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Abstract

In this paper we obtain a Hadamard type formulae for simple and multiple eigenvalues
for a class of nonlocal eigenvalue problems. The cases that we consider include among
others, the classical nonlocal problems with Dirichlet and Neumann conditions. The
Hadamard formula is computed allowing domain perturbations given by embeddings
of n-dimensional Riemannian manifolds (possibly with boundary) of finite volume.

Mathematics Subject Classification Primary 45C05 - Secondary 45A05

1 Introduction

There are many works in the literature which connect the shape of a region to the
eigenvalues and eigenfunctions of a given operator. In this context, the rate of change
of simple eigenvalues plays an essential role and it has been studied since the pioneering
work of Hadamard [12] who in 1908 first computed the domain derivative of a simple
eigenvalue of the bi-Laplacian under Dirichlet boundary condition.
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Since then, the Hadamard formula has been generalized in a number of significant
ways. Such generalizations include the use of Neumann and Robin boundary condi-
tions, multiple eigenvalues, and second order variations for a large class of differential
and integral operators. Among many references, we cite the monographs [13, 14,
24] and the recent works [10, 11, 18, 19, 21], all of them concerned with boundary
perturbation problems to differential equations and their applications to eigenvalue
problems.

In this work, we study a class of nonlocal eigenvalue problems with non-singular
kernels on a n-dimensional Riemannian manifold (M, g) of finite volume. More
precisely, we consider an operator B g : L2(M) > L*(M) of the form

Baqu(x) = ap()u(x) — /M J(x, Yu(y)dug(y), x € M. (1.1)

According to [20], nonlocal diffusion equations governed by these operators were
used in early population genetics models, see for instance [7]. In Ecology, Othmer
et al. [22] were the first authors to introduce a jump process to model the dispersion of
individuals, which later, was generalized by Hutson et al. [16] associating the kernel
of the nonlocal operator to a radial probability density. The prototype of the nonlocal
equation is given by considering a o (x) = 1. For instance, if one takes M = Q C R”
a domain, J(x, y) = J(|x — y|) for some nonnegative J € C(R, R) with J(0) > 0
and fR,, J(|z])dz = 1, and assumes u(x) = 0 in R"\ €2, the operator B, becomes

Bou(x) = fR J(x = YD) — u(y)dy, x € Q.

In the context of population models, the set Q¢ = R"\Q represents a hostile sur-
rounding, since the particles (whose density is set by u) die when they land in Q€. As
observed, for instance in [1, 8], this is a nonlocal analog to the Laplace operator with
Dirichlet boundary condition in bounded domains of R”.

On the other hand, if we take ag(x) = fQ J(]x — y]) dy, we get a nonlocal analog
to the Laplacian with Neumann boundary condition

Bau(x) = /Q J(x —yDux) —u(y)dy, xeQ.

In this case the particle can just jump inside of €2 living in an isolated surrounding. As
expected, under this Neumann condition, constants are eigenfunctions whenever one
takes A(2) = 0.

Actually, several continuous models for species and human mobility have been
proposed using such nonlocal equations, in order to look for more realistic dispersion
models [2, 4, 5, 26]. Besides the applied models with such kernels, the mathematical
interest is mainly due to the fact that, in general, there is no regularizing effect and
therefore no general compactness tools are available.

In this paper, we obtain a Hadamard type formula for simple eigenvalues of the
operator (1.1), under certain conditions for the kernel J. These conditions will be
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The Hadamard formula for nonlocal eigenvalue... 1227

discussed in detail in Sect.2 and we denote then by (H). Then our first result reads as
follows.

Theorem 1.1 Let Ly be a simple eigenvalue of B g with corresponding normalized
eigenfunction ug and J € C LV x NV, R) satisfying (H). Also, let us assume that
@ : Diff! (M) > C1(M) given by ®(h)(x) = (h*apm,)(x), x € M, is differentiable
as a map defined between Banach spaces.

Then, there is a neighbourhood O of the inclusion ing € Diffl(/\/l), and C'-
functions uy, and Ay, from O into L>(M) and R respectively satisfying for all h € O
that

R Buoyh™ ™ up(x) = hpup(x), x € M, (1.2)

with uy, € C! (M). Moreover, Ay, is a simple eigenvalue with (A; \,, ui,,) = (ho, o)
and the domain derivative

oA *
ﬁ(l_/\/t)v = /M u%(w) DtT (h aMh) |t=0dvg(w)

—~ f (apm(s) — ro) ug(s) (VT N)(s)dS
M i (1.3)
- meM — ro)ud(w)(H, VE)dug (w)

- f ud(w)(Var, V5)dvg(w),
M

forall V e XY(N) where X'(N) denotes the set of cl vector fields on N and
DI'f = % — (VT V£, VT is the component of V tangential to M and h* is the
composition map set by the embedding h. Note that at the boundary the tangent space
of M splits into vectors that are tangential to 9. M (and to M) and one vector that is
normal to 9 M (and tangential to M). Then N € T (M) denotes this unitary normal
vector that is normal to M. H is the mean curvature vector associated to M and
VL is the component of V normal to M.

As a corollary of this result we obtain

Corollary 1.1 Let uy, be the family of eigenfunctions associated with the operator
Bnmy and eigenvalues Ay, given by Theorem 1.1.
Then, the derivative of up, at h = i and V€ XY(N) is the unique solution of

(Ao — Bapw = fv

where fy € L*(M) is the function given by

oA 0
fv ==V o+ o (Fanaan) | _ o+ [Tae (VT V) o

_ / J 0, wyo) (VT , Ny dS(w)
oM

@ Springer



1228 R.D.Benguria et al.

- / J(y, wyuo(H, V5)dvg(w)
M

— f up(w) (Vo (J (v, w)), V5)dvg (w)
M

with g—z(iM)V given by (1.3), J is the non-local term in Bpny (see (2.7) for a
precise definition) and [-, -] denotes the commutator.

We also analyze the case of eigenvalues of higher multiplicity, obtaining the fol-
lowing result.

Theorem 1.2 Let Ao be an eigenvalue of multiplicity m of the operator B g withm > 1.
Assume the non-singular kernel J : N x N+ R is an analytic function satisfying
condition (H), h(t,x) = x +tV(x) forallt € R and x € M for some V € XTN).
In addition assume that ® : R — C1(M), given by ®(t) = (h(t, ')*aMho,-)) is an
analytic map.

Then, if A(t) is one of the curves given by Lemma 4.1, we have that . = %(O) is
an eigenvalue of the symmetric matrix B = (Bk,-)Zf ;— defined by

B = [ DF (bt anmn) | desndv = [ Gaan =0 49 (V7 Nyas
M =0 IM

- / (apm — ro) pupi (H, V*) dvg — / Gidk(Vyar, V) dug(y)  (1.4)
M M

where N is the unitary normal to O M, DtTf = %—{ — (VT v £), VT is the component

of V tangential to M, H is the mean curvature vector of M and {¢1, ..., ¢} is an
orthonormal basis for the eigenspace associated to .

