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Abstract

We give Martin representation of nonnegative functions caloric with respect to the
fractional Laplacian in Lipschitz open sets. The caloric functions are defined in terms
of the mean value property for the space-time isotropic a-stable Lévy process. To derive
the representation, we first establish the existence of the parabolic Martin kernel. This
involves proving new boundary regularity results for both the fractional heat equation
and the fractional Poisson equation with Dirichlet exterior conditions. Specifically, we
demonstrate that the ratio of the solution and the Green function is Holder continuous
up to the boundary.
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1 Introduction

LetO <o <2andd > 2.Foru € C,f(Rd), define

(—A)*?u(x):= lim (ux) —u()vix, y)dy, xeR?,

e—07t lx—y|>¢
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where v(x,y) = cqqlx — y|74=* and denote A%/?%:= — (—A)*/2. Let D C R4
be a nonempty bounded open Lipschitz set with localization radius ry € (0, oo) and
Lipschitz constant A € (0, 0c0). One of our goals is to investigate the structure of
nonnegative solutions to the initial-boundary value problem for the fractional heat
equation:

du(t,x) = A*?u(t,x), te(0,T), x €D,
u(t,x) =g, x), te(0,T), x e D¢, (1.1)
u(0, x) = up(x), x € D.

Solutions to (1.1) are called caloric functions. They are defined in terms of the mean
value property for the space-time «-stable Lévy process; we refer to Sect. 5 for details
and connections with the classical notion of solution to (1.1). As shown by Bogdan
[13] (see also Abatangelo [1] and Bogdan, Kulczycki, and Kwasnicki [23]), nonneg-
ative harmonic functions for the fractional Laplacian on D can be decomposed into
a regular part, which can be recovered from the exterior values, and a singular part,
vanishing outside of D and represented as an integral with respect to a finite measure
on d D of the (elliptic) Martin kernel for D and the fractional Laplacian. Our ultimate
goal, which we complete in Sect.6, is to give a counterpart of this decomposition
for nonnegative caloric functions. In particular, in Theorems 6.3 and 6.4, we show
that every nonnegative singular caloric function, i.e., such that ug = g = 0, can be
expressed as integral with respect to the parabolic Martin kernel n; o (x):

u(t, x) =/ / Ni—s,0(X)u(dQds), xeD,te(0,T), (1.2)
[0.r) JoD

with a unique finite Borel measure p on 9D x [0, T).

Singular caloric functions were recently represented by Chan, Gémez-Castro, and
Vizquez [28] for domains more regular than Lipschitz, such as C!'! domains. While
the authors of [28] address more general operators than our Dirichlet, or restricted,
fractional Laplacian, they do so by assuming that the (elliptic) Green function exhibits
uniform power-type decay at the boundary. Since for Lipschitz open sets, the behav-
ior of the Dirichlet Green function of the fractional Laplacian is more nuanced (see
Jakubowski [48]), the results of [28] are not applicable in our setting. Another differ-
ence between [28] and our work is that we do not require any specific regularity or
integrability conditions for caloric functions, except for assuming nonnegativity and
finiteness of integrals in the mean value property. Note that in our paper, the boundary
data may be a measure; for example = dg, ® 8o represents a fixed parabolic Martin
kernel n; g, (x). Furthermore, in Theorem 6.5, we demonstrate that even without a
prescribed initial condition, u (e, -) converges to a measure o on D as & — 0. This
measure finitely integrates the function x +— P*(zp > 1) on D (see below), simi-
lar to the condition used in [28]. As a consequence, for general nonnegative caloric
functions, we get the following representation:
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u(t, x) = P,DMO(X) + / Ni—s,0(x) u(dQds)
[0,6) JaD

t
+/ / g(s,2)JP(t,x,s,2)dzds, (1.3)
() C

which is our first main result. Here, P,” is the Dirichlet heat semigroup of D for A%/2,
and JP is the so-called lateral Poisson kernel, see below for details. To obtain the
representation (1.3), we prove several new boundary regularity results for the fractional
Laplacian in Lipschitz sets, namely Theorems 1.2 and 1.4 and Corollaries 1.3 and 1.5.
They are of independent interest and may be considered the second main contribution
of the paper.

To prove the results, we utilize some basic probabilistic potential theory. Let X =
(X1)s>0 be the isotropic a-stable Lévy process in RY, see, e.g., Sato [60]. For x € R,
we denote by P* and E* the probability and the expectation of the process starting
from x, and P:=P°, E:=E°. We then consider

tpi=inf{s > 0 X, ¢ D}, (1.4)

the first exit time of the process X from D, and the survival probability:
P*(tp > 1) = / p,D(x, y)dy,
D

where ptD is the Dirichlet heat kernel of A%/? in D (for details see Sect.2). Further-
more, let G p be the (elliptic) Green function of A*2in D. We fix arbitrary t9 € (0, co)
and xo € D, reference time and point.

There are several reasonable ways to define the parabolic Martin kernel in Lipschitz
open sets. The general idea is to normalize p,D by constructing a ratio that converges
to a nontrivial limit at the boundary of D. Each of the following expressions will be
called a parabolic Martin kernel:

D
. pt (xvy)
= lim ¥ 15
0= A By > 1) (1)
D
X0 P (x,y)
()= lim 2 1.6)
.0 D3y—0 G p(xo, y) ¢
D
Fo= lim 2 *x, y) (1.7)

D3y—Q pg(x(), y) ’

Here,t > 0, x € D, and Q € dD. We recall that the heat kernel plays the role of the
Green function for the heat equation, see, e.g., Doob [36], Watson [63], or Bogdan
and Hansen [21, Subsection 9.4]. This might indicate that 7 is the canonical parabolic
Martin kernel, however n and n* offer a more explicit description of the boundary
behavior of p” and are more convenient to handle via the existing elliptic theory. If
D is C!*!, then one can also normalize p” by using 6 (y)*/? with
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Sp(y):=inf{|x — y|: x € aD},

see Chen, Kim, and Song [30]; see also [28]. The next result may be considered as a
consequence and a follow-up of the approximate factorization (2.6) of p” by Bogdan,
Grzywny, and Ryznar [19].

Theorem 1.1 Recall that D C R? is open, bounded, and Lipschitz with localization
radius ro, Lipschitz constant A, and reference point xo and time ty. Then, the limits in
(1.5), (1.6), and (1.7) exist forallt > 0, x € D, and Q € dD. Furthermore, they are
finite, strictly positive, continuous in t and x, and

n,ox) ~P'(zp > 1), xeD, (1.8)

Ni+ts,0(x) =/ n;,Q(Z)pSD(Lx) dz, 0<s,t <00, x€D. (1.9)
D

The formula (1.8) is a sample of the more general estimates for  which we give in
Corollary 3.6 below. The proofs of Theorem 1.1 and other results of this section are
given later on. Here we note that the mere existence of a Martin-type kernel is a deep
boundary regularity' result. In the elliptic setting, for G p, it is usually proved using
the boundary Harnack principle. For solutions of parabolic equations like (1.1), we
may utilize the elliptic results after expressing the numerators and denominators in
(1.5), (1.6), and (1.7) as Green potentials. This is precisely our approach—it was used
before by Bogdan, Palmowski, and Wang [24] for Lipschitz cones at the vertex. We
further remark that an early version of proof of Theorem 1.1 for (1.5) has appeared in
the PhD thesis of the first-named author [4].

To obtain the representation of nonnegative caloric functions, we refine Theorem 1.1
to ensure a uniform rate of convergence in (1.5). To this end, we extend the spatial
domain of the functions in (1.5), (1.6), (1.7), by additionally defining, for ¢t > O,
xeD,andy € D,

pP(x.y)
5
pl‘() (x07 )’)

pP(x,y)

, N1,y (x):=
Gp(xo,y) ity

Moy (X):=

Theorem 1.2 Recall that D C R¢ is open, bounded, and Lipschitz with localization
radius ro, Lipschitz constant A, and reference point xo and time ty. Fix r1 € (0, 0o0)
and 0 < Ty < Th, < oo. For x € D andt € [Ty, T»), n, n*°, and 7] are Holder
continuous in 'y on D, D, and D\B(xq, r1), respectively. The Hilder exponents and
constants depend only on d, o, D, Ty, T» (for n”° also on xq, ry; for 1] also on 1y, x¢).

Here and below, we say constants depend on D if they depend only on rg, A, and an
upper bound for diam(D). Theorem 1.2 yields the following boundary regularity for
the Dirichlet heat semigroup

PP f(y)= /D pP(x, y) f(x)dx.

! Here and below, the term signals relative regularity, i.e., continuity or even Holder continuity of ratios at
the boundary.
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Corollary 1.3 Fixry € (0, 00). Letug € L'(D),0 < T} < T» < o0, and t € [Ty, T»].
Then, the functions

PPuy(y) PPuo(y)  PPuo(y)
Gp(xo,y)" PY(tp>1)" pP(xo.y)

are Holder continuous in'y on D\B(xq, r1), D, and D respectively. The Hélder expo-
nents and constants depend only on d, o, D, Ty, T» (and ty, xo, r1, where relevant).

Theorem 1.2 and Corollary 1.3 can be viewed as analogues of the boundary reg-
ularity result for C!"! open sets by Ferndndez-Real and Ros-Oton [39, Theorem 1.1
(b)], see also [40]. However, such regularity results for nonlocal equations are quite
scarce for Lipschitz and less regular domains. That is, much is known about harmonic
functions [12, 23, 48], but the first result for the Poisson equation (A% = — D)
appeared only recently but in the PDE literature the first results for the Dirichlet prob-
lem for the Poisson equation (A%/?u = — f) appeared only recently in the paper of
Lian, Zhang, Li, and Hong [64, Theorem 3.11]; similar results were implicit in the
probability literature, at least for bounded f, see [48, Theorem 2, Lemma 17] and
[12, Lemma 3]. Other related works are by Ding and Zhang [65] and Borthagaray
and Nochetto [27], but we note that [27, 64, 65] do not treat the relative boundary
regularity, which is a stronger property. For regularity results in C!*¥ domains with
y € (0, 1), see, e.g., Abels and Grubb [2] or Dong and Ryu [35] and the references
therein.

Incidentally, our proof of Theorem 1.2 unveils the following integral estimate for
the Green function.

Theorem 1.4 Recall that D C RY is open, bounded, and Lipschitz with localization
radius ro, Lipschitz constant A, and reference point xqy. Let r > 0. There exists py =
po(d,a, D,r) > 1 and constants C € (0,00) and o € (0, 1] depending only on
d,a, D, p,r, such that for all p € [1, po),

H Gp(y,-) Gp(y',-)
Gp(xo,y) Gp(xo, )

<Cly—y'1", y.y € D\B(xo,r).
LP(D)

Recall that Green potentials v(x) = GDf(x):sz Gp(x,y)f(y)dy solve the
Dirichlet problem for the Poisson equation:

(=A)*?v(x) = f(x), x €D,
v(x) =0, x € D¢,

see [15]. Theorem 1.4 yields a boundary, or relative, Holder estimate, as follows.

Corollary 1.5 Let p > po/(po — 1) and let f € LP(D). Then, Gp f(y)/Gp(x0, )
is Holder continuous in € D\ B(xo, r) with Holder constant and exponent depending
onlyond,a, D, p,r and | flLr(D)-
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A similar result for C!*! domains was obtained by Ros-Oton and Serra [57] with
explicit and sharp Holder exponents. Our regularity results are far from being sharp
in terms of pg and o, but this is to be expected for Lipschitz sets—some insight
about precise boundary behavior can be gained from the results on cones [6, 33,
55] or numerical considerations [38], but we do not pursue this point here. Note that
Corollary 1.5 implies that the Green potentials have the same decay rate at the boundary
as harmonic functions, without restrictions on the Lipschitz constant of D. This stands
in sharp contrast to the case of local operators, where such comparability is known to
be false if the Lipschitz constant of D is too large, see, e.g., [3, 59].

Let us add a few general comments. The mean-value property for fractional caloric
functions is important for our development. It was considered before, e.g., by Chen
and Kumagai [31]. Here we focus on the mean-value property in cylinders, which
seems adequate for the initial-exterior problem (1.1). The advantage of the approach
is that from the Ikeda—Watanabe formula we obtain a semi-explicit formula for the
Poisson kernel. We also have the following stochastic interpretation: if u satisfies the
mean-value property (0, T) x D, then u(t, x) can be recovered from the space-time
isotropic a-stable process s +— (¢ — s, X5 + x), which starts from (¢, x) at time
s = 0, by computing the expectation of u(t — s, X + x) at the place of the first exit
of the process from (0, T) x D. The exit can occur when x + X leaves D before
time +—in which case the exterior conditions affect the expectation—or when the time
coordinate t — s reaches O—then the initial condition comes into play. Singular caloric
functions start to appear once we assume that the mean-value property is satisfied only
on (0, T) x U for all open (relatively compact sets) U CC D. We refer to the book
of Freidlin [41, Theorem 2.3] for a counterpart of this theory for local operators.

