− ∇û) dx

+
∫
Ωk,r∩{|u|<k,|û|≥k}

(a(x,∇u)− a(x,∇û)) · ∇u dx

−
∫
Ωk,r∩{|u|≥k,|û|<k}

(a(x,∇u)− a(x,∇û)) · ∇û dx

≥
∫
Ωk,r∩{|u|<k,|û|≥k}

(a(x,∇u)− a(x,∇û)) · ∇u dx
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−
∫
Ωk,r∩{|u|≥k,|û|<k}

(a(x,∇u)− a(x,∇û)) · ∇û dx.

On the other hand, by Lemma 1. 2 of [26], there exists a nonnegative function
ξr such that

Jr,k =
∫
Ω

(a(x,∇u)− a(x,∇û)) · ξr(DsTk(u)−DsTk(û))

=
∫
Ω

ξr
(
f 0(x,DsTk(u))− a(x,∇û) ·DsTk(u)

)

+
∫
Ω

ξr
(
f 0(x,DsTk(û))− a(x,∇u) ·DsTk(û)

)
.

Then, by (H5), we haveJr,k ≥ 0. Hence, lettingk → ∞ in (58), it follows that∫
Ω

(u− û)Tr(u− û) dx ≤
∫
Ω

(f − f̂ )Tr(u− û) dx

− lim
k→∞

∫
Ωk,r∩{|u|<k,|û|≥k}

(a(x,∇u)− a(x,∇û)) · ∇u dx

+ lim
k→∞

∫
Ωk,r∩{|u|≥k,|û|<k}

(a(x,∇u)− a(x,∇û)) · ∇û dx.

Now, by Lemma 3,

lim
k→∞

∣∣∣∣
∫
Ωk,r∩{|u|<k,|û|≥k}

(a(x,∇u)− a(x,∇û)) · ∇u dx
∣∣∣∣

≤ lim
k→∞

∫
{k−r<|u|<k}

|(a(x,∇u)− a(x,∇û)) · ∇u| dx = 0,

and

lim
k→∞

∣∣∣∣
∫
Ωk,r∩{|u|≥k,|û|<k}

(a(x,∇u)− a(x,∇û)) · ∇û dx
∣∣∣∣

≤ lim
k→∞

∫
{k−r<|û|<k}

|(a(x,∇u)− a(x,∇û)) · ∇û| dx = 0.

Consequently, we get

1

r

∫
Ω

(u− û)Tr(u− û) dx ≤ 1

r

∫
Ω

(f − f̂ )Tr(u− û) dx ≤
∫
Ω

|f − f̂ | dx.

Passing to the limit asr → 0+, (57) follows.
Having inmindTheorem2andProposition 1, to finish theproof,weonly need

to prove thatBϕ

L1(Ω) ⊂ Aϕ. Let (un, vn) ∈ Bϕ be such that(un, vn) → (u, v) in
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L1(Ω)× L1(Ω). Let us prove that(u, v) ∈ Aϕ. Since(un, vn) ∈ Bϕ ⊂ Aϕ, we
havea(x,∇un) ∈ X(Ω) satisfying

−vn = div a(x,∇un) in D′(Ω), (59)

a(x,∇un) ·Dsp(un) = f 0(x,Dsp(un)) ∀ p ∈ P, (60)

[a(x,∇un), ν] ∈ sign(p(ϕ)− p(un))f
0(x, ν(x)), ∀ p ∈ P HN−1 − a.e.

(61)

Then, givenp ∈ P, we have∫
Ω

vnp(un) dx =
∫
Ω

(a(x,∇un),Dp(un))

−
∫
∂Ω

[a(x,∇un), ν]p(un) dHN−1 =
∫
Ω

a(x,∇un) · ∇p(un) dx

+
∫
Ω

f 0(x,Dsp(un))−
∫
∂Ω

[a(x,∇un), ν]p(un) dHN−1

=
∫
Ω

a(x,∇un) · ∇p(un) dx +
∫
Ω

f 0(x,Dsp(un))

+
∫
∂Ω

|p(ϕ)− p(un)|f 0(x, ν(x)) dHN−1 −
∫
∂Ω

[a(x,∇un), ν]p(ϕ) dHN−1.

Hence, by (28) and (29), it follows that

‖Dp(un)‖ =
∫
Ω

|∇p(un)| dx +
∫
Ω

|Dsp(un)|

≤ 1

C0

( ∫
Ω

a(x,∇p(un)) · ∇p(un) dx +
∫
Ω

f 0(x,Dsp(un))+D1λN(Ω)

)

≤ 1

C0

( ∫
Ω

vnp(un) dx +
∫
∂Ω

[a(x,∇un), ν]p(ϕ) dHN−1 +D1λN(Ω)

)
.

Thus,

‖Dp(un)‖ ≤ M1‖p‖∞ ∀ n ∈ N. (62)

Therefore,p(u) ∈ BV (Ω) for anyp ∈ P. On the other hand, since
‖a(x,∇un)‖∞ ≤ M,

we may assume thata(x,∇un) ⇀ z weak∗ in L∞(Ω,RN) with ‖z‖∞ ≤ M.
Moreover, sincevn → v in L1(Ω), we have thatv = −div(z) in D′(Ω). By the



Linear growth functionals 159

definition of the weak trace on∂Ω of the normal component ofz, it is easy to
see that

[a(x,∇un), ν] ⇀ [z, ν] weakly∗ in L∞(∂Ω). (63)

On the other hand,

lim
n→∞

( ∫
Ω

h(x,Dp(un))+
∫
∂Ω

|p(ϕ)− p(un)|f 0(x, ν(x)) dHN−1

)

= lim
n→∞

( ∫
Ω

vnp(un) dx +
∫
∂Ω

[a(x,∇un), ν]p(ϕ) dHN−1

)

=
∫
Ω

vp(u) dx +
∫
∂Ω

[z, ν]p(ϕ) dHN−1

= −
∫
Ω

div(z)p(u)+
∫
∂Ω

[z, ν]p(ϕ) dHN−1.

Now, applying Green’s formula we get

lim
n→∞

( ∫
Ω

h(x,Dp(un))+
∫
∂Ω

|p(ϕ)− p(un)|f 0(x, ν(x)) dHN−1

)

=
∫
Ω

(z,Dp(u))+
∫
∂Ω

[z, ν](p(ϕ)− p(u)) dHN−1.

(64)

It is not difficult to see that

lim
n→∞

∫
Ω

(a(x,∇un)− a(x,∇p(un))) · ∇p(u) dx = 0

for all p ∈ P. Consequently,

lim
n→∞

∫
Ω

a(x,∇p(un)) · ∇p(u) dx =
∫
Ω

z · ∇p(u) dx ∀ p ∈ P. (65)

Let us now prove the convergence of the energies. We consider the energy func-
tionalΨϕ : L1(Ω) → [0,+∞] defined by

Ψϕ(v) :=
∫
Ω

f (x,Dv)+
∫
∂Ω

|ϕ − v|f 0(x, ν(x)) dHN−1

if v ∈ BV (Ω) and

Ψϕ(v) := +∞ if v ∈ L1(Ω) \ BV (Ω).

As a consequence of theAnzellotti’s result ([7]), the functionalΨϕ is convex and
lower-semicontinuous. By the convexity off , we have

Ψp(ϕ)(p(un)) =
∫
Ω

f (x,∇p(un)) dx +
∫
Ω

f 0(x,Dsp(un))
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+
∫
∂Ω

|p(un)− p(ϕ)|f 0(x, ν(x)) dHN−1 ≤
∫
Ω

f (x,∇p(u)) dx

+
∫
Ω

a(x,∇p(un)) · ∇p(un) dx −
∫
Ω

a(x,∇p(un)) · ∇p(u) dx

+
∫
Ω

a(x,∇un) ·Dsp(un)+
∫
∂Ω

[a(x,∇un), ν](p(ϕ)− p(un)) dH
N−1

=
∫
Ω

f (x,∇p(u)) dx +
∫
Ω

(a(x,∇un),Dp(un))

−
∫
Ω

a(x,∇p(un)) · ∇p(u) dx +
∫
∂Ω

[a(x,∇un), ν](p(ϕ)− p(un)) dH
N−1

=
∫
Ω

f (x,∇p(u)) dx −
∫
Ω

div(a(x,∇un))p(un) dx

−
∫
Ω

a(x,∇p(un)) · ∇p(u) dx +
∫
∂Ω

[a(x,∇un), ν]p(ϕ) dHN−1.

Then, by (65), lettingn → ∞, we obtain

lim sup
n→∞

Ψp(ϕ)(p(un)) ≤
∫
Ω

f (x,∇p(u)) dx −
∫
Ω

div(z)p(u) dx

−
∫
Ω

z · ∇p(u) dx +
∫
∂Ω

[z, ν]p(ϕ) dHN−1 =
∫
Ω

f (x,∇p(u)) dx

+
∫
Ω

(z,Dp(u))−
∫
Ω

z · ∇p(u) dx +
∫
∂Ω

[z, ν](p(ϕ)− p(u)) dHN−1

=
∫
Ω

f (x,∇p(u)) dx +
∫
Ω

z ·Dsp(u)+
∫
∂Ω

[z, ν](p(ϕ)− p(u)) dHN−1.

Now, by (H5)∫
Ω

z ·Dsp(u) = lim
n→∞

∫
Ω

a(x,∇un) ·Dsp(u) ≤
∫
Ω

f 0(x,Dsp(u)).

Moreover, by (61)
∫
∂Ω

[z, ν](p(ϕ)− p(u)) dHN−1

= lim
n→∞

∫
∂Ω

[a(x,∇un), ν](p(ϕ)− p(u)) dHN−1

≤
∫
∂Ω

f 0(x, ν(x))|p(ϕ)− p(u)| dHN−1.
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Hence, we have

lim sup
n

Ψp(ϕ)(p(un)) ≤
∫
Ω

f (x,∇p(u)) dx +
∫
Ω

f 0(x,Dsp(u)) dx

+
∫
∂Ω

f 0(x, ν(x))|p(ϕ)− p(u)| dHN−1 = Ψp(ϕ)(p(u)),

and, having in mind the lower-semicontinuity ofΨp(ϕ), this yields

lim
n→∞Ψp(ϕ)(p(un)) = Ψp(ϕ)(p(u)). (66)

If we consider theRN -valued measuresµn, µ onΩ which are defined by

µn(B) :=
∫
B∩Ω

Dp(un)+
∫
B∩∂Ω

(p(ϕ)− p(un))ν dH
N−1, (67)

µ(B) :=
∫
B∩Ω

Dp(u)+
∫
B∩∂Ω

(p(ϕ)− p(u))ν dHN−1 (68)

for all Borel setsB ⊂ Ω, we have

µn → µ weakly as measures inΩ.

Moreover,

Ψp(ϕ)(p(u)) =
∫
Ω

f̃ (x, µ̃) and Ψp(ϕ)(p(un)) =
∫
Ω

f̃ (x, µ̃n).

Hence, (66) yields

lim
n→∞

∫
Ω

f̃ (x, µ̃n) =
∫
Ω

f̃ (x, µ̃).

Then, applying Theorem 3 of [32], it follows that
∫
Ω

h̃(x, µ̃) = lim
n→∞

∫
Ω

h̃(x, µ̃n)

= lim
n→∞

∫
Ω

h(x,Dp(un))+
∫
∂Ω

|p(un)− p(ϕ)|f 0(x, ν(x)) dHN−1.

Now, it is easy to see that
∫
Ω

h̃(x, µ̃) =
∫
Ω

h(x,Dp(u))+
∫
∂Ω

|p(ϕ)− p(u)|f 0(x, ν(x)) dHN−1,

consequently, we obtain
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lim
n→∞

∫
Ω

h(x,Dp(un))+
∫
∂Ω

|p(un)− p(ϕ)|f 0(x, ν(x)) dHN−1

=
∫
Ω

h(x,Dp(u))+
∫
∂Ω

|p(ϕ)− p(u)|f 0(x, ν(x)) dHN−1.

(69)

By (64) and (69), we get
∫
Ω

h(x,Dp(u))+
∫
∂Ω

|p(ϕ)− p(u)|f 0(x, ν(x)) dHN−1

=
∫
Ω

(z,Dp(u))+
∫
∂Ω

[z, ν](p(ϕ)− p(u)) dHN−1.

(70)

Now, (70) can be written as
∫
Ω

a(x,∇u) · ∇p(u) dx +
∫
Ω

f 0(x,Dsp(u))

+
∫
∂Ω

|p(ϕ)− p(u)|f 0(x, ν(x)) dHN−1

=
∫
Ω

z · ∇p(u) dx +
∫
Ω

z ·Dsp(u)

+
∫
∂Ω

[z, ν](p(ϕ)− p(u)) dHN−1.

