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Abstract
This paper focuses on the existence of normalized solutions for the following Kirchhoff
equation:

—(a+0b [g3 IVul?dx) Au+ ru = u’ + plul9™2u, x € R?,
Jr3 u’dx = c,

where a,b,c > 0, u € Rand 2 < g < 6, A € R will arise as a Lagrange multiplier
that is not a priori given. By using new analytical techniques, the paper establishes
several existence results for the case u > 0:

(1) The existence of two solutions, one being a local minimizer and the other of
mountain-pass type, under explicit conditions on ¢ when 2 < g < %.

(2) The existence of a mountain-pass type solution under explicit conditions on ¢
when 3 <¢ < 5.

(3) The existence of a ground state solution for all ¢ > 0 when %4 <q <6.

Furthermore, the paper presents the first non-existence result for the case . < 0 and
2 < g < 6. In particular, refined estimates of energy levels are proposed, suggesting
a new threshold of compactness in the L?-constraint. This study addresses an open
problem for 2 < g < 13—0 and fills a gap in the case % <q < 13—4. We believe
that our approach can be applied to a broader range of nonlinear terms with Sobolev
critical growth, and the underlying ideas have potential for future development and

applicability.
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1 Introduction

In this paper, we study the existence of normalized solutions for the following Kirch-
hoff equation:
—(a+b fgs IVul?dx) Au+ ru = u’ + pluli%u, x € R3, (.
Jrs uldx =c, :

where a,b > 0 and ¢ > 0 are given constants, A € R will arise as a Lagrange
multiplier and is not a priori given, © € R and 2 < g < 6. Here 6 is the Sobolev
critical exponent. Normalized solutions to (1.1) can be obtained as critical points of
the energy functional ® : H'(R?) — R defined by

b 21
O (u) = 3/ |Vul>dx + — / |Vu|>dx —-/ uf’dx_ﬁ/ u|?dx
2 Jmr3 4 \Jpr3 6 Jr3 q Jr3

(1.2)
restricted on
S, = {u e H'®R3) : ul? = c} . (1.3)
The first equation of (1.1) is a special form of the Kirchhoff type equation
— (a—i—b/RN |Vu|2dx) Au + Au = f(u), (1.4)

where N > 1 and f € C(R, R), which was proposed by Kirchhoff as an extension
of the classical D’ Alembert’s wave equations, describing free vibrations of elastic
strings. Mathematically, (1.4) is often referred to be nonlocal as the appearance of
the term ( fRN Vu|2dx) Au implies that (1.4) is no longer a pointwise identity. This
phenomenon causes some mathematical difficulties, which make the study of (1.4)
particularly interesting. After the pioneering work of Lions [13], where a functional
analysis approach was proposed, the Kirchhoff type equations began to call attention
of researchers.

For the study of (1.4), there exist two distinct options regarding the frequency
parameter A, leading to two different research fields. A possible choice is fixing A € R,
or even with an additional external and fixed potential V (x). This direction has been
extensively studied in the last ten years, there are numerous relevant literature sources,
and we will not list them here.

Alternatively, it is of great interest to investigate solutions to (1.4) that possess
a prescribed L?-norm, which are commonly referred to as normalized solutions. In
this situation, the frequency A € R is an unknown parameter and acts as a Lagrange
multiplier with respect to the constraint Sy(c) = {u € H'(RY) : ||u|3 = ¢}. Nor-
malized solutions to (1.4) can be obtained as critical points of the energy functional
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®y : H'(RY) — R defined by

a 2 b 2 ?
Dy(u) = EAN [Vu|“dx + I <[1.§N |Vu| dx) — /I‘RN F(u)dx (1.5)

on the constraint Sy (¢), where F(u) := f(;‘ f(t)dt. From the physical point of view,
finding normalized solutions seems to be particularly meaningful because the L>-
norm of such solutions is a preserved quantity of the evolution and their variational
characterization can help to analyze the orbital stability or instability, see, for example,
[2, 14]. Despite its physical relevance, there have been few works available on this
topic. In particular, when considering the critical growth case, we are only aware of
the papers [11, 12, 21]. Before delving into the results motivate our research, let us
highlight some novel aspects in the study of (1.4) with an L?-constraint in the next
subsection.

1.1 Previous developments and some perspectives

From a variational point of view, besides the Sobolev critical exponent 2* := %
for N > 3 and 2* = oo for N = 1,2, a new L>-critical exponent gy := 2 + %

arises that plays a pivotal role in the study of normalized solutions to (1.4). This
threshold determines whether the constrained functional ® remains bounded from
below on Sy (c) and consequently influences our choice of approaches when searching
for constrained critical points. As far as we know, in this regard, the first results for
(1.4) with f () = |u|?~2u can be attributed to the work by Ye in a sequence of papers
[18-20]. These results are summarized in Table 1.

In particular, forg > 2 + %, @ is always unbounded from below on Sy (¢) since
it can be easily derived that @y (V/?u;(x)) - —oco ast — oo, where

ur(x) :=u@x), YVxeRN, >0 (1.6)

is adilation preserving the L2-norm, thatis ||tN/2u, ll2 = |lu||2 fort > 0, and this situa-
tion corresponds to what is termed as an L?-supercritical case. In this case, more efforts

are always needed since one cannot search for a global minimum of @y restricted

Table 1 Results on (1.4) with f(u) = \ulq_zu

q c Type of solutions
2<g<2+ 3 c>0 A global minimizer

2+ 4 <g<2+ % c>¢q

q:2+% 0<c<c* No solution

2+ % <q <?2* c>0 A mountain pass type solution
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on Sy(c) and only identify a suspected critical level. Later, the results in the case
2 4+ % < g < 2* of Table 1 were further extended in [6] to the more general L-
supercritical case with Sobolev subcritical growth, where f(u) ~ > /L, |u|? 2y
2+ % < ¢q; < 2* and m > 2). Furthermore, as observed from Table 1, when
pe 2,2+ %), the exponent 2 + % also plays an important role in the investigation
of normalized solutions. In fact, it corresponds to the L?-critical exponent in the study
of normalized solutions to the Schrodinger equation, specifically (1.4) withb = 0.Itis
worth emphasizing that for the Schrédinger equation (1.4) with b = 0, the L2-critical
exponent is always strictly smaller than the Sobolev critical exponent, specifically
2+ % < % However, for the Kirchhoff equation (1.4) with b > 0, the L2 critical
exponent is strictly smaller than the Sobolev critical exponent only when N < 3, that
is,qv =2+ 4+ <2*= 2% ifand only if N < 3. This explains why the research
on normalized solutions for the Kirchhoff equation is predominantly focused on the
case of N < 3, and when the nonlinearity exhibits Sobolev critical growth, it suffices
to consider the case of N = 3.

It is well-known that compared to the subcritical growth case, the Sobolev critical
growth case of (1.4) presents additional challenges in terms of the compactness anal-
ysis, especially when considering the L?-constraint. To the best of our knowledge, the
first work on the Sobolev critical growth case is due to Zhang—Han [21]. They estab-
lished the existence of normalized solutions to (1.1) when © = 1 and 13—4 <qg<6
by calculating the threshold of the mountain pass level. Subsequently, Li-Nie—Zhang
[12] obtained similar results in the L2-supercritical case % < g < 6 using a different
method that relies on the Sobolev subcritical approximation. However, their results
require i > O to be large enough in (1.1). More recently, Li-Luo—Yang [11] further
extended these results on (1.1). However, their work is restricted to the power ranges:
2<gq< %) or %4 < g < 6, and leaves a gap: 13—0 <q < %4. The significant findings
from their research are summarized in Table 2.

In Table 2, despite explicitly identifying the range of existence for local minima
with respect to u for 2 < g < %, the expression for the upper bound w4 (c, q)
is excessively convoluted. Moreover, two open problems, labeled as (Q1) and (Q2),
remain unaddressed. It is noteworthy that %) and % are the L?-critical exponents in the
case of N = 3to (1.4) with b = O and (1.4) with b > 0, respectively. When b = 0, Eq.
(1.1) reduces to the three-dimensional scenario (N = 3) of the Schrédinger equation

Table 2 Existence results on (1.1) in [11]

q n(c>0) Type of solutions Open problem

2<gq< 13—0 n < usx(c,q) A local minimizer (Q1): Is there a second solution?
small enough

? <gq< % ? ? (Q2): What happens?

% <g<6 n=>0 A mountain pass type solution
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Table 3 Existing results on (1.7)

q Type of solutions Energy level References
2<qg<2+ % One local minimizer =me <0 [5, 8, 15]
N
A second solution <me+ %S 2 [9] for N > 4
[5,16]for N > 3
N
2+ 4 <q<2* A mountain pass type solution <xS7 5, 10, 15, 16]
with Sobolev critical growth:
—Au+ = plu)d2u + u* 2u, x e RV, N >3, (1.7)
S uldx =c, ‘

which can be viewed as a counterpart of the classical Brezis—Nirenberg problem in
the context of L?-constraint. In addition to the Sobolev critical growth, an important
feature of this kind of problem lies in the fact that the presence of multiple powers
destroys the scale invariance of the homogeneous equation, and thus it is called a mixed
problem. Such a problem has become an active research topic, as seen in references
such as [5, 8-10, 15, 16]. In these references, some existence results were established
for certain small values of ¢ > 0, some of which are summarized in Table 3.

Here and in the rest of the paper, S denotes the best constant for the Sobolev
inequality, i.e., for any N > 3 there exists an optimal constant S > 0 depending only
on N, such that

Sllul3. < [|Vull3, ¥Yu e D"2(RY). (Sobolev inequality) (1.8)

Remark that the existence of a second solution to (1.7) when 2 < g < 2 + % had
been raised as an open problem in [15], subsequently, it was addressed, as presented
in Table 3.

Compared to the case b = 0, the study of (1.1) with b > 0is much more challenging,
due to the additional difficulties caused by the combined effect of the nonlocal term
of (||Vu ||§)Au and multiple powers. For example,

(i) The functional @ is comprised of four distinct terms that exhibit varying scaling
behavior with respect to the dilation #3/?u(z-). The intricate interplay among
these terms makes it more difficult to ascertain the types of critical points for ®
on S,.

(i1) Itis widely recognized that establishing the compactness in critical growth prob-
lems hinges on obtaining rigorous upper bound estimates for the minimax levels.
This has only been achieved when b = 0, specifically:

me + %S%, if2 <qg < 13—0, where m. is defined in Table 3,

M(c) < 3
18z, if Y <gq <e.

@ Springer



S.Chen, X. Tang

In the case of b > O, there is also a need to establish a similar inequality.
However, at present, only one result is available for the range 4 <4 < 6, while
the cases of 2 < g < 3 9 and 10 <gq < 14

competitive effect of the term ||Vu ||2 in d>, more precisely,

remain unresolved due to the strong

2 if2<q <%,
- 10 14
M@ <17 f3=<g<3, (19
3
3 3c6 b2S8*+4a8S)2 .
@ 1= abS) 4 050 | (PSH)? ;“),lf%5q<6

Hence, the crucial outstanding matter is how to ascertain the compactness thresh-
old for the problem when 2 < g < ? and ? <gq < ?, and subsequently
develop the appropriate energy estimates to mitigate the unavoidable competitive
impact of the term || Vu ||3 in the functional ®.

(iii) Even when the aforementioned difficulties can be addressed, establishing the
compactness of (PS) sequences becomes more complicated compared to the
case when b = 0. This is primarily due to the presence of the term ||Vu ||‘21 in @,
which implies that the weak convergence u,—u in H'(R?) does not guarantee
the convergence

||w,,||§/ Vu, - Vodx — ||w||§/ Vu - Vodx for all ¢ € C°(RY).
R3 ]R3

Consequently, when b > 0, it becomes even more intricate to rule out the
possibility of vanishing and dichotomy for (PS) sequences, preventing its strong
convergence in H L(RY).