With a view toward applications in probability, we note that the existence of the limit
(1.5) indicates how the isotropic «-stable process in D, conditioned on surviving at
least time 1, behaves near the boundary of D. More precisely, it implies the existence of
a “Yaglom limit”, see Theorem 3.7 below. Thanks to (1.9), n;, ¢ (y) may be understood
as the entrance law for the killed process from Q into D, see Blumenthal [9]. This
was used in [45, 53] to describe the behavior of the process started from a point on
the boundary, e.g., the apex of a cone. Furthermore, the boundary behavior of the heat
kernel yields a measure which represents the probability distribution of a rescaled
process conditioned on non-extinction.

Let us now present an outline of the proofs and methods in this paper. In order to
prove Theorem 1.1 we obtain an explicit representation of the survival probability as
a Green potential and we show that it behaves like G p(xp, -) at the boundary. Then
we approximate ptD by Green potentials and obtain the limit in (1.5) with the help of
Prokhorov theorem. To this end, we utilize the uniform integrability of ratios of Green
functions. The proof of Theorem 1.4 consists in splitting the integral into one region
where the boundary Harnack principle can be applied, and another region where we use
a technical interior regularity argument adapted to possible singularities of the Green
function. In order to prove Theorem 1.2, we represent ptD as a Green potential and we
apply Theorem 1.4. We make use of the spectral theory to show that p” has regularity
necessary for the proof; some ideas here were inspired by [28]. The boundary measure
in the representation of singular caloric functions is obtained from an approximating
sequence constructed via the lateral Poisson kernel. Our construction is quite different
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than the one in [28], in particular it does not use the inhomogeneous fractional heat
equation. Needless to say, our results point out directions of development for other
nonlocal operators and various classes of open sets.

The structure of the rest of the paper is as follows. Section 2 contains basic defi-
nitions and facts. In Sect.3, we prove Theorem 1.1 and its consequences. In Sect. 4,
we prove Theorems 1.4 and 1.2. In Sect. 5, we introduce the caloric functions and the
parabolic Poisson kernel and study their properties. Then in Sect. 6, we discuss the
representation of nonnegative parabolic functions in Lipschitz cylinders.

2 Preliminaries

We assume throughout that the considered sets, measures, and functions are Borel.
For nonnegative functions f and g, we write f(x) < g(x), x € A, if there is a number
C € (0, 00), referred to as constant, such that f(x) < Cg(x), x € A. We write
C =C(d,«,...) if C is a constant depending only on d, «, . . ., that is, C may be
considered as a function of the parameters d, «, . . ., but not of x € A. We say that f
and g are comparable and write f ~ g if f < g and g < f (this notation was used
in Sect. 1). We often use := and occasionally employ cursive for definitions.

2.1 Geometry

Let B(x,r):={y € R? : |y — x| < r}. Recall that D is a Lipschitz open set with
constant & € (0, co) and localization radius ro € (0, o). This means that for every
Q € 3D there is a rigid motion R¢ and a Lipschitz function fg: R4~ — R with

Lipschitz constant A, such that Rg (Q) = 0and DNB(Q, rp) = Rél(B(O, ro){yqg >
foi, ..., ya—1)}). Forr > 0, we let

Dy,:={x € D:ép(x) > 1/r}. 2.1
Let « = 1/(4+/1 + A2). Of course, k < 1. For y € D and r > 0, we define

{AeD:B(A,kr) S DNB(y,r)}, r<ro/2,

A=y r > ro/2.

Lemma 2.1 If D is Lipschitz, then A, (y) is nonempty for every r > 0 and y € D.

Proof Obviously, it suffices to consider r < rp/2. For y € 9D the statement is true
even with « replaced by 2« = 1/(24/1 + A2). Indeed, if we consider the interior
right-circular cone with angle arccot(A) and vertex at y, then the point A € D on the
axis of the cone such that |A — y| = r satisfies B(A, r/(2+/1 +12)) € DN B(y, r).
If y e Dand y ¢ A,(y), then there is Q € dD with |y — Q| = §p(y) < «r and
A € D with

B(A,r/4V1+A2)) S DNB(Q,r/2) S DN B(y,r).
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O

Thus, by definition (see, e.g., [19]), D is x-fat at each scale r € (0, r9/2). We will
denote by A,(y) an arbitrary point in .4, (y). The actual choice is unimportant in the
sense that if A, Ay € A,(y) and u > 0 is harmonic in B(Ay, kr) and B(Aj, kr)—
see Definition 2.4 below—then we have the comparability Clu(A) < u(4y) <
Cu(A1), where C = C(d, o); see the Harnack inequality in [14, Lemma 1], see also
[15, Lemma 4.4].

Forx,y e D,letr, yi=|x —y| Vp(x) Vp(y). Let A, y:={xo} if ry y > ro/32,
and otherwise let

Ay yi={A e D:B(A kryy) C DN B(x,3rcy) N B(y,3ry )}

Then, A, , is nonempty, see [48]. We denote by Ay , any point in A, ,. The actual
choice is unimportant in the sense that under suitable assumptions on functions u > 0,
there exists C = C(d, «, D) such that for all Ay, Ay € A, ,, C’lu(Al) <u(Ay) <
Cu(A1). See Remark 2.2, following (2.10).

2.2 Potential theory
As stated in the introduction, we denote by (X;, P¥) the standard rotation invariant
a-stable Lévy process in RY. The process is determined by the jump measure with

density function

2°T((d + @) /2)

—d—a _. —d—a d
MM =i caulyl ",y eRO

v(y) =

It is a process with independent and stationary increments and characteristic function
EXelE:Xi—x) — o=t 't 5 0, x,& € R?. It is strong Markov with the following
time-homogeneous transition probability

P (x, A)::[ pi(x,y)dy, t>0, x € Rd, A C RY.
A

Here p;(x, y):=p:(x — y) and p; is the smooth real-valued function on R4 with the
Fourier transform:

/d P E gy = 7 £ e RY, (2.2)
R
The associated semigroup of operators acts on, e.g., u € Co(R?) as follows:

qu(X):=/ u()pi(x,y)dy, xeRY 1>0.
Rd
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We have the following scaling property as a consequence of (2.2):
pi(x)=t"p 7)), xeR? 1> 0. (2.3)

Furthermore, there exists a constant ¢ such that

t t
—1( ;—d/a —d/a d
c (t /\|x|d+a>§p,(x)§c<t /\|x|d+a>’ xeRY >0,

see, e.g., [11, 26]. Thus, in short,

—d/a

A xeRY t>0. (2.4)

p[(x)%t |x|d+0l’

Recall that tp is the first exit time from D defined in (1.4). Since D is bounded,
then 7p < oo almost surely, see, e.g., Pruitt [56]. The Dirichlet heat kernel ptD (x,y)
of D is defined by Hunt’s formula:

PP, y) = pi(x, ) = B[ prvp, (X, ¥)s T < 1), (2.5)

where x, y € RY andt > 0. Here, as usual,

]Ex[pt—‘[D(X‘[Dﬂ y)v p < t]::/ pt—‘ED(XTD7 y) dpP*.

{tp<t}

Itis well known that p,D (x, y) is jointly continuous, see Appendix A for more regular-
ity properties. Since D is Lipschitz, it satisfies the exterior cone condition. Therefore,
P*(zp = 0) = 1 for all x € D by Blumenthal’s zero—one law. In particular
ptD (x, ¥y) = 0 when x or y are outside of D. For bounded or nonnegative functions f
we have

PPIW = [ FOIPP G dy =B (X0); 7 > 1],
see [32, Section 2]. We also note that
0<pl .y =pl0.x) < py -2
and pP satisfies the Chapman—Kolmogorov equations:
/pSD(x, NP, dy = pli(x,2), 5,1>0, x,ze R,
see [17, 30]. The following scaling property follows from (2.3),
ptD(x, y) = t_d/“pifl/aD(t_l/“x, 7y, x,yeRY 1> 0.
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By [19, Theorem 1], for every T > 0 we have the approximate factorization:
ptD(x, y~P'(p > t)p(x, )PY(tp >1), x,ye D, te0,T). (26)

If D is (open, bounded, and) Cl1 then the (2.6) takes on a more explicit form [30]:

S /2 5 /2
p,D(x, y) & (1 A %)pt(x, y)<1 A %), x,yeD, te0,T).
2.7

We also recall the large time estimates. Let A1 = A;(D) > 0 be the first eigenvalue
and ¢ the first eigenfunction of the Dirichlet fractional Laplacian on D, see Sect. 2.3

below for more details. By the intrinsic ultracontractivity due to Kulczycki [49], for
every T > 0 we have

PP y) ~ e M oi(x)ei(y), x,y €D, te(T, o0). (2.8)
If D is (open, bounded, and) C L1 then we even have
PP, y) ~ e M Sp(0)28p(0)*?, x.yeD, t e (T, ), (2.9)

see [30, Theorem 1.1 (ii)]. We define the killing intensity of X on D as
KD(Z):=/ v(z —y)dy, ze€D.
D¢

By [60, Theorem 31.5], A2 coincides with the generator of X, for the class CC2 (Rd)
of real-valued twice continuously differentiable functions compactly supported in RY.
The Green function of D is given by the formula:

o0
Gpl(x, y)::/ ptD(x, y)dt, x,yc€ RY,
0

In particular, Gp(x, y) = 0 if either x € D¢ or y € D¢. We note that G p is finite for
allx # y and by (2.5), Gp(x,y) < Ggra(x,y) =clx — y|°"d. For further reference,
we recall the Green function estimates of Jakubowski [48, Theorem 1]: If we let

@ (x):=Gp(xo, x) AL,
then there exists C(d, o, D) > 0 such that

—a2PQ) _ Gplx.y) < Clx — yl#—d Px)P(y)

Clx —y|® < ,
D (A y)? D (Ayy)?

x,yeD,
(2.10)

see Sect. 2.1 for notation and the following remark.
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Remark 2.2 We note that if Aj, Ay € A, ,, then ®(A;) ~ P(Ay); see [48,
Lemma 13]. We also note that [48] uses an extra reference point x to define A, ,
for ry y > ro/32, but the resulting values of ® (A, ) are trivially comparable in both
settings. In particular, (2.10) remains true in the present (simplified) setting.

Remark 2.3 1t is implicit in (2.6) and (2.8) that ¢ (y) ~ PY(tp > 1), y € D. Further-

more, by [19, Theorem 2], PY(zp > 1) = EYtp, y € D, and, by [48, Lemma 17],
EYtp ~ ®(y), y € D. Therefore,

p1(y) P (tp > 1) ® E'tp =~ ®(y), yeD. (2.11)

In our proofs, we mostly use the survival probability and ®, but we also refer to results
stated in terms of ¢ and the expected exit time.

We define the Green operator (or Green potential)
GoHwi= [ Gotxy)ferdy. xR,
D

for integrable or nonnegative functions f. For f € L'(D), the function u:=Gp f is
a distributional solution of (—A)¥/2y = fin D, see [15, Proposition 3.13].

Definition 2.4 Let u > 0 be a Borel measurable function on RY.

o We say that u is a-harmonic in an open set D C R if for every open (relatively
compact) B CC D,

ux) =Eu(X;,) <oo, x € B.
e We say that u is regular a-harmonic in D C R if
ux) =Eu(X;,) <oo, xe€D.

e We say that u is singular a-harmonic in D C R4, if u is a-harmonic in D and
u = 0on D°.

We will often write ‘harmonic’ instead of ‘e-harmonic’. Since 13 < tp for B C D,
by the strong Markov property it follows that regular harmonic functions are harmonic.
Also by the strong Markov property, G p (-, y) is harmonic in D\ {y}, see [32, Theorem
2.5] or [50, (2.1)].

For x € R4, the P*-distribution of X 1, 18 called the «-harmonic measure, denoted
by w7,. This measure is concentrated on D and for u regular harmonic in D, we have

u(x) :/ u(z) wp(dz), x € D.
De
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The «-harmonic measure of a Lipschitz open set is absolutely continuous with
respect to the Lebesgue measure. Its density function is given by the Poisson kernel:

Pp(x, z):=/ Gpx,y)w(y,2)dy, xe€ D, ze D", (2.12)
D

see [12, Lemma 6]. Therefore, for every regular harmonic u we have the representation

u(x) =/ Pp(x,2)u(z)dz, x € D.
DC

We also recall the Ikeda—Watanabe formula from [47]:
P[tp €1, Xep— €A, Xg) € B] = // / v(y, 2)pP(x,dy)dz du, (2.13)
1JBJA

where I C (0,00), A C D,and B C (5)“. See also [7, Lemma 1], [12], [25, (4.13)],
or [62, Theorem 2.4].

Recall that xp € D is an arbitrary but fixed (reference) point. We define the Martin
kernel, Mgo (y, Q) as follows: for every Q € 0D and y € D we let

GD(.X, )’)

) (2.14)
D>x—Q GD()C, X())

MR (v, Q) =

In [13, Lemma 6] it is shown that the Martin kernel exists, the mapping (y, Q) —
M7 (y, Q) is continuous on D x 3D, and for every Q € 9D the function M7} (-, Q)
is singular o-harmonic in D.

