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1 Introduction

Let 29 be a compact two-manifold of genus g, with 629 = ) and fundamental
group © = 11(29). Let K be a compact Lie group, which in this paper will
be SU(2). We define g’g = Hom(n, K)/K, the space of conjugacy classes of
representations of 7 in K. This space may be identified [AB] with the space
A p(29)/%9(29), where o/ p(29) are the flat connections on a (trivial) principal
K bundle over 29, and 4(2Y) is the gauge group. The space 5_6, is compact, and
has an open dense subset .%; which has the structure of a smooth symplectic
manifold of dimension 6g — 6: we denote the symplectic form by w. (See
[AB] and [G1] for the construction of the symplectic structure on .%;.) The
choice of a complex structure on XY endows 9; with the structure of a Kéhler
variety: it is identified [NS] with a moduli space of holomorphic vector bundles
on 2Y.

We shall also consider two-manifolds X = X9 — (D; Ul... U D,) with genus
g and r oriented boundary components Si,...,S,, obtained from XY by delet-
ing r disjoint disks Dj,...,D, from 2Y9. By choosing a base point * in XY
and for each j an arc ¢; joining * to a point on §;, we obtain an element
[S;]=1[o;j08;0 (rj._l] in 7;(Z7), whose conjugacy class is well defined (inde-
pendent of the choice of the o). Let t = (#,...,%) € [0,1]". We may then
define

F(t) ={p € Hom(m;(Z¢),K): p([S;]) is conjugate to
diag (e™,e~™)} /K , (1)
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where diag(a,b) is the 2 x 2 diagonal matrix (M,g) with M| = a, My = b.
The parameters #; thus specify the conjugacy class in K to which representations
send the elements [S;] € m;(ZY).

The space %(t) has an open dense set % (t) with the structure of a smooth
symplectic manifold of dimension 6g — 6 + 2/, where ' = #{;: t; € (0,1)}.
Just as % may be identified with a space of holomorphic vector bundles on 29,
the spaces %(t) appear in algebraic geometry as moduli spaces of holomorphic
vector bundles with parabolic structure (see [MS]).

In this paper we shall describe some topological results about the spaces 5_@
and % (t) which follow from their properties in symplectic geometry. We shall
primarily be concerned with the cases » = 0,1,2. The central idea in this paper
is that the moduli space ,%(t) has a decomposition into components given by
moduli spaces corresponding to surfaces of lower genus. This decomposition
resembles Grothendieck’s decomposition [Gr] of the moduli space of curves: it
is obtained by applying the results of [JW3], where we consider a simple closed
curve C in a 2-manifold 27 such that X¢ — C decomposes into two 2-manifolds
27 and X2 of genus g; and gp. There is then a function puc : Qg(t) — [0, 1]
specifying the holonomy of flat connections around C. Each level set pi I(s) of
pic fibers over F (t1,... ty,8) X Sgy (b 415+ -ty 4ry»s) With generic fiber S'.
(See Theorem 6.)

On the other hand, the results of [JW3] exhibit the structure of a (noncom-
pact) toric variety on an open dense subset of %(t). To this toric variety is
associated a polyhedron B,(t) (the closure of the image of the moment map
i = (Hcy»---» Hes,_5,,) Where the C; are boundary circles corresponding to a

pants decomposition of X¥). We see that

By(t)y= U By, (8,11, str)) X Byy (S, b0 4155 b4y - (2)
1

0=<s=<

We may apply these results in particular when g, = 1 and r, = 1: one finds
easily that Bj(s,t) is a rectangle, so the usual methods of toric geometry then
show (for generic values of s and ¢) that #(s,¢) is S? x S?. An immediate ap-
plication of this yields formulas for the symplectic volume S,(#) of the moduli
space %(t) of representations into SU(2) of the fundamental group of X{ for
which the element [S;] in 7;(2Y) represented by a loop around the boundary
is sent to the conjugacy class of 2 x 2 matrices with eigenvalues ™ and e~™.
The equation (2) leads immediately to

