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Abstract

In this article, we consider a closed rank one C*° Riemannian manifold M without
focal points and its universal cover X. Let b, (x) be the Riemannian volume of the ball
of radius ¢t > 0 around x € X, and h the topological entropy of the geodesic flow. We
obtain the following Margulis-type asymptotic estimates

eh’
Jim. bz(x)/T =c(x)

for some continuous function ¢ : X — R. We prove that the Margulis function c(x)
is in fact C'. The result also holds for a class of manifolds without conjugate points,
including all surfaces of genus at least 2 without conjugate points. If M is a rank one
surface without focal points, we show that c(x) is constant if and only if M has constant
negative curvature. We also obtain a rigidity result related to the flip invariance of the
Patterson—Sullivan measure. These rigidity results are new even in the nonpositive
curvature case.
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1 Introduction

Consider a closed C*° Riemannian manifold (M, g) with negative sectional curvature
everywhere. It is well known that the geodesic flow defined on the unit tangent bundle
SM is an Anosov flow (cf. [1], [25, Section 17.6]). The ergodic theory of Anosov flows
has many striking applications in the study of asymptotic geometry of the universal
cover X of M. In his celebrated 1970 thesis [36, 37], Margulis obtained the following
result:

e
Jim by (x)/ = = c(x). M

where b; (x) is the Riemannian volume of the ball of radius ¢t > 0 around x € X, h
the topological entropy of the geodesic flow, and ¢ : X — R is a continuous function,
which is called Margulis function.

The main tool in the proof of Margulis’s theorem is the Bowen—Margulis measure,
which is the unique measure of maximal entropy (MME for short) for the Anosov flow
(cf. [S5]). Margulis [37] gave an explicit construction of this measure, and showed that it
is mixing, and the conditional measures on stable/unstable manifolds have the scaling
property, (i.e., contract/expand with a uniform rate under the geodesic flow), and are
invariant under unstable/stable holonomies. Margulis [37] then proved (1) using these
ergodic properties of the Bowen—Margulis measure.

The ergodic theory of the geodesic flow on a closed rank one manifold of nonpositive
curvature was developed by Pesin [38, 39] in 1970s. In this case the geodesic flow
exhibits nonuniformly hyperbolic behavior (cf. [4]). In 1985, A. Katok [6] conjectured
that such geodesic flow also admits a unique MME. In 1998, Katok’s conjecture was
settled by Knieper [27]. In his proof, Knieper used Patterson—Sullivan measures on the
boundary at infinity of the universal cover of M to construct a MME (called Knieper
measure), and showed that this measure is the unique MME. Knieper [26] used his
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Volume asymptotics, Margulis function and rigidity... 2319

measure to obtain the following asymptotic estimates: there exists C > 0 such that
1 ht
Pol =bx)/e" =C

foranyx € X.However, itis difficult to improve the above to the Margulis-type asymp-
totic estimates (1), see the remark after [28, Chapter 5, Theorem 3.1]. An unpublished
preprint [22] also contains many inspiring ideas to this problem. Recently, a break-
through was made by Link [32, Theorem C], where an asymptotic estimate for the
orbit counting function is obtained for a CAT(0) space, and as a consequence (1) is
established for rank one manifolds of nonpositive curvature.

A twin problem is the asymptotics of the number of free-homotopy classes of closed
geodesics. Margulis [36, 37] proved that in the negative curvature case

eht
zlinc}o#P(Z)/ﬁ =1 (2)

where P (¢) is the set of free-homotopy classes containing a closed geodesic with length
at most 7. Recently Ricks [41] proved (2) for rank one locally CAT(0) spaces, which
include rank one manifolds of nonpositive curvature. Later, Climenhaga et al. [11]
proved (2) for a class of manifolds (including all surfaces of genus at least 2) without
conjugate points, and the author [45] proved (2) for rank one manifolds without focal
points.

2 Statement of main results

In this paper, we first establish volume asymptotics (1) for rank one manifolds without
focal points. Then we study properties of the Margulis function and obtain related
rigidity results. The proof of (1) for a large class of manifolds without conjugate
points is explained in the Appendix.

Suppose that (M, g) is a C* closed n-dimensional Riemannian manifold, where g
is a Riemannian metric. Let w : SM — M be the unit tangent bundle over M. For each
v € §,M, we always denote by ¢, : R — M the unique geodesic on M satisfying
the initial conditions ¢,(0) = p and ¢,(0) = v. The geodesic flow ¢ = (¢');cr
(generated by the Riemannian metric g) on SM is defined as:

¢ SM — SM, (p,v) = (cy(t), ¢u(2t)), VteR

A vector field J (#) along a geodesic ¢ : R — M is called a Jacobi field if it satisfies
the Jacobi equation:

J'+R(J,&)é=0

where R is the Riemannian curvature tensor and ’ denotes the covariant derivative
along c.
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2320 W. Wu

A Jacobi field J (1) along a geodesic c¢(¢) is called parallel if J'(t) = Oforall r € R.
The notion of rank is defined as follows.

Definition 2.1 For each v € SM, we define rank(v) to be the dimension of the vector
space of parallel Jacobi fields along the geodesic c¢,, and rank(M ):=min{rank(v) : v €
SM}. For a geodesic ¢ we define

rank(c) :=rank(¢(?)), Vit eR.

Definition 2.2 Let ¢ be a geodesic on (M, g).

(1) A pair of distinct points p = c(¢1) and ¢ = c(p) are called focal if there is a
Jacobi field J along ¢ such that J () = 0, J'(¢1) # 0 and f—[ lt=t, ||J(t)||2 =0;

(2) p = c(t1) and g = c(r2) are called conjugate if there is a nontrivial Jacobi field
J along ¢ such that J (1) = 0 = J(52).

A compact Riemannian manifold (M, g) is called a manifold without focal
points/without conjugate points if there is no focal points/conjugate points on any
geodesic in (M, g).

By definition, if a manifold has no focal points then it has no conjugate points. All
manifolds of nonpositive curvature always have no focal points.

2.1 Volume estimates of Margulis type

Let M be a rank one closed Riemannian manifold without focal points. Then SM
splits into two invariant subsets under the geodesic flow: the regular set Reg := {v €
SM : rank(v) = 1}, and the singular set Sing := SM \ Reg. The uniqueness of MME
for geodesic flows on SM is obtained in [8, 9, 34].

We have the following Margulis-type asymptotic estimates:

Theorem A Let M be a rank one closed Riemannian manifold without focal points,
and X the universal cover of M. Then

eht
lim b;(x)/— = c(x),
t—00 h

where b; (x) is the Riemannian volume of the ball of radius t > 0 around x € X, h the
topological entropy of the geodesic flow, and ¢ : X — R is a continuous function.

In [32, Theorem C], Margulis-type asymptotic estimates for the orbit counting
function was obtained for rank one CAT(0) spaces, including rank one manifolds of
nonpositive curvature. Theorem A generalizes the formula from rank one manifolds
of nonpositive curvature to those without focal points.

Link’s proof is quite geometric, and based on Roblin’s method in negative curvature
[42]. Our proof in this paper is much different, using Margulis’ approach which is more
dynamical. We use the notion of local product flow box and apply m-convergence
theorem introduced by Ricks [41] (see Sects. 3.4 and 4 below for more details). First
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Volume asymptotics, Margulis function and rigidity... 2321

we will establish the asymptotics formula for a pair of flow boxes (Sects. 5.1-5.4) using
the mixing property of the unique MME and scaling property of Patterson—Sullivan
measure. The asymptotics in (1) involves countably many pairs of flow boxes and an
issue of nonuniformity arises. To overcome this difficulty, we will apply Knieper’s
results and techniques (Lemmas 5.13 and 5.14).

In [11, 41, 45], the authors also use flow boxes to calculate the asymptotic growth
of the number of free homotopy classes of closed geodesics. Due to the equidistribu-
tion of closed geodesics, we only need consider one flow box and count the number
of self-intersections of the box under the geodesic flow. The technical novelties in
this paper is that we have to deal with countably many pairs of flow boxes and the
essential difficulty caused by nonuniform hyperbolicity. Even for one pair of flow
boxes, the calculations involved are more complicated. Moreover we also consider
the intersection components of a flow box with a face under the geodesic flow (see
Sect. 5.1 below), which makes the calculation more subtle.

The above method can also be adapted to a certain class of manifolds without
conjugate points. In [10], the authors proved the uniqueness of MME for the class H
of manifolds without conjugate points that satisfy:

(1) There exists a Riemannian metric gp on M for which all sectional curvatures are
negative;

(2) The uniform visibility axiom (see Definition 3.1 below) is satisfied;

(3) The fundamental group w1 (M) is residually finite: the intersection of its finite
index subgroups is trivial;

(4) There exists hg < h such that any ergodic invariant Borel probability measure ©
on SM with entropy strictly greater than /4 is almost expansive (cf. [11, Definition
2.8]) .

All surfaces of genus at least 2 without conjugate points belong to the class H. The
asymptotic formula of Margulis type for counting closed geodesic is obtained in [11].

Theorem A’ Let M be a closed manifold without conjugate points belonging to the
class H, and X the universal cover of M. Then

eht
lim b;(x)/— = c(x),
t—00 h

where b, (x) is the Riemannian volume of the ball of radius t > 0 around x € X, h the
topological entropy of the geodesic flow, and ¢ : X — R is a continuous function.

We discuss the proof of Theorem A’ in the Appendix.

