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Abstract

In this paper, we continue investigating the second variation of Perelman’s v-entropy
for compact shrinking Ricci solitons. In particular, we improve some of our previous
work in Cao and Zhu (Math Ann 353(3):747-763, 2012), as well as the more recent
work in Mehrmohamadi and Razavi (arXiv:2104.08343, 2021), and obtain a necessary
and sufficient condition for a compact shrinking Ricci soliton to be linearly stable. Our
work also extends similar results of Hamilton, Ilmanen and the first author in Cao et
al. (arXiv:math.DG/0404165, 2004) (see also Cao and He in J Reine Angew Math,
2015:229-246, 2015) for positive Einstein manifolds to the compact shrinking Ricci
soliton case.

1 Introduction

This is a sequel to our previous paper [11], in which we derived the second variation
formula of Perelman’s v-entropy for compact shrinking Ricci solitons and obtained
certain necessary condition for the linear stability of compact Ricci shrinkers.

Recall that a complete Riemannian manifold (M", g) is called a shrinking Ricci
soliton if there exists a smooth vector field V on M" such that the Ricci tensor Rc of
the metric g satisfies the equation
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where T > 0 is a constant and %y g denotes the Lie derivative of g in the direction
of V. If V is the gradient vector field V f of a smooth function f, then we have a
gradient shrinking Ricci soliton given by

1
Rc+ V2 f = 78 (1.1
T

for some constant T > 0. Here, V? f denotes the Hessian of f, and f is called a
potential function of the Ricci soliton. Clearly, when f is a constant we have an Einstein
metric of positive scalar curvature. Thus, gradient shrinking Ricci solitons include
positive Einstein manifolds as a special case. In the following, we use (M", g, f) to
denote a gradient shrinking Ricci soliton.

Gradient shrinking Ricci solitons are self-similar solutions to Hamilton’s Ricci flow,
and often arise as Type I singularity models in the Ricci flow as shown by Naber [35],
Enders—Miiller—Topping [20] and Cao—Zhang [12]; see also Zhang [42]. As such, they
play a significant role in the study of the formation of singularities in the Ricci flow
and its applications. Therefore, it is very important to either classify, if possible, or
understand the geometry of gradient shrinking Ricci solitons.

Hamilton [26] showed that any 2-dimensional complete gradient shrinking Ricci
soliton is isometric to either S2, or ]R]P’z, or the Gaussian shrinking soliton on R2. In
dimension n = 3, by using the Hamilton-Ivey curvature pinching, Ivey [27] proved
that a compact shrinking soliton must be a spherical space form S/ I'. Furthermore,
for n = 3, a complete classification follows from the works of Perelman [39], Naber
[35], Ni—Wallach [36], and Cao—Chen—Zhu [7] that any three-dimensional complete
gradient shrinking Ricci soliton is either isometric to the Gaussian soliton R or a
finite quotient of either S* or S* x R.

However, in dimension n > 4, there do exist non-Einstein and non-product gra-
dient shrinking Ricci solitons. Specifically, in dimension n = 4, Koiso [29] and the
first author [4] independently constructed a gradient Kihler—Ricci shrinking soliton
on CP?#(—CP?), and Wang—Zhu [40] found another one on CP?#(—2CP?). In the
noncompact case, Feldman—Ilmanen—Knopf [21] constructed a U (2)-invariant gradi-
ent shrinking Kihler—Ricci soliton on the tautological line bundle O(—1) of CP', i.e.,
the blow-up of C? at the origin. Very recently, a noncompact toric gradient shrinking
Kiihler—Ricci soliton on the blowup of CP! x C at one point was found by Bamler—
Cifarelli-Conlon—Deruelle [2]. These are the only known examples of nontrivial (i.e.,
non-Einstein) and non-product complete shrinking Ricci solitons in dimension 4 so
far. We remark that the constructions in [4, 21, 29, 40] all extend to higher dimen-
sions. For additional examples in higher dimensions, see, e.g., Angenent—Knopf [1],
Dancer—Wang [19], Futaki-Wang [22], and Yang [41].

