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Abstract

We prove that, for any closed semialgebraic subset W of R" and for any positive
integer p, there exists a Nash function f : R" \ W — (0, co) which is equivalent
to the distance function from W and at the same time it is A ,-regular in the sense
that |D® f(x)| < Cd(x, W)!~1®l_ for each x € R*\W and each & € N” such that
1 < |o| < p, where C is a positive constant. In particular, f is Lipschitz. Some
applications of this result are given.

Mathematics Subject Classification Primary 14P20 ; Secondary 57R35 - 14P10 -
32B20

1 Introduction

The Calder6én-Zygmund theorem on regularization of the distance function asserts that

for any closed subset W C R” there exists a C*°-function f : R"\W — (0, c0)
equivalent to the distance function from W i.e. there exists a constant A > 0 such that
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A7 'd(x, W) < f(x) < Ad(x, W), foreachx € R"\ W
and, moreover, there are constants B, > 0 (« € N*), such that
|D% £ (x)| < Bo(d(x, W)'71® foreach x € R" \ W and each o € N".

It was introduced in connection with a study of elliptic partial differential equations
(cf. [2]) and appears a useful tool in analysis (cf. [14, Chapter VI]).

Since semialgebraic geometry (cf. [1]) together with its generalizations (subanalytic
geometry (cf. [13]), o-minimal geometry (cf. [3])) appears very valuable in areas of
applied mathematics such as robotics and CAD, it was an interesting open question if
the Calderén-Zygmund theorem has a counterpart in the semialgebraic category. Our
aim is to give a positive answer; namely, we prove the following.

Theorem 1.1 For any closed semialgebraic subset W of R" and any positive integer
p, there exists a Nash function (i.e. semialgebraic and C*° ) f : R"\W — (0, 00)
and positive constants A, B such that, for each x € R" \ W

AN, W) < f(x) < Ad(x, W), (1.1)
and
|D¥ f(x)| < B(d(x, W) 1% where « € N* and |«| < p. (1.2)

The proof of Theorem 1.1 is based on A ,-regular stratifications (see Sect. 2) intro-
duced by the second author with Krzysztof Kurdyka in [7], in connection with a
subanalytic version of the Whitney extension theorem, combined with a version of the
Efroymson-Shiota approximation theorem, cited below (see Theorem 1.4). In fact, we
will need the following generalization of the notion of A ,-regular function considered
in [7].

Definition 1.2 Let W C R”" be a closed semialgebraic subset, let p, k € Z, where
p > 0. Let £2 C R” be an open semialgebraic subset disjoint from W. We say that a
semialgebraic C”-function f : 2 — Ris A’;(W)—regular if there exists a constant
M > 0 such that

|D% f (x)| < Md(x, W)kl

foreach x € £2 and @ € N" such that 1 < |¢| < p.
When f is A},(a £2)-regular we say that f is A ,-regular (as in [7]).

Our main effort in this paper is focused on proving the following approximation
theorem for Lipschitz functions (notice that the distance function is a particular case).

Theorem 1.3 Let W C R”" be any closed semialgebraic subset and let p be a positive
integer. Let g : R" — R be any semialgebraic Lipschitz function vanishing on W.
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Then, for any k > 0, there exists a A},(W)-regularfunction f R\ W — R such
that, for each x € R" \ W,

Lf(x) —g(x)| < kd(x, W).

The proof of Theorem 1.3 is based on a special Ag (W) partition of unity, which we
establish in Section 3, and we believe has its own interest. It is also worth noting that
Theorem 1.3 with the given proof holds true in the setting of any o-minimal structure
on the field of real numbers R.

We will use a special case of the Efroymson-Shiota approximation theorem. To
quote this, we first recall the definition of the semialgebraic CP-topology.Let G and H
be open semialgebraic subsets in R” and in R™, respectively. Let p be a non-negative
integer. Denote by NP (G, H) the set of all semialgebraic C”-mappings from G to
H; i.e. CP-mappings with semialgebraic graphs. Let f € N7(G, H). Then basic
neighborhoods of f in N'7(G, H) in the semialgebraic C?-topology are of the form

Ue(f) =1{h e NP(G, H) : |[D”f(x) — D*h(x)] < &(x),

whenever ¢ € N, |o| < pand x € G},
where ¢ : G — (0, 00) is any semialgebraic positive continuous function on G.

Theorem 1.4 (Efroymson-Shiota approximation theorem) Nash mappings (i.e. semi-
algebraic and C*® ) from G to H are dense in NP(G, H) in the semialgebraic
CP-topology.

This deep result originating in the paper of Efroymson [4] for p = 0 (compare
also [11]), was completed and generalized, for any non-negative p, by Shiota in [12].
In fact, Shiota’s formulation is stronger than Theorem 1.4; namely, the sets G and H
above can be any Nash submanifolds embedded in R"” and in R™, respectively.

It is now a simple matter to see that Theorem 1.1 is a consequence of first applying
Theorem 1.3, where we put g(x) = d(x, W), followed by Theorem 1.4, applied to a
resulting f. Hence, the rest of our paper is devoted to proving Theorem 1.3.

2 Np-regular cells

We recall after [7] (see also [8], [9] and [10]), the definition of A ,-regular cells in R".