Theorem 7.
Sg(t) = [ Sg_1()P(s,t)ds ,
where we have introduced Sy(t) = Voleyl ,u(gj,(t)), and D(s,t) is the Euclidean
volume of Bi(s,t) = u(A(s,t)) in an appropriate normalization.
Now Bi(s,t) is a rectangle with side lengths proportional to s and 1 —¢
(when s < t), so @(s,t) is proportional to s(1 — ¢). One sees immediately from

Theorem 7 (starting from an easy computation showing that S;(¢) is linear in
t) that §,(¢) is piecewise polynomial in ¢ and that the degree can be no greater
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than 2g — 1. This is less than the degree one might have expected on strictly
dimensional grounds. The term lacunarity has been used in the mathematical
literature to refer to the fact that functions of this type have lower degrees than
expected (see Sect. 4).!

For ¢ € (0, 1) the moduli space <5_’§,(t) (which has dimension 6g — 4) fibres
over 9;](1) (which has dimension 6g — 6) with fibre S%. As was described in
[Don] (Sects. 1 and 6) following observations of Witten, the formula for the
symplectic volume of %(t) encodes the formulas for the intersection numbers
in the moduli space %(1 ), because of the properties of this fibration.? In partic-
ular the fact that the degree of S,(#) can be no greater than 2g — 1 immediately
implies the Newstead conjecture [Ne] that the g-th power of a certain coho-
mology class of degree 4 in %(1) vanishes (see Sect. 4). As noted above, the
limit on the degree of the piecewise polynomial function S,(¢) follows from
the decomposition of the moduli space by induction on the genus, and does
not require full knowledge of the explicit formula for Sy(¢). In fact one may
proceed further and use Theorem 7 to extract an explicit formula for S,(¢),
which was first found by Donaldson [Don]: the formula specifies S,(¢) as a
Bernoulli polynomial of degree 2g — 1.

This paper is organized as follows: in Sect. 2 we recall some fundamental
results on torus actions and moment maps, which are then applied to mod-
uli spaces. We also recall the explicit description of inequalities that give the
image of the moment map of torus actions on moduli spaces as a convex
polyhedron. In Sect.3 we develop the most important idea of the paper: that
a decomposition of the surface into surfaces of lower genus gives rise to a
description of the moduli space of flat connections in terms of moduli spaces
corresponding to surfaces of lower genus. This leads inductively to formulas for
the symplectic volumes of these moduli spaces, which are developed explicitly
in Sect. 4. We then give simple proofs of formulas of Donaldson [Don] for vol-
umes of certain moduli spaces: these formulas are given in terms of Bernoulli
numbers.

An announcement of the results of this paper is to be found in [JW6].

2 Torus actions on moduli spaces

Our results for the spaces %(t) will arise from the existence of several com-
muting Hamiltonian S! actions on open dense sets in these spaces. Suppose

"More precisely, the term lacunarity has been applied to the function S(t) which gives the
symplectic volume of a family of symplectic quotients My = u~'(t)/T with respect to the
Hamiltonian action of a torus 7 on a symplectic manifold M: here the parameter t specifies
the value of the moment map p for the 7 action. The properties of such functions (notably
including the phenomenon of lacunarity) have been studied extensively in recent work of
Guillemin, Lerman and Sternberg [GLS]. In our case T = U(1)

The space (1) appears in algebraic geometry as the moduli space N(2,1) of (semi) stable
holomorphic vector bundles of rank 2 and degree 1 with fixed determinant over a closed
Riemann surface of genus g
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S! acts on a symplectic manifold (M, w) preserving the symplectic form. The
action is called Hamiltonian if there is a C*>° map u: M — R such that

Iy = du 3)

(where 7 is the vector field on M corresponding to the S' action and 1,
is the interior product, in other words 1,w(Y) = w(y,Y).) Moment maps
for actions of a torus 7 = (S')" on a symplectic manifold are defined as
u=(w,.... 1) M — R”", where each p; satisfies dp; = 1y, if n; is the vec-
tor field corresponding to the action of the j’th copy of S'. The action of T
then fixes the value of u: in other words, pu(x) = p(tx) for all T € T.

Theorem 1. [A], [GS1] If M is compact and connected then (M) is a convex
polyhedron.

