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Abstract

Accelerated propagation is a new phenomenon associated with nonlocal diffusion
problems. In this paper, we determine the exact rate of accelerated propagation in the
Fisher-KPP equation with nonlocal diffusion and free boundaries, where the nonlocal

diffusion operator is given by / J(x —y)u(t, y)dy —u(t, x), and the kernel function
R

J (x) behaves like a power function near infinity, namely lim |y 00 J (X)[x]* = A > 0
for some « € (1, 2]. This is the precise range of @ where accelerated spreading can
happen for such kernels. By constructing subtle upper and lower solutions, we prove
that the location of the free boundaries x = h(¢) and x = g(¢) goes to infinity at
exactly the following rates:

. h@® . —g()
lim —= = lim =
t—ootlnt t—oo tlnt

_ h() o —g) 27
lim = lim

o0 t1/@=1) — jooo /@) 2 _g

A, when o = 2,

uA, wheno € (1,2).

Here 1o > 0 is a given parameter in the free boundary condition. Accelerated prop-
agation can also happen when limy| oo J(x)[x|(In |x)# = 1 > 0 for some B > 1.
For this case, we prove that

—g(), h(1) = exp{[(zﬂ%){)l/ﬁ n 0(1)]#//3] as f — 00.
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These results considerably sharpen the corresponding ones in [20], and the techniques
developed here open the door for obtaining similar precise results for other prob-
lems. A crucial technical point is that such precise conclusions on the propagation are
achievable by finding the correct improvements on the form of the lower solutions
used in [20], even though the precise long-time profile of the density function u(z, x)
is still lacking.

Mathematics Subject Classification 35K57 - 35R09

1 Introduction

In this paper we determine the exact rate of acceleration for the spreading behaviour
governed by the Fisher-KPP equation with nonlocal diffusion and free boundaries
considered in [10, 16, 20], which has the form:

u; = d[/ J(x = yu(t, y)dy — u} + fw), t>0,x¢e(g(),h@),
R
u(t,g(®) =u(t, h(t)) =0, t>0,

h(t) oo
W) = ,u/ / J(x —yu(t, x)dydx, t>0, (1.1)
g(t) Jh(r)

h(t) g

g = —;Lf / J(x — y)u(t,x)dydx, t >0,
gt) J—oo

M(O, X) = M()(.x), h(o) = _g(o) = hOa X € [_h09 ho]s

where x = g(¢) and x = h(¢) are the moving boundaries to be determined together
with u(z, x), which is always assumed to be identically 0 for x € R\ [g(¢), h(t)] s d
and p are given positive constants.

The initial function uq(x) satisfies

up € C([—ho, hol), uo(—ho)=uo(hp) =0 and up(x) > 0in (—ho, ho). (1.2)

The basic assumptions on the kernel function J : R — R are
J:JeC®NL®®), J >0, JO) >0, / J(x)dx =1, J iseven .
R

The nonlinear term f (u) is assumed to be a Fisher-KPP function, namely it satisfies

0 {f eCl f>0= (O =fDin©.1), (0 >0> fQ).

f(u)/u is nonincreasing in u > 0.

h(t)
1 Therefore/ J(x —yu(t,y)dy = / J(x — yu(t, y)dy.
R g()
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The nonlocal free boundary problem (1.1) may be viewed as a model describing
the spreading of a new or invasive species with population density u(#, x), whose
population range [g(¢), h(¢)] expands according to the free boundary conditions

h(t) +00
W) = ,u/ / J(x — y)u(t, x)dydx,
g(t)  Jh(r)

) h(t) rg(®)
g = —M/ f J(x — y)u(t, x)dydx,
gty J—oo

that is, the expanding rate of the range [g(¢), i ()] is proportional to the outward flux
of the population across the boundary of the range. Such a free boundary condition was
proposed independently in [10, 12]; [12] assumes f (#) = 0, and hence the long-time
dynamics of the model there is completely different from the Fisher-KPP case studied
in [10] and here.

Problem (1.1) is a “nonlocal diffusion" version of the following free boundary
problem with “local diffusion”:

ur —duyy = f(u), t>0, gt) <x < h(),
u(t,g(t)) =u(,h()) =0, t >0, (13)
g(1) = —pux(t, g(1)), W' (1) = —puy(t, h(r)), t>0, '
g(0) = —ho, h(0) = ho, u(0, x) = up(x), — ho < x < ho,

where ug is a C2 function which is positive in (—hg, ko) and vanishes at x = =hy.
For a special Fisher-KPP type of f(u), (1.3) was first studied in [17] (see [18] for
more general f), as a model for the spreading of a new or invasive species with
population density u(¢, x), whose population range [g(¢), h(t)] expands through its
boundaries x = g(r) and x = h(r) according to the Stefan conditions g'(r) =
—puy(t, g(t)), h'(t) = —puy(t, h(t)). A deduction of these conditions based on
some ecological assumptions can be found in [8].

By [17, 18], problem (1.3) admits a unique solution (u(¢, x), g(¢), h(¢)) defined
for all # > 0, and its long-time dynamical behaviour is characterised by a “spreading-
vanishing dichotomy”: Either (g(¢), h(¢)) is contained in a bounded set of R for all
t > 0andu(t, x) — Ouniformly ast — oo (called the vanishing case), or (g(¢), i (t))
expands to R and u(¢, x) converges to 1 locally uniformly in x € R as ¢t — oo (the
spreading case). Moreover, when spreading occurs,

—e(0) . h()

lim lim — = kg € (0, 00),
t—00 t t—>oo

and ko is uniquely determined by a semi-wave problem associated to (1.3) (see [8, 18]).
Problem (1.3) is closely related to the corresponding Cauchy problem

U —dUs, = f(U), t>0, x eR,
U0, x) = Up(x), x € R,

uo(x), x €[go, hol,

where Up(x) :=
0, x € R\ [go, hol.
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(1.4)

Indeed, it follows from [15] that the unique solution (u, g, k) of (1.3) and the unique
solution U of (1.4) are related in the following way: For any fixed T > 0, as u — o0,
(g(®),h(t)) — Rand u(r,x) — U(t, x) locally uniformly in (¢, x) € (0, T] x R.
Thus (1.4) may be viewed as the limiting problem of (1.3) (as © — 00).