2.2 Margulis function and rigidity

Let M be arank one closed Riemannian manifold without focal points. The continuous
function c(x) is called Margulis function. It is easy to see that

lim s, () /" = e(x), 3)
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where s;(x) is the spherical volume of the sphere S(x, ) around x € X of radius
t > 0. It descends to a function on M, which we still denote by c.

We study some rigidity results related to Margulis function for manifolds without
focal points, which are new even in the nonpositive curvature case.

In the negative curvature case, Katok conjectured that c(x) is almost always not
constant and not smooth. In [49] Yue answered Katok’s conjecture. He studied the
uniqueness of harmonic measures associated to the strong stable foliation of the
geodesic flow and obtained some rigidity results involving the Margulis function.
We extend Yue’s results to rank one manifolds without focal points.

Theorem B Let M be a rank one closed C*° Riemannian manifold without focal points,
X the universal cover of M. Then

(1) The Margulis function c is a C' function.
2) Ifc(x) = C, then for any x € X,

h=[ trU(x, §)d iy (§)
X

where U(x, &) and trU (x, &) are the second fundamental form and the mean
curvature of the horosphere H,(§) respectively, and [i, is the normalized
Patterson—Sullivan measure.

To the best of our knowledge, the uniqueness of harmonic measures in nonpositive
curvature (and hence in the no focal points case) is not known.

Question 2.3 For manifolds of nonpositive curvature, do we have a unique harmonic
measure associated to the strong stable foliation of the geodesic flow? Do the leaves
of the strong stable foliation have polynomial growth?

Remark 2.4 For rank one manifolds without focal points, the uniqueness of harmonic
measures associated to the weak stable foliation of the geodesic flow is proved in [31,
Theorem 3.1].

If dim M = 2, then Vol(B*(x, r)) = 2r where B*(x, r) is any ball of radius r in
a strong stable manifold. In this case, B*(x, r) is just a curve. Hence the leaves of
the strong stable foliation have polynomial growth. Combining with a recent result
in [13] on the unique ergodicity of the horocycle flow, we can show that there is a
unique harmonic measure associated to the strong stable foliation for rank one surfaces
without focal points. Then we can prove the following rigidity result.

Theorem C Let M be a rank one closed Riemannian surface without focal points. Then
c(x) = C if and only if M has constant negative curvature.

Without the uniqueness of harmonic measures, we can still obtain some rigidity
results in arbitrary dimension. The flipmap F : SM — SM is defined as F (v) := —v.
By the construction, the Knieper measure m is flip invariant. Consider the conditional
measures {ily}xep Of m with respect to the partition SM = UsxepySxM. iy can
be identified as measures on dX, and it would be natural to consider if jt, and the
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normalized Patterson—Sullivan measures i, coincide. Yue [47, 48] obtained related
rigidity results in negative curvature, which can be generalized to the no focal points
case with the help of the Margulis function.

Theorem D Let M be a rank one closed C* Riemannian manifold without focal
points. The conditional measures {[iy}xem of the Knieper measure coincide almost
everywhere with the normalized Patterson—Sullivan measures [y if and only if M is
locally symmetric.

If M is a rank one locally symmetric space, then obviously c(x) = C,x € M.
It is conjectured in [49, p. 179] that in negative curvature c(x) = C,x € M if and
only if M is locally symmetric, and this is true in dimension two [49, Theorem 4.3].
Theorem C verifies the conjecture in dimension two for the more general case of no
focal points. Theorem D gives a new characterization of rank one locally symmetric
spaces among rank one closed manifolds without focal points.

3 Geometric and ergodic toolbox

We prepare some geometric and ergodic tools for rank one manifolds without focal
points, which will be used in subsequent sections.

3.1 Boundary at infinity

Let M be a closed Riemannian manifold without focal points, and pr : X — M
the universal cover of M. Let I' >~ (M) be the group of deck transformations on
X, so that each y € T acts isometrically on X. Let F be a fundamental domain
with respect to I'. Denote by d both the distance functions on M and X induced by
Riemannian metrics. The Sasaki metrics on SM and S X are also denoted by d if there
is no confusion.

We still denote by pr : SX — SM and y : SX — SX the map on unit tangent
bundles induced by pr and y € I'. From now on, we use an underline to denote objects
in M and SM, e.g. for a geodesic c in X and v € SX, ¢ := prc, v := prv denote their
projections to M and SM respectively.

We call two geodesics ¢; and ¢» on X positively asymptotic or just asymptotic
if there is a positive number C > 0 such that d(ci(¢),c2()) < C, V&t > 0.
The relation of asymptoticity is an equivalence relation between geodesics on X.
The class of geodesics that are asymptotic to a given geodesic ¢, /c_, is denoted by
v (+00) /cy(—00) or vT /v respectively. We call them points at infinity. Obviously,
cy(—00) = c_y(400). We call the set dX of all points at infinity the boundary at
infinity. If n = v € 39X, we say v points at 1.

We can define the visual topology on d X following [16, 17]. For each p, there is a
bijection f, : S, X — 0X defined by

L) =vt, veS,X.
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2324 W. Wu

So for each p € M, f, induces a topology on d.X from the usual topology on S, X.
The topology on d.X induced by f, is independent of p € X, and is called the visual
topology on 0X.

Visual topology on d X and the manifold topology on X can be extended naturally
to the so-called cone topology on X := X U9 X.

Under cone topology, X is homeomorphic to the closed unit ball in R”, and 3 X is
homeomorphic to the unit sphere S*~!. For x, y € X, we denote by cy,y the geodesic
connection x and y if it exists.

The angle metric on 9 X is defined as

Z(E,n) :=sup Ly(&,n), V& neikX,

xeX

where Z, (&, ) denotes the angle between the unit tangent vectors at x of the geodesics
cy,e and ¢y ;. Then the angle metric defines a path metric dr on 9X, called the Tits
metric. More precisely, for a continuous curve ¢ : [0, 1] — 90X, define the length
L(c) := sup Zf:_é Z(c(t;), c(ti+1)) where the supremum is over all subdivisions
0=t <t <--- <t =10f [0, 1]. Then we can define the path metric dr (§, ) :=
inf L(c), where the infimum is taken over all the continuous curves joining & and 7.
Clearly, dr > Z. The angle metric induces a topology on 9 X finer than the visual
topology. Let ¢ be arecurrent geodesic, not the boundary of a flat half plane, then by [45,
Proposition 3.7], dr (c(—00), c(c0)) > m. If M has negative curvature everywhere,
then Z(&, n) = m and hence dr (€, n) = oo forany & # n € dX. See [3, 45] for more
information on Tits metric.

Definition 3.1 (Cf. [11, Definition 2.1]) A simply connected Riemannian manifold X
is a uniform visibility manifold if for every € > 0 there exists L = L(e) > 0 such
that whenever a geodesic ¢ : [a, b] — X stays at distance at least L from some point
p € X, then the angle sustained by c at p is less than €, that is,

Zp(c) := sup Zp(c(s),c(t)) <e.

a<s,t<b

If M is a Riemannian manifold without conjugate points whose universal cover X is
a uniform visibility manifold, then we say that M is a uniform visibility manifold.

Definition 3.2 (Cf. [11, Definition 2.2]) The manifold (M, g) has the divergence prop-
erty if given any geodesics ¢; 7# ¢z with ¢1(0) = ¢2(0) in the universal cover, we have
lim; 00 d(c1 (1), c2(t)) = 00.

The uniform visibility property implies the divergence property. All manifolds
without focal points have the divergence property.
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3.2 Busemann function

For each pair of points (p, g) € X x X and each point atinfinity £ € 0X, the Busemann
function based at & and normalized by p is

be(q, p) = lim (d(q.cpe@®) —1),

where ¢ ¢ is the unique geodesic from p and pointing at £&. The Busemann function
be (g, p) is well-defined since the function ¢ — d(g, cp £(¢)) — ¢t is bounded from
above by d(p, g), and decreasing in ¢ (this can be checked by using the triangle
inequality). Obviously, we have

|be(q, p)| < d(q, p).

If v e S, X points at £ € X, we also write by(q) := bz (g, p).

The level sets of the Busemann function bg (q, p) are called the horospheres cen-
tered at &. The horosphere through p based at§ € 9X, is denoted by H), (). For more
details of the Busemann functions and horospheres, please see [15, 43, 44].

According to [39, Theorem 6.1] and [43, Lemma 1.2], we have the following
continuity property of Busemann functions.

Lemma 3.3 (Cf. [45, Corollary 2.7]) The functions (v, q) — by(q) and (&, p, q) >
be(p, q) are continuous on SX x X and 90X x X x X respectively.

In fact, we have the following equicontinuity property of Busemann function v +—
by(q).

Lemma 3.4 (Cf.[45,Lemma2.9])Letp € X, A C S, X beclosed, and B C X be such
that A* .= {vT : v € A} and B® := {lim,, q, € 0X : g, € B} are disjoint subsets
of 0X. Then the family of functions A — R indexed by B and given by v +— b,(q)
€ > 0 there exists § > 0 such that if Z,(v, w) < 8, then |by(q) — by(q)| < € for
every q € B.

3.3 Patterson-Sullivan measure and Knieper measure

We will recall the construction of the Patterson—Sullivan measure and the Knieper
measure, which are the main tools to the subsequent proofs.

