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1 Introduction

Let Xn be a real analytic manifold, a natural way to complexify it is by thicking
each coordinate patchU ⊂ Rn to CU ⊂ Cn. This process makesCX a complex
manifold since the coordinate changes ofX are real analytic maps, they can be
complexified as holomorphic transition functions.X is then a maximal totally
real submanifold ofCX. Suppose now thatX is equipped with a Riemannian
metric, one interesting problem is to know how to associateCX with a Kähler
metric such that the corresponding Kähler structure is canonically defined. Since
all Kähler forms come from taking derivatives with respect to strictly plurisubhar-
monic functions, it is kind of natural to think about the strictly plurisubharmonic
functions that Grauert had discovered on this complexification process: given
compact real analytic manifoldX, there exists a neighborhoodM of X in CX
and a smooth strictly plurisubharmonic functionρ : M → [0, 1) such thatX is
the zero set ofρ. Thisρ is clearly not uniquely defined, sincecρ andeρ−1 keep
the positivity and the strictly plurisubharmonicity for any positivec. Recently,
Lempert and Sz̈oke ( and independently Guillemin and Stenzel) put two extra
datum to assert the uniqueness of such aρ. They first asked that the K̈ahler
metric induced by the K̈ahler form i

2∂∂̄ρ coincides with the original Rieman-
nian metricg when restricted toX, and

√
ρ satisfies the complex homogeneous

Monge-Amp̀ere equation (∂∂̄
√
ρ)n = 0 on M − X. Such aρ is uniquely defined

for any given real analytic compact Riemannian manifold (cf. [L-S]), we view
this as the canonical way to complexify a Riemannian manifolds and call the set
Xr
C

= {ρ < r 2} as the Grauert tube of radiusr over centerX = {ρ = 0}. The
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author has shown in [K], by computing a global CR invariant on boundaries of
Grauert tubes, thatXr1

C
is not biholomorphic toXr2

C
for different r1 and r2.

From the construction, it is easy to see that three elements: the centerX,
the Riemannian metric of the center and the radius of the tube determine the
Grauert tube uniquely. Naturally, giving two isometric Riemannian manifolds
(X1, g1) and (X2, g2), we expect that the two Grauert tubes of the same radius
constructed over these two centers respectively are biholomorphically equivalent,
which was proved by Lempert and Szöke in [L-S]. Burns [B] proved the other
direction of the theorem, namely, if two Grauert tubes of the same radius are
biholomorphically equivalent then their corresponding centers are isometrically
the same. These two theorems provide some kind of uniqueness of Grauert tubes.
However, due to the strong symmetry of the tube, we expect that for a Grauert
tube of fixed radius, any two centers are not only isometrically equivalent but
also identically the same as point sets. More precisely, the uniqueness problem
we are interested in is the following. LetΩ = Xr

C
be a Grauert tube of some real

analytic compact Riemannian manifold (X, g) of radiusr <∞. CouldΩ be the
Grauert tubeYr

C
of another compact Riemannian manifold (Y , h) of radius r ?

(The reason we keep the same radius is because rescaling the original metric will
give us a trivial example of nonuniqueness.) If not, this uniqueness property shall
tell us more about the behavior of the isometry group ofX and the automorphism
group ofXr

C
, namely, the center is unique if and only if Isom(X) is isomorphic to

Aut(Ω), and therefore the rigidity of Grauert tubes. The answer to this problem
is in general unknown except for the homogeneous cases proved by Burns in
[B]. Burns proved that ifXr

C
is the Grauert tube constructed over a homogeneous

Riemannian manifoldX of finite radiusr , then thisX is the only possible center
we could find inside this Grauert tubeΩ = Xr

C
.

