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Abstract

We study a 3D fluid-rigid body interaction problem. The fluid flow is governed by
3D incompressible Navier—Stokes equations, while the motion of the rigid body is
described by a system of ordinary differential equations describing conservation of
linear and angular momentum. Our aim is to prove that any weak solution satisfying
certain regularity conditions is smooth. This is a generalization of the classical result
for the 3D incompressible Navier—Stokes equations, which says that a weak solution
that additionally satisfy Prodi—Serrin L” — L* condition is smooth. We show that in the
case of fluid—rigid body the Prodi-Serrin conditions imply W2? and W7 regularity
for the fluid velocity and fluid pressure, respectively. Moreover, we show that solutions
are C* if additionally we assume that the rigid body acceleration is bounded almost
anywhere in time variable.
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1 Introduction
1.1 Fluid-rigid body system

Let Q@ C R3 be a smooth bounded domain, and So C £ be smooth such that
d(dQ, So) > 0. Sy represents part of the domain occupied by the rigid body at the initial
state. QF = Q \S_() is the fluid domain at the initial state which we will use as the refer-
ence domain. The unknowns of the system are fluid velocity u : [0, T]x QF () — R3,
fluid pressure p : [0, T] x QF () — R, position of the center of mass of the rigid
body q : [0, T] — R3 and angular velocity of the rigid body @ : [0, T] — R3.
Here we used the following abuse of notation which is standard in analysis of moving
boundary problems:

O.T)x Q= |J {1} x Qr@. (1.1)

te(0,7)
where Qp (1) = Q\ S(¢) is the fluid domain at time ¢, and S(7) is a part of the domain
occupied by the rigid body at time ¢ and is defined by q and @ in the following way.
Let P be a skew-symmetric matrix such that P(f)x = () x x, x € R3. Then rotation
of the rigid body Q : [0, T] — SO(3) is defined by relation

dQ

T _
Q" =P. 1.2)

The domain S(¢) is defined by an orientation preserving isometry
B(r,y) =q(0) + Q0)(y —q(0)), ye€ S, 1€[0,T], (1.3)
as the set
St)={xeR: x=B(t,y), yeSo}=B( ). tel0, T]. (1.4)
The Eulerian velocity of the rigid body is given by:

us(t,x) := 3B, B~ (t,x)) = a(t) + P()(x — q(t)) forall x e S(t),
(1.5)

where a = (%q is the translation velocity of the rigid body.
The equations modelling dynamics of the fluid—rigid body system read as follows:

du+ (u-Vyu =div(T(u, p)),

diva =0 } in (0, 7) x Qp(),

2
517‘1 =~ fy50) T, pndy (%),

in (0, T),
§J0) = = [150)x = a() x T(u, pyndy (x)
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d
u=q+oxx-q. on.7)xasw),

u=0 ono<,

d
u@.)=u in2 qO)=qo TqO0) =2, ©0)=w. (16

Here T(u, p) = —pl + 2Du is the fluid Cauchy stress tensor, where Du =
% (Vu + VuT) is symmetric part of the gradient, and J is the inertial tensor defined
as follows:

J= » )(|x —q()*T - (x — q(1)) ® (x — q(1))) dx.
t

Notice that for simplicity we normalized all physical constants since their concrete
values do not influence our analysis.

Remark 1.1 (About the notation) Throughout the paper, we will denote by u both
the fluid velocity defined on Qf and the global velocity defined on €2. The global
velocity is obtained by extending the fluid velocity by setting u = ug on S(¢). To
avoid confusion we will always write the domain of definition.

1.2 Statement of the results

The goal of the paper is to study the regularity of weak solution to fluid-rigid body
problem (1.6). Definition and existence of finite energy weak solutions (i.e. of Leray—
Hopf type) are well-known (see e.g. [6]). Here for the convenience of reader, we recall
the definition of weak solution: first we define a function space

V() ={v e H}(Q) : divy =0, Dv =0 in S(1)}, (1.7)

and a weak solution is given by the following definition
Definition 1.1 [21] The couple (u, B) is a weak solution to the system (1.6) if the
following conditions are satisfied:

1. The function B(z, -) : R? — R3 is an orientation preserving isometry given by the
formula (1.3), which defines a time-dependent set S(z) = B(¢, S). The isometry B
is compatible with u = ug on S(¢) in the following sense: the rigid part of velocity
u, denoted by ug, satisfies condition (1.5), and q, Q are absolutely continuous on
[0, T'] and satisfy (1.2) witha = %q.

2. The functionu € L2(0, T; V(1))NL>®(0, T; L*(R2)) satisfies the integral equality

T
/ f fu-9,¢0+®u): Dy —2Du: D¢ }dxdr — f u(T)e(T)dx
0 Jo Q
= _/ u@(0) dx, (1.8)
Q

which holds for any test function ¢ € H Lo, T; V).
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3. The energy inequality

1 ! 1
~ )2 +2// IDu)? dxdz < ~[lugl?,, .
) LY(R) 0 Jarm 2 L2(Q)

holds for almost every ¢ € (0, T).
Now we state the main result of the paper.

Theorem 1.1 Let (u,B) be a weak solution to the system (1.6). Assume that
d(S(t), 0Q2) > &, for some constant § > 0. If %a, %w € L°°(0,T), and u satis-
fies Prodi—Serrin condition

3 2
uel'(0,T; L°(Qr@®))) forsomes,r suchthat —+ — =1, s € (3, +00)
s r
(1.9)

then
ue C®0,T] x Qr(@)), a,w € C*°0, T]).

It is a classical result in the theory of Navier—Stokes equations that any weak
solution to 3D Navier—Stokes equations satisfying condition (1.9) is smooth (see e.g.
[11] where also critical case s = oo and r = 3 was solved, and references within).
Our result is generalization of this classical result to the fluid-rigid body system (1.6).
Notice that we have two extra assumptions. The first assumption says that rigid body
do not touch the boundary of €2, i.e. the fluid domain does not degenerate. It is well
known (e.g. [30]) that this condition is necessary since the domain degeneration leads
to non-smooth solutions. The second condition, i.e. boundedness of the rigid body
acceleration, is somewhat unexpected, and we will later elaborate more on technical
reasons that give rise to that condition. In absence of this condition we can show that
solutions are strong:

Theorem 1.2 Let (u,B) be a weak solution to the system (1.6). Assume that
d(S(t), ) > 4, for some constant § > 0. If u satisfies Prodi—Serrin condition
(1.9) then

ue L’ T;WHP(Qr@) NWEP(e, T LP(Qr (1)), a,0 € WP (e, T) (1.10)

foralle > 0andforall1l < p < oo.

1.3 Literature review

The global regularity of the incompressible Navier—Stokes equations in dimension 2
is a well-known result which was first proved by by Leray [25] and Ladyzhenskaya
[24], but in dimension 3 it is a famous open problem. However, there are regularity
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results for weak solutions that additionally satisfy Prodi—Serrin condition proved by
Leray [26] for Q = R3, including the case s = oo, and by Fabes, Lewis and Riviere
[12, 13], and Sohr [29] for domains with a bounded boundary. These regularity results
were extended to the case s = 3 by von Wahl [33] on the bounded domain, and by
Giga [19] on the domain with a bounded boundary. There are also plenty of conditional
regularity results with other types of conditions, e.g. on gradient of the fluid velocity
or the pressure (see e.g. Remarks 5.6 and 5.9 in [161).!

In the case of the fluid-rigid body system theory is much less developed. 2D case is
studied in [2, 3, 20] where existence and uniqueness of global weak solution is proved
provided that rigid body does not touch the boundary. Moreover, they show that these
solutions are strong away from ¢ = 0. In the three dimensional case there are results
of local-in-time strong solutions or global-in time solutions for small initial data [7,
8, 10, 17, 27, 31]. Moreover, global-in-time existence (or existence up to the time
of contact) of Leray—Hopf type weak solution were studied in [6, 9, 14, 15, 22]. We
also mention the existence results in the case of slip boundary conditions [2, 3, 5, 18,
34]. Uniqueness of weak solutions is still an open problem, but results of weak-strong
uniqueness type were proved in both slip and no-slip case [4, 21] which state that
the weak solution satisfying additional condition on the fluid velocity is unique in the
larger class of weak solutions.

Our regularity result stated in Theorem 1.1 is motivated by the classical regularity
result for the incompressible Navier—Stokes case [ 16, Theorem 5.2]). To the best of our
knowledge, this is the first result on the regularity of weak solution for the fluid-rigid
body interaction problem. Inspired by works [17, 31, 32] we use fixed point theorem
in combination with the maximal regularity result for the Stokes problem. The proof
strategy in more details is outline in the next Section.

