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Abstract. We consider holomorphic linear foliations of dimensionm of C
n (with n > 2m)

fulfilling a so-called weak hyperbolicity condition and equip the projectivization of the leaf space
(for the foliation restricted to an adequate open dense subset) with a structure of compact, complex
manifold of dimensionn − m − 1. We show that, except for the limit-casen = 2m + 1 where
we obtain any complex torus of any dimension, this construction gives non-symplectic manifolds,
including the previous examples of Hopf, Calabi-Eckmann, Haefliger (linear case), Loeb-Nicolau
(linear case) and L´opez de Medrano-Verjovsky. We study some properties of these manifolds, that
is to say meromorphic functions, holomorphic vector fields, forms and submanifolds. For each
manifold, we construct an analytic space of deformations of dimensionm(n−m− 1) and show
that, under some additional conditions, it is universal. Lastly, we give explicit examples of new
compact, complex manifolds, in particular of connected sums of products of spheres and show
the existence of a momentum-like map which classifies these manifolds, up to diffeomorphism.

Mathematics Subject Classification (1991):35J18, 58F18, 32G05

Introduction

The aim of this article is to construct and study a class of compact, complex man-
ifolds, which are not algebraic and even not K¨ahlerian nor symplectic, except for
a particular case. Unlike the Riemann surfaces, which are all algebraic, compact
complex manifolds of dimension bigger than one have to satisfy very particular
properties in order to be algebraic (see [We]). Moreover, if we except dimension
2, for which the Kodaira classification keeps close links with the classification
of algebraic surfaces (see [B-P-V]), the set of compact, complex, non algebraic
manifolds is much larger than that of algebraic manifolds: for example, Taubes’
theorem [Ta] on conformal anti-self-dual structures implies that every finitely
presented group is the fundamental group of a compact complex 3-manifold.
These manifolds are twistor spaces over real 4-manifolds, so are not K¨ahlerian
(except for the simply-connected case) by a theorem of Hitchin [Hi].
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However, there are few explicit examples of such manifolds. This is particu-
larly due to the fact that they admit holomorphic embeddings neither inCn (by
compacity), nor in the complex projective spaceCP n−1 (otherwise, by Chow’s
theorem, they would be algebraic). Besides, surgery is much trickier in the com-
plex domain (see [M-K]). Thus, the connected sum of complex manifolds does
not have a natural complex structure: the almost complex structures do not gen-
erally even extend to the entire connected sum and there are many examples of
connected sums of complex manifolds which do not admit any almost complex
structure (see [Au]). The class of manifolds that we consider here is obtained by
generalizing a construction of Santiago L´opez de Medrano andAlbertoVerjovsky
[LdM-Ve], which follows other works recalled now.

The first example of compact, complex, non-K¨ahlerian manifolds is Hopf’s
example [Ho] of complex structures on products of spheresS2n−1×S1 for every
n, which are obtained by taking the quotient ofCn − {0} by a holomorphic,
totally discontinuous action ofZ. The second de Rham cohomology group of
these manifolds is trivial, so they are not symplectic, therefore not K¨ahlerian and
finally not algebraic (see [We] for these implications).

The second example is the existence of complex structures onS2k−1× S2l−1

by Calabi and Eckmann [C-E]. The process here is different from Hopf’s one:
it is a matter of putting a conformal structure on the torus fiber of the bundle
(S2k−1 × S2l−1) → (CP k−1 × CP l−1) in order to get, in association with the
complex structure of the projective space, a complex structure on the products
of spheres.

Haefliger [Ha] has generalized Hopf’s construction (see also [Bor]) by using
the following trick, which is the key fact of the construction presented in this
paper:a smooth manifold embedded inCn transversely to a holomorphic
foliation is in fact a complex manifold; transverse holomorphic foliated charts
form, when restricted to the transverse embedding, a complex atlas for the mani-
fold. Following this trick, Loeb and Nicolau give in [L-N1] a unified description
of the construction of Hopf and that of Calabi-Eckmann and thus find a much
larger class of complex structures on products of odd dimensional spheres. To
achieve that, they consider a holomorphic vector field in the neighbourhood of
0 ∈ CN whose linear part is in Jordan normal form and whose diagonal linear
part belongs to the Poincar´e domain (i.e. 0 does not belong to the convex hull of
the coefficients of the linear part), and show that, if this field satisfies a so-called
weak hyperbolicity(m, n) condition, there is an embedding ofS2m−1 × S2n−1

in CN transverse to the flow, and inducing a complex structure on this manifold.
Moreover, this description allows them to study Dolbeault’s cohomology and the
deformations of these manifolds.

Lastly, López de Medrano and Verjovsky [LdM-Ve] have used a linear holo-
morphic diagonal vector field ofCn in the Siegel domain this time (i.e. 0 belongs
to the convex hull of the linear coefficients) and have shown that, under a weak
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hyperbolicity condition, the projectivization of the leaf space, when restricted
to the closed leaves of the induced flow, is a compact complex manifold. They
find again the linear examples of Loeb-Nicolau, but other non-symplectic exam-
ples with a more complicated topology too, which they classify. Besides, they
construct a smooth space of deformations and show that, in some cases, it is
universal.

In this paper, we generalize the latter construction to the case ofm vector fields
in Cn, with n > 2m. The first goal is to obtain and study numerous new examples
of compact, complex, non algebraic manifolds, in particular of connected sums of
products of spheres, something which is not achieved by L´opez de Medrano and
Verjovsky (they find manifolds which are the basis of a non trivial circle-bundle
whose total space is a connected sum of products of spheres). In the first part, we
adapt the construction.Then we show that, in the limit-casen = 2m+1, we obtain
complex tori and that every complex torus can be obtained in this way. The third
part is devoted to demonstrate that, forn > 2m + 1, the constructed manifolds
are not symplectic, therefore not algebraic, and do not admit any K¨ahlerian
modification. The fourth part studies meromorphic functions and holomorphic
1-forms: we compute, under a generic condition, for which we give a geometric
meaning, the degree of transcendence of the field of meromorphic functions and
the dimension of the space of global holomorphic 1-forms on these manifolds.
The fifth part describes holomorphic vector fields and submanifolds. The sixth
part contains the description of an analytic deformation space and we show
that this space is universal in some cases. Lastly, the seventh part gives some
elements about the classification up to diffeomorphism, showing in particular
the existence of a momentum-like map. The article ends with new examples of
compact, complex, non symplectic manifolds, including examples of connected
sums of products of spheres. Theorems 2, 10 and 11 are generalizations, to the
casem > 1, of similar statements in [LdM-Ve]. In the same way, Theorems 7
and 8 refer to [L-N2]. In the two cases, when the demonstration is an immediate
generalization of the one of these articles, we content ourselves with referring
the reader to them. On the contrary, Theorems 1, 3, 4, 5, 6, 9, 12 and 13 do not
have any equivalent, either in [LdM-Ve], or in [L-N2], and thus their application
to the casem = 1 (except for Theorem 1 which reduces in these conditions
to a remark and Theorems 12 and 13) specifies the properties of the manifolds
of [LdM-Ve]. Lastly, Theorems 14 and 15 describe new families of compact,
complex manifolds, which are not obtained in [LdM-Ve]. Some of these results
are stated, with a sketch of the proof, in [Me].

Let us indicate that a particular example of compact, complex manifold ob-
tained by a construction very close to this one can be found in [Le2].

I would like to thank my advisor, Alberto Verjovsky, for having guided me
so well all over these years, Santiago L´opez de Medrano and Etienne Ghys for
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their advice, as well as Fran¸cois Lescure for having made me discover another
aspect of this construction.

I. Construction of the manifolds N

In this section, we generalize and adapt the construction of [LdM-Ve].The
notations that we use here will be maintained throughout the article.

Let m andn be two positive integers such thatn > 2m. Let (Λ1, . . . , Λn) be
ann-uple of vectors ofCm andΛi = (λ1

i , . . . , λ
m
i ) for i between 1 andn. Let

H(Λ1, . . . , Λn) be the convex hull of(Λ1, . . . , Λn) in Cm.

Definition. We call admissible configuration ann-uple(Λ1, . . . , Λn) fulfilling

(i) the Siegel condition:0 ∈ H(Λ1, . . . , Λn);
(ii) the weak hyperbolicity condition: for every2m-uple of integers

(i1, . . . , i2m) such that 1 ≤ i1 < . . . < i2m ≤ n, we have
0 6∈ H(Λi1, . . . , Λi2m

).

This definition can be reformulated geometrically in the following way: the
convex polytopeH(Λ1, . . . , Λn) contains 0, but neither external nor internal
facet of this polytope (that is to say hyperplane passing through 2m vertices)
contains 0.An admissible configuration satisfies the following regularity property
(we omit the proof)

Lemma I.1. Let Λ′i = (Λi, 1) in Cm+1, for i between1 and n. For all set of
integersJ between1 and n such that0 ∈ H((Λj)j∈J ), the complex rank of
the matrix whose columns are the vectors(Λ′j )j∈J is equal tom + 1, therefore
maximal.

To an admissible configuration(Λ1, . . . , Λn), we associate the linear foliation
of Cn generated by them holomorphic commuting vector fields (1≤ j ≤ m)

ξj : (z1, . . . , zn) ∈ Cn 7→
n∑

i=1

λ
j

i zi

∂

∂zi

,

and corresponding to the following holomorphic action

(T , z) ∈ Cm × Cn 7→ (z1e
<Λ1,T >, . . . , zne

<Λn,T >) ∈ Cn ,

where< Λi, T > means thescalar product and not the Hermitian one.
The so-defined foliation is degenerate, in particular 0 is a singular point.