Notice that in the simplest case where M is an open domain of R"*! (with
co-dimension 0) we have VL = 0, and then, V = V7. Hence, by Theorem 1.1,
the Hadamard formula for the simple eigenvalues of the Dirichlet problem (set by
ap(x) = 1at(1.1)) becomes

o, MV = —/ (I =20) up(s) (V, N)dS(s)
oM

which agrees with the previous results obtained in [3, 9]. More generally, if A(?) is the
analytic curve of eigenvalues given by Theorem 1.2 for the same Dirichlet problem
with 1o = A(0) being an m-fold eigenvalue, then, the rate %(0) is an eigenvalue of
the matrix B = (Bk,')Zfizl with

By = —f (I =20) (V. N)r(x)i (x)d S (x).
M

Other examples with additional geometric features can be found at the end of Sect. 3.
One of them is if we consider M = S and ' = R"*! taking a = 0, then this example
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has higher co-dimension, v+ is not necessarily equal to 0, H (p) = %pand %(O) is
an eigenvalue of the matrix B = (Bk,»)Zfl.zl with

A
By = "0 /S 1 (w)i (w) (w, V) dvg(w).

The organization of the paper is as follows. In Sect.2 we discuss the set-up of
our problem, including the assumptions on our operators and preliminary results. The
Hadamard formulae for simple and multiple eigenvalues are computed respectively
in Sects.3 and 4, in both cases using the approach developed in [14] to deal with
boundary perturbation problems. Finally, in Sect. 4.1, we discuss an application of
our results to the generic simplicity of the eigenvalues for the Dirichlet problem set
by (1.1) in open bounded sets of R".

2 Our nonlocal eigenvalue problem

Throughout this paper we consider an n-dimensional Riemannian manifold (M, g)
(possibly with boundary) of finite volume and we set the following nonlocal eigenvalue
problem

ap(x)u(x) — /M J(x, u(y)dvg(y) = M) u(x), x e M 2.5

for some unknown value A(M) where apq : M +— R is assumed to be a continuous
function, and J is a non-singular kernel satisfying

J € C(M x M, R) is a nonnegative, symmetric function (J (x, y) = J(y, x))

(H) with J(x, x) > 0.

We also assume that [ J(x, y)dv,(y) < 0.

Remark 2.1 Here, dv,(y) refers to the measure on the manifold, which in coordinates
is equivalent to ,/g(y)dy and g is the determinant of the matrix g;;. The measure
induced at the boundary of our manifold will be denoted by d .

Notice that analyzing the spectral properties of (2.5) is equivalent to study the
spectrum of the linear operator B g : L?(M) — L?(M) given by

Bau(x) = apg(x)u(x) — /M J(x, yu(y)dvg(y), x € M. (2.6)

See that B\ is the difference of the multiplication operator a A, which maps u(x) +
aym (x)u(x), and the integral operator J a4 : L*(M) > LEM) given by

Tau(x) = /M TG u()dvg(y), x € M 2.7)
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1230 R.D.Benguria et al.

which is self-adjoint and compact by [25, Propositions 3.5 and 3.7] (since M is a
measurable metric space.)

The spectrum of B4

It is known from [25, Theorem 3.24] (see also [20, Theorem 2.2] for open bounded
sets M = Q C R") that the spectrum set o (B ) of B satisfies

o (Bam) = Rlapm ) U (i (M)},_g 2.8)

for some / € {0, 1, ..., 00} where R(apq/) denotes de range of the map aq/ and
An (M) are the eigenvalues of By with finite multiplicity. Also, the essential spectrum
of B, is given by

Uess(BM) = [m, M]
where

m = min apq(x) and M = max apq(x).
xeM xeM

As a consequence of the characterization (2.8), we notice that the eigenfunctions
of B 4 possess the same regularity of the functions J and a . In fact, for all x € M,
one has

Bapux) = M(Mu(x) = (apm(x) — A(M)u(x) = /M J(x, y)u(y) dvg(y).
2.9)

On the other hand, the convolution-type operator (J xu)(x) = f md (x, Yu(y) dvg(y)
€ CK(M) whenever J (-, y) € CX(M) for every y € M and u € L'(M). Therefore,
if A(M) is an eigenvalue of B with corresponding eigenfunction u, we obtain from
(2.8) that A(M) € [m, M]° implying that aps — A(M) # 0 in M. Consequently, we
get from (2.9) that

ueck (M) whenever J(-,y)anda M are CK-functions for every fixed y € M

fork =0, 1,2....In particular, u is analytic whenever J (-, y) and a, are analytical
forall y e M.

Under appropriate conditions, the existence of the principal eigenvalue of B is
guaranteed by [20, Theorem 2.1]. Recall that the principal eigenvalue of a linear and
bounded operator is the minimum of the real part of the spectrum which is simple,
isolated and it is associated with a continuous and strictly positive eigenfunction.
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3 Hadamard formula for simple eigenvalues

In this section we prove Theorem 1.1 and Corollary 1.1. Specifically, we perturb simple
eigenvalues of the operator B computing derivatives with respect to several kinds
of variations of the manifold M. In the particular case of M = Q2 C R" a domain,
our approach agrees with the one introduced in [14] for perturbing a fixed domain €2
by diffeomorphisms. As a consequence, we extend the expressions obtained for the
domain derivative for simple eigenvalues given in [3, 9].

Let (M, gaq) and (N, gar) be C!-regular manifolds (M, possibly with boundary).
Assume in addition that M is compact. If 4 : M +— N is a C! embedding, i.c., a
diffeomorphism to its image, we set the composition map 4* (also called the pull-back)
by

ha(x) = (moh)(x), x e M,

when ii is any given function defined on /1 (M). The metric on A induces the pullback
metric on M through % as follows: for u, v € Th—l(x)M we have h*gnr(u, v) =
gn(dhy(u), dhy(v)). Tt is not difficult to see that h* : LZ(h(M),gyn) +—>
L%(M, h*gpr) is an isomorphism with inverse (2*)~! = (h~1)*.

We assume that A/ has a Riemannian metric gnr and we denote by g, = h*gn
the metric on M induced by the embedding /. For instance, if M = Q Cc R" = N
then the metric 1*g s is given by g;; = % . % and in particular, if 7 = idp» in the
interior of § the metrics of M and \/ agree.

In general, for any embedding /# we can consider the operator

(Brmyit) () = (anmy © b)) (@ o h) (x) = (Tnyit) (h(x))

: - NP (3.10)
= (W apom) () B () — (h* Tuait) ()

if y = h(x) for x € M, where aprq) @ h(M) = R is assumed to be a continuous
function in 2 (M) for any isomorphism /. Notice that By : L2(h(M), gN)
L%2(h(M), gn) is a self-adjoint operator for any 4 as is the operator Th(M)-

On the other hand, we can use the pull-back operator 4* to consider

R Buph* ™ LAM) > L2 M)

defined by h*Bh(M)h*flu(x) = By (uoh) (h_l(x)). Hence,

W B @) = (W anu) @) ) = (W Fuh* ™) (), Vx e M.
(3.11)
As it is known, expressions (3.10) and (3.11) are the customary way to describe
deformations or motions of regions. Equation (3.10) is called the Eulerian description,

and (3.11) the Lagrangian one. The latter is written in fixed coordinates while the
Eulerian is not.
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1232 R.D.Benguria et al.