Problem (1.4) with Uy a nonnegative function having nonempty compact support
has long been used to describe the spreading of a new or invasive species; see, for
example, classical works of Fisher [24], Kolmogorov-Petrovski-Piscunov (KPP) [29]
and Aronson-Weinberger [2].

In both (1.3) and (1.4), the dispersal of the species is described by the diffusion
term duy,, widely called a “local diffusion” operator, which is obtained from the
assumption that individual members of the species move in space according to the
rule of Brownian motion. One advantage of the nonlocal problem (1.1) over the local
problem (1.3) is that the nonlocal diffusion term

d [/ J(x = yu(t, y)dy — M(I,X)}
R

in (1.1) is capable to include spatial dispersal strategies of the species beyond random
diffusion modelled by the term du,, in (1.3). Here J(x — y) may be interpreted as
the probability that an individual of the species moves from x to y in a unit of time.
The long-time dynamical behaviour of (1.1), similar to that of (1.3), is determined
by a “spreading-vanishing dichotomy" (see Theorem 1.2 in [10]): As ¢t — o0, either

(i) Spreading: lim;_, oo (g(f), h(t)) = R and lim,, ycu(z,x) = 1 locally uni-
formly in R, or

(i1) Vanishing: lim;— 400(g(#), h(t)) = (800, hoo) 1s a finite interval and lim;—, 4o
u(t, x) = 0 uniformly for x € [g(¢), h(?)].

Criteria for spreading and vanishing were also obtained in [10] (see Theorem 1.3
there). In particular, if the size of the initial population range 2h is larger than a cer-
tain critical number determined by an associated eigenvalue problem, then spreading
always happens.

A new phenomenon for the nonlocal Fisher-KPP model (1.1), in comparison with
(1.3), is that when spreading is successful, “accelerated spreading" may happen;
namely one may have

. —g(®) . h@®)
lim =1 — 7 =
t—00 t t—o00 f

It was shown in [16] that whether this new phenomenon happens is determined by the
following threshold condition on the kernel function J:

o
J1) : / xJ(x)dx < +o0.
0
More precisely, we have
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Theorem A ([16]). Suppose that (J) and (f) are satisfied, and spreading happens to
the unique solution (u, g, h) of (1.1). Then

t—oo t t—00 t

. h(t)y . —g() Ico € (0,00) if (J1) holds,
lim — = lim —— = °
oo if (J1) does not hold.

Asusual, when (J1) holds, we call ¢q the spreading speed of (1.1), which is determined
by the semi-wave solutions to (1.1); see [16] for details.

When (J1) is not satisfied, and hence accelerated spreading happens, the rate of
growth of h(¢) (and —g(¢)) was investigated in [20] for kernel functions satisfying,
for some @ > 0,

J(x) ~ [x|7  for |x| > I; (1.5)
namely,
c1 < J(x)|x|* < ¢y for some positive constants ¢y, ¢ and all large |x|.

For such kernel functions, clearly condition (J) is satisfied only if ¢ > 1, and
(J1) is satisfied only if @ > 2. Thus accelerated spreading can happen exactly when
a € (1, 2]. The following result was proved in [20]:

Theorem B ([20]). In Theorem A, if additionally the kernel function satisfies (1.5) for
some o € (1, 2], then fort > 1,

tint ifoa =2,

—8(®), h(t) ~ {tl/w—w ifa € (1,2).

One naturally asks:

lim;— 0o %, when o = 2,

. h(t) also exist ?
lim; s PYcEE when o € (1, 2)

If lim J(x)|x|* exists, does {
|x]—o00

This question was left unanswered in [20]. Let us note that in the case of finite speed
propagation, the speed can be determined via a traveling wave problem, where the
wave profile determines the long-time profile of the density function u (¢, x), which
provides crucial information for the construction of suitable upper and lower solutions
to yield the precise propagation speed. However, in the case of accelerated spreading, it
is unknown whether the density function u (¢, x) converges in some sense to a definite
profile function, which makes the determination of the precise rate of acceleration
particularly challenging.

The main purpose of this paper is to give a complete answer to the above question,
although a precise asymptotic profile of u (¢, x) is still lacking. Moreover, we will also
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2936 Y. Du, W. Ni

treat a new case not considered in [20], namely

| l‘im J(x)|x|(n |x|)ﬁ = A € (0, 00) for some B € (1, 00).
X |—> 00

By finding the right improvements on the form of the lower solutions used in [20], we
are able to prove the following result:

Theorem 1.1 Let the assumptions in Theorem A be satisfied.

(i) If
| llim J(x)|x|* = A € (0, 00) for some « € (1, 2],
X|—>00
then
h(t —g(t
1 L= lim g():uk, when o = 2,
t—ootlnt t—oo tnt
. h(t) . —g) 22
M e = ey T g gt whena € (1L2).
(ii) If
| l‘im J(x)|x|(In |)c|)‘3 =X € (0, o0) for some S € (1, 00),
X |—> 00
then
k() . In[—g0)] _ (2pur)"*
llm = lm = s
t—o0 l‘l//3 t—00 tl/ﬁ ﬂ —_ 1
namely,

—g(®),h(t) = exp{[(%)l/ﬁ —i—o(l)]tl/ﬁ} ast — oo.

Before ending this section, let us mention some further related works. Similar to
the relationship between the local diffusion problems (1.3) and (1.4), problem (1.1) is
closely related to the following nonlocal version of (1.4):

u,:d[/J(x—y)u(t,y)dy—u]—i—f(u), t>0, x eR,
R
u(0, x) = up(x), x €R.

