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Abstract

We introduce new techniques to study the differential complexes associated to tube
structures on M x T™ of corank m, in which M is a compact manifold and T™ is the m-
torus. By systematically employing partial Fourier series, for complex tube structures,
we completely characterize global solvability, in a given degree, in terms of a weak
form of hypoellipticity, thus generalizing existing results and providing a broad answer
to an open problem proposed by Hounie and Zugliani (Math Ann 369(3—4):1177-
1209, 2017). We also obtain new results on the finiteness of the cohomology spaces
in intermediate degrees. In the case of real tube structures, we extend an isomorphism
for the cohomology spaces originally obtained by Dattori da Silva and Meziani (Math
Nachr 289(17-18):2147-2158, 2016) in the case M = T". Moreover, we establish
necessary and sufficient conditions for the differential operator to have closed range
in the first degree.

Supported by the Sdo Paulo Research Foundation (FAPESP, grants 2016/13620-5, 2018/12273-5
and 2019/09967-8), by Conselho Nacional de Desenvolvimento Cientifico e Tecnolégico (CNPq,
grant 163837/2022-8) and by Deutsche Forschungsgemeinschaft (DFG, grant JA 3453/1-1).

B Gabriel Aratjo
geesa@icme.usp.br

Igor A. Ferra
ferra.igor@ufabc.edu.br

Max R. Jahnke
max.jahnke @uni-koeln.de

Luis F. Ragognette

luisragognette @mat.ufmg.br

Universidade de Sao Paulo, Sdo Carlos, Brazil

2 Universidade Federal do ABC, Santo André, Brazil
Universitit zu Koln, Cologne, Germany

Universidade Federal de Minas Gerais, Belo Horizonte, Brazil

Published online: 01 February 2024 @ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00208-024-02804-0&domain=pdf
http://orcid.org/0000-0002-9669-5059
http://orcid.org/0000-0002-4954-0943
http://orcid.org/0000-0001-9311-6974
http://orcid.org/0000-0003-2158-9208

G. Aratjo et al.

Mathematics Subject Classification 35F35 - 58J10 - 35R01

1 Introduction

We investigate the global solvability and the cohomology spaces of differential com-
plexes associated with certain systems of first-order differential operators on compact
manifolds. More precisely, let M be a smooth, compact, connected and oriented 7n-
dimensional manifold, and let w1, . . ., w;, be smooth, complex, closed 1-forms on M,
and let T = R™/27xZ™. On Q = M x T™, we consider the involutive subbundle
V C CT'Q whose sections are annihilated by

G =dxg —ax, kell,....,m), (1.1)

in which x = (x, ..., x,,) denote the usual coordinates on T". Such V gives rise to
a complex of vector bundles and first-order differential operators over €2 [5, 10], here
constructed as follows: for each g € {0, ..., n}, let A9 denote the bundle of g-forms
over M and A7 its pullback via the projection 2 — M. The smooth sections of the
latter are locally written as

F=3" fi.xdi, (1.2)

[J1=q

in which f; € (U x T™) and (U; t1, ..., ty) is some local chart of M. Denote by
d; the exterior derivative in M and define a differential operator

m
0
' 2di4) oA gt E( AT — G AT, (1.3)
k=1

that satisfies d’od’ = 0. Our goalis to investigate global solvability—that is, closedness
of the range—of (1.3) in any degree ¢ € {0,...,n — 1}, and to provide a better
understanding of the smooth cohomology spaces

ker{d' : €°(2; AT) —> €°(Q; A1)}

H (6%(Q) = ’
d (% ( )) ran{d/ . Cgoo(gz7 Aq_l) —> %OO(Q,ALI)}

(1.4)

for g € {0, ..., n} (with standard conventions regarding the endpoints').

Our motivation to work in this setting is an attempt to encompass the model in [3,
4,8, 9] where the global solvability of d’ in @ = M x T is studied and also the model
in [6] where the authors were able to find isomorphisms for the cohomology spaces
when Q = T" x T™. Below, we summarize what we understand to be three of the main
themes that keep intertwining throughout the paper, and their major consequences.

1" All differential complexes presented in this paper are “completed as zero” in negative degrees.
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Cohomology of tube structures

1.1 The relationship between solvability and regularity

Our first result is an equivalence between global solvability of d’ and a weak notion
of hypoellipticity (Theorem 4.4). This is a generalization of [9, Corollary 7.2] that
holds in arbitrary degree, for any smooth, complex tube structure of arbitrary corank,
and thus provides a broad answer to the Open Problem 2 in [8]. All the steps of this
implication are explained in Remark 4.3, Corollary 4.5 and Remark 4.6.

The main statement can be summarized as follows:

Theorem 1.1 For each q € {0, ..., n — 1}, the following are equivalent:

(1) d: F®(Q; AY) — €2 A?TY) has closed range.
(2) For every u € 2'(2; A?) such that du € €°( AITY) there exists v €
E>°(Q2; A?) such that d'v = d'u.

The second property above is what we will call almost global hypoellipticity (AGH).

1.2 Isomorphism formulas for the cohomology spaces

Concerning the cohomology spaces for real tube structures, we prove certain isomor-
phisms (5.10), similar to the main result in [6]. In that work, M is the n-torus, and
their result roughly states that, under suitable conditions, we have

HI(€%°(Q) = €°(T") ® Hip (M), (1.5)

in which r is the rank of a group associated to wy, . .., wy,. For a general M, however,
our approach (see Sect.5.1) generalizes and provides a better understanding of such
result by decomposing the action of our operator in convenient subspaces. While the
complete statement of our results requires a bit of notation, below we will provide
rough versions of them for the convenience of the reader.

Assume that wy, ..., w,, are closed and real-valued 1-forms on M. We define the
following subgroup? of Z:

m
r, = {5 e7" E 0= Zé}ka)k is an integral l—form}.
k=1

We interpret the & € Z™ as frequencies for the partial Fourier series with respect
to x € T™. Roughly speaking, by applying Fourier series to cohomology classes in
Hg, (€°°(R2)) and splitting them into frequencies belonging to 'y, and to Z™\TI',, one
is naturally led to the direct sum decomposition

H (6°°(Q)) = Hy, (675 () ® Hy (65 r, ()

2 A word of caution: a different, more general definition of 'y, will be given later on; one that encompasses
the case when vy, .. ., wp are complex-valued (4.3).
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(the definition of the summands can be found in Sect. 5.1). Then, as a result of a series
of arguments in Sect.5.1, we obtain the following representation of the first factor
above (which, again, assume no hypotheses on the given tube structure):

H(ER0(R) = €°(T") ® Hip (M),

where r is the rank of I'y, as a group. In order to reach (1.5), we are necessarily
lead to the problem of determining conditions for the vanishing of the second factor
Hg, (Com \T (£2)): this is done in Theorem 5.7, where, besides the obvious requirement
of closedness of the range of d’, we find an unexpected obstruction (5.11) for the
validity of (1.5). Therefore, the main result in [6] does not extend, in general, when
M is not an n-torus.

Indeed, for surfaces, this obstruction—which is related both to the nature of the tube
structure and the topology of M—is not presentin any degree when M is either a 2-torus
or a 2-sphere, but is present at ¢ = 1 when M has genus g > 2. We show in Sect. 7.2
how to construct tube structures that satisfy all the hypotheses required by [6], but that
do not satisfy (1.5). We conjecture that (5.11) holds in any degree when M is a compact
Lie group and the tube structure is real, thus providing a complete generalization of
the results in [6]. We plan to investigate this topic further in a forthcoming work.

1.3 Characterization of solvability in the first degree

Still assuming our 1-forms wy, ... w,, to be real, in Sect.5.2 we provide a complete
characterization of global solvability for the first degree of our complexes in terms
of Diophantine conditions a la [3, 4]. Here, this is our main result, a restatement of
Theorem 5.12:

Theorem 1.2 Assume w, . .., wy, real-valued. The following are equivalent:

(1) d: Q) - €% Ab) has closed range.

(2) Given {Bvlven C E°(M;A') a sequence of closed integral 1-forms and
{&v}ven C ZM\T'y such that |&,| — oo, we have that {|&,]" (&) - © — By)}veN
is unbounded in € (M; AY).

The second condition above is called the property of weak non-simultaneous approx-
imability for the collection (w1, ..., wy), which is further discussed in Sect.5.2.