Such foliations have been studied in [C-K-P] and [Ku]. The behaviour in the
neighbourhood of 0 determines two different sorts of leaves.

Definition. Let L be a leaf of the previous foliation. If0 belongs to the closure
of L, we say thatL is a Poincaré leaf. In the opposite case, we talk of a Siegel
leaf.
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The Poincar´e leaves do not suit us for, their closure having a common point,
they cannot be separated in the quotient space (for the quotient topology). Let us
consider the Siegel leaves. A direct generalization of [C-K-P] (see also [LdM-
Ve], Sect. 2) shows that the function‖z‖2 on Cn has a unique minimum when
restricted to a Siegel leaf and that the setT of these minima can be written

T =
{

z ∈ Cn − {0} |
n∑

i=1

Λi |zi |2 = 0

}
.

From this, the unionS of the Siegel leaves is

S = {z ∈ Cn − {0} | 0 ∈ H(Λj)j∈Iz
} with j ∈ Iz ⇐⇒ zj 6= 0 ,

and the Siegel condition implies thatS contains(C∗)n, therefore is dense inCn.
A more flexible presentation ofS consists in writingS = Cn − E with E an
analytic set, whose different components correspond to subspaces ofCn where
some coordinates vanish.

Besides, the leaf space of the foliation restricted toS, that we callM, is
identified withT . But the weak hyperbolicity condition implies that the system
of equations which defines it is non-degenerate at each point ofS (see Lemma
I.1) andT is thus aC∞-manifold, so, in particular,M is Hausdorff.

AsM is Hausdorff and as its embeddingT is transverse to the foliation, a fact
that can be proven by a direct computation, we may use transverse holomorphic
foliated charts as atlas ofM, making it a complex manifold (see the introduction).

Remark now that the previous construction can be projectivized. We may
consider the vector fieldsξj in CP n−1, defineV = S/C∗, as well as the transverse
submanifold to the foliation

N =
{
[z] ∈ CP n−1 |

n∑
i=1

Λi |zi |2 = 0

}
.

This transverse submanifold is identified withN , the leaf space of the pro-
jectivized foliation restricted toV , but, by the same argument, we put a complex
structure onN turning it a compact, complex manifold of dimensionn−m− 1.
The manifoldN is the object we wanted to construct.

Remark.The projectivization can be seen as resulting from the action induced
by the vector field

R(z) =
n∑

i=1

zi

∂

∂zi

, for z ∈ Cn − {0}

which commutes with the vector fieldsξ1, ...,ξm.
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Remark.The manifoldN appears as a differentiable submanifoldN transverse
to a holomorphic foliation ofCP n−1 and equipped with the complex structure
inherited from this foliation. By a conjecture of Bogomolov [Bo], every compact,
complex manifold can be obtained in this way, and this sort of construction seems
to be general.

Remark (I would like to thank Blaine Lawson for suggesting the following con-
struction).Let X be a compact, complex manifold andp : E → X a holo-
morphic vector bundle with fiberCn. As previously described,Cm × C∗ acts
on the fiber. Moreover, suppose thatE admits a decomposition as Whitney sum
E = E1 ⊕ . . . ⊕ En of holomorphic line bundles. Then, this action can be ex-
tended to the whole bundle (locally defined as an action on the fiber), so that we
may thus construct a (locally trivial) holomorphic fiber bundlep̃ : Ẽ→ X with
fiber the manifoldN defined above.

We now give an alternate description of the manifoldN . To achieve that, note
that the algebraic torus(C∗)n acts holomorphically onS with a dense orbit

Φ : (u, z) ∈ (C∗)n × S 7→ (u1.z1, . . . , un.zn) ∈ S.

This action commutes with the previous ones, according to the diagram

(C∗)n × S
Φ−−−→ S

π

y π

y
(C∗)n−1/Cm ×N −−−→ N ,

whereπ is the natural projection ofS onto the leaf spaceN ; it is in fact a principal
bundle with fiberC∗ ×Cm. From this, there is an action of the complex Abelian
Lie groupG = (C∗)n−1/Cm on the compact manifoldN with a dense orbit, so
thatN is an equivariant compactification ofG (see [Le1]). Notice that, in the
same way, there is an action of the complex abelian Lie groupG̃ = (C∗)n/Cm

onM with a dense orbit.
Let nowM1 = T ∩S2n−1. AsT is a cone, it intersects transverselyS2n−1 and

M1 is a compact, differentiable manifold. We have the following commutative
diagram of principal bundles

S
π0−−−→ M

π

y y
N

π1←−−− M1 ,

whereπ0 is the natural projection ofS ontoM, andπ1 the natural projection of



Compact complex manifolds 85

M1 ontoN (see the remark above about the vector fieldR). It is easy to verify that
π0 is a principal bundle with fiberCm and thatπ1 is a principal bundle with fiber
S1. Observe that the existence of the transverse submanifoldT implies that the
bundleπ0 is differentiably trivial. Nevertheless, it is not holomorphically trivial.
We have in fact

Lemma I.2. The bundle(C∗)n → G̃, restriction ofπ0 to G̃, is not holomorphi-
cally trivial.

Proof.As G̃ is a complex, connected Abelian Lie group, it is isomorphic (in the
sense of Lie) to (see [Mor])

Cp × (C∗)q × C for somep andq ,

whereC is a Cousin group, i.e. a connected complex Abelian Lie group which
does not have any non constant global holomorphic function.

Suppose now that the bundle(C∗)n→ G̃ is holomorphically trivial, then we
have a biholomorphism

(C∗)n ' Cm+p × (C∗)q × C ,

thereforeC admits a holomorphic embedding in(C∗)n, so, asC does not have
any non constant holomorphic function, is reduced to 0, and the biholomorphism
is

(C∗)n ' Cm+p × (C∗)n−m−p

which is absurd.�

Remark.The same lemma works for the bundleπ̃ : V = (S/C∗)→ N and the
Lie groupG.

On the contrary, the bundlesπ andπ1 are not always differentiably trivial
when(Λ1, . . . , Λn) varies. It depends on the existence of an indispensable point
(see the definition below).

The action of equivariant compactification of the algebraic torus onS, when
restricted to the maximal compact subgroup of this torus, is transformed into an
action of the real torus onM1, namely

(eiθ , z) ∈ (S1)n ×M1 7→ (eiθ1.z1, . . . , e
iθn .zn) ∈ M1 .

The quotient ofM1 by this action can be written

K =
{

r ∈ (R+)n |
n∑

i=1

riΛi = 0,

n∑
i=1

ri = 1

}
.
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The setK is defined as the set of coefficients of the convex hull of
(Λ1, . . . , Λn), so it is a full convex polytope of dimensionn−2m−1.Above the
interior of any face of codimensionp of this polytope, the projectionM1→ K

is a trivial fibration with fiber an(n− p)-dimensional torus.
We call this polytope the associate polytope ofM1. Remark that the knowledge

of this polytope is sufficient to reconstructS: its different faces correspond to
the orbits of different dimensions of the action, and therefore to the different
components ofS.

We finish this part with the following definition.

Definition (see [LdM1] and [LdM2]). Let (Λ1, . . . , Λn) be an admissible con-
figuration, and letS be the corresponding union of the Siegel leaves. We say that
the coordinatezi is an indispensable point of the configuration if the open setS

is contained in{z ∈ Cn | zi 6= 0}. We denote byk the number of indispensable
points of a configuration.

The associate polytope hasn− k facets.

II. The casen = 2m + 1

In the limit-casen = 2m + 1, we shall show that we obtain any complex torus
of any dimension. In [LdM-Ve] and [L-N1], only elliptic curves were obtained.
Let

A =



λ1
2− λ1

1 . . . λm
2 − λm

1
...

...

λ1
m+1− λ1

1 . . . λm
m+1− λm

1


 ,

and(A)i,j be the minors associated to the matrixA. Let us set

αi =




m∑
j=1

(−1)i+jdet (A)i,j (λ
j

m+1+p − λ
j

1)

detA




m

p=1

,

which are well defined by weak hyperbolicity: the rank ofA is maximal by
application of Lemma I.1.

Theorem 1.Let (Λ1, . . . , Λ2m+1) be an admissible configuration. Then

(i) The manifoldN is a complex torus of complex dimensionm;
(ii) The lattice is(e1, . . . , em, α1, . . . , αm) withei vectors of the canonical basis

of Cm and with theαi as previously defined;
(iii) Any complex torus of any dimension can be obtained in this way.
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Proof.
(i) By weak hyperbolicity, we haveS = (C∗)2m+1, and the manifoldN can
be identified with the Lie groupG in the presentation ofN as an equivariant
compactification ofG (see Sect. I). This means thatN is a connected, compact,
complex, Abelian Lie group, therefore a complex torus.

(ii) Let us compute the intersection between a leaf and a transverse plane of
dimensionm+ 1. The action is given by

(α, T , w) ∈ C∗ × Cm × S 7→ (αe<Λ1,T >w1, ..., αe<Λ2m+1,T >w2m+1) ∈ S .

Let w ∈ (C∗)2m+1. The orbit ofw under the action of the subgroup ofC∗ × Cm

which fixes itsm first coordinates can be identified with the lattice of the torus.
But (α, T ) belongs to this subgroup as soon as it verifies




< Λ2−Λ1, T > = 2iπk1
...