(71)

On the other hand, by Lemma 4 (i) in [4], we get

|[z, ν]| ≤ f 0(x, ν(x)) HN−1 − a.e. on ∂Ω. (72)

Letvj ∈ C1(Ω) be a sequence such thatvj → p(u) inL2(Ω) andf 0(x,∇vj ) →
f 0(x,Dp(u)) weakly as measures. According to (H5), we have

|a(x,∇un) · ∇vj | ≤ f 0(x,∇vj ).
Then, ifψ, φ ∈ C1

c (Ω), with 0≤ ψ ≤ φ, we have
∣∣∣∣
∫
Ω

a(x,∇un) · ∇vj ψ dx

∣∣∣∣ ≤
∫
Ω

f 0(x,∇vj )ψ dx,

and, lettingn → ∞, we get
∣∣∣∣
∫
Ω

z · ∇vj ψ dx

∣∣∣∣ ≤
∫
Ω

f 0(x,∇vj )ψ dx.
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Now, since∣∣∣∣
∫
Ω

z · ∇vj ψ dx

∣∣∣∣ =
∣∣∣∣ −

∫
Ω

div(z)vjψ dx −
∫
Ω

vjz · ∇ψ dx

∣∣∣∣,
letting j → ∞ we obtain that

|〈(z,Dp(u)), ψ〉| =
∣∣∣∣ −

∫
Ω

div(z)p(u)ψ dx −
∫
Ω

p(u)z · ∇ψ dx

∣∣∣∣
≤

∫
Ω

ψf 0(x,Dp(u)) ≤
∫
Ω

φf 0(x,Dp(u)).

Hence

〈|(z,Dp(u))|, φ〉 ≤
∫
Ω

φf 0(x,Dp(u)).

Thus, we have

|(z,Dp(u))| ≤ f 0(x,Dp(u)) as measures inΩ.

Then, the singular parts also satisfy a similar inequality,

|z ·Dsp(u)| ≤ f 0(x,Dsp(u)) as measures inΩ. (73)

By the convexity off , we have∫
Ω

a(x,∇p(un)) · ∇p(u) dx ≤
∫
Ω

a(x,∇p(un)) · ∇p(un) dx

+
∫
Ω

f (x,∇p(u)) dx −
∫
Ω

f (x,∇p(un)) dx

≤
∫
Ω

a(x,∇p(un)) · ∇p(un) dx +
∫
Ω

h0(x,Dsp(un))

+
∫
∂Ω

|p(un)− p(ϕ)|h0(x, ν(x)) dHN−1 +
∫
Ω

f (x,∇p(u)) dx

−
( ∫

Ω

f (x,∇p(un)) dx +
∫
Ω

f 0(x,Dsp(un))

+
∫
∂Ω

|p(un)− p(ϕ)|f 0(x, ν(x)) dHN−1

)
=

∫
Ω

h(x,Dp(un))

+
∫
∂Ω

|p(un)− p(ϕ)|f 0(x, ν(x)) dHN−1

+
∫
Ω

f (x,∇p(u)) dx − Ψp(ϕ)(p(un)).

Lettingn → ∞, and using (65), (66) and (69), we obtain
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∫
Ω

z · ∇p(u) dx ≤
∫
Ω

a(x,∇u) · ∇p(u) dx. (74)

Now, from (71), (72), (73) and (74), we finally obtain∫
Ω

z · ∇p(u) dx =
∫
Ω

h(x,∇p(u)) dx =
∫
Ω

a(x,∇u) · ∇p(u) dx, (75)

z ·Dsp(u) = f 0(x,Dsp(u)), (76)

[z, ν] ∈ sign(p(ϕ)− p(u))f 0(x, ν(x)) HN−1 − a.e. on ∂Ω . (77)

Let us see now that

z(x) = a(x,∇u(x)) a.e. x ∈ Ω. (78)

Let 0≤ φ ∈ C1
0(Ω) and g ∈ C1(Ω). We observe that∫

Ω

φ[(a(x,∇un),Dp(un − g))− a(x,∇g)Dp(un − g)]

=
∫
Ω

φ[a(x,∇un)− a(x,∇g)) · ∇p(un − g)] dx

+
∫
Ω

φ[a(x,∇un)− a(x,∇g)] ·Dsp(un − g)).

Since both terms at the right hand side of the above expression are positive, we
have ∫

Ω

φ[(a(x,∇un),Dp(un − g))− a(x,∇g)Dp(un − g)] ≥ 0.

Since∫
Ω

φ(a(x,∇un),Dp(un − g)) = −
∫
Ω

div(a(x,∇un))φp(un − g) dx

−
∫
Ω

p(un − g)a(x,∇un) · ∇φ dx,

we get

lim
n→∞

∫
Ω

φ(a(x,∇un),Dp(un − g)) = −
∫
Ω

div(z)φp(u− g) dx

−
∫
Ω

p(u− g)z · ∇φ dx =
∫
Ω

φ(z,Dp(u− g)).

On the other hand,

lim
n→∞

∫
Ω

φ a(x,∇g)Dp(un − g) =
∫
Ω

φ a(x,∇g)Dp(u− g).
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Consequently, we obtain

∫
Ω

φ[(z,Dp(u− g))− a(x,∇g)Dp(u− g)] ≥ 0, ∀ 0 ≤ φ ∈ C1
0(Ω).

Thus themeasure(z,Dp(u−g))−a(x,∇g)Dp(u−g) ≥ 0. Then its absolutely
continuous part

(z − a(x,∇g)) · ∇p(u− g)) ≥ 0 a.e. in Ω.

Hence,

(z − a(x,∇g)) · ∇(u− g)) ≥ 0 a.e. in Ω.

Since we may take a countable set dense inC1(Ω), we have that the above
inequality holds for allx ∈ Ω̃, whereΩ̃ ⊂ Ω is such thatλN(Ω \ Ω̃) = 0, and
all g ∈ C1(Ω). Now, fixedx ∈ Ω̃ and givenξ ∈ R

N , there isg ∈ C1(Ω) such
that∇g(x) = ξ . Then

(z(x)− a(x, ξ)) · (∇u(x)− ξ) ≥ 0, ∀ ξ ∈ R
N.

These inequalities imply (78) by an application of the Minty-Browder’s method
in R

N . Now, sincev = −div(z) in D′(Ω), by (78) we get

v = −div a(x,∇u) in D′(Ω).

Finally, by (73), (78), (76) and (77), we get

a(x,∇u) ·Dsp(u) = f 0(x,Dsp(u)) ∀ p ∈ P

and

[a(x,∇u), ν] ∈ sign(p(ϕ)−p(u))f 0(x, ν(x)) HN−1−a.e. on ∂Ω, ∀p ∈ P.

Therefore,(u, v) ∈ Aϕ and the proof concludes. %&

5. Existence and uniqueness for data inL1(Ω)

In this section we are going to prove Theorem 1.
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5.1. Proof of Theorem 1. Existence

Let u0 ∈ L1(Ω) and (T (t))t≥0 the contraction semigroup inL1(Ω) generated
byAϕ.We shall prove thatu(t) := T (t)u0 is an entropy solution of problem (1).
We divide the proof in several steps.

Step 1. Since D(Aϕ) ∩ L∞(Ω) is dense inL1(Ω), givenu0 ∈ L1(Ω) there
exists a sequenceu0,n ∈ D(Aϕ) ∩ L∞(Ω) such thatu0,n → u0 in L1(Ω).
Then, ifun(t) := T (t)u0,n, we have thatun → u in C([0, T ];L1(Ω)) for every
T > 0.As a consequence of Theorem 3,un(t), u

′
n(t) ∈ L2(Ω),un(t) ∈ BV (Ω),

zn(t) := a(x,∇un(t)) ∈ X(Ω) a.e. t ∈ [0, T ], and for almost allt ∈ [0, T ]
un(t) satisfies:

u′
n(t) = div(zn(t)) in D′(Ω), (79)



zn(t) ·Dsun(t) = f 0(x,Dsun(t)),

zn(t) ·Dsp(un(t)) = f 0(x,Dsp(un(t))) ∀ p ∈ P,
(80)

[zn(t), ν] ∈ sign(p(ϕ)− p(un(t)))f
0(x, ν(x)) ∀ p ∈ P HN−1 − a.e. (81)

From (79), (80) and (81), it follows that

−
∫
Ω

(w − un(t))u
′
n(t) dx =

∫
Ω

(zn(t),Dw)−
∫
Ω

h(x,Dun(t))

−
∫
∂Ω

[zn(t), ν](w − ϕ) dHN−1 −
∫
∂Ω

|un(t)− ϕ|f 0(x, ν(x)) dHN−1

(82)

for every w ∈ BV (Ω) ∩ L2(Ω).

On the other hand, since‖[zn(t), ν]‖∞ ≤ ‖zn(t)‖∞ ≤ M, we may assume
(up to extraction of a subsequence, if necessary) that

[zn(·), ν] → ρ σ(L∞(ST ), L1(ST )).

Step 2. Convergence of the derivatives and identification of the limit.Since the
mapt '→ u′

n(t) is strongly measurable from[0, T ] into L2(Ω), and, by (22),

‖u′
n(t)‖BV (Ω)∗2 ≤ ‖u′

n(t)‖L2(Ω),

it follows that this map is strongly measurable from[0, T ] intoBV (Ω)∗2. More-
over, for everyw ∈ BV (Ω)2, if we takeun(t) − w as test function in (82),
since ∫

Ω

h(x,Dun(t)) =
∫
Ω

(zn(t),Dun(t)),
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we get ∫
Ω

u′
n(t)w dx = −

∫
Ω

(zn(t),Dw)+
∫
∂Ω

[zn(t), ν]w dHN−1.

Hence∣∣∣∣
∫
Ω

u′
n(t)w dx

∣∣∣∣ ≤ M‖Dw‖ +M

∫
∂Ω

|w| dHN−1 ≤ M1‖w‖BV (Ω)2

for all n ∈ N. Thus,

‖u′
n(t)‖BV (Ω)∗2 ≤ M1 ∀ n ∈ N and t ∈ [0, T ].

Consequently,{u′
n}n∈N is a bounded sequence inL∞(0, T ;BV (Ω)∗2). Now,

since the spaceL∞(0, T ;BV (Ω)∗2) is a vector subspace of the dual space(
L1(0, T ;BV (Ω)2)

)∗
, we can find a subnet{u′

α} such that
u′
α → ξ ∈ (

L1(0, T ;BV (Ω)2)
)∗

weakly∗. (83)

Since‖zn(t)‖∞ ≤ M for all n ∈ N and a.e.t ∈ [0, T ], we may also assume
that

zn → z ∈ L∞(QT ,R
N) weakly∗. (84)

Givenη ∈ D(QT ), sinceη ∈ L1(0, T ;BV (Ω)2), we have

〈ξ, η〉 = lim
α

〈u′
α, η〉 = lim

α

∫ T

0
〈u′

α(t), η(t)〉 dt

= lim
α

∫ T

0

∫
Ω

u′
α(t)η(t) dxdt = lim

α

∫ T

0

∫
Ω

div(zα(t))η(t) dxdt

= − lim
α

∫ T

0

∫
Ω

zα(t) · ∇η(t) dxdt = −
∫
QT

z · ∇η dxdt = 〈divx(z), η〉.
Hence,

ξ = divx(z) in D′(QT ). (85)

On the other hand, if we takeη(t, x) = φ(t)ψ(x) with φ ∈ D(]0, T [) and
ψ ∈ D(Ω), the same calculation as above shows that

ξ(t) = divx(z(t)) in D′(Ω) a.e. t ∈ [0, T ]. (86)

Consequently,(z(t), ξ(t)) ∈ Z(Ω) for almost allt ∈ [0, T ], therefore we can
consider[z(t), ν] defined as in Section 2.
Lemma 4. ξ is the time derivative ofu in the sense of the Definition 2.
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Proof. Let Ψ ∈ L1(0, T , BV (Ω)) be the weak derivative of the functionΘ ∈
L1
w(0, T , BV (Ω))∩L∞(QT ), i.e.,Ψ (t) =

∫ t

0
Θ(s)ds, the integral being taken

as a Pettis integral. By (83) we have that
∫ T

0
< ξ(t), Ψ (t) > dt = lim

α

∫ T

0
< u′

α(t), Ψ (t) > .

Now, ∫ T

0
< u′

α(t), Ψ (t) >= lim
h

∫ T

0

∫
Ω

Ψ (t)
uα(t + h)− u(t)

h
dxdt

= lim
h

∫ T

0

∫
Ω

Ψ (t − h)− Ψ (t)

h
uα(t) dxdt

= − lim
h

∫ T

0

∫
Ω

1

h

∫ t

t−h
Θ(s)ds uα(t) dxdt

= −
∫ T

0

∫
Ω

Θ(t, x)uα(t, x) dxdt.

Passing to the limit inα in the above expression, we obtain
∫ T

0
< ξ(t), Ψ (t) > dt = −

∫ T

0

∫
Ω

Θ(t, x)u(t, x) dxds. (87)

%&
Step 3. The boundary condition.Let us now prove that

ρ(t) = [z(t), ν] HN−1 − a.e. on ∂Ω, a.e. t ∈ [0, T ]. (88)

Ideed, ifw ∈ BV (Ω) ∩ L∞(Ω), andv ∈ R(Ω) are uch thatv|∂Ω = w|∂Ω , we
have that∫ t

0
〈zα(s), w〉∂Ω ds =

∫ t

0
〈div(zα(s)), v〉 ds +

∫ t

0

∫
Ω

zα(s) · ∇v dxds.

Hence

lim
α

∫ t

0
〈zα(s), w〉∂Ω ds

=
∫ t

0
〈ξ(s), v〉 ds +

∫ t

0

∫
Ω

z(s) · ∇v dxds

=
∫ t

0
〈z(s), w〉∂Ω ds =

∫ t

0

∫
∂Ω

[z(s), ν]w dHN−1ds.