The systematic use of the key Lemma 4.1 and its implications not only provides a
better understanding of the different notions of global solvability present in previous
works (that use the so-called compatibility conditions, see Remark 4.3) but also results
into relatively short and straightforward proofs without the need of usual techniques,
such as dualizing with the top degree, or the use of a priori inequalities. Indeed, our
method automatically supply a formal solution (Definition 4.7), obtained by solving
a system of simpler differential equations (with the help of compatibility conditions)
that appears after performing the partial Fourier transform. The question then becomes
when the formal solution is a true solution, and here the Diophantine condition plays
arole.
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Cohomology of tube structures

1.4 Final results: finiteness theorems and results on surfaces

In Sects. 6 and 7, we revisit complex tube structures, and derive a handful of necessary
conditions for finiteness of the cohomology spaces. The results we proved led us to
conjecture whether Hc‘{, (€°°(R2)) is finite dimensional only if it is isomorphic with
HgR(M )—true, notably, when (5.11) holds and r = 0 (Theorem 7.5), as well as in
every other situation in which we were able to compute. For example, when M is a
surface, we obtain a quite complete description (Sect.7.1).

Convention. Except where explicitly stated, the 1-forms wy, ..., @, are assumed to
be complex-valued.

2 Preliminaries
2.1 Global solvability in abstract complexes and related concepts

Let X be a smooth, compact, connected and oriented manifold, and E be a complex
vector bundle over X. The space €°*°(X; E) of smooth sections of [E carries its standard
Fréchet topology; by endowing X with a Riemannian metric and E with a Hermitian
metric, one may write it as the projective limit of a suitable sequence of Sobolev spaces
of sections of E. We also let 2’ (X; E) be the space of distribution sections of E, which
will be identified with the topological dual of €*°(X; E*).

Let E, F be vector bundles over X and P a differential operator from E to [F.

Definition 2.1 We say that P is almost globally hypoelliptic (AGH) if
Yu e 2'(X;E), Puc€®(X;F) = v € €°(X; E) such that Pv = Pu.

We have:
Theorem 2.2 [f P is (AGH), then P : €*°(X; E) — €*°(X; F) has closed range.

This result is proved in [2, Theorem 3.5] for scalar operators; its proof extends to
vector-valued operators in a straightforward way, hence we omit it. A converse fails
to hold even for very simple operators, but is valid for many classes of operators
[1, 2], including (1.3), as we will prove in Theorem 4.4 below.

Let G be a third vector bundle over X and Q a differential operator from I to G
such that Q o P = 0. We define two cohomology spaces

ker{Q : #(X;F) — F(X;G)}

— (o¢] /
(P FGE) — FxE) T 0 7

Hp o(F (X)) =

Our goal is to understand these two cohomology spaces separately, as well as their
relationship. The inclusions €*°(X; %) < 2'(X; %) (* = E, F, G) induce a linear
morphism

Hp,o(€* (X)) — Hp,o(Z'(X)) 2.1
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which may be neither injective nor surjective. However,
P is (AGH) <= (2.1) is injective,

being therefore independent of Q, and a property of P alone. One should recall the
traditional notion of global hypoellipticity for complexes, that is:

Vie2'(X;F), Of e €¢°(X;G) =
Ju € 9'(X; E) such that f — Pu € €°(X; F). (2.2)

Since Q(f — Pu) = Qf, (2.2) implies that Q is (AGH). Additionally, we have that
Vie2'(X;F), Of =0= 3u € Z'(X;E) such that f — Pu € € (X;F),

which is equivalent to the surjectivity of (2.1). We state this result more precisely:
Proposition 2.3 Property (2.2) holds if and only if Q is (AGH) and (2.1) is onto.

The transpose 'P is a differential operator from F* to E*, yielding new maps

tp . 92'(X;F* — 92/(X;E"
| € (X; FF) — €°(X; EX)’

the latter being the restriction of the former. In the presence of a second operator Q
satisfying Q o P = 0, we want to determine necessary conditions on f € €°°(X; IF)
so as to be able to solve Pu = f with u € €°°(X; [E). Obviously, we must have

f eker{Q: €°(X;F) — ¥°(X; G)}. (2.3)
Moreover, if v € 2/(X; F*) is such that ‘Pv = 0, then

(v, f) = (v, Pu) = (‘"Pv,u) =0,

that is,

f eker{'P: 2'(X;F*) — 2'(X; E*)°. (2.4
However, by Functional Analysis, the annihilator in (2.4) equals the closure of ran{ P :
E°(X;E) > €°°(X;F)}, and since Q o P = 0, the range of P is contained in
ker{Q : €°(X;F) — ¥°°(X; G)}, which is closed in ¥°°(X; F). We conclude:

ker{'P : 2/ (X;F*) — 2'(X;E*)}° C ker{Q : €*°(X:F) — € (X; G)},

hence the compatibility condition (2.3) is redundant in light of (2.4). We therefore
introduce the following definition in spite of the presence of the operator Q.
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Definition 2.4 We say that P is globally solvable if for every f € €°°(X; IF) satisfy-
ing

(v, f) =0 forevery v € Z'(X;F*) such that '"Pv = 0

there exists u € €°°(X; E) such that Pu = f.

In other words, P is globally solvable if and only if the range of P is closed.

2.2 Partial Fourier series for sections of A7

Given f € €°°(Q; A?), for each & € Z™, we define an element fg € E°(M; AY)
as follows: if U C M 1is a coordinate open set in which f is written as (1.2) then

fe(r) = Z/ fir@, &)de; = Z/ (/Tm e—l'xff,(r,x)dx> dty, teU.

I/l1=q IJ1=¢

Note that since A, ) = A, for every x € T™, each dt; can be thought as a section
of either A7 or A?. One can check that the construction above is independent of the
choice of coordinates on U, hence defines well a differential form of degree g in M. It
is useful to regard fg as a current on M, that is, we define f;— TEC°(M; A1) - C
by

A

g (feo e = (f. e Agadx) :/ fre™ agnadx,  (2.5)
Q

with dx = dx; A - - - A dx,,; both definitions yield the same object. This extends our
construction to g-currents, yielding linear maps

£ EF(Q2; A1) — € (M; A?)
Sl 2@ A1) — 2/(M; A9)

defined by the assignment f +— f;
Proposition 2.5 The map Fg : €°°(2; A1) — €°°(M; AY) is continuous.
Going in the other direction we define linear maps

& - {%W(M; AT) — E°(Q; AY) 2.6)

2'(M; A1) — 7'(Q2; A?)

by f — Q) ™ A f.

Lemma 2.6 For every & € Z™, we have that F¢ o & is the identity on €°°(M; AY)
and Fg 0 &, =0ifn #&, foreveryq € {0, ..., n}.
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Proposition 2.7 Given [ € €°°(Q2; AY) we have

1 PN
f= > e 2.7)

(27'[)’” Eezm

with convergence in ¢°°(2; A9). In particular, f = 0 if and only if fg = 0 for all
EeZm"

2.3 Fourier analysis of d’

Letw = (wy, ..., w,) with each wy being a complex, closed 1-form on M. Given
& e Z™, we write

Ew=) Hop € €OM; A
k=1

and define dé L E(M; AT) — € (M; A1) by

dif =df +iE @) Af,

a first-order differential operator that satisfies dé ) dg = 0, thus forming a complex
whose smooth cohomology spaces we denote by

ker{d} : €°°(M; A9) — € (M; ATty
ran{d; : €(M; AI—1) — G(M; AD)}’

H{ (6% (M) = gefl,....,n)
(2.8)

and, as usual, HQ(%OO(M)) = ker{d; : €°(M) — €°(M; AY).
In the next section, we start a deeper study of these zero-order perturbations of the

de Rham complex. For the moment, we focus on their formal aspects related to the
Fourier analysis of the complex d’. The proofs of the next results are standard.

Lemma 2.8 The following transposition formulas hold.

(1) For f € €°(2; A9) and g € €>°(2; A7~ 1), we have
f dfArgndx = (—l)q'H/ fAadgAadx.
Q Q
(2) For f € €°(M; A9) and g € €°(M; A""97"), we have
[ arng=cort [ rade
M M
forevery& € 7.
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Corollary 2.9 For each & € 7", the following commutation relations hold:
_ ’.

(1) do& =& Odé’

(2) Feod = dé o Fe.

3 Zero-order perturbations of the de Rham complex

Motivated by the introduction of the operators d; in Sect.2.3, we discuss a general
class of operators on M that are perturbations of the exterior derivative. Let @ be a
complex, smooth, closed 1-form on M, and define, for g € {0, ..., n}:

D, =d+iwA-:C°M; A — €°M; ATT). (3.1

Note that dé = D, when w = & - w. These are first-order differential operators, satis-
fying D, o D,, = 0 since w is closed. The operators D, define a differential complex,
which is elliptic since D,, has the same principal symbol as d. Such a differential
complex, however, does not come from an involutive structure on M (for instance,
D, (1) = iw # 0), hence we cannot apply solvability results from this theory to it.
Given any open set U C M, we define

ker{D,, : Z(U; A1) — F(U; A7t}

o0 /
= . 2
ran{D,, : Z(U; A1) — F(U; A9}’ F=¢Tor7. (32)

HI(F(U)) =

In particular, Hg (€X°(M)) = HL (€ (M)) when w = £ - @. If w is exact in U, say
d¢ = w|y fora ¢ € €°(U), then de'® = ie'®w|y and

d(e'? f) =de'® A f +e'%df = €'?D,, f
whatever f € 2/(U; A9). In particular, for ¢ = 0, if U is connected,
fe2'U), Dof =0= f =const.-e %, (3.3)
thus the sheaves of homogeneous solutions of D, in smooth functions and in distribu-
tions are one and the same; we will denote this sheaf by .#,,. A crucial feature is that

18 locally isomorphic with the constant sheaf .#—its stalks are copies of C—but
not globally in general (see below). We have commutative diagrams

P'U; A1) 22 /(U AT

le;¢_ leiqs.