Definition 3.5 Let X be a simply connected manifold without focal points and I a
discrete subgroup of Iso(X), the group of isometries of X. For a given constantr > 0,
afamily of finite Borel measures {{4} pcx on 0 X is called an r-dimensional Busemann
density if

(1) forany p, g € X and pup-ae. & € 90X,

Hp
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where bg (g, p) is the Busemann function;
(2) {mp}pex is I'-equivariant, i.e., for all Borel sets A C 90X and for any y € I', we
have

Hyp(YA) = up(A).

Extending the techniques in [27] to manifolds without focal points, we constructed
Busemann density via Patterson—Sullivan construction and showed in [34, Theorem B]
that up to a multiplicative constant, the Busemann density is unique, i.e., the Patterson—
Sullivan measure is the unique Busemann density.

The following Shadowing Lemma is one of the most crucial properties of the
Patterson—Sullivan measure.

Lemma 3.6 (Shadowing Lemma, cf. [34, Proposition 15]) Let {ip}pex be the
Patterson—Sullivan measure, which is the unique Busemann density with dimension h.
Then there exists R > 0 such that for any p > R and any p, x € X there is b = b(p)
with

b~le P <y (fp(Bx, p))) < be™ ")

where fp(y) = cp,y(+00) forany y € B(x, p).

Let P : SX — 90X x 3X be the projection given by P(v) = (v, v"). Denote
by IP := P(SX) = {P(v) | v € SX} the subset of pairs in dX x dX which can be
connected by a geodesic. Note that the connecting geodesic may not be unique and
moreover, not every pair £ # n in 90X can be connected by a geodesic.

Fix a point p € X, we can define a I'-invariant measure & on Z” by the following
formula:

di(&, n) = e"PrEDa, E)dp, (),

where 8,(&§,n) = —{b:(q, p) + by(q, p)} is the Gromov product, and g is any
point on a geodesic ¢ connecting £ and 5. By [34, Propositions 6 and 7] (see also
Proposition 3.7 below), m(ZF) > 0. It is easy to see that the function »(&,m) does
not depend on the choice of ¢ and ¢. In geometric language, the Gromov product
Bp(&, n) is the length of the part of a geodesic ¢ between the horospheres He (p) and
Hy(p).

Then 1 induces a ¢’ -invariant measure m on SX with

m(A) = /I Vol{ (P~ &, ) N A)JdFECE. ).

for all Borel sets A C SX. Here w : SX — X is the standard projection map and Vol
is the induced volume form on 7w (P~!(&, n)). If there are more than one geodesics
connecting £ and 7, then by the flat strip theorem, T(P~YE, ) is exactly a k-flat
submanifold connecting & and 7 for some k > 2, which consists of all the geodesics
connecting & and 7.
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For any Borel set A C SX and t € R, Vol{mr (P~ (€, n) N $'A)} =
Vol{m (P~(&, n) N A)}. Therefore m is ¢'-invariant. Moreover, I'-invariance of &
leads to the [-invariance of m. Thus m induced a ¢'-invariant measure m on SM
which is determined by

m(A) = / #(pr' (v) N A)dm(v).
SM

It is proved in [34] that m is unique MME, which is called Knieper measure. Fur-
thermore, m is proved to be mixing in [2, 33], Kolmogorov in [7, 9] and eventually
Bernoulli in [7, 45].

3.4 Local product flow boxes

In this subsection, we fix a regular vector v9 € SX. Let p := m(vg), which
will be the reference point in the following discussions. We also fix a scale € €
(0, min{}, My,

The Hopfmap H : SX — 0X x 0X x R for p € X is defined as

H@) := (v~ ,v",s()), wheres(v):= b, (7v, p).

From definition, we see s(¢’'v) = s(v) +¢ forany v € SX and ¢ € R. s is continuous
by Lemma 3.3.
Following [11, 45], we define for each# > 0 and 0 < o < %e,

Py :={w™ :weS,Xand Z,(w, vo) <6},
Fo :={w':we SyXand Z,(w, vp) <6},
BY := H™'(Py x Fy x [—a, a]).

Bg is called a flow box with depth a. We will consider 6 > 0 small enough, which
will be specified in the following.
The following lemma was crucial in constructing Knieper measure.

Proposition 3.7 [34, Propositions 6 and 7] Let X be a simply connected manifold
without focal points and vy € SX is regular. Then for any € > 0, there is an 61 > 0
such that, for any § € Pg, and n € Fy,, there is a unique geodesic cg , connecting &
andn, i.e., cg y(—00) = & and cg ;(4+00) = 1.

Moreover, the geodesic cg y is regular and d(c,(0), cg ;) < €/10.

Based on Proposition 3.7, we have the following result.

Lemma 3.8 [45, Lemma 2.13] Let vg, p, € be as above and 61 be given in Proposi-
tion 3.7. Then for any 0 < 6 < 0y,

(1) diamwH™'(Pg x Fg x {0}) < §;

(2) H~'(Py x Fg x {0}) C SX is compact;
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(3) diam w By < 4¢€ forany 0 < o < 37

The following is a direct corollary of Lemma 3.4.

Corollary 3.9 Given vy, p, € > 0 as above, there exists 0, > 0 such that for any 0 <
0 < 6y, if€, ) € Py and any q lying within diamF +4¢ of m H~' (Py x Fy x [0, 00)),
we have |bg(q, p) — by(q, p)| < €2. Similar result holds if the roles of Py and Fg are
reversed.

Let 6y := min{6, 62}, where 6; is given in Lemma 3.8, and 6, is given in
Corollary 3.9. In the following, we always suppose that 0 < 6 < 6.

3.5 Regular partition-cover

Letus fix x,y € F C X, and p = x the reference point. For each regular vector w €
Sy X, we can construct a local product flow box around w as in the last subsection. More
precisely, consider the interior of By (w), intBg (w), which is an open neighborhood
of w for some @ > 0and 0 < 6 < 6y (here 6y depends on w). By second countability
of Sy X, there exist countably many regular vectors wy, w», . ..such that Sy X NReg C
Ul?’ilinthi (w;). Similarly, there exist countably many regular vectors vy, vy, ... such
that Sy X NReg C U7Z,intBy) (v;). We note that the reference point p is always chosen

to be x in the construction of all above flow boxes.

A regular partition-cover of S, X is a triple ({w;}, {inth‘,i (wy)}, {N;}) where {N;}
is a disjoint partition of Reg N Sy X and such that N; C inthi (w;) for each i € N.
Similarly a regular partition-cover of Sy X is a triple ({v;}, {intB;‘! (v)}, {Vi}) such that
{Vi} is a disjoint partition of Reg N §, X and V; C inth! (v;) foreachi € N.

Recall the bijection f; : Sy X — 90X defined by fr(v) = v, v e S, X. Let i, :=
(fx_l)*,up which is a finite Borel measure on Sy X. Similarly, let fi, := (fy_l)*up be
a finite Borel measure supported on Sy, X. The measures i, and (i, will be used in
Sect. 5.

The following result is essentially proved in [12, Proposition 2.4] in nonpositive
curvature.

Lemma 3.10 Forany x € X, we have i, (Reg N Sy X) = (i, (S X).

Proof Define Sing® := {v" : v € Sing}. By the same proof of [26, Proposition 4.9],
we see that I acts ergodically on 9 X. Since Sing™ is [-invariant, either i, (Sing™) =
Wy (3X) or iy (Sing™) = 0 for any x € X.

Let Rec C SM be the subset of vectors recurrent under the geodesic flow. Then its
lift to S X, which is also denoted by Rec, has full m-measure. By [34], Reg also has full
m-measure, and thus RecNReg has full m-measure. Define R := {v™" : v € RecNReg}.
By definition of the Knieper measure, we see that R has full j,-measure.

Let v € Rec N Reg. By [34, Lemma 5.1], for every

we W) :={we SX:w= —grad bg(q, mv), be (g, mv) = 0},
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i.e., every vector w on the strong stable horocycle manifold of v, we have
d(@'v,¢'w) — 0ast — +oo. Since v is recurrent and regular, then w is also
regular. It follows that R N Sing™ = @ and so u,(Sing™) = 0. The lemma then
follows. O

From now on in Sects. 4 and 5, we will first consider a pair of V; and N; from
the regular partition-covers of Sy X and S, X respectively. At last, we will sum up our
estimates over countably many such pairs from regular partition-covers.

4 Local uniform expansion

In this section, we use m-convergence theorem to illustrate local uniform expansion
along unstable horospheres. As a consequence, we obtain estimates on the cardinality
of certain subgroups of I

Theorem 4.1 (Weak 7 -convergence theorem, [45, Theorem 3.9]) Let X be a simply
connected manifold without focal points, vy, p, € be fixed as in Sect. 3.4, and 6 be
given in Proposition 3.7. Fixany 0 < p < 6 < 6.

Suppose thatx € X, and y; € T suchthat y;(x) — p € F, and yl._l(x) —neP,
as i — o0. Then for any open set U with U D F,, y;(Fg) C U for all i sufficiently
large.

The above theorem is proved in [45] where one only needs to consider one flow box
to get a closing lemma. However, in our setting we need consider two flow boxes each
time, and so we need apply a modified version of the theorem. This will be explained
later.

Consider a pair of V; and N; from the regular partition-covers of SyX and Sy X
respectively. For simplicity, we just denote V := V; and N := N;. Then N C

inth‘j (wp) and V C inth, (vo) for some wy € Sy X and vp € Sy X. We also denote
fora > 0, l

B,N ={ve S;X:d(w,N) <a}
B_sN:={ve N:B(w,a) C N}.

