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Abstract. From Wajnryb’s presentation, we extract a simple presentation of the mapping class
group of the genusg surface as a quotient of an Artin group by simple relations among the centers
of sub-Artin groups.

Topological meanings are given by using deformation of simple singularities.
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1. A presentation of mapping class groups by Artin groups

1.1. Artin groups

Let n be a positive integer and letI be {1, 2, . . . , n}. By a Coxeter matrix, we
mean a symmetricn × n matrixM = (mij ) with mij being an integer≥ 2 or∞
for 1 ≤ i 6= j ≤ n, andmii = 1 for 1 ≤ i ≤ n. Its Artin group is defined by
generatorsa1, · · · , an and relationsaiajai · · · = ajaiaj · · ·, where both sides are
words of lengthmij , for eachmij < ∞, 1 ≤ i 6= j ≤ n. If we add the relation
a2

i = 1 for eachi, then we get theCoxeter groupof M. In the following, we
consider only the case where allmij are finite.

The Coxeter matrix can be conveniently described by a graphΓ , where the
vertex set isI and two distinct verticesi, j are joined by(mij − 2) edges (hence
no loops but multiple edges are allowed; from now on only such graphs are
considered). This coincides with the classical notation of Dynkin diagrams.

Conversely, any graphΓ yields a Coxeter matrix. Its Artin group is denoted
byA(Γ ). For example, if we denote byPn a straight path consisting ofn vertices
with n − 1 edges, thenA(Pn) is isomorphic to the braid group ofn + 1 strings.
Let Γ be any connected simple (i.e. no multiple edges) graph. It is easy to see
that the abelianization ofA(Γ ) induces a natural surjection

deg: A(Γ ) → Z,
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which we call thedegreeof an element ofA(Γ ).
For an induced (i.e., every edge inΓ with its ends inH is also an edge

of H , sometimes also calledfull) subgraphH of Γ , there exists an obvious
homomorphismA(H) → A(Γ ). Since this is proved to be injective by Van der
Lek[10], we callA(H) thesub-Artin groupassociated with subgraphH .

For generalΓ , the structure ofA(Γ ) is not well understood. However, ifΓ
is a Dynkin diagram of classical root systems, namely, ifΓ is one ofAn, Bn, Dn

E6, E7, E8, F4, G2, H3, H4, I2(p), then the group structure is well analyzed by
Brieskorn-Saito [8] and P. Deligne[9] independently.

For the proof of the next theorem, see Sections 4–7 in [8], Satz 7.1, Satz 7.2
and Zusatz below Satz 7.2. (Note that their proofs are rather group theoretic. P.
Deligne’s arguments are more geometric.) We say a wordw of finite (possibly
empty) product ofai (i ⊂ I ) is positive, if the word contains noa−1

j .

Theorem 1.1 (Brieskorn-Saito, Deligne).Let Γ be a Dynkin diagram. Con-
sider the following properties of an elementw ∈ A(Γ ).

– w has a presentation as a positive word ofaj .
– For anyai , a−1

i w has a positive word presentation ofaj ’s.

Then, there exists a unique element∆(Γ ) satisfying these properties, which is
minimal in the sense that ifw satisfies the above properties, then∆(Γ )−1w has
a positive word presentation byaj ’s. ∆(Γ ) has the following properties.

(i) ∆(Γ ) is mapped to the longest length elementw0 in the Coxeter group and
its degree is the same as the length ofw0 (i.e. the number of positive roots).

(ii) The center ofA(Γ ) is free cyclic with a generatorc(Γ ), defined byc(Γ ) =
∆(Γ )2 = Πh if w0 6= −1 andc(Γ ) = ∆(Γ ) = Πh/2 if w0 = −1, whereh

is the Coxeter number andΠ is a product of allaj ’s with an arbitrary order.

They also obtained a Garside-type[11] normal-form theorem. See Section 6,
Satz 6.6 in [8].

1.2. Mapping class groups

Let Σn,<b>
g denote a compact oriented genusg surface withn ordered points

specified and withb boundary components.
Its mapping class groupMn,<b>

g is defined to be the group of isotopy classes
of orientation preserving self-diffeomorphisms ofΣn,<b>

g which fix then points
pointwise, and are identity on the boundary.