Ricci solitons can be viewed as fixed points of the Ricci flow, as a dynamical system
on the space of Riemannian metrics modulo diffeomorphisms and scalings. In [38],
Perelman introduced the WW-functional
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on any compact manifold M", where ¢ is a Riemannian metric on M, R is its scalar
curvature, f is any smooth function on M”, and T > 0 is a positive parameter. The
associated v-entropy is defined by

V(g) = inf {W(g, £.8): fec®m), >0, (4nf)*%f e lav = 1},
M

which is always attained by some f and 7. Furthermore, Perelman showed that the v-
entropy is monotone increasing under the Ricci flow, and its critical points are precisely
given by gradient shrinking Ricci solitons (M", g, f) satisfying (1.1). In particular, it
follows that all compact shrinking Ricci solitons are necessarily gradient ones.

By definition, a compact shrinking Ricci soliton (M", g, f) is linearly stable (or
v-stable) if the second variation of the v-entropy is nonpositive at g. In [8], Hamilton,
Ilmanen and the first author initiated the study of linear stability of compact shrinking
Ricci solitons. They obtained the second variation formula of Perelman’s v-entropy for
positive Einstein manifolds and investigated their linear stability. Among other results,
they showed that, while the round sphere S” is linearly stable and the complex projec-
tive space CP" is neutrally linearly stable!, many known positive Einstein manifolds
are unstable. In particular, all product Einstein manifolds and Fano Kéhler—Einstein
manifolds with Hodge number #'"! > 1 are unstable. More recently, a complete
description of the linear stability (or instability) of irreducible symmetric spaces of
compact type was provided by He and the first author [9]. Meanwhile, in [11], we
derived the second variation formula of Perelman’s v-entropy for compact shrinking
Ricci solitons which we now recall.

Let (M", g, f) be a compact shrinking Ricci soliton satisfying (1.1) and
Sym?(T*M) denote the space of symmetric (covariant) 2-tensors on M. For any
h=h;j € Symz(T*M), consider the variation g(s) = g + sh and let

divyh = el div(e™ h) = divh — h(V £, "), (1.2)

divtc be the adjoint of div y with respect to the weighted L?-inner product

) =/ <. =efav, (1.3)
M
Afh:=Ah—Vf.Vh, (1.4)
and
1 1
Lrh = EAfh + Rm(h, ) = EAfhik + Rijiihji. (1.5)

1 Recently, Knopf and Sesum [28] showed that CP" is not a local maximum of the v-entropy, hence is
dynamically unstable as first shown by Kroncke [31].
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Then the second variation 8§v(h, h) of the v-entropy is given in [11] by
82v(h, h) d (g(s)) ] f Nihh > e Tdv
v(h,h) = — v(g(s) = —5 < Jh>e ,
: as?| "¢ Groy? Jy =

where the Jacobi operator (also known as the stability operator) Ny is defined by

[y < Re,h > e 1dv
fM Re=/dv

1
Nyh = Lph+dividivyh+ Evzah — Re . (1.6)

and vy, is the unique solution of

Afﬁh+”—h=divfdwfh, /ﬁhe‘de=0~
2t M

For more details, we refer the reader to our previous paper [11] or Sect. 2 below. Note
that Sym?(T*M) admits the following standard direct sum decomposition:

Symz(T*M) = Im(div;) @ Ker(divy). (1.7)
The first factor

Im(div}) = {div}(a)) |lwe QM)
= {Zxg | X =o' € 2 (M)}

represents deformations g(s) of g by diffeomorphisms. Since the v-entropy is invariant
under diffeomorphisms, the second variation vanishes on this factor.