2.3 Auxiliary results on Pf and its spectral decomposition
We recall that the operators P,D are compact on LZ(D), see, e.g., [16, Chapter 4].
Therefore there exist a nondecreasing sequence of nonnegative numbers A, diverging

to infinity and an orthonormal sequence of functions ¢, € Co(D) such that for every
¢ € L%(D), we have

PPo(x) = e (¢, gu)n(x) 2.15)

n=1

and
o
PP, y) =) e p(x)pa(y), x,y €D, t>0. (2.16)
n=1

The fractional Weyl bounds [10, 42] read

An &~ ne. (2.17)
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Note that PP ¢, (x) = e *'¢,(x) for all x € D. Therefore,

o0
G p@n(x) =/O PPy, (x)dt = 1 0, (x), x e D. (2.18)

By iterating (2.18) and using the regularity results for the fractional Laplacian [44,
58], we find that ¢, are smooth in D. Furthermore, by [39, Proposition 3.1], there
exist C > 0 and w > 1, such that

lonlloo < CAY7L, neN. (2.19)

We say that ¢ belongs to D(LP), the domain of the L>-generator of PP, if the
following limit exists in L?:

Dy
LP¢:= lim m

t—0t t

Furthermore, if the pointwise limit exists for a function ¢ and some x € D, we denote
itas LP¢ (x).

Lemma 2.5 (1) We have ¢, € D(LP) and LP ¢, (x) = —A,@n(x) forall x € D.
(2) We have

F:={¢ € L*(D) : Y :l($, ¢a)|> < 00} € D(LP),

n=1

and for each ¢ € F,

LP¢ =" 2. ou)n.
n=1

(3) Foreveryy e Dandt > 0, ptD(~,y) eF.
(4) Forevery x,y € D, we have L)?ptD(x, y) = Ag/zptD(x, y).

Proof Statements (1) and (2) follow quite easily from (2.15) and (2.17). In order to
prove (3), we first let m € N. Then, by (2.16) and (2.19),

~Amt lomlloo < CE_)L'"[)\%_I.

PP Gy omdl = e ()] < e

Using (2.17), we get (3).
We now prove (4). Let x, y € D and note that z — p,D(Z, y) € C2(D) N C(RY).
Let ¢ € C2(B(x,8p(x)/2)) (extended by 0 to the whole of R?) and g € C.(R?) be
such that ¢ (z) + g(z) = plD(z, y) forz € D and g(z) = 0 for z € B(x,p(x)/4).
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Note that by (2.4),

pP(x,2) pt(x )
t t

<v(x,2), (2.20)

which for |x — z| > §p(x)/4 is uniformly bounded. Furthermore, since by [52, (2.10)]
we have p;(x,z)/t — v(x,z) ast — 0T forall x, z € R?, x # z, by (2.5) we find
that for fixed x,z € D, x # z,

lim - (x D — vy + lim —E [Pr—ep(Xep. 23 D < 11.

t—0F

Since x and z are fixed we have p,_,, (X, z) S t, so the limit on the right hand side

is equal to 0, hence p,D(x, 7)/t — v(x,z)ast — 0T forall x, z € D, x # z. By this,
(2.20), and the dominated convergence theorem, we get AY/? g(x) = LP g(x).

Let L be the Co(RY)-generator of the semigroup induced by p,. By Sato [60,

Theorem 31.5], we have A%/2¢(x) = L¢ (x). Therefore,

PP¢(x) — Pgx)
t

LP¢(x) = AY*¢(x) + lim
t—0t

We will show that the last limit exists and is equal to 0. By (2.5), Fubini—Tonelli, and
the fact that X, € D¢ almost surely,

1
< |I¢||oo—]Ex[/ DPi—1p(X1p.2)dz; Tp < t}
! B(x,8p(x)/2)

N
<P(p <% 0.

PP x) — Prp ()
t

By collecting the above results we find that

2
AP pP(x, y) = AP (x) + A g(x) = LPp(x) + LPg(x) = LPpP(x, y),
which ends the proof. O

Corollary 2.6 Foreveryt > 0, Afﬁ/zptD is bounded in D x D.

Proof By Lemma 2.5 and (2.19), we have

o0
2 _
A2 pP e I = ILP pP e )l = | Y dne ™ g (1) pn ()

n=1

o0
<Y Chye 32 < Co < oo

n=1
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Lemma 2.7 Let ¢ € C°(D). Then,

PPLG(y) =) e hnld, on)pa(y), y € D.

n=1

Proof Note that L¢) € L*(D), hence

PPL() =Y e (gn. L) pu (y)-

n=1

By (2.18) we have ¢, = G p[A,¢,]. Therefore, by [15, Proposition 3.13],

(@n. Lp) = (GplAngnl, L) = (Angn. ¢),

which ends the proof of the lemma. O
The following result is a weighted Hausdorff—Young type inequality.

Lemma 2.8 There exist c = c(d, o, D) and w € N such that for any p € [2, oo] and
ue LP(D),

00 ) 1/p
lullLrpy < c<2|<u,¢n>|”x,z“—l) :

n=1

where p' = p/(p — 1) is the Hélder conjugate exponent of p.

Proof Let ¢ € L%(D). By (2.19), we have |l¢ulloc < CA)™ ! for some C > 0 and
w > 1 independent of n. Therefore for x € D,

¢ lloo Z (. o)l llgnlloo < C Z (@ on) A2

If we let¢3 = (¢, ¢1), (¢, ¥2), ...) and denote by lf the space of sequences with the
p-th powers summable with the weight ()Jl”fl , sz -1 ,...), then the above means that

qAb > ¢ is bounded from / )IL to L°°(D). By Parseval’s identity, this map is also bounded
from /2 to L2(D), hence also from l)% to L2(D). The statement of the lemma follows
from the Riesz—Thorin theorem. O

3 Yaglom limits in Lipschitz open sets

In this section we prove Theorem 1.1. We first establish the asymptotics of Green
potentials at the boundary points of D. This extends what is already known about
the asymptotics of Green potentials at the vertex of cone [24, Lemma 3.5]; we also
propose a different proof.
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Lemma 3.1 If f is a measurable function bounded on D and Q € 0D, then

. GD(-xvy) / . GD(xsy)
hm/— dy = [ 1im 222 r()dy <00, x e D.
x—0Q DGD(X,XO)f(y) Y px—Q GD(x,xo)f(y) Y

Proof Fix two points x1, x, € D and let
p = (8p(x1) Adp(x2) A lx1 — x2[)/3,
sothat B(xy, p), B(x2, p) C Dand B(x1, p)NB(x3, p) = ¥. We know that Mf)o(~, 0)

given by (2.14) is regular e-harmonic on B(xy, p) and B(x2, p), and for x sufficiently
close to 0D sois Gp(x, -). Therefore, fori = 1, 2,

. GD(.X, y) X X Zi
lim ——wy,. (dy) = My (y, Q) wyg.. ,(dy)
/;(xi’p)f x>0 (;D(x7 xO) B(x;,p) B(zi,p)° D B(zi.p)
= M;)O(xi, 0)
i Gp(x,x;)
= lim ———=

x—0 Gp(x, xo)
fB(X,',,O)C GD(X, )’) w)lcgi(xi,p)(dy)

= lim
x—Q Gp(x, xp)
i Gpx,y)

= lim Optey) i gy,
=0 Jp(. e Gp(x, x0) B0

The «-harmonic measures a))g(xi) p>(dy) are absolutely continuous and have radi-
ally decreasing densities g;, see, e.g., [13]. Therefore there exists C > 0 such that
@B ) @Y) = gi(y)dy and g;(y) = C fory € DN (B(xi, p)°). Let g = g1 + go.
Vitali’s theorem [61, Theorem 16.6 (i) and (iii)] yields the following L! convergence:

lim /
x—=>0 Jp

Since | f| < C < g, the result follows. O

GD()C, )’)

Gplx,y) =y -
GD(X,Xo)g(y) Mp'(y, @)g(y)|dy =0.

We can also establish the following identity, an analogue of [24, (3.16)].

Lemma3.2 Forx € R, we have
P*(tp > 1) = (GpPPkp)(x). (3.1

Proof Letx € D. Since our set D is Lipschitz, from Lemma 6 and the proof of Lemma
17 in [12],

w5(0D) = P*(X,, € D) =0,
Px(XtD— = XTD) = 0,
P*(X,,_ € D)=1.
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By the Ikeda—Watanabe formula (2.13) and the Chapman—Kolmogorov equations we
have

P(tp > 1) = IP’X[ID >1, Xep— €D, X)) € DC]

/ / / psD(x’Z)V(Z—w)dzdwds
1 cJD
/ / / pt[j—l(X,Z)U(Z —w)dtdwdz
R4 JDe Jo
/ / / /pr(x’y)pf)(y’Z)dyV(Z—w)dtdwdz
rd JpeJo Jp

o0
:// p,D(x,y)dt/ Pf)(y,z)/ vz —w)dwdzdy
D JO R4 De

_ f Go(x.y) f PP (v, Dep(2) dz dy
D R4

= [ o ePinody
D
= (GpP{kp)(x).
For x € D¢, both sides of (3.1) are equal to 0. This ends the proof. O

We define
Cpi= / / M2y, 0)pP (v, k() dz dy.
DJD
Combining the two lemmas above, we obtain the following result.

Lemma3.3 We have 0 < C| < 00 and lim,_, ¢ Iglgf(fz;)) =C.

Proof By Lemma 3.2, P*(tp > 1) = (GpPP«p)(x). Note that (P kp)(y) is
bounded. Indeed, by (2.6),

(PPrp)(y) = / PP (. Dkp(2) dz
D
~ P (tp > 1)/ P(tp > Dpi1(y,2)kp(z)dz, y e D. (3.2)
D
Since D is bounded, by (2.4),

pi(yv,o)~1, y,zeD. (3.3)

Hence (3.2) becomes
(PlD/cD)(y) ~P(tp > 1)/ P*(tp > Dkp(z)dz, y € D. 3.4
D
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Using (3.1), we see that for x € R,
f Gp(x, »)(PPep)(y)dy = (GpPPrp)(x) =P (tp > 1) < L.
D

By (2.10), Gp(x, y) is strictly positive for all x, y € D. Thus PIDKD has to be finite
almost everywhere. Hence the integral in (3.4) is finite and

(PPrp)(y) = PY(tp > 1),

for y € D. In particular, (PlD/cD)(y) is bounded on D. By using Lemma 3.1 with
f) = (PPrep)(y),

P> _ (GpPPrp)(x)
_— = um —
x—=0 Gp(x,x0) x>0 Gp(x,xp)

. GD(xy}’) D
=1 —— T (P d
ximQ/D G xg) 1Dy

/D MR (y, Q)(PPkp)(y)dy = Cy < oo.

O
We are now in a position to prove Theorem 1.1.
Proof of Theorem 1.1 Let us define
D
x, y)d
mx(A):zfAm(—y)y, xeD, ACRY 3.5)

P¥(zp > 1)

First we note that the family {m, : x € D} istight. Indeed, combining the factorization
of plD(x, y) in (2.6) with the Eq. (3.3), we get

D
% ~P'(tp>1), x.yeD. (3.6)
Since the densities of the measures m, (A) are bounded by an integrable function, the
tightness follows.

Next we wish to prove that the measures m, converge weakly to a probability
measure mg on D as x — Q. To this end, consider an arbitrary sequence {x,} such
that x, — Q. By tightness, there exists a subsequence {x;,, } such that m Xy = MQ
for some probability measure m g, as k — 00. We will show that this limit is unique.

Let¢p € C°(D) and uy = (—A)¥2¢. For x € R, we claim that

(PPd)(x) = (GpPPLuy)(x). (3.7)
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To show this, we first remark that uy € Co (R%) and that (Gpug)(x) = ¢(x), see [37,
Lemma 5.7] and [23, (11)]. By (2.4) it follows that

(P1D|u¢|)(x) = / P{)(X, Wlug(M|dy < ¢ < o0.
D
Therefore, since for a fixed z € D¢ we have v(y, z) 2 1 for y € D, by (2.12) we get

(GDP1D|”¢|)(X)Z/DGD(st)(PlDszD(Y)dy

< c/ Gp(x,y)dy < oo.
D

As a result, we can apply Fubini—Tonelli theorem and establish (3.7) as follows:

(GpPPug)(x) = fD /D /0 pP(x, PP (v, Dugy(z)dt dzdy

o0
=f/ ptDJrl(x,z)u(;,(Z)dtdZ
D JO

=/f fp{j(x,y)pP(y,Z)u¢(Z)dydde

D JO D

=/f/ PP (e, )P (v, 2ug(z) di dz dy
DJDJO

= (PP Gpuy)(x) = (PPP)(x).