1.2 Highlights of the paper and main results

Motivated by the aforementioned work, this paper aims to thoroughly investigate the
existence and multiplicity of normalized solutions for (1.1), covering the complete
range of subcritical perturbations within the interval 2 < ¢ < 6. In the study of

(1.1), we classify the power ¢ into three intervals: 2 < g < ]30, 13—0 <q < %,

and % < g < 6, taking into account the combined effect of Au and (||Vu||%)Au.
Notably, we use new analytical techniques and ideas to overcome the aforementioned
challenges and address two open problems, denoted as (Q1) and (Q2) in Table 3, while
also filling the research gap for the interval % <q < %. Specifically, for u > 0 and

under suitable conditions on the mass ¢, we establish the following results:

(i) When2 < g < T’ ® exhibits a geometry of local minima on S, suggesting the
existence of an additional mountain pass geometry originating from the local
minimizer.

(i) When %) <gqg < % and % < g < 6, ® possesses a mountain pass geometry on
Se.
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Table4 Geometry of local minima
q c(n>0) Type of solutions Energy level
2<g<¥ ce.c One local minimizer = infs,na, ® <0
¢ € (0, min{cg, c1}) A second solution of mountain pass type < infg.n Asg v+ O*
Table5 Mountain pass geometry
q c(u>0) Type of solutions Energy level
% <q < % ¢ € (0, min{cy, c3}) A mountain pass type solution
(~) * il
% <g<6 c>0 A ground state solution < ©7, defined by (1.9)

Based on these observations, our research is divided into two parts, which are summa-
rized in Tables 4 and 5. Additionally, we establish the non-existence result for u© < 0
and2 < g < 6.

Here the number ©* is defined by (1.9), the numbers sq, ¢, ¢1, ¢2 and c¢3 are defined

by:

S0 -

co:

(65

) =

and

w T s R
S NEE
n(6 —q)Cq 3(3g — 10)

(10 — 3q)a53

3¢—10

3(6—q)
36— q)uC’q (3(10—3q)ucq83> ’

12

|:M(6 q)Cd

s
(14 3q)/4 }°

( 7 )
10/3
3ﬂclo/3

} [(g p2S3 N bS/D2S* + 4(a + bso)S
3

4*3(1

14 —3g \3

4 283 bS
X |:— (g —+ —\/b2S4 +4a >j|

(1.10)

(1.11)

(10-3g)/4

(1.12)

(1.13)

(1.14)
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the functional ¥ : H!'(R3) — R is defined by

3 3
(b>S* + 4aS)2 4b 5\ 2 a b8 )
W(u) = 1 v —1 —+— v
() 7 + 2S5+ 4a Vullz Ll i IVl

b g 1 6 M, g
+Z||v'4||2—6||M|\6—;||M||qs (1.15)

and the set A, is defined by
A, = [u e H'®RY) : |Vu)? < p},

where, and in the rest of the paper, Cs, determined by s, denotes the best constant for
the Gagliardo—Nirenberg inequality in R (see [1]),

lulls < Cllull ™2 [ Vull3¥ 27 for 2 < s < 6. (Gagliardo-Nirenberg inequality)

(1.16)
To state our main results, we define the L2-Pohozaev functional
2 2\ 6. 3ulg—2)
Pu) = a/ |Vul|“dx + b </ |Vu| dx) — / u>dx — —/ |u|?dx.
R3 R3 R3 2q R3
(1.17)

Itis well known that any solution to (1.1) belongs to the L>-Pohozaev manifold defined
by

M(c) :={ueS.:Pu)=0}. (1.18)

We recall a solution u to be a ground state solution on S, if # minimizes the functional
® among all the solutions to (1.1), i.e.,

[ () =0 and () =inf{<1>(u) Huld =c @5 @) =0}.

Our results are as follows.

Theorem 1.1 Let2 < g < 13—0, w > 0andc € (0, cg). Then (1.1) has a couple solution
(fie, Ae) € (S. N HY(R3)) x (0, +00) such that

fic €8.NAgy, fie>0, ®(ic)=m(c):= inf & <O0. (1.19)

N S0
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Theorem 1.2 Let2 < g < %), uw > 0and ¢ € (0, min{cg, c1}). Then (1.1) has a
second couple solution (ii¢, A¢) € (Se N Hrld(R3)) x (0, +00) such that

al

0 < ®(ii,) < inf W+ O (1.20)

L'ﬂASO

Theorem 1.3 Let L < g < Y, i > 0 and ¢ € (0, min{cz, c3}). Then (1.1) has a
couple solution (iic, c) € (S. N HL (R3)) x (0, +00) such that

0 < @) < O (1.21)

Theorem 1.4 Let 13—4 <qg <6 u>0andc € (0,+00). Then (1.1) has a couple
solution (ii¢, 1) € HY(R3) x (0, +00) such that

® (i) = Al/Ill(f) ®. (1.22)

Theorem 1.5 Let2 < g < 6, u < 0and c € (0, +00). Then (1.1) has no solutions in
H'(R?) x (0, +00).

Remark 1.6 Our research can be considered as a counterpart of the Brezis-Nirenberg
problem in the context of normalized solutions to Kirchhoff equations, and appears
to be a significant contribution in this regard. This is particularly noteworthy because
our study covers the entire interval of 2 < g < 6 with subcritical lower exponents.
To be more specific, Theorems 1.2 and 1.3 address the open problems (Q1) and (Q2)

mentioned in Table 2, respectively, while filling the research gap in the interval % <

q < %. The statements highlighted in red in Tables 4 and 5 further illustrate this

point. Additionally, Theorem 1.5 establishes the first result of nonexistence for (1.1)
when u < 0.

Remark 1.7 (i) Our approach to constructing (PS) sequences in the proofs of Theorems
1.1-1.4 is fundamentally different from the work of [11]. It is based on several critical
point theorems on manifolds that we have recently developed in [5] for the study of
(1.7). Our method offers several advantages over Ghoussoub’s minimax approach
introduced in [7], as it is technically simpler and does not rely on the decomposition
of Pohozaev manifolds. Consequently, it is applicable to a wider range of nonlinear
terms.

(i1) From Theorem 1.2, one might wonder why it is necessary to introduce a new
functional W defined by (1.15). In fact, it plays a crucial role in proving the compactness
of (PS) sequences. By using new analytical techniques and refined energy estimates,
we establish rigorous inequalities concerning the energy levels, which are given as
follows:

infs,na, ¥+ 0%, if2<g <%,
M(c) < | ©%, if 0 <qg <, (1.23)
(S if ¥ <q <6,
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complementing the corresponding result from previous studies, namely the inequality
(1.9). The right-hand side of the inequalities represents the compactness threshold of
the problem, below which the (PS) condition holds. The derivation of these inequalities
is one of the noteworthy highlights of this paper. The argument in the case where
2<gqg < 1—%0 is the most delicate, making it the key and pivotal element in proving

Theorem 1.2.

Let us now highlight the key difficulties encountered and outline our research strat-
egy for proving Theorem 1.2, which we believe is the most inspiring part of this
paper.

Motivated by the results on (1.7) in Table 3, it is natural to expect that (1.1) has a
second solution of the mountain pass type when2 < g < %. However, achieving this
result poses the greatest challenge, as mentioned in Remark 1.7-(ii). Drawing upon
our experience studying (1.7) in [5], we conjecture that the value m(c) + ®* may
serve as a potential candidate for the compactness threshold in the case 2 < g < %,
where m(c) is given by (1.19). Following our ideas in [5], in order to establish the
strict inequality M (c¢) < m(c) + ©F, we consider a superposition of the minimizer
of m(c) and the Aubin-Talenti bubbles associated with the Sobolev inequality, while
ensuring that the resulting function remains constrained to S, through appropriate tech-
nical modifications. The interplay between these components is expected to lead to a
decrease in the corresponding energy value, ultimately yielding M (c) < m(c) + ®*.
Unfortunately, unlike in the study of (1.7), the additional term ||Vu||‘2‘ in ® causes
the energy value to exceed the anticipated compactness threshold. Specifically, con-
sidering ® (1) := ¢ (u) + §||Vu||‘2‘, we can observe from (1.24) that controlling the
mountain pass level from above using m(c) + ®* is not feasible due to the presence
of undesirable cross-term interferences:

b
Q1 +u2) = $ur +ur) + 7 (V13 + [Vl
+b <||Vu1 ||% + ||Vu2||% + /3 Vu; - Vuzdx> /3 Vup - Vupdx
R R-

b
+5||w1||§||wz||%, Vuy,uy € H'(RY). (1.24)

This observation indicates that the aforementioned conjecture does not hold, neces-
sitating the implementation of new ideas to address this problem. Precisely, instead
of starting from the local minimizer of m(c), we introduce the auxiliary functional W
and search for a local minimizer of W as the first step, as follows:

Step 1: Prove the existence of 4, € Hrlad (R?) such that W(i.) = m(c) =
infSCmAxo v,

Step 2: Using the function i, obtained in Step 1 as the starting point, construct a path
set of the mountain pass type:

Te = {y €C(0,11,8) : y(0) = i, @(y (1)) < 2m(c)},
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Step 3:

Step 4:

and prove that for ¢ € (0, ¢p), there exists ¥ > 0 such that

M(c) = inf max ®(y (7)) >k > sup max {P(y(0)), P(y(1))}.
yel. te[0.1] yel,

Remarkably, the combination of this inequality and the next step will allow
us to obtain a good (PS) sequence {u,} C S, such that

®(u,) — M(c) € (0, m(c) + OF), d>|igc(un) — 0 and P(u,) — 0. (1.25)

For each n € N and r > 0, construct a family of new sequences of testing
functions restricted on S,:

Wit (x) := \/?[ﬁc(rx) + tUp(7x)]
with T = 7, ; 1= ||lil¢ + tUy|l2/+/c and Uy (x) := ©,(]x|) and

n .
V T O<r<I

4
Ou(r) = V3 lJfnz(Z—r), 1<r<2

0, r>2,

and prove that

R 1
D(Wy,) < O + W(ie) — O (ﬁ) Yi>0.

This novel inequality allows us to find large two numbers 7 € N and 7 > 0
such that

Wi =i, and ®(W; ;) < 2m(c).

In this way, we find a suitable path y;; (r) := W; ;; such that y;; € I'¢, and thus
M(c) < maxepo,1] P(ya(?)) < m(c) + ©F, see Lemmas 3.11 and 3.12 for
more details.

Prove the compactness of the (PS) sequence {u,} obtained in (1.25). The
boundedness of {u, } can be deduced from the additional property P (u,) — O.
By contradiction and using the strict inequality M (¢) < m(c)+ O* < O*, we
establish two key elements: (i) excluding the possibility of vanishing, which
implies the existence of # € H!;(R®) with 0 < |3 < ¢ such that u,—ii in
Hl(R%); (ii) showing ||V (u, — #)||3 — 0, which is necessary to verify that
u € S, is a second solution of (1.1). The proof of the former is not difficult
since, if # = 0, a standard argument yields M (c) + o(1) = ®(u,) > OF,
contradicting the strict inequality. The essential difficulty lies in deducing
IV (up, — u) ||% — 0. To derive a contradiction with M (c) < m(c) + ©*, we
need to establish the relationship between ® (iz), W (iz), and ®* based on the
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definition of 71(c). To accomplish this, we employ fresh analytical techniques
by distinguishing two cases: ||V12||% < so and ||V12||% > 50. This process also
sheds light on why the value 11 (c) + ®* appears as the compactness threshold
of the problem.

The paper is organized as follows. Section 2 is devoted to some preliminary results,

which will be used in the rest of paper. In Sect. 3, we study the case 2 < g < 13—0, and
give the proofs of Theorems 1.1 and 1.2. In Sect.4, we study the case % <gq < %,

and finish the proof of Theorem 1.3. In Sect.4, we study the case % < g < 6,and
finish the proof of Theorem 1.4, moreover, Theorem 1.5 is proved in this section.

Throughout the paper, we make use of the following notations:

HL (R :={u e H'(R?) | u(x) = u(|x]) ae.in R3};

L*(R3)(1 < s < 00) denotes the Lebesgue space with the norm |lull; =
K 1/s.

(]Rf) |u| dx) s

For any u € H'(R3) and 1 > 0, we set u; (x) := u(rx):

For any x € R3and r > 0, B, (x) :={y e R3: |y — x| < r}and B, = B-(0);

C1, Ca, ... denote positive constants possibly different in different places.