2 Proof strategy

Here we follow the classical approach to linearize problem (1.6) around a solution
that satisfies the Prodi—Serrin condition, and to analyse the regularity properties of the
solution to the linear system. Since the linearized problem has a unique solution and a
solution to the nonlinear problem is the solution to the linearized problem, proving the
regularity for the linearized problem is enough. This approach has also been used to
prove a conditional regularity result for the incompressible Navier—Stokes equations
(see e.g. [16, Section 5]). However, adapting this strategy to the fluid-rigid body
system is very technically challenging as outlined below. The main steps of the proof
are:

e Linearization Let (U, p, {, @) be a weak solution to the problem (1.6) which
satisfies Prodi—Serrin condition. We linearize around that solution and obtain a
linear fluid-rigid body problem where the movement of the rigid body is prescribed
by q and @. We show that the obtained linear problem has a unique weak solution
which we denote by (u, p, a, ).

1 Let us mention also the conditional regularity of the type that one component of the velocity field is more
regular, see [28].
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1012 B. Muha et al.

e Transformation to the fixed reference domain Since the linear problem is posed
in the moving domain it is convenient to transform it a cylindrical domain, i.e. to
the reference domain that does not depend on time. We use a change of variable
that preserves the divergence free condition and is rigid near the rigid body. This
change of variables was introduced in [23] and by now is a standard tool in analysis
of the fluid-rigid body system. Solution to the linearized problem on the cylindrical
domain is denoted by (U, P, A, ).

e Strong solution We show that if U satisfied the Prodi—Serrin condition then
(U, P, A, Q) is the strong solution, i.e. equations (1.6) are satisfied in the L”
sense. The main technical tool is the fixed point theorem and a maximal regularity
result for the fluid-rigid body operator. This finishes the proof of Theorem 1.2.

e Higher regularity In this step the goal is to bootstrap the argument from the
previous step to get the higher regularity estimates. Therefore, first we need to
prove regularity of the time derivatives. This is achieved by analysing the system
obtained by formally differentiating in time the linearized system from the previous
steps. The main issue here is to prove that the solution to the system obtained by
taking the time derivative is exactly the time derivative of the solution. This is a
nontrivial step because we do not have any a priori estimates for time derivatives
and our solution is obtained by the fixed point procedure and thus it is not possible
to directly justify the formal estimates. In this step we need an additional regularity

condition on the rigid body acceleration ;—tzzﬁ, %(T) € L0, T).

The paper is organized as follows. In Sect. 2.1, we introduce the linearized problem
and show that it admits a unique weak solution which is equal to the solution of (1.6).
The second step, transformation to the fixed reference domain is done in Sect. 2.2.
There we also state Proposition 2.1 (which corresponds to third step of the proof), and
Propositions 2.2 and 2.3 which correspond to the last step of the proof. The proofs of
these Propositions will be presented in Sects. 3, 4 and 5, respectively. The technical
core of the paper are Sects. 3 and 4. The additional condition on the boundedness
of the rigid body acceleration is needed in Sect. 4. Here we want to point out that
even though formal estimates do not require this condition, this condition is needed in
rigorous justification of the estimates. Namely, the standard methods for construction
of the solutions, such as Galerkin method or the regularization method, do not seem
to work in this context because of the presence of the moving boundary. Finally,
few technical proofs are relegated to the Appendix. Since the proof involves a lot of
notation, for the convenience of the reader we have summarized all notations used in
the paper in table at the end of Appendix.

2.1 Linear problem

Let (U, p, q, @) be a weak solution to the problem (1.6) in a sense of Definition 1.1
which additionally satisfies the Prodi—Serrin condition. Let the rigid body domain
S(t) be defined by (q, @) through formulas (1.3) and (1.4) as well as the fluid domain
Qr() =Q\ m We define the following linear problem:
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Find (u, p, a, ®) such that

du+ (@ Vyu=div(T(u, p)),

in (0,7) x Qr(t),
P } (0.7) x 2 (1)

%a = ~Jas T p)nflﬂX)’ } in (0, 7).,

$Jo) == 15, x = d®) x T(u, p)ndy (x)

u=a+wx x—49q), on(0,T)xdS({),

u=0 ono<2,

u0,)=uy inQ, a0 =ay, ©0O)=aw. 2.1)

Note that the problem is linear since the motion of the domain is a priori given and is
not computed via (a, ®).

Definition 2.1 A weak solution for (2.1) is a function u € L2(0,T; V() N
L°°(0, T: L%(R2)) which satisfies

t t
/ /u-8,<pdxdr+/ / {(@®u): Vol —2Du : D¢ }dxdr
0 JQ 0 JQp@)

t
—/u(t)-(p(t)dx:—/uo-go(O)dx—/5xa~<pw, (2.2)
Q Q 0
forall ¢ € H'(0, T; V()), where

O(1.%) = 9,(1) + 9, (1) x (X — (1), X € S(1).

First, we show the uniqueness result for the linearized problem (2.1).

Lemma 2.1 Let be a weak solution to the (1.6) which additionally satisfies the Prodi—

Serrin condition, and let u be a weak solution for (2.1). Then u = U almost everywhere
in (0, T) x Q.

Proof Letusdenoteu =0 —u,a =a —a, ® = ® — . By subtracting the equations
t t
/ /ﬁ-i)tl/rdxdt+f / (@) : Vy! —2Du : Dy } dxde
0 Jo 0 JQFr(t)
—/ Uy ) dx = —/ uoy (0) dx,
Q Q
t t
//u-&,wﬁdxdt—}—/ / (@Q@u): V¢! —2Du : Dy } dxdr
0 JQ 0 JQp@)

t
—/ uH)Y () dx = —/ um/f(O)dX+/ axa-y,dr,
Q Q 0
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1014 B. Muha et al.

we get

t t
/ fﬁ~8,(pdxdt+f / {(@®u): Vo! —2Da : Dg }dxdr
0 JQ 0 JQF(?)

t
—/ ﬁ(t)(p(t)dX:f axa-g, dr.
Q 0 S—

=fs(r) axu-g,

We substitute ¢ = @” and let &~ — 0. Here u” is a regularization of u as defined in

[21, Section 2.3]. We use [21, Lemma 2.4] to pass to the limit and get:

1 t t -
—||ﬁ(t)||iz(m + 2/ / |Da|? dxdt +/ / - V- adxdr
2 0 JQr@ 0 JQp()

t
=// U —12) x - wdxdr.
0 Js@)

To estimate the third term we use the Prodi—Serrin condition as in [21], and in the end
we get the inequality of the form

1
80172y < /0 FOIR@IT5 g, de,

where f € L} (0, t), so Gronwall lemma implies that u = 0. O

Therefore, by Lemma 2.1 it follows that  is a unique weak solution to the linearized
problem (2.1). Therefore, in the rest of the paper we will consider linear problem (2.1)
and prove that the solution to the linear problem is regular.

2.2 The transformed problem

In order to transform the problem to the cylindrical domain we use a change of variables
inspired by Inoue and Wakimoto [23], i.e. we define the mapping (u, p, a, ®) —
(U, P, A, ) with

U, y) = VY, X(z, y)u(t, X(2,y)),
P(t,y) = p(t,X(t,y)),

A = QT (Ha(),

Q1) = QT (He(t),

2.3)

where X(t) is a volume-preserving diffeomorphism from initial to the physical domain
described in [21], Appendix A.1, and Y(¢) is its inverse. By construction, X, Y belong
to Wh(0, T; C 2°(€2)) and depend on the domain of given solution, i.e. translation
velocity @ and angular velocity @. In the following, (U, P, A, ) and (U, P A, Q?)
denote the transformations of solutions (u, p, a, @) and (4, p, A, @) to the cylindrical
domain by mapping (2.3). Notice that lowercase letters refer to the solutions defined
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on the physical moving domain and uppercase letters to the solutions defined on the
fixed reference domain. Therefore (U P,A, ﬂ) is the solution to the following system
(which is equivalent to (2.1)):

»U—- AU+ VP =F(U,P),
divU=0

$A =~ [,5, T(U, P)Ndy(y) + G(A)

$TR) =— [,5, ¥ x T(U, P)Ndy(y) + H(®)
U=@xy+A on(0,7T) x 38,

U=0 on(0,7T)x 0%,

} in (0,7T) x QF,

] in (0, 7),

U@O,)=uy inQ, A®0) =a; R0)=w (2.4)
where
F(U,P):=(L—A)U—-MU—-NU-(G—-V)P, (2.5)
GA) =—-QxA, HER =-2x(JR),
TU,P)=—-PI+2DU, J@) =QT()I1H)Q). (2.6)

The operator L is the transformed Laplace operator and it is given by

n n
(LU); = Y g™ aUn+2 Y g'riay;
jk=1 JokI=1

n n
+ Y (ak(g"’r;,) +> glekam) U, 2.7)
m=1

k=1

the convection term is transformed into

W) = (T- ), Z U, (2.8)

j.k=1
the transformation of time derivative and gradient is given by
(MU); = ZY 0,U; + Z (T Ve + @YD 0;%0) U, 2.9)
Jj.k=1
and the gradient of pressure is transformed as follows:
n
(GP)i =) g"9;P = (VYVY'VP),. (2.10)
j=1
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1016 B. Muha et al.