Let us denote m (¢):= fD ¢ (y) my(dy). Using (3.7), Lemmas 3.3, and 3.1, we get

. B (PPY)(x)
leIIlme(¢) ) PX(tp > 1)
(PP Gpuy)(x)

lim
x—=0Q P¥(tp > 1)

_ i (GpPPup)() Gp(x, x0)
x>0 Gplx,xo) P¥(rp > 1)

1
== / M2y, Q)(PPug)(y) dy. (3.8)
1JD

In particular, m g (¢):=lim;_, My, (¢) does not depend on the choice of the subse-
quence. Thus, by the Portmanteau Theorem, m, == mg asx — Q.
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For ¢ > 1, we consider ¢t,y(-):=ptD_1(~, y) € Co(RY), see [19] or [32, Proposition
1.19]. Using Chapman—Kolmogorov, we get

D
. p[ (X’Y)
= 1 —_—
o) = I by > 1)

_ i dp PGP 2 dz

x>0 P*(tp > 1)
_(PPPP Loy

lim

=0 P¥(tp > 1)

= lim m.(p2 (-, y)).
x—>Q

By (3.8), the existence of 1; o(y) fort > 1 follows:

o) =mo(p2 ¢ ).

Note that the threshold ¢ > 1 is arbitrary, that is, 1 can be replaced with any 7y > O.
Indeed, the results of this section can be readily reformulated with #( in place of 1, for
instance, Lemma 3.3 may be strengthened to assert that for every 75 > 0,

P*(zp > 10)

lim ———= =/D/DM}S°(%Q)Pg(y,z)lcn(z)dzdy-

x—>0 Gp(x,xp)

Accordingly, we get the existence of the limit

PY(tp > 1
L_ (3.9)
x—0 P*¥(tp > 1y)
We can also reuse the above arguments to get for all 7 > ¢y, the existence of
D
pl (xay) (310)

x>0 P¥(tp > 19)

Of course, (3.9) and (3.10) give the existence of n; o(y) forallz > 0.
The Eq. (1.8) follows from Eq. (3.6), and the Eq. (1.9) follows from the Chapman—
Kolmogorov equations and the dominated convergence theorem (see [19, (27)]):

) = lim/m Dz )dz—/ (2)pP(z, y)dz
nl+S,Q y _x—>Q D]P)x(fD>l)pS ay - D’?t,Q py ay .

The fact that 7 and ™ exist follows from the existence of 1 and from Lemma 3.3. The
continuity of n follows from (1.8), (1.9), continuity of ptD (x, y), and the dominated
convergence theorem. O

Corollary 3.4 The functions (t,y) > 0 y(x), 77,y (x), nff)y(x) are continuous on
0, o0) x Bfor all x € D.

@ Springer



Caloric functions and boundary regularity...

Proof Fix x € D. By Theorem 1.1 and the fact that ptD(x, y) and PY(zp > 1)
are continuous for (¢, y) € (0, 00) x D, and separated from 0O in sufficiently small
neighborhood of any point (¢, y), it suffices to verify that for any sequence ((,, y,)) C
(0, 00) x D such that (¢,, y,) — (¢, Q) € (0, 00) x 3D, we have

pP(x. yn)

A B (ep = 1) o) (3.11)

Furthermore, by Theorem 1.1, in order to obtain (3.11) it suffices to prove that for any
t > 0 there exists a modulus of continuity @ independent of y such that

D _ D
ProeC ) =P V| ) (3.12)
Py(tp > 1)
By Chapman—Kolmogorov, we have
‘p,’is(x,w —ptD(x,y)‘/ P2 @ y) = PP NP2 2)
Py(zp > 1) D\B(x,8p(x)/2) Py(zp > 1)
D D D
+/ lpi (z,y) — p; (x, y)Ipe (x,2) dz = I, + b,
B(x,8p(x)/2) PY(tp > 1)

Then by (2.6),

I < / pgD(x,z) dz < / Pe(x,2)dz < w(e).
D\B(x,8p(x)/2) D\B(x,3p(x)/2)

For I, we use the gradient bounds of Kulczycki and Ryznar [51, Theorem 1.1] and
(2.6):

L 5/ PP y) = PP NP2 2)
B(x,8p(x)/2) PY(zp > 1)
- / v — 2] IV P Co W) Lo B0 0)/2)) PP (x, 2)dz
B(x.5p(x)/2) PY(zp > 1)

1P o)L B(x.s 2
5/ x — g PG B dp ey D pD(x, 2) dz
B(x.5p(x)/2) PY(zp > 1)

<

Nf x — 21pP(x, 2) dz 5/ I — 2lpe(x, 2 dz < ().
B(x,6p(x)/2)

B(x.0p(x)/2)

Thus, I} + I < w(g), which ends the proof for 5. For 77 and n*°, we use Lemma 3.2
and (1.8). O

Here is a rough result on the behavior of 1, o(x) away from the singularity

at (0, Q).
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Lemma3.5 If QO € 90D then (s,x) +— ns,0(x) is locally bounded on ((0, 00) x
RH\{(0, Q)}. Furthermore, ift =0ory € 3D, but (t, y) # (0, Q), then ns,0(x) —
Oas (s, x) — (¢, ).

Proof By (2.6) and (2.4), we have

P(x, 23
Us,Q(x) = lim M S lim sup M

&P
D3g—0 PE(tp > 1) ~ poe g PE(p > Iy Ps & OF (e > )

- . sPE(tp > s)
5 |x _ QI d UIPX(TD > 5) l;n;sugm
36—

If [x — Q| > &, then 14 o (x) is bounded—it even converges to 0 as s — O—see
Lemma B.2. If s > ¢, then we use the approximate factorization of ptD and the fact
that P*(tp > s) —> O0asx — y € dD. O

Let us summarize estimates of n that follow from the estimates of the Dirichlet heat
kernel.

Corollary 3.6 If D is C1!, then

i 847 ()
—(1 A2 ,0), te0,1), xeD, e dD,
Mo (xX) ~ W( Vi )pt(x Q. re®.1). x Q (3.13)
e MISp(x)*/2, tefl,o0), xeD, QedD.
If D is Lipschitz, then
no(x) ~ e MPY(tp > 1), tell,00), xeD, QecdD, (3.14)
and
P*(zp > t)pi(x, Q)
.o (x) ~ , t€(,1), xeD, Q€dD. (3.15)
ne ® (A1 (Q))
Furthermore, there exist 0 < o1 < op < 1 such that
0 < .0 (%) <t 1e(, 1), xeD, QedD.  (3.16)

T P(p > 0pi(x, Q) T

Proof The estimate (3.13) follows from (2.7) and (2.9). By [49, Theorem 1.1] and
(2.6), PY(rp > 1) = ¢1(y), so (3.14) is a consequence of (2.8). It remains to prove
(3.15) and (3.16). By (2.6),

100 ~ P (tp > py(x, ©) lim — 2= D) (3.17)

y=0 PY(tp > 1)’
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By [19, Theorem 2] and (2.11),

Pap>n 1
]P)’(‘[D > 1) <1>(At1/Lv()’)).

By geometrical considerations, we can choose points A;1/« (y) converging to a point
in A1/« (Q). This proves (3.15). By (3.17) and Lemma B.2, we get the upper bound in
(3.16). The lower bound follows from (3.15) and [12, Lemma 3] with some o1 > 0.
Of course, we must have o1 < o7 in (3.16). O

A consequence of Theorem 1.1 is the Yaglom-type limit, obtained in the thesis of
the first author [4].

Theorem 3.7 Suppose that D is a bounded Lipschitz open set such that 0 € 3D and
D U {0} is star-shaped at 0. If x € D then for every Borel A € R,

. X X
lim P* <T €A ' <T> C D) = mO(A)a
t—00 /e /e 0<s<t

where PX(A1]|A2):=P* (A1 NA»)/P*(Ay) is the conditional probability and my(A):=
Lamio()dy.

Proof Letx € D, ¢ > 1,and let A C R be Borel. Then we have

Px ﬁ €A & cD)|= ]P)X(Xt € tl/aA’ (Xs)Ogsft C tl/aD)
e 1% ) o<yt P¥((Xg)o<s<: C t'/*D)

e Pt PG, ) dy
B f,l/aD P;tl/aD()C,y) dy
s 1=l pD =y ~Vay) gy

ftl/aDt_d/aplD(t_l/axat_l/O[Y)dy
_ fapPaox, y)dy
~ Jp PP Vex y)dy

= m;—1/a, (A),

where m -1/« is the measure defined in (3.5) above (note that t~1/%x € D). Therefore,
by Theorem 1.1, this probability approaches mg(A) as t — oo. O

4 Holder regularity

This section is devoted to proving Theorems 1.2 and 1.4. The proof of Theorem 1.4
uses a mix of the boundary Harnack principle and interior Holder regularity. Then
Theorem 1.2 follows by using the formulas of Sect. 3, which enable us to relate the
heat kernel regularity to the elliptic regularity.

Fix ng > 2 such that the reference points xo belongs to Dy 2.
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Lemma 4.1 There exists po = po(d, a, D) > 1 such that the family {(Gp(y,-)/Gp
(x0, ¥))? : y € D} is uniformly integrable in D for all p € [1, po).

Proof For y € Dy, we have a crude bound:
Gp(y,2)/Gp(xo.y) < C(d.a, D)y —2|*"*, zeD.
Considering the functions on the right-hand side, we see that py = d/(d — «) will do.
From now on assume that y € D\D,,. By (2.10), there exists C = C(d, a, D)

such that

Gp(y,2) <C ly — 27 D) D(Ay.))?
Gp(xo,y) ~  |xo— y|* ™ ®(x0)P(Ay )?

We immediately get that

Gp(y.2) < 'y — 7o (z)

Gp(xo,y) — (D(Ay,z)z.

By the Carleson estimate [48, Lemma 13], we further find that ®(z)/®(A, ;) <
C(d,a, D). If welet U = D3z/,y U (D\B(y, r9/32)), then it follows that

Gp(n2) _ |CW a, D)y —z*", zeU,
Gp(xo.y) ~ |C(d, e, D)|y — z|* 9@ (A, )", ze D\U.

The definition of Ay ; implies that for z € D\U there exists Q = Q(z) € 9D such
that y,z € B(Q,3r) and B(A, ,,kr) C DN B(Q, 6r). Using [12, Lemma 5], we
find that there exist C = C(d, o, D) and y = y(d, o, D) € (0, @) such that

q)(Ay,z) = C|Ay,z - Q(Z)P/ > Ck’r? > CKVIy _Z|y'

Therefore,

Gp(y,z - —y=
p(y.z) <CUy—zI"V|y—z*7", yeD\D,,zeD, (4.l
Gp(x0, )

so the statement of the lemma holds for all p € [1,d/(d — « + y)). We can take
po=d/d—a+y). o

The following lemma is a specific Carleson-type estimate.

Lemmad.2 Let 0 < r < dp(y), 1z —y| = 2r, and |v — y| < r. There exists
C =C(d, a, D) such that

Gp(z,v) < CGp(z, y).
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DN B(Q,36p(y))

RETARY
Ve !
AN /
N - - /
N z

~ -

Fig. 1 Illustration for Lemma 4.3. The boundary Harnack principle cannot be used to estimate increments
between y and y’ because of the singularity at z. Instead we show regularity in the smaller ball using
harmonicity in the larger ball

Proof Note that 2|z — v| > |z — y|. By (2.10), there is ¢ = ¢(d, «, D) such that

P(2)P(v) jo=d < pd—a P(2)P(v)

— |z —v < cC—— a—d
P(Az0)? D(Az)?

Gp(z,v) <c |z — ¥l

By elementary calculations, we find that 2r, , > r; . By [48, Lemma 13] we therefore

get (A ) > c(d, a, D)P (A, y). Furthermore, by [12, Lemma 4 and 5] we get
D) <c(d, o, D)P(y). This ends the proof. O

The next lemma can be viewed as a more concrete, quantified version of [23,
Lemma 8]. We give an interior-type Holder regularity for ratios of Green functions,
taking into account the singularity at the diagonal. The structure of the proof follows
the boundary regularity approach of [12, Lemma 16], but here the singularity can
occur between the boundary and the arguments of the function, see Fig. 1.

Lemma4.3 Let y € D and Q € aD satisfy |Q — y| = Sp(y). Assume that 7 €
D N B(Q,35p(y)) and let r = |z — y|/4, so that B(y,r) C D. Then there exist
constants C > 1, ko > 4,0 € (0, 1], and y € (0, o), depending only ond, o, D, such
that for every y' € B(y, 27K0r) we have
/ o
< C(M) r“—d—)’.
r

Proof Let ky > 4 (further constraints on kg stem from the proof) and let

Gp(y,z2) Gp(y',2)
Gp(xo,y) Gp(xo,y)

By = B(y, 2%, k=0,1,...,
Iy = By\Bk+1, k=0,1,..., TI_1 =D\ By,
u(y) =Gp(y,2), v(y)=Gp(xop,y).
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We will show that there exist ¢ = ¢(d, «, D) and ¢ = ¢(d, «, D) € (0, 1], such that
fork=0,1,...,

u kn. o U
sup— < (1 +c¢”)inf —. “4.2)
By V Br v

By virtue of (4.1), this implies the statement of the theorem.
In order to obtain (4.2), for —1 <[ < k we define

w (x) =B [u(Xep ) Xep € T 0p(x) = B [0(Xry )5 X € TI], x €RY,

and we will prove the following two claims.
Claim 1 There exist C = C(d,a, D) and ¢ = q(d,a, D) € (0, 1) such that for
—1<l<k—2andx € By,

w (x) < (@ ux),

v (x) < C@" "o,

We define the oscillation of function f as Oscq f =sup, f —infy f.