Due to (3.10) and (3.11), it is easy to see that

R Byoyh™ ' u(x) = Byapi(y) and  h* Tyonh* ' ux) = Thoani(y)
(3.12)

whenever y = h(x) and ii(y) = (uo h™")(y) = h*flu(y) fory € h(M).
Moreover, we have Bjaqyi(y) = Aii(y) for y € h(M) and some value 2, if and
only if,

R Byoaph* ' u(x) = u(x), Vx e M,

with ii(y) = h*~'u(y). Hence, A is an eigenvalue of multiplicity m € N of the
operator Bj, (A, if and only if, is an eigenvalue of multiplicity m of h*Bh(M)h*_l.
As By (am) is a self-adjoint operator for any embedding /, we obtain that the spectrum
of h*Bh(M)h*_l is also a subset of the real line. We have the following.

Proposition3.1 Let h : M +> N be an embedding. Then, o <h*Bh(M)h*7]> =
o (Bh(M)) C R where o (Bh(/\/l)) is given by (2.8). More precisely, . € R is an
eigenvalue of Bya) with multiplicity m € N, if and only if, is an eigenvalue of
BByl * ™" with multiplicity m. Also,

Oess (h*Bh(./\/l)h*_l> = Oess (Bh(./\/l)) .

Proof As By, A is aself-adjoint operator in L%(h(M), gn), we have that & (Bh(./\/l)) -
R. It follows from the relationship (3.12) that a value A is an eigenvalue of B¢ with

multiplicity m € N, if and only if, is an eigenvalue of h* B, M)h*_l with the same
multiplicity. Thus, & (h*Bh(M)h*_l) = o (Bua) C R with o (Byas) given by
(2.8).

Now, it follows from (2.8) and expressions (2.6) and (3.11) that

Oess (Bh(/\/l)) = [mp, M] and o (h*Bh(M)h*_l) = [mpx, Mp+]

where
mp = min_apa(y), Mp = max_amp(y)
yeh(M) yeh(M)
and
mpx = min appy(h(x)), Mpx = max apag) (h(x)).
xeM xeM
As my = mp+ and My, = My, the proof is complete. m|
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Remark 3.1 Notice that Proposition 3.1 guarantees that the essential spectrum of
By am) does not change under perturbations given by embeddings A : M — N

From now on, we consider a family of embeddings & : [0, T] x M — N that
depends on a parameter . We denote the perturbed domain A (¢, M) by M; in order
to simplify the notation. We study the differentiability of simple eigenvalues A(M;)
for B4, with respect to ¢. This corresponds to the Gateaux derivative with respect to
the function A.

We remark that for a function f : N — R it holds that

d d oh af
— (W f(x,0)) = — (fh(x,0), 1)) = (h*Vf, — )+ h*==,
dt( fx, 1) dt(f( (x,1),1)) < f at>+ o
where V denotes de tangential gradient on V. Then we denote
D, = 9 oh \% (3.13)
"Tar \ar |7 '

where (-, -) denotes the inner product in V.
If ' = R" and M = Q C R" this quantity can be written in coordinates as

9 9 . oh ' 9h
Di=——-U(t,x)-— with U, x)=— — forxeQ
ot ax ox Ot

and it is known as the anti-convective derivative D, in the reference domain 2.

We denote by Diff' (M) c C'(M, N) the set of C'-functions & : M +— A which
are embeddings. We assume that A/ has a Riemannian metric g and we denote by
gn = h*gr the metric on M induced by the embedding 4. For instance, if M = Q C
R" = N is an open domain then the metric 2* g is given by g;; = (9,1, dx;h) and,
if the dimension of €2 is n, the tangent spaces of /(£2) and R" agree in the interior and
the volume element is | Dh| dx.

Consider the map

F : Diff{(M) x R x L>(M) > L*(M) x R
(h by u) > ((h*Bh(M)h*l —A) u/ uz(x)dvgh).
M

Here dvy, is the volume element of the metric on gj. It is not difficult to see that
Diff! (M) is an open set of C! (M, N) (which denotes the space of C!-functions from
M into N whose derivatives extend continuously to the closure M with the usual
supremum norm). Hence, F' can be seen as a map defined between Banach spaces.

We will consider that M C N (perhaps by identifying M with its image with an
initial fixed embedding).

Notice that if Ay € R is an eigenvalue for By for some ug € L*(M) with
S ug(x) dvg(x) = 1, then F(ipq, ho, uo) = (0, 1) where i € Diff' (M) denotes
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the inclusion map of M into A. On the other hand, whenever F(h, A, u) = (0, 1),
we have from Proposition 3.1 that

Bag,i(y) = Aii(y). y € My, with /M () dvg(y) = 1
h

where ii(y) = (u o h=1)(y) for y € M,,. In this way, we can proceed as in [3, 14]

using the map F to deal with eigenvalues and eigenfunctions of B, and h*By, B!

perturbing the eigenvalue problem to the fixed manifold M by diffeomorphisms /.
Now we proceed with the proof of the main theorem of this section.

Proof of Theorem 1.1 The proof of the existence of the neighbourhood © ¢ Diff! (M)
and the C!-functions uy, and A, satisfying (1.2) is very similar to that one performed in
[3,Lemma4.1]. As one can see, it is a consequence of the Implicit Function Theorem
applied to the map F. Here, we compute the derivative of Aj, at i = i 4. For this, it
is enough to consider a curve of embeddings A (t, x) that satisfies ~(0, x) = iy and
%—’; = V(x) for a fixed vector field V € X LN). To simplify the notation, we denote
the eigenvalue and eigenfunction on 4(¢, M) by A, and u; respectively. It follows
from

Rt B aph (@) ur(x) = My, x € M,

that

ou

t
uy + Ag—
t=00 08t

o

0 o in M. (3.14)

ol -
= (1O Bra.aph 1)

=0
Now, we need to compute the derivative of the left-hand side of (3.14). Notice that
2 (h(r)*B M ) ( = 2 (Wan.nm)
9t h(t, M) h(t) 120 a1 h(t, M)Wt
d _ .
- (h(t)*jh(t,M)h(t)* 1u,> ) in M.

t=0

Also, for any function w : M x [0, T) — R it holds that % (h*w) = h*%w +
w, Ay Here enotes de tangential gradient on A/ and (-, -) the inner product
h*Vw, 3) Here V d de tangential grad N and h, prod

in /. Then we have
_ 0 _ .
Di (00 The pph® s ) = h0)* = (Theaph®* ) in N (3.15)

where D is defined by (3.13).