We denoteΣ<b>
g := Σ0,<b>

g , Σn
g := Σn,<0>

g , Σg := Σ0,<0>
g , and simi-

larly for corresponding mapping class groups. These groups were proved to be
finitely presented[20]. The explicit presentations ofM<1>

g andMg were given
by Hatcher-Thurston[13], Harer[12], and finally by Wajnryb[22] (with an error
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Fig. 1.Dehn-Lickorish-Humphries generators of mapping class groups

corrected by Birman-Wajnryb [4]). The result is the following theorem [22] (see
the notation in [2]). LetC0, C1, . . . , C2g be the simple closed curves onΣ<1>

g as
in Figure 1. Letc0, c1, . . . , c2g denote the corresponding Dehn twists inM<1>

g .

Theorem 1.2 (Wajnryb). The mapping class groupM<1>
g admits a presenta-

tion with generatorsa0, a1, . . . , a2g, which are mapped toc0, c1, . . . , c2g, and
relations:

(A) aiaj = ajai if Ci ∩ Cj = ∅, andaiajai = ajaiaj if Ci ∩ Cj consists of one
point.

(B) (For g ≥ 2.) (a1a2a3)
4 = a0(a4a3a2a1a1a2a3a4)

−1a0(a4a3a2a1a1a2a3a4).
(C) (For g ≥ 3.)

a0b1b2 = a1a3a5b3,

where
b1 := (a4a3a5a4)a0(a4a3a5a4)

−1,

b2 := (a2a1a3a2)b1(a2a1a3a2)
−1,

b3 := (a−1
4 a−1

3 a−1
2 a−1

1 ua2a3a4a5a6)
−1a0(a

−1
4 a−1

3 a−1
2 a−1

1 ua2a3a4a5a6),

and
u := (a5a6)b1(a5a6)

−1.

Here,ai is mapped toci in the mapping class group.

Moreover, we obtain the presentation ofMg by adding a relation(D) (omitted
here, see [22][4]. Note that the error corrected in [4] lies in this relation).

For the topological meanings of these relations, see Birman’s survey [2].
Because of the pictorial descriptions, the relations (A), (B), (C), (D) are called
braid, chain, lantern, hyperellipticrelations, respectively. (Note that (D) in her
survey has again a small mistake in (7) on P.20., compare with the relation in
[22][4].)

LetTg be the graph shown in Figure 2. It is clear from the relation (A) that we
have a surjective homomorphismA(Tg) → M<1>

g . It is natural to consider how
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the other relations can be interpreted in terms of Artin groups of finite types. It
turns out that the relations (B), (C), (D) are equivalent to very simple relations
amongc(Γ ) for severalΓ . LetH be an induced subgraph ofTg of Dynkin type.
Then, we denote by the same symbolc(H) the image ofc(H) ∈ A(H) → A(Tg)

in A(Tg). We consider only the following subgraphs:H = one ofA4, A5, E6

andE7 as shown in Figure 3, orH = A′
2g, D2g−1 as in Figure 4.

Theorem 1.3. Under the relation(A), the relation(B) in Theorem 1.2 is equiv-
alent to

(b) c(A5) = c(A4)
2.
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Under the relations(A) and (b), the relation(C) is equivalent to

(c) c(E7) = c(E6).

Under the relations(A), (b) and(c), the relation(D) is equivalent to

(d) a
2g−2
1 = c(D2g−1).

A presentation ofM1
g is obtained by the relations(A), (b), (c),and

(e) c(A′
2g)

2 = 1.

For the caseg = 3, we may replace(d) with

(f ) c(A′
6)∆(E6) = ∆(E6)c(A

′
6),

and(e)with
(g) c(E7) = 1.

Thus, we have presentationsA(Tg)/[(b), (c)] ∼= M<1>
g , A(Tg)/[(b), (c), (e)] ∼=

M1
g , andA(Tg)/[(b), (c), (d)] ∼= Mg.