2 Preliminary results

Let H be a real Hilbert space whose norm and scalar product will be denoted respec-
tively by || - ||z and (-, -) g. Let E be a real Banach space with norm || - || g. We assume
throughout this section that

E< H<s E* 2.1)
with continuous injections, where E* is the dual space of E. Thus H is identified

with its dual space. We will always assume in the sequel that £ and H are infinite
dimensional spaces. We consider the manifold

M:={ueckE:|ulg=1} 2.2)
M is the trace of the unit sphere of H in E and is, in general, unbounded. Throughout
the paper, M will be endowed with the topology inherited from E. Moreover M is a
submanifold of E of codimension 1 and its tangent space at a given point u € M can
be considered as a closed subspace of E of codimension 1, namely

M :={veE:(uvyy=0} 2.3)

We consider a functional ¢ : E — R which is of class C' on E. We denote by ¢|y
the trace of ¢ on M. Then ¢|y; is a C! functional on M, and for any u € M,

(Pl ), v) = ('), v), YveT,M. (2.4)
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In the sequel, for any u € M, we define the norm ||<p|§u(u) || by

lely@l| = sup @ @), ). (2.5)
veT,M,|v||g=1

Let E x R be equipped with the scalar product
((w, 1), (v, 0))Exk = (U, V)5 + 710, V(4,7),(v,0) € E xR,

and corresponding norm

I, Ollexr =/ llull}, + 72, ¥ (u,7) € E xR,

Next, we consider a functional ¢ : E x R — R which is of class C! on E x R. We
denote by @[y xR the trace of @ on M x R. Then @[/ <R is a C! functional on M x R,
and for any (u, ) € M x R,

(@l ur@, 1), (v,0)) == (F' (W, 1), (v,0)), V(v,0) € Ty (M xR), (2.6)
where
Ty (M xR) :={(v,0) € ExR: (u,v)y = 0}. 2.7)
In the sequel, for any (4, ) € M x R, we define the norm ||¢|;V[XR(L¢, ‘L’)” by

|olyse@. O = sup @', 7), (v, 0))]. (28)
(v,0)€T(w,7) (M xR), | (v,0) | Exr=1

Lemma2.1 [5]Letp € C/(E,R), SC M, a € R, &,8 > 0 such that
1~ ~ / 8¢
ueMno '([a—2ea+2e])N Sy = |olyw]| = 5 (2.9)

Then, there exists n € C([0, 1] x M, M) such that

Q) n(t,u) =u, ift =0, orifu ¢ M N~ ([a—2e a+2e]) N S
(11) n (1’ (pﬁ-i-a N S) C w&—s’.
@iii) foreveryt € [0, 1], n(t,-) : M — M is a homeomorphism;
@v) |In(t,u) —ul| <68, Yue M, t €[0,1];
(v) foreveryu € M, ¢(n(t, u)) is non-increasing ont € [0, 1];
(Vi) o((t,u)) <a, Yue MNe®nSs, t €[0,1].

Lemma 2.2 [3] Let {u,} C M be a bounded sequence in E. Then the following are
equivalent:

() llely @)l = 0asn — oo;
(i) ¢'(un) — (¢’ un), up)u, — 0in E asn — oo.
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Lemma2.3 [5] Let ¢ € C'(E,R) and K C E. If there exists p > 0 such that

a:= inf @) < b= inf o(v), (2.10)
veMNK veMN(K,\K)

where K, :=={v € E : |[v—ullg < p, u € K}, then, for every ¢ € (0, (b —a)/2),
6 €(0,p/2)and w € M N K such that

p(w) <a+e, @2.11)

there exists u € M such that

() a—2¢ < g(u) <a+2e
(i) flu —wllg <26;
(i) [el), )| < 8e/s.

Corollary 2.4 [4] Let ¢ € C'(E,R) and K C E. If there exist p > O and it € M N K
such that

N inf inf , 2.12
(p(u) velllr/}ﬂl((p(v) = verlTI(IKp\K)(p(U) ( )

then ¢, (it) = 0.
Lemma 2.5 [5] Assume that 61,6, € R and ¢ € CHE xR, R) satisfies

@ = inf max ¢(7(1)) > b := sup max {¢(7(0)), ¢(7 (1))}, (2.13)
yel te[0,1] )7611'

where
[:={7 €C(0,11, M xR) : (7(0)) < 01, ¢(7(1) < 6}.

Let {y,} C [ be such that

1
sup ¢(yn(t)) <a+—, Vnel (2.14)
1€[0,1] n

Then there exists a sequence {(v,, T,)} C M x R satisfying

() d—2 <@, Ta) <a+ 2
(ii) minero.11 (W, ) = Fa(DllExr < =0

(i) @13 0 T) | = 2.
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3 The Casewhen2<qg< 2

In this section, we study the case 2 < g < %0, and give the proofs of Theorems 1.1
and 1.2.

For any ¢ > 0, we consider the function g.(s) defined on s € (0, +00) by

@ HCT (6 o104 _ S
() =24 - 3.1
8e(s) g ¢ s Xz (3.1

[\

By some simple calculations, we easily verify the following lemma.
Lemma 3.1 There hold
() (14s0)3 —1<13 [(1+s)% —1], Vs>0,1>1;
) (1+s+n =1z A+ —1]+[a+ni=1], vsr=0
Similar to [8, Lemma 2.1], we can prove the following lemma.
Lemma3.2 Let2 < g < ? and p > 0. Then for each ¢ > 0, the function g.(s) has
a unique global maximum and the maximum value satisfies
> 0, if c < ¢,

max gq(s) = ge(se) { =0, if ¢ = co, 3.2)
O<s<+o00
<0, if ¢ > cp,

where c is defined by (1.11), and

W=

4
3(10 — 3q)uCqS? [*0
Se 1= |: ( DHCq :| c 3.3)

4q

In particular, we have s¢, = s0.

Lemma3.3 Let2 < g < %O and p > 0. Then for each ¢ > 0, we have that
W) = @) = [|Vul3 g(IVul), YueS. (3.4)
Proof From (1.2), (1.8), (1.15), (1.16) and (3.1), one has

V() = Ou)

a 2 b g 1o6 Mg
EIIVMIIZ-FZIIVuIIz—gllull6—gllullq

v

q
a 2 1 6 MCq (6-g)/4 3(g—2)/2
FIVuls = =<5 1Vull; - 7& DI vy
= |Vull3 g-(IVul3), VuesS.

O
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Set

A, = {u e H'®R® : |Vul? < p},
m(c) ;= inf @), m(c):= inf W(u).
ueS:NAy, ueS:NAy,

Lemma34 Let2 < g < 13—0 and u > 0. Then for any ¢ € (0, cp), the following
properties hold,

m@)= inf ®dwu) <0< inf D) (3.5)
ueS:NAy, ued(S:NAyy)
and
M) = inf Wu) <0< inf W) (3.6)
ueS.NAy, ued(ScNAyy)

Proof Foranyu € S, since 13/%u; € S, and ||V(t3/2u,)||§ = t2||Vu||§ < s0 for small
¢t > 0, it follows that 3/%u, € S, N Ay, for small # > 0. Furthermore, we have

O uy) < Wt uy)

3 3
(W28 +4aS)? - 4bt? vu2) -1
- 24 b2S3 + da 2
a b283 2 2
+ (5 - T) 2| Vull3
w3272

br* s 1006 q
+ 1Vl = llulls — llullg

a bS8 bSVDIS*+4aS\ , , bt 4
< <§+ 2 + 3 t ||VM||2+T||VM||2
6 3q-2)/2
t t
— =l - r lull <0, forsmall ¢ >0, (.7)

dueto2 < g < ?. In the above second inequality, we have used the following fact:

(1+5)> <1425, forsmall s> 0.

(3.7) shows that infueSCﬂASO du) < infueSCﬂASO W(u) < 0. Therefore, (3.5) and
(3.6) follow from Lemmas 3.2 and 3.3. O

Lemma3.5 Let2 < g < 1—30 and p > 0. Then it holds that

(1) Letc € (0, cp). Then for all « € (0, ¢), we have m(c) < m(a) +m(c — ), and
if m(a) or m(c — «) is reached then the inequality is strict.
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(i) The function ¢ — m(c) is continuous on (0, cg).

Lemma 3.5 can be proved by the similar arguments as the following lemma, so we
omit it.
Lemma3.6 Let2 < g < ? and p > 0. Then it holds that

(i) Let c € (0, cp). Then for all a € (0, ¢), we have m(c) < m(a) +m(c — ), and
if m(a) or m(c — «) is reached then the inequality is strict.
(ii) The function ¢ — m(c) is continuous on (0, cg).

Proof (i) Fix a € (0, ¢). By (3.1) and (3.2), we have

a (3g—10)/4 )9
8a e—aSO = g — &a(6_4)/4 G_aso _ (90[) SO
¢ 2 q c 6283
>4 _ “_Cg (E)W‘M (6-9)/4Bq—10)/4 _ (Ba)’s?
2 7 ~¢ 0 6283
> 8c(50) = 8e(Scy) > 8ep(Sey) =0, VO €[, c/al. (3.8)

Let {u,} C Sy N Ay, be such that lim,_, oo W (u,) = m(x). Since m(a) < 0, it
follows from (3.4) that for large n € N,

0> W(uy) = | Vin 5380 (| Vitn [13).
which, together with (3.8), implies that for large n € N,

2 a
IVu,ll; < ;so. 3.9)

For any 0 € (1,c/al. Set v,(x) := u,(0~'3x). Then v ll3 = Ollunl’ = O,
lvnlly = 6llunlly for2 < p < 6, and

1
1 c\3 o
190113 = 051 Vua 13 = ()" Zs0 < s0. (3.10)
Hence, it follows from (1.15), (3.6), (3.10) and Lemma 3.1 (i) that

m(fa) < W(vy)

3 1
(b>°S* 4 4aS)2 4bo3
- 24 HMHW””% -1

a b*S3\ 1 ’
+ (5 + T) 03 |Vuullz

[SI[%)

2
bo3 0 uo
= IVunlls = Gllenlls = =l
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3
O(h2S* + 4aS)? 4b )\ 3
< | (1 g IVealB) 1

24
+0 (% + ?) 1V 13
- l’;nwnna‘ - %nunng - "fnunnz
=0V (u,) =0m(a) + o(1), (3.11)
which implies that
(3.12)

0 € (1, 2] = m(0) < 0 ().

If (@) is reached by u € Sy N Ay, then we choose u,, = u in (3.11), and thus the
strict inequality follows. Hence, it follows from (3.12) that

. c—a ., o, A A
m(c) = ——m(c) + ;m(C) =m(c—a)+ma),

with a strict inequality if (o) or m(c — «) is reached.
(ii) Let ¢ € (0, ¢g) be arbitrary and {¢,} C (0, ¢g) be such that ¢, — c. For any
a € (0, ¢p), by the definition of m(«) and Lemma 3.4, one has m(a) < 0.1f ¢, < ¢,

then it follows from (i) that
(3.13)

”h(c) =< ”h(gn) + ”?l(c - 5n) < m(En)
If &, > ¢, we let u, € S;, N Ay, be such that W (u,) < () + L. Setv, = /iun.

Then v, € S; N Ay,. Furthermore, we have

() < W(vp) = W(up) + [ (vp) — W(up)]
= W(un)

3 3
L@ +4a8)? eVl \* (|, 4bIVanl3 )
24 Cn (b2S3 + 4a) b283 +4a

=~ =2
4cs

a  bSN\c—¢ b(c*—é:

) "\ Vun |3 + u||wn||3‘
n

(o -t

Ch 6

po lunllg —

6c,3l " qu/z
(3.14)

= W(up) + o(1) = m(cn) + o(D).

q
e ”q
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Combining (3.13) with (3.14), we have
m(c) < m(é,) + o(1). (3.15)
Now, for any & > 0 sufficiently small, there exists u € S; N Ay, such that

Y(u) < m(c) +e. (3.16)

Cn

Set w, = /Zu. Then w, € Sz, N Ay, for n large enough. Since W (wj,)
— W(u), then

m(cp) < W(wy) = W) + [W(wy) — V)] = W) + o) <mlc) +e+o(l).

Therefore, since ¢ > 0 is arbitrary, we deduce that m(¢,) — m(c) from the above
inequality and (3.15). O

Proof of Theorem 1.1 Let {u,} C S. N Ay, be a minimizing sequence for m(c). Since
{lunl} C S N Ay, is also a minimizing sequence for m(c), so we can assume that
u, > 0. Then by Lemma 3.4, we have

luall3 = ¢, IVual3 < s0 < +00, ®(up) =m(e) +o(1) <0.  (3.17)
To obtain the existence of solutions for (1.1), we split the proof into several steps.