(1.6)

It was proved in [16] (see Theorem 5.3 there) that as ;© — oo, the limiting problem of
(1.1) is (1.6). Problem (1.6) and its many variations have been extensively studied in
the literature; see, for example, [1,3-6, 11, 13, 14,22,23,25,27,28, 30,31, 33,36] and
the references therein. In particular, if (J) and (f) are satisfied, and if the nonnegative
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initial function u( has non-empty compact support, then the basic long-time dynamical
behaviour of (1.6) is given by

tlim u(t,x) =1 locally uniformly for x € R.
— 00

Similar to (1.4), the nonlocal Cauchy problem (1.6) does not give a finite population
range when ¢ > 0. To understand the spreading behaviour of (1.6), one examines the
level set

E;(t) :={x e R:u(t,x) = A} with fixed A € (0, 1),
by considering the large time behaviour of
x5 () :=sup E;(t) and x; (t) = inf E;(¢).

Ast — oo, |)c)it ()| may go to oo linearly in ¢ or super-linearly in ¢, depending on
whether the following threshold condition is satisfied by the kernel function, apart
from (J),

(J2) :  There exists y > 0 such that / J(x)e"* dx < oo.
R

Yagisita [36] has proved the following result on traveling wave solutions to (1.6):

Theorem C ([36]). Suppose that f satisfies (f) and J satisfies ()). If additionally J
satisfies (J2), then there is a constant ¢, > 0 such that (1.6) has a traveling wave
solution with speed c if and only if ¢ > c.

Condition (J2) is often called a “thin tail" condition for J. When f satisfies (f),
and J satisfies (J) and (J2), it is well known (see, for example, [22, 34]) that

+
13
fim P22 O0_ (1.7)

t—00 t

with ¢, given by Theorem C. On the other hand, if (f) and (J) hold but (J2) is not
satisfied, then it follows from Theorem 6.4 of [34] that |x§\IE (t)| grows faster than any
linear function of ¢ as t — 00, namely, accelerated spreading happens:

+
x5 (0]
m =00

t—00 t

Wereferto[1,6,7,9,21,23,25,26,32,35] and references therein for further progress
on accelerated spreading for (1.6) and related problems.

It is easily seen that (J2) implies (J1), but the reverse is not true; for example, J(x) =
c( +x2) ~% witho > 1 satisfies (J1) (for some suitable C > 0) but not (J2). Therefore
accelerated propagation is more likely to happen in (1.6) than in the corresponding
free boundary model (1.1).
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The relationship between ¢y = co(u) in Theorem A and ¢, in (1.7) is given in the
following result (see Theorems 5.1 and 5.2 of [16]):

Theorem D ([16]). Suppose that (J), (J1) and () hold. Then co(u) increases to cy as
u — 00, where we define c, = 0o when (J2) does not hold.

Finally we briefly describe the organisation of the paper. Throughout the remainder
of this paper, unless otherwise specified, we assume that J satisfies (J) and either

A :=liminf J ¢ >0,
for some a € (1,2], 1= %mln pxl—o0 J (X)X [ > (1.8)
A= limsupy o0 J (0)]x]% < 00,

or

A 1= lim inf x| o0 J (X)]x|(In [x])# > 0,
forsome 8 > 1, 4= .
A= limsup| |, oo J (x)]x|(In lx)? < oo.

(1.9)
We will prove some sharp estimates (see Lemmas 3.1, 3.2 and 4.1) under the above
assumptions for J; Theorem 1.1 is a direct consequence of these more general results.

To be precise, in Sect. 2, we give some crucial preparatory results which will be used
in the later sections; Lemma 2.1 contains key ingredients of the strategy of estimates
toward the precise values of the limits in Theorem 1.1, while Lemma 2.2 reveals the
right structure the lower solution should take in order to obtain these precise rates. In
Sect. 3, we obtain sharp lower bounds for 4(¢) and —g(¢), which constitute Lemma
3.1 (for the case (1.8) holds with « € (1, 2) and for the case that (1.9) is satisfied)
and Lemma 3.2 (for the case that (1.8) holds with « = 2); the proofs are based on
subtle constructions of lower solutions of (1.1), which turns out to possess the right
improvements on those used in [20]. In Sect. 4, we prove the sharp upper bounds for
h(t) and —g(¢), which is much less demanding technically.

2 Some preparatory results

We prove two lemmas in this section, which will play a crucial role in Sects.3 and 4.
The first contains important information on the strategy of estimating the key terms to
reach the precise limiting values in Theorem 1.1, while the second is a rather general
result, where only (J) is needed for the kernel function J, neither (1.8) nor (1.9)
is required. The function ¢ (¢, x) in Lemma 2.2 dictates the structure of the lower
solutions to be used to obtain the desired precise rates in the main results.

Lemma 2.1 Fork > 1,65 € [0, 1), define

—8k 00
/ / J(x — y)dydx if (1.8) holds with o« € (1,2) orif (1.9) holds ,
A=Ak 8,J):=1"7%,;70

—k? 00
/ / J(x —y)dydx if (1.8) holds with o = 2.
—k Jo
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Then
1— 52—0{
lim inf 2w > DO A,
koo (@ N _)Eszja"‘) if (1.8) holds with « € (1,2),
lim sup

o S T — A
k—oc k (@—D2—-a)

A
lirninfl— > (1 —=98)A,
(oo Ing ] if (1.8) holds with a = 2,
lim sup x < (1 —=96)A,

n

k—00

o A (I =38)r

lim inf > )

k—oo k(lnk)!=A B—1 £(1.9) hold

. (1 —8)3 if (1.9) holds .
lim sup ,

<
k—oo k(InK)!'=F = p—1

Proof Case 1: (1.8) holds with @ € (1, 2).