Write #g := s(vg) = b”o_ (rvo, p) where p = x. We denote the flow boxes by

N% .= H*I(N* x NT x [—a, a]),
VB = H 'V x Vt x (1o + [-B, B])).

Notice that N* C inthj (wp) and VB C intBZ(vo). Given € > 0, we always

. 2 o .
consider {5 < @, B < 376 By carefully adjusting the regular partition-covers, we can
guarantee that

wp@VT) = pp(@V7) = up(ON) = up(3N7) = 0. @)
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In the next section, we will count the number of elements in certain subsets of I'.
Let us collect the definitions here for convenience.

T(t,a,B):={y eT:N*Np~'yVP £},
F_,(t,a B):=1{y €T : (B-,N)*N¢~"y(B_,V)’ # 0},
I*:={yel:yV cNtandy 'N"cVv},
I*(t,a, B) :=T*NT(t, a, P).

Lemma 4.2 For every p > 0, there exists some To > 0 such that for all t > T», we
have T'_,(t, o, B) C T*(t, o, B).

Proof Let U be the interior of N*. Then (B_,N)* C U. We claim that there exists
T> > Osuchthatforallt > T and y €T, if (B_,N)* N qb_"y(B,pV)/S # ¢, then
yV*t cUu.

Let us prove the claim. Assume not. Then for each i, there existt; — occandy; € I’
such that v; € (B_,N)* N¢~"iy;(B_,V)?, but y;V*+ ¢ U. Clearly, for any x € X,
yix goes to infinity. By passing to a subsequence, let us assume that y;x — & € 9X.

By Lemma 3.8, (B_,N)“ and (B,pV)/5 are both compact. By passing to a subse-
quence, we may assume that v; — v € (B_,N)“ and yfl¢>’f vi > w e (B, V)A,
Note that y;mw — & € 9X. Since d(y;w, ¢"'v;) — 0, we have & = lim; mpliv; €
(B_,N)*.

We may assume that yl._lnv —n € dX.Letw; = yl._1¢>ti v; € (B_pV)ﬁ. Then
d(yi_lv, o lw;) = d(yi_lv, yi_lvi) — 0, and thus

d(yl._lnv, o Tw;) = 0.

We then see that n = lim; ¢ ""w; € (B_,V)™.

Now we have y;mv — & € (B_,N)" and yf]yrv — n € (B_,V)". Now we
apply a modified version of Theorem 4.1, with P, replaced by (B_, V)™, F, replaced
by (B_,N)*, and Fy replaced by V. The proof of [45, Theorem 3.9] should be
modified accordingly. Indeed, we observe that [45, Lemma 3.10] is still true with Fg
replaced by V', since Z(n, ¢) > & forany ¢ € V7 still holds.

So we have y;V* C U for all i sufficiently large. A contradiction and the claim
follows.

By the claim, there exists some 7> > Osuchthatforallt > Toandy € I'_, (¢, «, B),
wehave yV¥ Cc U C NT.

Analogously, by reversing the roles of N and V#, and the roles of y and y~!, we
can prove that y 7' N~ C V~. Thus y € I'* and the proof of the lemma is completed.

O

5 Using scaling and mixing

In this section, we prove Theorem A. First we use the scaling and mixing properties of
Knieper measure m, to give an asymptotic estimates of #I"*(z, €2, B) and #I'(r, €2, B).
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5.1 Intersection components

Lemma5.1 We have N C N, V C V<.
Proof Let w € N. By Corollary 3.9, we have

Is)] = 1by-(ww, p)| = by~ (Two, p)| < |b,,- (Two, p)| +€* = €.

By definition w € N < and hence N C N. V C V€ can be proved analogously. O

Lemma5.2 Foranyt > Qand y € T, we have
[y eT:NNg'yV A£G Cly e NC N~ 'yVe £ ).

Proof Let y € T be such that N N ¢p~'yV # @. If v € ¢’y 'N¢ NV, then
w:= ¢ "yv € N€. So there exists w’ € N€ such that w = ¢S w’ where |s| < € — 2.
Then ¢'Hw' = ¢'w = yv. Soy 1" w =v eV c Ve by Lemma 5.1. We have

ylotw' C vil+e® c ve So N N ¢~ 'y V€ # @ and the lemma follows. O

Lemma5.3 Let p € X, then given any a > 0, € > 0, there exists T > 0 such that for
anyt > T and v, w € S,X, d(¢'v, p'w) < € implies that Z(v, w) < a.

Proof In nonpositive curvature, the lemma is a consequence of the comparison
theorem.

For rank one manifolds without focal points, assume the contrary. Then there exist
tp — oo and v,, w, € §pX such that

d(@"va, " wy) <€ and  ZL(vy, wy) = a.

By taking a subsequence, we can assume without loss of generality that v, — v, w, —
w for some v,w € §,X. Then Z(v, w) > a. Take any ¢+ > 0. Choose n large
enough such that 1, > t and d(¢'v, ¢'w) < d(¢'v,, p'w,) + €. By monotonicity,
d(@" vy, 'wy) < d(P™uy,, d"mw,) < e. It follows that d(¢'v, p'w) < 2¢ for any
t > 0, which contradicts to the divergence property (see Definition 3.2). O

Lemma 5.4 Foranya > 0, there exists Ti > 0 large enough such that foranyt > Ty,

{y eI :N*N¢p~'yVP £ 0
Cly el : (BaN)* B np=lyv £ ).

Proof Lety e I' such that N N ¢!y V# £ (. Then there exists v € ¢' N* Ny VA,
So y~lv € VP and there exists w € V such that w™ = y~1v™. So |s(w)| < €2 since
Vcve by Lemma 5.1. Moreover, there exists w’ € W¥(w) (hence s(w) = s(w’))
and ¢P?w’ = y v for some b € R. It follows that |b| < B + € and d(w, w’) < 4e
by Lemma 3.8. Then yw’ € W"(yw) with d(yw, yw’) < 4e¢, s(yw) = s(yw’)
and ¢Pyw’ = v. It follows that yw’ € ¢'N*+A+<’. By Lemma 5.3, there exists
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T; > 0 large enough such that for any ¢+ > Ty, then d(yw, yw’) < 4¢ implies that
yw € ¢l%®I(B,N). We have that p—"yw € (B,N)* P+ N ¢~'y V. The lemma
follows. O

5.2 Depth of intersection

Given ¢ € 0X and y € T, define bg :=be(yp, p).
Lemma5.5 Leté,ne N ,andy € T'(t,a, B) witht > 0. Then |bg — b,’;| < €2,

Proof Let y € I'(t,a, B), so there exists v € N N ¢ 'y VP, Thereis g € 7VP
such that yg = w¢'v € tH ' (N~ x Nt x [0, 00)). Since p,y € F, we have
d(yp,yq) = d(p,q) < diamF + 4¢ by Lemma 3.8. Thus by Corollary 3.9,
lbe (y p. p) — by(y p. p)| < €* forany &, n e N™. o

Lemma5.6 Givenany y € I'*(¢t,«, B) and any t € R, we have

NEeNo'yVP = (we ETV(N™ x yVH)
s(w) € [—€*, 21N b)Y _ —t+ 10+ [-B. B}

where tg = s(vg).

Proof At first, we claim that NE N ¢ 'yVE c EZV(N~ x yVT). Indeed, let v €
N62 N ¢”yVﬁ. Since v € N€2, v~ € N~. On the other hand, since v € qb”yVﬂ,
we have v € y V™. This proves the claim.

Notice that as y € I'*(¢,«, B), one has yVT ¢ Nt and y !N~ C V. Let
we ETY(N™ x yVt) ¢ ETY(N™ x N7T). By definition of NEZ, w € N€ if and
only if s(w) € [—€2, €2].

It remains to show that w € gb’tyVﬂ ifand only if s(w) € (bZ}_ —t+to+[—8, B)).
To see this, note that

yVP={yv:ve ETY(V™ x V) and b,- (v, p) € 1o + [—B, Bl}
={we ET'(yV ™ xyV) ib,-(rw,yp) € to+[—B, B}

Since s(¢'w) = s(w) + t and
by~ (Tw, ¥ p) = by~ (Tw, p) + by-(p, yp) = s(w) — b _,

we know ¢'w € yV# if and only if s(w) — b’ _ + 1 € 1o + [, B]. The lemma
follows. o

The following lemma implies that the intersection components also have product
structure.

Lemma5.7 Ify € T*(t, €2, B), then
NEZ ﬂ¢7(t+4€2))/vﬁ+862 5 H—I(Nf % )/V+ x [—62,62]) — NY.
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Proof Let y € I'*(t, €2, B), then NN ¢~y VP £ (. By Lemma 5.6, there exists
n € N~ such that

[—€%. 21N (b} —t + 19+ [—B. B]) # 1.

It follows that [—€2, €2] C (b,}; — =241+ [—8, 8 +4€2]). Then by Lemma 5.5,
forany £ € N~ we have

[—€%, 21N (b] —1 =26 + 10+ [, B+ 4€°]) # 0,
which in turn implies that
[—€, X1 C (b} —1 —4€” + 10+ [—B, B + 8.