Definition 2.1 Let p be a positive integer. We say that S is an open A ,-regular cell in
R™ if

S is any open interval in R, whenn = 1; 2.1
S={(' x0) :x €T, 1 (x)) < x4 < Y2(x)}, (2.2)
where x’ = (x1,...,x,_1), T is an open A p-regular cell in R"~! and every v;

(i € {1,2}) is either a semialgebraic A ,-regular function on T (see Definition
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1.2) with values in R, or identically equal to —oo, or identically equal to 400, and
Y1 (x") < Yp(x’), foreach x’ € T, whenn > 1.

Extending the above definition, we say that S is an m-dimensional A ,-regular cell
in R"?, where m € {0, ...,n — 1}, if

S={u,w): ueT,w=9¢u)l, 2.3)

where u = (x1,...,Xn), W = (Xp41,...,%,), T is anopen A ,-regular cell in R™,
and ¢ : T — R"™™ is a semialgebraic A ,-regular mapping.

Remark 2.2 One easily checks by induction that every A ,-regular cell is Lipschitz in
the sense that each of the functions ; in (2.2), if finite, as well as the mapping ¢ in
(2.3), are Lipschitz. Besides, every A ,-regular cell in R" is a semialgebraic connected
C?-submanifold of R".

Definition 2.3 Let us recall that a (semialgebraic) CP-stratification of a (semialge-
braic) subset E of R" is a finite decomposition S of E into (semialgebraic) connected
CP-submanifolds of R", called strata, such that for each stratum S € S, its boundary
in E;ie. 39S := (S\S) N E is the union of some strata of dimensions < dim S. If
Ay, ..., Ax (k € N) are subsets of E, we call a stratification S compatible with the
subsets Ay, ..., Ay, if each A; is a union of some strata.

The following proposition is crucial in the proof of Theorem 2.6 below, which is a
fundamental theorem on A ,-stratifications.

Proposition 2.4 ([8, Corollary to Proposition4 ]) Let @ : 2 —> R be a semialgebraic
C'-function defined on a semialgebraic open subset 2 of R" such that

0D .
\—]SM Gell,....n),
3Xj

where M is a positive constant, and let p be a positive integer. Then there exists a
closed semialgebraic nowhere dense subset Z of §2 such that ® is of class CP on 2\ Z
and

|DY® (u)| < C(n, pyMd(u, Z U 9Q),

wheneveru € 2\ Z, « € N*, 1 < |a| < p, and where C(n, p) is a positive integer
depending only on n and p.

Remark 2.5 If @ : 2 —> R is a semialgebraic Lipschitz function with a constant M
defined on a semialgebraic open subset §2 of R”, then there exists a closed semialge-
braic nowhere dense subset Z’ of £2 such that @ is of class C! on £ \ Z’ and

0P ,
—| <M on 2\Z.
axj'
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Theorem 2.6 Let p be a positive integer. Given any finite number Ay, . . ., Ay of semi-
algebraic subsets of a semialgebraic subset E of R", and a semialgebraic Lipschitz
mapping g : E —> RY, where d € N, there exists a semialgebraic CP-stratification
S of E compatible with sets Ay, ..., Ax and such that every stratum S € S, after an
orthogonal linear change of coordinates' in R", is a A p-regular cell in R" and if S is
open then g|S is A p-regular, while in the case dim S = m < n, when S is of the form
(2.3),

the mapping T > u — g(u, ¢(u)) € RY is A p-regular. 2.4

Proof The proof follows the inductive procedure as in the proof of Proposition 4 in
[7] (or that of Theorem 3 in [8]); i.e. the induction on dim E. The only difference is
that, at each inductive step, constructing strata of dimension < m, we have to take
into account the Lipschitz mapping g restricted to strata of dimension m making use
of Remark 2.5 and Proposition 2.4. O

3 A partition of unity

Definition 3.1 Let W be a closed semialgebraic subset of R” and let Z C R" \ W. We
will consider the following open neighborhoods of Z in R”

G (Z, W) :={x e R"\ W: d(x,Z) < nd(x, W)},

where > 0. (We adopt the convention that d(x, @) = c0.)

The main result of this section is the following theorem on Ag(W)—partition of
unity, which can be considered as a semialgebraic counterpart of the famous Whitney
partition of unity.

Theorem 3.2 Let W be a closed semialgebraic subset of R" and let Uy, ..., Us be
any finite covering of R" \ W by semialgebraic subsets. Then, for any positive integer
p and any n > 0, there exist Ag(W)-regularfunctions w; : R"\ W — [0, 1]
(i efl,...,s}) suchthat w1+ --+ws =1 onR"\W and suppw; C G,(U;, W)
(i € {l,...,s}), where supp w; denotes the closure of {x € R"\W : w;(x) # 0} in
R™\ W.

Before starting the proof of Theorem 3.2, we will prove a few simple lemmas.