Denote
1 o0
Dy = / [+ 817 — (v + 1 ™Idy. @1
oa—1 0
A direct calculation gives
M+ - (M + DT 1 -5 1— 8%«
Ds = lim = .
M—00 (x—1D2 —a) (x—1DQ2 —)

Moreover,

-8k poo k poo
A :/ / J(x — y)dydx = / / J(x + y)dydx
-k Jo sk Jo

k p2 k poo
://](x+y)dydx+// J(x + y)dydx =: A + As,
sk Jo sk J2
and by (J),
2
O§A1§/ 1dy < 2.
0

Clearly,

k o0 oo prk
Ay = / / J(x + y)dydx = f / J(x + y)dxdy
sk J2 2 Jsk

k12

00 1+y J(k
= k2@ / —i—/ f (kx) x “dxdy.
2% k=12 ) Jsgy (kx)™®
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We have
SR ity g 12 1y
0 </ / ( xl ~%dxdy < sup[J (£)&Y ]/ / x~%dxdy
%1 Jogy (kx) £>1 w1 Js
172

_ 3P/ ©)6]

y!=%dy - 0 ask — oo.
a—1 2%k—1

By this and (1.8), we deduce

4y J(k
lim sup = lim sup/ / (kx) x %dxdy
k—o00 k2= k—o00 172 Js+y (kx)—«
_ 1+y _
< A/ / x"“dxdy = —/ [+ ' = (1 +y)'"*1dy = AD;.
S+y a—1J
Thus,
li A =1i 42 <AD
imsup —— = lim sup < AD;s.
k— o0 k2 k—o00 2«
Similarly,
.. A
lim inf = = = lim inf > ADs.
k—oo k*— k— o0

Case 2: (1.9) holds.
Let A1 and A; be as in Case 1. Clearly, 0 < A < 2. A simple calculation gives

k poo k+2 py—2 oo rk
Ay = f / J(y)dydx = / / J(y)dxdy +/ / J(y)dxdy
8k J2+x Sk+2 J 5k k+2 J5k

k+2 oo
:f (y—2-38k)J(y)dy + (1 —S)k/ J(y)dy.
Sk+2 k+2

By (1.9), there exists C > 0 such that for all large £ > 0,

k+2 k+2
/ (v =2 = 8K) I (y)dy < c/ (ny) Pay < C(1 - k[ ek +2)] .
k+

Sk+2
and
E[ sy <an+amm [y any Pay = AU DR 2y,
k+2 k+2 B—-
where 0y (1) — 0 as k — oo. Hence,
As (1 =8

li —— =1 <
e kT =F — P ki F < T
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Similarly,

. A . Aj (1 —38xr
liminf ————— = liminf > .
k—oo k(lnk)!—A k—oo k(Ink)!-#A B —1

Case 3: (1.8) holds with o = 2.
By direct calculation,

—kS oo k poo
A :/ / J(x —y)dydx = / [ J(x + y)dydx
—k 0 k8 Jo
kol k oo .
2/ / J(x + y)dydx + / / J(x + y)dydx =: A; + As,
k5 Jo K J1

and by (J),

1
0§A1§/ 1dy = 1.
0

By (1.8), we have

-~ o rk+y B oo rk+y _ k+1
Ay = / / J(x)dxdy < A[l + ok(l)]/ / x_zdxdy = A[l + 0x(1)]In ( ) ,
1 k 1 k

Sy Sqy k41

where 0 (1) — 0 as k — oo. Therefore,

A A In(k+1) —In(k® + 1
lirnsup—kzlimsup_zS lim n(k + 1) — In(k° + )=

(1 =8)A.
koo 1N koo IN k—o00 Ink
Similarly,
A A In(k + 1) — In(k® + 1
liminf < = liminf A2 > fim 3 pEFDZIEHD s
k—oo Ink k—oo Ink k— 00 Ink
The proof is finished. O

Lemma 2.2 Suppose that J satisfies (J) but neither (1.8) nor (1.9) is required. Let
1 < &(t) < L(t) be functions in C ([0, 00)), p > 2 a constant, and define

|x|

b, x) = min{l, [1 - m]ps(z)/’} forx € [=L@t), L(D)], 1 € [0, 00).

Then, for any € € (0, 1), there exists a constant 0* = 6*(e, J) > 1, such that

L(t)
/ J(x =)o@, y)dy > (1 —e)p(t, x) forx € [-L(@), L(#)], t =0 (2.2)
—L(1)
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2942 Y. Du, W. Ni

provided that
L(t) > 0*&(t) forallt > 0. (2.3)

Proof Since ||J]|;1 = 1, there is Ly > 0 depending only on J and € such that

Lo
/ J(x)dx > 1 —¢€/2. 2.4)

—Lo

Define
Y(t,x) = ¢(t, L()x) = min {1, (1 — [x)PE@)"}, xe[-1,1], 1 > 0.

We note that p > 2 implies that 1 (¢, x) is a convex function of x when

1
l——<x| <1

§@) — T
Clearly

_ for [x| < 1—&(n)~",
V= {[(1 —xDEM] for1 &)~ < |x| < 1.

It is also easy to check that

[ (2, x) — (2, y)]
[x — vl

=M(@1) :=p&(0) forx,y e [-1, 1], x #y, 1 =0,

which implies

o, x) —@(t, )| = Y@, x/L{) —¥(t, y/L(@))]
M)

<
= L)

Ix — y| for x,y € [—L(t), L()]. 2.5)

Since ¥ (t,x) > O forx € (—1, 1), ¥ (¢, 1) = 0, and ¥ (¢, x) is convex in x for
x € [—1,—1+1/&(t)] and forx € [1—1/&(¢), 1],if weextend ¥ (¢, x) by ¥ (¢, x) =0
for |x| > 1, then

Y (t, x) is convex for x € [1 — 1/&£(¢), 0o) and for x € (—o0, —1 + 1/E(2)].

We now verify (2.2) for x € [0, L(z)]; the proof for x € [—L(z), 0] is parallel and
will be omitted. We will divide the proof into two cases:

(a)x € |:O, 1 - ﬁ)L(I)] and (b) x € [(1 — ﬁ)L(l), L(t)i| .
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Case (a). For

1
X € |:0, a- %)L(I)} ,

a direct calculation gives

Lo

L(t) L(t)—x
/ : J(x —y)e(t, y)dy = f JMe @, x + y)dy > / J(Y)é(x + y)dy,

L(t L(t)—x —Lo
where L is given by (2.4) and we have used

L(t
L(t) —x > L > Lo, which is guaranteed if we assume L(¢) > 2Ly&(t).