In this paper, we would like to show that the uniqueness statement holds
for some special Grauert tubes–Grauert tubes covered by the unit ball. We show
further that there is only one way to obtain such Grauert tubes: all Grauert tubes
covered byBn come from the complexification of real compact hyperbolic space.
We state the main result as following:

Theorem. Let Ω = Xr
C

be a Grauert tube covered by the unit ball Bn, then
X = H n/Γ for some discrete subgroupΓ of O(n, 1) andΩ = Bn/Γ .

Remark. Grauert tubes covered by the ball are Stein manifolds with compact
spherical boundary. On the other hand, D. Burns informed me he has a proof that
Stein manifolds with compact spherical boundary are in fact covered by the unit
ball. In this case, our result would imply that: LetΩ = Xr

C
be a spherical Grauert

tube, thenX = H n/Γ for some discrete subgroupΓ of O(n, 1) andΩ = Bn/Γ .
At the end, we give a couple of examples to assert that the compactness of

the center and the finiteness of the radius are essential to the above theorem.
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2 Some properties ofBn and Grauert tubes covered by the ball

A standard way to realize the complex unit ball inCn is by writing

Bn = {(z1, z2, · · · , zn) ∈ Cn :
n∑

j =1

|zj |2 < 1}.

The Bergman metricgB of Bn has constant sectional curvature−1 at all points.
We first examine some interesting properties, important to us later, of antiholo-
morphic involutions of the unit ball.

Proposition 2.1.Letτ be an antiholomorphic involution of the unit ball Bn. There
exists f∈ Aut(Bn) such that fτ f −1 = σ, the standard antiholomorphic involution
of Bn fixing Bn ∩ Rn. The fixed point set X ofτ is an n-dimensional totally real
submanifold, such that f(X) = Bn ∩ Rn.

Proof. We first show thatτ has a fixed point insideBn. Pick p ∈ Bn, if p is not a
fixed point ofτ , thenp /= τ (p). Since (Bn, gB) has negative sectional curvature,
there exist a unique geodesicγ(t) joining p andτ (p).

γ(0) = p, γ(1) = τ (p).

As every antiholomorphic map ofBn is an isometry of (Bn, gB), the curveτ (γ(t))
is a geodesic as well.

τ (γ(0)) = τ (p), τ (γ(1)) = τ (τ (p)) = p.

By the uniqueness of geodesic through two points in a manifold of nonpositive
sectional curvature,τ (γ(t)) is simply a reparametrization ofγ(t).

τ (γ(t)) = γ(−t + 1).

The pointγ( 1
2) ≡ q ∈ Bn is then fixed byτ .

For any givenq ∈ Bn, there exists aφ ∈ Aut(Bn) exchangingq and the
origin. φ · τ · φ−1 is an antiholomorphic involution ofBn.

φ · τ · φ−1(0) = φ · τ (q) = φ(q) = 0.

φ · τ · φ−1 is a biholomorphic map ofBn, fixing the origin. By a classical result of
Cartan,φ · τ · φ−1 is a linear transformation,i.e., there exist a matrixU ∈ U (n),
such that

φ · τ · φ−1(z) = U (z) = U (z̄), ∀z ∈ Bn.(2.1)

φ · τ · φ−1 is an involution impliesU U (z) = z, ∀z ∈ Bn, i.e.,

U U = In×n.(2.2)

On the other hand, every unitary matrix could be diagonalized.
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That is to say that there existsB ∈ U (n) such that

BUB−1 =


ei θ1

ei θ2

...
ei θn

 = D ,(2.3)

a diagonal matrix, whereθj ∈ [0, 2π], j = 0, · · · , n.
DenotingG = BB−1 = (gkl ) ∈ U (n), the conditionU U = I holds if and only

if

DGD = G.(2.4)

It is not hard to examine the matrixG more closely, sinceD is a relatively simple
matrix, a diagonal one. In terms of the notation (gkl ), there are two possible cases
by solving (2.4).

(1) θk = θl , ∀k, l . ThenD = ei θIn×n = U , for someθ ∈ [0, 2π].
(2) gkl = eiηkδkl for someηk ∈ [0, 2π],i.e., G is a diagonal matrix.