(89)
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On the other hand, sincezα(s) ∈ X(Ω), if we apply Green’s formula we have
that ∫ t

0
〈div(zα(s)), v〉ds

= −
∫ t

0

∫
Ω

zα(s) · ∇v dxds +
∫ t

0

∫
∂Ω

[zα(s), ν]w dHN−1ds.

Consequently,∫ t

0
〈zα(s), w〉∂Ω ds =

∫ t

0

∫
∂Ω

[zα(s), ν]w dHN−1ds.

Taking limits inα, we get∫ t

0

∫
∂Ω

ρ(s)w dHN−1ds =
∫ t

0

∫
∂Ω

[z(s), ν]w dHN−1ds (90)

for all w ∈ BV (Ω) ∩ L∞(Ω) andt ∈ [0, T ]. Now, if w ∈ L1(∂Ω), we take
wk ∈ BV (Ω) ∩ L∞(Ω) such thatwk|∂Ω = Tk(w). By (90), we have∫ t

0

∫
∂Ω

ρ(s)wk dH
N−1ds =

∫
∂Ω

[z(s), ν]wk dH
N−1ds.

Lettingk → ∞, it follows that∫ t

0

∫
∂Ω

ρ(s)w dHN−1ds =
∫ t

0

∫
∂Ω

[z(s), ν]w dHN−1ds

for all w ∈ L1(∂Ω) andt ∈ [0, T ]. Therefore, (88) holds.
Step 4.Next, we prove thatξ = div(z) in

(
L1(0, T , BV (Ω)2)

)∗
in the sense

of the Definition 3. To do that, let us first observe that(z,Dw), defined by
(23), is a Radon measure inQT for all w ∈ L1

w(0, T , BV (Ω)) ∩ L∞(QT ). Let
φ ∈ D(QT ), then

〈(z,Dw), φ〉 = −
∫ T

0
〈ξ(t)− u′

α(t), w(t)φ(t)〉 dt

−
∫
QT

w(z − zα) · ∇xφ dxdt +
∫ T

0
〈(zα(t),Dw(t)), φ(t)〉 dt.

Then, taking limits inα, and using (83), we get

〈(z,Dw), φ〉 = lim
α

∫ T

0
〈(zα(t),Dw(t)), φ(t)〉 dt. (91)

Therefore

|〈(z,Dw), φ〉| ≤ M‖φ‖∞
∫ T

0
‖Dw(t)‖ dt.
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Hence,(z,Dw) is a Radon measure inQT . Moreover, from (91), applying
Green’s formula we obtain that∫

QT

(z,Dw) = lim
α

∫ T

0
(zα(t),Dw(t)) dt

= lim
α

(
−

∫ T

0

∫
Ω

div(zα(t))w(t) dxdt +
∫ T

0

∫
∂Ω

[zα(t), ν]w(t) dHN−1dt

)

= −
∫ T

0
〈ξ(t), w(t)〉 dt +

∫ T

0

∫
∂Ω

[z(t), ν]w(t) dHN−1dt,

that is,
∫
QT

(z,Dw)+
∫ T

0
〈ξ(t), w(t)〉 dt

=
∫ T

0

∫
∂Ω

[z(t), ν]w(t) dHN−1dt.

(92)

As a consequence of the boundedness of{u′
n}, (83) and the above statement,

we have

u′
n → ξ ∈ (

L1(0, T ;BV (Ω)2)
)∗

weakly∗. (93)

Step 5. Convergence of the energy.Let us first prove the following result.

Lemma 5. Letw ∈ L1(QT ) be such thatw(t) ∈ BV (Ω) for almost all t ∈
[0, T ]. Then the mapt '→ ‖w(t)‖BV (Ω) from [0, T ] into R is measurable, and
the mapt '→ w(t) from [0, T ] intoBV (Ω) is weakly measurable.

Proof. LetE := Cc(Ω)N+1 andS : BV (Ω) → E∗ be the map defined by

S(w) :=
(
w dx,

∂w

∂x1
, · · · , ∂w

∂xN

)
.

Then,‖w‖BV (Ω) ≤ ‖S(w)‖E∗ ≤ N‖w‖BV (Ω). If we denote byF the closure in
E of the set

{(φ0, φ1, · · · , φN) : φi ∈ D(Ω), andφ0 = div (φ1, · · · , φN)},
then, it is proved in [1] thatS(BV (Ω)) is isomorphic to(E

F
)∗, that is,G := E

F
is

the predual of the spaceBV (Ω). Now, ifφ = (φ0, φ1, · · · , φN)withφi ∈ D(Ω),

〈S(w(t)), φ〉 =
∫
Ω

w(t)φ0 dx −
N∑
i=1

∫
Ω

w(t)
∂φ

∂xi
dx.
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Hence, the mapt '→ 〈w(t), φ〉 is measurable. Now, aproximating the functions
ofCc(Ω)N+1 by functions inD(Ω)N+1, weget that for everyφ ∈ G, the function
t '→ 〈w(t), φ〉 is measurable. Thus, sinceG is separable, it follows that the map

t '→ ‖w(t)‖BV (Ω) = sup
φ∈G, ‖φ‖≤1

〈S(w(t)), φ〉

is measurable.

Givenv ∈ BV (Ω)∗, let g(t) := 〈w(t), v〉. To see thatg is measurable, con-
sidervα ∈ G, such thatvα → v with respect toσ(G∗∗,G∗) = σ(BV (Ω)∗,
BV (Ω)). From the above, we know that ifgα(t) := 〈S(w(t)), vα〉, gα is mea-
surable, andgα(t) → g(t). Now, since

|gα(t)| ≤ ‖w(t)‖BV (Ω)‖vα‖BV (Ω)∗ ≤ R‖w(t)‖BV (Ω) = F(t) ∈ L1(0, T ),

and the order interval[−F,F ] in L1(0, T ) is σ(L1(0, T ), L∞(0, T ))-relatively
compact, there exists a sequencegαn , such that

gαn → g in σ(L1(0, T ), L∞(0, T )).

Hence,g is measurable. %&
Multiplying (79) byw− p(un(t)) and integrating inΩ, using (80) and (81),

we have that

−
∫
Ω

(w − p(un(t)))u
′
n(t) dx =

∫
Ω

(zn(t),Dw)

−
∫
Ω

h(x,Dp(un(t)))−
∫
∂Ω

[zn(t), ν](w − p(ϕ)) dHN−1

−
∫
∂Ω

|p(un(t))− p(ϕ)|f 0(x, ν(x)) dHN−1

(94)

for every w ∈ BV (Ω) ∩ L∞(Ω) and allp ∈ P.

First, we observe that settingw = 0 in (94), and integrating in(0, T ), we
obtain ∫

Ω

Jp(un(T ))dx +
∫ T

0

∫
Ω

h(x,Dp(un)) dxdt

+
∫ T

0

∫
∂Ω

|p(ϕ)− p(un)|f 0(x, ν(x)) dHN−1dt

=
∫ T

0

∫
∂Ω

[zn, ν]p(ϕ) dHN−1dt +
∫
Ω

Jp(u0,n) dx,

whereJ ′
p(r) = p(r). In particular, we have
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∫ T

0

∫
Ω

Jp(un) dxdt ≤ C, (95)

∫ T

0

∫
Ω

h(x,Dp(un)) dxdt

+
∫ T

0

∫
∂Ω

|p(ϕ)− p(un)|f 0(x, ν(x)) dHN−1dt ≤ C

(96)

whereC is a constant depending on‖u0‖1, ‖ϕ‖1 and‖p‖∞. Hence

∫ T

0
‖Dp(un)‖ dt +

∫ T

0

∫
∂Ω

|p(ϕ)− p(un)|f 0(x, ν(x)) dHN−1dt ≤ C (97)

whereC is a constant depending on‖u0‖1, ‖ϕ‖1, ‖p‖∞ and the constants in
(28). Since the functionalΦp : L1(Ω) →] − ∞,+∞], defined by

Φp(w) =




‖Dw‖ +
∫
∂Ω

|w − p(ϕ)|f 0(x, ν(x)) if w ∈ BV (Ω)

+∞ if w ∈ L1(Ω) \ BV (Ω),

is lower semicontinuous inL1(Ω), we have that

Φp(p(u(t))) ≤ lim inf
n→∞ Φp(p(un(t)) =

= lim inf
n→∞

(
‖Dp(un(t))‖ +

∫
∂Ω

|p(un(t))− p(ϕ)|f 0(x, ν(x)) dHN−1

)
.

On the other hand, by Lemma 5, the mapt '→ ‖p(un(t))‖BV (Ω) is measurable,
then by Fatou’s Lemma and (97), it follows that

∫ T

0
lim inf
n→∞

(
‖Dp(un(t))‖ +

∫
∂Ω

|p(un(t))− p(ϕ)|f 0(x, ν(x))

)
dt ≤

lim inf
n→∞

∫ T

0

(
‖Dp(un(t))‖ +

∫
∂Ω

|p(un(t))− p(ϕ)|f 0(x, ν(x))

)
dt ≤ C.

(98)

As a consequence of (98), we obtain thatp(u(t)) ∈ BV (Ω) for almost all
t ∈ [0, T ].

From Lemma 5, if 0≤ η ∈ D(]0, T [), themapt '→ p(u(t))η(t), from [0, T ]
intoBV (Ω) is weakly measurable.
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Lemma 6. For anyτ > 0, we define the functionψτ , as the Dunford integral
(see [21])

ψτ(t) := 1

τ

∫ t

t−τ
η(s)p(u(s)) ds ∈ BV (Ω)∗∗,

that is,

〈ψτ(t), w〉 = 1

τ

∫ t

t−τ
〈η(s)p(u(s)), w〉 ds,

for any w ∈ BV (Ω)∗. Thenψτ ∈ C([0, T ];BV (Ω)). Moreover,ψτ(t) ∈
L2(Ω), and, thus,ψτ(t) ∈ BV (Ω)2, and ψτ admits a weak derivative in
L1
w(0, T , BV (Ω)) ∩ L∞(QT ).

Proof. Givenφ ∈ D(Ω),

|〈ψτ(t), φ〉| ≤ 1

τ

∫ t

t−τ
|η(s)||〈p(u(s)), φ〉| ds

= 1

τ

∫ t

t−τ
|η(s)|

( ∫
Ω

|p(u(s))||φ| dx
)
ds ≤ C‖φ‖∞.

Consequently,ψτ(t) is a finite Radon measure inΩ. Moreover, a similar cal-
culation shows that for everyi = 1,2, . . . , N , ∂ψτ (t)

∂xi
is also a finite Radon

measure inΩ. Hence, we haveψτ(t) ∈ BV (Ω) (see, Exercise 3.2. in [1]), and
the Dunford integral of the definition ofψτ(t) is a Pettis integral. Moreover, if
an → 0 (for simplicity suppose thatan > 0), givenw ∈ BV (Ω)∗ with ‖w‖ ≤ 1,
we have

|〈ψτ(t + an)− ψτ(t), w〉|
=

∣∣∣∣1τ
∫ t+an

t+an−τ
η(s)〈p(u(s)), w〉 ds − 1

τ

∫ t

t−τ
η(s)〈p(u(s)), w〉 ds

∣∣∣∣
≤

∣∣∣∣1τ
∫ t+an

t

η(s)〈p(u(s)), w〉 ds − 1

τ

∫ t−τ+an

t−τ
η(s)〈p(u(s)), w〉 ds

∣∣∣∣
≤ 1

τ

∫ t+an

t

|η(s)|‖p(u(s))‖BV (Ω) ds + 1

τ

∫ t−τ+an

t−τ
|η(s)|‖p(u(s))‖BV (Ω) ds.

Since the functions '→ |η(s)|‖p(u(s))‖BV (Ω) is inL1([0, T ]),
lim
n→∞ ‖ψτ(t + an)− ψτ(t)‖BV (Ω) = 0.

Thus,ψτ ∈ C([0, T ];BV (Ω)).

Moreover,ψτ(t) ∈ L2(Ω). In fact, giveng ∈ L∞(Ω), with ‖g‖2 ≤ 1, since
g ∈ BV (Ω)∗, we have

|〈ψτ(t), g〉| =
∣∣∣∣1τ

∫ t

t−τ
η(s)〈p(u(s)), g〉 ds

∣∣∣∣
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=
∣∣∣∣1τ

∫ t

t−τ
η(s)

( ∫
Ω

p(u(s))g dx

)
ds

∣∣∣∣
≤ 1

τ

∫ t

t−τ
|η(s)|‖p(u(s))‖2‖g‖2 ≤ M.

From the density ofL∞(Ω) in L2(Ω), we obtain thatψτ(t) ∈ L2(Ω). %&
Lemma 7. For τ > 0 small enough, we have

∫ T

0
〈ψτ(t), ξ(t)〉 dt ≤ −

∫ T

0

∫
Ω

η(t − τ)− η(t)

−τ Jp(u(t)) dxdt. (99)

Proof. Sinceψτ ∈ C([0, T ], BV (Ω)) admits a weak derivative in the space
L1
w(0, T , BV (Ω)) ∩ L∞(QT ), using (87) we have forτ > 0 small enough that

∫ T

0
〈ψτ(t), ξ(t)〉 dt =

∫ T

0

∫
Ω

u(t + τ)− u(t)

τ
η(t)p(u(t)) dxdt.