Z %0 -
Then by (2.4), (2.5) and (J),
Lo
/ T3t x + y)dy

—Lo

Lo Lo
=/ J(y)¢(t,x)dy+/ JWP(t, x +y) — d(t, x)1dy

—Lo —Lo

Lo M(I) Lo
z/ T;e(t, dy — 2O 1) iyidy

—Lo L(t) —Lo
M)
> —€/2)¢(, x) — 0 Ly.
Clearly
I
My (t) = min ¢t x) = (z)p.

x€[0,(1- 532 L (1]

Then from the above calculations we obtain, for x € [0, (1 — ﬁ)L(t)],

o M (1)
/ T — gt dy = (1— e/t x) — D1

—L() L)
— (1= . )+ o~ MO
2 L)
> (1= (.2 + Sy - XD
- 2 L)

= (=)o, x)
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provided that

2LoM (1) 2°*'Lop

L) = M) - 5.

Case (b). For

1
v e [(1 _ %) L), L(r)} ,

we have, using —L(#) —x < —Lp and ¢ (¢, x) = 0 for x > L(¢),

L(t) min{Lq,L(t)—x}
/ J(x = 0t y)dy = / TS, x + )dy
—L(1) —Lo

Lo
=/ J(Me(, x + y)dy

_LO

Lo
=/0 JWe @, x +y)+ ¢, x — y)ldy.

Since ¢ (¢, s) is convex ins fors > L(t)[1—£(1)~'],and forx € [(1—%)“;), L(t)],
y € [0, Lo], we have

1 1
x+y>x—y>({1———)L(t)— Lo > (1 — ——)L(t) by our earlier assumption
Y=Y 2£0) 0 s P

L(1) = 2Lo& (7).

Then, we can use the convexity of ¢ (z, -) and (2.4) to obtain

Lo Lo
/0 J(y)[¢(t,x+y)+¢>(t,x—y)]dy22¢(t,x)/0 J(dy=(1—€/2)¢(1, x).

Thus

L(t)
/ J(x =), y)dy = (I — )¢ (1, x).

—L(1)
Summarising, from the above conclusions in cases (a) and (b), we see that (2.2)
holds if L(¢) > 6*&(¢) for all t > 0 with 6* := W# > 2Ly. The proof is finished.

O
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3 Lower bounds

Recall that J(x) satisfies (J) and either (1.8) or (1.9). The case (1.8) holds with
o € (1, 2) and the case (1.9) holds will be considered in subsection 3.1, while the case
that (1.8) holds with & = 2 will be considered in subsection 3.2.

From now on, in all our stated results, we will only list the conclusions for A (7);
the corresponding conclusions for —g(#) follow directly by considering the problem
with initial function ug(—x), whose unique solution is given by (u(z, x), g(1), h(t)) =

(u(t, —x), —h(1), —g(1)).
3.1 The case (1.8) holds with @ € (1, 2) and the case (1.9) holds

Lemma 3.1 Assume that J satisfies (J) and either (1.8) with « € (1, 2) or (1.9), f
satisfies (f), and spreading happens to (1.1). Then

R 105 2k . .
lltm lnfm > 2—“& lf(lg) holds with a € (1,2),
—00 -
Inh 28ur\ P
tim inf tl /f;) > <ﬁﬂ MI) if (1.9) holds.

Proof We construct a suitable lower solution to (1.1), which will lead to the desired
estimate by the comparison principle.

Let p > 2 be a large constant to be determined. For any given small € > 0, define
forr >0,

h(t) == (K1t +0)aT, g(t) == —h(r) if (1.8) holds witha € (1,2),
h(t) = K1@+0'7 g(1) == —h(1) if (1.9) holds ,

and
h(t) —
u(t, x) := Ko min {1, [K3%]p} fortr >0, |x|] < h(1),
where
(1 —€)*2 =€) *Deja—ey(@ — Dur if (1.8) holds with a € (1, 2),
K= 2BuATL/B
! [(1 — 6)4%] if (1.9) holds ,

Ky :=1—¢€, K3:=1/¢, 0> 1and D¢/o—¢) is given according to (2.1).

It is easily seen that u (¢, x) = K, for [x| < (1 —€)h(t). Moreover, u is continuous,
and u, exists and is continuous except when |x| = (1 —€)A(t), where u, has a jumping
discontinuity. In what follows, we check that (u, g, h) defined above forms a lower
solution to (1.1). We will do this in three steps.
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Step 1. We prove the inequality

h(t) +o00
W) < / f J(x = yu(t, ©)dydx, G.1)
—h(t) Jh(t)

which immediately gives

A p—h)
gt > —u/ f J(x — y)u(t, x)dydx,
- —h(t) J—o0

due to u(z, x) = u(t, —x) and J (x) = J(—x).
Using the definition of u, we have

h  p+4oo (1—e)h p+o0
u/ f J(x = yu(t, x)dydx > (1 — e)u/ / J(x — y)dydx
—hJn h

—(1—e)h

—eh +00
= - E)M/ / J(x — y)dydx.
0

—Q2=oh
Using Lemma 2.1, we obtain for large A (guaranteed by 6 > 1),

—eh +o00
/ J(x — y)dydx > (1 — €)AD/2—e)[(2 — e)ﬁ]z_a if (1.8) holds with
—(2-e)h JO

a e (1,2),
and

—eh 1— )
(ﬁ—j‘f)‘@ —Oh[In@ - e)n]'’

— (- ﬁz& [ n2 — epn]

+00
/ J(x = y)dydx = (1 —€)
—Q2-)h J0

3 2) 1-B
> (1—¢) 7 Ch(in ' if (1.9) holds .

Therefore, by the definition of K, when (1.8) holds with @ € (1, 2), we have

h(t) 400
1% [ J(x — y)u(t, x)dydx
—h(t) Jh(1)

> (1 — ©?uADe/—o[(2 — QN
= (1 — ) uADeja-e)(2 — €)* 7% (K 1 4 0) >~/ (@=D)

K
= (Kt + ) =

@ Springer



Exact rate of accelerated propagation...