Step 1. Set § = limsup,,_, o, SUPcRs fBl(y) lun|?dx. If § = 0, then by Lions’

concentration compactness principle [17, Lemma 1.21], we have u,, — 0 in L*(R?)
for 2 < s < 6. It follows that

f lup|?dx = o(1). (3.18)
R3
From (1.2), (1.8), (3.1), (3.2), (3.17) and (3.18), one has

a b 7 1
m(c) +o(1) = Enwnu% + annué —~ ;uunnz —~ gnunug

v

D T2 — Va8 o1
5” Mn||2—@|| unlly +o(1)

2
[ a S
> [[Vunli3 (2 6S3> +o(1)

cl
= ||Vu,,||2 |:gc(s0) + qu c6—a)/4g (3q 10)/2:| +o(1)

> o(1). (3.19)

v

This contradiction shows that § > O due to m(c) < 0.
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Going if necessary to a subsequence, we may assume the existence of y, € R3
such that

2 8
lu,|“dx > —. (3.20)
Bi(ya) 2
Let i1,,(x) = u,(x + y,). Then

a8
lup)"dx > —, (3.21)
B1(0) 2

and so there exists i € H'(R3)\{0} with & > 0 such that, passing to a subsequence,

iip—i in H'(R%), i, — i in L (R®) fors € (1,6), ii, — ii a.e.on R>.
(3.22)

Moreover, (3.17) gives
0 < [l < llinlls = ¢, [IVinl5 <s0, P@n) =m(c)+o(l).  (3.23)
Step 2. Set v, := u, — u. By (3.22), we have
IViall3 = IVal3 + [ Vvall3 + o(1) (3.24)
and
IVinll3 = IVal3 + 1V vall3 + 20 Val3 1 Vuall3 + o(1). (3.25)
Hence, by (1.2), (3.24), (3.25) and the Brezis—Lieb lemma, we have
- ~ b __
(i) = (@) + P (vn) + S IVAZIVonl3 +o(1). (3.26)
Step 3. By (3.22) and (3.23), we have
lvall3 = liall3 = @13 + (1) = ¢ = [lill3 + o(1). (3.27)
Now, we claim that ||v, ||% — 0. In order to prove this, let us denote ¢ := ||12|I% > 0.
By (3.27), if we show that ¢ = c then the claim follows. We assume by contradiction
that ¢ < c. In view of (3.24) and (3.27), for n € N large enough, we have
o 2 2 ~ 2
oap = lvallz < ¢, IVunllz < IViallz < so. (3.28)
Hence, we obtain that

vy € Sy, NAgy, P(vy) =m(ay) = inf  P(u). (3.29)

ueSy,, ﬂAsO
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From (3.23), (3.26) and (3.29), we have

b
m(c) +o(1) = d (i) = d@@) + D(v,) + Envau%nmn% +o(1)
> O (i) + m(a,) + gnvau%nwnn% +o(1). (3.30)

Since the map ¢ + m(c) is continuous (see Lemma 3.5 (ii)) and in view of (3.27), we
deduce

m(c) = ®() +m(c — c). (3.31)

We also have that 1 € Sz N A_SO by the weak limit. This implies that ® (i) > m(c). If
® (1) > m(c), then it follows from (3.31) and Lemma 3.5 (i) that

m(c) > m(¢) +m(c —¢) > m(c),

which is impossible. Hence, we have ® (1) = m(¢). So, using Lemma 3.5 (i) with the
strict inequality, we deduce from (3.31) that

m(c) > m(¢) + m(c —¢) > m(c),

which is impossible. Thus, the claim follows and from (3.27) we deduce that || ||% =c
andsou € S, ﬂA_SO by the weak limit. It follows from (1.8), (3.1), (3.2), (3.23), (3.26)
and ®(z) > m(c) that

a 2 b 4_ K ! 6. bigan2 2
o(l) = EIIanllz + ZIIanllz - ;Ilvnllg - gllvnll6 + EIIVquIIanIIz

a 2
EIIanllz —

v

1
@uwnng +o(1)
2
a S
IV, 13 (5 ~ é) +o(1)

cl _
= IV uall3 |:gc(S0) + “q—"c@*q”“sé” “”/2] +o(l). (3.32)

v

It follows from that || Vv, |5 = o(1). Since [|v, ||5 = o(1), we have ii, — @ in H'(R?).
Hence,

lall3 =c, Val3 <so, ®@@) =m),

which, together with Lemma 3.4, implies ||Vﬁ||% < s9. Hence, Corollary 2.4 implies
that <I>|igr (i) = 0, and so there exists a Lagrange multiplier A, € R such that

— (a +b||v:2||%) Aii + il = i + pli|?7 %, x € R3.
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It is easy to verify that 1. > 0. Since & > 0 and i # 0, the strong maximum principle
implies that # > 0. O

Lemma3.7 Let 2 < g < 3 , i > 0and ¢ € (0,cp). Then m(c) is reached by
a positive, radially symmetric function, denoted ii, € S, N Ay, that satisfies, for a
Ac €R,

b*S3 N .
|:a + T+ bIVi} + —\/b284 +4(a+ bl Vi) } Adiy + i,
=00 + plic|9 2. (3.33)
Proof Let {u,} C S, N Ay, be a minimizing sequence for m(c). It is not restrictive
to assume that {u,} is radially decreasing for every n (if this is not the case, we can

replace u, with |u,|*, the Schwarz rearrangement of |u,|). Then by Lemma 3.4, we
have

lunll3 = ¢, IVunll3 < so, ¥(up) = ri(c) +o(1) < 0. (3.34)

Since {u,} C H! ad (R?) is bounded, we may thus assume, passing to a subsequence if
necessary, that

Uy—u, in Hld(R3)
u, — i, in L*(R?), Vs € (2, 6); (3.35)

u, — i, a.e.on R3.

To prove the lemma, we split the proof into several steps.
Step 1. it # 0. Otherwise, we have u,, — 0in L*(R?) for s € (2, 6). It follows that

/ lu,|?7dx = o(1). (3.36)
R3
From (1.8), (1.15), (3.1), (3.2), (3.34), (3.35) and (3.36), one has

m(c) +o(l) = W(uy)

v

a b 1 7
Enwnu% + Zuwnué — gnunng —~ ;nunnz

v

a 2 6
EIIWnIIz - @Ilwnllz +o(D)

2
2 S
Vun Iz (2 6S3> +o(1)

ucd
— ||V'4n||2 |:gc(50)+ qq c6=9)/4¢ (36] 10)/2:| +o(l)

> o(D). (3.37)

v
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This contradiction shows that iz % 0 due to m(c) < 0.
Step 2. Set v, := u, — ii. By (3.35), we have

IVunl3 = [IVal3 + [ Voa 5 + o(1) (3.38)
and
IVunl3 = VAl + Va3 + 20 Val3 [ Vuall3 + o(1). (3.39)
Hence, by (1.15), (3.38), (3.39), Lemma 3.1 (ii) and the Brezis-Lieb lemma, we have
R b _.
W) = V(@) + W () + S I Val3 ] Voul3 + o(1). (3.40)
Step 3. By (3.34) and (3.35), we have
lvall3 = llenll3 = 1213 + o(1) = ¢ — 12113 + o(1). (341)
Now, we claim that ||v, ||% — 0. In order to prove this, let us denote ¢ := ||12||% > 0.
By (3.41), if we show that ¢ = c then the claim follows. We assume by contradiction
that ¢ < c. In view of (3.38) and (3.41), for n € N large enough, we have
— 2 2 2
an = llvplz < ¢, [Vurllz < [Vunllz < so. (3.42)
Hence, we obtain that

Vg € So, N Agy, Y(vy) =1i(ay) :=  inf  W(n). (3.43)

UESy, ﬁASO

From (3.34), (3.40) and (3.43), we have

m(c) +o(1) = ¥ (uy,)

= W(@) + W) + gnv&u%llwnn% +o(1)
> W) +man) + gIIVﬁH%IIanII% +o(1). (3.44)
Since the map ¢ — mi(c) is continuous (see Lemma 3.6 (ii)) and (3.41), we deduce
m(c) = V@) + m(c —¢). (3.45)

We also have that 7 € Sz N A_AO by the weak limit. This implies that W (7) > m(c). If
(i) > m(c), then

m(c) > m(¢) +m(c—¢c) = m(c),
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which is impossible. Hence, we have W (i) = 1(¢). So, using Lemma 3.6 (i) with the
strict inequality, we deduce from (3.45) that

ni(c) = m(C) +m(c —¢) > m(c),
which is impossible. Thus, the claim follows and from (3.41) we deduce that || ||% =c

andsou € S, ﬂA_SO by the weak limit. It follows from (1.8), (3.1), (3.2), (3.34), (3.40),
(3.41) and ¥ (z2) > m(c) that

\

b .
o(l) = W(va) + EIIVMII%IIanH% +o(1)

v

a b I 1
Euwnnﬁ + ann;‘ - 5||vn||3 - gnvnug

a 2
— Vv —
3 Vuallz

v

1
@nmng +o(1)

a2 (4= 28 4 o)
"2\ 2 683

ca _
= ||an||%[gc(so)+”q—qc‘6‘q>/4sé3q “’W} +o).  (3.46)

v

It follows from that | Vv,||3 = o(1). Since ||lv,[3 = o(1), we have u, — i in
H],(R3). Hence,

A2 A2 A ~
lall; =c, [IValy <so, W(u) =mc),

which, together with Lemma 3.4, implies | Va ||% < s9. Hence, Corollary 2.4 implies
that ‘IJKSC (&) = 0, and so there exists a Lagrange multiplier A. € R such that W’ (i) +
Actt = 0, which implies (3.33) holds with i, = #. Since i, > 0 and i, # 0, the
strong maximum principle implies that i, > 0. O

Since W' (ii¢) + Actie = 0, by a standard argument, we have the following lemma
immediately.

Lemma3.8 Let2 < g < %, w > 0and c € (0, cg). Then there holds

p2S*  bS " R
|:a + - + 7\/b284 +4 (a + b”VMc”%) S:| ”VML”%
. N 3ulg —2) .
+ b Viell3 — lacll§ — ;]—qﬂuc”zq, =0. (3.47)

To apply Lemma 2.5, we let E = H.,(R?) and H = L*(R?). Define the norms of
E and H by
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1/2 1 1/2
lullg := U (|W|2 +u2) dxi| , ullg = — (/ uzdx) , YuekE.
R3 Ve \Urs

(3.48)

Afteridentifying H with its dual, we have £ < H <> E* with continuous injections.
Set

M = {u €E:|ul? =/ uldx = c}. (3.49)
R3

Let us define a continuous map B : H! (R®) x R — H'(R?) by

B, 1)(x) := & ?v(e'x) forve HL (R, VieR, xR’  (3.50)

rad

and consider the following auxiliary functional:

O (v, 1) == D(B(v, 1))

2t

2

6t 3(g—2)t/2

be* e e
IVOI + == IVol3 = vl - lvllg. (3.51)

We see that @ is of class C', and for any (w, 5) € H! ;(R3) x R,
(&' 0, @, 9) = (.0, w,0) + (¥ @0, 0.5)
_ o (a + e”buwnﬁ) /R3 Vo - Vwdx
+e¥s (a+ bl Vol3) V013
— / [e6lv5w + ,ue3(‘172)t/2|v|’1721)w] dx
R3
—s f |:e6’v6 + g =2 63(‘7_2)’/2|v|qi| dx
R3 2q
= (@B, 1)), Bw. )+ sP(B. 1)). (3.52)
Let

u(x) = B, H)(x) = v(e'x), dp(x) = Bw, 1) (x) = *w(ex).
(3.53)

Then
1 1
. )y = ~ / U ()P (x)dx = / VOWEdr = 0, Wy, (3.54)
C JR3 C JR3
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This shows that
¢ €TuS) & (w,s) € Twn(Se xR), Vi,5€eR. (3.55)
It follows from (3.52), (3.53) and (3.55) that
Pl = [(& @0, 0.) <[ & .0 (3:56)
and