A particularly attractive situation arises when a symplectic manifold M of
dimension 2N is acted on by a torus of dimension N and the vector fields
generating the torus action are linearly independent almost everywhere. In this
case the following result is well known:

Theorem 2. (see [JW3]) The symplectic volume vol,(M) of M is equal to
the Euclidean volume vol, (u(M)) of the image n(M) C RN, where vol, is an
appropriately normalized Euclidean volume on RN 3

We have the following theorem:

Theorem 3. [JW3] Let I' be a pants decomposition of X7, in other words
a choice of N = 3g — 3 + r disjoint oriented simple closed curves Cy,...,Cy
in the interior of X!, such that X} —(CyU...UCy) is a disjoint union of
3-punctured spheres or “pairs of pants”. Let N' =3g — 3 + ' = dim 5_’;(0/2.
Then:

(a) There exists a Hamiltonian action of (SI)N/ on an open dense set U in
(1)

(b) The moment map u = (uy,...,uy'): U — R may be chosen to take its
image in (0, I)Nl, and extends to a continuous function %(t) — [0, l]N/ which
will also be denoted pi. Furthermore, U = p='((0, 1)M").

(¢) The image ,u(%(t)) is a convex polyhedron in [O,I]N/, which will be
specified explicitly below (Proposition 8).

We remark that the functions y; and the associated S! actions depend on
the choice of a pants decomposition I'. These functions are given as follows:
they are part of a class of functions whose role in the symplectic geometry of
moduli spaces of representations of surface groups was studied by Goldman
[G2]. We choose a basepoint * in X7, and for each j an arc &; joining x to a

3The volume vol, is the usual Euclidean volume vole, on RY if the group (S')V acts

effectively. Otherwise there is a finite subgroup A of (S')V such that the action of (S!)Y
factors through an effective action (S')V/A, and we have vol, = voley/|4|, where |A] is the
order of A: see [JW3]
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point on C;. Then the element [C;] in 7;(Z}), defined as the homotopy class of
the based loop ;0 C; o &j_l, is well defined up to conjugation (independently
of the choice of the arcs 6;).

We may then define u;: % (t) C Hom(n;(2}),K)/K — [0, 1] by

1;([p]) = s < p([C;]) is conjugate to diag(e™,e ™). 4)

Here, p € Hom(n;(2}),K), and its equivalence class in the quotient
Hom (7;(2}),K)/K is denoted [p]. The function p; is continuous on all of
%(t), but it is smooth only on the open dense set U; = ,uj_l((O, 1)). It follows
from the work of Goldman [G2] that ,uj|Uj is the moment map for an S' action,
and that these S' actions commute with each other.*

We now give an explicit description of the polyhedron u(é_@(t)): for sim-
plicity we shall assume from now on that the parameters ¢; take values in the
open interval (0, 1). This polyhedron arises in mathematical physics (conformal
field theory): for suitable values of the #;, the points of an appropriately defined
integer lattice which are inside u(%(t)) are in bijective correspondence with
a basis for the vector space associated to the surface XY by a conformal field
theory, the SU(2) Wess-Zumino-Witten model. As we showed in [JW1], the
number of such points is the Verlinde dimension [V].

Our characterization of the polyhedron B,(t) = u(C%(t)) arises from the
study of representations of the fundamental group 7 of the 3-punctured sphere
in SU(2). This fundamental group is the free group on two generators, but
it may also be written as a group with three generators and one relation, as
follows:

7= (p1, P2, p3lP1p2ps = 1) (5)
Let 4 be the tetrahedron in [0, 1] determined by the inequalities
(xl,XQ,X3)€A<:>|X1—XQ‘ §X3 and |x1—(1 —X2)| é I—X3. (6)

(Note that A4 is in fact invariant under permutations of the coordinates.) We
have the following

Theorem 4. [JW1] The point (x1,x2,x3) is in A if and only if there exists a
representation p: © — K such that p(p;) is conjugate to diag (e™i, e ™)),
Moreover, in this case such a representation is unique up to the action of K
by conjugation.