Lemma 3.3 Let W be a closed semialgebraic subset of R" and let 2 be an open
semialgebraic subset of R" disjoint from W. If f : 2 — Risa A];(W)—regular
functionand g : 2 — Risa AIP(W)—regularfunction, where k,l,p € Z, p > 0

and if there exists A > 0 such that | f (x)| < Ad(x, W)Y and lg(x)| < Ad(x, W)l,for
each x € §2, then the function fg is A/;,+I(W)-regulan

Proof Directly from the Leibnitz formula. O

1 By [10], permutations of coordinates x1, ..., xn, suffice.
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Lemma3.4 Let W be a closed semialgebraic subset of R" and let §2 be an open
semialgebraic subset of R" disjoint from W. If f : 2 — Risa A];(W)—regular
function, wherek, p € 7, p > 0, and there existsa > 0 suchthatad (x, W)* < | f(x)|,
for each x € 82, then the function 1/ f is A;k(W)-regular.

Proof Observe that D*(1/f) (« € N"\{0}), is a linear combination, with integral
coefficients independent of f, of products of the form

fmED(DPLEY (D,

where 1 <m < ||, B1, ..., Bm € N"\{0}, and Z;"Zl Bi = «. Hence, we get

IDY(1/ f)(x)| < Cd(x, W) KD g, wyk=1B11 g, wyk=1Bnl =
Cd(x, W) k=lel,

where C > 0. |

Lemma 3.5 Let W be a closed semialgebraic subset of R", let §2 be an open semialge-
braic subset of R" disjoint from W and let p be a positive integer. If f : 2 — Risa
bounded A(I),(W)-regularfunction and @ : R — R is a semialgebraic CP-function,

then® o fisa A(I),(W)-regularfunction.

Proof Observe thatifoe € N" and 1 < |¢| < p, then D¥(® o f) can be represented as
a linear combination, with integral coefficients independent of @ and f, of products
of the form

O (f)(DPf)...(DFi ),

where 1 <i < || and B, ..., B; € N"\{0} are such that 8 + - - - + B; = «. Hence,
for some constant C > 0

D% (@ o f)(x)| < Cd(x, W) Pl _a(x, )=l = cd(x, wy=ll.

O

Definition 3.6 Let W be a closed semialgebraic subset of R” and let Z C R"\ W. We
will say that the property B,(Z, W) holds, if for any positive integer p and for any
n > 0 there exists a Ag(W)—regular function ¢ : R" \ W — [0, 1] such that

Y =1onG,(Z, W), withsome p € (0, n), and (3.1
suppy C G,(Z, W). 3.2)

Lemma 3.7 If W is a closed semialgebraic subset of R", Z1,Z>, Z C R* \ W and
e, n € (0,400), then

G (Z1UZy, W) =G (Z1, W)U G,(Z2, W) and
Ge(Gy(Z, W), W) C Geypien(Z, W).
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Proof The first being straightforward, we will check the second inclusion. Let x €
G:(Gy(Z, W), W).Hence, d(x, Gy(Z, W)) < ed(x, W). It follows that there exists
y € Gy(Z, W) suchthat |[x —y| < ed(x, W).Onthe otherhand d(y, Z) < nd(y, W);
thus,

dx,Z2) <|x—y|4+d(y,Z2) <ed(x, W)
+nd(y, W) <ed(x, W) +nllx — y| +d(x, W)]
<edx, W)+ ned(x, W)y +nd(x, W)= (e +n+endx, W).

]

Lemma 3.8 If W is a closed semialgebraic subset of R" and Z, ..., Z; C R"\W
and if B, (Z;, W) holds for everyi € {1, ..., k}, then Bn(Uf.‘:1 Zi, W) holds.

Proof Take a piecewise polynomial C”-function P : R — [0, 1] such that P(¢t) = 1,
whent < 1/3,and P(¢t) = 0, whent > 2/3. For any given n > 0, lety; : R*\\W —
[0,1] Ge{l,...,k}D beaA(l),(W)-regularfunction suchthaty; = 1onG,(Z;, W),
where p € (0, ), and supp ¥; C G,,(Z;, W). Since, by Lemma 3.7, G,7(Uf=1 Zi, W)
= U, G,(Zi, W), the function

k
w:R’l\Wale—P(Zwi(x))e[O,l]

i=1
is a A(l),(W)—regular function (by Lemma 3.5) corresponding to Ule Z;. O

Proposition 3.9 For any closed semialgebraic subset W of R" and any semialgebraic
Z C R"\ W, the property B,(Z, W) holds.

Proof We argue by induction on m = dim Z. If m = 0, in view of Lemma 3.8, one
can assume that Z = {z} is a singleton. If n > 0, then there exists p € (0, ) and
0 < r < R such that

G,({z}, W) C B(z,r) C B(z, R) C G;({z}, W),

where B(z,r) := {x € R" : |x — z| < r}. Now, it is enough to take a semialgebraic
CP-function ¢ : R* — [0, 1] suchthaty = 0onR"\B(z, R) and{ = 1on B(z, r).

Letnowm € {1, ..., n—1}and assume that 3, (Z’, W) holds for any semialgebraic
subset Z’ C R" \ W, such that dim Z’ < m.