Here we have denoted the metric covariant tensor

X

8ij = XkiXkj»  Xki= By (2.11)
the metric covariant tensor
iy aY;
gV =YiYix  Yik=-_—, (2.12)
axk
and the Christoffel symbol (of the second kind)
1 0gil
k ki i
I = 78 (8it,j + &ji.i — &ij.)s  &ilj = E (2.13)

Note that operators g M, N and G are linear and depend on transformation X, i.e.
on functions A and 2.

The first step of the proof is to show that the linear problem (2.4) admits a unique
strong solution, which by Lemma 2.1 means that the solution to the original nonlinear
problem is also a strong solution. Therefore Theorem 1.2 follows from the following
result:

Proposition 2.1 Let (U, A, &) € (L2(0, T; V(0))NL%(0, T; L2(2))) x L*®(0, T) x
L*°(0, T) be a weak solution to the problem (1.6) that satisfies the Prodi—Serrin
condition. Then there exists a unique solution (U, P, A, ) of (2.4) in the sense of
Definition 2.1 satisfying the following regularity properties

Ue LP(e, T; WHP(Qp) N WP (e, T; L (Q2F)),
PeLP(e,T; WHP(QF)/R),
A, Qe WP T),

forall ¢ > 0 and for all 1 < p < oo. Moreover, by Lemma 2.1, (ﬁ, P.A, ﬁ) =
(U, P,A, ) and thus satisfies the same regularity properties. In particular,
U, P, A, ) is a strong solution to problem (1.6).

We relegate the proof to Sect. 3. Next, we state two Propositions which provide
higher regularity of the solution and thus finish the proof of Theorem 1.1. The proofs
of these Propositions are given in Sects. 4 and 5.

Proposition 2.2 Let U be a weak solution satisfying the assumption of Lemma 2.1 and

4A. 8Q € L%, T). Then

0jU, 9{U € LV (e, T; WP (Qp)) N WP (e, T; LY (2r)),
PO PeLl(e,T; WP (QF)/R),

d d _ d~ d |
@ @ﬂ, @A, @ﬂ eWw ’p(é‘, T),

)
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foralle > 0,1 > 0andforalll < p < oco.

Proposition 2.3 Let U be a weak solution satisfying the assumption of Proposition
2.2. Then

0!U e L*(e. T; H*(Q2p)), 3'P € L*(e, T: H* "' (QF) /R), VI >0,k >2.

3 Strong Solution

This section deals with the proof of Proposition2.1. Since X, Y € wl.eo 0, T; C°(2)),
the transformation (2.3) preserves integrability of functions, so we have

(U, A, Q) € (L20, T; V(0)) N L, T; L3(R))) x L0, T) x L®(0, T)

and U satisfies Prodi—Serrin condition. Since we are interested in the regularity exclud-
ing t = 0 we multiply (2.4) by ¢ and define

(U*, P*, A%, Q%) = (tU, P, tA, 1),

which satisfy the following problem on a cylindrical domain with vanishing initial
conditions

0,U* — AU* + VP* =

F5 i 0.1 x @
divU* =0 in (0, T) x Qr,

AT = =[5, TU" PONdy () + G* } n 0.7,
FTL) =~ [ ¥ x T(U*, PNy (y) + H*

U'=A"+Q"xy on(0,T) xSy,

U*=0 on(0,7T) x 9,

U*0,)=0 inQ, A*0) =0, *0) =0, 3.1

where
F*=FU*, P"+U, G*"=GA"N+A, H'=H®RQ®H+JTR. (3.2

It is sufficient to show that there is a unique strong solution to the problem (3.1)—
(3.2), with

(U, A, ) € (L>0, T; V(0)) N L®, T; L*(QF))) x L>©0, T) x L*(0, T)
(3.3)
are given functions. Then the problem (2.4) also has a unique strong solution on the
interval (e, T'), for all ¢ > 0. Finally, by change of variables, i.e. returning to the

physical domain, follows that (U, a, @) is the strong solution of (1.6).
First we prove the following result:
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1018 B. Muha et al.

Proposition 3.1 Let
F*=FU*, P")+ R, G"=GA")+Ra, H*" =H(Q")+ Ro,

where operators F, G and H are defined by (2.5)—(2.6).

a) Let
(U, A, Q) € (LX(0,T; V(0)) N L0, T; LA(2))) x L¥(0,T) x L=, T)
satisfy Prodi—Serrin condition (1.9) and
R e L*(0,T; L*(2F)), Ra,Rw € L*(0,T). (3.4)
Then there is a unique solution (U*, P*, A*, Q%) for (3.1) satisfying

U* e H'(0,T; L*(QF)) N L*(0, T; H*(2F)),
P* e L*(0,T; H'(QF) / R),
A%, Qe H(0,T).

b) If in addition we assume

(U, A, Q) € (L¥(0, T; W>2™(Qp)) N W20, T; L¥(QF)))
x W12, Ty x wh2™(0, T)

and
R e L0, T; L™ (Q2F)), Ra, Re € L0, T), (3.5)
form € N. Then

U* € Wm0, T; L*™(Qp)) N L*™(0, T; W>™(Qr)),
P* e L?™0, T; W2™(Qp) /R),
A*, Qe W20, T).

Especially, for
R=U Ra=A Ra=JTR,

we obtain the right hand side (3.2) which satisfies (3.4).
We will prove Proposition 3.1 by using the fixed point theorem and the following

maximal regularity result
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Theorem 3.1 [17, Theorem 4.1] Let & be a domain with boundary of class C*' and
p,q € (1,00). Let F* € LP(0, T; LY(QF)), and G*, H* € LP(0, T'). Then for every
T > 0, problem (3.1) admits a unique solution

U* e X, o= WHPO, T3 LY(Qp) N LY, T W(2p)),
P*eY) , :==LPO,T; W(QF)/R),
A*, Qe WP (0, T),

which satisfies the estimate

Ul + 1P lyr + 1A s,y + 1R w1y
< C(IF*lliLro,1;0020)) + 1G* lLr.1) + 1H*IILr0,1)) »

where the constant C depends only on the geometry of the rigid body and on T .

Remark 3.1 From the proof of the above Theorem it can be seen that the constant C
is non-decreasing with respect to 7'.

For fixed R > 0, which we will choose later, we define a set

Kr:={(U P.A®ex! xvl xwho,T)xw-ro,T):
IOlxg, +1Plyr, + Alwiro.r) + 1Rwiror < R,

and a function
S: (U, P, A, Q) — (U*, P* A*, Q)

where (U*, P j ,A* SZD is solution to the problem (3.1) with the right hand side which
depends on (U, P, A, ), i.e. we consider problem (3.1) with

F*=FUP)+R=L-2MU-MU-NU—-(G-V)P+R, (3.6)
G*=GA)+Ra=—-QxA+Ra, H*=HR)+ Ry = -2 x (TR) + Re.
(3.7)

We will prove that S is a contraction and will use the Banach’s fixed point theorem.
More precisely, we will show that:

e Sis well defined on g and S(Kr) C Kk,
e S is a contraction,

which yields a unique fixed point of S, i.e. a unique solution (U*, P*, A*, %) € Kr
to problem (3.1)—(3.2).
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1020 B. Muha et al.

3.1 Estimates on the right hand side

In order to use Theorem 3.1 we have to estimate the right hand side (3.6)—(3.7).
First, we state an auxiliary Lemma which directly follows form the basic properties

of the transformations X and Y. Since these estimates follow by direct calculations in

the standard way (see e.g. [31, Section 6.2]) we omit the proof.

Lemma 3.1 Ifx, Qe wlp (0, T),forl >0and 1 < p < o0, then
||X||W[4OO(O’T;W3,OO(Q)) + ||Y||W[,OO(OyT;W3‘OO(Q)) <dC,

||X||Wl+1vP(O,T;W3>°°(SZ)) + ||Y||Wl+1,p(0’T;W3,oo(Q)) S C,

. f
8ijllwiooo,7: W)y + g oo, 7:wieo()) + ”F[./’”WLOO((),T;LOO(Q)) <C,

. 1 2
ligjx — 8jkllLe.1:102) + 87" — 8kllL=.1:00(0) < C (T "+ Tr ) ,

forallt € [0, T, where %+ # = 1 and constant C depends on K ;, = ||K||W’vl’(O,T) +

1l wi.p(0.1) nondecreasingly.
For the convective term we have the following result.