7'U; A -4 7'(U; AT
and the same holds for smooth sections. Since ¢/? # 0 on U, we conclude that
HUFU) = HRWU), F=¢ o, (3.4)

the right-hand side standing for the usual de Rham cohomology space.
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Let %, denote the sheaf of germs of smooth or distributional sections (depending
on the case) of A7, that is, forms and currents. We have the exactness in degree
q € {1, ..., n} of the sequence

D, D, Dy
v = Py = Tyl — e (3.5)

Indeed, by the Poincaré Lemma, every point # € M has a neighborhood in which w is

exact, thus we can apply the isomorphism (3.4) and use that the exterior derivative d is
locally solvable at ¢ in degree ¢ € {1, ..., n} (this is usually stated for smooth forms,
but also holds for currents). In particular, in both cases the sequence (3.5) provides
fine resolution of .%,,, so on any open set U, we have

HY (&> U)) = HI(Z'(U)) = HI(U; S),
the right-hand side denoting the g-th cohomology space with values in the sheaf

7. Specifically, the natural homomorphism of sheaves ®° : C5° — 9, induces
homomorphisms &4 : 6>° — 9(;, forming a homomorphism between resolutions

Dy D, D, Do,
0 > S > 65° ,cgqoo ,cgqoil_>...
lid l@o lq;q lq,qﬂ
0 — Fo — Ty =2 - 2% ) 2% g D
Hence, for each g € {0, ..., n}, the map
@l HI(¢>®U)) — HI(Z'(U)), UCM, (3.6)

which is precisely the one induced by the inclusion map €*°(U; A7) — 2'(U; A9)
on the quotients, is an isomorphism®>—we have just proved a special case of the so-
called Atiyah-Bott Lemma. Unwinding quotients in (3.2), one deduces that:

Theorem 3.1 Given an open set U C M, we have that:

(1) Forevery f € €°°(U; AY) such that there exists u € 2'(U; A1~") with Dyu =
f, there exists v € €°(U; A9™V) such that Dyv = f. Le., Dy|u is (AGH).

(2) Forevery f € 9'(U; A?) satisfying D, f = 0, there exist g € €>°(U; A?) and
ue 2'(U; A7 such that f — g = Dy

Proof Clearly, the first claim is equivalent to the injectivity of (3.6), while the second
one is equivalent to its surjectivity—both of them established above. O

In particular, D, is (AGH) in each degree. On time, we recall that, by elliptic theory,
all the cohomology spaces HI(€°°(M)) are finite dimensional since M is compact.
Both properties will be used heavily, often without mention, from here on.

3 See e.g. [12, Theorem 3.13] but especially the remark by its end concerning naturality.

@ Springer



Cohomology of tube structures

Another consequence of (3.3) is that, given a coordinate ball U C M, a function in
7, (U) either vanishes identically or is never zero. In particular, the zero set of a global
homogeneous solution f € .¥,(M) is both open and closed, so by connectedness,
such an f also either vanishes everywhere or not at all.

Lemma 3.2 Either ./,(M) = {0} or dim¢c ¥, (M) = 1. The latter case happens if
and only if ./, is isomorphic with the constant sheaf ..

Proof Suppose there exists f € ., (M) non-zero. By the previous remarks, f never
vanishes. We will prove that any g € ., (M) is a constant times f. On an open set
U C M in which w is exact, we have by (3.3) that f|y = c1e™'? and g|y = c2e™'? for
some constants ¢, c; € Cwithcy # 0.Hence (g/ f)|y = cl_lcz, and, since such open
sets cover M, we reach the conclusion that g/ f is locally constant: by connectedness,
this must be actually a constant function. Now, we prove that multiplication by f
defines a sheaf isomorphism .y — .¥,,, a claim that we check locally. Given t € M,
take a coordinate open ball U C M around it. We have

he HAWU) = h=const. = h- f|y = const. - fly € .%,(U),

so we have a monomorphism .#)(U) — %, (U). But, since w|y has a primitive, any
g € %, (U) is amultiple of f|y, hence that monomorphism is also surjective. O

Corollary 3.3 If w is exact then .%,, = .%.
Proof If ¢ € €°°(M) is a primitive of , then D, (e 7/?) = 0, i.e., e ¢ € .%,(M). O

Remark 3.4 The sheaf .7, is always locally isomorphic to .#; the isomorphism can
be made global precisely when ., admits a non-vanishing global section.

Lemma 3.5 Given two closed 1-forms wi, w» on M such that .7, (M) # {0} #
Fwn (M), we have that ., 14, (M) # 0.

Proof If fi (resp. f>)is a section of .7, (resp. .%4,,) then fi f> is a section of .75, 4, .
Indeed:

difif) =dfin o+ findfa=—ior A fi N fa—ifinor A fo
= —i(w1 + w2) A (f1 /).

In particular, if f; € .7, (M) and f> € .%,,(M) are both non-zero then fi f> €
w140, (M) is non-zero. O

Theorem 3.6 The set
Zy = {[o] € Hg(M) ; 7, = S} = {[w] € Hig(M) ; Z,(M) # {0}
is a group.
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Proof Notice that Z); is well-defined: if w, w® are two closed 1-forms in the same
cohomology class such that .7, = .%) then also .%,,» = .#. Indeed, in that case there
exists ¢ € €°°(M) such that w®* = w + d¢: since ., = # by assumption and
Fd¢ = S by Corollary 3.3, it follows from Lemmas 3.5 and 3.2 that T = A.
The same argument shows that Z), is an additive submonoid of H R (M).Regarding
inverses, if [w] € Z); then there exists a non-vanishing f € .7, (M); clearly,

df +ifo=0=d(1/f)—i(l/f)o =0

Therefore, 1/ f is a non-vanishing element of ._,, (M), so —[w] € Zy;. O

Remark 3.7 Recall that a real closed 1-form « is integral if fy a € 2m7Z for every
I-cycle y in M. It follows from [4, Lemma 2.1] that

Zy = {lw] € H(}R(M) ; Rew is integral and Imw is exact}. 3.7

4 Formal characterization of the closure of rand’

In this section, we address the issue of formal solvability (i.e., at the level of par-
tial Fourier series) and relate it with the notion of global solvability in degree
q € {1, ...,n}. Now that we have all the tools at our disposal, the proofs are pretty
straightforward.

Lemma4.1 For f € €°(Q; A?), the following are equivalent:

(1) f belongs to the closure ofran{d’ : € (Q; A1~y - €(Q; AD));

(2) fe is dg-exact for every & € Z.

Remark 4.2 The notion of f: being d;-exact is unambiguous: if dgug = fz is solvable
in distributions, we can always find a smooth solution since dé is (AGH) (Theorem 3.1).

Proof Let f € € (2; A?) and suppose there exists {u,}yeny C € (2; A1) such
that d'u, — f in €°(Q; A?). By Proposition 2.5 we have that
i Fe(uy) = Fe(d'uy) —> fe  in€°(M; A9).

Therefore, f;— belongs to the closure of ran{dg (M, Aq*]) — C°(M; AD)},
which is already closed in €°°(M; A?)—for instance, by Theorems 2.2 and 3.1—
hence:

fe eran{d, : €°(M; AT — €°(M; AD)}, VE € 7" 4.1
Conversely, if f € €°°(Q2; A?) is such that (4.1) holds, then for each § € Z™ there

existsug € €°(M; A1~ 1)such thatdéug = fg,hencem the topology of €°°°(£2; A?)
we have

1 .
ix€ _ ix§
(271)’” E e'*s A d; glg = hjgod <(27r)’" E e A ug),
gezm &1=<v
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which proves that f lies in the closure of ran{d’ : € (Q2; A9™!) - €>(Q; AD)}.O

Remark 4.3 Lemma 4.1 helps to settle the question of equivalence between differ-
ent formulations of compatibility conditions appearing in the literature (hence, the
equivalence between different notions of (smooth) global solvability).