In [11], we observed that div s(Rc) = 0 and showed that Rc is an eigen-tensor
of L7 with eigenvalue” 1/27, ie., £ fRc = %Rc. Moreover, for any linearly stable
compact shrinking Ricci soliton, we proved that 1/27 is the only positive eigenvalue of
L r on Ker(div y) with multiplicity one. Very recently, Mehrmohamadi and Razavi [32]
made some new progress. In particular, they showed that Ny vanishes on Im(div;),
extending a similar result in [8, 9] for positive Einstein manifolds to the compact
shrinking Ricci soliton case. In addition, in terms of the operator L, they showed
that (i) if a compact shrinking Ricci soliton (M", g, f) is linearly stable, then the
eigenvalues of £ on Sym?(T*M), other than % with multiplicity one, must be less
than or equal to %; (i) if a compact shrinking soliton (M", g, f) has Ly < 0 on
Symz(T*M ), except on scalar multiples of Rc, then (M", g, f) is linearly stable (see
Theorems 1.3 and 1.4 in [32], respectively).

Clearly, the nonpositivity of the second variation of v, i.e., 82v (h, h) < 0,isimplied
by the nonpositivity of the stability operator Ny on the space Sym?(T*M) of sym-
metric 2-tensors. Thus, studying linear stability of compact shrinking Ricci solitons

2 Note the different sign convention we used in [11] for eigenvalues of £ £ In[11], A is an eigenvalue of
L if =L ¢h = Ah for some symmetric 2-tensor i # 0.
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requires a closer look into the eigenvalues and eigenspaces of N, especially its lead-
ing term L defined by (1.5), acting on Sym?(T*M). Since div(Rc) = 0, we can
further decompose Ker(div r) as

Ker(divy) = R - Rc @ Ker(div 7)o,

where R - Rc = {pRc | p € R} is the one dimensional subspace generated by the
Ricci tensor Rc, and

Ker(div )o = {h € Ker(div ) ’ / <h,Rc>eTdv =0 (1.8)
M

denotes the orthogonal complement of R-Rc in Ker(div ) with respect to the weighted
inner product (1.3). Accordingly, we can refine the decomposition of Sym?(T*M) in
(1.7) by

Sym2(T*M) = Im(diva) ® R - Rc & Ker(divf)o. (1.9)

In this paper, by exploring decomposition (1.9), we are able to further improve our
previous work in [11] and the work of Mehrmohamadi and Razavi [32]. Our main
results are as follows.

Theorem 1.1 Let (M", g, f) be a compact shrinking Ricci soliton satisfying Eq. (1.1).
Then,

(i) the decomposition of Sym2(T*M ) in (1.9) is both invariant under L y and orthog-
onal with respect to the second variation Sév of the v-entropy.

(ii) the eigenvalues of Ly on Im(div}) are strictly less than ﬁ.

Theorem 1.2 A compact shrinking Ricci soliton (M™, g, ) is linearly stable if and
only if Ly < 0 on Ker(div r)o.

Remark 1.1 Theorems 1.1 and 1.2 above are extensions of similar results by Hamilton,
Ilmanen and the first author in [8] (see also Theorem 1.1 in [9]) for positive Einstein
manifolds.

While there have been a lot of progress in recent years in understanding geometry
of general higher dimensional (n > 4) complete noncompact gradient shrinking Ricci
solitons, especially in dimension four, e.g., [10, 13, 14, 16, 30, 33, 34] and [2, 18],
very little is known about the geometry of general compact shrinking Ricci solitons
in dimension n = 4 or higher. On the other hand, for possible applications of the
Ricci flow to topology, one is mostly interested in the classification of stable shrinking
solitons, since unstable ones could be perturbed away hence may not represent generic
singularities of the Ricci flow. Thus, exploring the variational structure of compact
Ricci shrinkers becomes rather significant.

We point out that Hall and Murphy [24] have proven that compact shrinking Kéhler—
Ricci solitons with Hodge number h%1 > 1 are unstable, thus extending the result
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of Cao—Hamilton-Ilmanen [8] for Fano Kihler—Einstein manifolds to the shrink-
ing Kihler—Ricci soliton case. In particular, the Cao—Koiso soliton on CP?#(—CP?)
and Wang—Zhu soliton on CP2#(—2CP?) are unstable. In addition, Hall-Haslhofer—
Siepmann [23] and Hall-Murphy [25] have shown that the Page metric [37] on
CP?#(—CP?) is unstable. Most recently, Biquard and Ozuch [3] proved that the
Chen-LeBrun—Weber metric [15] on CP?#(—2CP?) is also unstable. We hope our
new results in this paper will play a significant role in future study of linear stability
of shrinking Ricci solitons, especially in classifying compact 4-dimensional linearly
stable shrinking Ricci solitons.