We are done by Lemma 5.6. O

5.3 Scaling and mixing calculation
We use the following notations in the asymptotic estimates.

f(0)=eCe(t) & e Cg(t) < f(1) < eCg(r) forall 1;
f) Sgn) & limsup& <1
t—00 g(t)

f@ 2 gl & liminf& > 1;
t—00 g(t)

. f@® )
f@) ~gt) & tl_lglo% =1

f)~etCet) & e Cet) S f(1) <o)

b

Lemma5.8 Ify € '*(1, €2, B), then

2 —
mNY) _ 26he iy ,—he € Hp(N7)
m(VP) Bup(V7)
where NV is from Lemma 5.7.
Proof The main work is to estimate (£, yn) and b, (y~!'p,p)forany & € N~ and
nevt.

Firstly, take g lying on the geodesic connecting & and y 5 such that bg (¢, p) = 0.
Then

1Bp (&, ym| = |bs(q, p) + byy(q, P)| = Ibyy(q, p)| = d(q, p) < 4e &)

where we used Lemma 3.8 in the last inequality.
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Secondly, since y € I'™(z, €2, B), there exist v € VB and w € N62 such that w =
¢~"yv. Take ¢’ lying on the geodesic connecting y ~'& and 5 such that b,-1¢ q',p) =
to. Then g’ € V¥ . Define g to be the unique pointin 7 H~'(N~ x N x {0}) Nceyy-
Then using Lemma 3.8,

d(q".yq) <dq", nw) +dmw, n¢'w) +d(ymv,yq’) <t + 8¢
d(q",vq) =dmw, md'w) —d(q", nw) —d(ymv, yq’) >t — 8e.

Noticing that ¢”, y ¢’ lie on the geodesic c¢ ,,, we have

by(y ' p, p) = byn(p, ¥ P) = byy(p, vq') + byn(vq', v p)
<byyq" vq)+dq", p)+by(q'. p) <t +12¢ +by(q’, p)

and

by(y ™' p, p) = byn(p, ¥ p) = byy(p, vq) + byn(vq', v p)
> byn(q", vq) —d(q", p) +by(q', p) =t — 12¢ + by(q’, p).

Thus we have

m(NY) _ 2e% [y= fys PP dpy )dp, -1, ()
m(VB) " 28 [, [ye P dp, N dp, ()
-1
€2 ane Sy Syr €0 P P d g, €)d ()
B¢ 7By & 1) ; ;
B Sy [+ €PrEMdp, ENdu, (')
e £16he ,—ht fN* fv+ eihb"(q/'p)dﬂp(g)dﬂp(n)

—h(ber (g, p)+b,/ (g
B fvf fv+ pE8he ,—hber (@', p)+by (g ”’))dﬂp(é/)dup(n/)

2 —
€ _ 2 Up(N7)
oE24he ,—ht ,£2he? Jhig Hp

B pp(V7)
2 —
— pE26he o ,—ht € wp(N ).
Bup(V7)

where in the third equality we used the fact that c¢/,y passes through a point in VA,
within a distance 4¢ from ¢’, and in the fourth equality we used Corollary 3.9 and

b,-1£(q', p) = to. |

Finally, we combine scaling and mixing properties of Knieper measure to obtain
the following asymptotic estimates.

Proposition 5.9 We have

(1 <2 B)oht 2
¢~30he < #IH(, €7, ple™ 1 < (30he <1 " 8i>
10 (VO (N )M 28 B
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2y hio 2
¢~30he < #I'(t, €7, B)e . 1 < o30he (1 n 8i>
ﬂp(v_)ﬂp(N+)e 128 B

Proof By Lemmas 4.2 and 5.7, for any 0 < p < 6 and ¢ large enough, we have

B, N N (B, V)P ¢ | ] N CNEng OHIypise,
yel*(1,€2,8)

By Lemma 5.8,

m(N?”) _ o E26he Jhto ,—ht €2 up(N7) '
m(VP) Bup(V7)

Estimating similarly to (5),

m(Ne) = 262 /N ) /N D dyy €0 () = 226y (N (V).
©

Thus we have

up(N7)
R emm— L
,B[LP(V )
< 626hem(ﬁez n ¢f(t+462)zﬂ+8ez).

e—zshem((B_pﬂ)ez N~ (B_,V)P) < #T*(t, €%, B)ete™" Wvh)

Dividing by m (N fz)m (V#) and using mixing of m, we get

261 MUB_, NI Im((B_, V)F) T (1, €2 B)e™ €puy(N )
m(N)ym(VF) Y ehtm(N?)  Bup(V)

2
< 26he m (VP
~ m(V#)

By (4), letting p — 0, we obtain

o 26he < #L7(E, €l Pt Epup(NT) (26he (1 + 8_62>
2 _ ~ .
ehtm(N<)  Bup(V™) B

Thus by (6)

* 2 hto 2
g UCEDI Lo (1,3
wp(V )y (NF)eh 2p B
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To prove the second equation, we consider p > 0. Then by Lemma 4.2,
T*(1,€%, ) CT(t, €%, B) C Ts(t, €%, ). By (7),

e < _#LNE € et 1 #TG e Bt 1

N up (VO up(NTY 28 =y (Vo) up (N 28
#I% (1, €%, B)e |

= 1p(VOu, (N 28

g)up«BpV)—)up((BpN)ﬂ

B wp(VIup(N*T) 7

SJ e30h6(1 +

Letting p N\, 0 and by (4), we get the second equation in the proposition. O

5.4 Integration

Let V. C §,X,N C SyX be as above, and 0 < a < b. Letn(a,b, V, NO) denote
the number of connected components at which ¢[=? =41V intersects N°. n,(VF, N*)
(resp. n,(V, N%)) denotes the number of connected components at which ¢’ Zﬂ
(resp. V) intersects N“.

Lemma 5.10 We have
ne(V,N€) < e "0, (V) up (N 2e(1 + 8e)ee.
Proof Setting @ = €2 in Lemma 5.2,
n(V, N€) < n,(VE, N).
Setting 8 = € in Proposition 5.9,

n(VE,NE) = #T(t, €2, €) < e M0, (V) i,y (N e 26 (1 + 8€)e0e.

Lemma 5.11 We have
n(V,N€) = e M0, (V) u,p(NTYeM2e (1 — 2€)e 30,
Proof Setting o = €2, B=€— 2¢2 in Lemma 5.4, for any a > 0, we have
n(V, N 2 n, (V2 (B_aN)©)
for any ¢ > T1 where T is provided by Lemma 5.4. Setting 8 = € — 2¢2in Lemma 5.9,
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n (Ve (BoaN)) 2 M0y (VO p(BoaN) e 2e (1 — 26)e 730,
Letting a — 0, by (4) we obtain the conclusion of the lemma. O

Proposition 5.12 There exists Q > 0 such that

e*zQGe*h’OMP(V*)Mp(Nﬂ%e’“ <n(,t,V,N%
S ezQGe"’fOup(v—)up(N*)%e’".
Proof 1t is clear that for any b > 0,
n,1,V,N% ~n(b,t, VvV, N. 8)
By Lemmas 5.10 and 5.11, we can choose b large enough such that
n(t—et+e V,N =n(V,N) = e, (V) (NT)e2e
for some Q > 2h large enough and for all > b. Let ty = b + € + 2ke, then

[21+1
nb.t,V.N < > (i —e.tr +€ V. N
k=0
(52141
< e@eMu,(VI)u,(NT) Y 2ee™
k=0
t+2€

< @M, (V) (N A e ds
—€

_ _ 1 _
— eQee hloup(v )MP(N-‘:-)E(eh(l-i-ZG) _eh(b 6))
1
< ezQee_htOMp(V_)up(NJr)Eeht

and for0 <r < 1

[721-1

nb,t,V,N = > n(tx—re tx+re, V,N°)
k=0

[521-1
Ze—Qree—/’lt()Mp(v—)Mp(N-‘r) Z 2}"€€htk
k=0
t—2¢
reds
b+e

> e 00, (V) pp(NT)
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— — — 1 — b
> e Qree htoup(‘/ )Mp(N+) - (eh(t 2¢) eh( +6)).
Letting r — 1, we get

1
n(b, 1, V, N = ™00, (VI p(NF) ("2 — 1050

1
Z e_zQée_htO,U»p(V_)/J/p (N+)Zeht
The proposition then follows from (8). O

5.5 Summing over the regular partition-cover

Denote
ar(x,y) :=#{yel:yye B(x,1)}
and
at1 (x,y):=#y €l :yy € B(x,1), and ¢, is singular}.

It is easy to see that b;(x) = fj_- as(x, y)dVol(y). In the following, we give an
asymptotic estimates of a; (x, y).

Lemma 5.13 There exist C > 0 and 0 < h' < h, such that for any x,y € F,
at1 (x,y) < Ceh/t.

Proof Given any € < injM/5 andt > 0, let y; # y» € I" be such that y;y, oy €
B(x,t) \ B(x,t — €), and both ¢, ,,y and cy ,,y are singular. Then it is easy to see
that ¢y ,,y and ¢y, are (¢, €)-separated. By a result of Knieper [27, Theorem 1.1],
the topological entropy of the singular set hop(Sing) is strictly smaller than A. It

follows that the number of y € T" as above is less than C 1eh/[ for some C; > 0 and
hyop(Sing) < b’ < h.
Lett; = i€, then
[t/€]+1 /€l+ C! [ite
atl(X,)’)S Z CleMi = Z M < 2 / Mds < cet
! 0
i=1 i=l1

for some C > 0. O

Denote by
[0,7] | 00
a(0,1,x,y,U%, , \Nj) :=#y el :yyeng®TU2, | N},
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and similarly,
a(0,t,x,y, U2, Vi) i=#y e Ty x emgl ™0 U2, Vi),
Lemma 5.14 There exists C > 0 such that

lim sup e~ h’a(O t,x,y,U = n+1N)<C ,u,p((U n+1N) ),

—>00

and

limsupea(0,t,x, y, U2, 1 Vi) < C - up((U32,, 01 Vi) ).

t—0o0

Proof We start to estimate from above the spherical volume of 7 ¢’ U
is a subset of the sphere S(x, t) of radius ¢ around x.