Now, sincep is nondecreasing, we have

Jp(u(t))− Jp(u(t + τ)) ≤ (
u(t)− u(t + τ)

)
p(u(t))

and consequently, forτ > 0 small enough, we obtain

∫ T

0

∫
Ω

u(t + τ)− u(t)

τ
η(t)p(u(t)) dxdt

≤
∫ T

0

∫
Ω

Jp(u(t + τ))− Jp(u(t))

τ
η(t) dxdt

=
∫ T

0

∫
Ω

η(t − τ)− η(t)

τ
Jp(u(t)) dxdt,

and we finish the proof of (99). %&
Lemma 8. Let

An :=
∫ T

0

∫
Ω

h(x,Dp(un)) dt

+
∫ T

0

∫
∂Ω

|p(ϕ)− p(un)|f 0(x, ν(x)) dHN−1dt,

η ∈ D(0, T ), and

(ηp(u))τ (t) = 1

τ

∫ t

t−τ
η(s)p(u(s))ds.
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Then

lim sup
n→∞

An ≤
∫ T

0

∫
Ω

z(t) · ∇p(u(t)) dxdt

+ lim inf
η↑1 lim inf

τ→0

∫ T

0
(z(t),Ds(ηp(u))τ (t)) dt

+
∫ T

0

∫
∂Ω

[z(t), ν](p(ϕ)− p(u(t))) dHN−1dt.

Proof. Let w ∈ W 1,1((0, T ) × Ω) be such thatw(t)|∂Ω = ϕ. We use as test
function in (94)(ηp(w(t)))τ and integrate in(0, T ) to obtain

−
∫ T

0

∫
Ω

(ηp(w(t)))τu′
n(t) dxdt +

∫ T

0

∫
Ω

p(un(t))u
′
n(t) dxdt

+
∫ T

0

∫
Ω

h(x,Dp(un(t))) dt

+
∫ T

0

∫
∂Ω

|p(ϕ)− p(un(t))|f 0(x, ν(x)) dHN−1dt

=
∫ T

0

∫
Ω

(zn(t),D(ηp(w(t)))
τ ) dt

−
∫ T

0

∫
∂Ω

[zn(t), ν](ητ (t)− 1)p(ϕ) dHN−1dt,

whereητ (t) = 1
τ

∫ t

t−τ η(s)ds. Our purpose is to take limits in the above expres-
sion asn → ∞, w → u in L1((0, T ) × Ω), τ → 0 andη ↑ 1. We takeτ > 0
small enough. Let us analyze the first term

−
∫ T

0

∫
Ω

(ηp(w(t)))τu′
n(t) dxdt =

∫ T

0

∫
Ω

(ηp(w(t)))τt un(t) dxdt

→
∫ T

0

∫
Ω

(ηp(w(t)))τt u(t) dxdt as n → ∞.

Now, using (87) and Lemma 7,
∫ T

0

∫
Ω

(ηp(w(t)))τt u

=
∫ T

0

∫
Ω

η(t)p(w(t))− η(t − τ)p(w(t − τ))

τ
u(t) dxdt

→
∫ T

0

∫
Ω

η(t)p(u(t))− η(t − τ)p(u(t − τ))

τ
u(t) dxdt, asw → u in L1,
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= −
∫ T

0
〈ξ(t), (ηp(u(t)))τ 〉 dt ≥

∫ T

0

∫
Ω

η(t − τ)− η(t)

−τ Jp(u(t)) dxdt

→
∫ T

0

∫
Ω

ηtJp(u(t)) dxdt, asτ → 0

→
∫
Ω

(Jp(u(0))− Jp(u(T ))) dx asη ↑ 1.

The analysis of the second term is easy. Lettingn → ∞ we have
∫ T

0

∫
Ω

p(un(t))u
′
n(t) dxdt =

∫ T

0

d

dt

∫
Ω

Jp(un(t)) dx

=
∫
Ω

(Jp(un)(T )− Jp(un(0))) dx →
∫
Ω

(Jp(u(T ))− Jp(u(0))) dx.

Let us analyze the fifth term. Having in mind Steps 3 and 4, and (93), taking
limits asn → ∞, w → u in L1 andτ → 0, we get:

∫ T

0

∫
Ω

(zn(t),D(ηp(w))
τ ) dt →

−
∫ T

0
〈ξ(t), (ηp(w))τ 〉 dt +

∫ T

0

∫
∂Ω

[z(t), ν]ητp(ϕ) dHN−1dt

=
∫ T

0

∫
Ω

u(t)(ηp(w))τt dxdt +
∫ T

0

∫
∂Ω

[z(t), ν]ητp(ϕ) dHN−1dt

=
∫ T

0

∫
Ω

u(t)
η(t)p(w)(t)− η(t − τ)p(w)(t − τ)

τ
dxdt

+
∫ T

0

∫
∂Ω

[z(t), ν]ητp(ϕ) dHN−1dt

→
∫ T

0

∫
Ω

u(t)
η(t)p(u)(t)− η(t − τ)p(u)(t − τ)

τ
dxdt

+
∫ T

0

∫
∂Ω

[z(t), ν]ητp(ϕ) dHN−1dt

=
∫ T

0

∫
Ω

u(t)(ηp(u))τt dxdt +
∫ T

0

∫
∂Ω

[z(t), ν]ητp(ϕ) dHN−1dt

= −
∫ T

0
〈ξ(t), (ηp(u))τ 〉 dt +

∫ T

0

∫
∂Ω

[z(t), ν]ητp(ϕ) dHN−1dt

=
∫ T

0

∫
Ω

z(t) · ∇(ηp(u))τ dxdt +
∫ T

0

∫
Ω

z(t) ·Ds(ηp(u))τ dt
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+
∫ T

0

∫
∂Ω

[z(t), ν](ητp(ϕ)− (ηp(u))τ ) dHN−1dt

→
∫ T

0

∫
Ω

z(t) · ∇(ηp(u)) dxdt + lim inf
τ→0

∫ T

0

∫
Ω

z(t) ·Ds(ηp(u))τ dt

+
∫ T

0

∫
∂Ω

[z(t), ν]η(p(ϕ)− p(u(t))) dHN−1dt

→
∫ T

0

∫
Ω

z(t) · ∇p(u(t)) dxdt + lim inf
η↑1 lim inf

τ→0

∫ T

0

∫
Ω

z(t) ·Ds(ηp(u))τ dt

+
∫ T

0

∫
∂Ω

[z(t), ν](p(ϕ)− p(u(t))) dHN−1dt, as η ↑ 1.

Finally let us analyze the last term. Using Step 3, we have

∫ T

0

∫
∂Ω

[zn(t), ν](ητ (t)− 1)p(ϕ) dHN−1dt

→
∫ T

0

∫
∂Ω

[z(t), ν](ητ (t)− 1)p(ϕ) dHN−1dt, asn → ∞

→
∫ T

0

∫
∂Ω

[z(t), ν](η(t)− 1)p(ϕ) dHN−1dt, asτ → 0,

→ 0 asη ↑ 1.

The lemma follows by collecting all these facts. %&
Lemma 9. Let

Ψp(ϕ)(p(u(t))) =
∫
Ω

f (x,Dp(u(t)))

+
∫
∂Ω

|p(ϕ)− p(u(t))|f 0(x, ν(x)) dHN−1.

Then

∫ T

0
Ψp(ϕ)(p(u(t))) dt = lim

n→∞

∫ T

0
Ψp(ϕ)(p(un(t))) dt. (100)

As a consequence, we also have that

Ψp(ϕ)(p(u(t))) = lim
n→∞Ψp(ϕ)(p(un(t))) a.e. int . (101)
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Proof. From the convexity off , we have

∫ T

0
Ψp(ϕ)(p(un(t)) dt =

∫ T

0

∫
Ω

f (x,∇p(un)) dxdt

+
∫ T

0

∫
Ω

f 0(x,Dsp(un)) dt +
∫ T

0

∫
∂Ω

|p(ϕ)− p(un)|f 0(x, ν(x)) dHN−1dt

≤
∫ T

0

∫
Ω

f (x,∇p(u)) dxdt +
∫ T

0

∫
Ω

a(x,∇un) · ∇p(un) dxdt

−
∫ T

0

∫
Ω

a(x,∇p(un))∇p(u) dxdt +
∫ T

0

∫
Ω

a(x,∇un)Dsp(un) dt

+
∫ T

0

∫
∂Ω

|p(ϕ)− p(un)|f 0(x, ν(x)) dHN−1dt =
∫ T

0

∫
Ω

f (x,∇p(u)) dxdt

+
∫ T

0

∫
Ω

(a(x,∇un),Dp(un)) dt −
∫ T

0

∫
Ω

a(x,∇p(un)) · ∇p(u) dxdt

+
∫ T

0

∫
∂Ω

|p(ϕ)− p(un)|f 0(x, ν(x)) dHN−1dt.

Taking limits asn → ∞ and using Lemma 8, we obtain

lim sup
n→∞

∫ T

0
Ψp(ϕ)(p(un(t)) dt ≤

∫ T

0

∫
Ω

f (x,∇p(u)) dxdt + lim sup
n→∞

An

−
∫ T

0

∫
Ω

z(t) · ∇p(u(t)) dxdt ≤
∫ T

0

∫
Ω

f (x,∇p(u)) dxdt

+ lim inf
η↑1 lim inf

τ→0

∫ T

0
z(t) ·Ds(ηp(u))τ dt

+
∫ T

0

∫
∂Ω

[z(t), ν](p(ϕ)− p(u)) dHN−1dt.

Now, having in mind thatf 0(x, ξ) is positively homogeneous inξ , and applying
Jensen’s inequality,

∫
Ω

f 0(x,Ds(ηp(u))τ ) ≤ 1

τ

∫ t

t−τ
η(r)

∫
Ω

f 0(x,Dsp(u(r))) dr. (102)

Sincef 0(x,Ds(ηp(u))τ ) is a measure, by (102), using(H5), we have that
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lim inf
η↑1 lim inf

τ→0

∫ T

0

∫
Ω

z(t) ·Ds(ηp(u))τ (t) dt

≤ lim inf
η↑1 lim inf

τ→0

∫ T

0

∫
Ω

f 0(x,Ds(ηp(u))τ ) dt

≤ lim inf
η↑1 lim inf

τ→0

∫ T

0

1

τ

∫ t

t−τ
η(r)

∫
Ω

f 0(x,Dsp(u(r))) drdt

=
∫ T

0

∫
Ω

f 0(x,Dsp(u(t))) dt.

(103)

Hence

lim sup
n→∞

∫ T

0
Ψp(ϕ)(p(un(t)) dt

≤
∫ T

0

∫
Ω

f (x,∇p(u)) dxdt +
∫ T

0

∫
Ω

f 0(x,Dsp(u(t))) dt

+
∫ T

0

∫
∂Ω

[z(t), ν](p(ϕ)− p(u)) dHN−1dt.

Since[z, ν] = limn[zn, ν], we have that|[z, ν]| ≤ f 0(x, ν(x)), from the above
inequalities, we conclude that

lim sup
n→∞

∫ T

0
Ψp(ϕ)(p(un(t)) dt

≤
∫ T

0

∫
Ω

f (x,Dp(u(t))) dt +
∫ T

0

∫
∂Ω

|p(ϕ)−p(u(t))|f 0(x, ν(x)) dHN−1dt

=
∫ T

0
Ψp(ϕ)(u) dt.

Now, from the lower semicontinuity ofΨp(ϕ), we obtain

∫ T

0
Ψp(ϕ)(p(u(t))) dt ≤ lim inf

n

∫ T

0
Ψp(ϕ)(p(un(t))) dt

≤ lim sup
n

∫ T

0
Ψp(ϕ)(p(un(t))) dt ≤

∫ T

0
Ψp(ϕ)(p(u(t))) dt.