Remark 1.1.Explicitly, we have the following.

c(A4) := (a0a2a3a4)
5

c(A5) := (a0a1a2a3a4)
6

c(E6) := (a0a2a3a4a5a6)
12

c(E7) := (a0a1a2a3a4a5a6)
9

c(A′
2g) := (a1a2a3a4 · · · a2g)

2g+1

c(D2g−1) := (a0a3a4a5 · · · a2g)
4g−4

∆(E6) := (a0a2a3a4a5a6)
4(a0a2a3a4a5)(a0a2a3a4)(a2a3a4)

Here,c(Γ ) does not depend on the order of the elements in the parenthesis.

Remark 1.2.For genus three, the new presentation by (b), (c), (f), (g) is useful to
realize the Hecke algebra representation of the mapping class group (§10 in [17],
where Jones succeeded in the genus two case). K. Nishiyama and the author are
preparing an article for this.

Remark 1.3.It would be an interesting future work to obtain a purely algebraic
geometric proof (independent of Hatcher-Thurston) of the presentation in Theo-
rem 1.3 forM1

3. Remarkably, E. Looijenga gave another beautiful presentation of
the mapping class group of genus 3 surface using the affineArtin groupÊ7 and the
orbifold fundamental group of the moduli space of plane quartic curves[18][19].

The topological meaning of these relations are as follows.
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Fig. 5.The image of centers of sub-Artin groups

Theorem 1.4. The image ofc(A4)
2, c(A5), c(E6), c(E7) in M<2>

3 is, respec-
tively, f2, f0f1, f4, f 2

0 f3, wherefi is the Dehn twists alongFi shown in Fig-
ure 5. The image of∆(E6) is the half twist alongF4, that is, rotate the genus
three surface bounded byF4 anticlockwiseπ radian so that the left and right
holes exchange positions.

Theorem 1.5. The image ofc(A′
2g) is the hyperelliptic involution, and that of

c(D2g−1) is f
2g−3
5 f6, shown in Figure 6.

These theorems may be shown by direct calculation of Dehn twists, but here
we shall use geometry of deformation of singularities, see Sect.2.

1.3. Chain and lantern relations by Artin groups

The equivalence of (B) and (b), (C) and (c) inTheorem 1.3 is shown by a computer
program implementing the Brieskorn-Saito Algorithm [8] of Garside type[11]
to obtain theirnormal form. Here the transformation is briefly explained so that
the reader may reproduce the calculation by using a computer.
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Computational result for(B) The relation (B) can be written as

(a1a2a3)
4(a4a3a2a1a1a2a3a4)

−1a−1
0 (a4a3a2a1a1a2a3a4)a

−1
0 = 1.

The computer program showed that the normal form of the conjugate of the left
hand side

(a1a2a3a4)[(a1a2a3)
4(a4a3a2a1a1a2a3a4)

−1a−1
0 (a4a3a2a1a1a2a3a4)a

−1
0 ]

(a1a2a3a4)
−1

is
∆−2

12340∆
4
2340,

(here∆ijk···denotes∆(H)withH the induced subgraph by the verticesi, j, k,. . .,)
i.e., this is equivalent to

c(A5) = c(A4)
2.

Computational result for(C) This is the hard part. First, note that (B) is equiv-
alent to∆2

12340 = ∆4
2340, which can be rewritten as

a1a2a3a4a0a0a4a3a2a1 = ∆2
2340,

since∆2
12340 = a1a2a3a4a0a0a4a3a2a1∆

2
2340 (easy to check by drawing braids).
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After eliminatingb1, b2, b3, u from (C), put

L := [the left hand side of (C)][the right hand side of (C)]−1.

Let W be the positive word which is a product of the following 132aj ’s, whose
suffix is in the order

53042 33425 30645 30642

53042 53106 42534 00453

64253 10425 30642 53064

53042 33425 31064 25306

42531 06425 31064 25306

45306 42313 42530 45306

42531 42304 56.

This word was found by trial and error. In the following, we shall denote simply
j instead ofaj , for such long words. Then,

WLW−1

has its normal form
∆−1

0123456K,

whereK turns out to beT1T2T3 with

T1 = (5304232342530645306425304253),

T2 = (06456123400432156453),

T3 = (04253064253064).