Let x1, ..., xx be a maximal p-separated subset of ¢’ U . Nj, where p >
R from Shadowmg Lemma 3.6. Then B(x;, p/2),i = 1,2,...,k are disjoint. By
Lemma 5.3, forany a > Othere exists 73 > O suchthatifr > T3, then fxB(xi, p/2) C
(Bg4 U;?‘):n+1 Nj)+. By Shadowing Lemma 3.6 and the fact that p = x, we know

wp(fxB(xi, p/2)) > b~'e ™" and hence

_n+1 N; which

k< be" 1y ((By U, N

From the uniformity of the geometry, there exists [ > 0 such that Vol(B(x;, p) N
S(x,1)) <lforeachl <i <k.So

Volr' U2, | Nj <1k <1be" ju,((By U321 N)T).

Then there exists Cq, C» > 0 such that
t

Volrg®1 U, /| Nj < C +/T Volg* US2, .| Njds
3

<Ci+ C2€ Mp((Ba U?O:n_i,_l Nj)+)' 9
Note that C» is independent of 73 and a.

Now since each y F has equal finite diameter and volume, there exists 74 > 0 such
that

a(0,1,x,y, U, Nj) < C3+ C4Volrp!™ 1B, U2, | N;
< Cs+ Cee" 11y ((Bog U3, 4 Nj)) (10)

where we used (9) in the last inequality. Note that Cg is independent of a. Thus

limsupe™"a(0, 1, x,y, U2, |Nj) < Cs - ttp((Bag U2, 1| N)T).

—>00
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As a > 0 could be arbitrarily small and Cg is independent of a, we get the first
inequality in the lemma.

The second inequality can be proved analogously with minor modification: When
applying Shadowing Lemma 3.6, we transfer from w, to 1ty by

duy 1 '
Hy &) = e~ s (v.p) < d(.p) < phdiamF
dup

forany £ € 0X. O
Proof of Theorem A Since the diameter of each flow box is no more than 4¢, we have

n(0, 1, UVi, UN)®) < arqae(x. y) (11
and

ar—ae(x,y) < a4 (x,y) +a(0,1,x,y, U5, | N))
+a0,t,x,y, U2, V) +n(0, ¢, UL, V;, U;’.ZI(NJ.)O), (12)

For each V;, denote by té := b,-(mv;, p) where v; € V;. Recall that in Sect. 4

we suppressed i and write fp = té, since only one V; is considered there. By
Proposition 5.12, for any m,n € N

liminf e (0, 1, UV;, U(N)?)

t—>00

m n
. —h 0
zlltrgggfe ! E E n(0,t, Vi, (N;)")
i=1 j=1

mon _ —hb —(mv;,p) _ 1
=YY% T (V) D (N
i=1 j=1

Note that v+— b, (v, p) is a continuous function by Lemma 3.3. So if we choose a
sequence of finer and finer regular partition-covers, and let m, n — oo on the right
hand,

lim inf e (0, 1, UV;, UN)?)
—00
1
> e—ZQé_/ / e_hbv’(””’P)dﬂy(—v)d/lx(w).
h xMNReg J Sy MNReg

Then by (11) we have

1
Qrqae(x,y) 2 €_2Q€Z€ht[

[ et o,
SyMnNReg J Sy MNReg
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Replacing ¢ by t — 4¢, we have

_ _ac 1 _ - -
ar(x,y) > e 2% 4€—e}”/ / e hbv’(””’P)duy(—v)dux(w).
h S¢MNReg J S, MReg

(13)
On the other hand, by Proposition 5.12 and Corollary 3.9, for any m,n € N
2Q¢ 1 —hb, —(wv,p) 1~ ~
€20 e TP (—v)d i (w)
h v MNReg J Sy MNReg
m n X ) l
20€ ,—h(1} 4 -
> ZZe Qe eTMT D, (VD D (N
i=1 j=I
m n 2
> limsup Y Y " n(0,1, Vi, (Nj)*)e e HH49), (14)

I=00 i1 j=1

Combining with (12) and Lemmas 5.13, 5.14, one has

+C ) (U, N+ CeM 4 (U, V)
2 1
4206 he +4€)ﬁeht/ / = (TP g vy (w).
SyMNReg J Sy MNReg

Letting m, n — oo and replacing t — 4¢€ by ¢, we have

ar(x,y)
1
g eZQeeh(gz+46)+4€_eht / / e_hbv* (”v’p)d,&y(—v)d/lx(w).
h . MReg J §, MNReg

15)

Letting ¢ — 0in (13) and (15) and recalling that p = x, we get

LY
at(x,y)'vhe ce(x,y)

where

c(x,y) = / / el TV G (—v)d iy (w).
Sy XNReg J Sy XNReg

By Lemma 3.10, in fact we have
c(x,y) = / / e M=V g (—v)d fi (w).
WX JS X

@ Springer



2342 W. Wu

It follows that b;(x) = [za,(x,y)dVol(y) ~ %e’” J7c(x, y)dVol(y) by the
dominated convergence Theorem. Indeed, by (12), Lemma 5.13, (10) and (14),

e Ma,(x,y) < B + Bac(x, y)

where the right hand side is integrable.

Define c(x) := f]_- c(x, y)dVol(y), we get by (x) ~ c(x)e,]l—”. Obviously, c(yx) =
c(x) for any y € I'. So ¢ descends to a function from M to R, which still denoted by
c.

It remains to prove the continuity of c¢. Let y, — x € X. For any € > 0, there
exists n € N such that d(x, y,) < €. Then

bi—e(x) < bi(yn) < brye(x).

We have
T by (yn) . brpe() o he
C()’n) - l1—1>rgo eht/h S 100 eht/h - C(-x)e
and
. b)) . bi_e(x) _he
c(yn) = tlggo o/ > tLrgo I c(x)e .
Thus lim,, .« ¢(y,) = ¢(x) and c is continuous. O

6 Properties of the Margulis function

We prove Theorem B in this section. Let M be arank one closed C* Riemannian man-
ifold without focal points, X the universal cover of M. Firstly, we give an equivalent
definition for the Patterson—Sullivan measure via the Margulis function.

Recall that f; : SyX — 93X, fr(v) = v*t. Similarly, we define the canonical
projection fX : S(x, R) = 9X by f*(y) = v where vy is the unit normal vector of
the sphere S(x, R) at y. For any continuous function ¢ : 3X — R, define a measure
on dX by

1
Vi) = - @ o fR(y)dvol(y).
e R)

S(x,

By Theorem A or (3), vf(BX ) is uniformly bounded from above and below, and
hence there exist limit measures of VX when R — oco. Take any limit measure v,. By
Theorem A or (3), we see that

sgr(x)

v (0X) = RILIHOO R c(x).
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Moreover, by definition one can check that

(1) Forany p, g € X andvp-ae. § € 90X,

dﬁ(g) — e Mbela.p)

(2) {vp}pex is I'-equivariant, i.e., for every Borel set A C 90X and forany y € I', we
have

vyp(YA) = v,(A).

(2) is obvious. Let us prove (1). Let p > 0 be arbitrarily small. Take a small compact
neighborhood Uy of & in dX such that |bg (¢, p) — bz/(q, p)| < p for any & € Ue.
Let R > 0 be large enough such that

(1) |V01(AR) Up(Ug)l <p where AR = (f,ge)_lUg,
() Id(q, ¢pe(R) — R — ber(q, p)| < p forany &' € Us.

Now we divide U into finitely many sufficiently small compact subsets U Sl CU,i=
., k such that the following holds. By enlarging R if necessary,

Vol(Ak)
-1l <p
Vol(Al)
. Lo d(g.cp e (R . .
where Al = (fR71U, Al = (3 5 )10 and & € UL Then
ens B
vq(Ug)—qu(Ug) < AR
i=1 i=1
S ST |
= Zeh(mbs,.(q,p)—p) ol(AR) + 1
1+p
IR P)20) Z Vol(A%) +
I+p
= S U Ue) o

I+p
As Ug shrinks to {E } p > 0 could be arbitrarily small. So Z%Z(E) < e Mbs@:p) By

symmetry, we get o 9 (&) = e Ms@p)
It follows that {vx }xex is an h-dimensional Busemann density. By [34, Theorem B],
there exists exactly one Busemann density up to a scalar constant, which is realized by
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the Patterson—Sullivan measure. Thus {v,},cx coincide with {uy}rex up to a scalar
constant.

Proof of Theorem B Recall that i, is the normalized Patterson—Sullivan measure. By
the above discussion, particularly v, (9 X) = c(x) and %(S) = ¢ b (%) we have

ity ) _ €0, v,
diiy c(y)

Then c(y) = c(x) [,y e "0 d, (§).

Recall that y > bs (y, x) is C? [18, Theorem 2] (see also [31, Section 2.3]), and
moreover both Vy,bg (y, x) and Aybg (y, x) = trU(y, §) depend continuously on &. It
follows that ¢ is C'.