Lemma3.2 Assume that U € X1, and U € L'(0, T; L* (), such that 2 + 2 = 1,
s € (3,00). Then

ICU- VUl 20,7:2(2p)) = CIUNLr©,7:25@) Ul x7 -

Proof By using the following embeddings

120, T HA@p) N H'O, T3 12@p) — HE 0,73 12077 (@)
= H7 (0. T: H- P (Qp) = L0, T; W' (Qp))

for%+% = %, %—i—% = %, we conclude that VU L’,(O, T; LS,(QF)), and therefore
we have

7 17112
”(U : V)U”LZ(O,T;LZ(QF))

T T
_ [0 /Q (@ - )02 dydr < /0 10130 VO, o d
F
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T 2 T l’
5(/0 ||U||25<QF)dr) (fo ||VU||LA(Q)dr)

—nrin2 17112
= UL 0.7:L5@en 1VUI L 0, 7.15 0

O

Now, we can show the following Lemma to estimate the right-hand side given by
(3.6).

Lemma 3.3 Assume that A, S e LP(0,T), for all 1 = p < oo and U e
L"(0,T; L5(2F)), such that— + = =15 € (3, ). ThenforU € X22,P € Y2T2
the following estimates hold:

||NU||L2(0,T;L2(QF)) = C||U||L’ 0,T; LY(QF))”U”XT ’
(£ = 2)Ull20,7:12(025)) = CT# ||U||XT ,
MUl 20,7:2(2p)) = cTi ||U||XT ,

G = V)Pl 20,7120 < cT? ||P||YT ’

for T < 1, where constant C > 0 depends on T nondecreasingly.

Proof Lemma 3.1 and 3.2 imply the estimate for the convective term.

n

T
INTI3 20,7 12000 = fo fQ |T- TP+ Y %00 | dydr
F

i,jk=1

=< ”(U : V)Ul|iz(0,T;L2(QF))

(supurkn ) 3 f f 10,00 dyde
ij.k

i,j.k=1
< CA+ DU 7150, 10157

The second estimate comes from Lemma 3.1

IC = DUl 20, 7:12004)) < (Sup\)g /kao.T;mQ)) AUz 0.7:220)

ki

1 -
THIVUll 40, 7:02025))

| | ||
+(H 58 o rize@n T I8 i riz@n I 4 im0 e

e Iri l#“] Joeri|
(H k8 L>®(0,T;L>(R)) Kl L>(0,T;L>(Q)) L>(0,T;L>(Q)) K L>®(0,T;L>°(R))

Kl m i 5
] |l 000,
+”g ”LM(O,T;LDO(Q)) H T Lo o,7;000@)) I K™ I oo 0,720 () Ullzs.7:1226)

=C(T%+7) 00y,
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1022 B. Muha et al.

n n
ZY/'ajUi + Z (Fj-kYk + (akYi)(ank))Uj
=1 k=1

MUl 20,7: 1200y =

L2(0.T:L2(2F))
1. —~
< TH|YllLo.7:22@) IVUll 120, 7; 22 (21 )

+ (SQIZ 175 Lo .1z @ 1Y ll o 0.7: L% (<))
L.

. 1~
+ VYL, 7:L0@) IVXIiLo©. 700 @) T * Ul 140, 7: 1225 ))
1~
< CT#|Ullxr .

since L*(0,T: H*(QF)) N H'(0,T; L*(QF)) < H2(0,T: H' (QF)) <
L*0,T; H'(QF)) and A, € L>(0, T).
Finally, for the pressure term we get

— WP , <Csu H jk—(S'H vP .
1G = V)PlL20.1: 20025 = jf g I peo 0.7 Lo 21y IVPIL20.1:2225)

| _
<C (Tz + T) IVPIL20.7:02(2p))-
O

Corollary 3.1 Assume that K, Qe LP0,T), forall1 < p < o and U e XT

2m,2m>
for some m € N. Then for U € X2T(m+l),2(m+l)’ P € Y2T(m+1),2(m+1) the following
estimates hold:

U . <C|U U
I ||L2(m+1)((),T,LZ(nH—l)(QF))_ l ”Xsz_zm” ”X2T(m+1),2<m+1>’

~ 1 —~
— 2 1
£ = 2)Ull 2,7 20040y < CTX 0 Uy 0
~ 1 —~
2 1
IMUN 200, 7; 12000 @py) = CTHF0 UMy s

-~ 1~
(G = V)Pl 20n00,7: 120m+10 (2 = CT 2 Pllyr

2m+1),20m+1)
for T < 1, where a constant C > 0 depends on T nondecreasingly.

Proof Let m € N. By using the interpolation result in [1, Theorem 5.2] for s9 =
1,51 =0, po = p1 = 2m we conclude that

Xomom = L¥" 0. Ts W32 (Qp)) N WH2"(0, T L*"(2F))
< W0, T3 W22 (Qp),

foralld € (0,1)ands < 1—6.Now forf = m, wecanchooseﬁ <s<1-6
since

1 4m’>+2m -5 1
1-0—-—= > >
2m dm(m + 1) dm(m + 1)

0’
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and get

Ue X1, o, = WO, T; W22 (Qp)) < L0, T: L2 (@p)),
U € X301y 2ns ) = L2 T w20 D @) 0w 20D 0, 7 L2000 (@)

— L2 D, 7, whoo(Qp)),

Therefore, we have
U - WUl 200,75 22002y = NUllLooo, 75 120040 2,0y IV U 20000 0,751 -
and by Lemma 3.1 we get

||NU||L2(m+1)(O’T;LZ(erl)(QF)) = C”U”Xgmbn ||U||X{(m+l),2(m+l).

Next, we have

MU 20 0,7 L2001 (1))

n n
SoVa0i+ Y (MY +(akY,~)(a,Xk)>ﬁ_,~
=1 k=1

L20m+1) (0, T L20n+) (Q 1))

. ~
< T 20+D ||Y||L°C(0,T;L°°(Qp))”VU”LOO(()_T;LZ(mH)(QF))
. . . 1 —~
+ (SUP TSl Loo oo 1Y [l Loo Lo + ||VY||L°CL°°||VX|L°0L%‘) T 20050 || U|| oo 0,7 1200+ (021))
i,j.k

1 ~
< CT 2m+D ”U”X

T .
20m+1),2(m+1)

The last inequality follows by embedding
X2T(1n+1),2(m+1) N W%.Z(erl)(O’ T: W20+ (Q )y s 100, T: W20 (Q ).

The other terms can be estimated in a similar way as before. In the same way, we can
get estimates for arbitrary m € N. O

3.2 Proof of Proposition 3.1

Now, we can finish the proof of Proposition 3.1. First we
S(Kgr) C Kg for suitably chosen R and T. For (U, P, A,
implies that

going to show that

are
Q) € g, Lemma 3.3

”F*”LZ(O,T;Lz(QF)) = ” (L—=2)U-MU-NU—-(G-V)P+ R”LZ(O,T;L2(QF))
< 1L = D)Ull 212 + IMU 20, 7: 12025y + INUll 200,72 12001
+ 1@ =PIz 120 T IRN20,7:0225))
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1 ~ ~ ~
= O+ 100 o.re@e) (100xg, + 121z, ) + IRl 20722220
and since

1G* I 20.7) < 1R X All 20,7y + [Rall 20,7
< 1Rl 20.19 1 AllL=0.7) + I Rall 2200.79 < 121 200,19 1Al 111 0.7
+ IRallz2¢0,7)
1H* | 207y < 1€ % (TR 207y + IRl 20,7y < € (120 20,19 1R 11 0.7
+Roll2200.1))

we obtain
1F* N 20.7:02025)) + 1G* L2007y + 1H 1 1200.17)
1~ ~ ~
< C(T* +UllLro.1:L52r) + 1AllL20,7) + 1R 220.7)
X (||U||X2T2 +1Pllyr, + Al g1 0,7) + ||9||H1(0,T))
+ IR 200 7: 22 T Rallz20,7) + 1Rell 2200, 1)

) - _ - 1
< C(T* + Ul o.1:252p)) + 1Al 2200, 7) + 1R 220, 7)) R + ER

for R > 0 large enough, where Cy > 0 is the constant form Theorem 3.1. Also, we
can choose T = Tp > 0 small enough, i.e. such that

1~ ~ -
C (T4 + Ul Lro.7:252p)) + 1AllL20,7) + ”SZHLZ(O,T)) < oY

and, therefore we get

Co (IF* I .20.7:22 20y + 1G I 2200.7) + 1 H Il 120.7)) < R.
By Theorem 3.1 we conclude that S is well defined on Kg, and S(Kg) C Kg. It
remains to §1;10/\§/ t’llat S is a contraction.

