Mathematische Annalen

https://doi.org/10.1007/500208-024-02884-y Mathematische Annalen
q

Check for
updates

LP bounds for Stein’s spherical maximal operators

Naijia Liu' - Minxing Shen' . Liang Song’ - Lixin Yan'

Received: 24 August 2023 / Revised: 17 April 2024 / Accepted: 18 April 2024
© The Author(s), under exclusive licence to Springer-Verlag GmbH Germany, part of Springer Nature 2024,
corrected publication 2024

Abstract
Let 91* be the spherical maximal operators of complex order o on R”. In this article
we show that when n > 2, suppose

19 fllLr sy < CllfllLe@ey
holds for some « and p > 2, then we must have that Reow > max{l/p — (n —
1)/2, —(n — 1)/p}. In particular, when n = 2, we prove that |9 f||»pr2) <

CllfllLr w2y if Rea > max{1/p — 1/2, —1/p}, and consequently the range of « is
sharp in the sense that the estimate fails for Re ¢« < max{1/p — 1/2, —1/p}.

Mathematics Subject Classification 42B25 - 42B20 - 35105

1 Introduction

In 1976 Stein [19] introduced the spherical maximal means 90 f(x) = sup,.
|9 f (x)| of (complex) order o, where

o _ 1 2 a—1
WSO = o | (1= DP) e =y, (1.1)

These means are defined a priori only for Re @ > 0, but the definition can be extended
to all complex « by analytic continuation. In the case o = 1, 9% corresponds to the
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Hardy-Littlewood maximal operator and in the case @ = 0, one recovers the spherical
maximal means 91 f (x) = sup,. ¢ |9, f (x)| in which

M, f(x) = cn/ - mde(), (0 € R X RY, (12)
Sn—

where ¢, is a constant depending only on n, S"~! denotes the standard unit sphere in
R” and do is the induced Lebesgue measure on the unit sphere S*~!. In [19, Theorem
2], Stein showed that

19 fllLr ey < CllLfllLe@n) (1.3)
in the following circumstances:

Reoz>1—n—i—2 when 1 < p <2; (1.4)
p

or

2_
Rea > =" when2 < p < oo. (1.5)
p

The above maximal theorem tells us that when @ = 0 and n > 3, the maximal operator
M is bounded on L? (R") for the range of p > n/(n — 1). This range of p is sharp, as
has been pointed out in [19, 21], no such result can hold for p < n/(n — 1) if n > 2.

Some 10 years passed before Bourgain [1] finally proved that the maximal operator
91 is bounded on L? (R?) for p > 2. Bourgain’s theorem says that there exists €(p) >
0 such that

19 fllr@w2y < Clfllrg2), Rea > —e(p), 2 < p <oo. (1.6)

This result cannot hold even for « = 0 when p = 2, see [19]. An alternative proof of
Bourgain’s result was subsequently found by Mockenhaupt, Seeger and Sogge [11],
who used a local smoothing estimate for the solutions of the wave operator. In 2017,
Miao, Yang and Zheng [10] improved certain range of « for L”-bounds for the operator
I by using the Bourgain—Demeter decoupling theorem [2]. All these refinements
can be stated altogether as follows: For n > 2 and p > 2, (1.3) holds whenever

1—n+3—n 1—n
4 2p 7 p |

Rea > max{ (1.7)

The above range « in (1.7) for p > 2 is strictly wider than the range of « in (1.5).
However, the range « in (1.7) is not optimal.

As mentioned above, the proof of the range of « in (1.7) relies on the progress
concerning Sogge’s local smoothing conjecture, as originally formulated by Sogge
[18]: Forn > 2 and p > 2n/(n — 1), one has

n—1 n
2 p’

lull Lo gospi2y < C (1L lwrr ey + 8 llwr—10 @) » it y>
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where

sin(ta/—A)
Tg(x)

=

is the solution to the Cauchy problem for the wave equation in R” x R :

u(x,t) =cos(tv—A) f(x) +

(@/01)* = A)u(x,1) =0,
uli=0 = f, (1.9)
(9/3t)ul=0 = g.