2947

and when (1.9) holds, we have

h(t) +00
w / J(x = y)u(t, x)dydx
—h(t) Jh

®
21
> n(l — e)4ﬂ—__lﬁ(ln@)l_ﬁ

B
= %ﬁ(ln@)l_ﬂ =h'(1).

This proves (3.1).
Step 2. We prove the following inequality for + > 0 and |x| € [0, 2()] \ {(1 —
€)h(n)},

h
u, < d/ J(x = yutt, y)dy — du + ).
h

(3.2)
From the definition of u, we see that
u, =0 for x| < (1 — )h(r).
and for (1 — e€)h(r) < |x| < h(?), if (1.8) holds with & € (1, 2), then
h—x\"""Wixl  KiKaKSp (h—1x1\""" 1x] -
=K)Kip | = - = = —hn'"7® (33
El‘ 2 3 p( h ) h2 o — 1 h h n ) ( )
where we have used b’ = aKTllﬁz_“; and if (1.9) holds, then
h— p—1 h/ K'BK KP h— p—1
u, = Koktp (B WY Hlxl _ KVKaKSp (b= al\ el g
h n? B h h

B
where we have utilized &’ = SLh(In h)! .

Claim. There is C; = C1(¢) > 0 such that for x € [—h(z), h(¢)] and ¢t > O,

h(t) h(1)
d / I — yult, ydy — du+ f@) > Cy [ / J(x = ut, y)dy + 4 .
—h(t) —h(t)

The definition of u indicates 0 < u(z, x) < K» = 1 — € < 1. By the properties of
f, there exists C := Ci(¢) € (0, d) such that

f(s) > Cis fors € [0, K»].
Using Lemma 2.2 with

(L(1), (1, x), (1)) = (h(1), u(t, x)/ K2, K3),
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for any given small § > 0, we can find large h, = h.(§, €) such that for h > h, and
x| < h,

h
/ J(x = yu(t, y)dy > (1 = 8u(t, x).
~h

Hence, due to d > 51,

h
d/ J(x —yu(t, y)dy — du(t, x) + f(u(t, x))

h ~
> d / 7Gx — yult. dy + (€ — e, x)

Ci [t Ci ~

3 /_h T = yult, y)dy + (d — ==)(1 = 8)ul, x) + (€1 — d)u(t, x)
G
3

h(t)
> [ / J(x — yult, y)dy + u(t, x>} ,

>

—h(1)

providedthat§ = §(¢€) > Ois sufficiently small. Thus the claim holds with C; = c 1/3.
To verify (3.2), it remains to prove

I
u, < C [/ J(x — yu(t, y)dy +£i| for |x| € [0, A(O]\ {(1 —€)h(r)}. (3.4)
h

Since u(x,t) = 1 — € for [x| < (1 — €)h(t), (3.4) holds trivially for such x. Hence
we only need to consider the case of (1 — €)h(?) < |x| < A(t).

Since & > 1l and 0 < € K 1, for x € [Th(t)/8, h(t)] D [(1 — €)h(t), h(t)], we
have

h Th/8 Th/8
/ J(x = ut, y)dy = / J(x — vult, ydy = K2 f J(x — y)dy
h —7h/8 —7h/8

Th/8—x —h/8
— (- e)f Jdy = (1— e)f J(y)dy
—7h/8—x —h/4

h/4
—a-o [ o
h/8
Hence, when (1.8) holds with « € (1, 2), we obtain

h h/4 oa—1 _ gqa—1
A 8 4 A
/ J(x —y)u(t, y)dy > :/ y %dy = Qﬁl_“ =: Czﬁl_“,
h 2 h/8 2(0[ — l)
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and when (1.9) holds, we have

h A [h/4
/h TG — yult, ydy = —/

h/8

A ~
> z(ln@_ﬁ =: Co(Inh)~".

Similar estimates hold for x € [—hA(t), —7h(t)/8].

_ - Ah ~
y '(ny)Pdy > T Yiny) P |y—nsa

Now, if (1.8) holds with o € (1, 2), then for |x| € [(1 — C¢)h(2), h(t)] with

Coi=|

we have

C1C2(O[ — 1)6’0
Ki1Kzp

3 K1 K2K? p
u, — C / Jx = yut, y)dy = — i
, —

K o
<[ 1K2K5 p
- a—1

p—1
) hl_a _Clczhl—a

crt - i |n' e =,

and for (1 — €)h(t) < |x| < (1 — C¢)h(t), using the definition of 1, we obtain

K
Zz_ClZ:|: 1p1<
o —

§|: Kip

Ce(l@—1~

since 6 > 1 and h(r) > 91/(@=1D 1 _ & < 0. We have thus proved (3.4).
We next deal with the case that (1.9) holds. If |x| satisfies

W) = Ix| = [1

with
Ce
KPK KL p

then |x| € [Th(t)/8, h(t)] and

h — |x]

~ 1/(p—1)
~ ._[ C1Cp }

h KP KoK p
z,—le J(x — y)u(t, y)dy < —! 5 2

B P
- [K] K>K5p

B

crl - 0152](111@)—/’ —0.

p—1 -
) (Inh)'=P — C1Cr(Inh)~#
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For (1 —e)h < x| <[1 — W]Q, from the definition of u, we deduce
B -1
K h —
u,— Ciu = [%} (- h'x') %an@l—ﬁ - cl} u

p
<| KL a0 ey <0
Cep

€

since h(t) > eK10'/" >> 1 and we may choose p large enough such that 1 — 8+ (p —

1)~! < 0. The desired inequality (3.4) is thus proved.
Step 3. Completion of the proof by the comparison principle.
Since spreading happens, there is #yp > 0 large enough such that [g(#), i (f9)] D
[—h(0), A(0)], and also
u(t, x) = K» =1 —€ > u(0,x) forx € [—h(0), h(0)].
Moreover, from the definition of u, we see u(x,t) = 0 for x = +h(¢) and t > 0.
Thus we are in a position to apply the comparison principle (see Theorem 3.1 in [10]

and Remark 2.4 in [19], the latter explains why the jumping discontinuity of u, along
|x] = (1 — €)h(z) does not affect the conclusion) to conclude that

—h(t) > g(to +1), h(t) < h(to+1) fort > 0.