< Λm+1−Λ1, T > = 2iπkm

α = e−<Λ1,T >

with (k1, . . . , km) any relative integers. The last equation determinesα onceT

is fixed. The others equations form a Cramer system whose determinant is not
zero by Lemma I.1. LetAi be the matrix obtained fromA by deleting thei-th
column and by putting as last column them-uple(2iπk1, . . . , 2iπkm). Thus the
solution is, with the notations introduced above,

Ti = (−1)m−i detAi

detA
=

m∑
j=1

2iπkj (−1)j+idet (A)j,i

detA
for 1≤ i ≤ m .

By reinjecting this in the coordinates which are left, one finds that the ex-
ponentiale2iπ realizes a biholomorphism (in fact a Lie isomorphism) between
N and the complex torus of dimensionm with lattice (e1, . . . , em, α1, . . . , αm)

where theei are vectors of the canonical basis and theαi as previously defined.

(iii) We now show that we can obtain any lattice. LetL be a lattice inCm and
let (e1, . . . , em, α1, . . . , αm) be generators of this lattice. We may assume that
(e1, . . . , em) is the canonical basis ofCm (see [M-K] p. 22). We have to find an
admissible configuration which gives this lattice.
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Let us chooseΛ2 = e1, . . . , Λm+1 = em. Now, detA and det(A)i,j are
functions ofΛ1 only. Letai,j (Λ1) = (−1)i+jdet(A)i,j . Consider the system



detA× α1 =
(

m∑
i=1

a1,i(λ
i
m+1+p − λi

1)

)m

p=1
...

detA× αm =
(

m∑
i=1

am,i(λ
i
m+1+p − λi

1)

)m

p=1

For almost allΛ1, this linear vectorialm×msystem, with(Λm+2, . . . , Λ2m+1)

as unknowns, has a non zero determinant, and therefore a unique solution.
Choose such aΛ1. As (e1, . . . , em, α1, . . . , αm) has real rank 2m, we obtain a

solution of rank 2m.Then, changingΛ1 if necessary, we may obtain an admissible
configuration.�

Remark that, from this theorem, we may theoretically give a new description
of the Siegel moduli space ofm-dimensional complex tori: the quotient of the set
of admissible configurations forn = 2m+1 by a group which can be computed
by using the explicit expression of the lattice can be identified with this space.

III. For n > 2m + 1, the manifold N is not symplectic

The aim of this section is the generalization, to the case of several vector fields,
of the following proposition (see [LdM-Ve] p. 258)

Theorem 2.For n > 2m + 1, the manifoldN is not symplectic, therefore not
algebraic.

Proof.Let S = Cn − E and letd be the minimal complex codimension ofE.

1st case: Supposed > 1. Then, by transversality, any sphereS2 embedded in
S can be contracted to a point inS. Thus,S is a 2-connected open set, and by
the exact sequence in homotopy of the fibrationS → M1, the manifoldM1 is
2-connected too. We may apply the proof of [LdM-Ve].

2nd case: We haved = 1 and the proof of [LdM-Ve] cannot be used. Under these
conditions, the bundleπ1 : M1→ N is differentiably trivial. Indeed, asd = 1,
this means that there is at least an indispensable point, for examplez1, and the
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action of the torus(S1)n can be concentrated on the first coordinate. This gives,
up to diffeomorphism

M1 ' N × S1 and N ' {r ∈ (R+∗ ), (z2, . . . , zn) ∈ Cn−1 |

rΛ1+
n∑

i=2

Λi |zi |2 = 0, r +
n∑

i=2

|zi |2 = 1} .

Besides, if we assume that thek indispensable points arez1, . . . , zk, there is
an identificationM1 ' (S1)k ×M0, with

M0 '
{
(r1, . . . , rk) ∈ (R+∗ )k, (zk+1, . . . , zn) ∈ Cn−k |

k∑
i=1

riΛi +
n∑

i=k+1
|zi |2Λi = 0,

k∑
i=1

ri +
n∑

i=k+1
|zi |2 = 1

}
.

By Lemma I.1,M0 is a differentiable manifold. This decomposition corre-
sponds to the decompositionS = (C∗)k × S0 whereS0 = Cn−k −F andF is an
analytic set of complex codimension at least two at each point. But then, using
the same argument as in the first case, we deduce from this that, by transversality,
S0 and thereforeM0 are 2-connected.

Moreover, as the two decompositions ofM1 are compatible, we have in fact
N ' (S1)k−1×M0. This diffeomorphism implies an isomorphism between the
de Rham cohomology groups

H 2(N, R) ' H 2((S1)k−1, R) .

Let ω be a closed non exact real 2-form onN . If ωn−m−1 is a volume form
onN , thenω and thereforeN are symplectic. But, according to the last equality,
this is possible only if

2n− 2m− 2 ≤ k − 1 .

Now, using the fact that the associate polytope is a polytope of dimension
n− 2m− 1 with n− k facets (see Sect. I), and that such a polytope has at least
n− 2m facets (it is the simplex case), we conclude that this inequality can never
be satisfied.�

As a consequence of Theorem 2, the manifoldsN are not algebraic. More-
over, we shall now prove that they do admit neither algebraic nor K¨ahlerian
modifications, so that they cannot be obtained from an algebraic nor K¨ahlerian
manifold by a finite sequence of blows-up along analytic sets of codimension 2.
Thus, the manifoldsN are far from being K¨ahlerian.

Theorem 3. For n > 2m + 1, the manifoldsN do not admit any K¨ahlerian
modification.
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Proof. Let h1,0 = dimC H 0(N, Ω1) andh0,1 = dimC H 1(N, O), whereΩ1

is the sheaf of germs of holomorphic 1-forms onN , andO the sheaf of germs
of holomorphic functions onN . By a theorem of Lescure ([Le1]), a smooth
equivariant compactification of a connected complex Abelian Lie group has a
Kählerian modification if and only ifh1,0 = h0,1.

We shall first prove thath0,1 is greater than or equal tom. Let us consider the
following short exact sequence onV = S/C∗

0→ Oinv
V → OV

L
ξ̃1
⊕...⊕L

ξ̃m−−−−−−−→ Oetr → 0 ,

whereOV is the sheaf of germs of holomorphic functions onV , the vector fields
ξ̃1, . . . , ξ̃m are the projections ontoV of ξ1, . . . , ξm andOinv

V is the sheaf of germs
of holomorphic functions onV which are constant along the linear foliation
generated bỹξ1, . . . , ξ̃m. Besides,Lξ̃i

denotes the Lie derivative with respect to

ξ̃i andOetr is the image ofOV in O⊕m
V by the linear operatorL = Lξ̃1

⊕. . .⊕Lξ̃m
.

Remark that, from this exact sequence, we have

(I) H 1(N, O) ' H 1(V , Oinv
V )

A class inH 1(V , Oinv
V ) is represented by an open cover(Vα)α∈A (whereA is

a finite set of integers; we will omit to write the subscriptα ∈ A from now on)
together with holomorphic functionsgαβ defined on the intersectionVα ∩Vβ and
satisfying

(C)


 the cocycle conditions:

{
gαβ + gβα = 0 onVα ∩ Vβ

gαβ + gβγ + gγα = 0 onVα ∩ Vβ ∩ Vγ

the invariance conditions:Lξ̃1
.gαβ = . . . = Lξ̃m

.gαβ = 0

In particular, the invariance conditions imply that eachgαβ is the pullback
by π̃ : V → N of a functiong̃αβ defined on a open set ofN , so that the set
(π̃(Vα), g̃αβ) defines a class inH 1(N, O). This explains relation (I).

Reciprocally, aC-principal bundle overN is defined by an open cover(Uα)

of N together with a cocyclẽgαβ whose pull back bỹπ , that is to say(π̃−1(Uα),

π̃∗g̃αβ), is an open cover ofV together with a cocycle verifying (C). Observe that
this cocycle is trivial if and only if the corresponding principal bundle is trivial.

We shall constructm non trivial cocycles of this type and show that there is
no linear relation between them. This shall prove that they define a free system
of classes inH 1(N, O), whose dimension is then greater than or equal tom.

Let χ̃ be a linear combinationa1ξ̃1 + . . . + amξ̃m. By weak hyperbolicity,
there is a vector field

χ =
n∑

i=1

µizi

∂

∂zi

onCn such that
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(i) (µ1, . . . , µn) is an admissible configuration,
(ii) The projection ofχ ontoV is χ̃ ,
(iii) There existsα ∈ C such that

(1≤ i ≤ m) µi = a1λ
1
i + . . .+ amλm

i + α .

To this admissible configuration is associated an open set of Siegel leavesS ′.
Remark that, from the characterization of this set given in part I, if we choose
wisely α in the previous definition ofχ , we have an inclusionS ⊂ S ′ and
thereforeV ⊂ V ′, whereV ′ = S ′/C∗. Besides, we have an action ofχ̃ on
V ′ whose quotient space is a compact complex manifoldN ′. And there is aC-
principal bundlep : V ′ → N ′. This bundle is defined by an open cover ofN ′
and a cocycle. If we pull back the cover and the cocycle byp and restrict them
to V , we obtain an open cover(Vα) of V and a cocyclehαβ . As χ̃ commutes
(as a diagonal linear vector field) with(ξ̃1, . . . , ξ̃m), this cocycle verifies (C),
so represents a class inH 1(V , Oinv

V ), as explained above. Now this class is non
trivial, because, by Lemma I.2, the corresponding bundle (the restriction ofp)
is non trivial.

In particular, using thẽξj , we get in this waym non trivial elements of
H 1(N, O) represented by cocyclesgj

αβ satisfying (C) and an open cover(Vα) of
V (which we assume to be the same for allj ).