The local smoothing conjecture has been studied in numerous papers, see for instance
[2,4,7,8,10, 11, 17, 24] and the references therein. When n = 2, sharp results follow
by the work of Guth, Wang and Zhang [7]. When n > 3, the conjecture holds for
all p > 2(n + 1)/(n — 1) by the Bourgain—Demeter decoupling theorem [2] and the
method of [24].

The aim of this article is to prove the following result.

Theorem 1.1 Let p > 2.

(1) Let n > 2. Suppose (1.3) holds for some o € C. Then we must have

Re zmax{——

n—1 n—l}
p 2 r |

(ii) Let n = 2. Then the estimate (1.3) holds if
{ 1 1 1 }
Rea > max{— — -, —— ¢,
p 2 p

and consequently the range of o is sharp in the sense that the estimate fails for
Re o < max{l1/p — 1/2, —1/p}.

Let p > 2 and « = (3 — n)/2. For an appropriate constant c,, we have that
cnt(MFg)(x) = u(x, 1), where u is the solution to the wave equation (1.9) with
f =0, see [20, 4.10, p.519]. As a consequence of (i) of Theorem 1.1, we have the
following corollary.

Corollary 1.2 Let n > 4. Then

u(x,t)

sup
t>0

< CpliglLr®m
LP(R")

can not hold whenever p > 2(n — 1)/(n — 3).

We would like to mention that for the range « in (1.5), it is commented in [20,
4.10, p.519] that the optimal results for p > 2 and n > 2 “are still a mystery". Our
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Theorem 1.1 gives an affirmative answer in dimension n = 2 to show sharpness of
Rea > max {l/p — 1/2, —1/p} in the estimate (1.3) except the borderline.

The proof of (ii) of Theorem 1.1 can be shown by applying the work of Guth-Wang-
Zhang [7] on local smoothing estimates along with the techniques previously used in
[11] and [10]. The main contribution of this article is to show (i) of Theorem 1.1. From
the asymptotic expansion of Fourier multiplier of the operator 1Y, it is seen that It
are essentially the sum of half-wave operators e'’ V=4 and ¢="V=2 and hence the
complexity of the operator ¢ comes from the interference between the operators
¢'™V=A and ¢~ "V=A To show the necessity of L”-boundedness of 91%, we make the
following observations. For the case p > 2n/(n — 1) we note that by the stationary
phase argument, two waves e'! V=4 fande™' V-A f concentrate on the opposite parts
of sphere {x € R" : |x| = t}, respectively, when f is supported on a small cone. For
the case 2 < p <2n/(n — 1), we let f be a wave packet of direction v € 5"~ then
one can regard et V=4 f(x) as the translations f(x £¢v) of f(x), which concentrate
on the opposite parts of sphere {x € R” : |x| = ¢}. In Sect. 3, we construct two
examples such that there is no interference between e'’ v-a fande™¥’ V-4 f to obtain
the desired range of « in (i) of Theorem 1.1.

The paper is organized as follows. In Sect. 2, we give some preliminary results
including the properties of the Fourier multiplier associated to the spherical operators
MY by using asymptotic expansions of Bessel functions. The proof of (i) of Theo-
rem 1.1 will be given in Sect. 3 by constructing two examples to obtain the necessarity
of LP-bounds for the maximal operator 9t“. In Sect. 4 we will give the proof of (ii)
of Theorem 1.1.

2 Preliminary results

We begin with recalling the spherical function MY f(x) = f * mg,(x) where
Mg (X) = t™"my(t~'x) and

a—1

me(x) =T() ' (1 = xI?)5,

where I'(«) is the GammaA function and (;f)+ = max{0, r} for r € R. Define the
Fourier transform of f by f(§) = [gu e~ 27X £(x) dx. It follows by [22, p.171] that
the Fourier transform of m,, is given by

g (&) = ot g |27t g o1 (271, 2.1)

Here Jg denotes the Bessel function of order 8. For any complex number 8, we can
obtain the complete asymptotic expansion

(o) o0
Jg(r) ~ r1/2¢ir ijr_j + 12l Zdjr_j, r>1 (2.2)
j=0 j=0
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for suitable coefficients b; and d; with by, dy # 0. Note that when 8 is a positive
integer, (2.2) is given in [20, (15), p.338]. For general 8, we refer it to [23, (1). 7.21,
p.199].