Claim2 Ler g(x) = ui+1(x)/v,1§+1(x). Then there is § = 8(d, o, D) such that
Oscp,., 8 <80scp, g.

Using Claim 1 with kq large enough (see [12, (5.23)—(5.25)] for details) and Claim
2 we may repeat the final part of the proof in [12, Lemma 16] to get (4.2)—we skip
those details.
We will now prove Claim 1 for u, the proof for v is identical. Firstlet 0 <[ < k — 2.
By Lemma 4.2,

uh(x) = f Gp(z. w) Py, (x, w) dw < cGp(z, Y)P* (Xr, € ).
1y

Furthermore, since k¥ > 1, Lemma 4.2 yields Gp(z, y) < ¢Gp(z, x). Therefore,
U (x) < cGp(z, Y)P* (X € T0)). (4.3)
Recall the explicit formula for the Poisson kernel of the ball—see, e.g., Landkof [54]:

P P Gl i —d B(0 B(0,r)°
B(O,r)(X,w)—Cd,aWM—W , xe€BO,r), we B(,r)".

4.4
Using the formula, we find that

P (X, € ) = / P (x, w) dw=cq o (r(2) 7% x / (w=yP=r@) ™)™ x—w|~ dw
I, I

L (r@@k)y TRy

_ = —kooyk—1—1
< Cd,am = cd,a(Z oa) .
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Coming back to (4.3) we get Claim 1 for0 <[ <k — 2.
Now, let/ = —1. Using (4.4), we get

|x — wlfd dw

. ((r(20)=)2 — |x — y|>)*/?
e =cdaD | G 2Ry Ry

< C(d. . D)((2"0)F)" Gz w) r w4 dw

|x —
D\B(y,r) (Jw — y|? = (r(2k0)=k)2)e/2
2ya/2

r? — |x — y|

<c(d,0)CWd,a, Q)(T““)"/ Gplz,w) x—w| 4 dw

—|
D\B(y,r) (Jw — y|? —r2)e/2

< &d, @)C(d, a, D)2~ o)k / Gp(z, w) Pp(y.r)(x, w) dw.
D\B(y,r)

Since G p(z, -) is harmonic in D\{z}, the last integral is equal to G p(z, x), which
yields Claim 1 for / = —1. Thus, Claim 1 is proved.

It remains to prove Claim 2, which we do now. Leta; = infp, g and ay = supyp, g.
Without any loss of generality we may assume a; # a,. Then, we let

We have 0 < g’ < 1, Oscp, ¢’ = 1, and Oscp,, g = Oscp,,, g Oscp, g. If

supg, ., g < %, then we are done, so assume otherwise. Note that

g (D —arviy, ()

¢ (x) = szm — gl(x)’ X € Biya.
Vi (X) 82(x)
By (4.4), we have
k
su su v
< P82 82 SPB Ykl _ oy ). (4.5)

N inkaH 82 inka+2 v]1§+1
Furthermore, since v,’c‘Jrl x) < supg, v < C(d,a,D)forall x € RY, we get
g1(x) = vi(")g'(x) < C(d,a, D), x € By.

If we extend g to be equal to 0 on R\ By, then g; is regular harmonic on By 1,
nonnegative and bounded. Therefore, by the Harnack inequality in an explicit scale
invariant formulation [14, Lemma 1]; see also Bass and Levin [8, Theorem 3.6] or
Grzywny [43],

SUPg,,, 81

< - <C(d,a,D). (4.6)
infp, ., g1
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By (4.5) and (4.6), we get

inf ¢ >C ?supg >1C2

Biei2 Bit2
Therefore,
Oscpy,, & <max(3,1-3CH =1-1c"2
which ends the proof of Claim 2, and thus the lemma is proved. O

Proof of Theorem 1.4 By Lemma 4.1, we can assume without loss of generality that
ly = y'| < 1/16.

We first consider the case 20 ly' — y|1/2 > §p(y), with kg from Lemma 4.3), and
let Q € 3D be such that |y — Q| = 8p(y). Note that y, y € B(Q, 2K+l |y — y/|1/2),
because |y — y'| > 1 implies |y — y'| < |y — y|'/2. We split the integral as follows:

)

By (4.1), there exist c = c¢(d, o, D) and y = y(d, o, D) € (0, @) such that

Gp(y,z2) Gp(y',2)
Gp(xo,y) Gp(xo,Y)

p
-, ) ~
DNB(Q,2%0%2|y—y'|1/2) D\B(Q, 26072 |y—y'|1/2)
“4.7)

/ Gp(y.2)  Gp(.2) P
DNB(0,2%0+2y—y 12y | Gp(x0,y)  Gp(xo,y)
G ,2) P G !, p
52,,/ ( p(y,2) ‘ p(y Z/) )dz
DpNB(0,2k0+2y—y1/2) \| G p(x0, ¥) Gp(xo,y")

<c |Z|P(Ol—y—d) dz

/B<o,2k0+2|yy/'/2>
= cC(d,a, p)ly — y/|(THPer =2,

In the second integral of (4.7) we use the boundary Harnack principle given in [13,
Lemma 3]: we let u(y) = Gp(y, z), v(y) = Gp(xo, y) and r = 2Kty — y/|1/2
there. By the Green function estimates (2.10) and arguments similar to the proof of
Lemma 4.1 we find that for z € D N (B(Q, 2ktko+3|y — y/|1/2)\ B(Q, 2kFTko+2|y —
Y'['/%)) we have u(A,(Q))/v(A(Q) < C(d, & D)(2"|y — y'['/%)*~7~4, for all
k € {0,1,..., No}, where Ny = [log,(diam(D)/2%0+2|y — y'|1/2)] and we define
u /v tobe 0 outside D. Therefore, by [13, Lemma 3], there exist c and o > 0 depending
only on d, «, D such that

Gp(y.2) Gp(y,2 |P

< cQ@fly = y'|'RpPeTr=dly —ylor
Gp(xo,y)  Gpl(xo,y)
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holds for all z € D N (B(Q, 2KTk0+3|y — y/|1/2)\ B(Q, 2ktk0+2|y — y/|1/2)). Hence,

Gp(y,2) Gp(y.2) |!

Gp(x0,y) Gp(xo,))

-/D\B(Q,Z'(UHI)'—)"I”Z)

N
_20:/ ‘ Gp(y.2)  Gp(y.,2) |’
=0 Dﬂ(B(Q,2k+k0+3|y7y/|]/2)\B(Q,2k+k0+2|y7y’|1/2)) GD(-XO, y) GD(XO, y/)

No
Sely =YY @y — | AHPETT DR y — 2
k=0
No
=cly = y|7P? Y " @kly =y 2ydrrlemr =D,
k=0

The last sum is comparable to diam(D)4+P@=¥=d g0 the proof is complete when
201y = y'1'2 = 8p(y).
Now assume that 2%0|y — y'|1/2 < §p(y). We split the integral as follows:

)

_ o
/DOB(y,zkow—y"ﬂ) DNB(y,2k0|y—y'['/2)NB(Q.,38p (y))¢

Gp(y,2) Gp(y.2) |’

Gp(x0,y) Gpl(xo,y')

(4.8)

+ / .
DNB(y,2%0|y—y'|1/2)NB(Q.38p ()

The first two integrals are handled as the ones in (4.7). In particular, in the second one
we can use the boundary Harnack principle. In the last integral on the right-hand side
of (4.8) we will apply Lemma 4.3. To this end, we split once more:

My

<
/DﬁB(kaO y=y1V5HeNB(Q,35p (V) ;) /DQB(Q&SD(y))ﬂ(B()’,ZHkO“ [y=y'[V\B(y, 2k ko |y —y/|1/2))
Mo
=)l
k=0

where Mo = [log,(38p(y)/(2%0|y —y'|1/?))]. We then use Lemma 4.3 with r = ry, =
2kotk)y — yr|1/2/4;

Ik < C(d, o, D)ly —y'|°P/? P ag
B(y, 2ktkotLy—y/|1/2)\ B(y, 280 y—y!|1/2)

< C(d,a,D)|y — y'|7Pl2QkFho|y — y|i/2yd=plamy=d) = — 0, ... My,
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since for |y — y'| < 1/16, we have |y — y'| < [y = y'|'?/4, 50y € B(y,27%r).
Therefore we get

My
Y L= CWd.a, D)y —y 1P Psp(y) ey,
k=0

which ends the proof. O

Proof of Theorem 1.2 Fix x € D and t € [T}, T»]. First, we investigate n™. By the
results of Sect.2.3,

2
pPx,y) = GpAS P pPx, y).

Furthermore, by Corollary 2.6, the function f(y) = A‘;/ ?pP(x, y) is bounded and the
bound does notdepend on x € D. Therefore, by Theorem 1.4, fory, y' € D\ B(xq, r),

PP, y)  pPx,y)

B Gp(y,z2) Gp(y',z)
Gp(xo,y) Gpl(xo,Y)

p|Gp(xo,y) Gp(xo0,Y)
H GD(y’ Gp(y',-)
Gp(xo,y) Gp(xo, ')

If(@)]dz

I flloo = Cly =¥'1°,

LY(D)

where the constants C, o depend only ond, o, D, T, T2, xo, and ry.

We now proceed to 7. Note that there exist x; € D and r = r(D) such that
B(x1,2r) C D. Without loss of generality, we can assume that |y — y'| < r/4. Then,
for any fixed y, y’, there exists x, such that B(xz,r/4) C D and y, y’ ¢ B(xz,r/4).
This means that Gp(x3, y), Gp(xz, y)<C, where C>1 depends only on d,a,
and D. We then split as follows:

pPx,y)  pP(x.y)
PP (x0.y) PP (x0, ¥)

‘ PP, y) Gp(xa,y)  pP(x,y) Gplxa,y)
Gp(x2,y) pl(xo. y) © Gp(x,y) P (x0, ")

_ pPGy) [Gplay)  Gp(aa.y)
~ Gp(xa, y) Pm b (x0. ) Pf(?(XO,y’)
Py pPey)
Gp(x2,y)  Gplx, »)|

(4.9)

PR (x0,y")

By using Lemma 3.2 and (2.6), we find that

pP@.y) _Pp>1 _ GpPPlrp(y)
Gp(x2,y) ~ Gp(xa,y) Gp(x2,y)

<Cd,a,D,T1,T2) <o0. (4.10)
By similar arguments,

D
PO0Y) i 6 DT T x0) > 0. 4.11)
Gp(xa,y)
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From (4.9), (4.10), (4.11), and the Holder regularity of n*° obtained above, we arrive
at

pP@.y)  pPay) | _
pE(x0.y)  pR(xo.y) |~

/l(T

Cly—y

’

with C and o depending on d, o, D, T, T2, xo.
The arguments for n are similar to the ones for 77, with no dependence on xg. The
proof is complete. O

5 Space-time stable processes and caloric functions

5.1 Preliminaries

Recall that (X;)s>0 is the isotropic a-stable Lévy process. Like for the space-time
Brownian motion [36], we define the space-time a-stable process as the following
Lévy process on R4+

Xi=(—s, X5), s>0.

Since X is a Lévy process, it has the strong Markov property. Many properties of the
space-time process are inherited from the «-stable process. Thus, for a (Borel) set
A C Rt we let

PO (X € A):=P((r — s, X5 +x) € A),
and for a (Borel) function f: R4t — R4, we have
ECOLf (X1 =ELf(t =5, X; + ).

It can be easily verified that the transition probability of X takes on the following form

Ps(t, x, du, dy) = ps(x,y)dy ® Sy—s(du), s >0, (t,x), (u,y) € R x RY.
The corresponding semigroup will be denoted by P. Let

1,2 dy _ dy . 2 d
C, ([0, 00) x RY) = {u € Cp([0, 00) x RY) : 9,u, Vyu, Diu € Cp([0, 00) x RY)},

with the norm [[uflc12 = [[ulloo + [10;ulloo + [ Vxttlloo + | Dl co-
Lemma 5.1 The pointwise generator of the semigroup of the space-time «-stable

process coincides with the fractional heat operator A*/*> — 8, for functions u €
Cr2 ([0 R4
» ([0, 00) x RY).
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Proof Let u € C,*([0, 00) x R?). For all (¢, x) € [0,00) x R? and 5 € (0, 1), we
have

l(ﬁsu(lv-x)_u(tv-x))z l/ / (u(r, y)_u(t’x))ﬁs(tsxsdysdr)
S S JRd [0,00)

1
_ —/ Wt — 5. ) — u(t. X)) ps(r, ) dy
S le

1
—/ (u(t =s,y) —u(t =s,x)ps(x, y)dy (5.1
S JRrd

+ %(u(t —s5,x) —u(t, x)). 5.2)

Clearly, (5.2) converges to —d;u(t, x) as s — 07, so it suffices to show that (5.1)
converges to Aﬁ/ 2u(t, x). To this end, we will prove that

1
" /Rd((u(t, y) —u(t,x)) — i —s,y) —u —s,x))ps(x,y)dy

convergestoQass — 07.Lete > Oandletd > Obe sosmall that p,(x, B(x, §)°) < .
Then we also have py(x, B(x, §)°) < ¢ fors’ € (0, s). By Lagrange’s mean value
theorem, we get

< 2¢ellullcrz.