2 Preliminaries

In this section, we fix our notation and recall some useful facts that will be used in the

proof of Theorem 1.1. First of all, by scaling the metric g, we may assume that 7 = 1
in Eq. (1.1) so that

1
Rc+V2f=§g. .1

We also normalize f so that
(471)—%/ e fav =1.
M

From now on, we shall assume that (M", g, f) is a compact shrinking Ricci soliton
satisfying (2.1).
As in [11], for any symmetric 2-tensor i = h;; and 1-form @ = w;, we denote

divow = V,‘(x)[, (diV h),' = thji-

Moreover, as done in [6, 11], we define div () := el div(e_f(~)), or more specifi-
cally,

diviw=divo —o(Vf) =Vio; —w; Vi f, 2.2)
and
divph =divh —h(Vf,)=V;hij —hi;V;f. (2.3)
We also define the operator div} on functions by

diviu=-Vu, ueC®M) (2.4)
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and on 1-forms by
. 1 1
(div, w)ij = _E(Viwj +Vw;) = —Efwﬁgij, (2.5)
where o? is the vector field dual to @ and .Z denotes the Lie derivative, so that

f e/ (div}w,h>dvzf e/ (w, divyh)dV, (2.6)
M M

for any symmetric 2-tensor A.
Clearly, div} is just the adjoint of divy with respect to the weighted L>?-inner
product

(.9 Z/ <. >efav. @7
M

Remark 2.1 If we denote by div* the adjoint of div with respect to the usual L>-inner
product

(o= [ <=av. 28
M
then, as pointed out in [6], one can easily verify that
div’, = div*. (2.9
Finally, we denote
Api=el dive ' V)=A-Vf-V, (2.10)
which is self-adjoint with respect to the weighted L>-inner product (2.7),
Rm(h, )ik := Rijiihji,
and define the operator
Lh = %Afh + Rm(h, -) (2.11)

on the space of symmetric 2-tensors. It is easy to see that, like A 7, L is a self-adjoint
operator with respect to the weighted L2-inner product (2.7).
Now we restate the second variation of the v-entropy derived in [11] with T = 1.
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Theorem 2.1 [11]Let (M", g, f) be a compact shrinking Ricci soliton satisfying (2.1).
For any symmetric 2-tensor h = h;;j, consider the variation g(s) = g;j + sh;j. Then
the second variation 8§v(h, h) is given by

82v(h, h) = Lis v(g(s)) = 1 (Nyh,h)e™7dv (2.12)
ST G| L Y T 2 [y ’ '

where the stability operator Ny is given by

Nk im £ oh 4 div dive b+ Lv25, — ge = Reh>eTdV (2.13)
= v di = — , .
/ Sy N o e R T Re T dV
and the function vy, is the unique solution of
~ ﬁh . . A f
Arvp + 5 = divedivy h, vpe 1 dV =0. (2.14)
M

Next, we recall the following facts (see, e.g., Lemmas 3.1 and 3.2 in [11]).

Lemma 2.1 [11] Let (M", g, f) be a compact shrinking Ricci soliton satisfying (2.1).
Then,

(i) Rc € Ker(divy);
(ii) £7(Rc) = SRe.

We shall also need the following useful identities found by Mehrmohamadi-Razavi
[32]; see also Colding and Minicozzi [17], in which they derived more general versions
of identities (2.15)—(2.20) that are valid for smooth metric measure spaces.