Consider, for instance, the space E C €*°(Q; A') determined by the compatibility
conditions in [8, 9] (which deal with the case m = 1, g = 1). Given f € € (X; AI),
it follows easily from de Rham Theorem that, if fg is d;-exact for every & € Z™, then
f € E; whereas the converse follows from results in [8, 9]: if f € E, a solution to
diug = fg is obtained for every £ € Z™, first in some covering space of M, and then
in M by a convenient choice of initial conditions. In particular, E equals the closure
of ran{d’ : €°(Q) — €>°(2; A} in that case.

The previous lemma yields our first major result; which, together with Theorem 2.2,
entails Theorem 1.1.

Theorem 4.4 [f (1.3) has closed range, then it is (AGH).

Proof Suppose that d' : €°(Q; AY) — (2 AYT!) has closed range and let
u € 2'(Q; A9) be such that £ = d'u € €°°(Q; A9t!). Then fg = d’ug, that is, fg
is d/ -exact for every & € Z™. By Lemma 4.1, f belongs to ran{d’ : €*°(Q2; A7) —
%"O(Q; A1)}, so there exists v € € (2; A9) such that d'v = f = d'u. m]
It generalizes [9, Corollary 7.2] (and preceding results):

Corollary 4.5 If the operator d’ : €*°(Q2) — € (Q; AI) satisfies the property
Vu € 7'(Q), du =0 = u = const., 4.2)

then it has closed range if and only if it is globally hypoelliptic.

Proof This is animmediate consequence of Theorems 2.2 and 4.4, since global hypoel-
lipticity is equivalent to (AGH) when (4.2) holds. m]

Remark 4.6 Notice that (4.2) holds in the case considered in [9, Corollary 7.2] (im = 1,
w = ib with b real, closed and non-exact) thanks to [4, Lemma 2.2]. See also further
discussion below about the group I'y,.

Definition 4.7 We say thatan f € ¢"°°(Q; A?) is formally solvable if for each § € Z™
there exists ug € €°°(M; AY~") such that d; ATES fg

A sufficient condition for that to happen is that there exists u in € (2; A9~")—or
evenin 2'(Q; A9 —such that d'u = f: Lemma 4.1 entails the following converse.

Corollary 4.8 The following are equivalent:

(1) d: F°(Q; A1 — €°(Q; A?) has closed range.
(2) Forevery formally solvable f € € (S2; AY) there existsu € €>°(2; AY™") such
thatd'u = f.
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Before we move on, we must introduce an important set of frequencies. For w =
(w1, ..., wy), the mapping & € Z™ — [ -w] € Hle(M) is a homomorphism of
groups, hence

Fo={6€Z"; [§ o] € Zy} (4.3)

is asubgroup of Z™ . In particular, either one of the three mutually exclusive alternatives
hold:

(1) Ty = {0};
(2) Ty is infinite and proper; or
(3) Ty =27".

Using (3.7) one has, for instance, that:

'y = {0} <= Re(£ - w) non-integral or Im(¢ - @) non-exact, V& € Z"\{0}
— Rewy non-integral or Imwy non-exact, Vk € {1, ..., m};

while
[y = Z™ < Re(£ - ) integral and Im(§ - @) exact, V& € Z™

<= Rewy integral and Imwy, exact, Vk € {1, ..., m}.

5 Applications to real structures

Throughout this section, wi, ..., wy, are assumed real. In this case,
Iy =1{& €Z"; & -wis integral}.
5.1 Isomorphism theorems
For X C Z™ we set, foreach g € {0, ..., n},
G AT = {f € X AY 5 fr =0, VE € Z"\X),

and for f € €°°(2; A7), we consider its projection on €g°($2; A?):

1 . "
fX = E ezxé VAN fg.
@m)™ teX

It follows that f = fx + fzm\x and hence
TP AT = (2 AT) © G x (2 AT).
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Notice moreover that
dER(Q; AT) C ER(2 AT
and that
du=f <= dux=fx and duzmx = fzmx.
It thus makes sense to define

ker{d' : €°(Q; A? 2 (Q; A9T!
Hg,(%)?o(ﬂ))z CI‘{ %x( 7_)—>ch( s L3 )}’
ran{d’ : G0 (2 A7) — GR(Q; AD)}

hence, we have
Hg (6%°(Q)) = Hy (6%°(Q) ® Hy (€ x ().

We denote by 7 : M — M the universal covermg of M. Foreachk € {1,...,m}
there exists Yy € € (M R) such that dyy = m*wy on M (since the latter form is
exact). More generally, for & € Z™ we set

Ve =) &y € CC(M;R), (5.1)

k=1

hence dy¢ = 7*(¢ - ). In an open set U C M in which 7y : U — U is diffeomor-
phism (U C M being another open set) we have

dei¥eoms' — Ve (£ . ) on U.

If £ € Ty, then § - w is integral, hence by [3, Lemma 2.3], if P, Q0 € M satisty
w(P) = w(Q) then ¥z (P) — ¥(Q) € 2nZ, we can define for every § € I'y, a
smooth function

M3t e¥eom 'O, (5.2)
even though 77 ! is not a function. It follows that
eV € S ey (MN[0}, VE €T,
We define a map W : M x T — M x T™ by
W, X1, Xm) =@ x1 — Y1), ooy X — Y (D)),
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in which the sum x; — v () takes place in R/(27 Z). In particular, W is a diffeomor-
phism with inverse

U Eoxr,oxm) = x4+ 01Dy X+ Y (D).

Proposition 5.1 Assume wy, ..., wy, real-valued and let f € ‘519;’ (2; A9). Then
1 e 1A
@ = le—l!/fgoﬂ 53
()= G gerj e fe (53)

defines an element in %193(9; A?). The map
0GR, (2 A7) — 6 (2 AT)
is a linear isomorphism and satisfies ' 0 © = d; o ©.

Proof Writing the partial Fourier series of f, we have that

> e fe o).

£elo

1

ft, x) = 2

We define F = (7 x idpn)* f, which is a smooth g-form on M x T". By continuity
of the pullback map, it follows that

1

F(t,x) = 2oy

> et fo) ),

fely

with convergence in the space of smooth g-forms on M xT™ If we change coordinates
using the diffeomorphism W, we obtain

1
Qm)m

(W*F)(7, x) = Y CEVED (o foy @),

§ely

which we will show that descends to M x T™ as ©(f). The sequence of truncated
sums

1

h = 5o

Z eixsﬁ(t), v eN,
s€ly
[&|=<v

which approximates f in €°°(2; A7), certainly satisfy
W*(r x idpn)* f, — W*F on M x T™

@ Springer



Cohomology of tube structures

whereas

Gy 2 TR, veN,
§ely

[§1=<v

gv(t) =

satisfy (77 x idpm)*g, = W*(r x idpm)* f, clearly, hence
(7 x idn)*g, —> W*F on M x T™. (5.4)

To prove convergence of {g, },en in €°(2; A?), it suffices to check iton U x T™
for a suitably small open set U C M: its limit will then be automatically a globally
defined g-form ©(f) on M x T™, and can be easily seen to be a section of A?. This
is the case if, say, there exists an open set U C M such that Ty - U— Uisa
diffeomorphism. Since the previous convergence (5.4) takes place in U x T™ as well
by restriction, in which 7y x id= is invertible, we conclude that {g,},en converges
in U x T™, proving our claim.

It is clear that (5.3) holds (as ®(f) is by definition the limit of {g,},<N), hence of
course O(f) € %ﬁj (2; A9): by continuity of each map F%, Eq. (5.3) gives its Fourier
coefficients explicitly. Moreover:

(271)md/@(f) — (dt"'zwk/\ ) Z ezx.f iYegom™ 1 A

§ely
ix§ —ipgor™! 2 de's —iygon " £
= > e Ed e fg)-i-za T f)
£y =1 %k
= 20 (e (A e i @) A fr) HiGE @) neETYeT )
éely
— Z eixéfilﬁgon*ld/t-f\%_
tely
= Q2m)"O(d; f),
thatis: ® 1 od 0 ® = d; on G (2 AY). o

A similar calculation shows that, if
Of : C(M; AT) —> €°(M; A7), Og(h) = Vs ',
then @gl ) dé o @ = d, whatever & € I['y,.
Theorem 5.2 Assumewy, ..., oy real-valued. Then, d’ : %“(Q A?) — E°(Q; AT

has closed range if and only lfgtven aformally solvable f € €. m\r (Q; AT, there
exists u € €°°(Q; AY) such thard'u = f.
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Proof The direct implication is granted by Corollary 4.8; we prove the converse. Let
f € €°°(Q; A1) be such that for each & € Z™ there exists ug € €°(M; A7)
satisfying déus = fg Write f = fr, + fzmr, and notice that both fr, and fzmr,
are also formally solvable. By hypothesis, there exists v € ¥°°(2; A?) such that
d'v = fzmr,: we must solve d'u = fr,.