By Theorem 2.6 applied to the sets Z and W and to the Lipschitz function g(x) :=
d(x, W), combined with Lemma 3.8 and the induction hypothesis, we reduce the
general case to that where Z is a A ,-regular cell (2.3);

Z={(u,w):ueT,w=9p)},
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where u = (x1, ..., Xn), W = (Xp41,...,%,), T is anopen A ,-regular cell in R™,
and ¢ : T — R"™™ is a semialgebraic A ,-regular mapping, and moreover, the
function

T5ur— d((u, o), W) eR

is A p-regular.
Itis elementary that if M > 0 is a Lipschitz constant of the mapping ¢, then putting
L :=1/v/1+ M?, we have
Vx=@w,w)eT xR"™: Llw—¢| <dx,Z) <|w-— ¢ (3.3)
and
Vx e R"\ (T xR"™): d(x,Z) > Ld(x,dZ). (3.4
Take any n such that
O0<n<L. 3.5)
Fix any n’ € (0, n). By the induction hypothesis applied to Z’' := 3Z\W, where
d0Z = Z\Z, there exists a A?,(W)-regular function A : R" \ W — [0, 1] such that

supp A C G,y (Z',W) and A =1 on G, (Z', W), forsome p’ € (0, 7).
Put

lw — @)
yd((u, o(u)), W)

Y(x) = ¥, w) = (1 - 1(x))P ( 2) + A(x),

where x = (u, w) € T x R"™™, P is a function from the proof of Lemma 3.8 and
y > 01is a constant to be carefully chosen. We will show that the function i extends
by means of A to a Ag(W)—regular function ¢ : R"\W — [0, 1], provided that
y > 0 1is sufficiently small.

Fix any § € (0, L). According to (3.4), the set

H:={xeR'\W:dx, 2)>8d(x,0Z)} UG y(Z'. W)

is an open neighborhood of the set [R"\(7" x R"™™)]\W in the set R" \ W.

Lemma 3.10 We claim that if y > 0 is sufficiently small, then v = A on (T x R*~"™)N
H.

Indeed, let x € (T x R"™) N H.If x € G, (Z', W), then clearly ¥ (x) = A(x),
so let us assume that x ¢ Gp/(Z/, W);ie.

d(x,dZ\ W) > p'd(x, W). (3.6)

@ Springer



Semialgebraic Calderén-Zygmund theorem...

The following two cases are possible: d(x, dZ) = d(x, (dZ)\W), or
d(x,0Z)=d(x,(0Z2)NW).
In the first case, we have in view of (3.6)

d((u, o)), W) < |(u, o)) — x| +dx, W)
< |w =)+ (1/p)dx,02) < |lw— )|+ (1/(0'8))d(x, Z)
<lw—e@)|+ (1/(p'))lw — ew)|.

Hence
_ 2 '8 2
lw — @(u)] > (p )/ > 23,
yd((u, p(u)), W) y(L+p'6)
if only
3(p'8)?
0 —_— 3.7
SV S0+ )2 3-7)

In the second case, we have

d((u, ), W) < |, @) — x| +d(x, W)
Slw—e@|+dx,(@2)NW) = |w— )| +dx,02)
<lw—9@|+1A/80)d(x,Z) < |w— )|+ (1/8)w — )|

Hence, if y satisfies (3.7), then we have again

w—ew? & (0'8)?

2/3,
vd(G gy Wy~ ya+o?  ya+per Y

since p’ < 1.
It follows that if y satisfies (3.7), then

_ 2
» ( w — ¢ 2) o
yd((u, p(u)), W)
hence ¥ (x) = A(x), which ends the proof of Lemma 3.10.

Now, we will show that, if y > 0 satisfies (3.7), then supp ¥ C G,(Z, W). Let
xeR"\Wandx ¢ G,y (Z, W), so

d(x,Z) > n'd(x, W). (3.8)

In the case when x € H, we have d(x,Z") > d(x,Z) > n'd(x, W); hence,
Y (x) = A(x) = 0. In the case when x ¢ H, we have in particular that x € T x R"~™,
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As before, d(x, Z') > d(x, Z) > n'd(x, W); hence, AL(x) = 0. Moreover,

d((u, o), W) < |(u, o)) —x|+dx, W)
n +1

T

< lw =@+ 1/n)dx, Z) < lw— )]

hence, if y satisfies (3.7),

w—ew?® @)’ _ (p'8)?
yd((w, ey, W) — v(L+0)2 " y(1+p'8)?)

2/3,

consequently

_ 2
P( lw — @(u)] 2) =0, thus ¢(x) =A(x) =0.
yd((u. o(u)), W)

It follows that supp ¥ C G, (Z, W).
Now we will find p € (0, n) such thatyy =1 on G,(Z, W). Assume first that

0<p<ps (3.9)
and take any x € G,(Z, W);ie.d(x, Z) < pd(x, W).
If x € Gy(Z', W), then ¥ (x) = A(x) = 1, so in what follows we can assume that
x ¢ Gy(Z',W)ie.

dx,Z'y> p'd(x,W). (3.10)

Consider two possible cases exactly as in the proof of Lemma 3.10. If d(x, 0Z) =
d(x, Z"), then by (3.9) and (3.10)

d(x,Z) < pd(x, W) < p'8d(x, W) <8d(x,Z) =8d(x,d2Z),
which implies that x ¢ H.If d(x,0Z) = d(x, (0Z) N W), then
d(x,Z) < pd(x, W) < p'8d(x, W) < 8d(x, W) < 8d(x,(0Z)NW) =8d(x,dZ),
which again implies that x ¢ H.
Consider now x € G,(Z, W) \ H. Then in particular x = (u, w) € T x R"™"

and, according to (3.3),

Liw— )| <d(x,Z) < pd(x, W) < plx — (u, pw))| + pd((u, p(u)), W)
= plw — )| + pd((u, p(u)), W).
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Hence, if we assume that