For (U, P, A, ) € K and
U e L20,7; V(1) N LY, T; L* () N L0, T; L*(2F)), £ € L*(0,T),
we have
IF*(@Uy, Py) — F*(Ua, }/;Z)HLZ(O,T;LZ(QF))
1 ~ ~ ~ ~ ~
= C@F + 100 o.ree@em) (10 = Callxg, + 12 = Pallyy,)

IG* (A1) — G* A2 < R0 211A1 — Aall g
IH*(R1) — H* @)l 2 < cll @2 121 — L2l
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Hence,

IS, Pr, AL, @1) = SUs, Pr, Ao, )
1 ~ ~ ~
< CoC(T* + Ullro.1:1520)) + 1Al L2007y + 1R L200,7))
x (I8 = Callyg, + 1Py = Pallyz, +1&1 = Aol + 121 = Rallor) )

and, again, for T = Ty > 0 small enough, we get

< ull@1, Py Ay, R) — (U2, P2, A, @)
for some 0 < u < 1, so S i contraction. Banach fixed point theorem implies that S

has a unique fixed point (U*, P*, A*, ") € Kg, which is a unique solution to the
problem (3.1)—(3.2). Therefore, we have shown part a) of Proposition 3.1.

Remark 3.2 The choice of the time T does not depend on the solution itself, but
only on the norms ||U||Lr(0 To: L ()5 ||A||Lz(0 1) and ||Sl||Lz(O 1,)- Since the norms

||U||Lr(0 T:L5(Qp))s ||A||Lz(0 ) and ||52||L2(0 ) are given, we can split the interval
[0, T] into smaller ones [7;_1, T;], such that

WUl Lr gy 1500 + 1R 20,7y + 18211 220,75) < €
repeat the procedure at each interval.

For part b) of Proposition 3.1 we can proceed as in part a) by using Corollary 3.1
instead of Lemma 3.3.

Notice that Theorem 1.2 follows directly from our construction and Proposition
3.1. Namely, Proposition 3.1 a), change of coordinates and Lemma 2.1 implies

U, Ue L%, T; HX(QF) N H' (e, T; LX(QF)),
P,PeLe T; H(Qr)/R),
AQA Qe HY T,

for all & > 0. By induction and using Proposition 3.1 b) we get property (1.10).

4 Higher time derivatives estimates
To summarize, in the previous section we proved that:

U, Ue WhP(e, T; LP(QF)) N LP (e, T; W>P(Qp)),
P,PelLl(eT; WP (Qp)/R), 4.1)
AAQQeWP(eT),
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foralle > Oand all 1 < p < oo. Now, we want to show inductively that all time
derivatives of the solution has the following regularity properties:

9!U,0'U € WP (e, T; LP(QF)) N LP (e, T; W>P(QF)),
P, olPeLl(e.T; WP (Qp)/R), 42)
dl - dl dl - dl .

—A, —A, —Q —QeW'PeET),
de!” 7 del T de? T dr! 1)

’

forall/ > 1andall ¢ > 0.

In this section, for simplicity of presentation, we prove (4.2) for/ = 1 and p = 2,
while the general case is done in Appendix, see Sect. 6.1. We consider the problem
(3.1) with right hand side

F* = F¥ = F(U*, P*) + tF1(U, P) + ,U,

d
G* =G} = GA") +1G1(A) + T A,

(4.3)
H*=H =HQ")+tH(R) +J (%Q) ,
where
F1(U, P) = L1(U) — M (U) = N1 (U) — Gi(P). (4.4)
G = —;—tiz x A, Hj= —;—tfz x (JR), (4.5)

and L1, Mj, N7 and G; denote operators obtained by taking time derivative of the
coefficients in operators £, M, N and G

n

WU = (3 0-VU), = Y 8,0, Uk (4.6)
Jj.k=1
M) =3 (V)0 U; + 0 (T Y+ @Y 0,%0) U )
j=1

(LiU)i = Y 3@ xUN+2 Y 9" T8,

jk=1 Jkm=1
n . n .
+ 3 4 <ak (g0 )+ >0 gkmr;?’mr,im> U, @48
J.k,m=1 m=1
n ..
Gi1(P) = Z 3879, P. (4.9)
j=1
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Remark 4.1 This problem is obtained by formal differentiation of (2.4) w.r.t. time
variable, multiplication by 7 (to cut-off initial condition), and setting

d d
U*:UT:tBtU, P*=P1*=t3tP, A*:AT:td_tA’ SZ*ZSZTZIEQ

To have vanishing initial data, the time derivative d,U should not explode too fast at
t = 0. Since

Ue L?, T; H(QF) N H' (e, T; L2(QF)), Ve >0,

it is better to multiply by ¢ — ¢” and look at the solution for ¢ > &’. Here, for ¢ > 0
arbitrary small, we can chose ¢ < &' < 2¢ such that 8tlU(8/) e L*(QF). After the
translation ¢ —  + &', we obtain (3.1) with right hand side (4.3). Therefore, in the
following we can replace ¢ with O in the assumption (4.1).

In what follows we show that described problem has a unique solution (U*, P*, A*, %)
such that

U* e H'(0, T; L*(QF)) N L*(0, T; H*(QF)),
P* e L*(0,T; H (Qr) /R),
A*, Qe H(0,T),

and that it equals (19,U, 10, P, I%A, t(;i—tSZ) . Then it follows that

U e H'(e, T; L*(QF)) N L*(e, T; H*(QF)),
&P e L T; H(QF) /R),

d d
—A,—QecH'(, T),
dr’ - dr

for all & > 0. We use Proposition 3.1 with

d d
R=tFi(U P)+8U. Ra=1Gi(A)+ A Ro=1Hi(®)+ L

Therefore, it is sufficient to show that
R e L*0,T; L>(Qr)) Ra <€ L*0,T), Re e L*0,T).

The critical term is (4.6) which comes from the convective term. By Theorem 1.2
and Remark 4.1 we have

U,U e LY0, T; W>*(Qp)) N WH0, T: L*(Q2F)).
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1028 B. Muha et al.

Therefore

17 2
”(alU . V)U||L2(0,T;L2(QF))

T T
_ 72 2 712 2
-/ /m' 00 P1 YU Py < [ 18008 g,) IVUR. g, &

ertrd  eriwlt

< |13 VU2,

17112 17112 2
U”L“(O,T;L“(QF))l (0,T;L*(2F)) = C”U”Wl"‘(O,T;L“(QF)) ”U”L4(07T:W2'4(QF))

All other terms can be estimated as in Sect. 3, so by Proposition 3.1 we conclude that
there exists a unique strong solution (U7, P}, AT, @7) satisfying

Ut € L2(0, T; HX(Qr) N HY(0, T; L*(Q2r)),
Pf e L*(0,T; HY(QF) /R), (4.10)
5@ e H(0,T).

It remains to prove that the obtained solution equals (tB,U, to; P, I%A, t% Sl) , which
will imply the statement of Proposition 2.2 for/ = 1 and p = 2.

4.1 (U, P A%, Q) = (ta,u, to.P, t3A, tditsz)

So far we have shown that there is a unique strong solution (U, P, A, ) of problem
(2.4) satisfying (4.1), and a unique strong solution (U}, P", A7, @7) of (3.1) with right
hand side (4.3) satisfying (4.10). In order to complete the proof of Proposition 2.2, it
is necessary to show that

d d
(U}, P, AT, Q) = <t8,U, 10, P, taA’ taﬂ) .

Notice that while the above equality formally holds, it is delicate to prove it because
we do not have any information on d; P. We consider problem (2.4) in the form

8U = F(U) — G(P),
divU=0

dA=- Jos, T(U, P)Ndy (y) + G(A)

$TR) =— [,y x T(U, P)Ndy(y) + H(R)
U=@xy+A on(0,T) x 38,

U=0 on(0,7T)x 0%,

U0, )=uy inQ, A0)=ay, K0) =g (4.11)

} in (0,7T) x QF,

} in (0, T),
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where

F@U) = LU - MU - NU,

5 ” (4.12)
GA) =-QxA, HRQ) =-x (TN,

and the problem (3.1) with the right hand side (4.3)

Ut = F(UH) — G(P) + 1 F (U, P) + 9, U,
divU} =0

$AT = - [45, TUL PPNy (y) + GAD +1G1(A) + $A o)

Sgen = — Jo5, ¥ x T(UT, PHNdy (y) + H(Q]) + 1 H|(R) + T (%9) U
UT:AT—i—SZ’fxy on (0, T) x 38,

Uf=0 on(0,7T)x 08,

Uf0,)=0 inQ, A}0)=0, @0 =0. (4.13)

} in (0,7) x QF,

Operators £, M, N and G are defined by formulas (2.7)—(2.10), operators F;, G and
Hi by (4.4)-(4.5).