Then we replace 1234004321 inT2 by ∆2
2340 by using (B), to obtainT ′

2. Then,
the normal form ofT1T

′
2T3 turns out to be∆2

023456. Thus, under the relation (b),
it is proved that (C) is equivalent to∆−1

0123456∆
2
023456= 1, i.e., to (c).

1.4. Other relations

Since it is proven thatA(Tg)/[(b), (c)] ∼= M<1>
g , we may use the topological

relations among Dehn twists for other relations under (b) and (c). The next is
well known.

Lemma 1.1. Let c be the Dehn twist along a curveC, and letσ ∈ Mn,<b>
g .

Then, The conjugateσcσ−1 is the Dehn twist alongσ(C).

Lemma 1.2. The kernel ofM<1>
g → M1

g is generated by the Dehn twistf∞, and
the kernel ofM<1>

g → Mg is normally generated byd−1
g d ′

g shown in Figure 7.
Thus, the relation(D) is equivalent todg = d ′

g.
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Proof. If σ is in the kernel of the first map, thenσ can be isotopically deformed to
be identity on the left side off∞. Then,σ is a mapping class group of the annulus,
which is known to be generated by the Dehn twistf∞.The latter statement follows
from that the kernel ofM1

g → Mg is π1(Σg), and is generated by the move of
the marked point, or the difference of a pair of Dehn twists which separates this
point. See Wajnryb[22] for the details.

Proof of the rest of the Main Theorem.Note that(f5, f6) in Figure 7 is, as a pair
of curves, the image of(dg, d

′
g) by a mapping class, so by Lemma 1.1 it suffices

to prove that (d) is equivalent tof5 = f6. If we plug the last picture in Figure 6
into Figure 7, then the left boundary is filled andc1 = f5. Now (d) is equivalent
tof5 = f6, and by Theorem 1.5 it is equivalent tof

2g−2
5 = f

2g−3
5 f6 = c(D2g−1).

This proves the equivalence between (D) and (d).
Sincec(A′

2g)
2 is the Dehn twistf∞, the relation (e) givesM1

g by Lemma 1.2.
Supposeg = 3. Thenc(E7) = c(A′

6)
2 by Theorems 1.4 and 1.5. It is obvious

that∆(E6) andc(A′
6) commute inM3, being horizontal and vertical involutions.

It suffices to prove thatd3 = d ′
3 is derived from this commutativity. Forg = 3,d3

is ∆(E6)a1∆(E6)
−1 and henced ′

3 = c(A′
6)d3c(A

′
6)

−1, by Lemma 1.1. Thus the
problem is reduced to the commutativity ofc(A′

6) with d3 = ∆(E6)a1∆(E6)
−1,

which is a direct consequence of the assumption and the commutativity ofc(A′
6)

anda1.
Now, Theorem 1.3 is proved, assuming Theorems 1.4 and 1.5. In the next

section, we prove these theorems.

2. Geometric monodromy of simple singularities

2.1. Topology

An Artin group with 2≤ mij ≤ 3 (i 6= j) is calledsmall. We shall show that
a homomorphism from a small Artin group toMn,<b>

g that maps each generator
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to a Dehn twist has a simple geometric configuration. This topological result is
interesting by itself, and will be used to prove that the geometric monodromy
action on the Milnor fiber coincides with those given by the Dehn twists along
the vanishing cycles. This is classically known as the action on cohomology, and
could be directly proved by using A’Campo’s real cut theory[1], but here we give
an elementary independent proof, considering a possible future application for
higher genus cases.

A key lemma is the following topological statement by Ishida[15].

Theorem 2.1. Let C, C ′ be two closed curves in a surfaceΣb,<n>
g , homotopi-

cally shifted so that the number of intersections is minimized. Letc, c′ be the
corresponding two Dehn twists. Then,

(i) c andc′ commute if and only ifC ∩ C ′ = ∅,
(ii) c and c′ satisfy the braid relationcc′c = c′cc′ if and only if C ∩ C ′ =

one point,
(iii) c andc′ satisfy no relation, i.e., generate a free group, otherwise.