JY
0 L———, 3.11
<p< ﬁ—i—ﬁ ( )
then
_ 2 2
lw — )] < P <173
yd((u, o)), w)” — v(L—=p)
consequently,
_ 2
P( w = ¢ 2):1, thus ¥ (x) = 1.
yd((u, p(u), W)

We conclude that / = 1 on G,(Z, W), if only p satisfies (3.9) and (3.11).
Now we will check that ¢ : R® — [0, 1] is A(I),(W) regular. Since ¥ = A on
H and X is A?,(W)-regular, due to induction hypothesis, it suffices to check Ag(W)-

regularity on R” \ (H U W). Moreover, since supp i C Gy(Z,W)and ¥ = 1 on
G,(Z, W), it suffices to check A(I),(W)-regularity, assuming that

x eR'\(HUW), d(x,Z) < nd(x, W), (3.12)

and d(x, Z) > p'd(x, W).
Forx = (u, w) € T x R"™" satisfying (3.12), we have by (3.3) and (3.5) that

dx, W) <d(u, o), W)+ |x — (u, p(w))|
<d((u, o)), W)+ (1/L)d(x, Z) < d((u, o)), W) + (n/L)d(x, W);

consequently,

dix, W) < Li 77d((u, o)), W). (3.13)

Since by (3.3), (3.12) and (3.13)

w-—ewl _ _ A/Ldx.2) 7
d((, o), W) = (1= m/L)dx, W) L—n

’

and
lw—e@wl* Z xj —@ju) ]2
d((w o), w)* L L pG). W) 1
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where ¢ = (¢m+1, -, ¢n), it follows from Lemmas 3.4, 3.3 and 3.5 consecutively
applied, that it suffices to check that every function f;(x) = f;(u, w) = ¢;u)
and the function g(x) = g(u, w) := d((u, o)), W) are A},(W)—regular2 on the set
(3.12).

To this end, take any o € N" \ {0} such that |¢| < p. Then for any x = (u, w)
satisfying (3.12),

|Dafj(x)| < Cd(u, 3T)1_|a| < CL1—|0¢|d((M’ o)), 3Z)l_|a‘
=< cL'7ll max [d((u, o)), Z/)lf\aly d((u, o)), (3Z) N W)17|a|]’

where C is a positive constant.
On the other hand, by (3.3) and (3.12),

d((u, o)), Z2') = d(x,Z") — |w —p@)| = d(x, Z') — (1/L)d(x, Z)
>d(x,2') — (8/L)d(x,8Z) = d(x, Z") — (§/L)d(x, Z')

5
> p’(l - z)d(x, w),
and, by (3.13),
d((, o)), (02) N W) > d((u, p(u)), W) > (1 - %)d(x, w).

It follows that | D% f; (x)| < Cd (x, W)=l where Cisa positive constant. The same
estimate holds for g, which ends the proof that y is A(,),(W)-regular.

To finish the proof of Proposition 3.9, it remains to consider the case m = n;i.e. Z
is an open semialgebraic subset of R?\ W. Let n > 0. By induction hypothesis applied
to Z' ;= 0Z \ W, there exists a Ag(W)—regular function A : R"\W — [0, 1] such
that supp A C G,(Z', W) and A = 1 on G,(Z', W), for some p € (0, n). Now, we
define

1, when x € Z
Y(x) = 0 = /
A(x), whenx € [R*"\ W)\ Z]UG,(Z',W).
Clearly, ¥ : R" \ W — [0, 1] is A (W)-regular, supp ¢ C G,(Z, W) and
Y =1lonGy(Z, W). O

Proof of Theorem 3.2 By Proposition 3.9, for each i € {I,...,s}, there exists a
A(I),(W)-regular function ¥; : R"\W — [0, 1] such that supp ¥; C G,(U;, Z)
and ¥; = 1 on G, (U;, W), for some p; € (0,n). By Lemmas 3.4 and 3.3, the
functions

Vi

Wi ——— (e {l,...,s))

Vit + s

2 xj was omitted as obviously Alp(W)—regular.
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are the required partition of unity.

4 Proof of Theorem 1.3

By Theorem 2.6, applied to g and the set W, we obtain a A ,-regular stratification
R"\W = C; U -.--U Cy of the set R" \ W, such that, for each i € {I,..., s}, the
stratum C;, after an orthogonal linear change of coordinates in R”, is a A ,-regular cell
in R" and if C; is open then g|C; is A ,-regular, while in the case dim C; = m < n,
when C; is of the form

Ci={u,w) e D; x R"™ :w=q¢;(u)}, 4.1)
where D; is openin R™ and ¢; : D; —> R"™™ is A ,-regular, then
the mapping D; > u —> g(u, ¢; () € RY is A p-regular. “4.2)
Additionally, without any loss in generality, we can assume that
dimC; <dimC; < --- < dim C;. 4.3)

If C; is of the form (4.1) and M; is a Lipschitz constant of ¢;, then we put
Li:=1//1+ Miz. If dim C; = n, we put L; := 1. Let A be a Lipschitz constant of
g.