The desired conclusions then follow from the arbitrariness of € > 0 and the fact that
D¢j2—¢) — Do as € — 0. The proof is finished. O

3.2 The case that (1.8) holds with a = 2

Lemma 3.2 [f the conditions in Lemma 3.1 are satisfied except that J satisfies (1.8)
with o = 2, then

(3.5)

Proof Forfixed p > 2,0 <€ < 1,0 <€ « 1and 0 > 1, define
h(t) = Ki(t +60)In(t + 0), t>0,

u(t,x) = K min{l [MT} t>0, x € [—h(t), h(1)]
T La+er ] =7 B

where

Ki=(10-e’0=8ur, Kr:=1—e.
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Obviously, for any 7 > 0, d,u(t, x) exists for x € [—h(r), h(t)] except when |x| =
h(t) — (t + 0)¢. However, the one-sided partial derivates d,u (¢ + 0, x) always exist.
Step 1. We show that for 6 > 1,

h(t) pH4oo
W) < M/ / J(x — y)u(t, x)dydx fort > 0, 3.6)
—h() Jh(t)
which clearly implies, due to u(t, x) = u(t, —x) and J (x) = J(—x), that
h(t)  p—h()
—h'(t) > —u/ / J(x — y)u(t, x)dydx fort > 0.
—00

—h(®)

Making use of the definition of u and
[—2(1 —h, —[2(1 — OhIF] C [2h + (t +0)°, —(t + 6)]

for & > 1, we obtain

h p+oo h—(t+0)¢ 400
M/ / J(x — y)u(t, x)dydx > (1 — E)M/ f J(x — y)dydx
—hJn

—h4-(t+0)¢ Jh

—(t4+0)¢ +00
(1—ou / f J(x — y)dydx
- 0

2h+(146)¢

—2(1—e)hF  p4oo
(1— e)u/ / J(x — y)dydx.
—2(1—e)h 0

v

Thanks to Lemma 2.1, for large /& (which is guaranteed by 6 > 1),

—2(1—e)hF  p4oo
/ / J(x —y)dydx > (1 —e)(1 —é)AIn[2(1 — €)A].
—2(1—e)h 0

Hence, with 0 > 1, we have

h(t) 400
W / J(x — y)u(r, x)dydx
—h(1) Jh(1)

> (1 —e)?u(l — &rIn[2(1 — €)h]
= (1 —e)?u(l —OA{In(t +6) + In[In(r + 6)] + In[2(1 — €) K11}
> KiIn(t +60)+ Ky =h'(t) forall t > 0,

which proves (3.6). )
Step 2. We show that for r > 0 and x € [—h(?), h(¢)] with |x| # h(t) — (t + 0)¢,

h(1)
u,(t,x) < d/h( : J(x = yu(t, y)dy —du(t, x) + f(u(t, x)) 3.7
—h(t
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for6 > 1.
From the definition of u, we obtain by direct calculation that, for ¢ > 0,

(1+0)¢ (140)1+¢ N
if0 < |x| < h(t) — (1 + 0)°.
(3.8)

{pKf'u‘ [r Uty B i) — (4 0) < Ixl < h(),
u (t,x) =

Making use of Lemma 2.2 with

h
@a>¢ax>sm>—UW)““xVK%<ﬁzr)

for any given small § > 0, we can find a large 6, = 0.(8, €) such that for 6 > 6, and
[x| < h(2),

h(t)
/' J(x — yuly, dy = (1 — Sulx, 1).
—h(t)

Then, a similar analysis as in the proof of Lemma 3.1 shows that there exists C; > 0,
depending on € and §, such that for 6 > 1, x € [-h(¢), h(t)] and t > O,

h(1)

h(t)
d/ J(x = yu(t, y)dy —du + f(u) > C [[

J(x = yu(t, y)dy + 4 .
—h(1) ~h(1)

Hence, to verify (3.7), we only need to show that

h(1) _
u, = C [/ J(x = y)u(t, y)dy +4 for |x| € [0, A(]\ {h(1) — (1 +6) ).
~h()

(3.9)

Clearly, (3.9) holds trivially for 0 < |x| < h(t) — (t + 0)¢ due to u, = 0 for such
x. We next consider the remaining case A(t) — (¢ + 9)g < |x| < h(2).

Denote n = () := (¢ + 0)<. Using & > 1 and (1.8), we obtain, for x € [h(t) —
n(1), h()],

h h—n h—n
/ J(x = yu(t, y)dy > / J(x —yu(t, y)dy = Kz/ J(x —y)dy
—h —h+n —h+n
h—n—x -n Ko\ h L
=&/ J@@z&/ mwﬁrf/y dy
h+n—x —h n
K A 1—¢e)r
o= R s e
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The same estimate also holds for x € [—A(t), —h(t) + n(t)]. Therefore, for |x| €
[A(t) — n(t), h(t)],dueto p > 2 and 0 < € K 1, we have

n
u, (1, x) — C) / T =yt iy

Up o-typ [ (1= In(t +6) + 1 éh } :
< pK K = = | = C1Ca(t 4+ 6
= pKy " u [ 1 10y 1O 1C2(t +6)
<2KpK —— = —C1Ca(t + 6
<2KipK,""u T 1Ca( )
_ 2KipKolh = ¥/ + 0P In( +0) = C1Cr _
N (t + 0)¢ -
if | x| further satisfies
CiC \VTD a+0)F (t +6)°

h(t) — ———— = h(t) -3 —————.