Then there exists an error terms E 1(r), Ex 2(r) and E(r) such that for any given
N>1landr > 1,

Jp(r)
N—-1 N—-1
=r 2 S by Ena() | 47 Pe [ Y T dir T+ Ena(n) | + E(r), (2.3)
j=0 j=0
where

+ + <CGr Nt

d \* d \F
(E) Eyn1(r) (5> En(r)

for all k € Z,. We rewrite (2.1) as

J\K
(E) E(r)

me (&) = ¢(1EDma (&) + (1 — p(1§1)ng (§)
= [p(I&hma (&) + E(IED]

n [e2ni|é|gN’l(|g|) + e‘z”"'f‘tfzv,z(lél)]

+ I~ [l (g + ey (gn ], @)
where
£ = Q) Pe(m, ) (1 = p(r)r~ "D EQmr),
Ene(r) = e, @) En e Qrr)(1 — p(r)yr~ "D g = 1,2,
N—-1
ar(r) =c(r.a) Y bjQrr) ™ (1 =),
j=0
N—-1 .
ar(r) =c(m, @) Y djQrr) /(1 — () (2.6)
j=0
with c(w, ) = 27 1/27—2tl/2 Here ¢ € Cgo(R) is an even function, identi-

cally equals 1 on B(0, M) and supported on B(0,2M), where M = M(N) is
large enough such that |ax(r)| > cjoy > O for |[r| > M. Then we can split the
Fourier multiplier of the operator Y into three parts as in (2.5) above. Firstly, we
note that ¢(|&])ing(¢) is smooth and compactly supported and £(|&]) € Z(R").
It is seen that sup,.q |/1q (! D)@ (¢| D|) f| and sup,. ¢ |E(¢|D|) f| are bounded by the
Hardy-Littlewood maximal function. Then for p > 1,
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+
LP(R")

Sulg Ima (t D)g(t| D)) f|
>

sup [E(7| D)) f1
t>0

< ClfllLr®n-
LP(R")

@.7)

Secondly, we define

Enfx,t) = /

N ezm(xEth\E\)gN)](,|§|)f(g)d§ +/ﬂ%n e2ni(x-éftlél)gN‘2(t|g|)f'(§)dg.

Then we have the following lemma.

Lemma 2.1 Let p > 2. There exists a constant C > 0 such that

sup [En f(, 1)l
tell,2]

< CllfllLr @y, (2.8)
LP(R")

when

n—
p

N > — — Rea.

The proof of Lemma 2.1 is based on the following elementary result (see [17,
Lemma 2.4.2]).

Lemma 2.2 Let F be a smooth function defined on R" x [1,2]. Then for p > 1 and
I/p+1/p' =1,

sup |F(-, 1)]

1-1 1
o = Cp (IFC DIy + 1P gy ap 100 F 1 g 1 2p)
=t=

LP(R")

Proof of Lemma 2.1 We fix a function ¢ as in (2.5). Let ¥ (r) := ¢(r) — ¢(2r) and
Yi(r) ==y (27 /r), for j > 1. So we have

L=9(r)+ Y ¥ir), r=0. 2.9)

j=1

For j > 1, define

vl n= /R (PTCEHIEDEy | (1fg)) + 2TICETED gy 5 (0161)) gD F§)ds.
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To prove (2.8), it suffices to show that there exists a constant § > 0 such that for all
Jj=1,

< C27¥ | fllr@ny.- (2.10)
LP(R")

sup |En, ;i f(, 1)l

1<r<2

Let us prove (2.10) by using Lemma 2.2. First, for each fixed ¢ € [1, 2], &y, ; f are
the sum of two Fourier integral operators of order —(n — 1) /2 — Re o« — N with phase

x - & +1|£|. By [20, Theorem 2, Chapter IX] and the fact that ¢/’Y =2 is local at scale
t, we have

Sup 6N 10 gy = €2 (= D/2ARe AN (= DA/ | £| Lp gy,
<t<

@2.11)

see also [16, Corollary 2.4]. Next, we write ;& j f(x,t) as the sum of following
terms,

izm'z—l/eZ”"<X'5i"5'>t|s|5N,1(r|g|)1pj(t|§|)f($)d€;
:|:2nifl/e2”i(x'si’|S|)t|r§ISN,Q(II%‘|)1ﬂ.,'(t|§|)f($)d§;
- f STICEIED g8y 1yry) (1161) f€)dE;
! / ATICEED g8y 2y1) (1181) f (€)dE.