In the case of domains of R” this derivative is known under the Dirichlet condition
from [3, Lemma 4.1].

Hence, setting u(t, y) = h(t)*_]u,(y) =u;(h~(t,y)),y € h(t, M), we get from
(3.12)

0

% (jh(t,/\/l)h(t)*_lut) ’ = 57 (Theai) ‘

=0 ot =0
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a

-9 (/ T(y, wiir, w)dvt> ‘ for y € h(t, M).
ot h(t, M) =0

Here dv; denotes the volume form related to the metric dg(~, t). To explicitly com-
pute this derivative we recall that %(dvt) |z:0 =tr (g_l d—f(O)) dvg. Since g;;(t) =
(0, h, 3x_,-h) we have that % = (0yh, ijV) + {0y, V, 8xjh). Now we denote
V = VL + VT, where V' is normal component of V and V7 the tangential one.
Then we have

dvt

= = (divy VT + (H, V1)) du,,

t=0

where H is the mean curvature vector associated to M. To keep in mind the variable
that we are using in the computation, we will add a subscript to V (e.g. Vy, J (w, x) or
ViJ(w, x)). Then

0 ~
3 (/h(t,./\/() J(y, wu(t, w) dv,(w)) )z:o

= / divag (J (v, w)ia (0, w)VT) dvg (w)
M
—i—/ ](y,w)ift(o,w)dvg(w)
M dt
+f J(y, wii(t, w)(H, V*) dvg (w)
M

+/M(Vw(-/(y, w)u (0, w)), VJ‘))dvg(w)

:/ J(y, wug(w)(VT, N)dS
IM
—i—/ J(y, w)Djudvg(w)
M
+/ J(y, wyug(H, V1) dvg(w)
M
+ /Mww(J(y, wiug(w)), V1) dvg(w),

where N € T (M) N (T (dM))™ is the unitary normal vector to 9 M. Since J is C!,

the eigenfunctions u, and their derivatives can be continuously extended to the border

dM. Hence, u; possesses trace and the expression above is well defined. Since ug is a

function defined on M we have Vrug(w) = Vaqup(w) and, Vaqup(w) is tangential

to M, then (Varug(w), V) = 0. We will also denote by ag = apO. M) = aM-
Consequently, (3.13) and (3.15) imply

d -
= (hO" Tnaanh ") | = (V.Y (Taatto)) + Taa(Dyali—o)
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+f J(y, wyug(w)(VT, NydS(w)
IM
+ /M T 0y, wuo(w) (H, V) dvg(w)

+ /M o) (Va (J (v, ), V) dvg(w).
(3.16)

We get from (3.14) and (3.16) that

d
= — (W*an@,.m)) ‘ ug

ooy 0t
a0 T L, T e =0

at

0

+ao% — (V. V (Tru0)) — T (Dyuli—0)

—/ J(y, wyuo(w)(VT, N) dS(w)—/ J(y, wyuo(w) (H, V*) dvg (w)
IM M

- /M ug(w) (Vo (J (v, w)), V) dug (w). (3.17)

Thus, multiplying (3.17) by the normalized eigenfunction u¢ and integrating on M,
we obtain

o 9 d
SHO + 30 /M %uo dvg(x) = /M = (W ano.0) ‘tzou%dvg(x)
But aut
+/ JMuo—dvg(x)—i—/ (ap — Im)Iuo—— dvg (x)
M ot M ot
—f (V. V (Tt 40)) o(x) dvg (x)
M
—/ o |:jM(Dtu|t:O)+/ J(x,z>uo(z)<VT,N>(z)dS(z)] dvg(x)
M IM
- / / J G who o (w) (B, V) (w) dug (w) dvg(x)
MIM

- f f 1o () tto(w) (Vaod (X, w), V1) (w) dvg (w) dug (x),
M IM

which in turn implies

OA;
ot

Y P .
= /M a7 (M an.m0) RGIENG
el
—l—/ JMuoﬂ dvg(x) —/ uo (V, V (Jpmuo)) dvg(x)
M ot ™

—/ uo(x) [JM(Dzulz—o)Jr/ J(x, y)uo(z) (VT,N)(Z)dS(Z)] dvg(x)
M M
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- /M Tnmuo(w)uo(w) (H, V) dvg(w)

- /M uo(w)(Vuy (Tpguo(w)), V1) dvg(w), (3.18)

since (ap — Jam)uo = rouo in M. The last two integrals are obtained from the
symmetry J(x, w) = J(w, x), which also implies

/M o LTn (Dyli—) + (V. Vi (Tnqitn))] dvg (x)
0

= / / J(x, wyug(x) (ﬂ(w) —(V(w), uno(w))) dvg(w)dvg(x)

M IMm ot
+/ uo(V, Vi (apuo — Mouo))dvo(x)
M

_ / s o dvo(x) — / (a0 — A)uo (V. Vitg)dvg (x)

M 0t M

+ / wo(V, ¥ (aotto — houe))dvg (x)
M

ou
:/ —tjMuodvo(x)—i—/ u%(V,Vao)dvo(x).
M 0t M

Finally we observe
/M o (W) (Var (Tpgtto (), V5)dvg(w) = /M W2 (W) (Y (a0 (w)), V) dvg (w).

Here we used that Vi is tangential to M.
Consequently, we get from (3.18) that

I y
— 0= fM o7 (P r) ‘lzou%dvg(x) —fM ug(V, Vag)dvo(x)
—/ uo(x)/ J(x, Muo(z) (VT N)(2) dS(z) dvg(x)
M IM
- /M Tnuo(w)ug(w)(H, V) dug(w) — /M ug(w)(Vu (ao(w)), V>)dvg (w)
:/ ul Df(h*a,)\tzodv,(x)—/ (ap — o)u3(V,N)dS
M aM

- / (do — 2o (w) (. VEydvg(w) — / W3 (w) (Vwao(w), V) dvg(w)
M M

where DtTf = % — (VT, V f). Observing that Jaquo = (ap — ro)up we complete
the proof. O
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Remark 3.2 In the case that M is an open domain of R"*! (with co-dimension 0) we
have V1 = 0, and then, V = V7. Hence, the Hadamard formula becomes

oA
AL —/ (apm(s) — ro) uj(s) (V, N)dS(s)
oM

+ /M ug(x) Dy (h*ap p) |, _gdvg ().