Lethαβ be a linear combinationa1g
1
αβ+. . .+amgm

αβ defined on the cover(Vα).
By a direct computation, it may be verified that this cocycle, via the construction
explained above, comes from the vector field

χ̃ = b1ξ̃1+ . . .+ bmξ̃m where


 bi = 1

ai

if ai 6= 0.

bi = 0 otherwise.

But, as noticed above, this means that the cocyclehαβ is not trivial. As a
consequence, the family(g1

αβ, . . . , gm
αβ) injects as a free family inH 1(V , Oinv

V )

and we haveh0,1 ≥ m.
On the other hand, letb1(N) be the first Betti number ofN . We have

2h1,0 ≤ b1(N) ≤ max(k − 1, 0) ≤ 2m− 1 , (M)

where the first inequality comes from [Bl] and from the fact that every 1-form
onN is closed (see [Le1]), the second from the exact sequence in homotopy of
the fibrationπ : S → N , and the third from the proof of Theorem 2.

Thereforeh1,0 < h0,1, which achieves the proof.�

Remark.Let G be the Lie algebra ofG. Then the sheafOetr may be identified
with a subsheaf ofC1(G, O), the set of 1-cochains ofG with values inO (see
[Le3]).
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IV. Meromorphic functions and holomorphic 1-forms on N

Theorem 3 has as a consequence that the manifoldN is not Moı̈shezon, and
therefore that the degree of transcendence of the field of meromorphic functions
onN is strictly lower than its complex dimension (see [Mo]).We may prove more.
Let (Λ1, . . . , Λn) be an admissible configuration and leta be the dimension over
Q of the vector space of the rational solutions of the system

(S)




n∑
i=1

siΛi = 0

n∑
i=1

si = 0

Recall thatd is the minimal codimension ofE with S = Cn − E. We have

Theorem 4.

(i) The degree of transcendence of the field of meromorphic functions onN is
greater than or equal toa.

(ii) Moreover, ifd > 1, this degree is equal toa.

Proof. (i) Let su = (su
1 , . . . , su

n), for u between 1 anda, be a basis of the vector
space of the rational solutions of the system (S) satisfying{

su
i ∈ N for all i and allu

GCD(su
1 , . . . , su

n) = 1 for all u .

Let us associate to this basis the meromorphic functionsMu = z
su
1

1 . . . z
su
n

n on
S, for 1≤ u ≤ a. These functions verify

∀z ∈ S, ∀α ∈ C∗, ∀T ∈ Cm,

Mu(αe<Λ1,T >z1, . . . , αe<Λn,T >zn) = Mu(z1, . . . , zn) ,

and therefore can be projected onto meromorphic functions onN . The ratio-
nal independence of the exponentssα implying the algebraic independence of
the monomialsMα, the degree of transcendence of the field of meromorphic
functions onN is at least equal toa.

(ii) Let f0 be a meromorphic function onN . It can be lifted to a meromor-
phic functionf on S, which is constant along the leaves. Asd > 1, we have
S = Cn − E with E of complex codimension strictly greater than one at each
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point. Therefore, by Levi’s theorem,f can be extended toCn as a meromorphic
function, and by continuity,f is constant along the leaves of the singular folia-
tion defined on the wholeCn. The functionf is in particular invariant under the
action ofC∗, and projects onto a meromorphic function onCP n−1. But, accord-
ing to a classical result, we then havef = P/Q with P andQ homogeneous
polynomials withn variables of the same degreeg.

Let
P(z) =

∑
|p|=g

apzp and Q(z) =
∑
|p|=g

bpzp ,

where we writez instead of(z1, . . . , zn), as well asp instead of(p1, . . . , pn)

andzp instead ofzp1
1 . . . z

pn
n . Lastly,|p|meansp1+ . . .+pn. Moreover, remark

that, in this notation, theap andbp cover all the indexes and only a finite number
of them are not zero. The polynomialsP andQ must verify

P

Q
(z) = P

Q
(e<Λ,T >z) ,

that is to say ∑
|p|=g

(
apQ(z)− P(z)bp

)
zpe<pΛ,T > ≡ 0 . (E)

Let us consider the finite setP = {(p1, . . . , pn) | |p| = g} and the equiva-
lence relation

p ∼ q ⇐⇒
n∑

i=1

piΛi =
n∑

i=1

qiΛi .

We may then decomposeP into equivalence classesP = P 1 t . . . t P h,
generated byp1, . . . , ph and rewrite (E) as

h∑
i=1


∑

p∈P i

((
apQ(z)− bpP (z)

)
zp

) e<piΛ,T > ≡ 0 .

By induction on the number of classes, it can be shown that (E) implies

∀ p0 ∈ P,
∑
p∈P0

(
apQ(z)− bpP (z)

)
zp ≡ 0 ,

whereP0 denotes the equivalence class ofp0 ∈ P . This can be written

P

Q
(z) =

∑
p∈P0

apzp

∑
p∈P0

bpzp
(F)
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for ap0 satisfyingbp0 6= 0.
Recall that an integer basis of the space of solutions of (S) is given by

(s1, . . . , sa). In Equation (F), each equivalence classP0 is constituted by ele-
ments

p0+ integer linear combination of(s1, . . . , sa).

This means that if we factorizezp0
in the numerator and denominator of (F),

we may findP1 andQ1 elements ofC[z1, . . . , zn] such that

f (z) = P

Q
(z) =

∑
p∈P0

apz(p−p0)

∑
p∈P0

bpz(p−p0)
= P1(M1, . . . , Ma)

Q1(M1, . . . , Ma)
.

As a consequence,f is algebraically dependent ofM1, . . . , Ma, which com-
pletes the proof.�

Definition. We say that an admissible configuration(Λ1, . . . , Λn) fulfills condi-
tion (H) if a is equal to0, i.e. if it verifies



n∑
i=1

Λisi = 0

n∑
i=1

si = 0

si ∈ Q for all i

H⇒ s1 = . . . = sn = 0 .

Remark.It is a generic condition.

Under the generic condition (H), the manifoldsN have very few meromorphic
functions. In particular,

Corollary. Let (Λ1, . . . , Λn) be an admissible configuration fulfilling condition
(H). Supposed > 1. Then any meromorphic function onN is constant.

This gives a correction to Theorem 4 of [Me] where the generic condition is
missing.

On the contrary, note that if we take a configuration with rational coordinates,
the dimensiona is maximal and equal ton−2m−1.As any linear Loeb-Nicolau
manifold can be obtained by an admissible configuration fulfillingm = 1 and
d > 1 (see [LdM-Ve] p. 261), we may specify a result of [L-N1]

Corollary. The degree of transcendence of the field of meromorphic functions
onS2k−1 × S2l−1 equipped with a linear Loeb-Nicolau complex structure (with
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k > 1 and l > 1) is contained between0 andk + l − 2, and these two values
can be obtained.

The following proposition gives the geometric meaning of condition (H).
Recall that the manifoldN is the compactification of a complex Lie groupG and
that a Cousin group is a complex connected Lie group without any non-constant
global holomorphic functions (see part I).

Proposition IV.1. Let (Λ1, . . . , Λn) be an admissible configuration. Then the
configuration(Λ1, . . . , Λn) fulfills condition (H) if and only ifG is a Cousin
group.

Proof. Notice that we may apply the proof of Theorem 1 toG and have thus a
Lie isomorphism betweenG = (C∗)n−1/Cm andCn−m−1 quotiented by the lat-
tice generated by(e1, . . . , en−m−1, α1, . . . , αm), with (e1, . . . , en−m−1) canonical
basis ofCn−m−1 and, as in Theorem 1, one has

αi =




m∑
j=1

(−1)i+jdet (A)i,j (λ
j

m+1+p − λ
j

1)

detA




n−m−1

p=1

.

From now on, we take this model as definition ofG. Remark that we assume
for this identification that(Λ1, . . . , Λ2m+1) is an admissible subconfiguration,
in order to have detA not zero. This assumption is always possible by Lemma
I.1. Suppose thatG is not a Cousin group. This means it is isomorphic toG′ =
(C∗)p × C with p > 0 andC a Cousin group (see [Mor]; the presence of the
canonical basis in the lattice definingG proves that there is noC-factor in its
decomposition). We may identifyG′ with the quotient ofCn−m−1 by the lattice
involving the canonical basis andm vectors whosep first coordinates are zero.
Taking this model as definition ofG′, we then have

Cn−m−1 L−−−→ Cn−m−1y y
G −−−→ G′ ,

whereL is a Lie isomorphism ofCn−m−1 carrying the lattice definingG onto
the lattice definingG′. This implies thatL is a linear transformation ofCn−m−1

completely determined by a matrixZ of PSLn−1(Z) which gives the coordinates
of the vectors(e1, . . . , en−m−1, α1, . . . , αm) in the basis ofCn−1 given by the
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vectors(e1, . . . en−m−1, β1, . . . , βm), then − 1 vectors generating the lattice of
G′.

Let (ai,j ) be the integer coefficients ofZ. Then, for 1≤ s ≤ m, we have

L(αs) = α1
s L(e1)+ . . .+ αn−m−1

s L(en−m−1)

L(αs) = α1
s (a1,1e1+ . . .+ a1,n−1βm)+ . . .+

αn−m−1
s (an−1,1e1+ . . .+ an−1,n−1βm) .