In order to compare solutions of (4.11) and (4.13) we would like to differentiate
(4.11) with respect to time, but the right-hand side is not regular enough, since 9,U €
L2%(e, T; L%(QF)) and the pressure P is not regular enough in time variable. This
means that we have to use some regular approximations of the solution for (4.11). The
idea is to use Galerkin’s method. First we will multiply the equation (4.11); by

G = (g;j) = VX' VX
and obtain pressure term V P on the right-hand side in the equation
Go,U=GFU)—-VP in(0,T)x Qp, (4.14)

since GG(P) = VP. Then we can get rid of the pressure by using a divergence-free
test function, write down an approximative problem and to show that it has a unique
solution which is a good approximation for U. That allows us to differentiate the
approximative problem with respect to time and get estimates for d,U. Finally, we
will show that U} = 9, U by using the equation for approximative problem and the
equation for U7. The point is that in this way we will avoid the term with 9, P.

We are going to use following function spaces

o H(Qp)={(v,a, ®)eL?(Q)xR? x R*: divv=0, v-n|ye =0, v|5,(y) =a+w® x y}
o V(Qp) ={(v.a,®) € HI(Q) xR} xR? : divv=0, v|5,(y) =a+ o x y}

Let { (W;, W2, W¥) i € N} be an orthonormal basis for H(Q ) with scalar product

((¢1 Pa> ‘/’w)v ('ﬁ» 'ﬁw 1ﬁw)) = L 'ﬁ : gody T @, '/’a + j(pw : ww' (4.15)
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We define finite-dimensional space
V= span { (‘I’], v, \Il‘l") e, (\Ilm, wa \Ilﬁ;) }

For m € N we observe the following approximate problem

d d
GB,U’" . ‘I’i dy + EAm . \I’? + a(jﬂm) . ‘I’fo

Qr (4.16)
+({GFU™). ¥i) - GA™) - ¥} — H(®Q") - ¥? =0
fori =1,..., m, where
(GFrum™), ;) = (GLU", ¥;)+ | GMU™ + NU™) - ¥, dy, (4.17)
QF
©LU¥) = [ (2DU- DY + (e 808,00, U0k
F

+ (Flrcr;gimgjl + ka> ;Ui + (Fﬁgimgﬂ + Fll'j(sjk> U;0¢y
+ (F;;Flflgmpgﬂ + Fl{j F}iz) Ui'ﬁk)dy (4.18)

and

m
(U9, A", @"(0) = Y i) (Y500, W5, 9%) . ¢j € H'O. 7).
j=I
Equation (4.16) is obtained by summing the equation (4.14) multiplied by the test
function W¥; and integrated over 2 with the equations (4.11)3 and (4.11)4 multiplied

by the test functions W# and W¢, respectively. Then from (4.18) using integration by
parts we obtain

(GLW), ¢¥) = — GLU - wdy+/ T, P)N-¢ydy(y) +/ VP - ¢dy,
QF 3So QF

and therefore,

(CFU). ) = — f

GF(U) - ¥ dy + / T(U. PN -y dy(y)
QF A

-I—f VP -ydy, 4.19)
Qp

for regular enough and divergence-free functions U, ¥.
Together with the initial conditions
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(U"©0.9). A"(©). 2" 0) = Y- 5, (¥; . w3 w¢).
j=1

Ay = ((uo, a9, wo) , (‘I’j(Y), v, W'}’)) :
there exists a unique solution (U™, A™, ™) for (4.16) on some interval [0, T,,],
T < T (cjm € H'(0, T)).
To show that (U™, A™, Q™) converges to the solution (U, A, ), we have to derive

the energy estimates. We multiply (4.16) by ¢}, and sum over j from 1 to m, and if
we go back to physical domain Q2f(¢) with

u”(t,x) = VX, Y2, x)U"(, Y (2, x)), a"(1) = QA" (1), " (1) =Qn)L" ()

we will obtain

d d
/ atum . um dX + _(me) . wm + _am . am
Q) dr dr

+/ 2|]D)u’"|2dx+/ Ve u"dx =0.
Qp(1) Qp ()

Since

d d
/ ou" - u"dx + —(Jo") - 0" + —a™ - a™
Qrp () dr dt

1 d d
= — "> dx + —(Jo™) - @™ + —a™ - a™
/st(z) 2 dr dr

1d m 2 1 ~ m2
=5l (r>||L2(Q)—§/Qqu.V|u 2dx

it follows that

1d
~ L2, +/ 21w dx = 0.
2.dt L2(S2) Qr ()

By integrating the equality on (0, #) we obtain the estimate
w20 +2 [ D2 dr = < [u" )]
2 L2(Q) 0 L2(QF (1)) ) L2(Q)
1 2
=< EHUOHLZ(Q)’ vVt € [01 Tm]
from which we conclude that |cn (7)] < [luollz2(g), so the inequality holds for all
t € [0, T]. Hence, u™ is bounded in L>(0, T; L>(Q2)) N L?(0, T; H'()) which

implies that u” — @ weakly in L2(0, T; H'(2)) and weakly-* in L>(0, T; L2(Q)).
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Let us show that u is a weak solution for (1.6). We take test function

(W) Va0, ¥0) = h(0) (). W5, 99) e C(0, 7)),

multiply (4.16) by h(t) and write the equation in the physical domain Q2 (¢)

d d
f u" - pdx+ —(Jo™) - @, + —a™ -(pa+/ 2Du” - De dx
Qr (1) dr dr Qr @)

+/ u-Vu” - pdx =0
QF ()

with

o, x) = VX, Y, )P, Y, X)), @,(0) =Q0)¥,@1),
0,1 = Q)Y ().

By integrating on (0, 7') and using the integration by parts we obtain

T T d d
/ / u” - 9;¢ dxdt —I—/ (Ja)m C =@, +a”- —¢a> dt
0 Qp(t) 0 dr dr

T T
- / / 2Du” - Do dxdr + / / eu™) - VgoT dxdr
0 JQr@® 0 JQp()

= —/Q u”(0) - 9(0)dx — Tw"(0) - 9,(0) —a"(0) - 9, (0).
F

Now, we let m — oo

T T d d
ﬁ~8<pdxdt+/ (J(I)-—go —l—ﬁ-—go)dt
/0 fszp(z) ' 0 de? dr’?

T T
_ / / 2Di - D dxdr + / / @@ - Vel dxdr  (4.20)
0 JQr® 0 JQp()

- fQ (0) - p(0)dX — T00 - 9,(0) — a0 - 9,(0)

F
and go to the cylindrical domain
T _ T s d _ d
/ / U9, (Gy) dydt—i—/ (A- —wa+79-—ww>dz

0o Jar 0 dr dr

T T
— / (GF), y)dr +/ (GA) - ¥, + HR) - ¥,)dt
0 0

_ —/Q o - ¥(0)dy — 20 - ¥,(0) — Two - ¥, (0)
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with
a(r,x) = VX, Y, x)U@, Y(1,x), a@) = QnA(), @) = Q@1)R(r).

By taking ¥ = h;(t)¥; and summing up over i from 1 to m the equality holds for
all test functions in V,, which is dense in V(Q2f). It is not difficult to show that
the equation (4.20) is equivalent to (2.2) from Definition 2.1 and therefore we call
the function U a weak solution for (4.11). Finally, the uniqueness of weak solution
implies U =U e L*>(0, T; H>(Q)) N H'(0, T; L*>(2)). Then, since U = A+sz Xy
and U = A + @ x y on Sy, we conclude that A=AandQ2=9 belong to H'(0, T).

4.1.1 Estimates for time derivatives

In this step we would like to show that
3U,3,U e L®@, T; LX) N L%(e, T; H'(Q)).

