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1 Introduction

Let �g be a compact two-manifold of genus g, with @�g = ∅ and fundamental
group � = �1(�g). Let K be a compact Lie group, which in this paper will
be SU (2). We de�ne �Sg = Hom(�; K)=K , the space of conjugacy classes of
representations of � in K . This space may be identi�ed [AB] with the space
AF(�g)=G(�g), where AF(�g) are the at connections on a (trivial) principal
K bundle over �g, and G(�g) is the gauge group. The space �Sg is compact, and
has an open dense subset Sg which has the structure of a smooth symplectic
manifold of dimension 6g− 6: we denote the symplectic form by !. (See
[AB] and [G1] for the construction of the symplectic structure on Sg.) The
choice of a complex structure on �g endows �Sg with the structure of a K�ahler
variety: it is identi�ed [NS] with a moduli space of holomorphic vector bundles
on �g.

We shall also consider two-manifolds �gr = �g − (D1 t : : : t Dr) with genus
g and r oriented boundary components S1; : : : ; Sr , obtained from �g by delet-
ing r disjoint disks D1; : : : ; Dr from �g. By choosing a base point ∗ in �g
and for each j an arc �j joining ∗ to a point on Sj, we obtain an element
[Sj] = [�j ◦ Sj ◦ �−1j ] in �1(�gr ), whose conjugacy class is well de�ned (inde-
pendent of the choice of the �j). Let t = (t1; : : : ; tr) ∈ [0; 1]r . We may then
de�ne

�Sg(t) = {� ∈ Hom(�1(�gr ); K) : �([Sj]) is conjugate to
diag (ei�tj ; e−i�tj)

}
=K ; (1)
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where diag (a; b) is the 2× 2 diagonal matrix (M��) with M11 = a; M22 = b.
The parameters tj thus specify the conjugacy class in K to which representations
send the elements [Sj] ∈ �1(�gr ).
The space �Sg(t) has an open dense set Sg(t) with the structure of a smooth

symplectic manifold of dimension 6g− 6 + 2r′, where r′ = #{j: tj ∈ (0; 1)}.
Just as �Sg may be identi�ed with a space of holomorphic vector bundles on �g,
the spaces �Sg(t) appear in algebraic geometry as moduli spaces of holomorphic
vector bundles with parabolic structure (see [MS]).
In this paper we shall describe some topological results about the spaces �Sg

and �Sg(t) which follow from their properties in symplectic geometry. We shall
primarily be concerned with the cases r = 0; 1; 2: The central idea in this paper
is that the moduli space �Sg(t) has a decomposition into components given by
moduli spaces corresponding to surfaces of lower genus. This decomposition
resembles Grothendieck’s decomposition [Gr] of the moduli space of curves: it
is obtained by applying the results of [JW3], where we consider a simple closed
curve C in a 2-manifold �gr such that �

g
r − C decomposes into two 2-manifolds

�g1r1 and �
g2
r2 of genus g1 and g2. There is then a function �C : �Sg(t)→ [0; 1]

specifying the holonomy of at connections around C. Each level set �−1C (s) of
�C �bers over �Sg1(t1; : : : ; tr1 ; s)× �Sg2(tr1+1; : : : ; tr1+r2 ; s) with generic �ber S

1.
(See Theorem 6.)
On the other hand, the results of [JW3] exhibit the structure of a (noncom-

pact) toric variety on an open dense subset of �Sg(t). To this toric variety is
associated a polyhedron Bg(t) (the closure of the image of the moment map
� = (�C1 ; : : : ; �C3g−3+r ) where the Cj are boundary circles corresponding to a
pants decomposition of �gr ). We see that

Bg(t) =
⋃

05s51
Bg1(s; t1; : : : ; tr1)× Bg2(s; tr1+1; : : : ; tr1+r2) : (2)

We may apply these results in particular when g2 = 1 and r2 = 1: one �nds
easily that B1(s; t) is a rectangle, so the usual methods of toric geometry then
show (for generic values of s and t) that �S1(s; t) is S2 × S2. An immediate ap-
plication of this yields formulas for the symplectic volume Sg(t) of the moduli
space �Sg(t) of representations into SU (2) of the fundamental group of �

g
1 for

which the element [S1] in �1(�
g
1) represented by a loop around the boundary

is sent to the conjugacy class of 2× 2 matrices with eigenvalues ei�t and e−i�t .
The equation (2) leads immediately to

Theorem 7.
Seg(t) =

∫
Seg−1(s)�(s; t)ds ;

where we have introduced Seg(t) = voleucl �( �Sg(t)); and �(s; t) is the Euclidean
volume of B1(s; t) = �( �S1(s; t)) in an appropriate normalization.