Now recall that the pants decomposition I' of X¥ was specified by N disjoint
simple closed curves C;, j=1,...,N in the interior of XJ. In addition we
have the components S;, j = 1,...,r of the boundary of X7, which we denote
henceforth by Cy;. Now each 3-punctured sphere y in the pants decomposition

*If one works with connections on X¥ rather than with representations of the fundamental
group, a direct gauge theoretic construction of the S' action may be given (using ‘gluing
parameters’, which arise in gauge theory when the stabilizer of the holonomy of the restriction
of a connection to some submanifold is a Lie group of dimension = 1): see Sect. 2 of [Don]
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I' determines a map p,: [0, 17V — [0, 1], where

Py(Xts s XNr) = (X ()5 Xip () Xi (7)) (7)

if Cj, (), Ciy(3)» Cigy) (for 11(y) = ia(y) < i3(y)) are the three boundary compo-
nents of the 3-punctured sphere 7.
Thus we have the following

Theorem 5. [JW3] Suppose 0 < t; < 1 for j=1,...,r. Then the polyhedron

B:{(xl,...,xN)e[O,l]N: (xl,...,xN,tl,...,t,)emp.;l(A)} (8)
Y

is the image B, (t) = M(S_ﬁg(t)).

3 Decomposition of moduli spaces

The essential new idea we shall use to extract formulas for volumes of moduli
spaces is that a decomposition of a 2-manifold into pairs of pants gives rise to a
fibration of moduli spaces and hence to a fibration of the associated polyhedra.
This is precisely analogous to the “Grothendieck decomposition” [Gr] of the
moduli space of curves, which arises from the choice of a pants decomposition
of a 2-manifold.

If we cut X/ along a separating curve C, so that X = X! U X2 with
rn+r=r+2and g =g + g2, then we find %(tl,...,t,.l,sl,...,srz) maps to
the fiber product UWG[O,I] SI(t,. ..t , W) X S92(s1,...,5,,w), with generic
fiber S'. This follows from consideration of the S! action associated to the
curve C (see the paragraph containing (4)). Applying this to the case when
g» = 1, we obtain the following

Theorem 6. Suppose 0 < t < 1. We let yy denote the moment map corre-
sponding to the (exterior) boundary circle Sy while p, and y, are the moment
maps corresponding to the interior boundary circles C; and C, (see Fig. 2);
then we define

Tt = Fy(1) — 1y " (0) — 15 ' (1) — 15 (1)
FH) =y () — (T O U (DU 0y U (1)),
St = g {ON (' O)Up (DU (0)Upy (1)),

and
St) = g "(0) T g (1) -

In terms of this notation, %(t) decomposes as follows:

Fo(t) = F,0() U L)1) US(1) U LY) -
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We note that ,ual(s) C %O(t) fibers over %,1(3) x 8% x 8% with fiber S',
while Fy(t) fibers over Jy_1(t) x (S* — {0,00}) x (82 — {0,00}) with fiber
S1, and F(t) fibers over F,_i(t) x S* with fiber S'.

Proof. We see by the methods of [JW1] (e.g. Theorem 2.5) or [JW3] (e.g.
Lemma 3.3 and Proposition 3.7) that the map uo is a submersion onto [0, 1];
when 0 < 5 < 1, each level set p; !(s) fibers over Qj]_l(s) X S1(s,t) with fiber
S!. The space .%|(s,t) in turn fibers over the rectangle u(.%(s,¢)). When s =1,
we see from Fig. 3 that this rectangle does not intersect the lines x; = 0, x, =
0, x; =1, x, = 1. The space ¥(s,¢) is then associated to the rectangle by the
usual results governing toric varieties, so that . (s,#) = S? x §2, where the two
copies of S have diameter v/2s resp. V2(1 —¢) (if s < t). When s = ¢, the
vertices of the rectangle all satisfy either x; =0, x, =0, x; =1 or x, = 1. We
examine these extreme points: without loss of generality (considering Fig. 3)
we may take x; = 0, which forces x, =¢. Then we see (by the methods of
Sect. 6 of [JWI]; see e.g. Lemma 6.4) that the preimage of the point (x; =
0, xo = ¢) under (u1,): Si(t,t) — [0,1]? is given by SU(2)/S' =2 S?, where
S! acts on SU(2) by right multiplication. For points (x1,x;) € [0, 1]> other than
the four vertices, the preimage is S' x S'; thus, by the usual rules of toric
geometry,

Fitt) — 171 (0) — (1) — 17 1(0) — p3 (1)
>~ (8% — {0,00}) x (8% — {0,00}) .