The proof of (100) is concluded. To prove (101) we observe that, sinceun(t) →
u(t) in L1(Ω) for all t ∈ [0, T ], we have that

Ψp(ϕ)(p(u(t))) ≤ lim inf
n

Ψp(ϕ)(p(un(t)) for all t ∈ [0, T ].
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Using Fatou’s Lemma and (100), we have

∫ T

0
Ψp(ϕ)(p(u(t))) dt ≤

∫ T

0
lim inf

n
Ψp(ϕ)(p(un(t)) dt

≤ lim inf
n

∫ T

0
Ψp(ϕ)(p(un(t)) dt =

∫ T

0
Ψp(ϕ)(p(u(t))) dt,

and, therefore, (101) holds. %&
Remark 2.Let η(t, x) = φ(t)ψ(x) with η ≥ 0, φ ∈ D(]0, T [), ψ ∈ C∞(Ω).
Multiplying (79) by ŵ − p(un(t))η and integrating inΩ, using (80) and (81),
we have that

−
∫
Ω

(ŵ − p(un(t))η)u
′
n(t) dx =

∫
Ω

(zn(t),Dŵ)

−
∫
Ω

h(x,Dp(un(t)))η −
∫
Ω

p(un(t))zn(t) · ∇xη dx

−
∫
∂Ω

[zn(t), ν](ŵ − p(ϕ)η) dHN−1

−
∫
∂Ω

|p(un(t))− p(ϕ)|f 0(x, ν(x))η dHN−1

(104)

for every ŵ ∈ BV (Ω)∩L∞(Ω) and allp ∈ P. Now, letw ∈ W 1,1((0, T )×Ω)

besuch thatw(t)|∂Ω = ϕ.Using(ηp(w(t)))τ as test function in (104), integrating
in (0, T ), and proceeding as in the proof of Lemma 8 (this time we do not let
η ↑ 1), we obtain that

lim sup
n→∞

An(η) ≤
∫ T

0

∫
Ω

z(t) · ∇p(u(t))η dxdt

+ lim inf
τ→0

∫ T

0

∫
Ω

z(t) ·Ds(ηp(u))τ (t) dt

+
∫ T

0

∫
∂Ω

[z(t), ν](p(ϕ)− p(u(t)))η dHN−1dt.

where

An(η) :=
∫ T

0

∫
Ω

h(x,Dp(un))η dt

+
∫ T

0

∫
∂Ω

|p(ϕ)− p(un)|f 0(x, ν(x))η dHN−1dt.
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Now, proceeding as in Lemma 9, we prove that

∫ T

0

∫
Ω

f (x,Dp(u(t)))η dxdt

+
∫ T

0

∫
∂Ω

|p(ϕ)− p(u(t))|f 0(x, ν(x))η dHN−1dt

= lim
n

∫ T

0

∫
Ω

f (x,Dp(un(t)))η dxdt

+
∫ T

0

∫
∂Ω

|p(ϕ)− p(un(t))|f 0(x, ν(x))η dHN−1dt,

and ∫
Ω

f (x,Dp(u(t)))η dx +
∫
∂Ω

|p(ϕ)− p(u(t))|f 0(x, ν(x))η dHN−1

= lim
n

∫
Ω

f (x,Dp(un(t)))η dx +
∫
∂Ω

|p(ϕ)− p(un(t))|f 0(x, ν(x))η dHN−1,

for almost allt ∈ (0, T ).

From Lemma 9, and arguing as in the proof of Theorem 4, it follows that
∫
Ω

h(x,Dp(u(t)))+
∫
∂Ω

|p(ϕ)− p(u(t))|f 0(x, ν(x)) dHN−1

= lim
n→∞

∫
Ω

h(x,Dp(un(t)))

+ lim
n→∞

∫
∂Ω

|p(ϕ)− p(un(t))|f 0(x, ν(x)) dHN−1,

(105)

a.e. int ∈ (0, T ). Let us now prove that

∫ T

0

∫
Ω

z(t) · ∇p(u(t)) dxdt

≤
∫ T

0

∫
Ω

a(x,∇u(t)) · ∇p(u(t)) dxdt.
(106)

In fact, from the convexity off in ξ , we have

∫ T

0

∫
Ω

a(x,∇p(un)) · ∇p(u) dxdt ≤
∫ T

0

∫
Ω

a(x,∇p(un)) · ∇p(un) dxdt
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+
∫ T

0

∫
Ω

f (x,∇p(u)) dxdt −
∫ T

0

∫
Ω

f (x,∇p(un)) dxdt

=
∫ T

0

∫
Ω

h(x,∇p(un)) dxdt +
∫ T

0

∫
Ω

f 0(x,Dsp(un)) dt

+
∫ T

0

∫
∂Ω

|p(ϕ)− p(un)|f 0(x, ν(x)) dHN−1dt −
∫ T

0

∫
Ω

f 0(x,Dsp(un)) dt

−
∫ T

0

∫
∂Ω

|p(ϕ)− p(un)|f 0(x, ν(x)) dHN−1dt +
∫ T

0

∫
Ω

f (x,∇p(u)) dxdt

−
∫ T

0

∫
Ω

f (x,∇p(un)) dxdt =
∫ T

0

∫
Ω

h(x,Dp(un)) dt

+
∫ T

0

∫
∂Ω

|p(ϕ)− p(un)|f 0(x, ν(x)) dHN−1dt −
∫ T

0

∫
Ω

f (x,Dp(un)) dt

−
∫ T

0

∫
∂Ω

|p(ϕ)− p(un)|f 0(x, ν(x)) dHN−1dt +
∫ T

0

∫
Ω

f (x,∇p(u)) dxdt.
Now, since

lim
n→∞

∫ T

0

∫
Ω

a(x,∇un(t))− a(x,∇p(un(t))) · ∇p(u(t)) dxdt = 0,

we have

lim
n→∞

∫ T

0

∫
Ω

a(x,∇p(un(t))) · ∇p(u(t)) dxdt =
∫ T

0

∫
Ω

z(t) · ∇p(u(t)) dxdt.

Then, lettingn → ∞, and using Lemma 9 and (105), we deduce that

∫ T

0

∫
Ω

z(t) · ∇p(u(t)) dxdt ≤
∫ T

0

∫
Ω

h(x,Dp(u)) dt

+
∫ T

0

∫
∂Ω

|p(ϕ)− p(u)|f 0(x, ν(x)) dHN−1dt −
∫ T

0

∫
Ω

f (x,Dp(u)) dt

−
∫ T

0

∫
∂Ω

|p(ϕ)− p(u)|f 0(x, ν(x)) dHN−1dt +
∫ T

0

∫
Ω

f (x,∇p(u)) dt

=
∫ T

0

∫
Ω

a(x,∇u(t)) · ∇p(u(t)) dxdt,
and (106) holds.
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Lemma 10. We have∫ T

0

∫
∂Ω

[z(t), ν(x)](p(ϕ)− p(u(t))) dt

=
∫ T

0

∫
∂Ω

|p(ϕ)− p(u(t))|f 0(x, ν(x)) dt.

(107)

In particular, since|[z, ν]| ≤ f 0(x, ν(x)), (107) implies that

[z, ν] ∈ sign(p(ϕ)− p(u))f 0(x, ν(x)). (108)

Proof. Using (105), Fatou’s Lemma, Lemma 8, (103) and (106), we have
∫ T

0

∫
Ω

h(x,Dp(u(t))) dt +
∫ T

0

∫
∂Ω

|p(ϕ)− p(u(t))|f 0(x, ν(x)) dHN−1dt

≤ lim inf
n→∞

∫ T

0

∫
Ω

h(x,Dp(un(t))) dt

+
∫ T

0

∫
∂Ω

|p(ϕ)− p(un(t))|f 0(x, ν(x)) dHN−1dt

≤
∫ T

0

∫
Ω

z(t) · ∇p(u(t)) dxdt

+ lim inf
η↑1 lim inf

τ→0

∫ T

0

∫
Ω

z(t) ·Ds(ηp(u(t)))τ dt

+
∫ T

0

∫
∂Ω

[z(t), ν(x)](p(ϕ)− p(u(t))) dHN−1dt

≤
∫ T

0

∫
Ω

z(t) · ∇p(u(t)) dxdt +
∫ T

0

∫
Ω

f 0(x,Dsp(u(t))) dt

+
∫ T

0

∫
∂Ω

[z(t), ν(x)](p(ϕ)− p(u(t))) dHN−1 dt

≤
∫ T

0

∫
Ω

a(x,∇u(t)) · ∇p(u(t)) dxdt +
∫ T

0

∫
Ω

f 0(x,Dsp(u(t))) dt

+
∫ T

0

∫
∂Ω

[z(t), ν(x)](p(ϕ)− p(u(t))) dHN−1dt

=
∫ T

0

∫
Ω

h(x,Dp(u(t))) dt

+
∫ T

0

∫
∂Ω

[z(t), ν(x)](p(ϕ)− p(u(t))) dHN−1dt
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≤
∫ T

0

∫
Ω

h(x,Dp(u(t))) dt

+
∫ T

0

∫
∂Ω

|p(ϕ)− p(u(t))|f 0(x, ν(x)) dHN−1dt.

From this series of inequalities, the identity (107) follows. %&
Remark 3. From last series of inequalities, we also have the following identities

∫ T

0

∫
Ω

h(x,Dp(u(t))) dt

+
∫ T

0

∫
∂Ω

|p(ϕ)− p(u(t))|f 0(x, ν(x)) dHN−1dt

= lim
n→∞

∫ T

0

∫
Ω

h(x,Dp(un(t))) dt

∫ T

0

∫
∂Ω

|p(ϕ)− p(un(t))|f 0(x, ν(x)) dHN−1dt,

(109)

∫ T

0

∫
Ω

z(t) · ∇p(u(t)) dxdt =
∫ T

0

∫
Ω

a(x,∇u(t)) · ∇p(u(t)) dxdt,
(110)

lim inf
η↑1 lim inf

τ→0

∫ T

0

∫
Ω

z(t) ·Ds(ηp(u))τ dt

=
∫ T

0

∫
Ω

f 0(x,Dsp(u(t))) dt.

(111)

Step 6. Identification of the limit.Let us now prove that

z(t, x) = a(x,∇u(t, x)) a.e. (t, x) ∈ (0, T )×Ω. (112)

Let 0≤ φ ∈ C1
0((0, T )×Ω) and g ∈ C1([0, T ] ×Ω). We observe that

∫ T

0

∫
Ω

φ[(a(x,∇un),Dp(un − g))− a(x,∇g)Dp(un − g)]

=
∫ T

0

∫
Ω

φ[a(x,∇un)− a(x,∇g)] · ∇p(un − g) dxdt
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+
∫
Ω

φ[a(x,∇un)− a(x,∇g)] ·Dsp(un − g).

Since both terms at the right hand side of the above expression are positive, we
have∫ T

0

∫
Ω

φ[(a(x,∇un),Dp(un − g))− a(x,∇g)Dp(un − g)] ≥ 0. (113)

Our purpose is to take limits asn → ∞ in the above inequality. We assume that
φ(t, x) = η(t)ψ(x), whereη ∈ D(0, T ), ψ ∈ D(Ω), η ≥ 0, ψ ≥ 0. First,
integrating by parts in the first term, we have

∫ T

0

∫
Ω

φ(a(x,∇un),Dp(un − g)) dt

= −
∫ T

0

∫
Ω

p(un − g)∇xφ · a(x,∇un) dxdt

−
∫ T

0

∫
Ω

φdiv(a(x,∇un))p(un − g) dxdt

= −
∫ T

0

∫
Ω

p(un − g)∇xφ · a(x,∇un) dxdt −
∫ T

0

∫
Ω

φu′
n(t)p(un − g) dxdt

= −
∫ T

0

∫
Ω

p(un − g)∇xφ · a(x,∇un) dxdt

−
∫ T

0

∫
Ω

φ
d

dt
Jp(un − g) dxdt −

∫ T

0

∫
Ω

φgtp(un − g) dxdt

= −
∫ T

0

∫
Ω

p(un − g)∇xφ · a(x,∇un) dxdt +
∫ T

0

∫
Ω

φtJp(un − g) dxdt

−
∫ T

0

∫
Ω

φgtp(un − g) dxdt.

Lettingn → ∞ in (113), taking into account the above equalities, we obtain

−
∫ T

0

∫
Ω

p(u− g)∇xφ · z dxdt +
∫ T

0

∫
Ω

φtJp(u− g) dxdt

−
∫ T

0

∫
Ω

φgtp(u− g) dxdt −
∫ T

0

∫
Ω

φ(a(x,∇g),Dp(u− g)) dt ≥ 0.

(114)

Now,
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∫ T

0

∫
Ω

φtJp(u− g) dxdt

= lim
τ→0

∫ T

0

∫
Ω

φ(t − τ)− φ(t)

−τ Jp(u− g) dxdt

= lim
τ→0

∫ T

0

∫
Ω

ψ(x)
η(t − τ)− η(t)

−τ Jp(u− g) dxdt.

(115)

For simplicity, let us writev = u− g. SinceJp(v(t))− Jp(v(t + τ)) ≤ (v(t)−
v(t + τ))p(v(t)), for τ small enough, we have

∫ T

0

∫
Ω

v(t + τ)− v(t)

τ
η(t)ψ(x)p(v(t)) dxdt

≤
∫ T

0

∫
Ω

Jp(v(t + τ))− Jp(v(t))

τ
η(t)ψ(x) dxdt

=
∫ T

0

∫
Ω

η(t − τ)− η(t)

τ
ψ(x)Jp(v) dxdt.

(116)

By Lemma 4, we have
∫ T

0

∫
Ω

v(t + τ)− v(t)

τ
η(t)ψ(x)p(v(t)) dxdt

= −
∫ T

0

∫
Ω

v(t)
d

dt
(ηp(v))τ (t)ψ(x) dxdt

=
∫ T

0

∫
Ω

(ξ − gt)(t)(ηp(v))
τ (t)ψ(x) dxdt.