1
*/ ((u(t,y) —u(t,x)) — (u —s,y) —ult —s,x))ps(x,y)dy
S JB(0,8)¢

By Taylor’s expansion, u(t — s,x) = u(t,x) — so;u(t,x) + o(s) as s — 0, and
similarly for y, so

1
- / (@, y) —u(,x) — @l —s,y) —u(t—s5,x)ps(x,y) dy)
B(0,8)

N

/ Guut, x) = dut, ) + 2 py e, v) dy‘
B(0,8) s

< Sllullcrz + o(l).
This ends the proof. O

In the next result we exhibit a space-time Poisson kernel for cylindrical domains.
As usual, for arbitrary (open) G C R x R4 , we let

1g:=inf{t > 0: X, ¢ G}.

Lemma 5.2 Recall that D C RY is a Lipschitz open set and let D = (r, 1) x D for
some (arbitrary) —oo < r < t. Then the distribution of X, —the first exit place of X
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from D—is given by the formula

P (X, € (ds, dy))
Ny ds @ TPt x, s, y)dy + 8- (ds) ® pPy(x, y)dy, r > —oc,
1(700,1‘)(‘5‘)61‘;®JD(ta-anay)dya r = —00,

where
JD(t,x,s,y):=/ pP (x,E)W(E, y)dE, s <t, xeD, ye D"
D

We call JL the lateral Poisson kernel.

Remark 5.3 For the cylinder D= (r: t) x D, if the process X starts at (¢, x) with some
x € D, then it immediately enters D, so T, > 0 almost surely, although (¢, x) ¢ D.
In the language of potential theory, the points on the fop of the cylinder are irregular.

Proofof Lemma 5.2 Let r > —oo. We have

PO (X, € (ds,dy)) = P (X, € (ds,dy), tp > tp) (-3)
+ PO (X, € (ds, dy), T = TD) G4
+ PO (X, € (ds,dy), Ty < ). (5.5)

Note that (5.3) vanishes, because P(t’x)(l'b > 1p) =0.
By the Ikeda—Watanabe formula (2.13), the term (5.4) is equal to

IP’(“‘)(X,D €A, ip<t—r,tpeds) =1, H(s)ds ® JD(t, x,s,y)dy.

In (5.5) we have Tp > 15 =t — r, so by the definition of the Dirichlet heat kernel,
this term is equal to

8i—r(ds) ® p2,(x,y),

see [32, Chapter 2]. The case of r = —oo is left to the reader. O

We see that J2 (¢, x, s, y) represents the scenario of X starting at (¢, x) and leaving
to (s, y), where, recall, x € D, y € D, and s < t. Another way to express the result
in Lemma 5.2, is as follows:

t
Btk = [ [ sPxsouedzds+ [ pP sty ay,
r ¢ D
(5.6)
whenever this integral makes sense, e.g., for nonnegative u. By analogy to the elliptic

equations, we call the right-hand side of (5.6) the Poisson integral, and the first term
on the right-hand side of (5.6)—the lateral Poisson integral.
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Remark 5.4 Another motivation for calling J D (t, x, s, z) the lateral Poisson kernel
comes from the fact that it is the nonlocal normal derivative of pP ., whereas pP
serves as the Green function for the fractional heat equation. Indeed, using the defini-
tion of the nonlocal normal derivative from [34]:

[3ﬁu](x)3=/ (u(y) —u@)v(x,y)dy, x¢€ D",
D
we see that for every z € D€,

dipl (x,)(2) = f pP x, yw(y, ) dy = JP(t,x,5,2), x € D.
D

5.2 Caloric functions

We define the caloric functions in terms of the mean value property. We stress that we
only consider finite nonnegative functions.

Definition 5.5 Let —oco < T1 < Tp < co. We say that u: (71, Tp) x R4 — [0, 00) 18
caloric in (Ty, T) x D, if the mean value property:

u(t,x) =E"9u(X,.), (t,x)e (T, Ty) x D, (5.7)

holds for every open set G CC (T, Tz) x D.

We say that u: [T, T2) X R4 — 0, o0) is caloric in [Ty, Tp) x D if (5.7) holds for
every open G CC [T, T») x D. If u is caloric in [T, T») x D and satisfies (5.7) for
G = (T1, Tz) x D, then we say that u is regular caloric. If u is caloric in [T}, T>) X D
and u = 0 on the parabolic boundary

DP:=({T1} x D) U (T, T2) x D°),

then we say that u is singular caloric.

Remark 5.6 (a) Our caloric functions are just harmonic functions of the space-time
isotropic stable Lévy process.

(b) We may also consider 77 = —oo or T» = 0o, where appropriate, in particular
when defining functions caloric on (7, T2) x D.

(c) The condition G CC [T}, Tz) x D allows G to touch {T1} x D. Caloricity in
[T1, T2) x D may be considered as a (new) relaxation of regular caloricity, localized
near the part {71} x D of the boundary of (77, T2) x D, see also Lemma 5.7. Both
notions are meant to facilitate discussion of boundary conditions (they generalize
to harmonic functions of other strong Markov processes).

(d) The caloricity in [T, T2) x D helps to handle initial conditions which are functions,
but also rules out some interesting cases, e.g., (f, y) > p,D (x, y). See also [23].
Remarkably, every (nonnegative) function caloric in (77, 72) x D has a certain
initial condition which is a measure, see Sect. 6.
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(e) A caloric function need not satisfy the fractional heat equation pointwise, due to
lack of time regularity. This can be seen using the counterexample given by Chang-
Lara and Davila [29, Section 2.4.1] for viscosity solutions. See also Remark 5.12
below.

Lemma 5.7 Regular caloricity implies caloricity in [Ty, T>) X D, which in turn implies
caloricity in (Ty, T>) x D. Furthermore, (5.7) only needs to be verified for cylinders
G.

Proof Assume that (5.7) holds for G. By the strong Markov property of X, (5.7) then
holds for every open G’ C G:

u(t, x) = E"u(Xyy) = BECVE 0 u(X ) = Eu(Xo,,).

This first two assertions follow immediately. To clarify the third one, note that every
open G’ cC [Ty, T») x D is contained in an open cylinder, relatively compact in
[T1, T») x D. Similarly for (71, T3) x D. O

We continue with several examples of caloric functions.
Example 5.8 For every fixed x € R4, the function (z, y) ptD (x, y) satisfies the
mean value property on every (¢, T) x D for0 < ¢ < T < oo, hence it is caloric in

(0, 00) x D.

Example 5.9 1f we let
Ni,0(x):=0, (£, x) € (=00, 0] x RY U (0, 00) x D¢, Q € 9D, (5.8)

then forevery fixed Q € 9D, the function (¢, x) — 1, o (x) iscaloricin (—o0, 00) x D.
Indeed, the mean value property in (e, T) x D, with0 < ¢ < T < 0o is a consequence
of (1.9). Then, by Lemma 3.5,

t
m,Q(x)—// JP(t,x,5,2)n5,0(z) dz ds
0 c

t
//JD(r,x,s,z)ns,Q(z)dzds,
7R UC

for any R > 0.
Example 5.10 If f: RY — [0, 0o) is a nonnegative measurable function and PID f(x)
is finite for all x € D, then (7, x) — Pth(x) is caloric in [0, c0) x D, with the usual

: D f.
convention Py f:=f.

The following class of functions is of particular interest for us. We will show in the
next section that it coincides with the class of all singular caloric functions.
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Lemma5.11 If u(dQds) is a locally finite nonnegative Borel measure on 0D X
[0, 00), then

/‘[o)t) faD Ni—r,0(x)u(dQdr), t>0, x € D,
0, elsewhere,

h(t,x)::{

is singular caloric in [0, 00) x D.

Proof By Lemma 3.5, h is finite for all # > 0 and x € D, and by (5.8), we have

/ / Uz—r,Q(x)M(deT)=/ / Mee0(OndQdT), =0, x €D,
[0,¢) JOD [0,00) JOD

Therefore, the mean value property for 4 follows from Fubini—Tonelli and caloricity
of n. O

Remark 5.12 We note that the viscosity solution considered in [29, Section 2.4.1],
although non-differentiable, is Lipschitz in time. The function n; ¢ is not even Lips-
chitz in ¢ because for r € (0, 1) and fixed x € D,

nr,0(x) _
1t

pPxy) Plp>0 _ px,0) | P@p>1
y=>QPY(tp >t)PY(rp > 1) ™ t y—=Q PY(tp > 1)

Py t
> |x — 0|4~ lim ("2 >1
y—>0 PY(tp > 1)

1
t

We see, indeed, that the last limit is comparable to ¢ ~'/2 if D is C!-! by (2.7). Further-
more, for Lipschitz D it also explodes as t — 0T because of the proof of Lemma B.2
and [12, Lemma 3].

Lemma5.13 Ifu is caloric in (Ty, To) x D for Ty < T, thenu € L}, ((Ty, T») x R?).

Proof The proof is similar to the one of [18, Lemma 4.5]. First note that for any fixed
x € D,r >0,and B = B(x, r), by (2.6) we have

JE(t, x,5,2) Z[Bpfg_s(x,y)V(y,z)dy%/Bpt—s(x,y)Py(tB >t —s)v(y,2)dy

zc/ pr—s(x,y)dy = C >0,
B(x,r/2)

with C depending only on r and R, where 6p5(z),t —s < R. Thus, JB(t, X,-, ) 18
locally bounded from below. Now, take two disjoint balls By, Bo € D, centered at
some points x1, xo € D respectively, and let 71 < f9p <t < T and R > 0. Since u is
nonnegative and caloric, for i = 1, 2 we get

! t
o0 > u(t,x) > / / u(s,z)JB"(t,x,s,z) dzds > C/ / u(s,z)dzds.
1o B 10 JBO.R)\B;
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Therefore u € L'((t, 1) x (B(0, R)\B;)) fori = 1,2. But ByN By = ¥, sou €
L'((to, 1) x B(0, R)). Since R can be chosen arbitrarily large, the proof is complete.
O

The following result shows that the so-called ancient solutions, i.e., functions caloric

in a time interval of the form (—oo, T'), can be conveniently studied by considering

only the lateral Poisson integrals.

Lemma 5.14 Ifu is caloricin (—oo, T) x D for some T € R, thenforallx ¢ U CC D
andt < T we have

1t
u(t, x) =E(t’x)[u(f(—oo,t)><U,Xt(,m.,)xu)] =/ / JY(t, x, 5, 2Duls, z) dz ds.
—00 c
5.9)

In particular, the integral on the right-hand side of (5.9) is finite.

Proof Let ¢, x, U be as in the statement. By the definition of caloricity, for v < ¢t we
have

t
u(t,X)=// JU(t,x,s,z)u(s,z)dzder/ pY G, yuv, y)dy.
v ¢ U

The first integral on the right-hand side increases to the right-hand side of (5.9) by the
monotone convergence theorem and the second integral decreases. It suffices to prove
that

vV—>—00

a:= lim PtU—u(x» Nu(v, y)dy =0.
U

To this end note that for every v < ¢,

/Up,U_v(x, Vu, y)dy = a.

Let n > 0 be so large that U CC D, (see (2.1)). Recall that A{(V) is the first
eigenvalue of the Dirichlet fractional Laplacian for an open set V. We claim that

M(Dy) < A (U). (5.10)

A weak inequality is well known as the domain monotonicity. In order to prove the
strict inequality, assume without loss of generality that 0 € U. Then there exists g > 1
such that qU CC Dy, so, by domain monotonicity, A{(D,,) < A1(qU) = g~ *1(U),
which yields (5.10).
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By (2.9), (2.8), and the fact that each eigenfunction is bounded from above and
bounded from below away from the boundary, for s <, s — —o0, we get

00 > u(t, x) Z/ u(s,y)pf)_'k(x,y)dyZ/ u(s, y)p (e, y) dy
Dy U

%f u(s, y)e= P9 gy
U

_ oD ) =5) /

u(s, y)e_)”'(U)(l_S) dy
U

26(—A1<Dn>+A1<U))<z—s)/ u(s, y)pl s (x, y) dy.
U

By (5.10), we must have a = 0. O

5.3 Caloric functions are continuous
This subsection is devoted to proving that caloric functions are continuous, hence
locally bounded.

The proof is based on certain estimates for the kernel J D which may be of inde-
pendent interest. Let us note in passing that bounded caloric functions are known to
be locally Holder continuous [31, Theorem 4.14].

Proposition 5.15 Assume that u is a nonnegative caloric function in (Ty, T1) x D for
some Ty < Ty. Then, u is continuous and locally bounded therein.