1
= sup
peT (S I1®lE

|l (@@ o)

1
= sup ————|(®'(B(v. 1)), B(w, D))
$eTuSe) [ Vel3 + 1413
1 N
= Sup R ——— ‘<¢’/(U,t), (w70)>‘
$eTuSo) \[IVe|3 + 19113
el -,
< sup 0 Ol e Kq’ (v, 1), (w, 0)>)
(w,00€T(y,1) (Se xR) » IEXR
<ol B 2. I)H . (3.57)

Lemma3.9 Let2 < g < %, w > 0and c € (0, cg). Then there exists k > 0 such
that

M(e) = inf max ®((1) =k > sup max [d((0), D(y(1)}, (3.58)
yel.t€[0,1] yel.

where

I = {y € C([0,11, 8. N HL (R3) : y(0) = iie, D(y (1)) < 2m(c)} . (3.59)

Proof Set k := infuea(ganso) ®(u). By (3.5), « > 0. Let y € I'. be arbitrary. By
Lemma3.7,y (0) = i, € (ScNA)\(0(ScNAg)), and @ (y (1)) < 2m(c) < m(c) <
0, necessarily in view of (3.5), y (1) ¢ S, N Ay, By continuity of y (¢) on [0, 1], there
exists a o € (0, 1) such that y(tp) € (S, N As,), and so max;cpo,1] P(y (¢)) = «.
Since ®(y(0)) = ®(it.) < V(i) = m(c) < 0. Thus, (3.58) holds. O

Remark 3.10 In Lemma 3.9, one may wonder why the starting point of the path set
¢, defined by (3.59), is chosen as i, (the solution of the auxiliary problem (3.33)),
rather than the solution of the original constraint problem (1.1) as we did previously
in the case of b = 0 ( [5, Lemma 4.2]). It is worth noting that when 2 < g < %),
the new compactness threshold for the constraint problem (1.1) is m(c) + ®*, not

m(c) + ©* as in the case of b = 0, as we mentioned in Remark 1.7 and subsequent
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remarks after it. Importantly, i, is precisely the minimizer of 7 (c), which will be
crucial in our subsequent proof of Lemma 3.12 that the mountain pass level is below
the compactness threshold. Therefore, the solution of the original constraint problem
(1.1) is not suitable as the starting point of the path set. This reveals an essential
difference between the constraint problem (1.1) in the case of » = 0 and b > 0, and
also explains why the methods developed for the study of the case b = 0 cannot be
directly applied to the case b > 0.

Lemma3.11 Ler2 < g < 5, i > 0and ¢ € (0, co). Then there exists a sequence
{up,} €SN Hmd(R3) such that

®(u,) - M(c) >0, @l:gc(un) — 0 and P(u,) — 0. (3.60)

Proof By Lemma 3.7, ii. € S N H] ;(R?). Let ® be defined by (3.51),

Fei= {7 € CU0. 11, (Se N Hiyg(B) x B) : 7(0) = (i, 0). S (1)) < 2m(c)
(3.61)

and

M(c) := inf max ®(J(1)). (3.62)
yel, t€l0,1]

For any 7 € I, it is easy to see that y = B o 7 € I'. defined by (3.59). By (3.58),
there exists . > 0 such that

max B7() = max O(y(1) = ke > k. > max (S (1 (0), Dy (1))
t€[0,1] t€[0,1]
= max {&(7(0). S (1)} -
It follows that M (¢) > M(c), and

inf max &7 (1) > ke > k. > sup max[CD(y(O)) CD()/(I))} (3.63)
jer, tel0.1] sef,

This shows that (2.13) holds with ¢ = o

On the other hand, for any y € e, let p(t) := (y (1), 0). It is easy to verify that
y € f‘c and ®(y (1)) = Cb(y (1)), and so, we trivially have M(c) < M(c). Thus
M(c) = M(c).

For any n € N, (3.59) implies that there exists y,, € I'. such that

max ®(y,(t)) < M(c) + l (3.64)
tel0,1] n
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Set 7,(t) := (yn(1),0). Then applying Lemma 2.5 to ®, there exists a sequence
{(Un, tn)} C (Se N HL (R?)) x R satisfying

ra
(i) M(c) — % = ci)(Uns t,) < M(c) + %;
(i) minsefo,17 | (s ta) — (Ya (1), O)[Exr < \%;

Gii) |l (om0 | = 2

2.
Let uy = B(vp, t). It follows from (3.56), (3.57) and (i)~(iii) that (3.60) holds. O

Now we define functions U, (x) := ©,,(]x|), where

/| n .
1+n2r2° O<r<1

OuN =31 [ -r), 1<r<2 (3.65)

0, r>2.

Computing directly, we have

2 2 +eo 2 2
AL =/ U] dx=4n/ 210, () 2dr
R3 0

= T 0 (1+n2r2) r 1+n2 | r r r

n — arctann 8 n 1
=443 — =0|-), ,
fﬂ[ n2 + 15<1+n2>:| <n> oo

(3.66)
+o0
VU113 :/ |VUn|2dx=4n/ 2100 () dr
R3 0
1 5.4 2
= 437 / nr gdr—i— n2/ r2dr
0 (14n2r2) 1+n% Ji
+00 A4 7
283/2+4«/§n —f d 3ds—i— " 3
n(1+s2) 3(1+n2)
1
:53/24-0(7), n— o0 (3.67)
n

and

+00
||Un||2=f |Un|6dx=4n/ 210, (r)|°dr
R3 0
1 3.2 3 2
= 1237 / L3dr+ (Lz) / r2(2—r)6dr
0 (1+n2r2) I+n 1
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n S2 n 3,1
= 123/37 / 3ds+< 2) f s0(2 — 5)%ds
0 (1+s2) l+n 0

1
=33/2+0< ) n— oo. (3.68)

n3
Both (3.66) and (3.67) imply that U, € H!,(R?).

Lemma3.12 Let2 < g < 10 uw > 0andc € (0, co). Then there holds:
3

M(c) < iii(c) + O*. (3.69)

Proof Letu, € S; N Hrlad (R3) be given in Lemma 3.7. Then by Lemmas 3.7 and 3.8,
we have

né—q) .

licl3 = ¢, W(ie) = m(e), Acllicl3 = > liclld, dc(x) >0, VxeR?

(3.70)

and

b*S3 R bS N .
|:a + 5 + blquCII% + 7\/17284 +4 (a + b”VMCH%) Si| /3 Vi, - VU,dx
R

_ /3 (ﬁﬁ T+l - Au) Updx. 3.71)
R

Set B := inf|y|<1 éic(x). Then B > 0. Hence, it follows from (3.65), (3.66) and (3.71)
that

1
/3 u.Uydx = O (\/—%) , n— 00, 3.72)
R\
1
/.3 Vi - VU,dx| = ./3 U,Au.dx| = O (\/—%), n — 0o, (3.73)
R3 R3

ng—1 ~2(g—1) 2 17 1
u, Uy,dx < u dx/ Usdx =0<—),n—>oo
/1; ¢ " |:/R* ‘ |x]<2 8 ] ﬁ

and
1
/ a.U3dx > 4n3/ 210, () dr
R3 0

@ Springer



S.Chen, X. Tang

1 5/2.2
- 12n<‘/§B[ 2 ar
0 (14 n2r2)"
127/3B [! 52 Bo
> S/st = —.
Vo Jo (14 s2) v

By (3.66) and (3.70), one has

llie + tU,,||§ =c+12|U, ||§ + 2t /3 u.U,dx
R

1
=c+2t/ ﬁcUndx+t2|:O(—>:|, n— oo.
R3 n

Lett = 1, := |t + tUy|l2/+/c. Then

2t 1
12=1+—/ ﬁCUndx+t2|:0(—>], n— oo.
c JRr3 n

Now, we define
Wi (x) := §/Tliic(Tx) + tU, (TX)].
Then one has
IV W 115 = 1V Gl + tUDI3, IWoilI§ = e + tU, I§

and

2 —2nA 2 —6)/21 2
IWoill3 = T2 b +tUu 3 = ¢, 1Warlld = 29792 +tU, |17

Set

1 N
2= [bs% + /B2 4+ b||Vuc||§)} :

Then (3.71) can be rewritten as

(3.75)

(3.76)

(3.77)

(3.78)

(3.79)

(3.80)

(3.81)

3
(a+bIVic3 +bS2e}) f Vit - VUpdx = /3 (a2 + wlitel? =2 = dcitc) Undx.
R’ R

By (1.9) and (3.81), we can deduce
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==t

o (a+b||VﬁC||%)t2+bS% . 1
2 4 6

s [(a + b Vi bS3 1
83[( ”2 ””2)t3+ 1 rt 6}

3 R
_ (a+bIVil3)
- 6

bS? 2

~ 3
[l sl

48
3

_ bS8 (a+b|Vill3) N b3So N [b?S* + 4 (a +blIVic|3) S]?
- 4 24 24

2 g4 3 3
— OF + 75" +4a5)2 |:<1 + L”vﬁcn%) _ 1:|

24 b2S3 + 4a

p2Ss:
+ TIIWCIIQ, Vi e (0,1) U (t, +00). (3.83)

It is easy to verify that
A+ >14pt+pt?P " +1tP, ¥p>3, t>0 (3.84)
and
A4+0P =14 ptP~ ' 4¢P, Vp=2, t>0. (3.85)
From (1.2), (1.15), (3.66)~(3.68), (3.70) and (3.72)—(3.85), we have

D (Wn,1)
a 2 b 41 6 MK q
= EHVWn,rIIz + Z”VWn,tHQ - 6”qu1||6 - g”Wn,t”q

pr@=6)/2

a R b R L. N
= IV G + UG + 71V + U3 = Cllie +1Unllg = lic + U1

@62

a . b . 1 . . at?

< SIVacl + 7 1Vacl3 - chacl§ laellg + =~ IV Unll3
bt g 10 6 .5 s~ 5

+ n ||VU,1||2—€||U,,||6—I - upUydx —t 3 iU, dx

2
_ ng—1 bt N
— ur@972, A{} a1 Updx + > A AT

2
+ (a -+ bIVicl} + b2 IVUI3) zf Viie - VUpdx + b2 (/ Vil - VUndx)
R3 R3
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2 4 6
a2 bigs a6 By g Al 2 bt 4 1 6
:EHVML'HQJ’_Z”VMCHZ_6””(:”6_;”u£'”q+ 2 IVUnllz + 1 ||VUn||2_g||Un”6

M<1_,w—®ﬂ)

+ lied + 1 (1 - r<4*">/2) t[ﬂ@ 00 Wpdx — het /M feUndx

b2 3 . .
+ - IVaclZIVUI3 +b <z2||vun||% —~ ,352) 1 / , Viic - VUpdx =17 / el dx
R R

1

n
+b|Vicll3 3

a S L P S AP l(a 2) 2 bS2 4 1

5||Vuc||2+ nwcuz—guucuﬁ—;nucnﬁsz e

- (q—6)/2
2t 1
+ Hlitelq il - [1 + —/ feUpdx + 12 (0 <7)>} } —m/ fieUndx
q ¢ Jr3 n R3
2t 1 (g—6)/2 1
wll— [1 + —f feUydx + 12 (0 <7>>} z[ 747 U, dx
¢ JR3 n R3

1
3(2_2 - 5 ~ 5 2.,.6 1
+bS2 (z t>t R3Vuc VU,dx —t R3”cUndx+<’ +t) o o
(a+bIVicl3) , pst , 1,
— Tt =t
2 T3

a
§||VMc||2+*HVMcH2—*H c\lﬁ—*l\ il +52 =%

B()t5

-2 b5t (2 _zg)t[o (%)] (12 +1) [o G)] (3.86)

3 3
(b?8* +4aS)2 4b _2\2 a  b2S3 .
<0* 1 Viie -1 b W' v
=< + a +b283+4a” el + 2+ P IViclls
bo_. 1. N 1
+ 21Vl = Zliel§ guucuz -0 (

)
=0"+ V(i) — 0 (%)

S s s
=rit(c) +© —o(ﬁ), Vi>0. (3.87)

Hence, it follows from (3.87) that there exists n € N such that

sup ® (Wi ) < m(c) + OF. (3.88)

t>0

Next, we prove that (3.69) holds. Let n € N be given in (3.88). By (3.76), (3.78),
(3.79) and (3.80), we have

Wi (x) i= TV%[0.(Fx) + tUs(zx)], |Wasll3 =c (3.89)

and
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IVWiill3 = V(e +tUn |3

= Va2 + 2IVU I + 21 / Vi, VUdx,  (390)
R3
where
-2 ya 2. 2t g 2077112
7 = llie +1Usl3/e = 1+ = [ iicUsdx +2Uz15. (3.91)
R.