Lemma 2.2 [17, 32] Let (M", g, f) be a compact shrinking Ricci soliton satisfying
(2.1). Then, for any function u, 1-form w and symmetric 2-tensor h, the following
identities hold

1
VAru=AsVu— EVu, (2.15)
1
dinAfa)zAfdinw—i—Edina), (2.16)
. 1
divi Ajw =2L, divi o - 3 div, o, (2.17)
1
2L 1(Ls8) = Lin oy + 5%us8. (2.18)
1
2divy Lh=Apdivph+ o divyh, (2.19)

. 1
divy(Z,18) = —2divy div} w=Arw+ V(divyw) + - (2.20)

For the readers’ convenience and the sake of completeness, we provide a quick
proof here.
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Proof The above identities follow from direct computations given below.
e For (2.15):

ViAfu=ViVjVju—ViijVju—ijViVju
1
= AViu + R;jjxViu — EV,'M +RijVju—V;fV;Viu
1
= AfViu — EV,’M.
e For (2.16): It follows from (2.15) that
/udin(Afa))e_de=/ —<AfVu,a)>e_de
M M
1
:/ —<V(Afu)+—Vu,a)> e fav
M 2
1
:/ u(Afdina)—i——dina)) e ldv.
M 2
e For (2.17):
2L divi o = — S A (Vieo; + V) — Rt (V \Y
rdivyw=—5 rViwj + Vi) — Rirji(Vkwp + Viwg).

Notice that

ArViw; = ViViVio; — Vi fViViw;
= Vi(ViVikwj + Riijiwp) — Vi f(ViViw; + Rijjiop)
= ViAwj + RiViwj + RiijiViw; + ViRiijiop + RiijiViw;
= ViVk fVi@;j) + ViV fVi@; + Riiji Vi for

1
=ViArw; — 2R Viw + Evia)j.
e For (2.18): According to (2.5), (2.18) is equivalent to (2.17).
e For (2.19): Similar to the proof of (2.16), (2.19) is the adjoint of (2.17) with

respect to the inner product (2.7).
e For (2.20):

din(gwug)j = V,’(V,‘a)j + Vja),') — Vif(V,wj + Vja),')
= Aywj+ VjViw; + Rjrwr — Vj(Vi fo;) + V;V; fo;

1
= Arwj —|—dein¢0+ ij.
[}

Remark 2.2 Some of the identities in Lemma 2.2 were first obtained in [9] for positive
Einstein manifolds.
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For positive Einstein manifolds, He and the first author also showed in [9] that the
restriction of Ny to the subspace Im(diva) is zero, i.e., Ny |Im @ivhy = 0, a fact first

noted in Cao—Hamilton—Ilmanen [8]. By using identities (2.16), (2.18) and (2.20) in
Lemma 2.2, Mehrmohamadi and Razavi [32] were able to generalize this to the case
of compact shrinking Ricci solitons.

Lemma 2.3 [32] Let (M", g, f) be a compact shrinking Ricci soliton satisfying (2.1).
Then, we have

Nf'lm(div}) =0.

Proof Notice that, according to (2.20) and (2.16),

1
divy divy(Z,cg) = divy (Afcu + Vdivy o + —w)

2 (2.21)
=2A7(divy w) +divy o.
Thus, if we denote by & = .Z : g, then according to (2.14)
v = 2divs w. (2.22)

Now, by (2.5), (2.18), (2.20) and (2.22), we obtain
—2Nj(divh ) = Nj(Z,:8)
= L7(Z,e8) +div} div(Z,:¢) + V2 (divy )
1 1 . . .
= E.Z(Afw)jg + Zéfw;g + dlvl;(Afw) + dlv} (V(divyw)) (2.23)

1 .
— le} w + V? (divy w)

o

3 Proof of the main theorems

In this section, we prove Theorems 1.1 and 1.2 stated in the introduction. Once again,
by scaling the metric g, we normalize T = 1 and assume that (M", g, f) is a compact
shrinking Ricci soliton satisfying

1
Rc+V%f = 38 (3.1)
First of all, recall that we have the following direct sum decomposition

Sym?(T*M) = Im(div;) ® R - Re @ Ker(div r)o, (3.2)
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where R - Rc is the one dimensional subspace generated by the Ricci tensor Rc and
Ker(divf)o, as defined in (1.8), denotes the orthogonal complement of R - Rc in
Ker(div ) with respect to the weighted inner product || <> e lav.

We divide the proof of Theorem 1.1 into two propositions.