*l 2 5© <2K1pK2) T R T

On the other hand, for A () — (t +0)¢ < |x| < h(r)—C3(t + 6)¢/[In(t4-6)]"/ =D,
using (3.8) and 0 < € < 1,0 > 1, we deduce

1p (-1 E+O)

u, — Ciu <2K1pK,""u 10" 1
2K 1p[(h — |x])/(t + 0517/ In(t + 6)
=Uu = - Cl
- (t + 0)¢

IA

2K, plInt + 6)]' 75D
“ /p . -C1] <.
C'P (1 +0)¢

Hence, (3.9) holds true. This concludes Step 2.

Step 3. We finally prove (3.5).

The definition of u clearly gives u (¢, +h(#)) = Oforz > 0. Since spreading happens
for (4, g, h) and K, = 1 — € < 1, there is a large constant #y > 0 such that

[ = Rh(0), h(0)] C (g(t0), h(tp)),
u(0,x) < K> <u(tp, x) for x € [ — h(0), h(0)].

By Remark 2.4 in [19], we see that the comparison principle (Theorem 3.1 in [10])
applies to our situation here, even though u, (¢, x) has a jumping discontinuity at

Ix| = h(t) — (t + 0)€. It follows that

[—h(1), h(1)] C [g(t +10), h(t + 10)] fort >0,
Z(t9 x) < M(t +t05x) for ¢ = 07 X € [_h(t)7 h(t)]y
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which implies

h(t
fiminf 2 > (1—e)(1 = pA.
t—oo tlint
Since € > 0 and € > 0 can be arbitrarily small, we thus obtain (3.5) by letting e — 0
and € — 0. This completes the proof of the lemma. O

4 Upper bounds

Recall that we will only state and prove the conclusions for 4(#), as the corresponding
conclusion for —g(¢) follows directly by considering the problem with initial function
uog(—x).

Lemma 4.1 Assume that J satisfies (J) and one of the conditions (1.8) and (1.9), f
satisfies (f), and spreading happens to (1.1). Then

I hit) i if (1.8) holds with « € (1,2)
1m su -~ . ’ ’
t_)oop hl/(a_l) < 2—0[“ i olds with o
t _
litn_ligp % < uA y if (1.8) holds with @ = 2, 4.1)
. Inh(t) 2B8ur )
hzriigp wYT: < <,3 1 if (1.9) holds.

Proof For any given small € > 0, define, for 7 > 0,

(Kt +6)!/@=D if (1.8) holds with « € (1, 2],
h(t) := 3 K(t +6)In(r + 6) if (1.8) holds with « = 2,
eKa+0)!/? if (1.9) holds ,

ﬁ(tvx) = 1+67 X € [_E(t)vﬁ(t)]7
where 6 > 1 and
2—a
2—«
K= 1+e’ur if (1.8) holds with o = 2, 4.2)

(1+¢)? wi  if (1.8) holds with « € (1, 2),

[2(1 +€)3Bur
B—1

We verity that for r > 0,

g
] if (1.9) holds ,

_ h(t) oo
W) > f ) / J(x — y)ii(t, x)dydx, 4.3)
—h(t) Jh(r)
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which clearly implies

_ ht)y p—ht)
—h'(1) < —u«/ﬁ( / J(x — y)u(t, x)dydx
—h(t) J—o0

since u(t,x) =u(t, —x) and J(x) = J(—x).
Using i = 1 4 €, we have

h +o0o h +0o0
u/ _ﬁ J(x —y)u(t, x)dydx = (1 + e)u/ _ﬁ J(x — y)dydx
—h Jh —h Jh
0 +o00
= (1 —I—e)u[ _/ J(x — y)dydx.
—21 JO
By Lemma 2.1 with § = 0, we see that for large 4, which is guaranteed by 6 > 1,

(2%, if (1.8) holds with « € (1, 2),

0 +o00 )_L
,/;2}}./0 J(x—y)dydx5(1+e)7(a_1)(2_a)

0 +o00
/ / J(x — y)dydx < (1 +€)x1n(2h), if (1.8) holds with @ = 2,
—2h JO
0 +o00 _ _ ):
f / J(x — y)dydx < (1 + e)(zh)[ln(zh)]l—ﬂﬁ if (1.9) holds .
—2h JO -

Therefore, when (1.8) holds with o € (1, 2), by the definition of K, we have

h p4oo 3 B
B 2, 0~ 2—a
u[ﬁfﬁ T = V)i 0dydy < (14 P o R
_ 2 A 2—a Q2—a)/(a—1)
=({+e “7(05—1)(2—01)2 (Kt +6)

- K (K )@=/ @= — j/ (1),
a_

When (1.8) holds with @ = 2, we similarly obtain, due to 6 > 1,

h oo
M/ / J(x — y)ia(t, x)dydx < (1 +€)?uiIn(2h)
—h Jh
= (14 ¢e)*ua{In(t +6) + In[In( + 6)] + In2K }
<Kln(t+0)+ K =h ().

Finally, when (1.9) holds, we have

h  p+oo by
In f ) / J(x — y)i(t, x)dydx < (1 +e>2u(2ﬁ)[1n<2ﬁ)]‘*ﬂﬁ
—h Jh -

< (40 @i 22
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B
= %h(lnh)l‘ﬁ =K @).

Thus (4.3) always holds. B B
Recalling that # > 1 is a constant, we get, fort > 0, x € [—h(?), h(2)],

h

u(t,x)y=0> d/ J(x = y)yu(t, y)dy —du(t, x) + f(u(t, x)).
h

Note that condition (f) implies, by simple comparison with ODE solutions,

limsup max u(t,x) <1;
t—o0 X€[gt),h(t)]

hence there is #y > O such that
u(to, x) < 1+4¢ =1ulty, x) forx € [g(to), h(t9)] C [—h(0), (0)]

with the last part holding for large 6.
We are now in a position to use the comparison principle (Theorem 3.1 in [10]) to
conclude that

[g(t +to), h(t + 19)] C [—h(t), h(t)] for t > 0,
u(t +to,x) <u(t,x)fort >0, x € [g(t +19), h(t + t0)].

By the arbitrariness of € > 0, we get (4.1). The proof is finished. O
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