By (2.4), we see that for each fixed ¢ € [1, 2], they are Fourier integral operators of
order no more than —(n — 1)/2 — Rea — N + 1. By [20, Theorem 2, Chapter IX]
again,

sup 96w f G 0|y ny < €277 D2ARECHN=DIODARZDTY £ oy
1<t<2
(2.12)

Lemma 2.2, together with (2.11) and (2.12), gives

sup |&y jf(" 1) < Cz—((n—1)/2+Re¢¥+N—l/P)jz(ﬂ—l)(l/Z—l/P)/ ||f||Ll’(R")-

1<t<2

LP(R?)

Choosing N > —(n —2)/p —Re « and letting 6 = N + (n — 2)/p + Re o, we obtain
estimate (2.10). The proof of Lemma 2.1 is complete. O

Finally, we define
f @ = [ (FEED el + 2D anle) Feras @13
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From (2.5), (2.7) and Lemma 2.2, we see that the L”-boundness of the operator
MY reduces to boundedness of the operator .« on Sobolev spaces, which will be
investigated in Sect. 3 below.

3 Proof of (i) of Theorem 1.1

To prove (i) of Theorem 1.1, we need to show the following proposition.

Proposition 3.1 Letn > 2 and p > 2. Suppose
199 1 ooy < CILF N eny G.1)

holds for some o € C. Then, we have

Reoa > —E.
p

Let us prove Proposition 3.1. Fix N > —(n — 2)/p — Re« as in Lemma 2.1. By
(2.5), (2.7) and Lemma 2.1, we see that the proof of Proposition 3.1 reduces to the
following lemma.

Lemma3.2 Letn > 2 and 1 < p < oo. Let o) be an operator given in (2.13).
Suppose

1 fllLe ey < ClI fllwsp e (3.2)
holds for some s € R. Then, we have
sz(n—l)‘l—l‘.
2 p
Proof Let )7,7;(5) =1+ |;§|2)_’3/2 with B > (n — 1)/2. Recall that ¢ is a function in

(2.5). Let w belong to SO (a symbol of order zero) satisfying |w(r)| > ¢ > 0 on R for

some constant c¢. Moreover, w equals (Z?]z_ol d; =/ )_1 on supp (1 — ¢), and equals
constant near zero. Assume that y (§) € C*°(R"\{0}) is homogeneous of order 0 and
vanishes if ||§—| —vy| > 102, where vy :=(1,0,...,0). Define

fp.RE) = w(EDPRUED X E)Pp(E),

where pr(-) := ¢(-/R), and R is a large positive number. Since w(|£]) € S9 and y is
a Hormander multiplier, w(|D|) and x (D) are bounded on L”(R"). And pr(|D]) is
bounded on L?”(R") uniformly in R. So we have

Il f8,r lwspry = lw(IDDer(IDDx (D)yg—slLr@wry < Cllyg—sllLr@ny, (3.3)
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where C > 0 is a constant independent of R. On the other hand, it follows by [6,
Proposition 1.2.5] that

| 0] < Clx|™"tP=s if |x| <2,
VB=s\OL =1 g2 if x| > 2

when 0 < B — s < n. From this, we see that || fg gllws.»@®r) < 00 whenever 0 <
B—s<nand(—n+ B —s)p > —n.
Now we turn to estimate ||.% fg rll1»@&n). By using polar coordinate,

/ ATICEHED gy (£) fy (&) d
_ f / PTETgy (ryw () x O) (1 + 1) P2 pr(r) do (6)dr
0 Sn—l