Notice that, the standard antiholomorphic involution of the unit ball isσ(z) = z̄.
In the first case,

φ · τ · φ−1(z) = U (z̄) = U (σ(z))

= e−i θIn×nσ(z)

= e
−iθ

2 In×nσ(e
iθ
2 z)

Let Z = e
iθ
2 z, then

e
iθ
2 φ · τ · φ−1(e

−iθ
2 )Z = σ(Z)

e
iθ
2 φ · τ · (e

iθ
2 φ)−1Z = σ(Z)

f = e
iθ
2 φ does the job.

In the second case, let

H =


e
−i (η1−θ1)

2

e
−i (η2−θ2)

2

. . .

e
−i (ηn−θn )

2

 ,

H
−1

= H .

Let f = H Bφ, then
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f · τ · f −1(z) = H Bφ · τ · φ−1B
−1

H−1(z)

= H BU (B
−1

H−1(z))

= H BU B−1H
−1

z̄

= H BB
−1

DBB−1H z̄

= H DGHz̄

= z̄ = σ(z).

Since

f · τ · f −1(Bn ∩ Rn) = σ(Bn ∩ Rn) = Bn ∩ Rn,

τ · f −1(Bn ∩ Rn) = f −1(Bn ∩ Rn).

f −1(Bn ∩ Rn) is then part of the fixed point set ofτ . On the other hand, ify is
not in Bn ∩ Rn, f −1(y) is fixed byτ . As

σ(y) = f · τ · f −1(y) = f · f −1(y) = y.

y is fixed byτ and hence is inBn ∩ Rn, a contradiction. The fixed point setX
of τ is exactlyf −1(Bn ∩ Rn). Therefore,f (X) = Bn ∩ Rn. ut
Remark.Antiholomorphism as well as involution is crucial in the above propo-
sition. We give two examples here.

(1) For 0/= |a| < 1, φa(z) = a−z
1−āz is a holomorphic involution ofB which fixes

a single point
1−
√

1+|a|2
ā .

(2) ψa(z) = a−z
1−āz is an antiholomorphic map ofB which has no fixed point

inside the unit ball. The fixed point set contains two boundary pointsRe a±√−1
√

1− (Re a)2 only.

It is interesting that not all of the fixed point sets of antiholomorphic invo-
lutions of Bn have good symmetries, i.e. not all of them come from rotations of
Bn∩Rn. A simple example is the following:φ 1

2
σφ 1

2
hasφ 1

2
(Bn∩Rn) as its fixed

point set which stays away from the origin.
In order to describe the automorphism group of the unit ball, we need another

way of viewing the ball. LetZ = (Z0, · · · ,Zn) be the homogeneous coordinates
for CPn, 〈 , 〉 be the standard positive Hermitian inner product ofC

n+1. An
(n + 1)× (n + 1) matrix A is in U (n, 1) if A satisfiesACA∗ = C where

C =

( −1 0
0 In×n

)
.

Define an inner product〈〈 , 〉〉 on CPn:

〈〈Z ,Z〉〉 = 〈CZ,Z〉
= −Z0Z̄0 + Z1Z̄1 + · · · + ZnZ̄n.

We shall identify the unit ballBn as
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Bn = {Z ∈ CPn : −Z0Z̄0 + Z1Z̄1 + · · · + ZnZ̄n = 0}
= {Z ∈ CPn : 〈〈Z ,Z〉〉 = 0}.

For anyA ∈ U (n, 1),

〈〈AZ,AZ〉〉 = 〈CAZ,AZ〉 = 〈A∗CAZ,Z〉 = 〈CZ,Z〉 = 〈〈Z ,Z〉〉.
A is a unitary matrix with respect to this inner product〈〈 , 〉〉 and keepsBn

invariant. ActuallyPU (n, 1)≡ U (n, 1)/center, a non-compact Lie group, is the
full group of biholomorphism ofBn.