Then, the following proposition immediately follows.

Proposition 2.1. Let Γ be a simple graph. Suppose that there exists a group
homomorphism

A(Γ ) → Mn,<b>
g ,

which maps each generatorai to a Dehn twistci . Take a simple closed curveCi

which representsci for eachi, so that the number of the geometric intersections
is minimal.(For example, take the geodesics.)

Then,Ci ∩ Cj = ∅, = one point, respectively holds, forai andaj are nonad-
jacent, adjacent, respectively.

There are several homeomorphic types for the tubular neighborhoodNΓ of
the union ofCj . However, ifΓ is acyclic, thenNΓ is unique up to homeomor-
phism. This can be shown as follows. Take one curve, sayC1. Then its tubular
neighborhood is a ribboñC1. Since it is orientable, its homeomorphic type is
uniquely determined. Take another curve which crosses withC1 at one point,
sayC2. A part of C2 appears onC̃1. There is a unique way to fattenC2 such
that its orientation is compatible withC1. This can be iterated until all curves are
fattened, since there is no cycle inΓ and every time when a curve is fattened,
there is only one point intersecting with already fattened curves. Thus, we obtain

Proposition 2.2. SupposeΓ is acyclic in Proposition 2.1. Then, the tubular
neighborhoodNΓ of the union ofCi ’s is uniquely determined up to homeomor-
phism.

2.2. Geometric monodromy of simple singularities

Brieskorn[6] gave an explicit construction of the miniversal deformation of a
simple singularity on a curve.
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Theorem 2.2. Let Γ be a Dynkin diagram of typeAn, Dn, En, with rank n.
LetT = SpecR[z1, . . . , zn] be the associatedn-dimensional affine space,W ⊂
GL(T ) theWeyl group(i.e. the Coxeter group). LetP1, . . . , Pn be the polynomial
generator of the invariant ringR[z1, . . . , zn]W . Then, there exists a miniversal
deformation

F → T C/W = SpecC[P1, . . . , Pn],
defined by a weighted homogeneous polynomial

F(x, y, P1, . . . , Pl).

Brieskorn also showed that the fundamental group of the smooth-fiber locus
in T C/W is the corresponding Artin group [7].

Theorem 2.3. Let Φ ⊂ T be the set of roots. For a rootα ∈ Φ, let τα ∈ W be
the reflection with respect toα, andHα (α ∈ Φ) the reflection hyperplane. Fix a
fundamental root systemΠ and letC be the corresponding Weyl chamber. Since
C is contractible, we can takeC as a base point of the fundamental group. Then,

A(Γ ) ∼= π1((T −
⋃
α∈Φ

Hα)
C/W, C)

holds, if eachaα, α ∈ Π , is mapped to the path fromC to τα(C), which goesπ
radian around the hyperplaneHC

α adjacent toC. (I.e., if we take the quotient of
(T −Hα)

C by the translation alongHα, then we get a projection toC−{0}. Under
this projection,C is projected to the positive real line andτα(C) is projected to
the negative real line. Take a path from the positive line to the negative line given
by eπ

√−1t , t : 0 → 1. Lift this path, then divide byW to obtain a closed path.)

Let us take aMilnor fiber Fx , with x ∈ C. (Here we say by a Milnor fiber
the intersection of the fiber onx with a ball centered at the origin in the total
space.) Then, the fundamental group of the smooth-fiber locus with base pointx,
i.e.,A(Γ ), acts onFx modulo isotopy. This yields a morphism calledgeometric
monodromyρΓ : A(Γ ) → M<b>

g , where(g, b) is the homeomorphic type of the
Milnor fiber. It is well known thataα is a Dehn twist. Thus, by Proposition 2.2,
we can prove the following.

Theorem 2.4. The geometric monodromyρΓ is obtained by mapping each gen-
erator ofA(Γ ) to the Dehn twist along the corresponding vanishing cycle.