Projecting ontoz1, as the first coordinate of eachβi is zero, one gets

1≤ s ≤ m a1,1α
1
s + . . .+ a1,n−m−1α

n−m−1
s = a1,n−m−1+s ,

and there are others similar relations for the projections ontoz2, . . . , zn.
Now, it is straightforward to verify that the solutions of these equations are

given by the solutions of the system

a1,1(Λ2−Λ1)+ . . .+ a1,n−m−1(Λn−m −Λ1) =
a1,n−m(Λn−m+1−Λ1)+ . . .+ a1,n−1(Λn −Λ1) ,

that is to say that there are integer solutions if and only if condition (H) is not
satisfied.�

Remark.If (Λ1, . . . , Λn) does not satisfy condition (H), then, by Theorem 4,
the manifoldN has rational meromorphic functions. The restrictions of these
functions toG give global non constant holomorphic functions onG, which thus
cannot be a Cousin group.

As a consequence of this proposition, we state

Theorem 5. Let (Λ1, . . . , Λn) be an admissible configuration fulfilling
condition (H). Then we have

h1,0 = dimC H 0(N, Ω1) = max(0, k −m− 1).

Proof. Under condition (H), the groupG is a Cousin group. The holomorphic
1-forms onG can then be written, in the model given in proposition IV.1,

Ω =
n−m−1∑

i=1

αidzi ,

where theαi are constants. Now, using the Lie isomorphism betweenG and
(C∗)n−1/Cm and pulling back byπ , these forms are transformed into

ω =
n−m−1∑

i=1

ai

zi

dzi on (C∗)n ⊂ S
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with ai constants verifying 


n∑
i=1

aiΛi = 0

n∑
i=1

ai = 0 .

If zi is not an indispensable point of the configuration, the formω extends to
S if and only ifai is zero. Therefore, if we assume that thek indispensable points
of the configuration are thek first coordinates, the 1-forms ofN are projection
by π of the 1-forms

ω =
k∑

i=1

ai

zi

dzi onS

with ai constants verifying 


k∑
i=1

aiΛi = 0

k∑
i=1

ai = 0 .

By weak hyperbolicity, this system has maximal rank, so the space of solu-
tions has dimension max(0, k −m− 1). �

Corollary. Let (Λ1, . . . , Λn) be an admissible configuration. In the following
cases, there are no global holomorphic forms of any degree onN :

(i) n > 2m+ 1 andk < 3.
(ii) (Λ1, . . . , Λn) fulfills condition (H) andk < m+ 2.

Proof. For 1-forms, this is an immediate consequence of majoration (M) in case
(i) and of Theorem 5 in case (ii). But in the case of an equivariant compactifi-
cation, this implies that there are no holomorphic forms of greater degree (see
[Le1]). �

Remark.The conditionk < 3 is always fulfilled for the manifolds of [LdM-Ve].
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V. Holomorphic vector fields and complex geometry ofN

Throughout this section, we denote byF the foliation induced by the vector
fields(ξ1, . . . , ξm, R) onS, and use the decomposition of the tangent bundle of
S

T S = T F ⊕NF ,

where the normal bundle to the foliationNF is defined as asmoothorthogonal
complement toT F for the standard Hermitian product ofCn. Observe thatNF
is holomorphic above(C∗)n ⊂ S, where the foliation is holomorphically trivial.
Lastly, we callΘ the sheaf of germs of holomorphic vector fields onN .

Theorem 6.Let (Λ1, . . . , Λn) be an admissible configuration, and letN be the
corresponding manifold.

(i) The manifoldN has at leastn−m− 1 globally linearly independent holo-
morphic vector fields, i.e. we havedimC H 0(N, Θ) ≥ n−m− 1.

(ii) If d > 1 and if theΛi are all different, one has an equalitydimC H 0(N, Θ)

= n−m− 1.

Proof. (i) By commutation withξ1, ..., ξm andR, every diagonal linear vector
field

χ =
n∑

i=1

αizi

∂

∂zi

onCn defines a global holomorphic vector fieldχ̃ onN .

Let(χ1, . . . , χn−m−1) be holomorphic diagonal linear vector fields ofS, form-
ing a basis ofNF at each point of(C∗)n, and let(χ̃1, . . . , χ̃n−m−1) be their
projections. The vector fields(χ1, . . . , χn−m−1, ξ1, . . . , ξm, R) are linearly inde-
pendent at each point of(C∗)n, therefore globally linearly independent onS.
From the fibrationπ : S → N and the isomorphismNzF ' Tπ(z)N for all
z ∈ S, we deduce the global linear independence of(χ̃1, . . . , χ̃n−m−1) on N .
Thus, we constructn−m−1 globally linearly independent holomorphic vector
fields onN .

(ii) Let χ̃ be a global holomorphic vector field onN . In the following commutative
diagram

NF −−−→ T Ny y
S

π−−−→ N ,

the bundleNF → S is isomorphic to the pullback of the tangent bundleT N →
N by π . This property allows us to lift̃χ to a smooth vector fieldχ onS, which
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commutes withξ1, ..., ξm andR. Moreover, this vector field is holomorphic on
(C∗)n ⊂ S, so is in fact holomorphic onS.

As d > 1, this vector field can be extended holomorphically toCn, and this
extension, by density ofS and continuity ofχ , commutes withξ1, ...,ξm andR

on the whole ofCn. In particular, the commutation withR implies thatχ defines
a global holomorphic vector field onCP n−1, therefore is linear (see [C-K-P]).
Moreover, the commutation withξ1, ...,ξm implies then, as theΛi are different,
thatχ is diagonal linear and that it is one of the vector fields constructed in part
(i). �

We now generalize the results of [L-N2].

Definition (see [L-N2]).LetN be a complex manifold equipped with a regular
holomorphic foliationG. Letω be a closed real 2-form onN . The foliationG is
called transversely K¨ahlerian with respect toω if and only if

(i) the formω is J -invariant (whereJ is the almost complex structure ofN ),
(ii) for all z ∈ N , the kernel ofω(z) is the tangent space to the foliationTzG,
(iii) the quadratic formh(u1, u2) = ω(Ju1, u2)+ iω(u1, u2) is positive definite

onNG, the normal bundle to the foliation.

Theorem 7.Let (Λ1, . . . , Λn) be an admissible configuration and letN be the
corresponding compact, complex manifold. There exists onN a regular holo-
morphic foliation of dimensionm, which is transversely K¨ahlerian with respect
to the Euler class of the bundleπ1 : M1→ N .

Proof.As in [L-N2], we consider the vector fields ofCn

ηj =
n∑

i=1

Re(λ
j

i )zi

∂

∂zi

for 1≤ j ≤ m .

By Lemma I.1, the vector fields(η1, . . . , ηm, ξ1, . . . , . . . , ξm, R) are linearly
independent at each point ofS, so their projections(η̃1, . . . , η̃m) are linearly
independent at each point ofN and generate a regular holomorphic foliation of
dimensionm.

A direct generalization of the proof given in [L-N2] shows that the so-defined
foliation is transversely K¨ahlerian with respect toω, the projection ontoN of
the standard K¨ahlerian 2-form ofCn.

Finally, the bundleπ1 : M1 → N is the pullback of the bundleS2n−1 →
CP n−1 by the smooth embedding ofN into the projective space (see part I).
Therefore its Euler class is the restriction of the K¨ahler form ofCP n−1 to this
embedding, that is to say, is 2ω. �
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As in [L-N2], this allows us to describe analytic sets and holomorphic sub-
manifolds ofN in a generic case. To achieve that, recall thatN contains holo-
morphic submanifolds, that we shall call standard, which are constructed in the
following way: to every subsetJ of {1, 2, . . . , n} fulfilling the Siegel condition
0 ∈ H((Λj)j∈J ), we associate the standard submanifoldNJ of N obtained as
leaf space for the foliation restricted to

SJ = {z ∈ S | zj = 0 for j 6∈ J } .

Theorem 8.Let (Λ1, . . . , Λn) be an admissible configuration fulfilling condi-
tion (H). Then any analytic set (respectively holomorphic submanifold) ofN of
dimension greater than or equal tod+m−1 is a union of standard submanifolds
(respectively a standard submanifold).

Recall thatd is the minimal codimension ofE in S = Cn −E. The proof of
this theorem is rigorously identical to that of [L-N2], once we have established
the following modification of Proposition 1 of [L-N2].

Proposition V.1. Let Y be an analytic set ofN of dimension greater than or
equal tod +m− 1. ThenY is tangent toG, the foliation of Theorem 7: for ally
regular point ofY , we have:TyG ⊂ TyY .

Proof.Let ω represent the Euler class of the bundleπ1 : M1→ N , therefore of
the transversely K¨ahlerian 2-form onN . From this, the exterior productωd is
exact (see [LdM-Ve] p. 259), and, asω is closed,ωl is exact for everyl ≥ d. Now,
it is sufficient to show the result for an analytic setY of dimensiond + m − 1.
Let Y be the regular part ofY , and let

c = min
y∈Y

(dim(TyY ∩ TyG)) .

Let K be a holomorphic distribution onY of c-planes such that

For ally ∈ Y , Ky ⊂ TyY ∩ TyG .

We want to show thatK = T G|Y , therefore thatc = m. Let us suppose the
contrary. AsK is holomorphic, there is a volume formV on it. Let

ω1 = ωd+m−1−c ∧ V .

This is an exact form of dimensiond +m− 1 onY of dimensiond +m− 1.
Let y ∈ Y .

1st case:dim(TyY ∩ TyG) > c.
Thenω1(y) = 0.
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2nd case: dim(TyY ∩ TyG) = c.
Thenω1(y) is strictly positive.