Proof of Corollary 1.1 Let us now determine the domain derivative of the function uy,
introduced by Theorem 1.1.
Due to (3.17), we have for all V € X1 (\) that

3)», + 3u, d
—Uu —_— = —
Jt 0 0 ot ot

1=

ou;
(h*clh(t,./\/l))‘ 0u0+BM( MM)
+ [Im, (V, V() uo — ./a/vt J(y, wug(w){V, N)dS(w)
—/ J(y, wyuo(H, VE)dvg (w)
M
- / wo(w) (Var(J (3. ), V5 )dvg (w).
M

where [A, Blu := ABu — BAu, and then, [T, (V, V() uo = Tm{(V, Vug)) —
(V, V(Tpmuo)).
Hence,

81,{,' 8)\1- d
(*o — Bam) 8;\4 = —a—tMuo + % (h*ane, m)) Lzouo + [T (V. V() uo

_ / J (s wyo(w)(V, N dS(w)
IM

- f J(y, wyuo(H, V5)dvg(w)
M

- fM o (W) (Var(J (v, ), Vv (w). (3.19)

Thus, we can conclude that the derivative of uj, at h = ing in V € C'(NV, N) is the
solution of

(ko — Bpw = fy

where fy € L?(M) is the function given by the right side of (3.19) which is well
defined since ug, Ao, % and % (h*anq, m)) ‘ , & known.
=
Notice that Aq is a simple eigenvalue of B4, and then, we have

L2(M) =Rk — Bpg) @ [uo).
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Therefore, (3.19) possesses unique solution, if and only if, f M U0 Sfvdvg(x) = 0 for
each V e X' (\).
Indeed, it follows from (1.3) and the assumption B ug = Aoug in M that

/Mofvdvg(x)
M
oA
— _a_t’ + /M Dy (h*an.) t:Ou%dvg(x)
+ /M ooV, VO apt + [T (Vs V) i) dvg (x)
—/ / J(x, Duo(x) up(z) (V, N)dS(z)dvg (x)
M JoM
- / / T, Do) wo(2) (H, V5 dvg (2) dvg (x)
M JIM
- / / o (6) o(2) (Vo ), VE)dvg(2) dvg(x)
MIM
= [ 1060 [TV Vuah) = apa (V7. o) +20(V. Vi) |

_ /M w0 () [ro — Bagl (VT Vitg)) dvg(x).

Thus, since B is a self-adjoint operator, ug is a C!-function and (V, V())ug €
L?(M), one has

/ o fdx =/ (V. Vo) (o — Bag) g dx = 0
M M

forall V e X' (N)) which proves Corollary 1.1. a

Examples

We finish this section with some concrete examples, by setting specific nonlocal oper-
ators and manifolds.

Example 3.1 (The sphere) Consider M = §" and N = R"H If we take a = 0, then
H(p) = % p and

oA . nio
—Lign)V = — | udw)(w, VL) dvg(w).
ot R sn

Example 3.2 (The Dirichlet problem on the upper hemisphere) Consider M = S}
(thatis p € S" with x,41 > 0) and N = R"1If we take a = 1, then H(p) = %p
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and N (p) = epy1

oA,

| n(1 = o)
O i)V = —(1 — ?»0)/ WV ds — ML=
ar oS,

R . u%(w)(w, VJ‘)dvg(w).
Example 3.3 (One parameter falmily of functions a) Consider 2 C R"*, M = Qx[0, 1]

and N = R"*!, In this case H = 0, but assume that a depends on the variable x,,1
then

IA
—(ig)V = — / (ag(s) — ro) ug(s) (V- N)(s)dS + / ug(x) Di(h*ag,)|,_,dx
oh a0 Q

- / ud(w)(Vyag(w), V) dvg (w).
Qx[0,1]

Some examples in Euclidean spaces

In the sequel we compute some examples assuming M = Q is a domain of R”,
J(x,y) = J(]x — y|), for some J € CY(R) non negative satisfying J(0) > 0 and
fR,, J(z)dz = 1. Here we use the Hadamard formula given by Remark 3.2. It is still
worth mentioning that such examples often appear in the literature associated with
nonlocal differential equations. We include below appropriate references for each
considered example.

Example 3.4 (Dirichlet problem) If we take ag(x) = 11in (2.6), we have what is called
the Dirichlet nonlocal problem. In this case, the Hadamard formula is known and it
was first obtained in [9] for the first eigenvalue. In [3], we have proved that the same
formula still holds for any simple eigenvalue. Since ag, is constant, D, (h*ag,) ‘ =0 =0
and, from Theorem 1.1, we get

EN
—(ig)V=-( —Ao)f ud V-NdS Vv eC(Q,R"

with - denoting the scalar product in R”.

Example 3.5 (Neumann problem) In the literature, see for instance [1, 8, 16], the
nonlocal Neumann problem is established taking

aa(x) =/ J(x — yDdy, x €R".
Q

As expected, zero is its first eigenvalue for any measurable open set €2 which is
simple and it is associated with a constant eigenfunction. Clearly, the rate of the first
eigenvalue with respect to the domain must be null. Let us take its rate for any other
simple eigenvalue. For this, we first compute the anti-convective derivative of ag at
t = 0 assuming h(, x) = x + tV(x) for some V € C'(Q, R"). We have from [14,
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Lemma 2.1] and [14, Theorem 1.1] that

0
D: [ (Dan.2] | 2o = 0 [ /h ol —w|>dw}
t,

t=0

= / J(x =sD(V-N)(s)dS, x e Q.
Q
Hence, we obtain from Theorem 1.1 that

oA
5, @)V = / (aq(s) — ro) ud(s) (V- N)(s)dS
Q2
+/ ug(x)f J(lx = sD(V - N)(s) dSdx
Q a2
=— /8 _(aa(s) = 30) ud(s) (V- N)(s)dS + /B Q(Jmé)(s)(v -N)(s)dS

= _f (Ba — ro) ud (V- N)(s)dS.
02

Notice in the last integral the term jgu(z) which is the operator Jg applied to the square
of the normalized eigenfunction u.

Example 3.6 Let D C R”" be a bounded open set and take A C D, another open
bounded set strictly contained in D in such way that dA N 9D = . Next, consider
2 = D\ A defining

aq(x) = / J(x —yhdy, xeR"
R"\ A

The nonlocal operator Bg, given for such function ag is a kind of Dirichlet/Neumann
problem. It takes Dirichlet boundary condition side out of D setting Neumann condi-
tion on the hole A. Such operator is given by

Ba(x) =f J(x — YD) — u()dy, x €L,
R\ A

assuming # = 0 in R"\ D and has been studied for instance in [23]. Let us compute
its Hadamard formula. Due to

ag(x>=/ J<|x—y|>dy—/ J(x — yDdy
Rn A

=1—/ J(Ix—yl)dy+/1(|x—y|)dy, Vx e R,
D Q
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one gets again from [14, Lemma 2.1, Theorem 1.1] that

Dy [h*(ane,2] |-

9
=n"t) [1—/ J(I-—yl)dy+/ J(I-—yl)dy]‘
ot h(t.D) 7. Q) 1=0

:—/ J(|x—s|)(V~N)(s)dS+/ J(x =sH(V -N)(s)dS
aD Q2

=/ J(x =sPD(V -N)(s)dS, xeQ
9A
since 02 = 9D U JA withaD NdA = (. Hence,

oA
%(isz)v = —/ (aq(s) — ro) ug(s) (V- N)(s)dS
aQ

+/ (JQM%)(S)(V~N)(s)dS.
9A

4 Hadamard formula for multiple eigenvalues

In this section we prove Theorem 1.2. As we will see, it is based on the implicit
functional theorem and the Lyapunov—Schmidt method. Here, we use the domain of
definition of the solutions as a bifurcation parameter according to the pioneering works
[6, 14]. Under the additional condition J is analytic, we first ensure the existence of
analytic curves of eigenvalues and eigenfunctions for the eigenvalue problem

Bra, myit(y) = Au(y), y € h(t, M)

when A (¢, -) is an analytic curve of diffeomorphisms in Diff L(M). Next, we compute
the Hadamard formula for an m-fold eigenvalue with m > 1.