Proposition 3.1 The subspaces Im(div;), R -Rc, Ker(div r)o are invariant subspaces
of the linear operator L r. Moreover, (3.2) is an orthogonal decomposition with respect
to the quadratic form (ng(h, h) of the second variation in Theorem 2.1.

Proof Firstly, by (2.17),
L r(divh w) = Law' (A o+ 1) e Im(div')
f f ) f f 2 f

This shows that Im(div}) is invariant under £ ;.
Next, from Lemma 2.1(ii), we have

1
LsRc = =Rc.
f c 3 C

Hence, R - Rc is an invariant subspace of L.
Finally, for any h € Ker(div r)o, it follows from (2.19) that

1 1
dive(Lrh) = 3 (Afdinh + zdinh) =0.

Moreover, since £ Rc = %Rc, it follows that
/ <L¢h, Rc > e fdv = / <h,LfRc > e ldv
M M

1
=—/ < h, Rc > efde=O,
2 Ju

ie., Lyh € Ker(div f)o. Therefore, Ker(div 7)o is also invariant under L ;.
Furthermore, the invariant subspace property just demonstrated together with the
fact that Im (div}), R -Rc, and Ker(div 7)o are mutually orthogonal to each other (with
respect to the weighted inner product) immediately imply that the decomposition (1.9)
of Sym?(T*M) is also orthogonal with respect to the second variation 8§v(h, h) of
the v-entropy. O

Proposition 3.2 Let (M", g, f) be a compact shrinking Ricci soliton satisfying (3.1).
Then, the eigenvalues of Ly on Im(div}) are strictly less than 41_1

Proof Suppose that A is an eigenvalue of £ ¢ on Im (diva), and

['f(gwug) = )‘ga)ug
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for some £, g = —2 div; w € Im(div}) with .Z, 1g # 0. We need to show A < 4—1‘.
Since Ny = 0 on Im(diva) by Lemma 2.3, from (2.22) and (2.23), we have

0=Ns(Z,8)
= Ly(ZL,:8) +div} divy L8 + V2 divyw
=2Z,:8+ div} divy Z g+ v? divy w (3.3)
= —21div}  — 2div}, divy div}  — div) Vdivs o
= — div}2i0 + 2divy divh 0 + Vdiv, o).
Claim. The following identity holds,
Apdivio = Qi —1)divso. (3.4)
Indeed, it follows from (2.18) that
2Lp(Lr8) = %Afw%w)ng
From (2.21), we know that
ﬁgwﬁg =2divy w.

Here, for any symmetric 2-tensor &, 0y, is given by (2.14). Hence,

Zﬁﬁf(fwng) = ﬁ%Awar%w)ﬁg
1

=2divy(Arw+ za))

=2(Ardivy o +divy o),

where, in the last step above, we have used (2.16).
Since L (Z,:8) = 1L,z 8, we get

Ardiviw+diviw = ﬁﬁf(gwﬁg)
=)»1A)gwng
=2)divy o,

ie.,
Ardiviw = (2r— 1) divy w.

This proves the Claim.
Now, we divide the rest of our argument into two cases.
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Case 1: div; w is not a constant.

In this case, by the Claim, div ;  is an eigenfunction of A y with eigenvalue 1 —2A.
On the other hand, from [11], we know that the first eigenvalue of A ¢ is greater than
1/2. Thus, 1 —2A > %; hence A < 4—1‘.

Case 2: divy w is a constant.

In this case, we have

/Idina)|ze_de:/ <a),diVJ;¢dina)>e_de
M M ;

= —/ <w,V(divyw) > e dv
M

=0.
It follows that div @ = 0. So (3.3) becomes
div’, (ke + div; div) ) = 0.
Multiplying both sides of the above identity by diva o and integrating yields

P2 T Ny A Y
/M(,\|d1vfw| + | divy divh ol )e dV =0.

Since div} w = —%fwug # 0 by assumption, we have A < 0 < 1/4.

Therefore, we have shown that A < }1. This concludes the proof of Proposition 3.2
and Theorem 1.1. O

Finally, we are ready to prove Theorem 1.2.