To simplify the notation, we will write in this section G,(Z) in the place of
G,(Z, W), for any n > 0 and any semialgebraic subset Z C R" \ W. This will
not lead to a confusion because the set W is fixed in this section.

Given any ¥ > 0 as in Theorem 1.3, fix any 6 € (0, 1) so small that A(8/L;) < «k,
for each i € {1,...,s}. We define by induction on i € {1,..., s}, a sequence of
semialgebraic sets Z1 C Cq, ..., Zg C Cy, and two sequences of positive numbers
Ny <8 < Ng—1 <8s—1 <---<n <81 <06 such that

dx,CiU---UGC) <nid(x, W) = 4.4
xeGy(ZHUGy(Gp_((Zi—1)U--- UGy (G (.. (Gp (Z1))...));
there exists a A},(W)-regular function f; : Gs;(Z;) — R 4.5)
such that Vx € Gs;(Z;) : |fi(x) — g(x)| < A(S;/L)d(x, W);
forevery j € {1,...,i} there exists ¢;; € (0, §;) such that (4.6)
Gy (G (. (G (Z)))..)) C Ge (Z)).
To begin the inductive definition, we put Z; := Cj. Since Cj is the first stratum,

its boundary 3Z; := Z;\Z is contained in W. Take any §; < min{6, L1}. Then, for
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eachx € Gs,(Z;), we have
dx,Zy) <&d(x, W) <681d(x,0Zy);

hence, by (3.4), x = (u, w) € Dy x R*7 where m; = dim Cj. Therefore, we
can define

f1(x) = fi(u, w) := gu, ¢1(u)).

Then, by (3.3),

[f1(x) — g)] = |g(u, p1(w)) — g(u, w)| < Alw — @1(u)|
< ALT'd(x,C1) < A@S1/Lyd(x, W).

To check that f] is A},(W)-regular, we take any o € N\ {0} such that |a| < p. Then
we have by (4.2)

1D fi(x)| < Bid(u, 3D < Bi(L)' T ¥d((w, o1 (), 02,)' 7
1—|a|
= BiLn' [, 020) = w - 1]

< Bi(L)' " d(x, 070) — L7 d(, Zl)]H“'

81

1—|a|
< Bl<L1>‘—'°"(1 -7 ) dx, Wyl =l

1

where Bj is a positive constant. Fix any n; € (0, 8;) and put 11 := 7.
To define Z; 1, where i < s, observe that, due to (4.3) and (4.4),

@BCia) \W C CLU---UC;i C Gy (Zi) U~ UGy (Gy_, (.. (G (Z1))...).
Put
Zist = Cis1 \ [Gm (Z)U - UGy, (G, (... (G (Z1)). ..))].
By (4.4)

Vz € Zipr: d(z 3Cin) = min{d(z, 3Cir1) \ W), d(z, (3Ci+1) N W)}
>min {d(z, C1U -+ UC;),d(z, W)} > mid(z, W). 4.7

Assume first that dim C;;+; < n. Then we choose §;+1 € (0, n; /(1 4+ n;)) in such
a way that

di+1

S S (4.8)
ni —8ix1(mi +1) "
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We will now check that
Gs., 1 (Zig1) C Diyy x R*™MiFL (4.9)

Indeed, take any x € Gs,  (Z;y1). There exists z € Z;; such that [x — z|] <
8i+1d(x, W). By (4.7), we have

3it1
Ix —z| <8it1(lx —zl+d(z, W) < 8isilx —z| + —d(z, 0Ci41)

1

5 5
< (841 + ) |x — 2] + R d(x, 9Ci41)

L l

hence,
3it+1

d(x,Ciy)) < |x—z] < ——
" i — S (ni + 1)

d(x,9Ciy1)

which, in view of (4.8) and (3.4), implies that x € D;y; x R*7i+1,
In view of (4.9), the following definition of fi 1y : G5, (Z;4+1) —> R is possible
Jir1(0) = fir1(u, w) = g, gi+1(u)).

Then, we have

[fir1(x) —g@)| < Alw — i1 ()| < (A/Lir1)d(x, Ciy1)
<(A/Liy)d(x, Ziy1) < Ait1/Livd(x, W).

Now we want to check that f; is A},(W)-regular. Let @ € N \ {0} be such that
|| < pandlet x € Gs;,,(Ziy1). Then there exists z € Z; 1 such that [x — z| <
8i+1d(x, W). By (4.2) and (4.7), we get

|D® fi11(x)| < Bis1d(u, 3D;41)' 71
< Byt (Lip) ™ d ((, gi1 (), 0C; 1) !

1—|a]
= Bint (Lien)' ™[ (2, 0Ci10) = 1w, g1 ) — 2]
1—|o|
< Bit (Lien)' ™ mid (@, W) = 1w, g1 ) — 21|

ol 1-lal

< Bt (L)' ™ [ e, W) — il = 21 = x = 2] = (@, i1 ) = 1]
[
[
[

1—]o|
< Bit (L)' ™ [ (e, W) = (s + D8i1dx, W) = (1/Lid (x, Zi) |

|
1-la| I=|a|
< Bit(Lian)' ™ [mid e, W) = (s + Dlx 2] = [w = @i )
|

1—|a|
< Bit (Lien)' ™ [ mid (e, W) = (s + Dr21d (. W) = (1/Lid v, Cig) |

1—|a|
< Bit (L)' ™ [ mid e, W) = (i + D81, W) = G /Lis)d (x, W)
Sit1

ni — 8iv1(ni +1)

= Bisalni = 81 (i + D' (Lo -
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where B; is a positive constant.