By exactness ofω1, Stokes theorem for analytic sets implies∫
Y

ω1 = 0 , hence∀ y ∈ Y , ω1(y) = 0 .

But this is absurd, because this implies that, at each pointy of Y , we are in
the first case. This finishes the proof.�

Remark.This proposition is not specific to our construction and is still valid in the
case of a compact, complex manifoldN equipped with a transversely K¨ahlerian
foliation G with respect to a 2-formω, such thatωd is exact for a fixed integerd.

We close this part with a short study of the quotient space of the transversely
Kählerian foliation onN . This study is not contained in [L-N2].

Definition. We say that an admissible configuration(Λ1, . . . , Λn) fulfills condi-
tion (K) if and only if, for the space of solutions of System (S),

(S)




n∑
i=1

siΛi = 0

n∑
i=1

si = 0

we may choose a basis with rational coordinates.

Remark.Condition (H) can be restated as: there is no rational solution of System
(S), so is totally opposite to condition (K).

We now have

Theorem 9.Let(Λ1, . . . , Λn) be an admissible configuration fulfilling condition
(K), letN be the corresponding manifold and letG be the transversely K¨ahlerian
foliation of Theorem 7. Then

(i) All leaves ofG are complex tori of complex dimensionm;
(ii) The quotient spaceN/G is a Kählerian orbifold.

We will not prove this theorem and state it as an announcement, as we intend
to show it in another paper where we shall study more extensively the quotient
spaceN/G.



102 L. Meersseman

VI. Affine equivalence and deformation space ofN

This part deals with the generalization of the results of [LdM-Ve] on the defor-
mation space ofN .

Definition. We say that(Λ1, ..., Λn) and(Λ′1, ..., Λ′n) are equivalent configura-
tions if there is a continuous mapH : [0, 1] → (Cm)n such that

(i) H(0) = (Λ1, ..., Λn),
(ii) H(1) = (Λ′′1, ..., Λ′′n), where the configuration(Λ′′1, ..., Λ′′n) is an arbitrary

permutation of(Λ′1, ..., Λ′n),
(iii) for all t of [0, 1], the setH(t) is an admissible configuration.

Remark that two equivalent configurations give diffeomorphic manifoldsM1

and diffeomorphic manifoldsN . Indeed, by definition,H(t) is an admissible
configuration, thereforeM1(t) (respectivelyN(t)) is a differentiable manifold
for all t . The union of these manifolds fibers over the interval, and this fibration
is a submersion at each point of the interval. Therefore it is locally trivial by
Ehresmann’s lemma (see [M-K] p.19-21 for a direct proof), soM1(0) andM1(1)

(respectivelyN(0) andN(1)) are diffeomorphic.
However, the converse is false. There are diffeomorphic manifoldsM1 com-

ing from non equivalent admissible configurations (see [LdM1] p. 242 for an
example).

If two admissible configurations can be obtained one from the other by an
affine transformation ofCm and are equivalent, the two manifoldsN are biholo-
morphic. In fact, there is a biholomorphism between the open setsS which sends
leaf onto leaf. Ifd > 2, the converse is true. It is a generalization of Theorem 5
of [LdM-Ve] (the proof is the same).

Theorem 10.Let (Λ1, ..., Λn) and (Λ′1, ..., Λ′n) be two equivalent admissible
configurations, and letN andN ′ be the corresponding compact complex mani-
folds. Supposed > 2. ThenN andN ′ are biholomorphic if and only if the two
configurations can be obtained one from the other by an affine transformation
of Cm, i.e. if and only if there exists(Λ′′1, . . . , Λ′′n) an arbitrary permutation of
(Λ′1, ..., Λ′n) and

A ∈ GLm(C) andB ∈ Cm such that

(Λ′′1, . . . , Λ
′′
n) = (AΛ1+ B, . . . , AΛn + B) .

Now let (Λ1, ..., Λn) be an admissible configuration and letE be the set of
admissible configurations equivalent to(Λ1, ..., Λn), quotiented by the affine
equivalence relation of Theorem 10.

Lemma VI.1. The setE is a finite quotient or an open set of(Cn−m−1)m.
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Proof. By Lemma I.1, we may assume that(Λ1, ..., Λm), them first vectors of
the base point ofE, have complex rankm and that there existsA ∈ GLm(C)

andB ∈ Cm mapping them+ 1 first vectors of the configuration onto

(AΛ1+ B, . . . , AΛm+1+ B) = (e1, . . . , em, 0) ,

where(e1, . . . , em) is the canonical basis ofCm. The vectors(Λm+2, . . . , Λn)

are sent by this transformation onto a setM = (M1, . . . , Mn−m−1) of vectors of
Cm.

Let Λ′ = (Λ′1, . . . , Λ′n) represent a class inE. As Λ′ is equivalent toΛ,
there exists a permutationΛ′′ such thatΛ andΛ′′ are homotopic (that is to say,
according to the definition of equivalent configurations, that there is a continuous
path of admissible configurations joiningΛ to Λ′′). Now, as above, there is a
unique affine transformation mapping(Λ′1, . . . , Λ

′
m+1) onto(e1, . . . , em, 0). By

this transformation the vectors(Λ′m+2, . . . , Λ
′
n) are sent onton−m− 1 vectors

of Cm, let us call themM ′ = (M ′1, . . . , M
′
n−m−1).

It is clear that the matrixM ′ does not depend on the choice of the representant
and that two different classes inE give different setsM ′. Therefore we have
identifiedE with a finite quotient of a setP of (Cn−m−1)m up to permutation.

Finally, observe that ifΛ′ is close enough toΛ (for the product topology
on Cm × . . . × Cm), it is equivalent toΛ. So it defines a class inE whose
corresponding point inP is close toM. Therefore,P is open.�

Thus, for each manifoldN , we have constructed an analytic deformation
space of dimensionm(n−m−1). Ford > 2, two different points ofE correspond
to different complex structures on the same manifoldN , up to diffeomorphism.
From this,E is a reduced moduli space, and there is a holomorphic injection of
E into the Kuranishi space ofN .

Theorem 11 (see [LdM-Ve], Theorem 6).Let (Λ1, . . . , Λn) be an admissible
configuration, letN be the corresponding compact complex manifold, and letE

be defined as above. Supposed > 3 and suppose that theΛi are all different.
Then the open setE is a universal deformation space (a moduli space) ofN .

Proof. As in [LdM-Ve], we shall prove that the dimension ofE and that of
H 1(N, Θ) are the same. Since the dimension of the Kuranishi space ofN , let
us callK, is smaller than or equal to that ofH 1(N, Θ) (because of the Kodaira-
Spencer map, see [Su] p. 160), this implies thatE andK have the same dimension.
Now, asE injects holomorphically inK, in a regular point, the Kodaira-Spencer
map is an isomorphism. This is sufficient to prove, by a theorem of Kodaira-
Spencer, thatE is a versal deformation space ofN , like K (see [Su] p. 160).
Finally, as two points ofE correspond to two different complex structures onN ,
it follows from all this thatE is a universal deformation space ofN . To compute
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the dimension ofE, we consider, in addition to the exact sequence of Theorem
3, the two following short exact sequences onV = S/C∗

0→ Θinv → ΘV

[ξ̃1,−]⊕...⊕[ξ̃m,−]−−−−−−−−−→ Θetr → 0 ,

0→ Oinv.ξ̃1⊕ . . .⊕Oinv.ξ̃m→ Θinv π−−−→ Θb → 0 ,

where the sheafΘV is the sheaf of germs of holomorphic vector fields onV ,
and the sheafΘetr ⊂ (ΘV )⊕m is the image sheaf ofΘV by the linear operators
corresponding with Lie brackets[ξ̃1,−] ⊕ . . .⊕ [ξ̃m,−]. Lastly, the sheafΘinv

is the sheaf of germs of holomorphic vector fields onV which commute with
ξ̃1, . . . , ξ̃m andΘb is defined by these sequences.

Then we have
Hi(V, Θb) ' Hi(N, Θ) for all i.

As d > 3, by Scheja’s results [Sc] we have the following identifications

H 0(V , ΘV ) = H 0(CP n−1, ΘCP n−1) ' sln(C)

= {matrices ofMn(C) of trace 0}
and H 1(V , OV ) = H 2(V , OV ) = H 1(V , ΘV ) = H 2(V , ΘV ) = 0 .

The exact sequence of Theorem 3 gives the long exact sequence in cohomol-
ogy {

0→ Cm→ H 1(V , Oinv)→ 0
0→ H 1(V , Oetr )→ H 2(V , Oinv)→ 0 ,

and thereforeH 1(V , Oinv) = Cm andH 2(V , Oinv) = H 1(V , Oetr ).

As the vectorsΛi are all different,H 0(V , Θinv) can be identified with the di-
agonal matrices modulo the scalar ones, and, by Theorem 6, we haveH 0(V , Θb)

= Cn−m−1.
The two long exact sequences in cohomology are thus

0→ Cn−1→ sln(C)→ H 0(V , Θetr )→ H 1(V , Θinv)→ 0 ,

0→ Cm ⊕ . . .⊕ Cm→ H 1(V , Θinv)→ H 1(V , Θb)
p→ H 2(V , (Oinv)⊕m)

→ . . . ,

Using the previous isomorphism betweenH 1(V , Oetr ) andH 2(V , Oinv) and
Čech cocycles, it is straightforward to verify that the mapp has 0 as image. The
second long exact sequence turns to be

0→ Cm ⊕ . . .⊕ Cm→ H 1(V , Θinv)→ H 1(V , Θb)→ 0 .
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As the tangent space ofE injects intoH 1(V , Θb), the dimension of this space
is greater than or equal tom(n − m − 1). We have to know the dimension of
H 0(V , Θetr ) in order to say more. An element of this space is a collection of
m linear vector fields(M1, . . . , Mm) of Cn verifying locally that there exists a
germ of vector fieldχ overCn such that

[χ, R] = 0, [χ, ξi] = Mi, 1≤ i ≤ m .