If ¢ is constant, then [ 9% e bV ¥ g n (€) = 1. Taking Laplacian with respect to
y on both sides, we have

/ h(h —trU(y, £))e "0 9d i, () = 0.
0X

It follows that

 fox trU(y, ©)e MPe0Dan &)

h .
Jax €0V d i )

/ 1rU(y, &)djuy (&)
X

forany y € X. O

7 Rigidity in dimension two
7.1 Unique ergodicity of horocycle flow

Let M be a rank one closed Riemannian surface without focal points in this section.
A horocyclic flow is a continuous flow #; on SM whose orbits are horocycles, i.e.,
forv e SM, {hyv : s € R} = W*(v), where W¥(v) is the strong stable horocycle
manifold of vin SM.

Clotet [ 13] proved recently the unique ergodicity of the horocycle flow on a compact
surface of genus at least 2 without conjugate points and with continuous Green bundle,
see also [12] for the case of nonpositive curvature. We can focus on surfaces without
focal points which will be used in our arguments later.

If M has constant negative curvature, Furstenberg [19] proved the unique ergodicity
of the horocycle flow, which is extended to compact surfaces of variable negative
curvature by Marcus [35]. To apply Marcus’s method to surfaces without focal points,
we need to define the horocycle flow using the so-called Margulis parametrization.
Gelfert—-Ruggiero [21] defined aquotient map x : SM — Z by anequivalence relation
“collapsing” each flat strip to a single curve, which semiconjugates the geodesic flow
on SM and a continuous flow on Z. They show that Z is a topological 3-manifold,
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and that the quotient flow is expansive, topologically mixing and has local product
structure. In [13], the horocycle flow with Margulis parametrization 2 is defined
on Z. Using Coudene’s theorem [14], it showed in [13, Proposition 4.2] that the
horocycle flow hly on Z is uniquely ergodic, and the unique invariant measure is
Xxm, the projection of Knieper measure m onto Z.

There is another natural parametrization of the horocycle flow on SM given by
arc length of the horocycles, which clearly is well defined everywhere. It is called
the Lebesgue parametrization and the Lebesgue horocycle flow is denoted by hSL By
constructing complete transversals to respective flows, it is showed in [13, Theorem
5.8] that there is a bijection between finite Borel measures invariant under /¥ on Z
and hL on SM respectively.

By the above discussion, 4% is also uniquely ergodic [ 13, Theorem 5.10]. We denote
by w* the unique probability measure invariant under the stable horocycle flow hSL.

In [13], the subset of generalized rank one vectors is defined as

Ry :={veSX:G"(v) # G’ (v)}
where G* and G are Green bundles. Clearly R; is nonempty and open. Let v € R;,
W¥* () := {w € SX : w~ = v~} the weak unstable manifold of v € SX, and
W) :={w € W¥(v) : b,-(rw, Tv) = 0} the strong unstable horocycle manifold
of v.Put W% (v) := — W% (—v) and W*(v) := —W*(—v). Then W¥*(v) contains a
relatively compact neighborhood 7" of v in Ry, such that pr7 is a complete transversal

to the (stable) horocycle flow hL in the sense of [13, Defintion 5.5]. So locally for a
subset E in a neighborhood of v,

wS(E)=/ ()/RlE(hf(u))dsduwwu(v)(u)
qu v

where 1 is the characteristic function of E, and pywu () is some Borel measure on
T C W™"(v) which is in fact independent of the parametrization of the horocycle
flow. Note that x is a homeomorphism in a neighborhood of v € R;.

On the other hand, the unique invariant measure for M on Z is the projection of
Knieper measure m, which can be expressed as

m(E) = / / / LpE n, 0" PCED A (E)d s ()
X JoX JR

since E contains no flat strips. Consider the canonical projection
P=P,:W'Q) —> 93X, Pw)=w",

then
Mwwu(u)(A)=/_/RlA(¢tu)dldMWM(v)(M)
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where e (B) = fax 13(Pv’ln)e’hb'i(”“’x)dux(n) and A, B are in a neighbor-
hood of v € R;.

Thus w?* is locally equivalent to the measure ds x dt x duw«. If we disintegrate
w® along W* foliation, the factor measure on a section W**(v) is equivalent to dsdt,
i.e., the Lebesgue measure Vol, and the conditional measures on the fiber W*(v) is

equivalent to P, .

7.2 Uniqueness of harmonic measure

We recall some facts from [49] on the ergodic properties of foliations. Let G be any
foliation on a compact Riemannian manifold M. A probability measure v on M is
called harmonic with respect to G if [ M AL fdv = 0 for any bounded measurable
function f on M which is smooth in the leaf direction, where AL denotes the Laplacian
in the leaf direction.

A holonomy invariant measure of the foliation G is a family of measures defined
on each transversal of G, which is invariant under all the canonical homeomorphisms
of the holonomy pseudogroup [40]. A measure is called completely invariant with
respect to G if it disintegrates to a constant function times the Lebesgue measure on
the leaf, and the factor measure is a holonomy invariant measure on a transversal. By
[20], a completely invariant measure must be a harmonic measure.

Theorem 7.1 Let M be a rank one closed Riemannian surface without focal points.
Then there is precisely one harmonic probability measure with respect to the strong
stable horocycle foliation.

Proof If dim M = 2, then the leaves of the strong stable horocycle foliation have poly-
nomial volume growth. By [23], any harmonic measure must be completely invariant.
By [13] or the previous subsection, there is a unique completely invariant measure w*.
As a consequence, w® is the unique harmonic measure. O

7.3 Integral formulas for topological entropy

Recall that M is a rank one closed Riemannian surface without focal points. Using the
measure w® we can establish some formulas for topological entropy 4 of the geodesic
flow.

Let B*(v, R) denote the ball centered at v of radius R > 0 inside W*(v). In fact,
it is just a curve. By the uniqueness of harmonic measure w*, we have

Lemma 7.2 (Cf. [49, Theorem 1.2]) For any continuous ¢ : SM — R,

1

S deol(y)—>/ pdw’
Vol(B* (v, R)) JBsw,R) SM

as R — oo uniformlyinv € SM.

For continuous ¢ : SM — R, define ¢, : X — R by ¢,(y) = ¢(v(y)) where
v(y) € SX is the unique vector such that ¢,(yy(0) = y and cy(y)(t) = x for some
t>0.
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Based on Lemma 7.2, we get the following proposition. The proof is the same as
the one before [49, Proposition 3.1] (see also [29, 30]), and hence will be skipped. The
basic idea here is that horospheres in X can be approximated by geodesic spheres.

Proposition 7.3 For any continuous ¢ : SM — R,

@ (y)dVol(y) — f pdw*
sr(x) Jsx, Ry sM

as R — oo uniformly in x € X.

Theorem 7.4 Let M be a rank one closed Riemannian surface without focal points.
Then

(1) h= [g, trU@)dw* (v),
Q) h% = [g, —trU@) + (trU (v))2dw (v),
(3) h® = [g,, trU = 3trUtrU + (trU)3dw*,

where U (v) and trU (v) are the second fundamental form and the mean curvature of
the horocycle Hy,(v") at mwv.

Proof Consider the following function

Taking the derivatives, we have

1
G (R) = —hGy(R) + W/ trUg(y)dVol(y),
e S(x,R)
G"(R) = —h’G,(R) — 2hG'(R)
1 )
+ﬁ/ —trUg(y) + (trUg(y))*dVol(y),
e S(x,R)
GY(R) = —h>G.(R) — 3h>G.(R) — 3hG'.(R)

1 .. .
iz / trUR(y) — 3trUr()1rUr(y) + (trUr(»)*dVol(y),
S(x,R)

where Ug(y) and trUg(y) are the second fundamental form and the mean curvature
of S(x, R) at y.
Clearly, trUg(y) — trU(v(y)) as R — oo uniformly. By Theorem A,

sR(x)

eh—R = C(.X).

lim Gy4(R) = lim
R—o0 R—o0
Combining with Proposition 7.3, we have

lim G’ (R) = —hc(x) ~|—c(x)/ trUdw?,
R—00 SM
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lim G”(R) = —h*c(x) — 2h lim G;(R)+c(x)/ —trU + (1rU)?dw®,
R—o0 R—o0 SM

lim G”(R) = —h’c(x) —3h> lim G'.(R) —3h lim G’(R)

R—o0 R—o00 R—o00

+e(x) trU = 3trUtrU + (trU)>dw”. (16)
SM

Since limg_ o G, (R) exists and limg_oc Gx(R) is bounded, we have
limg_, oo G, (R) = 0. Similarly, considering the second and third derivative, we have

lim G;’(R) = lim G;”(R) =0.
R—0 R—o0

Plugging in (16), we have

(1) h = [, trU@)dw* (v),
() h? = [, —trU @) + (trU (v)*dw* (v),
(3) 1 = [, trU = 3trUtrU + (trU)*dw?’.

7.4 Rigidity
Recall that fi, is a Borel measure on S, X (hence descending to Sy M) induced by
the Patterson—Sullivan measure 1, and let us assume that it is normalized, by a slight

abuse of the notation. We have the following characterization of w?*.

Proposition 7.5 For any continuous ¢ : SM — R, we have

C/ pdw® :/ c(x)/ od i (v)dVol(x)
sM M SeM

where C = [, c(x)dVol(x).