We claim that g = @~ ! fr € er. (2 A9ty is formally solvable w.r.t. d;, in Q.
Indeed, g: = 0 for & € Z™\I',, while for & € T, we have

diug = fo = 4,07 'uz = (0;'d,0-)O; 'us = O; ' fe = F(07' fr,) = 2.
But global solvability of d; is a general fact—see Lemma 5.3 below—which will
also play a role later on. It then follows from Corollary 4.8 applied to d; that there

exists w € €°°(2; A7) such that d,;w = g. Note that we can replace w with wr,, if
necessary, and assume that w € %192 (2; A?). If wesetu = Ow € %192(52; A7) then

d'u =d'Ow =0d,w=0g = fr,
and we are done. |

Lemma 5.3 The map d; : €°(Q; A?) — € (2; AT has closed range.

Proof We endow M with a Riemannian metric and let A = dd* 4 d*d be the Laplace—
Beltrami operator acting on forms on M it is elliptic of order 2 and therefore satisfies
elliptic estimates: given k € Z there exists Cx > 0 such that

||W||,%,”k+2(M;Aq) < Ck (”AW”%/((M;NJ) + ||W||%”k(M;Aq)) , Yy e %k+2(M; Aq),
where 7% are Sobolev spaces. A standard argument shows that
1V 1 e k2r: a0y < CRIAY |k aenay. Vb € 25T2(M; AD), L?- orthogonal toker A.

The following orthogonal decomposition w.r.t. the L>(M) metric is also well-
known:

E°(M; A1) =ker A @rand ® rand* (5.5)
(all operators acting on smooth forms), hence in particular, for ¢ € rand*,
||W||jfk+2(M;Aq) = Ck||d*d¢||jfk(M;Aq) = C/,{”d‘ﬂ”%k—l(M;Aq*—l)

since in that case Ay = d*dyr. We conclude that, for each k € Z, there exist ¢y > 0
and j € Z such that

1V ek o aay < clldV 1l pipa: navry, V¥ € rand*. (5.6)
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Now, we obtain our conclusion by means of Theorem 2.2. Let u € 2'(2; AY)
be such that d;u € CK‘X’(Q;A‘I“). Then, for every & € 7Z™, we have that
diieg € €°(M; A?t!) by Corollary 2.9, hence, by Theorem 3.1, there exists
ve € €°(M; A?) such that dve = dilg; thanks to (5.5) we can further assume
that ve € rand*. By (5.6), for each k € Z, there exist ¢, > 0 and j € Z such that

Ve Il sk (s nay < cklldvell i pa+1y, V€ € z".

Moreover, since d,u is smooth and F¢ (d;u) = ditg, forevery j € Z; and s > 0,
there exists a constant A ¢ > 0 such that

Il i g aatty < Ajs(L+ 1D, VE € Z™,

and so, for ¢ = cxA; s, we have

g |k ar:aay < oL+ 1ER S, VE € Z™. (5.7)

The latter ensures that the series

1 .
G ¢

Eeqgm

converges in L2(2; AY) since

1 ix
T ; fQ e ve (0)]13,dV (7, x) = ; /M log (01130 Var (1)

< (hom)® Y _(L+[EH ™" < oo
&

Moreover, for each & € Z™, we have that V¢ = vg, hence d0g = ditg, so d;v = du.
Estimates (5.7) further ensure that v € €°°(Q2; A?). O

Remark 5.4 ‘We have proved, in Theorem 5.2, that d’ is always [y-globally solvable,
that is, if f € ‘5192(9; A?%1) is formally solvable, then there exists u € € (Q2; A9)
such that d’'u = f, with no further hypotheses.

5.1.1 Reduction in cohomology
Assume oy, . .., o, real-valued. The map ® descends to a linear isomorphism
HY (672(Q) = Hy (67(R))

thanks to its properties deduced above. Now, we provide a more detailed description
of those spaces, for which we introduce some notation. Take £, ..., £ a basis of
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I'p asa Z-module?, thus, for each & e I'y, there exists a unique n € Z" such that
s=mgV+ -+ =08
in which €9 = (&M ..., £0)). We also define a smooth map 6 : T — T" by
O(xX1, ... X)) = (x Dy -g<”).

Note that

Z(x 0 _x1<Z§(j) 7))+ +xm(Zs,Ef)n,) £

thus

,
0N _ l—[(eiwﬁ)n, — v ") _ ixE

j=1

Proposition 5.5 Assume wy, ..., wy real-valued. Then the pullback 6* : €°°(T") —
‘5192 (T™) is a linear isomorphism.

Proof We write an f € €°°(T") as

1 o 2
f= Gy 2

nez”

with convergence in €°°(T"). Hence

* i0(x)-n ix(n-£9)
0 f = (27.[);’ Ze f” (2 ) Ze f

nezr

meaning that

QY™ fy, ifE =1-£0 € Ty;

RO D=1, if& ¢ Ty

In particular, 6 f € € (T™). Moreover, 6 is injective since 6* f = 0 implies
that fn = 0forall n € Z". As for surjectivity, given g € G (T™), let

Z e’y”g,7 0 € E°(T)
nez”

/= (27T )

4 One should pay special attention to the case r = 0, i.e., 'y, = {0}. When properly interpreted
(e.g. O = {1}, (’]I‘O) = C, etc.), most of the results below are trivial in that case.

@ Springer



Cohomology of tube structures

which clearly satisfies 6* f = g.

Note that |&| and |n| are comparable, so a series converges in €’°°(T") if and only if
its image by 6* converges in %19;’ (T™). Indeed, we can complete £° to a basis of R,
SO we can write A = (é(l), e, é(’), S(r+1), ol S(m)), in which A is a matrix whose
j-th column equals &), It follows that multiplication of A by (17, 0) € Z" yields

,0)-A=n-§ =&

Since A is invertible, it follows that c¢|n| < |£| < C|n| for some constants ¢, C > 0.0

Now given g € {0,...,n}, for any f € €°(2; A7) and x € T", we define
f(x) € €°°(M; A?) by “fixing the x-variable”, i.e. f(t,x) = f(x)(z) for every
t € M.Assuch,ifd, f = 0,thend f(x) = 0, and, if we pick closed forms 71, . . ., Tp, €

E°(M; A?) such that [t1], ..., [tp,]is a basis of H(;]R(M), then for each x € T™ we
write

b,

q
[f(O)] =) ar(0)lz] in Hip (M)
=1
for some uniquely determined coefficients aj (x), . .., ap, (x). Things can be arranged
so that x € T +— ay(x) € C are all smooth.
Indeed, by endowing M with a Riemannian metric, we may pick 7, ..., Tp, as a

basis of ker A, the space of harmonic g-forms on M, which is orthonormal w.r.t. the
L? inner product on €*°(M; A9). Then there exists u, € €°°(M; A9~") such that

bq

) =) ae()t + douy,

=1

thus realizing the last sum as the orthogonal projection of f (x) onto ker A (see (5.5)):

ag(x) = (f (), Te) 12(m; p0) = /M(f(t,X), Te())pe AV (@), €e{l, ..., by},
(5.8)

are therefore smooth w.r.t. x.
Notice also that aj(x), ..., ap ’ (x) depend only on the cohomology class of f: if

f* = f +d,v for some v € €°(Q; A7) then

bq

[P = f0) +divx) = Zae(x)fe +di (ux +v(x)).

=1
It follows from (5.8) that, for every & € Z™,

Fe(ae) = /W e~ixE /M<f(t,X), Te(1)) pg AV (1)dx = (fe 1) L2t n0y- (5.9)
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If we further assume that f € ‘K‘X’(Q A7), then by (5.9) we have Fg(ar) = 0
whenever & ¢ Iy, that is, ag € E° (']I‘m) so, by Proposition 5.5, there is a unique
€ ¢°°(T") such that ay = 9*((12) We define

T: Hg (GR2(Q) — €(T") ® Hip (M)
by
bq
TAfD =) al &Il
=1
Theorem 5.6 Assume wq, ..., wy real-valued. Then T is a linear isomorphism.

Proof The surjectivity is obvious; given af, ..., a,;q € ¢°°(T"), we have

q bq
f=) 0" apn = T(fD) =) a} ®[nl.