Now B1(s; t) is a rectangle with side lengths proportional to s and 1− t
(when s ¡ t), so �(s; t) is proportional to s(1− t). One sees immediately from
Theorem 7 (starting from an easy computation showing that S1(t) is linear in
t) that Sg(t) is piecewise polynomial in t and that the degree can be no greater
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than 2g− 1. This is less than the degree one might have expected on strictly
dimensional grounds. The term lacunarity has been used in the mathematical
literature to refer to the fact that functions of this type have lower degrees than
expected (see Sect. 4).1

For t ∈ (0; 1) the moduli space �Sg(t) (which has dimension 6g− 4) �bres
over �Sg(1) (which has dimension 6g− 6) with �bre S2. As was described in
[Don] (Sects. 1 and 6) following observations of Witten, the formula for the
symplectic volume of �Sg(t) encodes the formulas for the intersection numbers
in the moduli space �Sg(1), because of the properties of this �bration.2 In partic-
ular the fact that the degree of Sg(t) can be no greater than 2g− 1 immediately
implies the Newstead conjecture [Ne] that the g-th power of a certain coho-
mology class of degree 4 in �Sg(1) vanishes (see Sect. 4). As noted above, the
limit on the degree of the piecewise polynomial function Sg(t) follows from
the decomposition of the moduli space by induction on the genus, and does
not require full knowledge of the explicit formula for Sg(t). In fact one may
proceed further and use Theorem 7 to extract an explicit formula for Sg(t),
which was �rst found by Donaldson [Don]: the formula speci�es Sg(t) as a
Bernoulli polynomial of degree 2g− 1.
This paper is organized as follows: in Sect. 2 we recall some fundamental

results on torus actions and moment maps, which are then applied to mod-
uli spaces. We also recall the explicit description of inequalities that give the
image of the moment map of torus actions on moduli spaces as a convex
polyhedron. In Sect. 3 we develop the most important idea of the paper: that
a decomposition of the surface into surfaces of lower genus gives rise to a
description of the moduli space of at connections in terms of moduli spaces
corresponding to surfaces of lower genus. This leads inductively to formulas for
the symplectic volumes of these moduli spaces, which are developed explicitly
in Sect. 4. We then give simple proofs of formulas of Donaldson [Don] for vol-
umes of certain moduli spaces: these formulas are given in terms of Bernoulli
numbers.
An announcement of the results of this paper is to be found in [JW6].

2 Torus actions on moduli spaces

Our results for the spaces �Sg(t) will arise from the existence of several com-
muting Hamiltonian S1 actions on open dense sets in these spaces. Suppose

1More precisely, the term lacunarity has been applied to the function S(t) which gives the
symplectic volume of a family of symplectic quotients Mt = �−1(t)=T with respect to the
Hamiltonian action of a torus T on a symplectic manifold M : here the parameter t speci�es
the value of the moment map � for the T action. The properties of such functions (notably
including the phenomenon of lacunarity) have been studied extensively in recent work of
Guillemin, Lerman and Sternberg [GLS]. In our case T = U (1)
2The space �Sg(1) appears in algebraic geometry as the moduli space N (2; 1) of (semi) stable
holomorphic vector bundles of rank 2 and degree 1 with �xed determinant over a closed
Riemann surface of genus g
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S1 acts on a symplectic manifold (M;!) preserving the symplectic form. The
action is called Hamiltonian if there is a C∞ map � : M → R such that

��! = d� (3)

(where � is the vector �eld on M corresponding to the S1 action and ��
is the interior product, in other words ��!(Y ) = !(�; Y ):) Moment maps
for actions of a torus T = (S1)r on a symplectic manifold are de�ned as
� = (�1; : : : ; �r) : M → Rr , where each �j satis�es d�j = ��j! if �j is the vec-
tor �eld corresponding to the action of the j’th copy of S1. The action of T
then �xes the value of �: in other words, �(x) = �(�x) for all � ∈ T .
Theorem 1. [A], [GS1] If M is compact and connected then �(M) is a convex
polyhedron.