If we take the abelianization

A(Γ ) → M<b>
g → Mg → AutH 1(Σg),

then we get the well-known Picard-Lefschez formula.
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Proof. By Proposition 2.2, from the Dynkin diagram one can reproduce the
tubular neighborhood of the union of theCi . AssumeΓ = Ak. If k is odd, then
it is well known that the Milnor fiberFΓ is homeomorphic toΣ<2>

g , where
g = (k − 1)/2, and ifk is even, then homeomorphic toΣ<1>

g , whereg = k/2.
It is easy to check by induction that the tubular neighborhoodNΓ of C1, . . . , Ck

given in Proposition 2.2 is homeomorphic toFΓ . If k = 1, then obviously the
neighborhood isΣ<2>

0 , and fork = 2, then we add one ribbon to this, yielding
Σ<1>

1 , and so on.
Thus, the monodromyρΓ is determined if we know howNΓ is embedded in

FΓ . Since the genus is the same, we may consider only the boundary ofNΓ . If
one boundary component ofNΓ is contractible inFΓ , then the other boundary
component ofNΓ cuts off the two boundary components ofFΓ . This means that
any set of vanishing cycles does not separate the two boundary components of the
Milnor fiber, which is a contradiction. (C.f. The calculation of the monodromy
of the center, independently given in§2.4, manifests this.)

Thus, each boundary component ofNΓ cuts off one boundary component of
FΓ , i.e., the embedding is homotopically isomorphic. This proves Theorem 2.4
for theAk case, since obviously the theorem is true ifFΓ = NΓ .

Other cases follow by the same argument, by checking the following two
points: (1) Tubular neighborhood is homeomorphic to the Milnor fiber. (2) The
boundary components of the Milnor fiber are separated in the complement of
NΓ . ut

2.3. Calculation of the monodromy of the center

Here we follow the notation in Theorems 2.2 and 2.3. The following is well
known (c.f. [5]).

Lemma 2.1. Let fα(z1, . . . , zn) be the linear polynomial corresponding to the
root α, and put

D := (
∏

α∈Φ+
fα)

2,

whereΦ+ is the set of positive roots. Then,D defines

(T −
⋃

Hα)
C/W → C − {0},

and by takingπ1 we get the degree map.

Proof. ObviouslyD is invariant byW . By the definition ofτα, its image byD
is a circle around the origin.ut
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Lemma 2.2. Letw0 be the longest length element inW , i.e.,w0 mapsC to −C.
Let∆′ be a path fromC to −C in T C, given by

t ∈ [0, 1] → (eπ
√−1t z1, . . . , e

π
√−1t zn) ∈ T C.

Then,
∆′ ∈ π1((T −

⋃
Hα)

C/W, C)

satisfies
∆′aα = aw0(α)∆

′.

Proof. SinceT C, HC
α hasC

∗-action, we have a homotopy

eπ
√−1t aα(s) : [0, 1] × [0, 1] → (T −

⋃
Hα)

C.

Since−aα(s) defines a path from−C to −τα(C) along the rootw0(α), after
divided byW , we obtain the desired formula.ut
Proposition 2.3.

∆′ = ∆(Γ ) ∈ A(Γ ).

Proof. By [8],
∆(Γ )aα = aw0(α)∆(Γ )

holds. Thus,∆′∆(Γ )−1 lies in the center. Since(∆′)2 is given byt : 0 7→ 2
in Lemma 2.2, its degree is the same as the degree ofD as a homogeneous
polynomial, i.e., twice the number of positive roots. Thus, the degree of∆′ is
the number of positive roots, the same as∆(Γ ). Since the degree map restricts
to an injection on the center, we have the result.ut

2.4. The relations between the center and the boundary Dehn twists

Brieskorn gave the weight of the variables ofF(x, y, P (z)) as the homogeneous
polynomial, when the weight of eachzi is considered to be one (see the table on
P.281 and the second corollary on the next page in [6]).

Letw1,w2 be the weight ofx,y, respectively. Each fiber is naturally compacti-
fied by filling one, two, or three points at infinity.We can choose a local parameter
uj of the formxnj ymj , nj , mj ∈ Z, at each point of infinity∞j (j = 1, 2, 3).
This is a homogeneous polynomial with weightw∞j = njw1 + mjw2.