By (4.16) solution (U™, A™, Q™) satisfies
/ Go, U™ - W; dy + (GF(U™), ¥;) — G(A™) - W& — H(Q™) - ¥y =0,
Q
fori = 1,...m. This is a consequence of G = I on Sy and equality

d d
Go,U™ - W, dy + —A" - ¥ + —(TQ") - W
Qr de de

- GB,U”’~\II,-dy+/ U . W, dy
QF So

Q
We differentiate the equation in time

/ 39 (Go,U™) - W; dy + (GF(3,U™), W;) + (3, (GF)(U™), ¥;)
Q

G (%Am) - (%szm) WP (G (AT) W Hy ()W) =0,

421

We recall that operators G, H are defined by (2.6), and G| and H; by (4.5). We
multiply the above equation by g—tcim and sum over i form 1 to m to obtain
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/ 3 (Go,U™) - 9,U" dy + (GF(8,U™), 8,U™) + (3, (GF)(U™), 3, U™)
Q

d d d d
—-G|—A"). —A"-H|—Q" ). —Q"
dt dr dr dr

d d
— <G1 (am) - oA T H (") - aszf”) =0. (4.22)

Then we integrate the equation on [#1, 2] C (0, T'] and estimate each term. For the
first term we have

1d
/ 9;(Go,U™) - 9, U™ dy = ——/ Go, U™ - 5,U™ dy
Q 2dt Jo

1
+—/ 9,G 3,U™ - 3,U™ dy,
2 Ja

9]
[ [ acaum - aum ayar| < 1Glm om0 g 12
1

which implies

1d
m m my 2
/Qat(GE),U )-8 U™ dy = 5 IVXGU" I

1 2
- E||81G||L°°(O,T;L°°(Q))||atUm||L2(,1),2;L2(QF))-
By the definition of (GF (U), ¥) and Lemma 3.1 we get

(EL@U™, 8,U") = 2IDEU™ s |

= (ICgig” = 8Dl + 1) IVAU" I3 g, + CIAU" 21

= ullvVo, U™ + Cllo, U™

112 112
L2(QF) L%(R)

/ u-vu - u dy‘
QF (1)

/ GM (0, U™) - 5,U™ dy
QF

GN(a,U™) - 5, U™ dy‘ =

1 ~
/ ~[u"* W - ndy (%)
as() 2

1 ~
/ ElarU’”le'Ndy(y)'
aSo

QF

<C

2 |4

—Qn
* ‘dt

d
dr
< Ul L2 13U 172,

Am

< C(A| +12)) (‘

)
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for arbitrary 1 > 0 and u” = VX09,U™. Hence, for the second term in (4.22) we
obtain

19}

n
/ (G]—'(H,U’”),B,U’")dt—/ 2| Dalum|?
4]

|| LZ(QF) dT
4]

15}

=< (Il(gikgjl = 8ikd Dl Loty s Lo )y + 2#)/ IVo,U" 72, d7

1

4]
+c/tl 1:U" 172, d7.

where constant C > 0 depends on T non-decreasingly.
Now, for the third term we compute

(8, GLHU™), 3,U")| < wlIVaU" 172, + CIBU" 32, + CIU" 31 g,

< C|3,U™|?

Qp

+ (1Al w10o gy 1) + Ilﬂllwl,oo(,l,tz)) IIU'"IIHl(QF)

< IGllz=() (

G@ON)U™) - 3, U™ dy
QF

f 3,U - VU™ . 3,U™ dy
QF

/ Z 8,(F]kU YUPa, UM dy
Q

Fijk=1

< 18:Ull (@) IVU" [ 2(02,) 13: U™ [l L4

/ 3,U - VU™ - 3, U™ dy
Qp

< cnazUn;(QF)ua,U’”||i4(9 )+ ||VU’"||22(QF)
< C||an||i4(QF)||a,Um|| ey )||va,Um||L2(Q VU 172,
< ClUlaiq, 100" 1720, + 1IVHU" 72 ) + IVU" [72q, -

Hence,

t
/ 2 (0, (GFH(U™), 3,U™)dr
Al

n
<u / V30" 172, de
1

9]
m 2 m
+C/t 16, U ||L2(Q) dr + C||U ”Lz(tl 0 HY(QF))’
1

for arbitrary u > 0, where constant C > 0 depends on T ngn -decreasingly, since
39U € L3, T; LY()), Ve > 0 by (4.1) and since $A, $@ € L>(0, T) by the
assumption of Proposition 2.2. Here we emhasize that this assumption was necessary

for bounding term involving 9, (GM)(U™).
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Note that

1
VXYl = 1Y)
= VYl Lo ,7; L)) )

since VY VX = T, so all together, we get

19:U™ 32 ) (12) + 41D U™ 72, 1200

n
< 18U 72y (1) + € / 180" 172, d7
1
t

. 2
+C (1™~ sudllmorimay +u) [ IVHU"Es g, o

I3
L2(QF)
1

m 2
+ CIUTI 2 11 )

where || (gikgjl —8ik81) | Lo (0,7; L (%)) is small for small T', by Lemma 3.1.
Now, we take sufficiently small 7', integrate the inequality on #; € (e, #2) and by
Gronwall’s Lemma we find

t
190" ()13 + C / ID8U™ 2, dT < M,
&

for all + € (¢, t), where constant M > 0 depends on the norms ||8,[~]||Ls(E’T;L4(Q)),
||U||L2(£,T;H1(Q))’ ||Um ”LZ(O,T;HI(Q))’ ||A||W1,oo(0’T) and ||SZ||W1<OC(O’T). Finally, since

0™ | 20,7 111 () is bounded, on the limit we get that 3,U € L*(e, T: H'(Q)) N
L>®(s, T; L*(Q)).

4.1.2 Uniqueness for time-derivative system

Now we are able to show that U} = ¢9,U. (U, P) satisfies the following weak formu-
lation

/ 3,@3,U~lﬁdy—/ B,G}"(U)-lﬁdy—l—/ 9,GG(P)-¢¥dy =0 (4.23)
QF QF

QF

for all ¢ € V(0), and (U*, P*, A*, Q%) satisfies

/QGa,U’{-wdy+(Gf(UT),¢)+t((Gfl(U),w+/Q Gg1(P)-1/fdy>
—GAD ¥, —H®) ¥, —1(G1(A) - ¥, + H () ¥,,)

d d
- QFGatUw/fdy—aA-wa—J(aﬁ)~¢w=0, (4.24)
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where

(GFAR®OU). ¥) =— o GFU) - ¥ dy

with F; = £ — My — N and operators L1, My, N1, G are defined by (4.6)—(4.9).
For j e Nand (Y, ¥,, ¥,) = h(1)(¥;, \Il’}, \II‘].”) we have

/ GatatUm . w dy + / 3;G atUm . ‘w dy
Q QF

+(GF@U™), ¥) + (GF (U™, ¥) + (0,G F (U™, ¥) (4.25)
d d
G (GAT) a1 (597) Ho (61 (A7)t (@) 90) =0
where

(3G F(U), ¥) = — / 8,CF(U) -  dy.

QF

Note that the second row in (4.25) is the time derivative of (GF(U™), ¥), for time
independent ¥, which holds from (4.19) since G = [ on Sy and U™ is regular enough.
We multiply the above equation by ¢ and subtract from the previous one with

DY d d
A", Q) = <U]“ —13,U™, A} — A" Q- t59m>'

Then, by using (4.23), we obtain

/Ga,ﬁq"-wdyﬂf 9,G 8,(U—U") - ¢ dy

Q Qr
—(GFUM), ¥) -1 ((GFI(U - U™, ¥) + (3G F(U —U™), ¥))
—tfﬂ Ggl(m-r/fdy—rfg 8,GG(P) - ¥ dy

—GA™) -y, — HEQ") - ¥,
—t(Gl(A—A’")-rlfa—i—Hl (Q—Qm)~lliw)
d
— | Go,u-U")-ydy— (d—<A—AM>) ¥,
Qr 1
d m .
- (@) -vo. =0

Since

GG1(P) + G G(P) =G3,G~'VP +3,GG™'VP = 8,(GG™HVP =0,
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terms with the pressure cancels, and after integrating above equation on (0, ), we get

t t
/ GO} @) - ¥ dy — / / GO - 3,y dydr — / f 0,GO - 3,9 dyde
Q 0 JQ 0 Jor
t

+t// 3G 8,(U—U") -y dydr
0 Jor
t - t

—/0 (GFUM, ¥) dt—t/o (GRU-U™), ¥)+(8,GFU —U™), ¥)) dt
! -m

- [ (6@ va+ H@D ) a0

_z/()’(c;l (A—A™) . yu + H (- Q") - ) dr

t t
—/ / G8,(U—Um)-¢dydr—/ (i(A—Am))-l/Iad‘L'
o Jar o \dr

t d m
—/O (E(sz—sz )>~1ﬁwdt:0.

We let m — oo and obtain the equation

t
/ GO (0) - ¥ (1) dy — / / U1 - 3,(Gy) dydr
Q 0 Q
t

t -~
—/0 (CF D). ¥) dr—/o (GARY) - ¥ + H@)) - ¥,) dr =0,
where

~ o~ o~ d d
ULALQ) = (U —1t0U,Af — —A, Q' —1—Q
( 1 1 1) ( 1 1 dr 1 dr )

By linearity and density, the above equality holds for all (¢, ¥,, ¥,) € V. Then we
substitute

('/,! wa’ "ﬁ(o) = (ﬁls Klv §1)

and get the equality

1 = 2
5 VXU (1) ||L2(Q)

t
- [ f vXT9,vXU, - U; dxdt
0 JQ
t t
—/ (G]—'(Ul),Ul)dt—/ (GAD) A+ H(Q)) - 2) dt =0.
0 0
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Now, as before, we can get the estimate

t t
[0:0)] 220, + € /0 /Q DO, * dydr < /0 Co [010)| 22y dr
F

t
+“/f DU, |*> dydr
0 JQF

for all £ > 0 and for sufficiently small © we get

~ 2
00 = [ 100,07

Finally, Gronwall’s Lemma implies U; = 0 which means that U7 = 13,U. Then the
equations (4.11) and (4.13); give VP = V9, P. Moreover, since U] = AT+ Q2] xy

and 0,U = th + 5 Sl Xy on So, it follows that A* = tth and Sl* = I%SZ.