- /Oo 2™y do (—rx)ar (Nwr) (1 + 1) P2 o (r) dr. (34)
0

Note that x (§) vanishes if ||§—| —v1| = 1072, By the expansion in [20, p. 360], we can
write that for x| > 1 and | — vi] < 1072,

do (—x) = X" p(—x) + e(—x), (3.5)
where e belongs to S~ and & € S~"~1/2 can be splitted into two terms:
h(x) = colx| "Dy (—x/lx]) +e(x), e e STV (3.6)

for all |x| > 1. Hence, if ||ﬁ—‘ — 1] < 1072, we then have

/ ezni(x~§+\5‘)al(S)fﬁ,R(f) dé

00 .
_ / D rxyay (w1 4+ 12 P2 or(r) dr
0

+ /oo e e(—rx)ar(Hwr)(1 + r2) P gp(r) dr. (3.7)
0

From (2.6), we have that a; = 0 near the origin. Since 8 > (n — 1)/2, we see that if
Iy —vil <1072 and 1/2 < |x| < 2,

f PTICEHED g (£ fy r(E) dE| < C (3.8

for some constant C > 0 independent of R.
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Next we calculate
/ P EED gy (£) f p(€) dE

when |‘% —v]<102and1 < |x| <1+ ¢ (& > 0 is a small constant that will be
chosen later). As (3.4) and (3.7), we write

/n ATICEED 4y (6) fy p(€) d
= C/OOO /SH TN (1 o) x 0)(A 4+ rH) P2 R (r) do (9)dr
=€ /000 ey do (=) (1 — () (1 + D) P2 o () dr
=C /Ooo TN —rx)(1 = or) (A + r2) P2 pp(r) dr

o0
+ C/ e e(—rx)(1 — o) (1 +r) P2 op(r) dr.
0
The second term is bounded since e € S™°°. Now we use (3.6) to write

/" FTIEIED g (£) fi p(E) dE

= ¢ [ [aagrlal) "5 el + )]
0

(1= o)A+ )P =loprydr + 0(1).

To continue, we need the following result.

Lemma 3.3 Let g be a function satisfying |g® (r)| < Cr™=*,r > 1 for some m € R
and for all k € Z. Then for all T # 0, we have

< Clg|™! (3.9

[ e - pwenerar

for some constant C > 0 independent of R and t.

Proof By (2.9), we write

/0 ezni”g(r)(l —o(r)r(r)dr = Z/O g2nirrg(r)1/fj(r)¢)R(r) dr.

izl

@ Springer



LP bounds for Stein’s spherical maximal operators

For each j and N, integration by parts shows

/O T g (r) Y () @r(r) dr

= o)V |7V

§C|r|_N/ N gy
2/-l<r<2jtl

< C|.L-|—N2j(m—N+l)’

where we applied the condition on g and for all k € Z

< Cr*

(¢r())

=

at

for some constant Cy > 0 independent of R and r.

%) ) d N
| e (d—> ()W (r)gr(r) dr
0 r

(3.10)

Set N = 0 for2/ < |‘L’|_1, and N > m + 1 otherwise. From this, it follows that

e s = eenesm a

< C Z 2](m+1)+c Z |T|*N2j(m*N+l)
2/ <|z|~! 27|

<Cle|™ "

This proves Lemma 3.3.

Back to the proof of Lemma 3.2. By Lemma 3.3,

0 .
./0 A I=DG(—rx) (1 = ) (1 + ) PR gg(rydr = 0 (J1x] = 1]~ 7D/2).

Finally, for ||“;—| -] < 102and 1 < |x] <1+ &, let us estimate

0

Note that by Lemma 3.3 again,

_n=1
lx|™ 2

=0 (Jlxl =170

o0
/ P 2 )T (1= 9 ) (1 + 1) P () dr

/ AT N — ()T (4 2P — P ygp(r) dr
0
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For the term |x|’% fooo e2mir(xl=h(p — go(r))r"”%(p]q(r) dr, we use scaling to
obtain that if — + % > —1,

n—1

o0
|x|_T/ 2= (| _ o)) gr(r) dr
0

o0
. _TI/ 2mir(xl=0,=B+70 4L 1y dr + O(1)
0

=2 (] — DFF foo 2rir p=pettyt (—r )d +0(1)

= |x x| — e r % r .
0 (x| = DR

Note that 1 < |x| < 1+&. When 8 > 5% and —B + 251 > —1,

© . n—1 r
lim / P T g (——— ) dr = (o,
R—00 Jo (lx] = DR

where Cy is a non-zero constant. Hence, there exist C > 0 and ¢1 € (0, 1/2) such that
ifl <|x|]<1+e¢y,

> Cllx| - 1}’3*%.