Assume now that dim C;;; = n. Then we fix any 6;+1 € (0, n;/(1 + n;)).
If x € Gs;,(Zit1), then there exists z € Z;41 such that [x — z| < §;1d(x, W),
and by (4.7)

8.
v — 2 < 8is1lx — 2|+ 8ip1d (@ W) < Sig1lx — 2] + 2224 (z, 8Ci41);

1

thus,

8.
x—z] < — L 4(z,8Ci41) < d(z, 0Ciq).
(1 —=8i+1)ni

It follows that
Gs. (Zigv1) CCitrs (4.10)

hence we can define fi; as the restriction g|C;y; of g to City. Clearly, fiy1 is
A}, (W)-regular and corresponding condition (4.5) is trivially satisfied, since then the
left-hand side is identically zero.

Now we will need to specify n;+1 € (0, §;+1). To this end we will need the properties
of the operation G expressed in Lemma 3.7. We take any ;41 € (0, §;11) so small
that

Sit1,j = &j +Niy1 +niv18i5 <8;  (Je{l,...,i})

and &;41,;+1 := 1i+1, both in the case dim C;41 < n as well as when dim C; 1 = n.
This choice ensures (4.6) for i + 1 in the place of i, according to Lemma 3.7.

Now we will check the property (4.4) for i 4+ 1 in the place of i.

Letd(x,CiU---UC; UCjy1) < nip1d(x, W).

If dx,Ci U---UC; UCijy1) = dx,C;i U --- U (), then by (4.4),
xeGp(ZHUGy(Gp_((Zi1)U--- UGy (Gy_ (.. (Gp(Z1))...)).

Ifdx,CiU---UC; UCijy1) = d(x,Zit1), then certainly d(x, Zij+1) <
niv1d(x, W); thus, x € Gy, (Ziy1).

It remains the case, when d(x,C1 U ---UC; U Ci41) =

d(x, Coit N [Gy(Z) UG (G (Zi 1) U UGy (G, (o (G (Z1)) .. ))]).
Then
d(x, Gy (Z)U Gy (Gy_ (Zic1)) U~ UGy, (G, (... (G (Z1)) .. .)))
< nis1d(x, W); thus,

X € Gy (G (Zi) UGy, (Gy(Gy_ (Zi—)) V...
UGy, (G (G (L (G (Z7)) . .))).
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To finish the proof of Theorem 1.3, we put
Ui :i=Gy(...(Gy(Z)...), foriell,... s},

and choose n > 0 so small that G, (U;) C Gs;(Z;), for each i € {1,...,s} (see

(4.6) and Lemma 3.7). It follows from (4.4) that Uy, ..., Uy is a covering of R" \ W.
We take now the partition of unity {w;} (i € {l,...,s}) adapted to this covering
and to n according to Theorem 3.2. In virtue of Lemma 3.3, for each i € {1, ..., s},

the function fjw; is A},(W)—regular on G5, (Z;) and obviously extends by zero to a
A},(W)-regular function defined on R” \ W and, by (4.5), for each x € R"\W,

| fi (X)wi(x) — g(x)w;i ()| < A(S;/Li)d(x, W)w; (x)
< A@/L)d(x, W)w;(x) < kd(x, W)w; (x).

Hence the function
f=fior+ -+ fios,

is A},(W)-regular on R" \ W and foreach x € R" \ W

£ =g < Y 1) (x) — gwi(x)] < Y kd(x, Wywi(x) = kd(x, W),

i=1 i=1

which ends the proof of Theorem 1.3.

5 Two applications

We give here two almost immediate consequences of Theorem 1.1. The first one is
another proof of a theorem of Bierstone, Milman and Pawtucki (cf. [3, C.11]) that,
given any positive integer p, any closed semialgebraic (or, more generally, definable
in some o-minimal structure S) subset W of R” is the zero-set of some semialgebraic
(respectively, definable in &) CP-function defined on R”. We will prove the following.

Theorem 5.1 Let W be a closed semialgebraic subset of R" and let p be a positive
integer. Then there exists a semialgebraic function h : R" — [0, 00) of class C?,
which is Nash on R" \ W and such that W = h™~'(0). Moreover, h is equivalent to the
(p + 1)-th power of the distance function from the set W.

In the proof we will use the following elementary Hestenes Lemma (cf. [15, Lemme
4.3]).

Lemma 5.2 Let W be a closed subset of an open subset 2 of R™. If h : 2\W — R
is a CP-function and

lim D%(x) = 0,

X—a
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foreacha € WN 2\ W and each o € N" such that || < p, then h extends by zero
to a CP-function on §2, p-flat on W.

Proof of Theorem 5.1 By Theorem 1.1 there exists a semialgebraic A})(W)-regular
Nash function f : R" \ W — (0, oo) equivalent to the function R"\W > x +——
d(x, W). When we put i := f‘”‘l, we have, for any o € N" such that |¢| < p and
anyx € 2\ W

!