It follows from (3.86), (3.89) and (3.90) that W; ; € S, forall t > 0, W; 0 = il and
® (Wi, 1) < 2m(c) for large t > 0. Thus, there exists f > 0 such that

(W; ) < 2m(c). (3.92)

Let y; (1) := Wj ;. Then y; € I defined by (3.59). Hence, it follows from (3.58)
and (3.88) that (3.69) holds. m|

Proof of Theorems 1.2 In view of Lemmas 3.11 and 3.12, there exists {u,} C S, N
Hrlad (R?) such that

||u,,||% =c, ®(u,)—> M(c) € (0,m(c) + O%), (DKSC(”") — 0, P(u,) — 0.
(3.93)

It follows from (1.2), (1.17) and (3.93) that
a 2, b g1 6_H q
M(c) +o(1) = EIIVMnllz + ZIIVMnllz - gllunll6 - g”un”q (3.94)

and

3ulg —2) g

o(1) = allVunlly + blIVunly = lunllg = == llually. ~ (3.95)

Both (3.94) and (3.95), together with (1.16), show that

n(6 —q)

q
4q ”un”q

_a 2, b 4_
M(©) +o0(1) = 2 Va3 + 1 IVunl3

>

3
a b O =q) 4 6 3022
= IV I3 4+ 51 Vuall3 = === Vi[5

(3.96)

Since2 < g < 13—0, it follows that {||u, ||} is bounded. By Lemma 2.2, one has
CI)’(un) + Apity — 0, (3.97)
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where

_ _ 1 ’ _ 1 2 2 q 6
A = ——= (P (up), un) = — | (a + 0IVunlly ) IVunllz — llunllg — llunllg |-
”un”z ¢

(3.98)

Since {||u, ||} is bounded, it follows from (3.98) that {|A, |} is also bounded. Thus, we
may thus assume, passing to a subsequence if necessary, that

M = her IVunl3 - A%
up—it, in HL (RY);
u, — it, in L*(R3), Vs € (2,6);

U, — U, a.e.on R3.

(3.99)

First, we prove that & # 0. Otherwise, we assume that & = 0. Then |lu, ||Z — 0. It
follows from (3.95) that

o(1) = al|Vuu |3 + bl Vi |5 — llun . (3.100)
Up to a subsequence, we assume that
IVunl3 = i1 =0, funllS — I > 0. (3.101)

Then it follows from (1.8), (3.100) and (3.101) that aly +bi? = I, < S73[.1f [ > 0,
an elementary calculation yields that

iy = 5 [b* + VP57 1 as]. (3.102)

2

From (3.94), (3.100), (3.101) and (3.102), we obtain

a 2 b s 1 6
M(e) +o0(1) = S Vunl3 + L 1Vtnll; = cllunls
a b
= §||Vun||% + Enwnné
abS> B3SO0 (b2S* +4aS)
> + +
4 24 24

+o(1) = ©* + o(1),

which contradicts with (3.93). Thus, ||Vu, ||% — 0, and so it follows from (3.94) that
M (c) = 0, which contradicts with (3.93) also. Therefore, u # 0.
Define I (u) as follows:

a+bA?

1 W
1) := 1Vl = Gliulle = o lulg. (3.103)
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By (3.97), (3.98), (3.99) and (3.103) and a standard argument, we can deduce
I' (i) + et = 0. (3.104)
It follows that
(a+pA%) IVal3 + rcl@l3 — whalg — 1@l =o. (3.105)
By the Pohozaev type identity for the functional (3.103), one has

_ _ bu _ _
(a+642) IVaIB +3cll = =1l — Nalg =0, (3.106

Combining (3.105) with (3.106), one has

3ulg —2)

Prii) == (a + bA®)|Vi|} — )& — %

lald =0 (3.107)

and

w6 —q)

el = Tnﬁuz. (3.108)

Let v, := u, — ii. Then v,—0in H! (R?) and v, — 0in L*(R?) forall s € (2, 6).
Using Brezis-Lieb lemma, one has

lvall3 = luall3 = ll3 + o(1);
vallg = llunll = illS + o(1); (3.109)
A% = |Vuull3 + o(1) = ||Vid]l5 + Va3 + o(D).

From (3.95), (3.107), and (3.109), we deduce

3ulg —2)

o(1) = (a + bl Vg ) IVitn 5 = hunl§ = =3 == lenll
_ i, 3ulg —2)
= (a+bA%) Vil -l — ===l
q
+ (a+A42) 1V 0l = onll§ + o(1)
= (a+b4%) IV0al3 = uall§ + 0()
= (a +b||w||§) IVvall3 + &1Vl — lloall§ + o(1). (3.110)
Up to a subsequence, we assume that
IVvall3 = 11 =0, [lvall§ — L2 = 0. (3.111)
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Then it follows from (3.110) and (3.111) that
(a+b||w||§) I+ bI2 =1y, (3.112)
Ifl; > 0, by (1.8), (3.111) and (3.112), we have
b= S[(a+bivai)n+e]”.

which implies

S
h=3 [bsz + /28 + 4 (a + b Val) S} . (3.113)

From (1.2), (3.94), (3.109) and (3.110), we obtain

a b 1 %
Auo+va)=5mmu6+zmmm3—gwm2—;mmﬁ
a 2 b 4 1 6 b -2 2 _
= SIVonll3 + 2 1Vully = clluallg + SNVl Ve 3 + @@ + o(1)
a 2 b 4 b -2 2 _
= 3IVonl3 + IVl + IV Voal3 + @@ + o(D).
3.114)

There are two cases to distinguish.
Case 1). ||Vﬁ||% < 0. Then it follows from Lemmas 3.4 and 3.6 that

W(it) > m(||ie)3) = (c). (3.115)
From (1.15), (3.111), (3.113), (3.114) and (3.115), we obtain
M(c) + o(1)

_ a 2 b 4 b —12 2 _
= §||VUn||2 + EHanllz + §||V”||2”an”2 + @) + o(1)

a + b||Vil||? b _
= #ll + El% + @ (i) 4 o(1)

b|IVii|3)S
;>Eli_ﬂ_ihl_[b32+\ﬁﬂ54+4(a+bMVﬁﬁ)8}

- 6
bS?

2
+7@-P5%+st4+4@r+mVﬁﬁﬁﬂ + @) + o(1)

bS3  B3SS  [B2S* + 4 (a +bVa|2) ST*  p2S3 i

3/2

abS®  H3S0  (b*S* +4aS)
+ +
4 24 24
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3 3
(b*S* + 4aS)2 4b _2)2
~— {1+ —=———V —1

+ 24 T s raal Vil

2e3
a —12 b -4 1 -6 Mmoo
+ (E + T) Vil + ZI|VM||2 - 6”””6 - gllullz +o(D)

— @* + WD) + o(1) > O* +m(c) + o(1),

which contradicts with (3.93).

Case 2). ||Vﬁ||% > sp. Then it follows from (1.2), (1.12), (1.16), (3.107), (3.109),
(3.111) and (3.114) that

M(c) + o(1)

a b b __ _
= FIVonl3 + S IVunlls + SIValZ I Venll3 + @@ +o(1)

a 2, b 4 b0 T Sy
= 3 IVonly + ZIVenlzy + IValzlVoally + 31Vl + Z1Val;
(6 —q)

- TW”Z +o(1)
2a + b|| Vi3 b
_ Ivalg,

2, a4, - b _a mO—q) _
6 Ell + g”V””z + E||Vu||2 - THMIIZ +o(1)
2a + b||Vii||3)S
== % [b82 +\/b284 +4(a+b|Vil3) s}
bS? [, o 24 mrseel R IR S
+K bS* +/b?S* + 4 (a +b||Vi|3) S +§|IVMIIZ+EIIVMI|2
w6 —q), _
—TIIuIIZJrO(l)
abS®  b3S0  b*S*+2(2a+b|Vill3) S
= b284 1 4 blIIVi 2
T T i PS4 (a+bIValR) S

a b283 -2 b -4 M(6_q) -
+ (5 + T) Vull; + Ellvullz - TIIMIIZ +o(D)

abS®  B3SS  (b2S* +4aS)’?
>

=y T 7 24
b2S®  bSVb2S* + 4(a + bso)S _
+<§+ =+ V. 12(" s0) Ival2

b _a rO—q) _
+EIIVMIIQ—T|IMIIZ+0(1)

a b:S*  bS\/b2S* + 4(a + bso)S b
> * _ V— 2 _ V— 4
>0 +<3+ i B IVallz + 35 IVal;
6 —9q)

4q Cgc(6_q)/4||vﬁ”;((1*2)/2 +0(1)
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37 7% 12 0 1%

> @ + |:<a b2S3 N bS\/b2S4 +4(a + bSO)S> ((10-3¢)/4 b (14-3¢)/4

6— e

_“(4 ‘l)cgcw—qm} Va2 4 o)
q

> 0" +o(1),

which contradicts with (3.93). Both Cases 1) and 2) show that/; = 0, i.e. || Vv, | — 0,
and so

IVunl3 = IVall3, llualls — Nl (3.116)

Now from (1.2), (3.93), (3.94), (3.97), (3.98), (3.99), (3.105), (3.108) and (3.116), it
is easy to deduce that

Ae >0, ||12||% =c, @)+ it =0, ®@)= M(c).

10
3

14

4 Thecasewhen 3 <g< 3

In this section, we study the case % <gq < %, and finish the proof of Theorem 1.3.

Lemma4.1 Let % <gq < %, uw > 0andc € (0, c2]. Then

() there exist ¥, > V. > 0 such that ®(u) > 0 ifu € Ay, and

0< sup D) <inf{CI>(u):u €S, ||Vu||§=ﬁg}, @.1)

uEAlyc
where

Ay, = {u €St |Vul? < z?c} and Ay = {u €S, |Vul? < 19;}; 42)
(ii) e = {y €C([0,1],S: N HL R [Vy ()3 < O, P(y(1)) < 0} # @ and

M(c) = inf max ®(y(1)) > k. := inf {CD(u) Lu €S, |Vul} = ﬂg}
yef, 1el0.1]

> max max{®(y(0)), ®(y(1))}. 4.3)
yele

Proof (i) We distinguish two cases.
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Normalized solutions for Kirchhoff equations with Sobolev critical...

Case 1). %) <q < 13—4. In this case, one has 0 < w < 2.By (1.2), (1.8) and
(1.16), one has

a , b 4 M 16
@) = SIVull3 + 71Vl - ;nunz — lull§
a b
< ||Vu||%(5+z||w||%), Vues. (4.4)
and
a b " 1
d(u) = Enwué + —||W||‘2‘ - —||u||Z - gnung

v

06— q)/4c 1
a 1249 3¢—10 2
IVul3 [2 IVl ||Vu||3}, Vues..

Since 0 < 3q;10 < 2, the above inequalities show that there exist z?é > ¥, > O such

that (i) holds.
Case 2).q = %. By (1.2), (1.8) and (1.16), one has

a b 3,103 1
S(u) = SVul3 + J1Vulld = 5l — g llule
2fa | b 2 10/3 2/3
znwnz(fznwuz 010/3 f 653||v ||2), Vues.

Since ¢ < c¢2, the above inequality and (4.4) show that there exist ¥, > ¥, > 0 such
that (i) holds also.