A particularly attractive situation arises when a symplectic manifold M of
dimension 2N is acted on by a torus of dimension N and the vector �elds
generating the torus action are linearly independent almost everywhere. In this
case the following result is well known:

Theorem 2. (see [JW3]) The symplectic volume vol!(M) of M is equal to
the Euclidean volume vol�(�(M)) of the image �(M) ⊂ RN ; where vol� is an
appropriately normalized Euclidean volume on RN :3

We have the following theorem:

Theorem 3. [JW3] Let � be a pants decomposition of �gr ; in other words
a choice of N = 3g− 3 + r disjoint oriented simple closed curves C1; : : : ; CN
in the interior of �gr ; such that �

g
r − (C1 t : : : t CN ) is a disjoint union of

3-punctured spheres or “pairs of pants”. Let N ′ = 3g− 3 + r′ = dim �Sg(t)=2.
Then:
(a) There exists a Hamiltonian action of (S1)N

′
on an open dense set U in

�Sg(t).
(b) The moment map � = (�1; : : : ; �N ′) : U → RN ′ may be chosen to take its
image in (0; 1)N

′
; and extends to a continuous function �Sg(t)→ [0; 1]N

′
which

will also be denoted �. Furthermore; U = �−1((0; 1)N
′
).

(c) The image �( �Sg(t)) is a convex polyhedron in [0; 1]N
′
; which will be

speci�ed explicitly below (Proposition 8).

We remark that the functions �j and the associated S1 actions depend on
the choice of a pants decomposition �. These functions are given as follows:
they are part of a class of functions whose role in the symplectic geometry of
moduli spaces of representations of surface groups was studied by Goldman
[G2]. We choose a basepoint ∗ in �gr , and for each j an arc �̃j joining ∗ to a
3The volume vol� is the usual Euclidean volume voleucl on RN if the group (S1)N acts
e�ectively. Otherwise there is a �nite subgroup � of (S1)N such that the action of (S1)N

factors through an e�ective action (S1)N =�, and we have vol� = voleucl=|�|, where |�| is the
order of �: see [JW3]



Toric structures on the moduli space of at connections 97

point on Cj. Then the element [Cj] in �1(�
g
r ), de�ned as the homotopy class of

the based loop �̃j ◦ Cj ◦ �̃−1j , is well de�ned up to conjugation (independently
of the choice of the arcs �̃j):

We may then de�ne �j: �Sg(t) ⊂ Hom(�1(�gr ); K)=K → [0; 1] by

�j([�]) = s⇔ �([Cj]) is conjugate to diag (ei�s; e−i�s) : (4)

Here, � ∈ Hom(�1(�gr ); K), and its equivalence class in the quotient
Hom (�1(�

g
r ); K)=K is denoted [�]. The function �j is continuous on all of

�Sg(t), but it is smooth only on the open dense set Uj = �−1j ((0; 1)). It follows
from the work of Goldman [G2] that �j|Uj is the moment map for an S1 action,
and that these S1 actions commute with each other.4

We now give an explicit description of the polyhedron �( �Sg(t)): for sim-
plicity we shall assume from now on that the parameters tj take values in the
open interval (0; 1). This polyhedron arises in mathematical physics (conformal
�eld theory): for suitable values of the tj, the points of an appropriately de�ned
integer lattice which are inside �( �Sg(t)) are in bijective correspondence with
a basis for the vector space associated to the surface �gr by a conformal �eld
theory, the SU (2) Wess-Zumino-Witten model. As we showed in [JW1], the
number of such points is the Verlinde dimension [V].
Our characterization of the polyhedron Bg(t) = �( �Sg(t)) arises from the

study of representations of the fundamental group �̃ of the 3-punctured sphere
in SU (2). This fundamental group is the free group on two generators, but
it may also be written as a group with three generators and one relation, as
follows:

�̃ = 〈p1; p2; p3|p1p2p3 = 1〉 (5)

Let � be the tetrahedron in [0, 1]3 determined by the inequalities

(x1; x2; x3) ∈ �⇔ |x1 − x2|5 x3 and |x1 − (1− x2)|5 1− x3 : (6)

(Note that � is in fact invariant under permutations of the coordinates.) We
have the following

Theorem 4. [JW1] The point (x1; x2; x3) is in � if and only if there exists a
representation � : �̃→ K such that �(pj) is conjugate to diag (ei�xj ; e−i�xj).
Moreover; in this case such a representation is unique up to the action of K
by conjugation.