In particular, by the Jacobi identity, one has

[Mk, ξl] = [Ml, ξk] for 1≤ k, l ≤ m .

Let us denote by(mk
ij )

n
i,j=1 the coefficients of the matrix which characterize

the linear vector fieldMk. We have

ml
ji(λ

k
j − λk

i ) = mk
ji(λ

l
j − λl

i) for 1≤ k, l ≤ m .

As theΛi are all different, we thus obtainn(n−1)(m−1) non trivial relations
between the coefficients of the vector fieldsM1, ...,Mm. Therefore

dimC H 0(V , Θetr ) ≤ (n− 1)(n+m) .

But the exact sequences imply then

dimC H 0(V , Θetr ) = (n− 1)(n+m) and dimC H 1(V , Θb) = m(n−m− 1)

which achieves the proof.�

Remark.Some manifoldsN have a disconnected moduli space. Let(Λ1, ..., Λn)

and (Λ′1, ..., Λ′n) be two admissible configurations, non equivalent but giving
diffeomorphic manifoldsM1. Supposed > 2. Then, by Theorem 10, we have
two reduced moduli spacesE andE′, whose union is not connected: it is not
possible to go continuously from a complex structure ofE on N to a complex
structure ofE′.

Remark.As in Theorem 3, we have an identification betweenΘetr and a sub-
sheaf ofC1(G, Θ), the set of 1-cochains of the Lie algebraG with values inΘ.
Moreover, the mapΘ → Θetr is the Koszul differential (see [Le3]).
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VII. Some elements of classification ofM1

In this section, we give some results on the classification ofM1, up to diffeo-
morphism. We choose to classifyM1 rather thanN , because we have a powerful
classification tool forM1: the explicit smooth action of the real torus on it. We
begin this section by a reduction theorem.

Theorem 12.Let (Λ1, . . . , Λn) be an admissible configuration. Ifk > 1 and
m > 1, then there is an admissible configuration(Λ′1, . . . , Λ

′
n−2) such that

M1 is diffeomorphic toM ′1 × S1 × S1, whereM1 and M ′1 are the manifolds
corresponding respectively to(Λ1, . . . , Λn) and(Λ′1, . . . , Λ

′
n−2).

Remark.The configuration(Λ1, . . . , Λn) corresponds to an action ofCm, but the
configuration(Λ′1, . . . , Λ

′
n−2) to an action ofCm−1.

This theorem is a reduction theorem in the sense that it allows us to restrict
the configurations to study in order to give a classification ofM1, up to diffeo-
morphism. The following immediate corollary specifies this.

Corollary. To establish the classification of the manifoldsM1 up to diffeomor-
phism, it is sufficient to use the configurations with one or without an indispens-
able point.

This corollary is the motive for the following definition.

Definition. We call reduced admissible configuration an admissible configura-
tion with only one or without an indispensable point.

Proof of the theorem.Let (Λ1, . . . , Λn) be an admissible configuration with
k > 1. We then have

M '
{

w ∈ Cn |
n∑

i=1

Λi |wi |2 = 0

}
.

In order to simplify, we shall suppose thatz1 andz2 are indispensable points.
As in the proof of Theorem 2, we may write the following diffeomorphism

M ' S1× S1

×
{

w ∈ Cn−2, (r1, r2) ∈ (R+∗ )
2 | Λ1r1+Λ2r2+

n∑
i=3

Λi |wi−2|2 = 0

}
.

Let us callM ′ the manifold on the righthand side of this expression. By
Lemma I.1, the system which definesM ′ has maximal rank, and, using the last
two equations for example, is equivalent to
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|w1|2Λ′1+ . . .+ |wn−2|2Λ′n−2 = 0 ,

where theΛ′i are vectors ofCm−1. We must now verify that(Λ′1, . . . , Λ
′
n−2) is

an admissible configuration.
To achieve that, remark that the associate polytopes ofM andM ′ are combi-

natorially equivalent (there is a bijection between them which maps a face onto a
face and respects the inclusion of faces - see [B-L] or [Gr]) and can be identified
with

K =
{

r ∈ (R+)n |
n∑

i=1

riΛi = 0,

n∑
i=1

ri = 1

}
.

Equality of the associate polytope means thatS = S ′ × (C∗)2. Now, let us
suppose that the weak hyperbolicity condition is not satisfied for the configuration
(Λ′1, . . . , Λ

′
n−2), for example let us suppose that 0 belongs to the convex hull of

(Λ′1, . . . , Λ
′
2m−2). Then

P = {w2m−1 = . . . = wn = 0, wj 6= 0 for 1≤ j ≤ 2m− 2}
is included inS ′, and thereforeP × (C∗)2 is included inS. Thus 0 belongs to
the convex hull of(Λ1, . . . , Λ2m), which is absurd.�

Corollary. Let(Λ1, . . . , Λn)be an admissible configuration. Ifk > 2andm > 1,
then there is an admissible configuration(Λ′1, . . . , Λ

′
n−2) such thatN is diffeo-

morphic toN ′ × S1 × S1, whereN and N ′ are the manifolds corresponding
respectively to(Λ1, . . . , Λn) and(Λ′1, . . . , Λ

′
n−2).

Remark.Theorem 12 is a reduction theorem only for the classification up to
diffeomorphism. It is completely different for the classification ofN up to bi-
holomorphism. To have for exampleN diffeomorphic toS1 × S1 × N ′ may
have an interest, because the complex structure obtained may not respect this
decomposition. In particular, as a consequence of Theorem 5, we have

Proposition VII.1. Let (Λ1, . . . , Λn) be an admissible configuration satisfying
condition (H). Suppose

3≤ k ≤ m− 1 .

Then,N is diffeomorphic but not biholomorphic toT C
1 ×N ′, whereT C

1 is a
1-dimensional complex torus andN ′ is defined as in the previous corollary.

The proof of Theorem 12 uses the associate polytope. In fact this polytope
plays, as we shall now see, a fundamental rˆole in the classification ofM1. To
achieve that, remark that this polytope has the following property: its dimension
is n − 2m − 1 and from each of its vertices come exactlyd edges (this is a
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direct consequence of the fact that the different facets of the associate polytope
describe the different components ofS); therefore it is a simple polytope (see
[Gr]). There is a natural map from the set of admissible configurations into the set
of simple convex polytopes: the one that to an admissible configuration assigns
its associate polytope.

Two equivalent admissible configurations give two diffeomorphic manifolds
M1, therefore two diffeomorphic open setsS, and lastly two combinatorially
equivalent associate polytopes, so that the previous map projects onto a mapJ

from the setC of admissible configurations modulo equivalence into the setP
of simple polytopes modulo combinatorial equivalence

J : [(Λ1, . . . , Λn)] ∈ C 7→
[{

r ∈ (R+)n |
n∑

i=1

riΛi = 0,

n∑
i=1

ri = 1

}]
∈ P ,

where brackets are used to denote the equivalence classes. This map can, in some
way, be compared with the momentum map in symplectic geometry, because it
reflects the action of the real torus onM1 and its image is a convex polytope (see
[De]); it has also to be compared with the abstract moment map defined in [Ka].
Remark now that the equivalence class of a reduced admissible configuration
contains only reduced configurations, so that the mapJ can be restricted to the
setCreducedof reduced admissible configurations modulo equivalence. LetJ̃ be
this restriction.

Theorem 13.The mapJ̃ : Creduced→ P is a bijection: to every simple con-
vex polytope (modulo combinatorial equivalence), we may associate a unique
reduced admissible configuration (modulo equivalence) having this polytope as
associate polytope.

Remark.This result emphasizes the closeness between the mapJ̃ and the mo-
mentum map in symplectic geometry (the reader can compare with the results
of [De], for example).

Remark.In order to make this theorem work for simplexes, it is necessary to
consider the casem = 0 too. This case can be thought in the following way:
we haveS = Cn − {0} and we consider only the action ofC∗ onS, so we have
M1 = S2n−1 andN = CP n−1.

Proof.We need a definition of convex geometry. LetV = {v1, . . . , vn} be a set
of n points inRq , andW = {w1, . . . , wn} a set ofn points inRn−q−1. Then
considerH(v1, . . . , vn) andH(w1, . . . , wn) the convex polytopes formed by the
convex hulls of the elements ofV andW respectively. For a setI = {i1, . . . , ip}
of integer indexes between 1 andn, we shall denote byIC the complementary
indexes set, that is to say

IC = {1≤ j ≤ n | j 6∈ I } .
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Lastly, we denote byRelint H(v1, . . . , vn) the relative interior of
H(v1, . . . , vn).

Definition (see [B-L], p.511).The setW is a Gale diagram ofV if and only if,
for all I set of indices, we have

0 ∈ Relint H(wi)i∈IC ⇐⇒ H(vi)i∈I is a face of the polytopeH(v1, . . . , vn) .

The notion of Gale diagram allows us to bind the associate polytope to the
convex hullH(Λ1, . . . , Λn).