Still, there is the third way to look at the ball. We consider the real hyperbolic
spaceH n as the unit ball inRn.

H n = {x ∈ Rn : |x|2 < 1}
with the complete Riemannian metric

g = (n + 1)
(1− |x|2)(

∑
dx2

i ) + (
∑

xi dxi )
2

(1− |x|2)2 ,(2.5)

which has constant sectional curvature−4
(n+1) whenn > 1. Geodesics are straight

line segments. The natural complexification ofH n is the unit ballBn = {z ∈
C

n : |z|2 < 1} in which H n is contained asBn ∩ Rn. The complexified metric
turns out to be the Bergman metric of the ball

gB = (n + 1)
(1− |z|2)(

∑
dzi dz̄i ) + (

∑
z̄i dzi )(

∑
zi dz̄i )

(1− |z|2)2
.(2.6)

We usually call (Bn, gB) the complex hyperbolic space. This metric has very
good properties:

(1) The sectional curvature as well as holomorphic sectional curvature is−4
(n+1).

(2) Biholomorphic maps and antiholomorphic maps of the ball act as isometries
of (Bn, gB)

(3) Giving η1, η2 ∈ ∂Bn, there exist a unique geodesicη(t) with endpointsη1

andη2,

η(t) =
1 + iw

1 + et + iw
η1 +

et

1 + et + iw
η2, t ∈ R,

w =
Im < η1, η2 >

1− Re< η1, η2 >
∈ R.

We also review some necessary background about Grauert tubes in this sec-
tion. A Grauert tubeXr

C
is a Stein manifold since we could take− log(r 2−ρ) as

an exhaustion function. Its automorphism group Aut(Xr
C

) is a compact Lie group
(cf.[Sz],[M]). This shows us that the unit ball can’t be a Grauert tube since its
automorphism group is not compact.

More generally, we would like to consider those Grauert tubes everywhere
locally like the ball. A connected real hypersurfaceM in a complex manifold
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X is spherical if, at every pointp ∈ M , there is a local holomorphic coordinate
system (z1, · · · , zn) of X such thatM is defined by

|z1|2 + · · · + |zn|2 = 1.

Call a Grauert tubeΩ = Xr
C

a spherical Grauert tube if its boundary∂Ω = {ρ = r }
is a spherical hypersurface.

In [K] and [L], the authors constructed Grauert tubes by taking quotient to
the unit ball and the hyperbolic center. They are the only spherical Grauert tubes
we could find so far. It is interesting to know whether this is the only possible
case. We first notice that if a Grauert tube is covered by the unit ball then it must
be a spherical Grauert tube since its boundary is just part of the sphere quotient.
They are part of the family of Stein manifolds with compact spherical boundary.

The characterization of Stein manifolds with compact spherical boundaries
has been well-known since 1976 by Burns and Shnider (cf.[B-S]). They proved
that a Stein manifold with compact spherical boundaryM is either the complex
ball Bn or M has infinite fundamental group.

As Grauert tubes have connected boundaries, this theorem will imply that the
fundamental group of Grauert tubes covered by the unit ball is infinite.

3 Proof of the theorem

Let Ω = X1
C

= {ρ < 1} be a Grauert tube covered by the ball,τX be the cor-
responding antiholomorphic involution ofΩ which hasX as its fixed point set.
We denote this tube as (Ω,X, ρ, τX ). Let ∂Ω = {ρ = 1} be the spherical hyper-
surface. The fundamental groupΠ, acting freely and properly discontinuously
on Bn as a covering transformation, ofΩ lifts X to a totally realn-dimensional
submanifoldX̃ of Bn; ρ to a non-negative strictly plurisubharmonic function ˜ρ ;
τ to an antiholomorphic involution ˜τ of Bn

ρ̃(z) = ρ([z]), ∀z ∈ Bn.