Now recall that the pants decomposition � of �gr was speci�ed by N disjoint
simple closed curves Cj; j = 1; : : : ; N in the interior of �gr . In addition we
have the components Sj; j = 1; : : : ; r of the boundary of �

g
r , which we denote

henceforth by CN+j. Now each 3-punctured sphere  in the pants decomposition

4If one works with connections on �gr rather than with representations of the fundamental
group, a direct gauge theoretic construction of the S1 action may be given (using ‘gluing
parameters’, which arise in gauge theory when the stabilizer of the holonomy of the restriction
of a connection to some submanifold is a Lie group of dimension = 1): see Sect. 2 of [Don]
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� determines a map p : [0; 1]N+r → [0; 1]3, where

p(x1; : : : ; xN+r) = (xi1(); xi2(); xi3()) (7)

if Ci1(); Ci2(); Ci3() (for i1()5 i2()¡ i3()) are the three boundary compo-
nents of the 3-punctured sphere .
Thus we have the following

Theorem 5. [JW3] Suppose 0¡ tj ¡ 1 for j = 1; : : : ; r. Then the polyhedron

B =
{
(x1; : : : ; xN ) ∈ [0; 1]N : (x1; : : : ; xN ; t1; : : : ; tr) ∈

⋂

p−1 (�)

}
(8)

is the image Bg(t) = �( �Sg(t)).

3 Decomposition of moduli spaces

The essential new idea we shall use to extract formulas for volumes of moduli
spaces is that a decomposition of a 2-manifold into pairs of pants gives rise to a
�bration of moduli spaces and hence to a �bration of the associated polyhedra.
This is precisely analogous to the “Grothendieck decomposition” [Gr] of the
moduli space of curves, which arises from the choice of a pants decomposition
of a 2-manifold.
If we cut �gr along a separating curve C, so that �

g
r = �

g1
r1 ∪ �g2r2 with

r1 + r2 = r + 2 and g = g1 + g2, then we �nd �Sg(t1; : : : ; tr1 ; s1; : : : ; sr2) maps to
the �ber product

⋃
w∈[0;1]S

g1(t1; : : : ; tr1 ; w)×Sg2(s1; : : : ; sr2 ; w), with generic
�ber S1. This follows from consideration of the S1 action associated to the
curve C (see the paragraph containing (4)). Applying this to the case when
g2 = 1, we obtain the following

Theorem 6. Suppose 0¡ t ¡ 1. We let �0 denote the moment map corre-
sponding to the (exterior) boundary circle S1 while �1 and �2 are the moment
maps corresponding to the interior boundary circles C1 and C2 (see Fig. 2);
then we de�ne

�S0
g (t) = �Sg(t)− �−10 (0)− �−10 (1)− �−10 (t) ;
�S′
g(t) = �−10 (t)− (�−11 (0) ∪ �−11 (1) ∪ �−12 (0) ∪ �−12 (1)) ;
�S′′
g (t) = �−10 (t) ∩ (�−11 (0) ∪ �−11 (1) ∪ �−12 (0) ∪ �−12 (1)) ;

and
�S′′′
g (t) = �−10 (0)

∐
�−10 (1) :

In terms of this notation; �Sg(t) decomposes as follows:

�Sg(t) = �S0
g (t) ∪ �S′

g(t) ∪ �S′′
g (t) ∪ �S′′′

g (t) :



Toric structures on the moduli space of at connections 99

We note that �−10 (s) ⊂ �S0
g (t) �bers over �Sg−1(s)× S2 × S2 with �ber S1;

while �S′
g(t) �bers over �Sg−1(t)× (S2 − {0;∞})× (S2 − {0;∞}) with �ber

S1; and �S′′
g(t) �bers over �Sg−1(t)× S2 with �ber S1.

Proof. We see by the methods of [JW1] (e.g. Theorem 2.5) or [JW3] (e.g.
Lemma 3.3 and Proposition 3.7) that the map �0 is a submersion onto [0; 1];
when 0¡ s ¡ 1, each level set �−10 (s) �bers over �Sg−1(s)×S1(s; t) with �ber
S1. The space S1(s; t) in turn �bers over the rectangle �(S1(s; t)). When s-t;
we see from Fig. 3 that this rectangle does not intersect the lines x1 = 0; x2 =
0; x1 = 1; x2 = 1. The space S1(s; t) is then associated to the rectangle by the
usual results governing toric varieties, so that S1(s; t) = S2 × S2, where the two
copies of S2 have diameter

√
2s resp.