=1

As for injectivity, if a d;,-closed [ € %192 (2; A?) is such that T([f]) = 0, then
a=---=ap, = 0. Since d; f = 0, it follows that dfg = 0 for every £ € Iy, and so
we can find ag € Cand ug € €°°(M; A971) such that

bq
fg = Za?fg +dug, V& el

=1

Note that for & ¢ T'y, we have fg = 0. By (5.9), we have, for each £ € {1, ..., by}
and & € T, using that 7, € ker A = kerd N ker d*:

Fe(ap) = g + (dug. 7e) 120, 0y = 4 -
By the assumption that ag = O forevery £ € {1, ..., by}, we reach the conclusion that

fg is exact for every § € Z™, thatis, f is formally d;-solvable. By Corollary 4.8 and
Lemma 5.3, we conclude that f is d;-exact, i.e. [f] = 0 in Hé’/ (‘Kf’z(Q)). ]

5.1.2 Summary of the section

When wj, ..., oy, are real, we always have linear isomorphisms
Hj(€(Q) = H] (6T, () ® Hﬁ(‘@’n‘?\rw(ﬂ))
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and
HY (672(Q)) = Hy (670(R) = 6°(T") ® Hip (M); (5.10)

recall that r is the dimension of Iy, as a Z-module. We finish this section with the
following theorem, which introduces a condition that will appear later in a more general
situation, and that we will prove to hold in several cases (for notation, see (2.8)).

Theorem 5.7 Assume wy, ..., wy real-valued. Suppose that d' : € (; A1) —
€>°(2; A?) has closed range and

Hg(%“’(M)) =0, VEeZ™T,. (5.11)
Then
H (Cgmr, () = {0}.

In particular, in that case (1.5) holds.

Proof Let f € Cﬁi’,ﬁ\rw (£2; A9) be such thatd’ f = 0. Hence défg = 0, and by (5.11),
there exists ug € €°°(M; A9~y such that déu; = fg forevery & € Z™\I',. Therefore

f is formally solvable, and by Theorem 5.2, there exists u € €°°(2; A? _1) such that
d'u = f.Replacing u by uzm\r,, yields the desired result. O

5.2 Global solvability in the first degree

Theorem 5.2 tells us that the obstruction to global solvability of d’ is encoded in the
frequencies & € Z™\I',. This fact motivates us to consider the following Diophantine
condition. Our approach in this section follows and adapts ideas from [3], hence we
omit some proofs.

Definition 5.8 A collection w = (wy, ..., w,,) of real closed 1-forms on M is said to

be strongly simultaneously approximable if there exist a sequence of closed integral

1-forms {B,}veny C €°(M; A') and {&,},eny C Z™\T'y such that |£,] — oo and
{l&,]"(6y - @ — B)}ven is bounded in € (M; A). (5.12)

Otherwise, it is said to be weakly non-simultaneously approximable.

Such notions depend only on the classes [w1], ..., [on] € Hle (M). Indeed, if for
eachk € {1, ..., m} we have w; = wy + dy; for some y; € €°°(M; R) then

fo'=5w+E-dy, VEeZ”,

inwhich®® = (0f, ..., wy,) andy = (y1, ..., ym): by integrating both sides against
an arbitrary 1-cycle, it follows that & - @*® is integral if and only if so is £ - w, that is,
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I'ye = I'y. Moreover,

IEV (& - — By) = 15" (& - 0° — (By + & - dy))

and since each B, + &, - dy is integral, it follows that @*® is strongly simultaneously
approximable whenever  is.

As a finitely generated Abelian group, Hi(M; Z) admits a primary decomposition
74 @ Zp, @ ...® ZLp,. We consider o1, ..., o4 smooth 1-cycles whose homological
classes form a basis of its free part Z¢, and the map I : H} (M; R) — R given by

1
I([Ol])zg(/ O{,...,/ Ol).
ol o4

Since [ , @ = 0if o belongs to some Z,,, it follows that a closed 1-form « is integral
(resp. rational) if and only if 7([a]) € Z¢ (resp. I[a] € Q%). By de Rham Theorem,
we conclude that 7 is a linear isomorphism and that the classes of o1, . . . , 04, regarded
as elements of H{(M;R) = H 5R (M; R)*, form an R-basis for the latter vector space.
We associate to w the following family of vectors:

1
vgﬁ—(/ wl,...,fwn1>eR’", Lell,..., d}. (5.13)
2 \Js, ot

These, as well, depend only on [w1], ..., [own] € Hle (M) by Stokes Theorem.

Proposition 5.9 The collection w is strongly simultaneously approximable if and only
if there are sequences {1, }ven C Z% and {€,}yen C Z™\Ty such that |&,| — oo and

{1E01" &y - ve — ) }ven  is bounded in R for every £ € {1,...,d}. (5.14)

Proof Let Z' ¢ €>°(M; A") be the space of real, closed 1-forms, endowed with the
subspace topology, and define J : Z! — R? by J(a) = I([«]). It is continuous—
as the composition of / (a linear map between finite dimensional spaces) and the
projection Z! — H(}R(M ; R)—hence maps bounded sets to bounded sets. If  is
strongly simultaneously approximable, there exist a sequence of closed integral 1-
forms {B,}veny C €X°(M; A') and {£,},eny C Z™\I'p such that |&,| — oo such
that (5.12) holds. Letting n, = I([B8,]) € Zd, we have, foreach £ € {1, ..., d}, that

J(6" Gy @ — Bu))e = &' (T Gy - @) = T (Bu))e = [E]"(§ - ve — nue)  (5.15)

must be the ¢-th coordinate of a bounded sequence in RY, yielding our first claim.
For the converse, we start with a digression. Let ker A C Z! denote the space of
harmonic 1-forms w.r.t. some Riemannian metric, which is well-known to be finite
dimensional and hence has a well-defined norm topology; we have more, the map
o € kerA — [a] € H(}R(M ; R) is a linear isomorphism. Moreover, ker A inher-
its a Fréchet topology from €*°(M; A'), which matches the former one, by [11,
Theorem 9.1]. Therefore the restriction J : ker A — R is a linear isomorphism,
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hence a topological one by finiteness; in particular, an S C ker A is bounded if and
only if J(S) C R? is bounded. We further pick 91, ..., ¥ a basis of ker A dual to
[o1], ..., [oq4] € Hi(M; R), in the sense that

1
—/ O =8, VLU €{1,...,d}).
27 Jo,
Such a choice makes 91, ..., ¥4 integral.

Now, suppose there are sequences {1, },en C 74 and {&b}veny C Z™\T'y such that
|€,] = oo and (5.14) holds. Then

d

By = vaeﬁe € ker A
=1

is integral and J(B,) = n, for every v € N. Since (5.15) holds once more for each
£ e{l,...,d},wehave from (5.14) that {J (|&,]" (&, @ — B))) }»eN must be a bounded
sequence in R?: the conclusion follows from our digression, since we may assume
w.lo.g. wi,...,w, € ker A. O

Corollary 5.10 The collection @ is weakly non-simultaneously approximable if and
only if there exist C, p > 0 such that (see (5.13))

max € - ve —ne| = CIE[™, Vn €27, V& € Z"\T,. (5.16)

1<t<
Remark 5.11 (1) Notice that
Ilp=1{€Z"; & vekZ Veell,...,d}};

(2) The inequality (5.16) is equivalent to condition (DC) in [6, Section 2] for the
d x m matrix whose rows are v1, ..., vg. When Iy, = {0}, it recovers the stan-
dard notion of non-simultaneous approximability for collections of vectors in [7,
Definition 1.1] (see further connections with previous conditions in the literature
there);

3) Ifvy,...,vg € Q", which corresponds to case when wj, . .., wy, are all rational
1-forms, we pick a non-zero A € Z, such that Av, € Z™ forevery £ € {1, ...,d}.
Hence, given& € Z"\I'y, there mustexistan{o € {1, ..., d} forwhich&-vy, ¢ Z,
thus, for any n € 74, we must have

é'UZO—TMO #O:A(E'Uﬁo_nﬂo)ez\o
= A max [§- v —ne| =1,
1<t<d

that is, (5.16) holds with C = A~! and p > 0 arbitrary.

Now, we can state our characterization of solvability in the first degree in terms of the
Diophantine condition just introduced (reworded as Theorem 1.2 in the Introduction).
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Theorem 5.12 Assume i, . . ., wpy, real-valued. Themapd’ : € () — €°(2; A1)
has closed range if and only if the collection w is weakly non-simultaneously approx-
imable.

Proof (—>): Suppose there exist a sequence of integral 1-forms {B,},en C
E°(M; A"y and {£,},eny C Z™\T, such that |&,| — oo and (5.12) holds. We may
assume that &, # &, whenever v # V. Let g, € € (M:; R) be such that do, = n*B,
and define

1

fen= o

00
Z eixgu—i(puon—l(l)(gv - — By)(),
v=1

which, we claim, is smooth and formally solvable. As we saw in (5.2), we have that
M St —s e—i#vom ()

is a well-defined smooth function since B, is integral. Therefore, we define, for every
& € Z™, a smooth 1-form on M

ﬁi{wal@ww—mx if £ =&,

0, otherwise.