Remark. We note that by applying the result of Theorem 6 recursively, we
eventually obtain a decomposition of Z,(t) in terms of moduli spaces corre-
sponding to genus 1.

A decomposition theorem generalizing Theorem 6 is true for ,?fq(t) (when
r > 1). The associated polyhedra fiber as follows:

Bgl+r2(tl,...,l,-l,Sl,...,Srz)
= U B}t trow) X BR (51,080 W) (9)
wel0,1]
We thus get
1
Sy(t) = [ dWSy, (1. str)s W) X Sy (S1se s Srys W) . (10)
w=0

In fact, the formula may be used to derive the identification of S,(t) with
the volume of the polyhedron determined by the inequalities (6): applying
(6) inductively to the boundary circles of the pants decomposition, we find
that

Bg(t) = f dty .. .dl‘3g_3+,. H X(ti1(}’)7 Z,-z(?,), ll-3(~/)) (1 1)

where #,(;) gives the holonomy of the flat connection around the boundary
circle i,(y) and Cj (), Ciy), Ciy(y) are the three boundary circles bounding
the pair of pants y. (Those of the f;,(,) corresponding to external boundary
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circles of XY are defined to be the fixed values si,...,s,.) Here, y(t1,t,8) is
the characteristic function of the tetrahedron determined by (6): in other words
1(t1,t,13) =1 if (41,8, t3) satisfy (6) and y(#1,5,4) = 0 otherwise.

4 Application: Lacunarity and symplectic volumes of moduli spaces

In this section, we shall use the decomposition of the moduli space to re-
derive a formula of Donaldson ((27) below) for the symplectic volume S,(¢)
of the moduli space Z](t) of flat connections on a surface of genus g with
one boundary component, for which the holonomy around the boundary is
t; we shall also rederive the formula (33) for the symplectic volume of a
related moduli space 2,(¢) of flat connections on a surface with two boundary
components and holonomies #,1 — ¢ around these boundary components. Even
before deriving these explicit formulas, we may note qualitatively that equation
(10) (when 27! is a twice-punctured torus and X7 is a once punctured surface
of genus ¢g) allows one to show by induction on the genus that the function
S,(t) is a piecewise polynomial function of degree 2g — 1. On dimensional
grounds one would instead expect the piecewise polynomial function S,(¢) to
have degree 3g — 2 (since we know from [J] that fg(t) is the symplectic
quotient of an action of U(1) on a manifold of dimension 6g — 2, and by the
Duistermaat-Heckman theorem, the symplectic form on such quotients is linear
in the parameter ¢ when ¢ varies over regular values of the moment map). The
phenomenon that the piecewise polynomial function specifying the symplectic
volume of a family of reduced spaces of a manifold M with respect to the
action of a torus 7 (Duistermaat-Heckman polynomial) should have lower
degree than one would expect based on the dimensions of M and T is known
as lacunarity, and has been extensively studied for actions of the maximal
torus of a compact Lie group G on some of its coadjoint orbits by Guillemin,
Lerman and Sternberg [GLS].

In particular we recover the Newstead conjecture [Ne] that ¢ = 0 where f
is a cohomology class of degree 4 on %(l). We use the fibration (see [Don],
Sect.2) m: (1) — (1) with fiber S?, which exists when |1 — ¢| < 1. There
is then a cohomology class e of degree 2 on %(t), such that e restricts on the
fiber of 7 to the generator of H2(S?), and for which n*p = e?; furthermore,
the cohomology class of the symplectic form w, on Qj](t) is given in terms of
e and the symplectic form w; on ,%(1) as

[o] = n [ ] + (1 = 1e.