It is worth noticing that the assumption of analyticity of J is not optimal. As we will
see in the proof of Lemma 4.1, itis enough to hold the conditions of Puiseux’s theorem,
which guarantees the existence of the analytic curves. Notice that the case m = 1 is
considered in Theorem 1.1 without the additional assumption that J is analytic. A
complete discussion in this direction can be seen in [17] where a more general result,
which also includes Lemma 4.1, is presented. In our context, Lemma 4.1 and its proof
are important to compute the derivatives.

Lemma 4.1 Let Ao be an eigenvalue of multiplicity m of the operator B withm > 1.
Assume the non-singular kernel J : N' x N — R is an analytic function satisfying
condition (H), h(t, -) is an analytic curve of diffeomorphisms OfclassC1 withh(0, x) =
xin M, and ® : R — C'(M), given by ®(1) = (h(t, ')*aMha,»)) is also an analytic
map.

Then, for some § > 0, there exist m analytic curves A(t),..., Am(t) € R with
X@0) =+ = 1, (0) = X, and m analytic curves uy(t),..., uy(t) € L*(M) setting
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respectively pairs of eigenvalues and eigenfunctions (A (t), u;(t)) for
h(t, ) Bug aph(t, ) u(x) = au(x), x e M,
forallt € (=6, 9).
Proof Since J is an analytic function, / is a C! diffeomorphism and
h*Jh(M)h*_lu(x) = /M J (h(x), h(2)) u(z)dvg, (z), x € M,
where dvg, is the volume element of the metric on g;,, we have that
(h, u) € Diff' (M) x L2(M) = h* Typh* 'u € L2(M)
is an analytic map. Thus, under the hypotheses of the lemma, we conclude that
G:R xR x L} M)+ L}(M)

(T, A, u) = (h(t, ')*Bh(t,/\/()h(t, ')*_1 — )») u

is also an analytic map. Moreover, (A, 1) € R x L2(h(t, M)) is an eigenpair for
B, my» if and only if, G (¢, A, u) = 0 with &z = h(z, -)*71u.

Now, let {¢1, ..., ¢n} be an orthonormal basis of eigenfunctions for By, with
eigenvalue A = %o. Set P(-) = /2| ¢ [, #i (-)dvg the orthogonal projection onto
the span of {¢1, ..., ¢m}. We seek A near Ag and u # O such that G(¢, A, u) = 0
for ¢ near 0, and then, for h(z, -) near i p¢. Notice that this is equivalent to finding
u=v+w #0with

v=Pu and w=({— P)ue N(P)
such that
PG, A, v+w)=0 and (I —P)G{t, A, v+w)=0

where N (P) denotes the kernel of the orthonormal projection P and I the identity
operator. We rewrite the last equation as

0= — P) [(h(t, VBugaph(t, )" = BM> + B — x)] (v + w)

= (1= P) (ht, Y By h(t, )™ = B
x+w)+ By —Dw—P By — 1) w.

Since w € N(P) and R(Bpyq) L N(P), where R(B,,) denotes the image of the
operator B, we have P(Baq — A)w = 0, and then,

0= = P) (ht, Y Buganh(t, )™ = Bag) 0+ w) + (Bag = by w.

@ Springer



1244 R.D.Benguria et al.

Thus, G(t, A, u) = 0 with u # 0O, if and only if, u = v+ w # 0 with v = Pu and
w = (I — P)u satisfies 0 = PG(t, A, v+ w) and

0=(I—P) (h(t, Y Buaaph(t, ) — BM> (v +w) + (B — 1) w € N(P).
(4.20)

Now, since (Baq — A) : N(P) N L*>(M) — N(P) C L?*(M) is an isomorphism
at A = Ap, by the implicit function theorem, it is also an isomorphism for A near Ag.
Hence, for A near X, it possesses an inverse which we denote by Q. In addition Q;
is an analytic function on A. Thus, from (4.20)

w=-—-0,(I—-P) (h(t, Y Bue myh(t, -)”‘_1 - BM) (v+w) € N(P). (4.21)

See that (4.21) is solvable for w if ¢ is near zero. In fact, if ® : L2(M) — L2(M),
given by

(i) (w) = ®w) = =0, = P) (e, ) By aph(t, )~ = Bag) v+ w)

is a uniform contraction, then, by the fixed point theorem with parameter [15, Section
1.2.6], there exists a unique fixed point w for each (¢, A, v). Next, let us see that ® is
a uniform contraction. First, we have that

[P (w) = D@ 2m) = 1OAIIIUT — P
H (h(;, Y Braanh(, ) — BM> H lw — zll 20

where || - || denotes the norm in the space of linear and bounded operators. Also,

H (h(t’ VBt ) - BM) ”‘ i2(M)

2
< 2|t ang ) = ap oo gy 100122 pg) + 4 (su_p |det(Dh(t, -)>|>
M
x( / / |J(h<t,x>—h<r,y)>—J(x,y>|2dvg<x>dvg<y>)
MIM

2
X [l 22004 (su_p |1 = |det(DA(t, -)>||>
M

x ( /M /M J(x,y>2dvg<x>dvg<y>) el 32 gy
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Hence, as h(t, -)*ap¢ pmy, |det(Dh(t, -))| and J are continuous with M bounded,
there exists a positive constant C(¢) with C(¢) — 0 as ¢ — 0 such that

H (h(l, ) Bu, myh(t, D Bm) H <C(t), fort=~D0.