We fix arbitrary (to, xo) € (To, T1) x D, r € (0, p(xp)/2), and let B, = B(xo, p)
for p > 0. We first establish some basic facts about the lateral Poisson kernel. With a
slight conflict of notation, we introduce the Euclidean distance between A, B C R4,

d(A, B):=inf{|b —a|: a € A, b € B}.
Lemma 5.16 Let D be a Lipschitz open set, U CC D, and 0 < T < oo. Then,
JPt,x,5,2) ~ JP(t,x0,5,2), xeU, zeD, 0<t—s<T, (5.11)
and

JD(t,x,s,z)SJD(t/,x,s,z), xeU,zeD’ 0<t—s<t —s<T,
(5.12)

with the comparability constants depending only ond, o, D, d(U, D°), and T.
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Proof Let U’ be such that U CcC U’ CC D. We pick U’ so that the constants below
depend only on D and U, e.g., by assuming d(U, D¢)/2 > d(U’, D) > d(U, D*)/3.
We first prove (5.11). By (2.6),

JD(t,x,S,z)=/DPZD_s(x,y)v(y,z)dy
~P'(tp >t — S)f Pi—s(x, P (1p >t —$)v(y, 2) dy
D

~PYO(tp >t —s)(f +f )pz_x(x, WP (tp >t —s)v(y, 2) dy,
D\U’ U’
(5.13)

with constants depending on d, a, D, d(U, D), and T. For y € D \ U’, we have
l[x — y| = |xo — yl, so by (2.4),

/ Pi—s(x, WPV (tp >t —s)v(y,2)dy
D\U’

%/ Pi—s(x0, V)P (tp >t —s)v(y, z) dy.
D\U’

Fory e U',P’(tp >t —s) =~ 1 and v(y, z) & v(x, z). Using this and the fact that
U cc U’, we find that

/ Pi—s(x, VP (tp >t —s)v(y,2)dy ~ V(xo,z)/ Pi—s(x, y)dy
U/ U/
R V(XO,Z)/ Di—s(x0,y) dy
U/

%/ Pi—s(x0, VP (tp >t — s)v(y, 2) dy.
U/

Coming back to (5.13), we obtain (5.11). We now proceed to proving (5.12). We split
in a similar way:

JP(t,x,s,2) = </ +/ )p,DS(x,y)V(y,z)dy-
v’ D\U'

By Lemma B.1,

f P,D_s(x,y)V(y,Z)d)’S/ Pl »v(y, 2) dy.
D\U’ D\U’
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For the integral over U’ we use (2.6):

/U, PR G, (v, 2) dy
NV(xo,z)/ pP . (x,y)dy
U/

~ v(xo,z)/ Pi—s(x, P (tp > 1t — )P’ (tp > 1 —5)dy.
U/

Forw € U and 0 <t —s < T, we have P¥(zp > ¢t —s) ~ | and by (2.4),
fU, pr—s(x, y)dy ~ 1, with comparability constants depending only on T, U’, and
D. Tt follows that

v(x0, z)/ Pi—s(x, VP (tp >t — )P (tp >t —s)dy
U/
~ v(xo, z)/ pr—s(x, P (tp > t' —)PY(tp > 1’ —s5)dy
U/

R / pf?,s(x, v (y, 2)dy,
U/

which ends the proof. O

Proof of Proposition 5.15 We will show continuity at the fixed point (9, xo). Let x €
By, t1 € (To, tp) and t € (t1, T1), sothat Ty <t <t < Tp. We have

t
u(t,x) = / u(ty, y)ptBjt1 (x,y)dy +/ / u(t,2)J B (1, x, 7, 7) dz dr,
B, t1 J B,

10
u(to,xo)zf u(tl,y)Pg’—n(xo,y)der/ /u(r,z)JB’(to,xo,r,z)dzdr.
B, 1 B,

Since u is nonnegative and caloric, all integrals above are finite. For (¢, x) sufficiently
close to (ty, xg), we have ptBj,] (x,y) ~ ptle 1 (X0, ) uniformly in y. Therefore, by
the dominated convergence theorem,

/ u(ty, y)pr, (e, yydy  — u(ty, y)pfji,l (x0, y) dy.
B,

(t.x)—>(10.x0) J B,

Therefore it remains to show that

t 0]
/ / u(t,)JIB(t,x,1,2)dzdt  —> / / u(t, 2)J 8 (19, x0, 7, 2) dz dt.
51 B, 141 r

(#,x)— (t0,x0)
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Assume that t > #y (we skip the other case, as it is similar). Then,

t to
’/ / u(r,z)JB*(t,x,r,z)dzdr—/ /u(t,z)JB’(to,xo,r,z)dzdr
t1 J By t JB,
0]
5‘/"/ u (e, DI (1, x. 7, 2) — TP (10, %0, 7. 2)| dz d
1 r

t
+//M(T,Z)JB’(t,x,r,z)dzdr::Il+12.
to J By

ByLemma5.16, we have JBr(t,x,1,2) < JBr(tg+e, xo, T, 7) forty <t <t < 1p+e,
X € B2, and z € By. Therefore by the dominated convergence theorem, /o — 0.
Furthermore, by the properties of ptB " and the dominated convergence theorem, it is

easy to see that JBr(., ., t,7)is continuous on (z, 00) x B, forall t € Rand z € D°.
Therefore, using the bounds of Lemma 5.16 and the dominated convergence theorem
once again, we find that /1 — 0 as well. This ends the proof. O
6 Representation of caloric functions in Lipschitz open sets

We first discuss the representation for functions caloric on [0, T) x D, where the

meaning of the initial condition is clearer. We then use this case to resolve the situation
of functions caloric in (0, T) x D.

6.1 Functions caloric up to time 0
Lemma 6.1 Assume that u is a nonnegative caloric function in D: =0, T) x D. Then

there exists a unique decomposition u = r + s, where r is regular caloric in D and s
in singular caloric in D.

Proof Lett < T. Since u has the mean value property in every D, = (0, ) x D,, (see
(2.1)), we have

w(t, x) = BCOu(Xey ) = in(t,0) + 1a (8, %) + 5, (1, %),
where

in(t,x) = ECVu(Xe, )5 tp, > 1],
L(t, x) = E(t’x)[u(j(rbn); Tp, <1, Tp, = Tpl,

sp(t, x) = E("x)[u(f(,bn); Tp, <1, Tp, < Tp].
We let n — oo. By the monotone convergence, we get
in(t,0) = BV (X ; tp, > 1) AECIuX)s tp > 1] =it ),
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and by [12, (5.40)],
L(t,x) = ECOu(Xe,); tp <1, wp, = 1] /B u(Xey); o < 11 =:1(1, %),

the limits being finite because all i,,, [, and s,, are nonnegative. So, s, (¢, x) converges
to some s(z, x). Since r(t, x):=i(t, x) + I(t, x) = E(’*X)M(XTD), r is regular caloric.
By inspecting the definition of s,,, we find that s is singular caloric: indeed, if X, starts
from x € D¢, then the event tp, < tp has probability 0, so s, (f, x) = 0 for x € D€,
and if X starts from (0,x), x € D, then 5,(0, x) = 0 because tp, > 0.

Assume that there is another decomposition u = r’ + s'. Since s’ = s = 0 on D?,
we have that 7 — 7 = 0 on D? as well and therefore r — ' = 0 in D, because r — 7/
is regular caloric on D. O

We next give an integral representation for the singular caloric part, with the use of
the parabolic Martin kernel. We first prove the following technical result.

Lemmaé6.2 Let x € D and 0 < ¢ < T be fixed. Then there exists a modulus of
continuity o, independent of y and t € e, T, such that for n large we have

p Gy pPy)
PY(zp, > 1) PY@p>1)|~

w(l> ye D, teleT] 6.1)
n

Proof First note that the expression on the left-hand side of (6.1) converges to
0 as n — oo for every fixed y € D (the expression is considered only when
1/n < 8p(y)). In order to get (6.1) we will show that the convergence is uni-
form by using the Arzela—Ascoli theorem. Indeed, by Theorem 1.2, we find that
D,>yr> ptD "(x,y)/P¥(trp, > 1) are uniformly Holder continuous for n large and
t € [, T]. Furthermore, it is well-known that a Holder continuous function in D,, can
be extended to a function on D with the same Holder regularity, see, e.g., Banach [5,
IV (7.5)]. If we denote the corresponding extensions by f;,, then by the Arzela—Ascoli
theorem, we find that

D
Py (x,y) l
fat,y) By 1) 1)‘ < w<n> yeD, teleT].

In particular, (6.1) follows. O

Theorem 6.3 Assume that u is singular caloric in [0, T) X D. Then there exists a
nonnegative Borel measure p on 0D x [0, T) such that representation (1.2) holds.
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Proof Let D, be as in Lemma 6.1 and let N be large enough, so that x, xo € Dy.
Since u is singular caloric, for natural n > N we have

u(t, x) =E"O[u(Xe ) T, <1,Xr,, € D\ Dy

=/ f u(s,z)/ P (x, yv(y, 2) dy dz ds
D\D,

/ / p[ 5 (%, Y) PY(tp, > Du(s, 2)v(y,z)dzdyds.
PY(tp, > 1) (tp, > 1) Jp\p,

We define

Un(dy ds) :/ PY(zp, > Du(s, 2)v(y, z) dzdyds.
D\D,

Note that by (2.6), if we fix 6 > 0, then we have P? (tp, > 1) < p2, (xo, y) uniformly
in s € (0, ¢). Therefore, since u is caloric, for 6 sufficiently small we have

t t
f / pn(dyds) S f / / pfl”g_x(m, Vu(s, 2)v(y, z)dzdyds < u(xo, t +6),
0 Jre 0 JrR? JD\D,

which means that the masses of 1, are uniformly bounded. With this notation we have

Dll
DX y)
u(t,x) = / / Py(TD,, - Un(dyds).

The goal is then to show that the right-hand side converges to the right-hand side of
(1.2). To this end we will isolate small times and look separately at Dy and D\ Dy.
Note that all u, are supported in D x [0, T'], so the sequence (u,) is tight and
we can extract a subsequence [, converging weakly to p. Furthermore, for every
UccDand0 <t < T, wehave that u, (U x [0,t]) - 0asn — 00, so /,L|5X[O’T)
must be concentrated on 9D x [0, T').
Since for y € Dy we have p,D (x,y) ~ p, s(x,y) forn > N + 1, we find that

. Pt s(x y)
1 un(dyd
1»“30/ /DNIP>(rD yHn(dy ds)

< lim / / u(s,z)/ pt[ls(x,y)v(y,z)dydzds =0. (6.2)
D\Dn DN

n—oo 0

We will now show that there exists a modulus of continuity » independent of n such
that

P (x, y)
f /Py(rn . wn(dy ds) < w(e). (6.3)
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To this end we will show that the left-hand side converges to 0 as € — 07 for each
n > N, and that it is nonincreasing with respect to n for each (small) €. By the
definition of w, and the fact that u is caloric,

/ / pz s ( y) n(dy ds) = / / JD"(t x,s8,2u(s,z)dzds
IP)‘(TD > D\Dn

=u(t,x)—/ PP (x, yyu(t — €, y)dy.

Dy

The last expression converges to 0 for e — 07 for all fixed n, because u is continuous
in both variables, and it is nonincreasing with respect to n because of the domain
monotonicity. This proves (6.3).

Note also that the right-hand side of (1.2) is finite because p is a finite measure and
15,0 (x) is bounded in s and Q for fixed x. Therefore,

lim/ / Ni—s,0(X)(dQ ds) = 0. (6.4)
lt—e.t) JoaD

e—0t

By (6.2), (6.3), and (6.4), for any é > O there exist € (small) and Ny (large) such that
forn > Ny,

IPI:}I; >yi> un(dy ds) = /lo , / s, 0 (A Q ds)
Mt “)f s 0(ORQds)| + /tEfD\DN P’jf(t;n )y
. P’,’ e dyd)
h D\D P{)t(r;(n yi) un(dy ds) = /[OJ_E) faD Ni—s.0()u(dQ ds)
= - D\Dy Ply)r(;;)i yi) Ha(dy ds) = /[O,I_E) /(;D Ni—s,0(X)u(d Q ds)|.

Furthermore, if Ny is large enough, then by Lemma 6.2,

p, " (X, y)
p\py P¥(zp, > 1)

e pt s(x y) / /
Mn(dy ds) — —s dQds)|.
/ /D\DN PY(zp > 1) (dyds) 0.1-c1 Jap Ni—s,0(X)(d Q ds)

By Lemma C.1, u, - 1px(0.1—e] = #1px[0.1—e] Weakly. By Corollary 3.4, (s, y) —

D J—
% isin C([0, t — €] x D). So, the last expression is smaller than 26 for n large

enough, which ends the proof. O

pn(dy ds) — / / Mies.0(OR(dQ ds)
[0,—€] JOD

<dé+
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Theorem 6.4 The measure i1 obtained in Theorem 6.3 is unique.