This approach to volumes of moduli spaces was first suggested by Witten, and
is described in [Don]. An alternative proof of the Newstead conjecture using
a homology cycle Poincaré dual to f is given in [We2].

In previous work [JW1, JW3] we gave a formula for the volumes of the
spaces e%(t) in terms of the numbers of integer points in polyhedra, by combin-
ing Theorem 2 with the explicit description of the polyhedron u(%(t)) given
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Fig.1. A curve C; separating a surface of genus g into a surface of genus g — 1 and a
2-punctured torus

in Theorem 5. (For a review along these lines see [JW4].) Here we shall
instead apply the decomposition obtained in Sect.3 to give a simple proof
of the formula for the volume S,(¢#) of the moduli space Z,(t) associated
to a surface X{ of genus g with one boundary component, when ¢ € (0,1).
This formula is due to Donaldson ([Don], Sect. 6) and Witten ([Wit], (4.116))
and it may be used (as described in [Don](18)—(23)) to determine the ring
structure of the cohomology H *(%(1)). The approach to the ring structure via
symplectic volumes relies on the fact (described in the previous paragraph)
that for ¢ sufficiently close to 1 the space %,(t) fibers over 5_@(1) with fiber
S2: it is an alternative to the approach of Thaddeus [T], who found the ring
structure by applying the Riemann-Roch theorem to sections of powers of a
holomorphic line bundle over 5_@(1). For related material see [BSz, Ki, NR, Sz].

We shall give an inductive formula relating Sy(¢) to Sy_(¢), from which
one may deduce the formula for Sy(¢). Recall that by Theorem 2,

Sy(t) = vol (l( (1)) , (12)

where y is the moment map for the action of (S')*~2 associated to any pants
decomposition of X{. We may choose the pants decomposition to contain one
curve C; such that XY — C; = X9~" U 2}; in other words C; separates X7 into
two components, a 1-punctured surface of genus g — 1 and a 2-punctured torus
(see Fig. 1).

Then the polyhedron ,u(%(t)) decomposes into a union of slices according
to the value of p;, where p; is the component of u associated to Cj:

w(Iy(1)) = U W(g-1(5)) X W(F1(5,1)) - (13)

s€[0,1]

Introducing ;
(D(S, t) = VOleuCl(,u'(f%(Ss ZL))) >

we see the following (which is an immediate consequence of (13)):
Theorem 7. We have for g = 2 that
- 1 -
volewet(1(S5(1))) = [ ds®(s,1)voleye1(1(F5—1(5))) - (14)
s=0

Theorem 7 suffices to determine S,(¢) provided one knows S (¢).
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We must now study the relation between the Euclidean volume volg, and
the volume vol,. The correct normalization of the measure vol, is that which
assigns unit volume to the fundamental domain determined by the lattice A,
where the torus t/A acts effectively on M. In the case of 9}, (corresponding to
a closed surface) it was shown in [JW3] (Proposition 3.10) that the lattice A
is spanned by the standard unit basis vectors e; (j = 1,...,3g — 3) of R%~3
and the additional vectors é,(y = 1,...,2g — 2) where

~ 1
&, = (e e T e)

if Cj,(;), Cjy(y»)» Cjy(y) are the three boundary circles of the pair of pants P,.
When ¥ = X7 has r boundary components, we have the following gener-
alization ([JW3], Proposition 3.13):

Proposition 8. The pants decomposition of X} determines a torus K =
R3973%4 /A which acts effectively on an open dense set in Y(t) preserv-
ing the symplectic structure. The lattice A is spanned by the standard unit
basis vectors e;(j =1,...,3g —3) of R¥3 and the additional vectors
é(y=1,...,2g — 2) where

5 _ 1

&y =5 2.¢

J)

and we sum over j(y) corresponding to those boundary circles Cjqy of the
pair of pants P, which are not components of the boundary 0 X} of X.

The result of Proposition 8 is that the correctly normalized volume vol,
of u(U) (for which Theorem 2 holds) is not the Euclidean volume vole, but

rather

VOleycl
vol, = ot (15)

We must now study the function &(s,t) specifying the volume of the fam-
ily of moduli spaces associated to the 2-punctured torus. We may form a 2-
punctured torus by gluing together two 3-punctured spheres along two of their
boundary components (see Fig. 2).