Thus, as Q; is uniformly bounded in a neighborhood of Xy and P is fixed, ® is a
contraction for A & Ag and A(z, -) =~ i pq. Moreover, ® is analytic in ¢, A and v being
linear in v. Then, there exists a unique operator S(¢, 1), analytic in (¢, 1), which sets
the fixed points of (4.21) by w = S(¢, A)v. Also,

IS, Mol = O (llh(t, )= iMIICI(M,N)> :

In particular, S(0, A)v = 0.
Next, we use the equation in R(P) to characterize the existence of the eigenpairs.
Since v = Y /L | ¢i¢;, for some ¢; € R, we have

u:v+w:2ci(1+S(I,A))¢i7éO.

i=1

Thus, A (¢, )*'u is an eigenfunction of the operator By, o) with eigenvalue A ~ Ao,
if and only if, there exist ¢; not all zero such that 0 = ZZ’ZI M (¢, M)y for all
1 <i < m where

Mix(t. 2) = /M &1 (h(t, ) Bug anh(t, ™ =2) (14 S0, 0) dudvg. (422)

Therefore, A is an eigenvalue, if and only if, det (M (¢, 1)) = 0 where M (¢, 1) =
(Migc (£, M)y

Notice that (A, 1) — det (M(¢, X)) is analytic near t = 0 and A = Ag. Hence,
since M (t, 1) is symmetric, it follows from Puiseux’s theorem (see for instance [27])
that there exist m analytic curves A1 (?),..., 1, (), not necessarily distinct, solutions of
det (M(z, 1)) = 0. Also, for each curve A (¢), there exists an analytic curve C;(t) =
(c](t), ..., cm() € R™ solution of M(t, 1;(t))C;(t) = 0 with Ci(¢),..., Cp(t)
linearly independent. Thus,

wj =Y ) (¢ + St 1; (1))

i=1

is an analytic curve of associated eigenfunctions which completes the proof of the
lemma. o
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Proof of Theorem 1.2 We have seen in Lemma 4.1 that there is an analytic eigenpair
(A(2), u(t, -)) such that

(h(t, Y Baaah(t, ) — A(t)) u(t,x) =0 in M

for all ¢ near a neighborhood of 0. Thus

d * x—1 _ d_)‘ d_u
- (h(t, Y Baeaoh(t, ) u(t,x)) ’1:0 = 2 Ou(t.x) + 10 (1, ).

Now, from the expression (3.16), we obtain

d . . d *
i (B Bt ) e 0) | = (e ae g 0)|
d i —
= 2 (1@ Trrh .y e 0) |

d d
= E (l’l(t, ')*ah(l,./\/()) L:OM(Z‘, x) +a_/\/(d_l:(t, .x)
— /M J(x, ) Deu(t, y)dvg(v) — (VT V (Tpu(t, x)))
—f J(x,y>u(t,y)<vT,N>dS<y)—/ J(x, yyu(t, y) (H, V) dvg ()
oM M
—/ u(t, y) (Vo (J (x, ), VE) dug (v).
M
Thus
d N du
o (h(t, ) ana. ) Lo”(“ X) Fap— (%) - /M J(x, ) Deu(0, y)dvg (y)
VTV (Tt ) /M TG, 0, y) (H. VY dvg(y)
— / w(0) (Vy (J (x, ), V) dug (y)
M

T di du
—/ @, yult, y)(V', NYdS(y) = —Ou(t, x) + A(0)— (7, x). (4.23)
oM dt dt

Notice that there exist cy,..., ¢, such that u(0, x) = Z;"zl ¢;i¢;(x). Hence, multi-
plying (4.23) by the eigenfunction ¢ and integrating on M, we obtain

dio _/ dio 0, x)¢y (x)d
dt( ) ¢ = " dt( Yu(0, x)Pr (x)dvg (x)
. d
_ /M |:(h(t, Vane ) ‘t:Ou(O,x) + (apq — 20) d—':(o, x):| O (x)dvg (x)

d
_ /M /M TG, 3) 20, )k () dvg (3)dvg (x)
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_ /MWT, Y (Tpque(0, ))) g (1)dvg (x)

+/ / T VT Vu(0, y)) i (x)dvg (y)dvg (x)
MIM

_ f f TG, u0, (VT Ngr (0)dS(y)dvg (x)
M JIM

_/ / B () J (x, »)u(0, y)(H, V) dvg(v) dvg (x)
MIM

- /M /M B0 10, YTy (x, ), V5 dug () dug (2). (4.24)
Since J is symmetric,
du
/ (am — Ao) d—(O, X) ¢ (x)dvg (x)
M t
d
- / / T, 3) (0, 3) 1) dvg (3)dvg ()
MIM t
d
/ d—u(O, Xx) [(aM — o) ¢ (x) — / J(x, y)¢k(y)dvg(y)] dvg(x)
M at M
du
= / —(0, x) (Bag — A0) i (x)dvg(x) = 0. (4.25)
M dt
In addition,
/M(V, V (Imu(0, x)))dr(x)dvg (x) = /M u(0, x)¢r (x)(V, Vap) dvg(x)
+/M (ap — 420) (V, Vu(0, x))pr (x) dvg (x)
and then,
—/M(V, V (Imu(0, x)))dr (x)dvg (x)
+/ / J(x, YV, Vu(0, y)) ¢p (x) dvg (y) dvug(x)
MIM
= —/ u(0, x)Pr (x){V, Vap) dvg(x)
M
- /Mw, Viu(0, 1)) [(an — Tat — ko) $e(0] dug(x)
S /M (0, X)r (X)(V, Vany) dvg (x). (4.26)
We also have

/ / T u0, ) (VT Nyge () dS(y)dvg (x)
M JIM
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_ / u(©, (VT N) (/ J(x,y>¢k<x>dvg(x>)d5<y>
IM M

= fa . WVTLNY (@ — 2o) (S (). (4.27)
Similarly,
/ / D (X)J (x, Y)u(0, y)(H, VYY) dvg (v) dg (x)
M JIM
= /M(ka)u(o, Y)(H, VY)Y dvg(y)
_ /M (At — 20) 4 () (0, Y) (., V) dug (), 4.28)
and

//¢k(X)u(0,y)<Vy(J(x,y)),Vl>dvg(y)dvg(x)
MIMm
= fM w(0, ) (Vy (Tmi), V) dug ()

_ /M 1 (0, ¥) (¥, [(an — 20) gl V) dug (1),

As in Sect. 3, since V¢y are tangential to M, we have that

/M 1 (0, Y)(Vy [(ant—20) el V) dvg(y)= /M u (0, V)i (Vyang, V5 dvg(y).
4.29)

Therefore, it follows from (4.24), (4.25), (4.26), (4.27), (4.28) and (4.29) that

di
— O a= /M (h(t, Y*anu. my) (tzou(o, X)x (x) dvg (x)
—~ fM u(0, ) )V, Vang) dvg(x)
- f u(0, Y)(VT, N) (ap — 1o) o (0)dS(y)
oM
- /M (ar — 10) e (u(0, y)(H, V1) dvg(y)

- /M 1 (0, e (Vyant, V) dug ().

@ Springer



The Hadamard formula for nonlocal eigenvalue... 1249

Asu(0,) =Y 'L cigi(-), we get

dx =
— O a= Eci /M [t anan) | = (VT Vann | reogiodv, )
- /M (ap = 20) k()i () (H, V) dvg (x)
i=1
=30 [ VTN @ = 30 e 08, 0 )
i-1 M

—ZCi/ & (k) (Vyan, V) dvg(y).
i=1 JM

Thus, %(O) is an eigenvalue of the matrix B = (Bki)ﬁ ;— given by

By = fM DtT (h(t, ')*ah(t,/\/l)) ‘t=0¢k¢[ dvg
- / (At — 20) 6 (B VT, NYAS(x)
oM
- fM (At — 2o) () (0) (. V) dvg (x)

- /M 3 NS (Vyant, V) dug ().

which shows the theorem. O

Remark 4.1 Notice that the examples given in Sect. 3 are easily adapted from simple
to multiple eigenvalues by Theorem 1.2. In particular, if arq(x) = 1 in M, we
get the Hadamard formula for the Dirichlet problem. More precisely, if A(7) is a
curve of eigenvalues, given under the conditions of Lemma 4.1 for the family of
operators By, ) Withapag(x) = 1, then, the rate % (0) is an eigenvalue of the matrix
B = (Bii)}' ;= with

By = —/ (1= 20) (VT N)ghi (¥)x (x)d S (x)
M
—/M (1= 20) i ()i () (H, V) dg (x).