LemmaVII.2. Let(Λ1, . . . , Λn)be an admissible configuration.Then the convex
polytopeH(Λ1, . . . , Λn) is a Gale diagram of the dual of the associate polytope.

Proof.First, let us remark that the dimension of the associate polytope is adequate.
Let nowI be a set of indexes of dimensionp. If 0 ∈ Relint H(Λi)i∈I , then, by
definition, the subspace

{zi = 0, i ∈ IC, zj 6= 0, j ∈ I }
is included inS. Besides, as the different faces of the associate polytope describe
the different components ofS, there is a numbering of the facets of the associate
polytope such that the intersection of the facets indexed byi ∈ IC is a face of
this polytope. Dualizing, the facets transform inton − k verticesv1, . . . , vn−k

(wherek is the number of indispensable points), and the previous property means
thatH(vi)i∈IC is a face of the dual of the associate polytope. It is then sufficient
to add the verticesvn−k+1 = . . . = vn = 0 (corresponding tok indispensable
points) in order to verify the definition of a Gale diagram.

Conversely, the demonstration is still valid. Finally, the weak hyperbolicity
condition implies that if 0∈ H(Λi)i∈I , then in fact 0∈ Relint H(Λi)i∈I . �

Given a setV , a Gale diagram ofV is obtained by a Gale transform ofV (see
[B-L], p. 511, [Gr] p. 85): consider(v1, . . . , vn) as a matrix, to which you add a
column of one in order to have a(d + 1) × n matrix. The kernel of this matrix
viewed as a linear map is the space of affine relations between thevi . A basis of
this space is called a Gale transform ofV . This shall allow us to construct̃J−1.

Let P be a simple polytope of dimensionp with q facets. We have

n− 2m− 1= p and n− k = q .

As we want a reduced configuration,k is equal to 0 or 1. This gives two
possible values forn, but only one of them gives an integer value form. The
dimensions(m, n, k) are thus determined completely. Like in Lemma VII.2, if
k = 1, we add 0 as a vertex ofP to represent the indispensable point and have
the required dimension.
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A Gale transform of the dual of this polytope, extended if necessary, shall give
a configuration(Λ1, . . . , Λn) in Cm. We now have to verify that it is admissible.

By definition of a Gale transform, 0∈ H(Λ1, . . . , Λn) so the Siegel condition
is fulfilled. Suppose that the weak hyperbolicity condition is not fulfilled, for
example suppose that 0∈ H(Λ1, . . . , Λ2m). Moreover, as theΛi are not zero,
we may assume that 0∈ Relint H(Λ1, . . . , Λ2m), restricting ourselves to a
subconfiguration if necessary. Therefore, by the definition of a Gale diagram,
there is a face of the dual of the polytopeP corresponding to the complementary
set of indexes, therefore a face of dimensionn− 2m− 2 with n− 2m vertices.
Such a face cannot be a simplex. But, asP is simple, its dual is simplicial, so
there is a contradiction. The configuration is admissible.

Finally, if we consider two combinatorially equivalent polytopes, the Gale
transforms(v1, . . . , vp) and(v′1, . . . , v′p) of these polytopes are isomorphic (see
[Gr]) in the following way

for all I , we have 0∈ H((vi)i∈I ) ⇐⇒ 0 ∈ H((v′i)i∈I ) .

Now, the equivalence between two admissible configurations means that you
may homotope(Λ1, . . . , Λn) to (a permutation of)(Λ′1, . . . , Λ′n) without, at any
step, making 0∈ Cm pass through an internal facet of the convex hull of the
vectors, therefore such as 0 always stays in the same "chamber" of the convex
hull, which implies that the two configurations are isomorphic in the previous
way.�

From J̃−1, we may construct a map which sends a simple polytope into a
manifoldM1, but this map, according to the remark at the beginning of section
VI, is not injective.

In the particular case where the associate polytope is a polygon and where the
manifoldM1 is simply connected, a complete classification up to diffeomorphism
is given in [McG]. One obtains connected sums of products of spheres (see next
section). The proof by induction on the number of vertices of Mac Gavran cannot
be generalized, even in the case of polyhedrons. However, we conjecture

Conjecture. Let (Λ1, . . . , Λn) be an admissible configuration, and letM1 be
the corresponding manifold. ThenM1 is diffeomorphic toP × C, whereP is
a product of odd dimensional spheres andC a 2-connected connected sum of
products of spheres.

This conjecture is true in the case of a single vector field.A direct computation
of the homology classes is done in [LdM2] (see [LdM1] and [LdM-Ve] p. 263),
but it cannot be generalized. In the general case, we have the following result.

Lemma VII.3. The manifoldM1 is diffeomorphic toP ×C, whereP is a product
of odd-dimensional spheres andC a 2-connected manifold.
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Proof.Let us decompose the open setS as

S = (C∗)k × (C2− {0})p1 × . . .× S0 .

with S0 a 2-connected open set. By a slight adaptation of the diffeomorphisms
used in the proof of Theorem 2, this decomposition gives the following splitting
of M1

M1 ' (S1)k × (S3)p1 × . . .× C

with C a 2-connected manifold and the lemma is proved.�

Therefore the conjecture consists in proving thatC is a connected sum of
products of spheres.

Remark.As the bundleS → M1 has a contractible fiber,M1 andS have the
same homology. AsS is a subspace arrangement, it is theoretically possible to
compute its homology by the formula of Goresky-Mac Pherson (see [G-McP],
and [J-O-S] too). However, as there are subspaces of different codimensions, it
is not clear that the homology is even only free (see [Je] for an example of a
subspace arrangement with homology containing torsion terms).

VIII. Examples of compact complex manifolds

First, recall that the casem = 1 is the construction of [LdM-Ve], so we thus
obtain all their examples, including in particular those of Hopf, Calabi-Eckmann,
Haefliger (linear case), Loeb-Nicolau (linear case).

We now give the examples corresponding to an action ofC2 on C6 andC7.
Following Theorem 13, the classification is made using the number of indispens-
able pointsk and the combinatorial type of the associate polytope.

action on k associate polytope manifold N

C6 4 segment S3× T 3

C7 4 triangle S5× T 3

C7 3 square S3× S3× T 2

C7 2 pentagon

(
5
]

i=1
S3× S4

)
× S1

C7 1 hexagon
8
]

i=1
S4× S4

9
]

i=1
S3× S5
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whereT p is the real torus of dimensionp. Whenk = 0, we obtain

M1 '
14
]

i=1
S3× S6

35
]

i=1
S4× S5 ,

andN is the basis of a non trivial circle bundle, whose total space is this manifold.
In the same way, we have, for an action ofC2 on C8 (the classification is not
complete)

k associate polytope manifold N

4 tetrahedron S7× T 3

3 prism (triangular basis) S5× S3× T 2

2 cube S3× S3× S3× S1

2 pentagonal book

(
2
]

i=1
S4× S5

3
]

i=1
S3× S6

)
× S1

1 prism (pentagonal basis)

(
5
]

i=1
S3× S4

)
× S3

1 hexagonal book
6
]

i=1
S3× S7

8
]

i=1
S4× S6

3
]

i=1
S5× S5 (?)

where the pentagonal (respectively hexagonal) book denotes the polyhedron
obtained from the prism with pentagonal (respectively hexagonal) basis by con-
tracting a rectangular face to a segment.

The expressions ofN in these two arrays are obtained by combining Theorem
12 and Theorem 13 and the complete classification for the casem = 1 of [LdM-
Ve] (see p. 257), except for the case of the hexagonal book. In this last case, we
have computed the homology by the formula of [G-McP] and given the class of
N up to diffeomorphism, according to the conjecture of Sect. VII.

Remark.In some cases (for example in the case of the hexagon in the first
array), the manifoldN is a connected sum of products of spheres, including even
dimensional spheres. This has to be stressed, for there does not exist any almost
complex structure on products of even dimensional spheres, except forS2× S4

and products usingS2 andS6 (see [D-S]).

Combining Theorem 12 and Theorem 13 and the results of [LdM-Ve] (The-
orem 1; see [LdM1] and [LdM2] too), we obtain:

Theorem 14.Let n ∈ N and p = 2l + 1 ≤ n. Let n = n1 + . . . + np be
any decomposition ofn into integers. Lastly, letd1 = n1 + . . . + nl, ..., dp =
np + n1+ . . .+ nl−1.
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Then, there exists a complex structure on the manifold(
p

]
i=1

S2di−1× S2n−2−2di

)
× S1 .

Let us denote by(α)Sl×Sm the connected sum ofα copies ofSl×Sm. Using
the results of [McG] and Theorem 13 for polygons, we prove

Theorem 15.Letp > 3. Then there exists a complex structure on

(i) the manifold

(
p−3
]

j=1

(
j

(
p − 2
j + 1

))
S2+j × Sp−j

)
× S1 for every oddp,

(ii) the manifold
p−3
]

j=1

(
j

(
p − 2
j + 1

))
S2+j × Sp−j for every evenp.

Therefore, this theorem gives a family of compact complex manifoldsN ,
which are diffeomorphic to connected sums of products of spheres. Notice that,
if the conjecture of part VII is true, every admissible configuration with only one
indispensable point and such that the open setS does not have components of
typeCp − {0} (for p > 1) will produce a compact complex manifoldN which
is a connected sum of products of spheres. Besides, it is possible to elaborate a
computer program which gives the manifoldM1 once the associate polytope is
known, using first a numbering of the facets of the polytope to computeS, then
computing the homology ofS andM1 by the formula of Goresky-Mac Pherson
and finally describing the diffeomorphic type ofM1 according to the conjecture.
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