(117)

Collecting these inequalities, we obtain
∫ T

0

∫
Ω

η(t − τ)− η(t)

−τ ψJp(v) dxdt

≤ −
∫ T

0

∫
Ω

(ξ − gt)(t)(ηp(v))
τ (t)ψ(x) dxdt

= − lim
n

∫ T

0
< u′

n(t)− gt , (ηp(v))
τ (t)ψ > dt

= − lim
n

∫ T

0

1

τ

∫ t

t−τ
η(s) < div(zn(t))− gt(t), p(v(s))ψ > dsdt



Linear growth functionals 187

= lim
n

∫ T

0

1

τ

∫ t

t−τ
η(s)[

∫
Ω

(zn(t),D(p(v(s))ψ))+ < gt, p(v(s))ψ >] dsdt

= lim
n

∫ T

0

1

τ

∫ t

t−τ
η(s)

∫
Ω

(zn(t),Dp(v(s)))ψ dsdt

+ lim
n

∫ T

0

1

τ

∫ t

t−τ
η(s)p(v(s))

∫
Ω

zn(t) · ∇ψ dsdt

+
∫ T

0

1

τ

∫ t

t−τ
η(s) < gt , p(v(s))ψ > dsdt.

Since

Dp(v(s)) = ∇p(u(s)− g(s))+Dsp(u(s)− g(s))

and

zn(t) ·Dsp(u(s)− g(s)) = a(x,∇un(t, x)) ·Dsp(u(s)− g(s))

≤ h0(x,Dsp(u(s)− g(s))),

from the above inequality, it follows that

∫ T

0

∫
Ω

η(t − τ)− η(t)

−τ ψJp(u− g) dxdt

≤
∫ T

0

1

τ

∫ t

t−τ
η(s)

∫
Ω

z(t) · ∇p(u(s)− g(s))ψ dxdsdt

+
∫ T

0

1

τ

∫ t

t−τ
η(s)

∫
Ω

ψh0(x,Dsp(u(s)− g(s))) dsdt

+
∫ T

0

1

τ

∫ t

t−τ
η(s)

∫
Ω

p(u(s)− g(s))z(t) · ∇ψ dxdsdt

+
∫ T

0

1

τ

∫ t

t−τ
η(s)

∫
Ω

gt(t)p(u(s)− g(s))ψ(x) dxdsdt.

(118)

Hence, lettingτ → 0 in (118), we obtain
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∫ T

0

∫
Ω

φtJp(u− g) ≤
∫ T

0

∫
Ω

η(t)z(t) · ∇p(u(t)− g(t))ψ dxdt

+
∫ T

0
η(t)

∫
Ω

ψh0(x,Dsp(u(t)− g(t))) dt

+
∫ T

0

∫
Ω

η(t)p(u(t)− g(t))z(t) · ∇ψ dxdt

+
∫ T

0

∫
Ω

η(t)gt (t)p(u(t)− g(t))ψ(x) dxds dt.

(119)

Taking into account (114) and (119), we obtain
∫ T

0

∫
Ω

φ
(
[z − a(x,∇g)] · ∇p(u− g)

+h0(x,Dsp(u− g))− a(x,∇g) ·Dsp(u− g)
)

≥ 0

for all φ(t, x) = η(t)ψ(x), η ∈ D(0, T ), ψ ∈ D(Ω), η,ψ ≥ 0. Thus, the
measure (

[z − a(x,∇g)] · ∇p(u− g)+ h0(x,Dsp(u− g))

−a(x,∇g) ·Dsp(u− g)
)

≥ 0.

Then its absolutely continuous part

[z − a(x,∇g)] · ∇p(u− g) ≥ 0 a.e. inΩ.

Hence

[z − a(x,∇g)] · ∇(u− g) ≥ 0 a.e. inΩ.

Since we may take a countable set dense inC1([0, T ] × Ω), we have that the
above inequality holds for all(t, x) ∈ S whereS ⊆ (0, T ) × Ω is such that
λN((0, T )×Ω \ S) = 0, and allg ∈ C1([0, T ]×Ω). Now, fixe(t, x) ∈ S, and,
giveny ∈ R

N , there isg ∈ C1([0, T ] ×Ω) such that∇g(t, x) = y. Then(
z(t, x)− a(x, y)

) · (∇u(t, x)− y
) ≥ 0 ∀y ∈ R

N ,

and we get that

z(t, x) = a(x,∇u(t, x)) a.e. (t, x) ∈ QT . (120)

Then, we have

div(z(t)) = div(a(x,∇u(t)) in D′(Ω), a.e. t ∈ [0, T ],
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and, since
|[z, ν]| ≤ f 0(x, ν(x)) HN−1 − a.e. on ∂Ω,

we also get

|[a(x,∇u(t)), ν]| ≤ f 0(x, ν(x)) HN−1-a.e. on∂Ω, a.e. int ∈ (0, T ).

Finally, from (120) and (108), we obtain that

[a(x,∇u(t)), ν] ∈ sign(p(ϕ)− p(u(t)))f 0(x, ν(x))

HN−1-a.e. on∂Ω, a.e. int ∈ (0, T ), and allp ∈ P.
Step 7. Conclusion.Finally, we are going to prove thatu verifies:

−
∫ T

0

∫
Ω

j (u(t)− l)ηt dxdt +
∫ T

0

∫
Ω

η(t)h(x,Dp(u(t)− l)) dt

+
∫ T

0

∫
Ω

z(t) · ∇η(t)p(u(t)− l) dxdt

≤
∫ T

0

∫
∂Ω

[z(t), ν]η(t)p(u(t)− l) dHN−1dt,

(121)

for all η ∈ C∞(QT ), with η ≥ 0, η(t, x) = φ(t)ψ(x), being φ ∈ D(]0, T [),
ψ ∈ C∞(Ω), andp ∈ T , wherej (r) =

∫ r

0
p(s) ds.

Let η ∈ C∞(QT ), with η ≥ 0, η(t, x) = φ(t)ψ(x), φ ∈ D(]0, T [), ψ ∈
C∞(Ω), p ∈ P anda ∈ R. LetGp(r) = ∫ r

a
p(s) ds. Sinceu′

n(t) = div(zn(t)),
multiplying byp(un(t))η(t) and integrating, we obtain that∫ T

0

∫
Ω

d

dt
Gp(un(t))η(t) dxdt =

∫ T

0

∫
Ω

div(zn(t))p(un(t))η(t) dxdt

= −
∫ T

0

∫
Ω

(
zn(t),D(p(un(t))η(t))

)
dt

+
∫ T

0

∫
∂Ω

[zn(t), ν]p(un(t))η(t) dHN−1dt

= −
∫ T

0

∫
Ω

η(t)h(x,Dp(un(t))) dt −
∫ T

0

∫
Ω

zn(t) · ∇η(t) p(un(t)) dxdt

+
∫ T

0

∫
∂Ω

[zn(t), ν]p(un(t))η(t) dHN−1dt

= −
∫ T

0

∫
Ω

η(t)h(x,Dp(un(t))) dt −
∫ T

0

∫
Ω

zn(t) · ∇η(t) p(un(t)) dxdt
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−
∫ T

0

∫
∂Ω

|p(un(t))− p(ϕ)|f 0(x, ν(x))η(t) dHN−1dt

+
∫ T

0

∫
∂Ω

[zn(t), ν]p(ϕ)η(t) dHN−1dt.

Hence, having in mind thatη(0) = η(T ) = 0, we get
∫ T

0

∫
Ω

η(t)h(x,Dp(un(t))) dt

+
∫ T

0

∫
∂Ω

|p(un(t))− p(ϕ)|f 0(x, ν(x))η(t) dHN−1dt

= −
∫ T

0

∫
Ω

zn(t) ·∇η(t) p(un(t)) dxdt+
∫ T

0

∫
∂Ω

[zn(t), ν]p(ϕ)η(t) dHN−1dt

−
∫ T

0

∫
Ω

d

dt
Gp(un(t))η(t) dxdt = −

∫ T

0

∫
Ω

zn(t) · ∇η(t) p(un(t)) dxdt

+
∫ T

0

∫
∂Ω

[zn(t), ν]p(ϕ)η(t) dHN−1dt +
∫ T

0

∫
Ω

Gp(un(t)) ηt dxdt.

Now, observe that, by the Remark 2, we have that∫
Ω

η(t, x)f (x,Dp(un))+
∫
∂Ω

|p(ϕ)− p(un)|f 0(x, ν(x))η(t, x) dHN−1

→
∫
Ω

η(t, x)f (x,Dp(u))+
∫
∂Ω

|p(ϕ)− p(u)|f 0(x, ν(x))η(t, x) dHN−1

a.e. int ∈ (0, T ), and, therefore,∫
Ω

η(t, x)h(x,Dp(un))+
∫
∂Ω

|p(ϕ)− p(un)|f 0(x, ν(x))η(t, x) dHN−1

→
∫
Ω

η(t, x)h(x,Dp(u))+
∫
∂Ω

|p(ϕ)− p(u)|f 0(x, ν(x))η(t, x) dHN−1

a.e. in t ∈ (0, T ). Hence, integrating in(0, T ) and using Fatou’s Lemma, it
follows that ∫ T

0

∫
Ω

η(t)h(x,Dp(u(t))) dt

+
∫ T

0

∫
∂Ω

|p(u(t))− p(ϕ)|f 0(x, ν(x))η(t) dHN−1dt

≤ lim
n→∞

[ ∫ T

0

∫
Ω

η(t)h(x,Dp(un(t))) dt
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+
∫ T

0

∫
∂Ω

|p(un(t))− p(ϕ)|f 0(x, ν(x))η(t) dHN−1dt

]

= lim
n→∞

[
−

∫ T

0

∫
Ω

zn(t) · ∇η(t) p(un(t)) dxdt

+
∫ T

0

∫
∂Ω

[zn(t), ν]p(ϕ)η(t) dHN−1dt

+
∫ T

0

∫
Ω

Gp(un(t)) ηt dxdt

]
= −

∫ T

0

∫
Ω

z(t) · ∇η(t) p(u(t)) dxdt

+
∫ T

0

∫
∂Ω

[z(t), ν]p(ϕ)η(t) dHN−1dt +
∫ T

0

∫
Ω

Gp(u(t)) ηt dxdt.

Now, using that|p(u(t)) − p(ϕ)|f 0(x, ν(x)) = [z(t), ν](p(ϕ) − p(u(t))), we
have

−
∫ T

0

∫
Ω

Gp(u(t))ηt dxdt +
∫ T

0

∫
Ω

η(t)h(x,Dp(u(t))) dt

+
∫ T

0

∫
Ω

z(t) · ∇η(t) p(u(t)) dxdt

≤
∫ T

0

∫
∂Ω

[z(t), ν]p(u(t))η(t) dHN−1dt.

(122)

Finally, givenl ∈ R andp ∈ T , sinceq(r) := p(r − l) is an element ofP,
and takinga = l, we obtain (121) as a consequence of (122). The proof of the
existence is finished. %&

5.2. Proof of Theorem 1. Uniqueness

To prove uniqueness of entropy solutions, we follow the same technique as in [3],
which was inspired by the doubling of variablesmethod introduced by Kruzhkov
[29] (see also [16], [31] and [18]) to proveL1-contraction for entropy solutions
for scalar conservation laws.

Since the operatorAϕ is m-completely accretive inL1(Ω), if we prove
that the entropy solution coincides with the semigroup solution, then, by (37),
(32) holds. So we only need to prove that any entropy solution is a semigroup
solution.

Let u(t) be an entropy solution with initial datumu0 ∈ L1(Ω) andu(t) =
T (t)u0 the semigroup solution with initial datumu0 ∈ L∞(Ω). Then, there
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existξ, ξ ∈ (
L1(0, T , BV (Ω)2

)∗
such that ifz(t) := a(x,∇u(t)) andz(t) :=

a(x,∇u(t)), we have(z(t), ξ(t)), (z(t), ξ(t)) ∈ Z(Ω) for almost allt ∈ [0, T ],
[z(t), ν] ∈ sign

(
T +
k (ϕ)− T +

k (u(t))
)
f 0(x, ν(x)), (123)

[z(t), ν] ∈ sign
(
T +
k (ϕ)− T +

k (u(t))
)
f 0(x, ν(x)), (124)

and, ifr, r ∈ R
N andl1, l2 ∈ R, then

−
∫ T

0

∫
Ω

j+
k (u(t)− l1)ηt +

∫ T

0

∫
Ω

η(t)h(x,DT +
k (u(t)− l1))

+
∫ T

0

∫
Ω

(z(t)− r) · ∇η(t) T +
k (u(t)− l1)

+
∫ T

0

∫
Ω

r · ∇η(t) T +
k (u(t)− l1)

≤
∫ T

0

∫
∂Ω

[z(t), ν]η(t)T +
k (u(t)− l1)

(125)

and

−
∫ T

0

∫
Ω

j−
k (u(t)− l2)ηt +

∫ T

0

∫
Ω

η(t)h(x,DT −
k (u(t)− l2))

+
∫ T

0

∫
Ω

(z(t)− r) · ∇η(t) T −
k (u(t)− l2)

+
∫ T

0

∫
Ω

r · ∇η(t) T −
k (u(t)− l2)

≤
∫ T

0

∫
∂Ω

[z(t), ν]η(t)T −
k (u(t)− l2),

(126)

for all η ∈ C∞(QT ), with η ≥ 0, η(t, x) = φ(t)ψ(x), being φ ∈ D(]0, T [),
ψ ∈ C∞(Ω), andj+

k (r) =
∫ r

0
T +
k (s) ds, j

−
k (r) =

∫ r

0
T −
k (s) ds.

We choose two different pairs of variables(t, x), (s, y) and consideru, z as
functions in(t, x); u, z in (s, y). Let 0 ≤ φ ∈ D(]0, T [), 0 ≤ ψ ∈ D(Ω), ρn
a classical sequence of mollifiers inRN and ρ̃n a sequence of mollifiers inR.
Define

ηn(t, x, s, y) := ρn(x − y)ρ̃n(t − s)φ

(
t + s

2

)
ψ

(
x + y

2

)
.
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Note that forn sufficiently large,

(t, x) '→ ηn(t, x, s, y) ∈ D(]0, T [×Ω) ∀ (s, y) ∈ QT ,

(s, y) '→ ηn(t, x, s, y) ∈ D(]0, T [×Ω) ∀ (t, x) ∈ QT .