Proof Following [12, 23], we start by showing that the measures ,unQ corresponding

to n;, o converge to 8g ® 8 fort > 0, Q € dD. To this end, fix Q € 9D and let
1Ly, s) =P (tp, > 1)/ ns,0(2)v(y,2)dz, s>0, yeRe
D\D,

By Lemma 3.5, ,unQ((B(Q, €) x [0,€))¢) = 0asn — oo, for any ¢ > 0. So, u,
converges weakly to §p ® Jo.
Now, let u# be a singular caloric function and assume that

u(r,x)=/ /ntfs,g(xm(des).
[0,t) JOD

Let wy(y,s) = fD\Dn PY(rp > Du(s, z)v(y, z) dz. By Fubini—Tonelli,

bn(y. ) = / P'(tp > Du(y,2) / / Ny—r.0(D(dQ d) dz
D\D, [0,s) JaD
=f / ul(y.s —)udQdr).
[0,s) JOD

5

Let f € Cp(D x [0, T1). Then,

t
//f(y’s)ﬂn(y’s)dyds
0 JD
t
[ [ oo [ [ wfo.s-onaedndyas
0 JD [0,s) JOD

-t
Zf / / /f(y’s+f)unQ(y,S)dydw(der).
[0,1) JOD JO D
0

Since u,; == &g ® dp, the above integral with respect to dy ds converges to
f(Q, t). Therefore, by the dominated convergence theorem,

t
/ / FO ) un(y, s)dyds —> / F(Q,9)u(dQds),
0 JD =00 Jio,r) JoD
which means that u,, — u - 15)([0’0. Thus, w is uniquely determined by u. O

6.2 Functions caloricon (0, T) x D
Theorem 6.5 Assume that u is caloric on (0, T) x D and let g = u|pc. Then there

exist unique bounded nonnegative measures (L on [0, T) x d D and j1o on D such that
forall0 <t < T and x € D, (1.3) holds.
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Proof By the results of the previous subsection, there is a nonnegative measure (1 on
dD x (0, T)suchthatforall0 <e <t <Tandx € D,

u(t,x) =P u(e, )(x) +/ / Ni—s,0(x) n(dQ ds)
[e,t) JOD

t
+// g(s,2)JP (1, x, s, 2)dz ds.
e D¢

By nonnegativity and the monotone convergence theorem, the last two integrals
increase and converge as ¢ — 07, so that

u(t,x) = hm PP u(e, ) (x) + / Ni—s.0(x) n(dQ ds)
0,1)

/ / g(s,2)JP(t,x,5,2)dz ds,

where the remaining limit exists and the expression under it decreases. Since
ptD_S(x, y) & p, D(x,y) and D; D(x,.)~ 1forany U CC D we find that u(e, -) have
bounded integral on U. Therefore, by the Prokhorov theorem, there is a sequence (&)
such that u(e,, -) converge weakly on compact subsets of D to a measure pg, locally
finite on D. Furthermore, we have

D
PPu(e, ) (x) = /D p2 . (x, yu(e, y)dy =f P 2o ) PY(tp > Du(e, y)dy.

p PY(tp > 1)

D D
Since g{z;g;yl)) ~ ]P,f.’(r(;c’;vi) ~ 1 we find that the functions y — PY(tp > Du(e, y)

have bounded mass. By Prokhorov theorem, we can infer without loss of generality
that PY(tp > Du(e,, y) converge weakly to a finite measure ;£ on D. We have
w(dy) =PY(tp > Duo(dy) on D. By (3.12),

D
) / pete) PY(zp > Du(e, y)dy _/ D) Gy
Py(l'[)

e—0+ Jp 1) D PY(tp > 1)

=f p,D(x,y)Mo(dy)+f N.o(x) L(dQ).
D oD

We end the proof by defining « on 9D x [0, T) as ulypx 0,7y + 1L ® 8o(dr). O

Appendix A: Weak and classical formulations for caloric functions

The following result seems to be well-known, but we were unable to locate a proof.
The arguments are very similar to the case of the Laplacian discussed by Hunt [46].
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Lemma A.1 For any x € D the function (t,y) — p, D(x, y) is a classical solution to
the fractional heat equation with the Dirichlet condition:

_ AY/2y D _
{(a, A pP(x,y)=0 t >0, yeD, A

pPx,y) =0 t>0, ye D"

It is also a weak solution in the sense that for ¢ € C2°([0, 00) x R and 0 < t; <
1y < 00 we have

%)
/ /D @ + A%t y)pP (x. y) dy di = /D b1 V)PP (x. y) dy
1
—fl)qs(n,y)p,’f(x,y)dy.

Proof By definition, the exterior condition is satisfied, so it suffices to verify that
3, — A%/?) ptD (x,y) = 0. To this end we will differentiate the Hunt formula. Using
the subordination and Fourier inversion formulas (see, e.g., Bogdan and Jakubowski
[22, Lemma 5]) it is easy to see that p; is smooth in x for # > 0 and pr, (x,y)is
bounded whenever |x — y| is separated from O for any 8 € Np. Note that this is the
case for | X, — y|. Therefore, for fixed (¢, y), by the dominated convergence theorem
we find

WpP(x.y) =0 pi(x,y) = 0P [pr—rp(Xep. y): Tp < 1]
=P pi(x. y) =B [0F preepy (X, )5 T < 11,

Furthermore,
||P;D(xa MNe2By,5p0)/2) < 00 (6.2)

hence Ay pt D(x, y) is well defined for (¢, y) € D x (0, 0o) and we have

2 a/2 2
AP pP(x,y) = AV pi(x, y) = AR [py 1y (Xep, ¥) 5 TD < 1.

We can also interchange Ag/ 2 with the expectation. The easiest way to see that is by
using Fubini—Tonelli, (6.2) and the Taylor expansion in the following (symmetrized)
representation of the fractional Laplacian:

A u(x) = /Rd(u(x +¥) = 2u(x) + ulx — y)v(y)dy.

Thus, we obtain

ot/2 D ot/2

2
AV py (x,y)=A§‘/ pi(x,y) —E'[AY pi—opy(Xzp, ¥) 5 TD < 1]
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We now compute the time derivative. Note that 9; p,(x, y) exists and is equal to
A‘;/ 2 p:(x, y), soitis bounded for |x — y| separated from 0. We have

dpP (e, y) = pi(x,y) = HE [pr—rp(Xep, ¥); T < 1],

provided the last expression exists, which we now prove. Without loss of generality,
let & > 0. We have

1
Z[Ex[pt-'rh—‘[[_)(xfl)v y)v p < t+h] _]Ex[pl—‘L’D(XTDv y)1 p < t]]

1
= ElEx[th_fD (Xep, ¥) = Pi—p (Xep, ¥); D < 1]

1
+ ﬁ]Ex[pt+hftD(XrD7 y);t<tp<t+h].

By the dominated convergence theorem, we get that
R
hlin(}+ G Prn—rp (Xep. ¥) = Przp (Xep. ¥) 5 ™D < 1]
= E*[0; pr—1p (Xcp, ¥): ™D < 1].

Furthermore, by (2.4),

1
ZE’C[th_m(Xw, y):t<tp<t+h]<CP(pelt t+h)),

and the last expression converges to 0 by the dominated convergence theorem. There-
fore we get

0p (6, y) = 0 pr(x, y) = B [0 prrp (Xep, 3)3 T < 1]
2 2 2
=AY pix, y) = B A prey (X, )5 70 < 1] = AY2pP (x, 1),
SO ptD is a classical solution to the fractional heat equation (A.1). It is also a weak

solution, as follows from integration by parts and the fact that the support of the test
function ¢ is separated from o D. O

Appendix B: Almost-increasingness

The following result is used in the proof of Lemma 5.16.

LemmaB.1 ForopenU CC U’ CC DandT > 0, there exists C = C(d,a, D, U, d
(U, (U, T) such that

pPx,y) <CpPx,y), xeU, yeD\U', 0<s<t<T.
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The proof (given below) relies on approximate factorization of p” and the next
lemma on the survival probability PY(tp > s). Of course, the latter is nonincreasing
in s € (0, 0o0). The following relative upper bound is a partial converse and may be
independent interest.

LemmaB.2 Let T > 0. There exists C = C(d,a, D, T) and o € (0, 1) such that

PY(tp > s) s
— < C
1

—0
- , D, 0 t<T. B.1
P (ip > 1) ~ ) y € <s<t< (B.1)

Proof By [19, Remark 3] and scaling, PY(tp > t;) =~ PY(rp > 1), uniformly in
y € D and t1, t in each compact subset of (0, 00). Therefore we may assume that
s and ¢ in (B.1) are small. Then we can also assume that y is close to the boundary,
otherwise the terms on the left-hand side of (B.1) are bounded from below by the
survival probability of a sufficiently small ball (and above by 1). In this setting, recalling
the notation of Sect.2.1, by [19, Theorem 2] and [48, Lemma 17] we get

PY(rp >s) BNty (A1)
PY(tp > 1)  EAVOr,  O(Apu(y)

(6.2)

uniformly for the considered point y and times s, ¢.

Let Q € D be closest to y. To estimate the rightmost ratio in (6.2), we consider
three geometric situations:
Case 1. If y € A;1/e(y) N A0 (), then we can take A0 (y) = A (y) = v,
proving (B.1).
Case2.If y € A/ (y), buty ¢ A1/a(y), then kst <8p(y) =y — Q| < ktl/®,
SO

|A /e (9) — Ajsa (@) < 1Aj1a(3) — Y[+ 1y — Q1+ 10 — Aj(Q)] < 2+ 1)1/,

By definition, §p(A;1/«(¥)) A dp(A1(Q)) > «t'/% . Therefore, by the Harnack
inequality [14, Lemma 1], we find that ®(A,1/«(y)) =~ P (A;1/«(Q)).

On the other hand, since x < 1/2, we have y € As,(y)/«(Q). In particular, we can
take A i/a (¥) = Asp(y)/x (Q) = y. Then, by [12, Lemma 5], we get

(b(Atl/Ot(y)) ~ (D(Atl/a(Q)) < ( /e )y B (S)_y/a’

DA (y)  D(Asy/(Q) ~ \8p(y)/ t

where y = y(d, @, D) € (0, «). This ends the proof in this case.

Case 3. If y ¢ A,i/a(y) U Aje(y), then 8p(y) < ks'/® < «t'/%. By the same
argument as in the previous case, ®(A;10(y)) ~ P(A;1/.(Q)), P(Agia(y)) =
P (A 1/2(Q)), and

PA)  PA1=(Q) _ (f)_y/a
DA (y))  P(Ae(Q) T\t )
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The proof is complete. O

Let us explain why (B.1) is a partial converse to nonincreasingness of the survival
probability. We may interpret (B.1) as weak lower scaling (with exponent —o ') near
s = 0 of the survival probability f(s):=P*(rp > s), uniform in x € D. Such scaling
is defined as almost-increasingness f(s)/s~% < Cf(t)/t~° for (bounded arguments)
0 < s <t;see,e.g., [20].

Proof of Lemma B.1 We use (2.6):
PP, y) =P (tp > ) ps(x, )P (1p > ).

Sincex € U CcC D, wehave P*(tp > 5) < P*(rp > t) because the latter quantity is
bounded from below by a constant depending only on U, d, «, D, and T'. Furthermore,
since y € D\U’, by (2.4) we have py(x, y) ~ s. Therefore the statement of the lemma
follows from Lemma B.2. O

Appendix C: No mass concentration forward in time

Let u, be the sequence of measures converging to u constructed in the proof of
Theorem 6.3. We will show that w,, - 19,/]x p do not accumulate mass at time . Here
is the precise formulation.

LemmaC.1 LetO <t < T andlet f € C([0, t] x D). Then

t
lim / / (52 Wy ds) = / / (s Qu(dQ ds).
n—o0 Jo Jp [0,6) JaD

Proof Tt suffices to show that

t
lim lim supf / un(dyds) =0. (6.3)
e—>0" nsoo Jr—eJD

Fix0 € (0,7 —¢t) and x € D. By (2.6) we have

t t
/ /u,,(dyds):/ / f u(z, s)P’(tp, > Hv(y,z)dydzds
t—e JD t—e D\Dn n
t
%/ / u(z,s)/ pﬁ“g,s(x,Y)V(y,z)dydzds
t—e J D\D, D,

t
:/ / u(z,s)JD”(t+9,x,s,z)dzds.
t—e JD\D,
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Note that

t
/ / u(z, )JPm(t +6,x,s,2)dzds
t—e JD\D,

t+0

:u(t+9,X)_/ [ u(z, It +6,x,5,2)dzds — Py u(t — ) (x)
1 D\Dn

=P u(t)(x) — P u(t — &) (x)

=P (u(t) — PPru(r — &) (x).

We note that by the caloricity of u, the monotone convergence theorem, and the fact
that p,"* / ptD pointwise, we have PTD"u(t)(y) S PTDu(t)(y) <u(t+t,y) < oo,
for T = 6, ¢. Furthermore, we have 0 < u(¢, y) — PgD”u(t —&)(y) < u(t,y) for all

y € D, so by the dominated convergence theorem,

lim P (t) = PPut = £))(0) = PP (w(t) = PPu(t = ))(x).

Now, it suffices to show that u(t) — PSD u(t — ¢) converges to 0 pointwise in D. To
this end, we let y € D and take n such that y € D,,. Then,

u(t,y) — PPut —&)(y) < u(t,y) — PPrut — &) (y)

t
=// u(s,z)JP(t,y, s, z)dzds,
t—e JD\D,

and the last expression converges to 0 as ¢ — 07 by the dominated convergence
theorem. This proves (6.3). O
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