Fig.2. A pants decomposition of a 2-punctured torus
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Fig.3. The image of the moment map for the moduli space %(s,¢) associated to a 2-
punctured torus, where the conjugacy classes of the holonomies around the two boundary
components Cy,C, are constrained by the parameters s and ¢. The moment maps for the S’
actions corresponding to the curves Cj, C, take the values xj,x;

Let the glued boundary components then be C;,C, and the remaining
boundary components S; and S;. Then an application of Theorem 6 shows
that u(.%(s,t)) is the intersection of two rectangles ;N , in [0, 1], where

s = {(x1,x) € [0,1]%: i —x s, -0 —-x) £1-s5}.

Ifs < tthen (N ,is just a rectangle of side lengths v/2s and v/2(1 — ¢)
(see Fig.3).

Furthermore, if s4¢ then (N, C (0,1)* but u='((0,1)?) is the open set
U C 9 (s,t) where the action of (S')? is defined. So if s=¢ then % (s, ) has a
global action of (S')? such that the image of the moment map is the rectangle

sN ;. Applying Delzant’s theorem [Del] we see that % (s,¢) is symplec-

tomorphic to S? x S?, where if s < ¢ the two copies of S? have symplectic
volumes v/2s and v/2(1 — ¢).

We then have the following formula (which follows immediately from
Fig. 3):

Proposition 9. The Euclidean volume ®(s,t) is given by

D(s,t) =2s(1 —)H(t —s)+2t(1 —s)H(s — 1), (16)
where
0, x<0;
H(X){
1, x=0.

Differentiating the expression in (16) we find a formula for (d/dt)>®(s,t)

in terms of delta functions d(¢ — s) and their derivatives. In fact, rewriting (16)
as

D(s,t) =2{(s —)H(t — s) + t — ts} (17)

we find
jtdi(s,t)=2{—H(t—s)+(s—t)5(t—s)+1—S}, (18)
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so that
d 2(15 H=2 20 t tdét 19
(&) #en=2(-26-0+6-ngac-»). a9
Define )
Sg(t) = volewe ti(Sg(2)) = [ D(s,1)S;_(s)ds . (20)

Then we find from (19) and (20) that

d2
dt?

S;ty=2/f {—25(t —5)+(s— t)jt ot — s)} Sy_1(s)ds
d
=4S, (O +2[(s—1) (— dsé(t — s)) Sg_1(s)ds . (21)
Integrating by parts, we have that
d d
J(s—1) {ds S(t — s)} s_1(s)ds = =S;_ (1) — [o(t —s)(s — t)ds o_1(s)ds
= =S¢ ,(0) (22)
(the second term vanishes because [xd(x)/f(x) =0 for any /). Hence we find

2

S0 = =285, (1). (23)
Using (15) we see that
Sg(1)
Sy(t) = 250—2 .

This transforms (23) as follows:

Proposition 10. The volumes S,(t) of the moduli space associated to a 2-
manifold of genus g satisfy the following recurrence relation:

d? 1
dtZSg(t) = _zSg—l(t) : (24)

To use the recursion relation (24) to determine the functions S,(¢), we recall
that the Bernoulli polynomials P,(x) (for x € [0,1]) may be characterized by
the following three properties:

(@) Po(x) =1
() 9 Bux) = Pyr(0) (25)
X

(¢) [Pu(x)dx=0.
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The following equations thus suffice to characterize the odd degree Bernoulli
polynomials P,,,_1:

(a) Pi(x) =x—,
d2

(b) d 2P2m+l(x) = P2mfl(x) (26)
X

(©) [Pom_1(x)dx = fdP =l = 0.

dx
Equation (26¢) may be replaced by
JPon—1(x)dx =0, Pap1(0) = Pap1(1). (26¢")

Notice that
P2m71(x) = _Pmel(l —X)

(since the function P, ,(x) = —P,,—1(1 — x) satisfies the equations (26)).