Note that, in order to prove that f is a well-defined smooth 1-form, it is enough
to prove that every point of M belongs to a coordinate system (U fq, ..., t,), with
a € Z" and s > 0, there exists C > 0 such that

sup 107 fe, Il = C(L + 16D 7", Vv eN,
U

in which the norm || - || in the left-hand side is the sum of the absolute values of the
coordinate components of the 1-form w.r.t. the local frame d¢y, .. ., df,. By hypothe-
sis (5.12), we may assume that, for each y € Z" , there exists B > 0 such that

sup ”82/(%-1) o — B <BI&ITY, Yvel.
U

. . . _i -1
It remains to prove that the derivatives of e7'#*°"  are bounded by some constant
times a power of |&,|. We can assume that U is small enough in order to have a
diffeomorphism 7y : U — U and so

: - . —1
e_l‘pvoﬂ l(t) — e_ZWI)OﬂU )

for every ¢t € U and so, since ¢, is real, our claim follows from the identity

n

(g, o —1
Z%dﬁ = =—C 0o—-p5)+é& o
j=1 !
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since the right-hand of the equality above clearly is bounded by a constant times |&, |,
hence proving that f € €*°(2; A!). The next step is to prove that f is formally
solvable. Since fg =0,if & ¢ {&,},en, it follows that f;; is dg -exact for such values
of &; for & = &, we have

i 1 ) -1 ] -1
di, e T = de T 4TI (5, )

v
. 1 L —1 N
— _je ivvor ﬂv +ie 1pyom (;;:v a)) = féfv

It remains to prove that there is no u € ¢°°(2) such that d'u = f. If such an u
exists, then d’sﬁg = fg for every & € Z"™, in particular iig, — e~ ¢ ker dév for
every v € N. Butsince &, ¢ I'y,, we have by [4, Lemma 2.1] that ker dév = {0}, hence

" —igyon—!
g, = e '?°"  for every v € N and then

||ﬁ§1;||iZ(M) :/ dVM7 JURS Ns
M

does not decrease fast, contradicting the smoothness of u.

(<=): Suppose that f € € (; Al) is formally solvable, i.e., for every & € Z™,
there exists ug € ¢'°°(M) such that d;u; = fz. Thanks to Theorem 5.2, we only need
to prove that there exists u € €°°(2) such that d'u = fzm\ r, . The natural candidate
is

1 .
&
2y Z eCug,

§€ZM\ Ty
and it suffices to prove that the series above converges in 6°°(£2). This claim is local,

so we must verify that every point of M belongs to a coordinate ball U enjoying the
following property: for each a € Z'| and s > 0, there exists C > 0 such that

10%us (1) < C(1 + €)™, V& € Z"\Ty, V1 € U. (5.17)

We write

n
Wy = Zwkjdtjs wij € W),
j=1
onU fork € {1,...,m}, and
n
f= ij dtj, fj € €U xT"),
j=1

on U x T™. We may assume wy; is bounded in the sup norm in U.
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Lemma 5.13 Suppose that given s > 0 there exists C > 0 such that
lug()| < CA+1ED°, VEe€Z"\Ty, VtelU. (5.18)

Then (5.17) holds true.

Proof We proceed by induction on |a|; the base || = 01is (5.18). For the general case,
the equality d;ug = f¢ can be written in U as

g .
a_f +iY Gogue = Fe(f)). j€ll,....n).
J k=1

Ifa = (ar,...,ap),a; > 0and B = a — ¢;, in which e; is the j-th vector of the
canonical basis of R”, then

m
0%ug = 3 9y ug = o (fg(fj) —i ngwk,ug> ,
k=1
and we use that f is smooth and s > 0 in (5.17) is arbitrary. ]

We fix 1o € M and prove that (5.1§) holds in a coordinate ball U centered at 7.
As in Sect. 5.1, we assume that 7y : U — U is a diffeomorphism and consider the
functions ¥z € €°°(M; R). Then on U we have, for all £ € Z™,

. -1 : -1 . —1 A
d(eu/fgoﬂu MS) — ell/lgonu dé‘uf — emﬁgonu fé;'
which, integrating along any curve y in U connecting ¢ to ¢ yields, by Stokes Theorem,

ue (1) = ei(\/fgozrﬁl(to)—llfgongl(l))us(to) +e—i\/lgcn’l71(t) f eil/lgorrl?lf'-%.
Y

Since f is smooth and ¥ ¢ is real-valued, the last equality shows that (5.18) holds true
provided that we prove that, given s > 0, there exists B > 0 such that

lug (to)| < BA+[E)™°, V& € Z"\I'y,
which we do next.

By the Hurewicz’s Theorem, we may assume that oy, ..., o4 all have base point
to. We lift them to curves oy : [0, 1] — M whose endpoints we denote by

Qo =0¢(0), Qe¢=o0¢(l), Lefl,....d}.
We integrate along 6, both sides of the equality
d(eVern*ug) = eVen* fi
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and use Stokes Theorem again to conclude that, since 7 (Q¢) = 7 (Qp) = to,

<ei(1/fs(Qe)—1/fs(Qo))_1) ué(to):eiws(g())[ Vet .

oy

Moreover,

n*($~w)=f £-w, (5.19)
o¢

oy

1lfs(sz)—'/fs(Qo)=/a&['/fs =/&[d'/f5 Z[

so, for & € Z"\I'y, there exists £ such that ¥ ¢ (Q¢) — ¥ (Qo) ¢ 277, hence

iYe(Qo) e % 7
ue0) = Cien—ve@n _ 1) /&[e e

for any such £. Using again that f is smooth and ¥ is real-valued, it suffices to prove
that there exist ¢, p > 0 such that

max
1<t<d

e We(Q—¥e(Q0)) _ 1) > clE|7P, VE € ZM\Ty. (5.20)

To conclude, we use the following technical lemma, whose proof we omit.

Lemma 5.14 There exists € > 0 such that, for each & € 7Z"\l'y, at least one of the
following conditions holds:

(1) Forevery £ € {l,...,d} there exists p; € Z such that

. 1
A W (Q—¥(00) _ 1‘ =5 [We(Q0) — e (Qo) — 27 pe|;

(2) There exists £ € {1, ...,d} such that

o W (Q0)—¥e(00) _ 1) > ¢

By Lemma 5.14, we may assume that, forevery £ € Z"\I'y, there are py, ..., pg €
Z such that
. 1
lmeaxd e We(Q—¥e(Q0)) _ 1) - max "/’E(QZ) _ '/fé(QO) 27TP€| .
<t<

It follows from (5.19) and (5.13) that

max
1<t<d

ei(*lfs(Qe)*'lfs(Qo)) _ 1’ > 7 max |§ - v — pyl.
T lst<d

Since we are assuming that @ is weakly non-simultaneously approximable, we can
use Corollary 5.10 to conclude that (5.20) holds. O
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6 Formal Fourier analysis of cohomology spaces

Allowing again wy, . .., @y, to be complex-valued, we add a third characterization of
solvability to our list in Corollary 4.8.

Proposition 6.1 The following are equivalent:

(1) Forevery formally solvable f € € (S2; AY) there existsu € €>°(2; A9~V such
thatd'u = f.
(2) The map

H(¢® Q) — [] H(@> M) (6.1)
Eegm

given by [f1— ([ fg])gezm is injective.

Proof First, we prove that solvability implies the injectivity of (6.1). Let [f] €

(‘5"0(9)) be such that [fg] = 0in Hq(‘foo(M)) for every £ € Z™, i.e. fg is
dS -exact for each & € Z™, i.e., f is formally solvable. By the solvability, it follows
that [ f] = 0 in Hj,(¢°°(R)), proving the injectivity.

Conversely, a formally solvable f € €*°(R2; A7) is d’-closed, hence 1At deter-
mines a class [f] € Hg, (¢*°(R2)). Formal solvability of f ensures that [fz] = 0
in ng (°°(M)) for every & € Z™. Thus, if (6.1) is injective, we have [ f] = 0 in
H g, (F*°(R2)), which is precisely what we wanted to prove. O

Next, we study the map induced by & in cohomology. Unlike in the previous
proposition for the map induced by F, its injectivity always holds true and requires
no extra hypotheses.

Proposition 6.2 For each & e 7", & induces an injection Hg’(%oo(M)) —
qu, (T°°(R2)). Their direct sum induces the following injection:

@ H (€M) — HJ (€ (Q). (6.2)
gezm

Proof Let[f] € Hg (6°°(M)). Then, by Corollary 2.9,
d&f = Sgdéf =0

and the class of & f in Hg,(%”oo(Q)) is well-defined. Indeed, if [f°] = [f] in
Hg (€ (M)), then there exists v € €°(M; A?~") such that dév = f — f*, hence

Eef—&f° = Egdév = d/é'gv.