√
2(1− t) (if s ¡ t). When s = t, the

vertices of the rectangle all satisfy either x1 = 0; x2 = 0; x1 = 1 or x2 = 1. We
examine these extreme points: without loss of generality (considering Fig. 3)
we may take x1 = 0, which forces x2 = t. Then we see (by the methods of
Sect. 6 of [JW1]; see e.g. Lemma 6.4) that the preimage of the point (x1 =
0; x2 = t) under (�1; �2) : S1(t; t)→ [0; 1]2 is given by SU (2)=S1 ∼= S2, where
S1 acts on SU (2) by right multiplication. For points (x1; x2) ∈ [0; 1]2 other than
the four vertices, the preimage is S1 × S1; thus, by the usual rules of toric
geometry,

S1(t; t)− �−11 (0)− �−11 (1)− �−12 (0)− �−12 (1)
∼= (S2 − {0;∞})× (S2 − {0;∞}) :

Remark. We note that by applying the result of Theorem 6 recursively, we
eventually obtain a decomposition of �Sg(t) in terms of moduli spaces corre-
sponding to genus 1.
A decomposition theorem generalizing Theorem 6 is true for �Sg(t) (when

r ¿ 1). The associated polyhedra �ber as follows:

Br1+r2g (t1; : : : ; tr1 ; s1; : : : ; sr2)

=
⋃

w∈[0;1]
Br1+1g1

(t1; : : : ; tr1 ; w)× Br2+1g2
(s1; : : : ; sr2 ; w) : (9)

We thus get

Sg(t) =
1∫

w=0
dwSg1(t1; : : : ; tr1 ; w)× Sg2(s1; : : : ; sr2 ; w) : (10)

In fact, the formula may be used to derive the identi�cation of Sg(t) with
the volume of the polyhedron determined by the inequalities (6): applying
(6) inductively to the boundary circles of the pants decomposition, we �nd
that

Bg(t) =
∫

t1 ;:::; t3g−3+r
dt1 : : : dt3g−3+r

∏

�(ti1(); ti2(); ti3()) (11)

where tir() gives the holonomy of the at connection around the boundary
circle ir() and Ci1(); Ci2(); Ci3() are the three boundary circles bounding
the pair of pants . (Those of the tir() corresponding to external boundary
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circles of �gr are de�ned to be the �xed values s1; : : : ; sr .) Here, �(t1; t2; t3) is
the characteristic function of the tetrahedron determined by (6): in other words
�(t1; t2; t3) = 1 if (t1; t2; t3) satisfy (6) and �(t1; t2; t3) = 0 otherwise.

4 Application: Lacunarity and symplectic volumes of moduli spaces

In this section, we shall use the decomposition of the moduli space to re-
derive a formula of Donaldson ((27) below) for the symplectic volume Sg(t)
of the moduli space �Sg(t) of at connections on a surface of genus g with
one boundary component, for which the holonomy around the boundary is
t; we shall also rederive the formula (33) for the symplectic volume of a
related moduli space Qg(t) of at connections on a surface with two boundary
components and holonomies t; 1− t around these boundary components. Even
before deriving these explicit formulas, we may note qualitatively that equation
(10) (when �g1r1 is a twice-punctured torus and �

g2
r2 is a once punctured surface

of genus g) allows one to show by induction on the genus that the function
Sg(t) is a piecewise polynomial function of degree 2g− 1. On dimensional
grounds one would instead expect the piecewise polynomial function Sg(t) to
have degree 3g− 2 (since we know from [J] that �Sg(t) is the symplectic
quotient of an action of U (1) on a manifold of dimension 6g− 2, and by the
Duistermaat-Heckman theorem, the symplectic form on such quotients is linear
in the parameter t when t varies over regular values of the moment map). The
phenomenon that the piecewise polynomial function specifying the symplectic
volume of a family of reduced spaces of a manifold M with respect to the
action of a torus T (Duistermaat-Heckman polynomial) should have lower
degree than one would expect based on the dimensions of M and T is known
as lacunarity, and has been extensively studied for actions of the maximal
torus of a compact Lie group G on some of its coadjoint orbits by Guillemin,
Lerman and Sternberg [GLS].
In particular we recover the Newstead conjecture [Ne] that �g = 0 where �

is a cohomology class of degree 4 on �Sg(1). We use the �bration (see [Don],
Sect. 2) � : �Sg(t)→ �Sg(1) with �ber S2, which exists when |1− t| � 1. There
is then a cohomology class e of degree 2 on �Sg(t), such that e restricts on the
�ber of � to the generator of H 2(S2), and for which �∗� = e2; furthermore,
the cohomology class of the symplectic form !t on �Sg(t) is given in terms of
e and the symplectic form !1 on �Sg(1) as

[!t] = �∗[!1] + (1− t)e :