Hence, for(s, y) fixed, if we take in (125)l1 = u(s, y) andr = z(s, y), we get

−
∫ T

0

∫
Ω

j+
k (u(t, x)− u(s, y))(ηn)t dxdt

+
∫ T

0

∫
Ω

ηnh(x,DxT
+
k (u(t, x)− u(s, y))) dt

+
∫ T

0

∫
Ω

(z(t, x)− z(s, y)) · ∇xηn T
+
k (u(t, x)− u(s, y)) dxdt

+
∫ T

0

∫
Ω

z(s, y) · ∇xηn T
+
k (u(t, x)− u(s, y)) dxdt ≤ 0.

(127)

Similarly, for (t, x) fixed, if we take in (126)l2 = u(t, x) andr = z(t, x), we
get

−
∫ T

0

∫
Ω

j−
k (u(s, y)− u(t, x))(ηn)s dyds

+
∫ T

0

∫
Ω

ηnh(y,DyT
−
k (u(s, y)− u(t, x))) dyds

+
∫ T

0

∫
Ω

(z(s, y)− z(t, x)) · ∇yηn T
−
k (u(s, y)− u(t, x)) dyds

+
∫ T

0

∫
Ω

z(t, x) · ∇yηn T
−
k (u(s, y)− u(t, x)) dyds ≤ 0.

Now, sinceT −
k (r) = −T +

k (−r), j−
k (r) = j+

k (−r) andh(x,−ξ) = h(x, ξ), we
can rewrite the last inequlity as

−
∫ T

0

∫
Ω

j+
k (u(t, x)− u(s, y))(ηn)s dyds

+
∫ T

0

∫
Ω

ηnh(y,DyT
+
k (u(t, x)− u(s, y))) ds

+
∫ T

0

∫
Ω

(z(t, x)− z(s, y)) · ∇yηn T
+
k (u(t, x)− u(s, y)) dyds

−
∫ T

0

∫
Ω

z(t, x) · ∇yηnT
+
k (u(t, x)− u(s, y)) dyds ≤ 0.

(128)
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Integrating (127) in(s, y), (128) in(t, x) and taking their sum yields

−
∫
QT ×QT

j+
k (u(t, x)− u(s, y))

(
(ηn)t + (ηn)s

)

+
∫
QT ×QT

ηnh(x,DxT
+
k (u(t, x)− u(s, y)))

+
∫
QT ×QT

ηnh(y,DyT
+
k (u(t, x)− u(s, y)))

+
∫
QT ×QT

(
z(t, x)− z(s, y)

) · (∇xηn + ∇yηn
)
T +
k (u(t, x)− u(s, y))

+
∫
QT ×QT

z(s, y) · ∇xηnT
+
k (u(t, x)− u(s, y))

−
∫
QT ×QT

z(t, x) · ∇yηnT
+
k (u(t, x)− u(s, y)) ≤ 0.

(129)

Now, by Green’s formula and the identitiesz(t, x) = a(x,∇u(t, x)), z(s, y) =
a(y,∇u(s, y)), we have

Jn :=
∫
QT ×QT

z(s, y) · ∇xηn T
+
k (u(t, x)− u(s, y))

+
∫
QT ×QT

ηnh(x,DxT
+
k (u(t, x)− u(s, y)))

−
∫
QT ×QT

z(t, x) · ∇yηn T
+
k (u(t, x)− u(s, y))

+
∫
QT ×QT

ηnh(y,DyT
+
k (u(t, x)− u(s, y)))

= −
∫
QT ×QT

ηn
(
z(s, y),DxT

+
k (u(t, x)− u(s, y))

)

+
∫
QT ×QT

ηnh(x,DxT
+
k (u(t, x)− u(s, y)))

+
∫
QT ×QT

ηn
(
z(t, x),DyT

+
k (u(t, x)− u(s, y))

)

+
∫
QT ×QT

ηnh(y,DyT
+
k (u(t, x)− u(s, y)))
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=
∫
QT ×QT

ηn(T
+
k )

′(u(t, x)−u(s, y))[z(t, x)−z(s, y)]·(∇xu(t, x)−∇yu(s, y))

−
∫
QT ×QT

ηnz(s, y) ·Ds
xT

+
k (u(t, x)− u(s, y))

+
∫
QT ×QT

ηnh
0(x,Ds

xT
+
k (u(t, x)− u(s, y)))

+
∫
QT ×QT

ηnz(t, x) ·Ds
yT

+
k (u(t, x)− u(s, y))

+
∫
QT ×QT

ηnh
0(y,Ds

yT
+
k (u(t, x)− u(s, y))).

We claim that

Jn ≥ o(1), (130)

whereo(1) is an expression that tends to 0 asn → ∞. In fact: Let us analyze
the term

−
∫
QT ×QT

ηnz(s, y) ·Ds
xT

+
k (u(t, x)− u(s, y))

+
∫
QT ×QT

ηnh
0(x,Ds

xT
+
k (u(t, x)− u(s, y))).

By assumption(H5) we have

−
∫
QT ×QT

ηnz(s, y) ·Ds
xT

+
k (u(t, x)− u(s, y))

+
∫
QT ×QT

ηnh
0(x,Ds

xT
+
k (u(t, x)− u(s, y)))

≥
∫
QT ×QT

ηnh
0(x,Ds

xT
+
k (u(t, x)− u(s, y)))

−
∫
QT ×QT

ηnh
0(y,Ds

xT
+
k (u(t, x)− u(s, y))).

Let us prove that the term in the right hand side tends to 0 asn → ∞. Let
l = k + ‖u‖∞. Indeed, using (31), and having in mind that

|Ds
xT

+
k (u(t, x)− u(s, y))| = |Ds

xT
+
k (Tl(u(t, x))− u(s, y))|

≤ |Ds
x(Tl(u(t, x))− u(s, y))| = |Ds

xTl(u(t, x))|,
we have ∣∣∣∣

∫
QT ×QT

ηnh
0(x,Ds

xT
+
k (u(t, x)− u(s, y)))



196 F. Andreu-Vaillo et al.

−
∫
QT ×QT

ηnh
0(y,Ds

xT
+
k (u(t, x)− u(s, y)))

∣∣∣∣
≤

∫
QT ×QT

ηnω(‖x − y‖)|Ds
xT

+
k (u(t, x)− u(s, y))|

≤
∫
QT

dy

∫
QT

dxηnω(‖x − y‖)|Ds
xTl(u(t, x))|

=
∫
QT

dx|Ds
xTl(u(t, x))|

∫
QT

dyηnω(‖x − y‖).
Now, we observe that ∫

QT

dyηnω(‖x − y‖)

=
∫ T

0
ρ̃n(t − s)φ

(
t + s

2

)
ds

∫
Ω

dyρn(x − y)ψ

(
x + y

2

)
ω(‖x − y‖)

and
∣∣∣∣
∫
Ω

ρn(x − y)ψ

(
x + y

2

)
ω(‖x − y‖)dy

∣∣∣∣
≤ ‖ψ‖∞

∫
RN

ρn(x − y)ω(‖x − y‖)dy

= ‖ψ‖∞
∫

RN

ρn(z)ω(‖z‖)dz → 0, as n → ∞.

Hence ∫
QT ×QT

ηnh
0(x,Ds

xT
+
k (u(t, x)− u(s, y)))

−
∫
QT ×QT

ηnh
0(y,Ds

xT
+
k (u(t, x)− u(s, y))) → 0, as n → ∞.

In a similar way, we prove that∫
QT ×QT

ηnz(t, x) ·Ds
yT

+
k (u(t, x)− u(s, y))

+
∫
QT ×QT

ηnh
0(y,Ds

yT
+
k (u(t, x)− u(s, y))) ≥ o(1).

Let us prove that∫
QT ×QT

ηn(T
+
k )

′(u(t, x)− u(s, y))[z(t, x)− z(s, y)]

·(∇xu(t, x)− ∇yu(s, y)) ≥ o(1).



Linear growth functionals 197

Indeed, letz(s, x, y) = a(x,∇yu(s, y)), then∫
QT ×QT

ηn(T
+
k )

′(u(t, x)− u(s, y))[z(t, x)− z(s, y)]

·(∇xu(t, x)− ∇yu(s, y))

=
∫
QT ×QT

ηn(T
+
k )

′(u(t, x)− u(s, y))[z(t, x)− z(s, x, y)]

·(∇xu(t, x)− ∇yu(s, y))

+
∫
QT ×QT

ηn(T
+
k )

′(u(t, x)− u(s, y))[z(s, x, y)− z(s, y)]

·(∇xu(t, x)− ∇yu(s, y))

≥
∫
QT ×QT

ηn(T
+
k )

′(u(t, x)− u(s, y))[z(s, x, y)− z(s, y)]

·(∇xu(t, x)− ∇yu(s, y))

=
∫
QT ×QT

ηn[z(s, x, y)− z(s, y)] · ∇xT
+
k (u(t, x)− u(s, y))

+
∫
QT ×QT

ηn[z(s, x, y)− z(s, y)] · ∇yT
+
k (u(t, x)− u(s, y)).

Now, we observe that, using the same argument as above, both terms in the
right hand side in the last inequality tend to zero asn → ∞. With this we finish
the proof of (130).

From (130) and (129), it follows that

−
∫
QT ×QT

j+
k (u(t, x)− u(s, y))

(
(ηn)t + (ηn)s

)

+
∫
QT ×QT

(
z(t, x)− z(s, y)

) · (∇xηn + ∇yηn
)
T +
k (u(t, x)− u(s, y))

≤ o(1).

(131)

Since,

(ηn)t + (ηn)s = ρn(x − y)ρ̃n(t − s)φ′
(
t + s

2

)
ψ

(
x + y

2

)

and

∇xηn + ∇yηn = ρn(x − y)ρ̃n(t − s)φ
( t + s

2

)∇ψ(x + y

2

)
,

passing to the limit in (131), it yields
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−
∫
QT

j+
k (u(t, x)− u(t, x))φ′(t)ψ(x)

+
∫
QT

(
z(t, x)− z(t, x)

) · ∇ψ(x) φ(t)T +
k (u(t, x)− u(t, x)) ≤ 0.

(132)

We have to prove that

lim
n

∫
QT

(
z(t, x)− z(t, x)

) · ∇ψn(x) φ(t)T
+
k (u(t, x)− u(t, x)) ≥ 0

for any sequenceψn ↑ 1lΩ . Since

ξ = div(z), ξ = div(z) in
(
L1(0, T , BV (Ω)2)

)∗
,

the following integration by parts formula holds
∫
QT

(z − z,Dw)+
∫ T

0
< ξ(t)− ξ(t), w(t) > dt

=
∫ T

0

∫
∂Ω

[z(t, x)− z(t, x), ν]w(t, x)dHN−1dt

for all w ∈ L1(0, T , BV (Ω)) ∩ L∞(QT ). Set

w(t) = ((ψ − 1)φT +
k (u− u))τ (t, x) = (ψ(x)− 1)(φT +

k (u− u))τ (t, x),

whereψ ∈ D(Ω), 0 ≤ ψ ≤ 1 and

(φT +
k (u− u))τ (t, x) = 1

τ

∫ t+τ

t

φ(s)T +
k (u(s, x)− u(s, x))ds,

in the above formula to obtain∫
QT

(
z(t, x)− z(t, x)

) · ∇(ψ(x)− 1) (φT +
k (u− u))τ (t, x)dxdt

= −
∫ T

0

∫
Ω

(ψ − 1)
(
z(t)− z(t),D(φT +

k (u− u))τ (t)
)
dt

−
∫
QT

(ξ(t)− ξ(t))(ψ(x)− 1)(φT +
k (u− u))τ (t, x)

+
∫ T

0

∫
∂Ω

[z(t, x)− z(t, x), ν](ψ(x)− 1)(φT +
k (u− u))τ (t, x)dHN−1dt.

Since ∫
QT

(
z − z

) · ∇(ψ − 1)φT +
k (u− u)dxdt
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= lim
τ→0+

∫
QT

(
z − z

) · ∇(ψ − 1) (φT +
k (u− u))τ dxdt,

and, using thatψ |∂Ω = 0, also

−
∫ T

0

∫
∂Ω

[z − z, ν]φT +
k (u− u)dHN−1dt

= lim
τ→0+

∫ T

0

∫
∂Ω

[z − z, ν](ψ − 1)(φT +
k (u− u))τ dHN−1dt,

we may write∫
QT

(z − z)∇ψφT +
k (u− u) =

∫
QT

(z − z)∇(ψ − 1)φT +
k (u− u)

= lim
τ→0+

∫ T

0

∫
Ω

(ψ − 1)
(
z(t)− z(t),D(φT +

k (u− u))τ (t)
)
dt

+
∫
QT

(ξ−ξ)(1−ψ)(φT +
k (u−u))τ )−

∫ T

0

∫
∂Ω

[z−z, ν]φT +
k (u−u)dHN−1dt.