Remark 4.2 1t is worth mentioning that the simple eigenvalue case, given by the con-
dition m = 1, is also recovered by formula (1.4).
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4.1 An application

Let us finish this section giving an application of Lemma 4.1 and Theorem 1.2. Here,
we assume M is an open bounded domain set in R”. Also, we suppose B is the
Dirichlet operator set by axq = 1. We have the following result.

Theorem 4.1 Let Ao be an m-fold eigenvalue of B g with ayq = 1 and under the
conditions of Lemma 4.1. Also, suppose the multiplicity of Ay cannot be reduced
by small perturbations of M set by h € Diff! (M). Then, there exists a ball © C
Diff! (M) centered at i pq such that, for each h € O, there exists a unique eigenvalue
Ay of Br(amy, near ho, which also has multiplicity m and satisfies Ay A1) = Ao for
all h € O (that is, Ay M) is constant and equal to Lo in O). Moreover, there exists a
neighborhood of d M where any eigenfunction of Ajam) must vanish.

Proof of the Theorem 4.1 'We know from Lemma 4.1 that A is an eigenvalue of By, \p)
with A & Xp and r =~ 0, if and only if, A = A(¢) for some ¢ =~ 0, and there exists
C(t) = (c1(t),...,cn(t)) € R" satisfying M (¢, 1(¢))C(t) = 0, where M is the
matrix given by (4.22). Hence, for all 1 <i < m,

k=

01 (0.0 B A (0™ = 20) @1 (6) + S 10)di () ek (g (x)

—_

i\

= > pikt, A(O)er (1) = A(t)ci (1)
k=1

where p;(z, A) is set by

Pkt )=y /M 91 (1 4. 0B a0 7") (L4 80 200) Bk (Ddvg (x).
k=1
(4.30)

Consequently, it follows from our hypotheses that for each ¢ ~ 0, there is A(f) & Ag
an eigenvalue of By, o) having multiplicity m. Thus, from (4.30), we have

0= A(t, &) = det [(A8ik — pir(t, M) —; ]

with the map p; (¢, A) analytic near (0, Ag). Moreover, we have p;x (0, 1) = Aodjx and
A0, L) = (A — Ag)™. Then, by Rouché’s theorem, there are m real roots A near ig
such that the matrix (Ad;x — pir(t, )L))l’.'szl has at least m independent null-vectors.
Hence, since pjx = pxi, such matrix is symmetric, and then, we can conclude that
pik(t,\) = Adjx forall 1 <i,k <m.

See now that, by (3.16),
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d N
a0

d
=/ ¢ [h*(t, VBia aoh* (8,07 (1 +S(l,k(t)))¢k(x)] L:Odvg(x)
d
/ @(x)[ (h(t, ) *anq, M))‘ d)k(X)+aME(¢k(x)+S(t,A(t))¢k(x))‘I:O] dvg (x)
= [ a0 (BT @)+ 5C080D) | dve) = V-5 (Taas
M t=0
7/ J(x, ) (x)V - NdS(y)dvg(x)
IM
d
= [ o seamsw | v~ [ 16y vads o)
M t =0 M
—V -V (i) - /a L@ DRDIV NS0 ().

Hence, as [,  ¢i (X)V - V (Tmér) dvg(x) = [, di(x)(1 = 1o)V - Vi (x) dvg (x), we have

[ @i (x) [/ Jx, )V - Ve (y)dvg(y) =V -V (JM¢k)] dvg (x)
M M

= /M @i (x) (Ao — Bat) (V- V) dvg (x)

= /M (V- Vi) (ho — Ba) ¢i(x)dvg (x) = 0.

Also, fM oi B jz (S, (1) dr) ) dvg(x) =0, since S(¢, A(t))¢pr € N(P) for all

t. Therefore, as the kernel J is symmetrlc we have that

d
Soueaon|_ == [ [ s ey Nasedu
4 =0 M JaM

= —/ (I = X0)prdi V - NdS(y). (4.31)
IM

On the other hand, we obtain from p;(z, A(t)) = A(t)5;) that

. d _dn0)
Pik = o= (200 | == =6

Consequently, it follows from (4.31) that
[ a=isa v Nasm) =0 and
oM
/ (1 = 20) (97 —dPHV -NdS(y) =0 ¥V € XY (M) and k #i.
oM

Then, ¢x¢; = ¢7 — ¢p? = 0 on M for any k # i. Thus,

¢r=0 on oM, forall k=1,...,m, (4.32)
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and then, ‘% = 0 by Theorem 1.2. Using once more that the multiplicity of 1o can

not be reduced, it follows from the change of origin discussed in [14, pag. 25] that
% = 0 in a neighborhood of + = 0. Thus, A(t) = A for all # & 0. Since we are
considering an arbitrary perturbation, we conclude that A;(A4) is constant and equal
to Ao in a neighborhood of i 4.

Finally, let us see that there exists a family of basis {1 (¢)};_, for the eigenfunctions

of the m-fold eigenvalue Aq satisfying ¥ (1) = 0 on dh(t, M) for all r &~ 0. We take
(@) = (e, )" (b + S(r, M(t))dx) foreach k=1,....m. (4.33)

Since the multiplicity of Ag can not be reduced, it follows from the definition of
dr + S(t, M(t))pr and the fact h* (¢, 7 Visan isomorphism that {1 (¢)};"_, given by
(4.33) is a basis for the eigenfunctions of A(f) = Ag. Also, by the change of origin
[14, pag. 25], it in enough to check that ¢ + S(0, L9)px = ¢dx = 0 on I M for any
k # i. But, we have just done that at (4.32). Hence, we can conclude that {v ()}}";
is a basis for the eigenfunctions of A satisfying () = 0 on 0k (¢, M) forall ¢ ~ 0.
And then, we finish the proof. O

Remark 4.3 Itis worth noting that Theorem 4.1 is a kind of result which guarantees the
generic simplicity of eigenvalues for operators with the unique continuation property.
As we still do not know if 3 o satisfies such property, we are not in a position to obtain
the generic simplicity of their eigenvalues. Indeed, if 54 would satisfy the unique
continuation property, then their eigenfunctions could not vanish in a neighborhood of
dM, and then, from Lemma 4.1, the multiplicity of their eigenvalues would decrease
tom = 1 asin the case of the Laplace operator with Dirichlet boundary condition.
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