Proof The idea is to show the right hand side is a harmonic measure up to a normaliza-
tion. Then the proposition follows from Theorem 7.1. The proof is completely parallel
to that of [49, Proposition 4.1] (see also [30, 48]), and hence is omitted. O

Proof of Theorem C By Theorem 7.4,
h2=/ —trU®) + (trU (v))*dw® (v).
SM

By the Riccati equation, in dimension two we have
~U+U*+K=0
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where K is the Gaussian curvature. Since now U is just a real number and hence
tr(Uz) = (1rU)?, using Proposition 7.5 and Gauss-Bonnet formula we have

1

h? =/ —Kdw'® = —/ —c(x)K (x)dVol(x)
SM CJu

= f —KdVol/Vol(M) = =2 E /Vol(M),

where E is the Euler characteristic of M. By Katok’s result [24, Theorem B], h? =
—2m E /Vol(M) if and only if M has constant negative curvature. O

8 Flip invariance of the Patterson-Sullivan measure

For each x € X, denote by i, both the Borel probability measure on Sy X and X
given by the normalized Patterson—Sullivan measure. Define a measure w* by

C/ pdw?® ::/ c(x)/ od i, (v)dVol(x)
SM M SxM

for any continuous ¢ : SM — R, where C = fM c(x)dVol(x).

In view of the proof of Proposition 7.5, w® is a harmonic measure associated to
the strong stable foliation, though the uniqueness of harmonic measure is unknown
in general. Without the uniqueness of harmonic measure, we can still obtain some
rigidity results in this section.

Proposition 8.1 For ¢ € C'(SM), one has

/ @+ (h—trU)pdw® = 0.
SM

Proof Define a vector field on M by

Y(y) ::/SM(pX(v)d,ﬁ,y(v) =/ pX()e " Wdp (v)

M

where X is the geodesic spray. Since Vb, = —X and divX = —trU, one has
div|y—,Y = / divly—r X ()e "W d i, (v)
SeM
- / b+ (h — rU)pdiis.
SeM

Integrating with respect to Vol on M and using Green’s formula, we have |, @+
(h —trU)pdw® = 0. O
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Proposition 8.2 If w® is ¢'-invariant, then M is locally symmetric.

Proof If w?’ is ¢'-invariant, by Proposition 8.1, we have

(h—trU)edw® =0
SM

for all ¢ € C'(SM, R). It follows that rrU = h, i.e., M is asymptotically harmonic.
By [50, Theorem 1.2] (see also [31, Proposition 2.2]), M is locally symmetric. O

For manifolds without focal points, not every pair of  # £ in d X can be connected
by a geodesic. A point § € 9X is called hyperbolic if for any n # & in 9X, there
exists a rank one geodesic joining 7 to £. The set of hyperbolic points is dense in 9 X
(see [31, Lemma 3.4]).

Lemma 8.3 Ifforallx € M, [i, isflip invariant, then the Knieper measure m coincides
with the Liouville measure Leb on SM.

Proof First we lift every measure to the universal cover X and show that forall x € X,
jfgbx is finite everywhere on S, X. We still denote the measures f; i, and f,Leb, on
09X by i, and Leb, for simplicity.

Assume that there exists some & € dX such that

lim sup M =0 a7
e—0 Leby(Dy(§,€))

where Dy (€,€) := {n € 0X : Z,(§,n) < €}. Take € > 0. For any p > 0 small
enough, choose a hyperbolic £’ € 3 X close to & such that

Dy (&', (1 = p)e) C Dx(§,€) C Dx(§', (1 + pe). (18)
We can choose some constant C; > 1 independent of € and p such that
Leby (Dy (€, €)) < Lebx(Dx (€', (1 + p)e)) < CiLeby(Dx (&', (1 — p)e)). (19)
It follows from (17), (18) and (19) that

ﬁx(Dx(s/’ (1 - ,0)6)) < Clllx(Dx(Ev 6))
Leb, (Dx (&', (1 — p)€)) ~ Leby(Dx(§,€))

(20)

Then for any € 89X, there exists a geodesic ¢z, connecting &" and 7. Take a point
¥ € cgry. Due to the flip invariance,

fiy(Dy(§', (A =p)e)) _ fy(Dy(n, (A = p)e))
Leby (Dy(§', (1 = p)e))  Leby(Dy(n, (1 = p)e))
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Since the measures ji, and i, (resp. Leb, and Leb,) are equivalent with positive
Radon—Nikodym derivative, we have by (20),

fiy(Dx(E', (1= p)e)) _ Capu(Dx(§, €))
Leby (Dx (8", (1 — p)e)) — Leby(Dx(§,€))

for some C, > 1. Then by flip invariance,

AyWUem) _ Cojt(Da (&, ©))
Leb, (Ue () ~ Leby(Dy (8. €)

where U, (1) is the image of D, (§', (1— p)e) under the flip map. Use again that (i, and
fiy (resp. Leb, and Leb,) are equivalent with positive Radon—Nikodym derivative, we
get for some C3 > 1

fixUem) _ C3ix(Dx(§, €))
Leby(Ue(m) ~ Leby(Dx(§,€))

As Uc(n) shrinks to {n} as ¢ — 0, we see the Radon—Nikodym derivatives di%gx is
also zero at any n € 9X. ‘
Similarly, if

. fx(Dx (&, €))
imsup —————>""_ =00
e>0 Leby(Dy(§,¢€))

forsome & € 9X, the Radon—-Nikodym derivatives di‘égt isalsoinfinity atany n € 9X.

Since both i, and Leb, have finite total mass, their Radon-Nikodym derivatives
must be finite somewhere and hence everywhere. Thus the Liouville measure Leb
is equivalent to the Knieper measure. As the Knieper measure is ergodic, the two
measures coincide. O

Lemma 8.4 Ifforall x € M, [iy is flip invariant, then the Margulis function c(x) is
constant.

Proof Any ¢ € C?(M,R) can be lifted to a function on SM which we still denote
by ¢. Since any weak unstable manifold is diffeomorphic to X, we have A“¢ = Ag
where A is the Laplacian along X and A is the Laplacian along the weak stable
foliation. By [46, Lemma 5.1], A9 = A’p + ¢ — trU¢. Then by definition of w?*
and Proposition 8.1,

/ Ag@c(x)dLeb
M
= C/Agodws

= C/ (AN + ¢ — trUg)dw’
SM
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C (/ A pdw® —i—/ @+ (h—trU)gdw’ —/ hgbdws)
SM SM SM

= —h /M c(x)dLeb(x)/¢(x,$)dﬂx($).

Since dfix(§) = djix(=§) and ¢(x, §) = —¢(x, —§), we have
/ Agc(x)dLeb =0
M

for any ¢ € C2(M, R). So c¢(x) must be constant. O

Proof of Theorem D By the construction, the Knieper measure m is flip invariant. By the
flip invariance of the partition {Sx M } < and the uniqueness of conditional measures,
we see that fi, is flip invariant for m-a.e. x € M. It follows that the normalized
Patterson—Sullivan measures fi, is flip invariant for m-a.e. x € M.

We claim that for all x € M, 1, is flip invariant. Indeed, note that for fixed x, the
density

dl}y &) = @e—h'bé(yw,
diiy c(y)

is uniformly continuous in y. For each continuous function ¢ : X — R, its geodesic
reflection with respect to z € X is defined by ¢,(§) := ¢(c;,£(—00)). Let xz, x € X
and x;y — x as k — oo. Then by the above continuity,

| i = tim [ gdiin, = fim [ gudiin = [ oudi
ax k=00 Jox k=00 Jox )¢

The claim follows.

By Lemma 8.3, the Knieper measure m coincides with the Liouville measure, and
thus m projects to the Riemannian volume on M. By assumption, the conditional mea-
sures i, coincides with (i. Moreover, by Lemma 8.4, c(x) is constant. Consequently,
we see from definition that w* coincides with the Knieper measure m, and hence it is
¢'-invariant. By Proposition 8.2, M is locally symmetric. O
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Appendix: Manifolds without conjugate points

In this appendix, we discuss the proof of Theorem A’, which is an extension of The-
orem A to manifolds without conjugate points belonging to the class H. The proof
is analogous to that of Theorem A with minor modifications. We skip the details and
just sketch main steps where modifications are needed.

The local product flow boxes are constructed in [11, Section 3.2] near expansive
vectors in the case of no conjugate points. We need modify the time interval from
[0, @] to [—a, —«], so that Lemma 5.1 still holds.

Corresponding versions of 7 -convergence Theorem 4.1 should be established. Nev-
ertheless, we just need rephrase and reprove [11, Lemma 4.9] accordingly with minor
modifications.

In both the proofs of Lemmas 5.4 and 5.14, Lemma 5.3 is used. For manifolds in
class ‘H, it is a direct consequence of uniform visibility property. Indeed, if T is large
enough, then by the triangle inequality, the geodesic connecting ¢’ v and ¢’ w stays at
distance at least L(a) from p. Thus Z(v, w) < a. So we also have these lemmas in
no conjugate points case.

Finally, let us comment on Lemma 5.13. In the case of no conjugate points, instead
of singular vectors we need consider vectors which do not lie in a countable union
of flow boxes near expansive vectors. More precisely, there exist countably many
expansive vectors wi, wa, ... such that S; X NE C Ul?’i]inthi (w;), where & is the
expansive set. See [10, (2.11)] for definition of expansive vectors and expansive set.
The vectors outside of these flow boxes form a subset S which is closed and ¢’-
invariant. Moreover, S N €& = . Since the unique MME m gives full weight to £
(cf. [10, Theorem 5.6]), we know m(S) = 0. It follows that hyp(S) < h and thus
Lemma 5.13 can be proved similarly.
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