2m—
We shall prove the following Proposition:

Proposition 11. For 0 < ¢t < 1 we have

S,(1— 1) = (~1)92P,,_, (1 2_t> . 27)

This was originally proved by Donaldson ([Don], (22)); we shall give a
simple proof based on our decomposition theorem (Theorem 6). We extend
the definition of S,(¢) to ¢t € [—1,1] by setting Sy(—¢t) = —S,(¢) for t € [0,1].

If we define P, (x) for x € [0,1] by

S,(t) = (—1)29Psy (1 ) t) , (28)

then Pzg,l(x) is defined for x € [0, 1] and satisfies
Pngl(l _x) = —]52!],1()6) . (29)

We find then that ﬁzg_l satisfies (26) (b) and (¢’): (b) follow§ immedi-
ately from (24) while (c¢’) follows from (29) and the fact that P,_ (1) =
(—1)7295,(0) = 0. The latter equation is true because

1
S,(0) = [ds®(s,0)S,_1(s) (30)
0

and &(5,0) =2sH(—s)=0for 0 < s < 1.

To prove that Pzg_l satisfies (26) (a) we need only consider the func-
tion S;(1 —¢). Since a one-punctured torus can be obtained by gluing to-
gether two boundary components of a three-punctured sphere, we see from
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(6) that pu(#1(1 — 1)) is the line {x: |2x — 1| £ ¢} which has length #; hence
t=Si1(1—1t)=—2P, ('7"), which gives P ('J") = —t/2 or

Pl(x): 2 —X.

This completes the verification of the formula (24): we have recovered the
inductive characterization of the odd degree Bernoulli polynomials Py, (?).

Donaldson introduces the related moduli space 2,(¢) which is the moduli
space of flat connections on a surface X9 with holonomies 7 and 1 — ¢ around
the two boundary components. One may define

Qy(t) = VOl(qu(t) (31)

and

Qy(1) = voleyel t(24(2)) . (32)
We then have the following Proposition, which is due originally to Donaldson
([Donl], (23)):

Proposition 12. The function Qy is given by

Qy(1) = (=1)77127 (Pyy (4 3) — Py (3)) (33)

when 0 < t < ;
Our methods also permit us to give a simple proof of this Proposition.
Using the fact that ¥ may be obtained from X{ by attaching one boundary

component of a pair of pants to the boundary of XY, we find that

0:(t) = [dsV (s, 1)Sy(s) (34)
where
V(s,t) =So(s,t,1 —t)=H (s"gl —t>H <s;1 +t>

(this formula follows from (6)). Thus we have

d 1
dtV(S,t)——5< ) )
+5(S +t>

(o~
G20 = Jasso {=o (55 ~o)u (5= ) +1)
+5<; ;+1>H<;+2—t>}

— 2H(1 —26)S,(1 — 2t) — 2H(2t — 1)S,(2t — 1)

N @
[N
+
~
N—

’ + z) (35)

so that

1
=25,(1-20), 1< . (36)
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Because O, = Q;/Zzg*l, while S, = S;’/22-"’2 (by Proposition 8), we obtain
d 1
dth(t) =8,(1—-2¢t) whent = ,. (37)

Using the formula (27) for S,(¢), we now find that

Sg(1=20) = (=1)729Pyy 1 (3 — 1) = (=1)"T129Pyy 1 (§ +1)

so that p
dth(t):(—l)gHZngg_l (,+1) . (38)
It follows from this and (24) that
Oy(t) = (—1)PT129(Pyy () +1) +¢) (39)
for some constant c; to verify that ¢ = —Py4( ;), it suffices to check that

04(0) = 0. This however is obvious from (34) since

0,(0) = [dsV(s,0)S,(s)

and V(s,0) =H(s+ 1)H(s —1)=0 for s < 1. This completes the proof of
Proposition 12.

A generalization of the equation (24) which applies to symplectic volumes
of moduli spaces of flat connections on a general compact Lie group G is
given in [JWS]: it is

T12(0/0t’ Sy (1) = kSg_1 (1) , (40)

>0

where Sf (¢) is the symplectic volume of the moduli space of flat G connections
on a surface of genus g with one boundary component for which the holonomy
around the boundary is given by ¢ € Lie(T).
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