Let F → B := (T − ⋃
Hα)

C be the smooth fibration of curves defined
by F(x, y, P (z)) → z := (z1, . . . , zn). Let b = (b1, . . . , bn) be a point in the
Weyl chamberC ⊂ B, and letFb be the fiber aboveb, i.e., the curve defined by
F(x, y, P (b)) = 0. We lift the path∆′ to a homotopy

Fb × [0, 1] → F
(x, y) × t 7→ (ξ(x, t), η(y, t), P (eπ

√−1t b))
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so that each boundary component corresponding to each point of infinity is
fixed pointwise. This homotopy yields att = 1 a diffeomorphismFb → F−b.
By taking pullback byw0 we obtain a selfdiffeomorphism ofFb, which is by
definition the monodromy corresponding to∆.

If we forget about the boundary, then

ξ(x, t) = ew1π
√−1t x, η(x, t) = ew2π

√−1t y

will give such a homotopy lift. This lifting gives the isomorphism given by
x 7→ ew1π

√−1x, y 7→ ew2π
√−1y), b 7→ −b. Then pullback byw0. Note that the

given automorphismϕ : Fb → Fb is an automorphism as an algebraic curve, with
each point at infinity fixed. Algebraicity is obvious. Preservation of the infinity
is becauseF → B is a pullback of a family overB/W , and the monodromy
of the equationF(x, y, P (z)) = 0 with P(z) ∈ B/W near the origin does not
exchange the points at infinity.

During the homotopy lift, the algebraic structure ofFb does not change. So
we may use the hyperbolic structure ofFb.

Since each fundamental root is pullbacked byw0 to w0(α), so is the corre-
sponding hyperplane, and so is each Dehn twist. From this, the algebraic auto-
morphismϕ is determined uniquely except forAn as follows. Take the geodesics
for the representative of the vanishing cycles, cut these, then take a model in the
upper half plane. Being homotopic to the tubular neighborhood of the cycles,
the model of each connected component is a geodesic polygon with one point of
infinity inside. This polygon must have a symmetry corresponding tow0, where
the map on edges of this polygon is strongly restricted from the action ofw0 on
the diagram. That is, each edge of the polygon on a vanishing cycleC must be
mapped to an edge onw0(C).

The action ofw0 on the Dynkin diagram is known to be the following (c.f.
[5]): the identity forw0 = −1 (cases ofDn, n: even,E7 andE8), the horizontal
exchange of the two ends of the longest path forAn andE6, and the vertical
involution (it’s unique) forDn with n odd.

If w0 = −1, it acts as the identity on each polygon (easily checked for each
case). For the cases ofAn andDn (both with oddn) andE6, thenw0 acts byπ
radian rotation on each components of the model (it is determined by the move
of edges without ambiguity). In the case ofAn (n: even),C1 is mapped toC2g

in Figure 1. The upper half plane model is a(4× 4g − 2)-gon (each curve gives
four edges, except forC1 andC2g, each of which gives two edges). There is an
ambiguity ofπ/2 radian right rotation or left. This ambiguity is eliminated by
the consideration of boundary in the following.

Now we shall see the boundary. The local coordinateuj for each point at
infinity has weightwj , and the corresponding monodromy around the boundary
|uj | = ε (ε > 0) is thewj × π radian Dehn twist. So, to fix the boundary, we
need to compose the inverse Dehn twists along the boundary. For the case ofAn
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(n: even), the weight at infinity is−1/2 and hence the boundary is twisted by
π/2 radian clockwise if we do not modify. Thus,w0 must be right rotation. So
the monodromy is to rotate the model byπ/2 radian clockwise, then twist the
boundary anticlockwise with same radian.

Thus, we get the following

Proposition 2.4. The geometric monodromy of∆(Γ )on the curveF(x, y, P (b))

with open disks around points at infinity removed is obtained as follows. LetΣ<b>
g

denote the obtained real two-dimensional surface.

(i) Cut offΣ<b>
g along the vanishing cycles. Then one gets a disjoint union of

polygons each of which has a unique boundary component inside. Identify
each polygon with a regular polygon, with an open disk at the center of the
polygon removed.