This approach to volumes of moduli spaces was �rst suggested by Witten, and
is described in [Don]. An alternative proof of the Newstead conjecture using
a homology cycle Poincar�e dual to � is given in [We2].
In previous work [JW1, JW3] we gave a formula for the volumes of the

spaces �Sg(t) in terms of the numbers of integer points in polyhedra, by combin-
ing Theorem 2 with the explicit description of the polyhedron �( �Sg(t)) given
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Fig. 1. A curve C1 separating a surface of genus g into a surface of genus g− 1 and a
2-punctured torus

in Theorem 5. (For a review along these lines see [JW4].) Here we shall
instead apply the decomposition obtained in Sect. 3 to give a simple proof
of the formula for the volume Sg(t) of the moduli space �Sg(t) associated
to a surface �g1 of genus g with one boundary component, when t ∈ (0; 1).
This formula is due to Donaldson ([Don], Sect. 6) and Witten ([Wit], (4.116))
and it may be used (as described in [Don](18)–(23)) to determine the ring
structure of the cohomology H∗( �Sg(1)). The approach to the ring structure via
symplectic volumes relies on the fact (described in the previous paragraph)
that for t su�ciently close to 1 the space �Sg(t) �bers over �Sg(1) with �ber
S2: it is an alternative to the approach of Thaddeus [T], who found the ring
structure by applying the Riemann-Roch theorem to sections of powers of a
holomorphic line bundle over �Sg(1). For related material see [BSz, Ki, NR, Sz].
We shall give an inductive formula relating Sg(t) to Sg−1(t), from which

one may deduce the formula for Sg(t). Recall that by Theorem 2,

Sg(t) = vol�(�( �Sg(t))) ; (12)

where � is the moment map for the action of (S1)3g−2 associated to any pants
decomposition of �g1. We may choose the pants decomposition to contain one
curve C1 such that �

g
1 − C1 = �g−11 t �12; in other words C1 separates �g1 into

two components, a 1-punctured surface of genus g− 1 and a 2-punctured torus
(see Fig. 1).
Then the polyhedron �( �Sg(t)) decomposes into a union of slices according

to the value of �1, where �1 is the component of � associated to C1:

�( �Sg(t)) =
⋃

s∈[0;1]
�( �Sg−1(s))× �( �S1(s; t)) : (13)

Introducing
�(s; t) = voleucl(�( �S1(s; t))) ;

we see the following (which is an immediate consequence of (13)):

Theorem 7. We have for g= 2 that

voleucl(�( �Sg(t))) =
1∫

s=0
ds�(s; t)voleucl(�( �Sg−1(s))) : (14)

Theorem 7 su�ces to determine Sg(t) provided one knows S1(t).
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We must now study the relation between the Euclidean volume voleucl and
the volume vol�. The correct normalization of the measure vol� is that which
assigns unit volume to the fundamental domain determined by the lattice �,
where the torus t=� acts e�ectively on M . In the case of �Sg (corresponding to
a closed surface) it was shown in [JW3] (Proposition 3.10) that the lattice �
is spanned by the standard unit basis vectors ej (j = 1; : : : ; 3g− 3) of R3g−3

and the additional vectors ẽ( = 1; : : : ; 2g− 2) where
ẽ = 1

2(ej1() + ej2() + ej3())

if Cj1(); Cj2(); Cj3() are the three boundary circles of the pair of pants P.
When � = �gr has r boundary components, we have the following gener-

alization ([JW3], Proposition 3.13):

Proposition 8. The pants decomposition of �gr determines a torus K =
R3g−3+d=� which acts e�ectively on an open dense set in �Sg(t) preserv-
ing the symplectic structure. The lattice � is spanned by the standard unit
basis vectors ej(j = 1; : : : ; 3g− 3) of R3g−3+d and the additional vectors
ẽ( = 1; : : : ; 2g− 2) where

ẽ = 1
2

∑
j()
ej()

and we sum over j() corresponding to those boundary circles Cj() of the
pair of pants P which are not components of the boundary @�

g
r of �

g
r .

The result of Proposition 8 is that the correctly normalized volume vol�
of �(U ) (for which Theorem 2 holds) is not the Euclidean volume voleucl but
rather

vol� =
voleucl
22g−3+d

: (15)

We must now study the function �(s; t) specifying the volume of the fam-
ily of moduli spaces associated to the 2-punctured torus. We may form a 2-
punctured torus by gluing together two 3-punctured spheres along two of their
boundary components (see Fig. 2).