The fixed point set of ˜τ is exactly X̃, X̃ = {z ∈ Bn : ρ̃(z) = 0}. The
fundamental groupΠ of Ω lifts the Grauert tube to a Monge-Ampère model
{Bn, X̃, ρ̃, τ̃}, which is, roughly speaking, a Grauert tube of complete center.

Proposition 3.1.Let (Ω,X, ρ, τX ) be a Grauert tube covered by the ball, then the
fundamental groupΠ of Ω lifts the compact center X to a non-compact setX̃ ;
the spherical boundary∂Ω to S2n−1 − Sn−1

X , where Sn−1
X = ∂X̃ is a totally real

(n − 1)–sphere.

Proof. The fundamental groupΠ of Ω lifts the Grauert tube (Ω,X, ρ, τX ) to
{Bn, X̃, ρ̃, τ̃}, by the discussion above, where ˜τ is an antiholomorphic involution
of Bn. Proposition 2.1 tells us, without loss of generality, we may assume

X̃ = Bn ∩ Rn, τ̃ (z) = z̄

∂X̃ = ∂(Bn ∩ Rn) = Sn−1, the real (n − 1)− sphere.
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Let Ωr = {ρ < r }. The fundamental groupΠ lifts Ωr to a strictly pseudoconvex
domainΩ̃r in Bn.

Ω̃r = {0≤ ρ̃ < r } ⊂ Bn, ∀0 < r < 1.

As Bn = {ρ̃ < 1},
Ω̃r ⊂ Ω̃s ⊂ Bn, 0 < r < s < 1.

{Ω̃r } is actually a family of strictly pseudoconvex domains exhaustingBn; each
Ω̃r containsBn ∩ Rn as a subset. As̃Ωr = {0≤ ρ̃ < r } and X̃ = {ρ̃ = 0},

∂Ω̃r = {ρ̃ = r } ∪ ∂{ρ̃ = 0}
= {ρ̃ = r } ∪ Sn−1.

where{ρ̃ = r } = Π({ρ = r }) is a (2n−1)−dimensional hypersurface approaching
the boundary of the unit ball whenr goes to 1. Therefore,

{ρ̃ = 1} = ∂Bn − Sn−1 = S2n−1 − Sn−1.

So,
Π(∂Ω) = Π({ρ = 1}) = {ρ̃ = 1} = S2n−1 − Sn−1. ut

Let (Ω,X, ρ, τX ) be a Grauert tube covered by the ball, suppose there exists
another centerY such that (Ω,Y , ϕ, τY ) is a Grauert tube, and

Ω = {ρ < 1} = {ϕ < 1},
∂Ω = {ρ = 1} = {ϕ = 1}.

At one hand, the fundamental groupΠ of Ω lifts ∂Ω to S2n−1 − ∂X̃. On the
other hand,Π lifts ∂Ω to S2n−1−∂Ỹ . We conclude that: above on the universal
coveringBn of Ω, both X̃ and Ỹ share the same boundary,

∂X̃ = ∂Ỹ = an (n − 1)-circle.(3.1)

We would like to show that̃X and Ỹ are actually the same point set. For this
purpose, we need the help of some nice metric on the ball. Equip the ball with
the Bergman metricgB on (2.6).

X̃ is the fixed point sets of the antiholomorphic maps( hence isometry).X̃
with the induced metric is then a totally geodesic submanifolds of (Bn, gB), this
means every geodesic of̃X with respect to the induced metric is a geodesic
of (Bn, gB). Moreover, giving any two pointsp, q ∈ ∂X̃, there exists a unique
geodesic lying oñX with endpointsp andq. Similarly, the situation hold for̃Y
with the induced metric.

Since∂X̃ = ∂Ỹ , we choosep, q ∈ ∂X̃ ∩ ∂Ỹ , a geodesicγX on X̃ and a
geodesicγY on Ỹ ending at the same pointsp and q. Both γX and γY are
geodesics of (Bn, gB), simply becausẽX andỸ are totally geodesic submanifolds.
γX = γY then follows from the uniqueness of the geodesics. Notice that all points
of X̃ and Ỹ will be covered by such kind of geodesics. We conclude thatX̃ =
Ỹ .
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By the construction,X = X̃/Π = Ỹ/Π = Y , which proves that the center of
a spherical Grauert tube is unique.