oo —
| et a - et gty o

.. _n—l1
lim inf |x| =
R—o0 0

Furthermore, we can find 0 < ¢ < gy such thatfor 1 < |x| <1+ &,

hmlnf / 627”.()(‘5_lsl)az(g)fﬂ’R(E) dg‘
R—00 n
_ntl L
> C||x| — I]ﬁ 2 _0 (’|x| _ 1}/3 (n 1)/2+1)
> g||x| e
2

This, together with (3.8), tells us
lim inf ||g!2{1f13,R”LP(Q£) > || lim inf |¢Q{1fﬁR| lLr (@, = o0, (3.11
R—o0 R—o00

ifp> 251 —p+"51 > —1,and (B—"£!) p < —1. Here we applied Fatou’s lemma

and @, == {x € R" : |& — | < 10721 < |x] <1 +¢).
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Therefore, we have supg_g |l 5, Rllws.p@®n) < 00 and 1}?m inf |71 fg rllLr®ry =
—00
oo provided that

0<pB—s <n,
(=n+p—s)p>—n,
B>t (3.12)
—B+ 51 > —1,
(B—"5)p =< -1,

which is solvable when
—m+D2<s<m—1)(UA/p—1/2). (3.13)

Hence, if (3.2) holds, then we musthaves > (n — 1)(1/p—1/2)ors < —(n+1)/2.
However, once (3.2) holds for some so < —(n + 1)/2, it holds for all s > s, which
is in contradiction with (3.13). So the only possible range of s where (3.2) holds is
s> (n—1)(1/p—1/2). By duality,

A F Lo @y < CUf Ny’ ony-

Because (7])* is essentially the same as .|, we musthave s > (n—1)(1/p'—1/2) =

(n — 1)(1/2 — 1/p) by the previous counterexample. This proves Lemma 3.2, and

then the proof of Proposition 3.1 is complete. O
Next, let us prove the following result.

Proposition3.4 Letn > 2 and p > 2. Suppose

sup |9 f] < CllfllLr @ (3.14)
1<t<2 LP (R
holds for some a € C. Then, we have
1 n-1
Rea > — — .
2

Let us prove Proposition 3.4. Fix N > —(n — 2)/p — Re« as in Lemma 2.1. By
(2.7) and Lemma 2.1, the proof of Proposition 3.4 reduces to show the following
lemma.

Lemma3.5 Letn > 2 and p > 1. Suppose

sup |47 f|

1<t<2

< Cll fliws.r@n (3.15)
LP(RM)

holds for some s € R. Then, we have s > 1/p.
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Proof Let § > 0 be a small numlzer to be chosen later, and denote & = (&1, &') € R”".
For a given large j € N, we let f > 0 be a smooth cut-off of the set

{@ e ermiig -2/ <02 g < 02772 (3.16)

such that |a§f(g)| < Cs,527/1F122=11P1l for any B = (B1, B') € Z%. By a simple
calculation, we see that

l£] — & < C8? (3.17)

in the support of f Let j be large enough such that (1 — ¢(¢|& |))f(§) = f(é) for all
tell,2],€ e R"and

inf  |az2(8)| > ciow > 0. (3.18)
§esupp f

Note by [20, Chapter IX, Section 4] we have

sup |8§(eZnit(\S\*él)al(t|é_-|)f°(é;))| < C(;’ﬁ27j‘ﬁ/|/227j|ﬁ'|,

1<1<2

Then for 1 <t <2 and x; > 0, we use integration by parts to bound that

/ ezm'(x-§+tE)al(;|§|)f(é)d5‘

— / 2T +1v1)-§ (eQJTit(IEI—Sl)aI(ﬂﬂ)f(é)) dS’

< C2 N (x4 )N < €527V (3.19)

where vi = (1, 02 ...,0,N>1 arld the constant Cj is independent of j and 7.
As for [, €211 g, (1]&]) £ (€) d& with 1 <t < 2, we split it into three terms

[ e aen e ae
— / e271i(x—tv1)~{-‘ (eZJTit(—\S\-FSl) _ 1)a2(t|€|)f('§) déj
+/, (FTICTIVDE _ ay (1)E]) £ (£) dE

+/Rn ar (t|E)) £ (&) dt. (3.20)

By (3.17), the first term of (3.20) is bounded by
¢ [ lntel+enli@rs <cs [ fera < i
R” R”
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If |x; — t| < 827/ and |x/] < 277/2, by the support condition (3.16) of f, we have
|(x —rv1) - £] < C8, forall& € supp f,
which implies the second term of (3.20) is bounded by
C/Rn |r = t01) - §[ f(6) d§ < CB /R f@&) ds < cmHiai D,

By (3.18), we have

L.