(ii) For any given w € S. N H (R%), we have [|3/%w;|l» = w2, and so £*/%w;, €
S. N HL (R?) for every t > 0. Then (1.2) yields
at? bt 322
@ (*7w) = SV} + - IVwll - g
/6
—g||w||g — —00 as t — +00. (4.5)

Thus we can deduce that there exist #{ > 0 small enough and 7, > 0 large enough
such that

2
Hv (’13/2“’“>H2 = 2| Vw2 < 9., and ® (t23/2w,2) <. (4.6)
Let yo(¢) :=[t1 + (12 — tl)t]3/2wll+(,2,,]),. Then yp € f‘c, and so fc # (). Now using
the intermediate value theorem, for any y € I, there exists 79 € (0, 1), depending on

v, such that | Vy (f9)||3 = ¥/ and

max ®(y (1) = Sy () = inf {0 1w € S, |Vul3 =],
te(0,1]
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which, together with the arbitrariness of y € fc, implies

M(c) = inf max ®(y(t)) > inf{cb(u) cueS, |Vuls = 19;}. 4.7
yef t€l0.1]

Hence, (4.3) follows directly from (4.1) and (4.7), and the proof is completed. O

Lemma4.2 Let % <gq < 13—4, w > 0and c € (0, ca]. Then there exists a sequence
{un} C Se N HL{(R3) such that

D(uy) — M(c) > 0, D5 (uy) — 0 and P(uy) — 0. (4.8)
Proof Let & be defined by (3.51),

Pei= {7 €CA0. 11 (Se N HigRD) x B) 1 7(0) = (1(0), 0), IVA O] < 9.,

S ) < 0} (4.9)
and

M(c) := inf max Q7 (1)). (4.10)

yel. €l

Forany y € [, itiseasy toseethaty = Boy € I'c. By (4.3), there exists k. € (0, kc)
such that

max ®(7(1)) = max ®(y (1)) = & > &, > max {®(y(0)), P(y(1)}
1€[0,1] 1€[0,1]

= max [ SO, dF (1)} .
It follows that M (c) > M (¢), and

inf max ®F () > ke > &, > sup max{CTD()?(O)), &:(;7(1))}. 4.11)
jer, 1€[0.1] el

This shows that (2.13) holds with ¢ = ®.

On the other hand, for any y € fc, let y(¢) := (y(¢),0). It is easy to verify that
7 € ['e and ®(y (1)) = ®(F (1)), and so, we trivially have M(c) < M(c). Thus
M(c) = M(c).

For any n € N, (4.3) implies that there exists y, € I'. such that

A 1
max P (y, (1)) < M(c) + —. (4.12)
tel0,1] n

Set 7,(t) := (yn(t),0). Then applying Lemma 2.5 to ®, there exists a sequence
{(Un, 1)} C (Se N HL (R)) x R satisfying

T
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Normalized solutions for Kirchhoff equations with Sobolev critical...

() M) — er < ®(vp, ty) < M(c) + er;
(i) minsefo,17 (v, 1n) — (Yu (1), O)[Exr < %ﬁ
(iii) ”&)KS‘L.XR(U”’I‘”) 8

< S
Let u,, = B(vy, t,). It follows from (3.56), (3.57) and (i)—(iii) that (4.8) holds. O

N

Next, we give a precise estimation for the energy level M(c) given by (4.3) when
Y < ¢ < Y. To this end, for any fixed ¢ > 0, we choose max{(14 — 3¢)/8,0} <
o < 1 and R, > n® to be such that

1 1
S L te — arctan (n!+¢) N R3n — [10R2 — 15R,n® + 6n**|n!*+3*
n? 30(R, — n%)%(1 + n2(+a)y)
(4.13)
From (4.13), one can deduce that
m s = 23 @.14)

Now, we define function U, (x) := ©,(|x|), where

n o.
[T 0 <r <n%

Our) = V3 [t e % <r < Ra: (4.15)

0, r > R,.

Computing directly, we have

-2 -2 RSP
1Unll5 Z/ [Unl dx:4n/ r@y, (r)|~dr
R3 0

n% 2 Ry 2 2
nr n nr“(Ry —r)

= 437 / dr + f dr
[ o 1+n2r2 14+ n20+) [a (R, —n®)2

I+a
— 43n Lz /" 52 s+ n RY — [10R2 — 15R,n® + 612103
n= Jo I+ 1 + n2(1+e) 30(Ry — n)?
1+ 1+
afig | T ctan (") RSn— 11082 — 15Ru® + 6n2 a1+
= T
n2 30(R,; — n®)2(1 + n2(1+ay)

—. (4.16)

- - +00 -
V013 = /RS IV, |3dx :47[/0 210, () 2dr

n% 5.4 R, 2
=4x/§n/ nr 3dr+ r211 ! d 2dr
0 (1+n22) 1+ n20%0) Joa (Ry —n%)

plte 4 R3 _ p3a
= 437 / Sds
0 (1+52) 3(Ry — n%)? 1 + n2(+e)
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3 +00 4 R3 _ 3
=82 +4V3n —/ : Sds + " o - )21
nlte (14 52) 3(Ry — n%)2(1 + n2(1+0))

3 1
=52+0<m>, 0 — 0o, 4.17)
~ 16 ~ 16 TR a6
101§ = [ 10255 = [ 210000
ne 32 3 Ry 2R, — 6
12437 / 4—1i—§w+( n > f 7" (R er
0 (14n22) 1+ 2040 ) Jua (Ry —n%)

I+a

n §2 n 3 rR,—n% SG(Rn _ 5)2
123 / d +( ) / — L —ds
n[ 0 (a2 \Ta20E@ ) Jy (Rp —n®)%

3 +00 2
=82 +124/3% —/
n

S73ds
I+a (1 _;’_52)

Tz ) Jy (1= n/Ry)S
3 1
=32+0<M), 0= 00 (4.18)
and

A= / (4 =4n/ P10, (1) |7dr
R 0

n¢ q/2,.2
L 4300 f e,
o (1+ nzrz)'I/

4.3/4 1 2 K
> = )/Z / i /st = 3_—0/2 (419)
n®~4 0 (1 + sz)q n>4

Both (4.16) and (4.18) imply that U, € S,.

Lemma4.3 Let %0 <gq <6, u > 0andc > 0. Then there exists n € N such that

sup (:3/2(0ﬁ)t) < 0. (4.20)

t>0

Proof Set
1
2= [bS% +Vp2s3 +4a] . 421)
By (1.9) and (4.21), we can deduce

3 3 3 3
S2 bS2 1 S2 bS2 1
7 ((ltz + 7[4 — §t6> < 7 (atf* + ) [:* — §[$*>

= 0%, V1€ (0, ) U (te, +00). (4.22)
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From (1.2), (4.17), (4.18) and (4.19), we have

3(g—2)/2 6
nt ~ 0~
1T, 1S — gnUnng

_ 12 S% 0 1 bt S% 0 1 2
=7 + n2(12)/3 + 4 + 2(420)/3
6 3(¢—2)/2
t ; 1 Kout
“lsito _ Ko
6 12(112a) qn3—a2
3
3

3
S 5 bSz ., 14\ 2at’+bt? 1
= 7 <Clt + _2 - g[ + 4 o0 n2(1+20‘)/3

2 4
- at ~ bt ~
@ (P2(G0)r) = IV O3 + - IV 0l -

“lo(- Kour 27 o 4.23

% w20 ) | T gz 0 VT (4.23)

Hence, it follows from (4.22), (4.23) and the fact max{(14 — 3¢)/8,0} < o < 1 that
there exists n € N such that (4.20) holds. O

Lemma4.4 Let 13—0 <gq < 13—4, uw > 0and c € (0, ca]. Then there holds

M(c) < O, (4.24)
Proof Letn € N be given by (4.20). Then it follows from (1.2) that

2 4
~ at ~ bt 7
@ (2O) = TIOR3 + 2= I al}

3(g—2)/2 6
ut ~ t° .
e L1 gnuﬁug, V0. (4.25)

By (4.25), we can deduce that there exist 7 > 0 small enough and 7, > 0 large enough
such that

- 2 - ~
Hv (rf/z(uﬁ)ﬁ) HZ = 2|V |3 < 9. and @ (rj/z(Uﬁ),z) <0. (4.26)

Let yo(t) := [t + (2 — t1)11>(U) 1y +y—1, - Then y € T which is defined by
Lemma 4.1. Therefore, we have by Lemma 4.3

M(c) < sup @ (t3/2(0ﬁ)[) < ®F,

t>0
This shows (4.24) holds. O

Proof of Theorems 1.3 In view of Lemmas 4.2 and 4.4, there exists {u,} C S. N
Hr]ad (R?) such that

lunlls = ¢, ®(uy) - M(c) € (0,0%), Duy)ls — 0, Pluy) — 0. (4.27)
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It follows from (1.2), (1.16), (1.17) and (4.27) that

M@%+MD=¢WM—1PWM

4 4 n6—q)

3||V14n||2 + 2||Vun||2 - T”un”q

: — 16 =q - 3(g-2)/2
glqunllz‘F 2||V14:1||42‘—4—C¢‘I’c(6 DIV, 34272,

(4.28)

Since % <qg< 13—4, it follows that {||u, |} is bounded. Similar to the proof of Theorem

1.2, one has (3.96)—(3.114) instead of M (c) by M(c). From (1.14), (3.107), (3.110),
(3.113) and (3.114), we have

M(c) + o(1)

a 2 b 4 b — 12 2 _
5”an”2 + Ellvvnllz + §||VM||2||VUn||2 + @) +o(1)

a 2, b 4 b2 2
3 IVenllz + ZIVonllz + £lIVElia [V enllz

a b _ % _
+§||Vu||§+EIIWII§—@(6—q)llullg+0(1)
2a + b||Vii|3 b, a . __> b __, wb-—q), _
:Tll+Elz+§||vu||2+ﬁ||vu||2—T”U”Z‘l'o(l)
2a + b||Vii||$)S
o CotIVIRS [, 1 fost 4+ bivin) s
sz 2 -2 2 a -2 b -4
+—— [bS” +\/D?S* + 4 (a+b|Val3) S| + < IVal; + — Vil
48 3 12
w6 —q), _ q
e 1
p llallg + o(1)
bS?  b3S®  bPS* +4aS b*S3
S E A 2 [t a(a+bval3 )S+—IIWII2

bS _ -2 a -2 -
+ E\/1)254 4 (a+bIVal3) S Vil + S Vil + Enwnz

(6 —q) - _13(q-2)/2
S Cle O~ D4 w3422 4 (1)

bSP B3SO (1S + 4aS)? P2S®  bS
L n ( a$) +<‘_’+ + = b254+4a3) IVil)3

4 24 24 3 6 12
b __ wn(6 —q) _ - 13(q—2)/2
+ g IVl = = e PRVl o)
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14— 34 3g—10

4 a b:S3 b 1
S )| — (2422 —\/bQS“ 4 S —
=0 [14—3q (3+ - i ﬂ [3<3q—10>

6— _
_m6—q) ‘”cgc(ﬁ—q)/“} Va3 + o(1)
4q
> 0" 4 o(1), (4.29)
which contradicts with (4.27). This shows that /{ = 0, i.e. || Vv,]| — 0, and so

IVunll3 — IVall3, luall§ — Nall§. (4.30)

Now from (1.2), (3.97), (3.98), (3.99), (3.105), (3.108), (4.27) and (4.30), it is easy to
deduce that

he >0, [li]3 =c, D)+ it =0, @)= M(c).

5 The case when <qg<6

In this section, we study the case % < g < 6, and finish the proofs of Theorems 1.4
and 1.5.

Let us define the following function

11— 1—4°
1 " 6 Vi>0. 5.1

h(t) .=

Itiseasytoseethat i(f) > h(l) = Oforallt € [0, 1) U(1, +00). With it, we establish
the following crucial inequality,

Lemma 5.1 Let % <gq <6, u > 0andc > 0. Then there holds

11—t a(l —12)?
O = & (r¥u,) + ——Pw %nwn%

+h@)ul, YueS., t>0. (5.2)

4

Proof Since = 1 < g < 6, itis easy to see that

3(g—2)(1—t% 1 —3a=2/2
8q q

>0, Vr>0. (5.3)

From (1.2), (1.17), (5.1) and (5.3), one has
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a(l —¢2) b(1l —tH
@) — & (¥ur) = == |Vul3 + =—— | Vul}

B //L(l — ,3(4—2)/2)

6
llullg

1
lulld - G

_ 4
4

a(l —1%)?
+——IVull3 + u

1—r* 146 6
N\ ¢ )l

. 1—r4p( )+a(l—t2)2
=Ty T 4

3ulg —2)
[mww%+mwwé—4—5;—wm@—nw2

o] 4 _ 3q-2)2
3(q 28);1 11 )IIuIIZ

IVul3 + h() lul.