Fig. 2. A pants decomposition of a 2-punctured torus
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Fig. 3. The image of the moment map for the moduli space �S1(s; t) associated to a 2-
punctured torus, where the conjugacy classes of the holonomies around the two boundary
components C1; C2 are constrained by the parameters s and t. The moment maps for the S1

actions corresponding to the curves C1; C2 take the values x1; x2

Let the glued boundary components then be C1; C2 and the remaining
boundary components S1 and S2. Then an application of Theorem 6 shows
that �( �S1(s; t)) is the intersection of two rectangles s ∩ t in [0; 1]2, where

s = {(x1; x2) ∈ [0; 1]2 : |x1 − x2|5 s; |x1 − (1− x2)|5 1− s} :
If s ¡ t then s ∩ t is just a rectangle of side lengths

√
2s and

√
2(1− t)

(see Fig. 3).
Furthermore, if s-t then s ∩ t ⊂ (0; 1)2: but �−1((0; 1)2) is the open set

U ⊂ �S1(s; t) where the action of (S1)2 is de�ned. So if s-t then �S1(s; t) has a
global action of (S1)2 such that the image of the moment map is the rectangle
s ∩ t . Applying Delzant’s theorem [Del] we see that �S1(s; t) is symplec-

tomorphic to S2 × S2, where if s ¡ t the two copies of S2 have symplectic
volumes

√
2s and

√
2(1− t).

We then have the following formula (which follows immediately from
Fig. 3):

Proposition 9. The Euclidean volume �(s; t) is given by

�(s; t) = 2s(1− t)H (t − s) + 2t(1− s)H (s− t) ; (16)

where

H (x) =
{
0; x ¡ 0 ;

1; x = 0 :

Di�erentiating the expression in (16) we �nd a formula for (d=dt)2�(s; t)
in terms of delta functions �(t − s) and their derivatives. In fact, rewriting (16)
as

�(s; t) = 2{(s− t)H (t − s) + t − ts} (17)

we �nd
d
dt
�(s; t) = 2{−H (t − s) + (s− t)�(t − s) + 1− s} ; (18)
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so that (
d
dt

)2
�(s; t) = 2

(
−2�(s− t) + (s− t) d

dt
�(t − s)

)
: (19)

De�ne
Seg(t) = voleucl �( �Sg(t)) =

∫
�(s; t)Seg−1(s)ds : (20)

Then we �nd from (19) and (20) that

d2

dt2
Seg(t) = 2

∫ {−2�(t − s) + (s− t) d
dt
�(t − s)

}
Seg−1(s)ds

= −4Seg−1(t) + 2
∫
(s− t)

(
− d
ds
�(t − s)

)
Seg−1(s)ds : (21)

Integrating by parts, we have that

∫
(s− t)

{
d
ds
�(t − s)

}
Seg−1(s)ds = −Seg−1(t)−

∫
�(t − s)(s− t) d

ds
Seg−1(s)ds

= −Seg−1(t) (22)

(the second term vanishes because
∫
x�(x)f(x) = 0 for any f). Hence we �nd

d2

dt2
Seg(t) = −2Seg−1(t) : (23)

Using (15) we see that

Sg(t) =
Seg(t)

22g−2
:

This transforms (23) as follows:

Proposition 10. The volumes Sg(t) of the moduli space associated to a 2-
manifold of genus g satisfy the following recurrence relation:

d2

dt2
Sg(t) = − 1

2Sg−1(t) : (24)

To use the recursion relation (24) to determine the functions Sg(t); we recall
that the Bernoulli polynomials Pm(x) (for x ∈ [0; 1]) may be characterized by
the following three properties:

(a) P0(x) = 1

(b)
d
dx
Pm(x) = Pm−1(x) (25)

(c)
∫
Pm(x)dx = 0 :
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The following equations thus su�ce to characterize the odd degree Bernoulli
polynomials P2m−1:

(a) P1(x) = x − 1
2

(b)
d2

dx2
P2m+1(x) = P2m−1(x) (26)

(c)
∫
P2m−1(x)dx =

∫ dP2m−1
dx

dx = 0:

Equation (26c) may be replaced by∫
P2m−1(x)dx = 0; P2m−1(0) = P2m−1(1) : (26c′)

Notice that
P2m−1(x) = −P2m−1(1− x)

(since the function P′2m−1(x) = −P2m−1(1− x) satis�es the equations (26)).
We shall prove the following Proposition:

Proposition 11. For 0¡ t ¡ 1 we have

Sg(1− t) = (−1)g2gP2g−1
(
1− t
2

)
: (27)

This was originally proved by Donaldson ([Don], (22)); we shall give a
simple proof based on our decomposition theorem (Theorem 6). We extend
the de�nition of Sg(t) to t ∈ [−1; 1] by setting Sg(−t) = −Sg(t) for t ∈ [0; 1].
If we de�ne P̃2g−1(x) for x ∈ [0; 1] by