Then by (3.20) and the above estimates, if § < mm{ 2C , 1}, we have

> C’—“’/ Fe)de > cLami".
2 Rll

/ ezm'(x-s—té)az(t|§|)f(§')d§‘

€L 5"21 (3.21)

=

[ aatiehierae| - o1

if |x; —¢] < 8277 and |x'| < 277/2. 1t then follows from (3.19) and (3.21) that

CL n+l

C n n
sup | f] > 75"21 g2 iN2I - —Lgnpits (3.22)

1<t<2

when 1 <x; <2, |x'| <277/ and j > L 1og2(8,1 +1).
Assume (3.15) is true. Then from the deﬁmtlon of f and (3.22), we have

CL gyt 1)j/2=0=0i/2p) < | sup |4 f|

1<t<2

LP(RM)
< C|l fllws.p@ny < C52%520FDI2=(14Dj/Cp) (3 23)

Let j — oo, then we obtain s > 1/p. This proves Lemma 3.5, and then the proof of
Proposition 3.4 is complete. O

We finally present the endgame in the

Proof of (i) of Theorem 1.1 This is a consequence of Proposition 3.1 and Proposi-
tion 3.4. O

@ Springer



N. Liu et al.

4 Proof of (ii) of Theorem 1.1

In this section, we give a criterion that allows us to derive L”-boundedness for the
maximal operator 91* on R”, n > 2. As a consequence, (ii) of Theorem 1.1 follows
readily by applying the result of Guth, Wang and Zhang [7] on local smoothing estimate
on R2. More precisely, we have the following result.

Proposition 4.1 Let n > 2 and p > 2. If the local smoothing estimate

it/ =A ‘ < C s,p(Ton 4 1
[ g oy = Gl ey @1
holds for some s € R, then we have
sup |90 f1 < Copoall fllLe@e 4.2)
>0 LP(R")

whenever Re o > max{ —mn=-0/p,s—(mn—1)/2+ 1/p}.

The proof of Proposition 4.1 is inspired by [10]. Let ¢ and {v;}; be functions in
(2.9). We write

MY (&) = €D t8) fE) + Y ¥ (€D t8) £ &)

Jj=1
= MG &)+ YT 1 ©). “3)

izl

To prove Proposition 4.1, the first strategy is to show that if one modifies the definition
so that for each operator E)Jt‘j" ;» the supremum is taken over 1 < ¢t < 2, then the
resulting maximal function is bounded on L?(R").

Lemma4.2 Letn > 2 and p > 2. Under the assumption (4.1) of Proposition 4.1,
there exist 8 > 0 and C > 0, such that for all j > 1,

sup |G, f| < C27| fllLr@n). 4.4)

te[l,2]

LP(R")

ifRea >max{—(n— D/p,s—(n— 1)/2+1/p}.

Proof By (2.5), (2.7) and (2.10), it suffices to show

sup |, f] < C2Mmaxte=DA/2=1/p).sHPUI|| £l 1y gy, (4.5)

te[l,2]

LP(R")
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where 7, , f(£) = (1)) f (&) and o f is defined in (2.13). By (2.6), we can
write

N—1
D f)=CY / (Beemi 4D @y E D Y g =y gD £ 6)
Rn
£=0
which is a linear combination of

Ty f(x,1) :=f 2T EEED | e 1=ty (1€ f(E) dE, €=0,1,...,N — L.
Rn

Hence, the proof of (4.5) reduces to showing that

sup |To,; (-, 1) < C2Mmax{=DA/2=1/p)sHUPNI | £l ey, j > 1.

te[l,2]

LP(RM)
4.6)

Now we apply Lemma 2.2 to deal with (4.6). First, it follows from [20, Theorem
2, Chapter IX] that

o, £, DllLpey < C2O7DAZZPMY #1175 gy, (4.7)