From Lemma 5.1, we have the following corollary.

Corollary 5.2 Let %4 <q <6, u>0andc > 0. Then foru € M(c), there holds
_ 32
@OO—JE%®(I ). (5.4)

Lemma 5.3 Let %4 <qg <6, u>0andc > 0. Then for any u € S, there exists a
unique t, > 0 such that ts/zutu e M(c).

The proof of Lemma 5.3 is standard, so we omit it.

From Corollary 5.2 and Lemma 5.3, we have the following lemma.

Lemma5.4 Let 13—4 <q<6,u>0andc>0.Then

inf @ = m = inf max<l>(t3/2 ) 5.5
ueM(c) (w) m(e) ueS,. t>0 t (5-3)

By the Brezis—Lieb lemma, we have the following lemma.

Lemma5.5 Let % <qg<6u>0andc > 0. Ifu,—uin HI(R3), then

D () = P(@t) + Py — it) + gnvan%nwn — )5 + o(1) (5.6)
and

Plun) = P(@) + Plun — it) + 26| Vit |31V (up — D)3 +o(D).  (5.7)
Lemma5.6 Let % <q<6,u>0andc > 0. Then
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(i) there exists 99 > 0 such that ||Vu|r > 9, Yu € M(c);
>ii) m(c) > 0.

Proof (i) Since P(u) =0, VY u € M(c), by (1.8), (1.16) and (1.17), one has

3ulg —2)

"
allVully + bl Vully = llullg + = lullg
1
< 53 1Vuls
3 -2 _
+Mcgc<6—q>/4||wu§(q 2 Vue M),

2q
(5.8)

which implies

1 3 -2 _
a = & IVuls + %Cé’c““”/“nwng" WP Yue M.

Since %4 < g < 6, then the above inequality shows there exists 99 > 0 such that
[Vullz = 9o, Yu e M(c). (5.9

(i1) From (1.2), (1.17) and (5.9), we have

2
Q) =Pw) — ——— P
3(g —2)
a(3q — 10) 5, b(3Bq—14) 4 —q 6
= ——||Vull; + ————=||Vull5 + ————|lu
o~ VIR Ty gy IVulE + e g
a(3g —10) ,
>———95, VueM(). 5.10)
6q—2 " (
This shows that 2(c) = inf,c A1) D (1) > 0. O

Lemma 5.7 Let 13—4 <qg <6, u > 0andc > 0. Then the function ¢ — m(c) is
nonincreasing on (0, 4-00). In particular, if m(cy) is achieved, then m(c,) > m(ch)
forany ¢ > ¢,
Proof For any ¢} > c(, > 0, it follows from the definition of ri2(c;) that there exists
{un} C M(cy) such that
- 1
D(uy) <m(cy) +—, VnelN. (5.11)
n

Let 6 := ,/ch/c and v, (x) := 6~ 2u, (x/6). Then ||V, |3 = [Vuull3, [vall$ =

lunllS, Nvalld = 6379/2|lu,||7 and |v, |3 = ¢, By Lemma 5.3, there exists #, > 0
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such that t,?/ z(v,,),” € M(c}). Then it follows from (1.2), (5.11) and Corollary 5.2
that

(s = ® (5w, )

at? bt . +6 . 2(11—2)/2
= ”IIV vall3 + "IIanllz—illvnII(,— lvallg
6 3—q/2,3(q=2)/2
uo t,
= —IIVun||2 + IIVunllz ||un||2 - uall§
3/2 - 1
< @ (1" (), ) < P(uy) < m(cy) + . (5.12)

which shows that ri2(c}) < i (c() by letting n — oo.
If /i (cy) is achieved, i.e., there exists i € M(c() such that & (it) = i (c(). By the
same argument as in (5.12), we can obtain that /(c}) < rm(c(). O

By Lemma 4.3, we have the following lemma.

Lemma 5.8 Let 13—4 <q <6, u>0andc > 0. Then there holds
m(c) < ©*. (5.13)

Lemma5.9 Let % <qg <6, u>0andc > 0. Then m(c) is achieved.

Proof In view of Lemmas 5.3 and 5.6, we have M(c) # @ and m(c) > 0. Let
{u,} C M(c) be such that ®(u,,) — m(c). It follows from (1.2) and (1.17) that

. a b 1 %
(c) +o(l) = Enwnnﬁ + annnz‘ - gnunng - ;nunnz (5.14)

and
0 =al|Vuu 5 + bl Vunlly — llunlI§ — %nun 19. (5.15)
From (5.14) and (5.15), one has
i(c) +o(1) = %nmn%. (5.16)

This shows that {||Vu,||2} is bounded, and so {u,} is bounded in H!(R?).

Let § := limsup,_, o, SUPcp3 fB](y) |un|?dx. We show that § > 0. Otherwise, in
light of Lions’ concentration compactness principle [17, Lemma 1.21], [lu,|; — 0.
Hence, it follows from (5.15) that

3pulg —2)

2 lunlld = Nunll +o(1). (5.17)

allVun |3 + blIIVun I3 = llua |1 +
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Up to a subsequence, we assume that

IVun 3 = 1, Nunl — al + bi>.

(5.18)

If I = 0, then it follows from (5.14) and (5.18) that m(c¢) = 0, a contradiction. If/ > 0,

by Sobolev inequality (1.8) and (5.18), we have

I > g [b32 +V/b2s? +4a8].

(5.19)

Hence, it follows from (5.14), (5.15), (5.18), (5.19), the definition of {u,, } and |lu, ||, —

0 that

m(c) +o(l) = ®(up) — ép(”n)

n(6 —q)

a s b 4
= FIVunly + 5 IVunlly = 1q

3
a 2 b 4
= SI5unl3 + 1Vl + (1)
> 0" +o(1),

llunllg +o(1)

(5.20)

which contradicts (5.13). Thus § > 0. Without loss of generality, we may assume the
existence of y, € R3 such that fBl()’n) luy|2dx > % Let it,,(x) = u,(x + y,). Then

we have

R R R B R )
linll3 =c, Plin) =0, (i) — m(c), / |un|2dx>5.

B1(0)

(5.21)

Therefore, there exists # € H'(R3) \ {0} such that, passing to a subsequence,

ip,—a, in HY(RY);
fp — @, in L (R?), Vs €[l,6);

loc 3
iU, — i, ae.onR’.

Let w, = i1, — . Then (5.22) and Lemma 5.5 yield
X X b _.
D (iiy) = (@) + D (wy) + §||Vu||%||an||§ +o(1)

and

Piin) = P(i) + P(wy) + 26| Vi |31 Vw, |3 + o(1).

Set

nBq —14)

q
Ullg-
86] ” ”q

0w) == IVl + — full® +
u) .= — u — U
4 2T e

(5.22)

(5.23)

(5.24)

(5.25)
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Then it follows from (1.2), (1.17), (5.21), (5.23), (5.24) and (5.25) that

m(c) — Q) + o(1) = Q(wy) (5.26)
and
P(wp) = =P(@) = 26| Va3 Vwal3 + o(1). (5.27)
If there exists a subsequence {w,,} of {w,} such that w,, = 0, then going to this
subsequence, we have
||ﬁ||% =c, ®@)=m(), Pwm) =0, (5.28)

which implies the conclusion of Lemma 5.9 holds. Next, we assume that w,, # 0. By
(5.21) and (5.22), one has

¢ = llanl3 =l + lhwall3 + o(1). (5.29)
This implies that ||12||% = ¢ < cand ||wn||% = ¢, < c for large n € N. We claim
that P (&) < 0. Otherwise, if P(&#) > 0, then (5.27) implies P(w,,) < 0 for large n.

In view of Lemma 5.3, there exists #, > 0 such that ts/z(wn)t” € M(cp). From (1.2),
(1.17), (5.2), (5.26), (5.27), Lemma 5.1 and Lemma 5.7, we obtain

1
(€)= Q@) + o(1) = Q(w,) = (w,) — ;Pwy)
4
> @ (1), ) = EPaw) = o),

which implies P(z) < 0 due to Q(u) > 0. Since & # 0 and P(u) < 0, in view of
Lemma 5.3, there exists 7 > 0 such that */24; € M(¢). From (1.2), (1.17), (5.2),
(5.26), (5.27), Lemmas 5.1, 5.7, Fatou’s lemma and the weak semicontinuity of norm,
one has
3 . . . A S aa\ B
() = lim Qi) = Q@) = O(@) = 7 P@) = @ (#2) = ZPG) = (o).
(5.30)

which implies
lal2 = ¢, (@) = m(@) =m(c), P@)=0. (5.31)

This shows 71(¢) is achieved. In view of Lemma 5.7, ¢ = ¢. Thus, (5.28) holds also,
i.e. the conclusion of Lemma 5.9 holds. O

Lemma 5.10 Let % <gqg<6,u>0andc >0.Ifu € M(c) and ®(1) = m(c), then
u is a critical point of ® on S, i.e. CI>|:9_(12) =0.

@ Springer



Normalized solutions for Kirchhoff equations with Sobolev critical...

Proof Assume that CDMSC (u) # 0. Then there exist § > 0 and ¢ > 0 such that
lu — il <38 = |95, W = o (5.32)
It is easy to see that

3 12
|v () ~val, = |
2 R3

= (t2+l)/ |Vﬁ|2dx—2t%/ Vi, - Vidx — 0, 1 — 1.
R3 R3

3 12
\Y <t7ut) — Vu‘ dx

(5.33)

Thus, there exists §; € (0, 1/4) such that

It—1] <8 =

i, — u” <5 (5.34)
In view of Lemma 5.1, one has
3 P —06 - —16

@ (ﬂu,) < ®(@) — h(n)]il® = m(c) — h@n)lals, ¥Yi>0. (535

It follows from (1.17) that there exist 71 € (0, 1/2) and 75 € (3/2, +00) such that
3 3
P <leﬁrl> >0, P <T225T2> <0. (5.36)

Let

o)

1 1
€ i=min {Zh(Tl)IIﬁllg, Zh(Tz)Ilﬁllg, L

}, S={veS :|lv—ul| <8}

Then Lemma 2.1 yields a deformation n € C([0, 1] x S;, S.) such that
1) n(1,u) =u if ®(u) < n~1~(c) —2¢or ®(u) > m(c) + 2¢;
(i) n (1, P™OTENS) C PO~E,
(iii) ®(n(1,u)) < Pu), Yu e S
(iv) n(1, u) is a homeomorphism of S,.

By Corollary 5.2, & (t%ﬁ,) < ® (i) = si(c) for t > 0, then it follows from (5.34)
and ii) that

3_ -
@(n(l,tiut)) <) —e, Yi>0, |t—1] <3 (5.37)
On the other hand, by iii) and (5.35), one has
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3 _ 3 _ - _
o (n(1.3a)) = o (@) = e - ol
<ii(e) = &llall, Yr>0, [t—11>8,  (538)

where
8> == min{h(1 — &), h(1 +81)} > 0.

Combining (5.37) with (5.38), we have

max & (n (1, t%ﬁt)) < (c). (5.39)

Define Wo(r) = P (n (1, t%ﬁt» for ¢ > 0. It follows from (5.35) and (i) that
7 (1, t%ﬁ,) — 130, fort = Ty and 1 = T>, which, together with (5.36), implies

3 3
Uo(Ty) =P <T1212T1> >0, Yo(Th)=P (Tzzl,—th) < 0.

Since W (¢) is continuous on (0, co), then we have that n (1, t%ﬁ,) N M(c) # @ for
some ty € [T1, T>], contradicting the definition of m(c). O

Proof of Theorem 1.4 1t follows directly combining Lemmas 5.9 and 5.10. O

6 Thecasewhenu <0

In this section, we shall prove Theorem 1.5.

Proof of Theorem 1.5 Assume that (1, A) € H'(R3) x (0, +00) is a solution of Eq.
(1.1). Then it follows from (1.1) and the Pohozaev type identity that

(a-+BIVaIZ) IVl + A3 = pellull§ = ull§ =0 ©6.1)
and
2 2 2 G 6
(a+bIVul3) 17013 + 32l - 5 Il = llullg = 0. 6.2)
Combining (6.1) with (6.2), we have

6—q)

n
0 < re=Alul} = > lully <o,

which is a contradiction. O
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