Proof By Theorem 2.1, a compact shrinking Ricci soliton (M", g, f) is linearly stable
if and only if

1
2 - -f
SgV(]’l,h) = W ﬁw < th, h>e dv < 0

for every h € Sym%(T*M) = Im(div}) ® R - Re @ Ker(div f)o.
However, by Theorem 1.1(i) (i.e., Proposition 3.1), we have

/ <N,«-h,h>e—de:/ <th1,h1>e_fdv+f <th2,h2>e_de
M ’ M M
—i—/ <th(),h()>e_de
M

:/ < Nyhy,hy > e~ Fdv +/ < Nyho,hg > e~ 7av,
M M
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where

h=hi+hy+ hog, withh; € Im(div_j{}), hy € R-Rce, ho € Ker(divs)o,

and, in the last equality, we have used the fact that (ng(h 1,h1) =0forh; € Im(div;)
due to the diffeomorphism invariance of the v-entropy.
On the other hand, since divy Rc = 0and £ Rc = LRe by Lemma 2.1, we obtain

[y |Rc|?e=TdV

N+(Rc) =L ¢Rc —
7 (RO) rie fy ReTav

C
1
ZEfRC— ERC :0,

where we have used the fact that

1 .
f [Re|Pefav = -/ Re fav,
M 2 Ju

because the scalar curvature R satisfies the well-known equation A R = R — 2|Rc|?.
Hence, Ny = 0 on R - Rc, and it follows that

f < Nyha,hy > e fdv =0.
M
Also, as Ny = L on Ker(div 7)o, we immediately conclude that
/ < Ny¢h,h > e Tdv =/ < Nyho, ho > e fav
M M
:/ < Lyho, ho > e fav.
" )
Therefore, 8§v(h, h) < 0if and only if

/ < Lho,hg > e~ 1dV < 0.
M

This finishes the proof of Theorem 1.2. O

Remark 3.1 In the proof of Theorem 1.2, if we use Lemma 2.3 instead of Theorem 1.1
(i) then we would get the following more explicit information about the Jacobi operator
Ny.

Proposition 3.3
0, on Im(diVJ;);

Nfy=10, onR-Rc; (3.5)
[:f onKer(din)o.
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In particular, Ny < 0 on Sym?(T*M) if and only if Ly < 0 on Ker(div s)o.

Remark 3.2 Suppose & = .71 ¢ is an eigen-tensor of L ; for some 1-form w, with
L€ = AE.

Then one can show that diva div s & and V? div o are also eigen-tensors of £ with
the same eigenvalue, i.e.,

Ly (div} divp &) = A(div} div €),

and
L (V2 divs o) = A(VZdivs w).

Indeed, if £ (&) = A& then, by using the identity

div', div (L h) = L (div}, divy i) (3.6)
shown in [32], we have

Ly (div} div,€) = div} div (L 7€)

= A(div} div s €).

On the other hand, by setting u = div y w and combining (3.4) with (2.18) and (2.15),
we get

2L 1 (VPu) = L1 (Lug)

I 1
= 5% a8 T 5L vu8
1

= 2$V(Afu+u)g

1
= Efzwug

= 2AV7u.
To conclude our paper, we mention two open problems.

Conjecture 1 (Hamilton; 2004 [5, 6]) S* and CP? are the only v-stable four-
dimensional positive Einstein manifolds.

Conjecture 2 (Cao; 2006 [5, 6]) A v-stable compact shrinking Ricci soliton is neces-
sarily Einstein, at least in dimension four.
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Remark 3.3 Besides S* and CP2, the other known positive Einstein 4-manifolds are
the Kihler-Einstein manifolds CP! x CP', CP?#(—kCP?) (3 < k < 8), and the
(non-Kihler Einstein but conformally Kihler) Page metric [37] on CP2#(—CP?) and
Chen-LeBrun—Weber metric [15] on CP?#(—2CP?). Note that, for n > 4, He and the
first author [9] have found a strictly stable positive Einstein manifold, other than the
round sphere S”, in dimension 8.
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