A simple application is the following corollary:

Corollary. Let f ∈ Aut(Bn) = PU (n, 1), fixing∂(Bn∩Rn). Then f sends Bn∩Rn

to itself, i.e., f∈ O(n, 1).

Let (B, X̃, ρ̃, τ̃ ) be the universal lifting of a Grauert tube (Ω,X, ρ, τ ), f be the
biholomorphic map ofBn sendingX̃ to Bn ∩Rn. The Kähler metric induced by
the Kähler formω̃ =

√−1
2 ∂∂̄ρ̃ is well-defined since ˜ρ is Π invariant. We could

take the target space as

(Bn, f (X̃), ρ̃f −1, f τ̃ f −1) = (Bn,Bn ∩ Rn, ρ̃f −1, σ).

Let Π ′ be the conjugate groupΠ ′ = f Πf −1.

(Bn/Π ′, (Bn ∩ Rn)/Π ′, ρ̃f −1, σ)(3.1)

is a Grauert tube of radius 1; the Riemannian metric of the centerBn ∩ Rn/Π ′

is i
2∂∂̄(ρ̃f −1)|Bn∩Rn/Π′ .
On the other hand,

(Bn/Π ′,H n/Π ′, ϕ, σ)(3.2)

is a Grauert tube of radius 1, where

ϕ(z) =
4
π

tan−1 tanh (the Kobayashi distance ofz to H n)

is O(n, 1) invariant and the K̈ahler metric induced from the K̈ahler form i
2∂∂̄ϕ

is the real hyperbolic metric when restricted to the centerH n/Π ′ (cf. [K],[L]).
Comparing (3.1) and (3.2), two Grauert tube structures of the same ra-

dius 1 are given in the same setBn/Π ′. Both of the strictly plurisubhar-
monic functions ˜ρf −1 andϕ satisfy the complex homogeneous Monge-Ampère
equation onBn/Π ′ − (Bn ∩ Rn)/Π ′; are continuous up to the boundary of
Bn/Π ′ − (Bn ∩ Rn)/Π ′; and share the same values on boundary points. The
maximal principle of Monge-Amp̀ere equations (cf.[B-T]) confirms ˜ρf −1 andϕ
are identically the same on the whole tubeBn/Π ′. We therefore conclude that
the Kähler metric induced from the function ˜ρf −1 coincides with the one induced
fromϕ. The hyperbolic metric of the center and of the submanifold (Bn∩Rn)/Π ′,
as well as of the original manifoldX must have negative curvature sinceH n/Π ′

has constant curvature−1. This completes the proof of our main theorem.ut
Finally, we would like to assert the essence of the compactness of centers and

the finiteness of radii by examining the difference of Grauert tubes and Grauert
tubes of non-compact centers.

(1) Instead of having only finitely many antiholomorphic involutions in Grauert
tubes (cf.[B]), there are infinitely many anti-holomorphic involutions inside
Bn. Some obvious examples areφaσφa for any a in Bn ∩ Rn.
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(2) The uniqueness doesn’t hold if we allow the centers of Grauert tubes to be
non-compact. Takingg ∈ U (n, 1), g /∈ O(n, 1), this g shifts H n to a totally
real submanifoldg(H n) such that (Bn, g(H n), ϕg−1, gσg−1) is a Grauert tube
of non-compact center different from (Bn,H n, ϕ, σ).

(3) Centers of spherical Grauert tubes are not necessarily hyperbolic if we allow
the radii of centers are infinite. One example could been found in [K], where
the author constructed a spherical Grauert tube of infinite radius above the
unit sphere of constant curvature 1.
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