Next, we observe that forany 1 <t <2 and j > 1, there holds
|0 (w;tlED)| < c1 + 15717,

where B is any multi-index. So ¥ (¢| - |) € SO uniformly 1 < ¢ < 2and j > 1, hence
L[ emesiu aenfe ag

cef

where constant C is independent of ¢ and j. Here &j equals to 1 if |§| €
[2/72M, 27+ M] and vanishes if |£| ¢ [2/7>M,2/72M], so that ¥; equals to 1
on the support of v (¢| - [) when 1 < ¢ < 2. Then we apply our assumption (4.1) on
local smoothing estimate to (4.8) to obtain

P
dx

14
dx, (4.8)

/ﬂ PATICEHIEN ] (6) f(e) de

ITo.; fllLr@®exii2y < C2% 1 £llr ey,

and by the same token, the operator

n

3 To.j(x. 1) =/ ISR (L omilg |y (1)) + |& 1 (tIED) £ (§) dé.
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satisfies

18:To.j fllr@oxpr2ny < C2S DI FllLo@n).

Thus, we use Lemma 2.2 to get

< C(z(n—l)(1/2—1/17)j + 2(S+1/17)j)
LP(R")

sup |To,j f(, 1)l
tell,2]

which implies estimate (4.6).
Finally, we can apply Lemma 4.2 to prove Proposition 4.1.

Proof of Proposition 4.1 By (4.3) and (2.7), (4.2) reduces to

< C27% | fllLrn)
LP(RM)

sup |5, f1
>0

for some § > 0. Since £7 C £°°, we have

» I/p
<

LP(R™) keZ

sup |9, f]

t€[2k,2k+l]

sup |2, f1
t>0 LP (R

However, it follows from Lemma 4.2 and a rescaling t — 2-k¢ that

sup <, f|

te[2k,2k+l]

< C27% | fllr ey
LP(R")

Il fllLe®ny,

(4.9)

(4.10)

A.11)

Then for 2F < ¢ < 2K*! there must be |&| € [2/~¥=2M, 2/—*+1 Mf]. This tells us that

we can rewrite (4.11) as

sup [, f|

te[2k,2k+1]

< C27 | Pk fllLr ).
LP(R")

This, together with (4.10), implies

sup |95 , f1
t>0

1/p
<c27% (Z ||Pj_kf||£p(Rn)>
Lr(R")

keZ

I/p
=C27% (Z |Pj_kf|1’)

keZ LP(R”)
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1/2
<c27% (Z IijfI2>

keZ LP(R™)

since p > 2. By the Littlewood—Paley inequality [5],

1/2
(Z |ijf|2) < Cllfllzr -

keZ LP(RM)

This proves (4.9). Hence, the proof of Proposition 4.1 is complete. O

Remark 4.3 (i) In the dimension n > 3 Gao et al. [3] obtained improved local smooth-
ing estimates for the wave equation, thatis, (4.1) holds withs = (n—1)(1/2—1/p)—0c
forallo <2/p — 1/2 when

2(3n+5) .
T for n odd;

P = 263n+6)

T for n even.

Applying Proposition 4.1, we get that (1.3) holds if Re@ > a(p, n) where

n=1 _3 5-n __4(n=1) n?-5 .
o max{—T, —3n =D+ 5 masery (n+3)p}’ for n odd; @.12)
a(p,n) = .
P max | —n=1 _3n=2 26 _n-l _ n’tn-6 for n even
p° 8 4p > n+4 (n+d)p | ’

The above range « in (4.12) for p > 2 is strictly wider than (1.7). However, the range
p in (4.12) is not optimal. What happens when n > 3 (and p > 2) remains open.

(i1) Under the assumption (4.1) of Proposition 4.1, it follows by (4.4) that forn > 2
and p > 2,

sup |90 f
ref1,2]

< CllfllLr@wm

LP(R")

provided that Rea > max { — (n — 1)/p, s — (n — 1)/2 + 1/p}. It is interesting to
describe the full range of (p, ¢g) such that

sup |90 f
ref1,2]

< ClfllLrwn)-
L4(R")

For o = 0, we refer it to [9, 13—15] and the references therein.
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