Sinceξ, ξ are the time derivatives ofu, resp.u, in
(
L1(0, T , BV (Ω)2)

)∗
, we

have that∫ T

0

∫
Ω

(ξ − ξ)(1−ψ)(φT +
k (u− u))τ =

∫ T

0

∫
Ω

(ξ − ξ)((1−ψ)φT +
k (u− u))τ

=
∫ T

0

∫
Ω

(1− ψ)φT +
k (u− u)

1

τ
∆−
τ (u− u),

where∆−
τ (u− u) = (u− u)(t)− (u− u)(t − τ). Let v = u− u. Since

T +
k (v(t))(v(t)− v(t − τ)) ≥ JT +

k
(v(t))− JT +

k
(v(t − τ))

(JT +
k
being the primitive ofT +

k ), andφ, (1−ψ) ≥ 0, we have forτ small enough
that ∫ T

0

∫
Ω

(ξ − ξ)(1− ψ)(φT +
k (u− u))τ

≥
∫ T

0

∫
Ω

(1− ψ)φ
JT +

k
(v(t))− JT +

k
(v(t − τ))

τ

= −
∫ T

0

∫
Ω

φ(t + τ)− φ(t)

τ
(1− ψ)JT +

k
(u− u).

Thus, we have ∫
QT

(z − z)∇ψφT +
k (u− u)
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≥ lim
τ→0+

( ∫ T

0

∫
Ω

(ψ − 1)
(
z(t)− z(t),D(φT +

k (u− u))τ (t)
)
dt

−
∫ T

0

∫
Ω

φ(t + τ)− φ(t)

τ
(1− ψ)JT +

k
(u− u)

)

−
∫ T

0

∫
∂Ω

[z − z, ν]φT +
k (u− u)dHN−1dt.

Finally, we observe that

lim
τ→0+

∣∣∣∣
∫ T

0

∫
Ω

(ψ − 1)
(
z(t)− z(t),D(φT +

k (u− u))τ (t)
)
dt

∣∣∣∣
≤ 2M

∫
QT

(1− ψ)φ‖DT +
k (u− u)‖dxdt,

which enables us to write that∫
QT

(z − z)∇ψφT +
k (u− u) ≥ −2M

∫
QT

(1− ψ)φ‖DT +
k (u− u)‖dxdt

−
∫ T

0

∫
Ω

φ′(t)(1− ψ)JT +
k
(u− u)−

∫ T

0

∫
∂Ω

[z − z, ν]φT +
k (u− u)dHN−1dt.

Letψ = ψn whereψn ↑ 1lΩ in the last expression. Using that

‖DT +
k (u(t)− u(t))‖

is aRadonmeasure a.e. int with ‖DT +
k (u(t)−u(t))‖ ∈ L1(0, T ), which follows

from Lemma 5, lettingn → ∞, we obtain

lim
n

∫
QT

(z − z)∇ψnφT
+
k (u− u)

≥ −
∫ T

0

∫
∂Ω

[z − z, ν]φT +
k (u− u)dHN−1dt.

Thus, using (132), we get∫
QT

j+
k (u(t, x)− u(t, x))φ′(t)

≥ −
∫ T

0

∫
∂Ω

[z − z, ν]φT +
k (u− u)dHN−1dt ≥ 0.

Since this is true for all 0≤ φ ∈ D(]0, T [), we have
d

dt

∫
Ω

j+
k (u(t, x)− u(t, x)) ≤ 0.
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Hence ∫
Ω

j+
k (u(t, x)− u(t, x)) ≤

∫
Ω

j+
k (u0 − u0).

Then, lettingk → 0, we obtain∫
Ω

(u(t, x)− u(t, x))+ ≤
∫
Ω

(u0 − u0)
+.

From this, we deduce that

‖u(t)− u(t)‖1 ≤ ‖u0 − u0‖1, ∀ t ≥ 0.

Hence, takingun(t) = T (t)u0,n, u0,n ∈ L∞(Ω) andu0,n → u0 in L1(Ω), we
have

‖u(t)− un(t)‖1 ≤ ‖u0 − u0,n‖1, ∀ t ≥ 0.

Consequently, lettingn → ∞, we obtain thatu(t) = T (t)u0. Then we have that
entropy solutions coincide with semigroup solutions. This proves the uniqueness
of entropy solutions and concludes the proof. %&

6. Appendix

It is well known that ifun, u ∈ BV (Ω), satisfy:un → u in L1(Ω), ‖Dun‖ →
‖Du‖ and∇un → F a.e inΩ, thenF does not coincide with∇u, in general, as
the following example shows. ConsiderΩ =]0,1[ andun ∈ BV (Ω), defined
by

un :=
n∑
i=1

i

n
1l[ i−1

n
, i
n
[.

Then,un(x) → u(x) = x for almost allx ∈ Ω, but ∇un = 0 for all n ∈ N,
and ∇u = 1.

Now, in the proof of Theorem 4, we have seen that if(un, vn) ∈ Bϕ is such
that (un, vn) → (u, v) in L1(Ω) × L1(Ω), then(u, v) ∈ Aϕ. Thus, a natural
question is when∇un → ∇u a.e. inΩ. We are going to prove that, if we
assume that the Lagrangianf is strictly convex, then the answer to this question
is positive.

Firstly, observe that from the strict convexity off , we deduce the following
strict monotonicity condition ona:

(a(x, η)− a(x, ξ)) · (η − ξ) > 0 if ξ �= η. (133)

Let us prove that{∇un} is a Cauchy sequence in measure. To do that, we
follow the same technique as in [14]. Lett, ε > 0. For a > 1, we set

C(x, a, t) :=
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inf {(a(x, ξ)− a(x, η)) · (ξ − η) : ‖ξ‖ ≤ a, ‖η‖ ≤ a, ‖ξ − η‖ ≥ t}.
Having in mind that the functionξ '→ a(x, ξ) is continuos for almost allx ∈ Ω,
and the set{(ξ, η) : ‖ξ‖ ≤ a, ‖η‖ ≤ a, ‖ξ −η‖ ≥ t} is compact, the infimum
in the definition ofC(x, a, t) is a minimum. Hence by (133), it follows that

C(x, a, t) > 0 for almost all x ∈ Ω. (134)

Forn,m ∈ N, and anyk > 0, we have

{‖∇un − ∇um‖ > t} ⊂ {‖∇Taun‖ ≥ a2} ∪ {‖∇Taum‖ ≥ a2}

∪{|un| ≥ a} ∪ {|um| ≥ a} ∪ {|un − um| ≥ k2} ∪ {C(x, a2, t) ≤ k}

∪{|un − um| < k2, |un| < a, |um| < a,C(x, a2, t) ≥ k,

‖∇Taun‖ ≤ a2, ‖∇Taum‖ ≤ a2, ‖∇un − ∇um‖ > t}.

(135)

Since{un} is bounded inL1(Ω) we can choosea large enough in order to have

λN
({|un| ≥ a} ∪ {|um| ≥ a}) ≤ ε

5
∀ n,m ∈ N. (136)

Similarly, by (62), we can choosea large enough in order to have

λN
({‖∇Taun‖ ≥ a2} ∪ {‖∇Taum‖ ≥ a2}) ≤ ε

5
∀ n,m ∈ N. (137)

Fixing a satisfying (136) and (137), by (134), takingk small enough, we have

λN
({C(x, a2, t) ≤ k}) ≤ ε

5
. (138)

On the other hand, sincevn = −div a(x,∇un), using Green’s formula, we have∫
Ω

(a(x,∇un)− a(x,∇um),DTr(un − um))

=
∫
Ω

(vn − vm)Tr(un − um) dx

+
∫
∂Ω

[a(x,∇un)− a(x,∇um), ν]Tr(un − um) dH
N−1 ≤ 2Qr,

for all n,m ∈ N. Now,∫
Ω

(a(x,∇un)− a(x,∇um),DTr(un − um))

=
∫
Ω

(a(x,∇un)− a(x,∇um)) · ∇Tr(un − um) dx
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+
∫
Ω

(a(x,∇un)− a(x,∇um)) ·DsTr(un − um).

Moreover, by chain’s rule, there exists a positive functionη such that∫
Ω

(a(x,∇un)− a(x,∇um)) ·DsTr(un − um)

=
∫
Ω

η[(a(x,∇un)− a(x,∇um)) ·Ds(un − um)]

=
∫
Ω

η[f 0(x,Dsun)− a(x,∇um) ·Dsun

+f 0(x,Dsum)− a(x,∇um) ·Dsum] ≥ 0,

by (H5). Therefore, we obtain∫
Ω

(a(x,∇un)− a(x,∇um)) · ∇Tr(un − um) dx ≤ 2Qr. (139)

If
S := {|un − um| < k2, |un| < a, |um| < a,C(x, a2, t) ≥ k,

‖∇Taun‖ ≤ a2, ‖∇Taum‖ ≤ a2, ‖∇un − ∇um‖ > t},
since∇Taun = ∇un a.e inS, by (139), we get

λN(S)

≤ λn{|un − um| < k2, (a(x,∇un)− a(x,∇um)) · (∇un − ∇um) ≥ k}
≤ 1

k

∫
|un−um|<k2

(a(x,∇un)− a(x,∇um)) · (∇un − ∇um) dx ≤ 2Qk.

Hence, fork small enough, we have

λN(S) ≤ ε

5
. (140)

Sincea andk have already been choosen, ifn0 is large enough, we have for
n,m ≥ n0 the estimateλn({|un − um| ≥ k2}) ≤ ε

5. Now, using (135), (136),
(137), (138) and (140), it follows that

λN({‖∇un − ∇um‖ > t}) ≤ ε for n,m ≥ n0.

Consequently,{∇un} is a Cauchy sequence in measure. Then, up to extraction
of a subsequence, we have convergence a.e., and we can say that there exists a
measurable functionF , such that

∇un → F a.e. in Ω. (141)

Now, a(x,∇un) ⇀ a(x,∇u) in the weak∗ topology of L∞(Ω,RN), and by
(141),a(x,∇un) → a(x, F ) a.e. inΩ. Hence,a(x, F ) = a(x,∇u) a.e. inΩ.
Therefore, by (133), we deduce that

∇un → ∇u a.e. in Ω.
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Remark 4.Coming back to the observationmade at the beginning of this section,
the only thing we can expect is that there existsλ : Ω → R, 0≤ λ(x) ≤ 1 a.e.,
such thatF = λ(x)∇u(x) a.e.. Indeed, we have: ifµk, µ are vector measures in
Ω (with values inRN ) such thatµk → µ, |µk| → |µ| weakly∗ as measures in
Ω, andµac

k → F in measure inΩ, then there isλ : Ω → R, 0≤ λ(x) ≤ 1 a.e.,
such thatF = λ(x)µac(x) a.e.. This can be proved using Reshetnyak’s Theorem
([23], p. 90, Thm. 19). Indeed, Reshetnyak’s Theorem implies that∫

Ω

Nu(x, µk)φ →
∫
Ω

Nu(x, µ)φ

for anyφ ∈ C0(Ω), whereC0(Ω) denotes the space of continuous functions
with compact support inΩ, andN+

u (x, v) = (< u, v >)+, u ∈ R
N . Now, for

anyk > 0 we have∫
Ω

(Nu(x, µ) ∧ k)φ =
∫
Ω

Nu(x, µ)φ −
∫
Ω

(Nu(x, µ)− k)+φ

≥ lim
n

∫
Ω

Nu(x, µn)φ − lim inf
n

∫
Ω

(Nu(x, µn)− k)+φ

≥ lim inf
n

∫
Ω

(Nu(x, µn) ∧ k)φ = lim inf
n

∫
Ω

(Nu(x, µ
ac
n ) ∧ k)φ

=
∫
Ω

Nu(x, F )φ.

Since ∫
Ω

(Nu(x, µ) ∧ k)φ =
∫
Ω

(Nu(x, µ
ac) ∧ k)φ

and theprevious inequality holds for anyk ∈ R, anyu ∈ R
N , andanyφ ∈ C0(Ω),

and all these spaces are separable we obtain that

Nu(x, F (x)) ≤ Nu(x, µ
ac(x))

for all x ∈ Q, whereλN(Ω \ Q) = 0, and allu ∈ R
N . Now, we observe that if

v,w ∈ R
N are such that

(< u, v >)+ ≤ (< u,w >)+ (142)

for all u ∈ R
N , then there isλ ∈ [0,1] such thatv = λw. If we fix x ∈ Q,

applying the last observation, we conclude that there isλ(x) ∈ [0,1] such that
F(x) = λ(x)µac(x). These observations can be used to prove that there exists
λ : Ω → R, 0 ≤ λ(x) ≤ 1 a.e., such thatF = λ(x)∇u(x) a.e., once we
know that∇un(x) → F(x) in measure. Then, we need structural assumptions
on a(x, ξ) to obtain either thata(x, F ) = a(x,∇u), or F(x) = ∇u(x). Since,
to prove that∇un(x) → F(x) in measure, we need to use the strict convexity of
f , and this also gives thatF = ∇u, we do not need the more involved approach
of this remark.
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