Dhry = Y. /ﬁ'a—

‘Dﬂlf(x) ...DPrL (). (5.1
Bit+-+Bpri=a P+t

It follows that

ID%h(x)| < Z C(d(x, W))l_‘ﬂl| o (dx, W))l—‘ﬁpﬂl
-

< é(d(x, W))pﬂ_‘al, where C and C are positive constants,
which implies that lim,_,, D*h(x) = 0, foreacha € W N R\ W. ]
Our second application concerns approximation of semialgebraic subsets by Nash
compact hypersurfaces in the Hausdorff metric. To formulate the result let us denote

by /C,, the set of all nonempty compact subsets of R”. Recall that the Hausdorff metric
on K, is defined by the formula

dn (A, B) :== max{supd(x, B), supd(y, A)}.
xeA yeB

Theorem 5.3 Let W be a non-empty, compact, nowhere dense semialgebraic subset

of R". Then there exists a semialgebraic family of Nash compact hypersurfaces { H;}
(0 < t < 0) such that

lim dy(H;, W) = 0.
t—

Proof Let f : R" \ W — (0, oo) be a Nash function such that for some positive
constant A

VxeR'\W: A Mdx, W) < f(x) < Ad(x, W). (5.2)
By Sard’s theorem, the function f has only finitely many critical values; hence, the
set H, := f~!(¢) is a Nash hypersurface in R”, for all # > 0 sufficiently small. We
will show that H; are compact and their Hausdorff limit is W, when ¢ tends to 0. For
any subset X of R” and any 1 > O put
XT:={xeR": d(x,X) <n}.
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To this end, it is enough to show that, for any positive 1 there exists § > 0 such that
foreach t € (0, §)

H CcW" and WcCH,/. (5.3)

As for the first inclusion (5.3), let x € H,. Then by (5.2), A~'d(x, W) < t; hence,
ift < A_ln, then x € W'.
As for the second inclusion (5.3), let us define function

A(e) := sup d(a, dW?®), forany e > 0. (5.4)
aeW

We claim that

lirr%) Ae)=0. (5.5)

Otherwise, by the Curve Selection Lemma, there should exist a semialgebraic contin-
uous arc y : (0, &) —> W, where & > 0, such that

lim y(¢) = a, for some a € W, and
e—0

d(y(g), dW?®) > pu, for some u > 0 and each ¢ € (0, &).

The last would mean that
B(y(e),n) C{x e R": d(x, W) < ¢}, foreach ¢ € (0, §).
But B(y(¢), u) = B(a, ) and {x € R" : d(x, W) < e} - W,as e — 0; hence,

B(a, n) C W, a contradiction with our assumption that W is nowhere dense.
Let n > 0. By (5.5), there exists § > 0 such that A(§) < n. It follows that then

d(a, 8W5) <n, foreachae W.

Fix any a € W. There exists z € dW? such that |a — z| = d(a, 9W?). Observe that
the line segment [, z] has its endpoints respectively in W and in dW®. By (5.2),

£710,8/4) ¢ W
hence, there exists y € f~1(8/A)N[a,z]. Then|la—y| <|a—z| <nandy € HB”/A,
which shows that W C HS”/A. o

Theorem 5.3 is deepened and generalized in our separate article [6].
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6 Final remarks

Most of the results of our article remain true in a more general context of o-minimal
structures expanding the field of real numbers R with the same proofs, where the term
semialgebraic should be replaced by definable and a Nash mapping - by a definable
C* mapping.

As for Theorem 1.1, however, it relies heavily on the Efroymson-Shiota approx-
imation theorem. Theorem 1.4 was generalized by A. Fischer [5, Theorem 1.1]) to
o-minimal structures admitting C°°-cell decompositions in which the exponential func-
tion is definable (the case of non-polynomially bounded structures). For the case of
general polynomially bounded o-minimal structures admitting C°°-cell decomposi-
tions a big progress has been made recently by the last author and Guillaume Valette,
who proved that in such structures the Efroymson-Shiota approximation theorem holds
true for p < 1 ( [16, Theorem 4.8]). In particular, this result allows us to prove the
following generalization of Theorem 5.1.

Theorem 6.1 Let D be a polynomially bounded o-minimal structure expanding R
which admits C*°-cell decompositions. Then, for any closed D-definable subset W of

R" and any positive integer p, there exists a D-definable CP-function h : R" —
[0, 00) which is C*° on R \ W and such that W = h~1(0).

Proof By [16, Theorem 1.1], there exists a D-definable C*°-function f : R"\W —
[0, c0) such that

Vx e R\\W: AT f(x) <d(x, W) < Af(x),

where A is a positive constant. If N is an integer greater than p, then for any o €
N\ {0} such that |&| < p the derivative D*(f) is a linear combination with integral
coefficients independent of f of products

FNHRDP Y. (DPE ),

where k € {1,...,p}, Bi,..., B € N*\{0} and 1 + --- + Br = «. It follows
from the Lojasiewicz inequality and the Hestenes lemma that for N sufficiently big
the function

fN(x), whenx e R"\ W

h(x) =
0, whenx e W

is the required function. O
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