Sg(t) = (−1)g2gP̃2g−1
(
1− t
2

)
; (28)

then P̃2g−1(x) is de�ned for x ∈ [0; 1] and satis�es
P̃2g−1(1− x) = −P̃2g−1(x) : (29)

We �nd then that P̃2g−1 satis�es (26) (b) and (c′): (b) follows immedi-
ately from (24) while (c′) follows from (29) and the fact that P̃2g−1(1) =
(−1)g2gSg(0) = 0: The latter equation is true because

Sg(0) =
1∫
0
ds�(s; 0)Sg−1(s) (30)

and �(s; 0) = 2sH (−s) = 0 for 05 s5 1:
To prove that P̃2g−1 satis�es (26) (a) we need only consider the func-

tion S1(1− t). Since a one-punctured torus can be obtained by gluing to-
gether two boundary components of a three-punctured sphere, we see from
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(6) that �(S1(1− t)) is the line {x : |2x − 1|5 t} which has length t; hence
t = S1(1− t) = −2P̃1

(
1−t
2

)
, which gives P̃1

(
1−t
2

)
= −t=2 or

P̃1(x) = 1
2 − x :

This completes the veri�cation of the formula (24): we have recovered the
inductive characterization of the odd degree Bernoulli polynomials P2g−1(t).

Donaldson introduces the related moduli space Qg(t) which is the moduli
space of at connections on a surface �g2 with holonomies t and 1− t around
the two boundary components. One may de�ne

Qg(t) = vol!Qg(t) (31)

and
Qeg(t) = voleucl �(Qg(t)) : (32)

We then have the following Proposition, which is due originally to Donaldson
([Don], (23)):

Proposition 12. The function Qg is given by

Qg(t) = (−1)g+12g
(
P2g

(
t + 1

2

)− Pg ( 12)) (33)

when 0¡ t ¡ 1
2 .

Our methods also permit us to give a simple proof of this Proposition.
Using the fact that �g2 may be obtained from �g1 by attaching one boundary
component of a pair of pants to the boundary of �g1, we �nd that

Qeg(t) =
∫
dsV (s; t)Sg(s) (34)

where

V (s; t) = S0(s; t; 1− t) = H
(
s+ 1
2

− t
)
H
(
s− 1
2

+ t
)

(this formula follows from (6)). Thus we have

d
dt
V (s; t) =− �

(
s
2
+
1
2
− t
)
H
(
s
2
− 1
2
+ t
)

+ �
(
s
2
− 1
2
+ t
)
H
(
s
2
+
1
2
− t
)
; (35)

so that

d
dt
Qeg(t) =

∫
dsSg(s)

{
−�
(
s
2
+
1
2
− t
)
H
(
s
2
− 1
2
+ t
)

+ �
(
s
2
− 1
2
+ t
)
H
(
s
2
+
1
2
− t
)}

= 2H (1− 2t)Sg(1− 2t)− 2H (2t − 1)Sg(2t − 1)

= 2Sg(1− 2t); t ¡
1
2
: (36)
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Because Qg = Qeg=2
2g−1, while Sg = Seg=2

2g−2 (by Proposition 8), we obtain

d
dt
Qg(t) = Sg(1− 2t) when t 5 1

2 : (37)

Using the formula (27) for Sg(t), we now �nd that

Sg(1− 2t) = (−1)g2gP2g−1
(
1
2 − t

)
= (−1)g+12gP2g−1

(
1
2 + t

)
;

so that
d
dt
Qg(t) = (−1)g+12gP2g−1

(
1
2 + t

)
: (38)

It follows from this and (24) that

Qg(t) = (−1)g+12g(P2g
(
1
2 + t

)
+ c) (39)

for some constant c; to verify that c = −P2g( 12 ), it su�ces to check that
Qg(0) = 0. This however is obvious from (34) since

Qg(0) =
∫
dsV (s; 0)Sg(s)

and V (s; 0) = H (s+ 1)H (s− 1) = 0 for s ¡ 1. This completes the proof of
Proposition 12.
A generalization of the equation (24) which applies to symplectic volumes

of moduli spaces of at connections on a general compact Lie group G is
given in [JW5]: it is ∏

¿0
(@=@t)2SGg (t) = �S

G
g−1(t) ; (40)

where SGg (t) is the symplectic volume of the moduli space of at G connections
on a surface of genus g with one boundary component for which the holonomy
around the boundary is given by t ∈ Lie(T ).
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