(ii) Rotate each polygon byα radian clockwise, where

α =




0 for Dn with n even,E7 andE8

π for An andDn (both withn odd), andE6

π/2 for An with n even

(iii) Twist thej -th boundary by−w∞jπ radian counter-clockwise, where this
value is seen in the following table.

In the last step, we have to specify which polygon contains a point at infinity of
weightw∞j . The set ofw∞j can be easily obtained by looking at the ramification
overx-line (see an argument below). The ambiguity occurs ifw∞j depends on
j , i.e., in the cases ofDn andE7. Here we chose the numbering ofj so that the
first polygon (i.e.j = 1), after gluing the edges, constitutes pants (i.e. a sphere
minus three disks). Then we have Table I forw∞j . Note that for the other cases
the choice of numbering does not matter.

The explicit monodromy is easily obtained from the following table. The
weights are copied from the table in [6], and the other values follow by a sim-
ple calculation of the ramification indices. (See an example below.) The row
“automorphism” denotes the automorphism on the upper half plane model.

In particular, this table gives the proof of Theorems 1.4 and 1.5. Here we shall
prove the latter theorem (i.e. the case ofDn, n odd). It shows how to determine
w∞j in this case. The other cases are similarly proved.

ConsiderDn with n odd. The corresponding singular curve is the union of
the smooth linex = 0 and a cusped linexn−2 + y2 = 0. The picture of Dehn
twists is as in Figure 8. Now we see the boundary component 1 came from the
point at infinity in the linex = 0, by observing that two vanishing cycles cut
out one pants at the left. (More precisely, if we deform only the cusped line to
one-punctured hyperelliptic curvey2 + xn−2 + c = 0, then the one-punctured
projective linex = 0 intersects with this curve normally at two points.This shows
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Table 1.Weight at infinities of simple singularities

Type An Dn

equation xn+1 + y2 x(xn−2 + y2)

w1, w2 (1, (n + 1)/2) (2, n − 2)

n=even n=odd n=even n=odd

# of components 1 2 3 2

−(w∞1, w∞2, w∞3) (w1/2) (w1, w1) (w2, w1, w1) (w2, w1/2)

(1/2) (1, 1) (n − 2, 2, 2) (n − 2, 1)

Description of∆

Boundary twists π/2 rad. π , π (n − 2)π , 2π , 2π (n − 2)π , π

automorphism −π
2 rotation π rotation identity π rotation for each

c(Γ ) hyp. ell. inv. (1,1) twists as above (n-2,1) twists

Type E6 E7 E8

equation x4 + y3 y(x3 + y2) x5 + y3

w1, w2 (3,4) (4,6) (6,10)

# of components 1 2 1

(w∞1, w∞2, w∞3) (w1/3) (w1, w1/2) (w1/3)

(1) (4, 2) 2

Description of∆

Boundary twists π 4π , 2π 2π

automorphism π rotation identity identity

c(Γ ) 1 twist as above as above

that two vanishing cycles cut out one pants containing the boundary component
numbered 1.) The local parameter corresponding to the component 1 isy−1 (since
x = 0 is they-line), hence its weight is−w2 = −(n − 2). For the component
2, the local parameter is ramified with index two abovex−1, sincen − 2 is odd.
Thus it has weight−w1/2 = −1. Since∆(Γ ) acts on the Dynkin diagram by a
vertical involution, its monodromy is the vertical involution of the surface with
twists at boundaries by(n − 2)π , π radian, anticlockwise respectively, so that
the boundary is fixed. Then,c(Γ ) corresponds to the products of the Dehn twists
on the boundary with these weights, i.e.,Dn−2

1 D2. By puttingn = 2g − 1, we
get Theorem 1.5.

Remark 2.1.It is interesting to observe that some of these center-boundary rela-
tions also played important roles in classical literatures. For example, the chain
relation (c.f. [2]) is exactly same with the relation forc(A3). Humphries’ rela-
tion[14] used to get the minimal generating set is essentially equivalent to the
relation about∆(E6). See the end of§1.4, where∆(E6) mapsa1 to d3.
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Fig. 8.Configuration ofDn, n odd
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