Thus [& f°] = [E f]in H:i], (€*°(R2)). Moreover, if [E¢ f] = 0in Hg, (€°°(Q2)), then
there exists u € €*°(; Aq_l) such that d'u = & f, hence, by Lemma 2.6, we have

f=Fe&e f = Fedu = déﬁg
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hence the assignment [ f] — [ f] is injective. More generally, if

Y 1fele @ HI@>Mm))

gezm gezm
is such that

Z & fe € €°(Q2 A?) is d’-exact
Eeqm

(the smoothness is possible by taking 0 as representative whenever [ fz] = 0), then
for some u € €*°(; Aq_l), we have

1 ; N
du= Y &fs = D 3 A fp = didg = fe. VE €L,
Eeqm Eeqm
thatis, [fz] = 0in Hg (€°(M)) for every & € Z". O

7 General finiteness theorems

Assume oy, ..., @, complex-valued. The next result is the heart of our forthcoming
analysis.
Theorem 7.1 Given g € {0, ..., n}, the following are equivalent:

(1) H}(€>(Q)) is finite dimensional;
(2) d : €°(Q; A7) - €°°(Q; AY) has closed range and there exists a finite set
F C Z™ such that

Hg(%“’(M)) = {0}, VE e Z™\F.
In this case:

HI(¢™(Q) = @ H (¢ (M)).
EeF

Proof 1t is a standard argument in Functional Analysis that, if Hg, (€°°(R2)) is finite
dimensional, then the denominator in (1.4) is a closed subspace of €°°(£2; A?). More-
over, since the map (6.2) is injective, finiteness of H g/ (€°°(R2)) entails that only finitely
many terms in that direct sum are non-zero. Conversely, if d' : €°(Q; A‘f’l) —
€ (2; A7) has closed range, then the map (6.1) is injective (by Corollary 4.8 and
Proposition 6.1), i.e. H:{, (€°°(R2)) injects into

[ ] # &> )

EeF
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which is finite dimensional since so is every factor and F is finite. It follows that
dim Hg, (F°(R2)) < o0, and we have a sequence of injections (6.2)-(6.1) between
finite dimensional spaces

P HI > M) — H (@) — [ ] HI (€™ M)

seF teF
with isomorphic endpoints. The conclusion follows. O

Below we will use that, by (3.4) and the definition of I, (4.3):
Eely = S0 =S = Hg(%m(M)) = Hi, (M), VYqe{0,...,n}.(7.1)

Proposition 7.2 Assume T'y, # {0}. Given q € {0, ..., n}, ing,(%oo(Q)) is finite
dimensional, then Héq (E°(M)) = {0} for every & € Z"—in particular, H:{R(M) =
{0}—hence H} (€™(Q)) = {0}.

Proof Pick a non-zero n € I'y, and a non-vanishing function f e .#,(M). Given
u € ¢°(M; A?) and & € Z™, we have that

d(fu) +i(G+nm o) A(fu)=df Au+ fdu+if(§-o+n o) Au)
= fdu+i -w) Au)

hence multiplication by f maps Hg (€>°(M)) to Hg +n(‘g °°(M)); since multiplication
by 1/ f reverses this job we have ng (T (M) = HSq+n (6°°(M)) for every & € Z".
Thus, if some Hg (€¢°°(M)) is non-zero, then so are infinitely many of them, and the
left-hand side of (6.2) must contain infinitely many copies of it: injectivity of (6.2)

would then lead us to a contradiction, hence proving our first claim. Now, it follows
from Theorem 7.1 (with F = @) that H (;], ("°°(R2)) vanishes. O

Corollary 7.3 If0 < dim HJ,(6€™°(R)) < oo for some g, then T, = {0}.

Interesting special cases of the results above are obtained for g € {0, n}, for then
HgR(M ) is one-dimensional (compare with [4, Lemma 2.2]).

Proposition 7.4 Suppose that:

(1) Fw — an,.
(2) H (M) = {0}; and
(3) d: F®(Q; A1) — (2 A?) has closed range.

Then Hé’, (F*(Q2)) = {0}.
Proof The first hypothesis ensures that all the factors in the direct product in (6.1) are

copies of HgR(M ), which is zero by the second hypothesis; the third one implies that
Hg, (°°°(£2)) embeds there, which is therefore also zero. O
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Theorem 7.5 If (5.11) holds, then
HJ (6%(Q)) is finite dimensional <= HJ (6™ (Q)) = Hip(M).  (7.2)

Proof We have by (5.11) and (7.1):

P H @>m) = @ HE(E> M) = @ Hfp (M)

gezm gely £ely

which is isomorphic with Hg/ (¢°°(2)) by Theorem 7.1 provided the latter space
is finite dimensional. Two possibilities arise: either HgR(M) is zero (in which case
HC({, (€*°(R2)) vanishes too) or not; in the latter case, there must be at most finitely
many indices in the last direct sum (by finite dimensionality) i.e. I'y, is a finite set.
Since this is a subgroup of Z™, we have that I',, = {0} i.e. there is a single term in
that direct sum, namely HJ (¢>°(M)) = Hlx (M). In both cases we get (7.2). o

7.1 Calculations on surfaces
In the case dim M = 2, we know that

1, ifg=0,2,

dim HL, (M) =
R =109 irg =1,

in which g is the genus of M. It follows from the Atiyah-Singer Index Theorem that
the index of the elliptic complex dé on M, that is,

2
Z(—l)q dim H{ (6% (M), (7.3)
q=0

depends only on the principal symbol of dé, which is the same as that of the exterior
derivative. In particular, (7.3) does not depend on &, hence equals
2 2
Z(—l)q dim H (6% (M)) = Z(—l)q dim Hify (M) = x(M) =2 - 2g,
g=0 q=0

the Euler characteristic of M. We already knew this for £ € 'y, by (7.1); the extra
information comes for & ¢ I',, in which case by definition

HY(6™(M)) = S¢.o(M) = {0}.
Also, it follows from the second part of Lemma 2.8 that

HZ(€™°(M)) = H (7' (M))* = H° (€% (M))*
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also vanishes, since —& ¢ I'y,. We conclude that for & ¢ T',, we have

0, ifg=0,2,

dim HI (€ (M)) =
M H (M) =02 itg=1.

Case g = 0. In the case M is the 2-sphere, we always have I',, = Z™, since every
closed 1-form is exact by simply connectedness. Hence:

° H(?, (€*°(R)) and H dz, (€°°(R2)) are infinite dimensional (Proposition 7.2);
e H},(€>(R)) is finite dimensional if and only if d' : €°(Q) — €>°(Q; A') has
closed range, in which case (Theorem 7.1)

Hy (6®(Q) = @ HN (€ (M) = @ Hjz (M) = {0}.
Eegm Eeqgm

Case g = 1. In the case M is the 2-torus, since no de Rham cohomology space
vanishes, we must have that every H g/ (£°°°(£2)) is infinite dimensional, unless 'y, =
{0} (Proposition 7.2). In this case we have that

P H @) = Hi (M) & P HI (6 (M) = Hip (M)
Eeqm §¢lw

is in particular finite dimensional, hence (7.2) holds for each ¢ € {0, 1, 2} (finiteness
granted when ¢ = 0 thanks to Theorem 7.1).

Case g > 2. As in the previous case, every H (;1, (Z°°(2)) is infinite dimensional,
except when I'y, = {0}, in which case:

e for g € {0, 2}, we have

P H{@&> M) = Hfy(M) & @ HI (6™ (M)) = Hif (M)
Eezm ¢l

hence (7.2) holds, with finiteness ensured at least for g = 0;
e for g = 1, we have that

P H @ M) = Hig(M) & @D H; (6> (M)
sezm §¢lo

is infinite dimensional, hence so is Hc}, (€°°(£2)) by Proposition 6.2.
7.2 On the existence of an isomorphism under global solvability
Finally, back again to the case when wy, ..., @, are real, the main result in [6]—in

which M = T"—essentially states that, under a hypothesis that is equivalent to the
global solvability in degree 1 of the operator d’, we have

HJ (€ (T"™) Z €*(T") @ Hg (T™). (7.4)
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This inspired us to prove our isomorphism (5.10), which considers only the cohomol-
ogy of g-forms associated with the cluster I'y,. We will show below that anisomorphism
similar to (7.4) is not true for general M, even assuming solvability in the first degree.
Indeed, back to the case dim M = 2, g > 2, let w = {Av}1} (corank 1) in which
is as in the proof of Proposition 5.9 (d = 2g > 0 there). Therefore, if A € R\Q, then
I'p, = {0} thus r = 0, hence €°°(T") ® Hle(M) = H(}R(M) cannot be isomorphic
with the infinite dimensional Hd]/ (€>°(R)), even when d’ : €°(Q) — €°(Q; A
has closed range (for instance, if A is a non-Liouville number, by Theorem 5.12).
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