5 Spatial derivatives estimates

Let (fJ, ﬁ, K, S~l) be a weak solution satisfying the assumption of Lemma 2.1. We
want to show that

30'U € L*(e, T: H*(Qp)),
/P € L*(e, T; H'(Qp) / R),
forall/ > 0, k > 2. The case k = 2 is exactly the statement of Proposition 2.2.
As in previous sections, we consider a linear problem on cylindrical domain (2.4)

and follow the proof for the Navier—Stokes case (see eg. [16, Section 5]). Let k > 2
and let us assume that solution (U, P, A, ) to the system (2.4) satisfies

0jU e L*(e. T: H*(Qp)), /P € L*(e. T: H*'(Qr) /R),

d d 5
A e LiE ), V=0, Ve >0,

and by uniqueness

9/U € L?(e, T: H*(Qp)), 0'P e L*(e, T: H*"'(QF) /R),
dli& dlSZeLz(e T), VI>0,Ve>0
de! " dr! - ’
which by Sobolev embeddings means that

U,U e C®((0, T); H*(QF)), P, P e C®((0,T]; H* 1 (Qr) /R),
AR A QeC®0,T],
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We want to show that
3'U@) e H*Y(Qp), 8'P(1) e HX(QF) /R, VI >0, Vit e (0,T].
The solution for (2.4) satisfies the following system

AU =90 - F (30U, 8' P) — Fi(U, P) + V! P,
divo/U =0

; d’ d
B,UzyA—i—@Slxy on (0, T] x 9Sp,
U=0 on(0,7T]x 3%, (5.1)

in (0, T] x QF,

foralll > 0, where operators F and Fj are defined by (2.5) and (4.6)—(4.9) respectively,
and if we define Fo(U, P) = 0.

The idea is to use the following well known result for the steady Stokes system (see
[16, Lemma 5.2]).

Lemma 5.1 Let Q be a bounded domain of R", of class C¥+2. For any F € W4 (Q),
there exists one and only one solution (U, P) to the following Stokes problem

—AU=F+VP,}inQ7

divU=0 5.2)
U=0 on 0€2,
such that
Ue W249Q), P e wkthaQ)
and
/ Pdy =0.
Q

This solution satisfies the estimate:

||U||Wk+2,q(9) + ||P||Wk+1-ti(9) = C||F||Wk,q(9) (5.3)

Therefore, first for / = 0 by Lemma 5.1 and fixed point argument we will obtain that
U, P)(1) € H(Qp) x (H*Qp) /R), Vi€ (0.T],

and by uniqueness
U, P)(t) € H*N(Qp) x (H*(QF) /R), V1€ (0,T].
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Then for [ > 1 if we assume that
(0,U, 8, P)(t) € H'(Qp) x (H*QFp)/R), Vte(0,T1,Vr<I—1
we will conclude that
U, 8 P)(1) € H(Qp) x (HY(Qr) /R), ¥t e (0,T].
First we define a smooth divergence-free extension of the rigid velocity
ba.a(t,y) = Ext(A®) + () x y).

Operator Ext(-) extends a function from solid domain Sy to the domain €2 such that
it preserves regularity of function and the divergence-free property. The construction
of the operator can be found in [21, Appendix A.1]. Since divba @ = 0, functions
U = 3'U — 8'bp.@ and P, = 9/ P satisfy

AU = —F(0;, Py) — Fi(U, P) + 07U — F(3lba ) + VP

_ in (0,T] x QF
div0; =0
U, =0 on (0, T x d2F,
5.4
for all / > 0, where
FU) = LU) — M(U) — N(U), (5.5)

and £, M, N are defined by (2.7), (2.9), (2.8) respectively. Now, for [ > 0, we use
fixed point argument, and consider the following problem

AU = —F(U, P) — Fi(U, P) + 0"*'U — F(0/ba.9) + VP,
divi; =0
U =0 on (0, T] x 0Q2F,
(5.6)

in (0, 7] x Qp,

with

(U, P)(1) € H**1(Qp) x (H*(QF) /R), Vi€ (0,T].
By Lemma 5.1, it is enough to show that

—F(U, P)(tr) — Fi(U, P)(t) € H* " "(QF) Vi€ (0,T].

since 8!ba.@ € C((0, T) x ), and 871U € C>((0, T]; H*(Q2r)) by assumption.
The only critical terms are derivatives of the convective term. For k = 2,1 = 1 we
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have

10 - V3, Ul 20, < 10022 IV Ul 20, < 100l g2 180l i11 0y
130 - V8, Ull 12, < 1801l 42 1V8Ull 140y < 1005200, 13 Oll g2 2
10 - V38,0l 120,y < 100220 IV3:3:Ull 20y < 100 g2 130l 52

130 - VUl 20y < 1301l 14 IVUll 4@y < 1800 1o 100 202
1330 - VUl 2@y < 18801l L@ I VUll L2y < 1801 22 10l 202
13,0 - Va;Ull 120,y < 1801l IV Ull 20 < 1301 520 10l 22y

and in the general case the estimates can be obtained in the same way.
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6 Appendix
6.1 Time derivatives-general case

In Sect. 4, we have presented the proof of Proposition 2.2 for case [ = 1. Here we

are going to present the induction step for general / € N. The proof in general case is

conceptually the same, but with more complicated expressions in the equations.
Let/ > 1 and let us assume that

310,070 e WP (e, T; LP(Q2F)) N LP (e, T; W>P(QF)),
o/ 7'P. ol P e LP (e, T: WP (QF) / R),
dl—l - dl—l dl—l - dl—l

1,
del =177 del=1"7 dyl-1 e, drl-1 Qe W),

foralle > 0and 1 < p < co. We consider the problem (3.1) with right hand side

F* = Ff = F(U*, P*) +tF;(U, P) + 80,
dl
G* =G; =GA") +1G/(A) + @A, 6.1)

dl
H* = Hj' = H(®") + tH(®) + T 72,
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where

I
Fi(U, P) = (p) Fiop (370) = Gi_, (37 P))

_ (;) (1= (60) = My (57)
—Nz-p (670) = G (/' P)) (6.2)
dal-r . @g»
Gi(A) = —Z( )dt, SR X A
di-» dr
H(®) = —Z( ) T j(dt_l’ﬂ)' (6.3)

Subscript [ — p in operators £;— ,, M;_p, Ni_ pand G, denotes (I — p)th order time
derivative of the coefficients in operators £, M, N and G. As for [ = 1, to show that
described problem has a unique solution (U, P}*, A7, Q7) such that

Uf € H'(0, T; L*(2F)) N L*(0, T; H*(Q)),
P e L*0,T; H(QF) /R), (6.4)
A}, Qe H'(0,T)

it is sufficient to show that
d! dl
R =tF; (U, P)+8U Ra—tGl(A)+ A Rw_tHl(SZ)+

satisfy
R e L*(0,T; L>(QF)) Ra € L*(0,T), Rye L*0,T).
All the terms can be estimated as in Sect. 4, so by Proposition 3.1 there exists a unique

strong solution (U, P*, A, @) of (3.1) with the right hand side (6.1) satisfying (6.4).

Again, we have to prove that the obtained solution equals (t8 U, t81 Pt ;{ A, 13T d SZ)

Lemma 6.1 Ler (U, P,A,R) be a unique strong solution for (2.4), and
(U}, P*, A}, Qf) be a unique strong solution for (3.1) with the right hand side (6.1)
satisfying (6.4). Suppose that

U, Ue WP, T; WP (Qp) N WP (e, T LP(2r)),

P, PeW P, T;WP(Qr)/R), (6.5)

A QA Qe WP TYNnWh™ e, T)
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hold for some l € N and forall e > Oandall 1 < p < 0o. Then
* * * * 1 d dl
(U}, P AT, Q) = taUtaPtd Atdtsz (6.6)

6.2 Proof of Lemma 6.1

Let (U, P, A, ) be a unique strong solution for (2.4) satisfying (6.5) and let
(Uy, P, A}, 2]) be a unique strong solution for (3.1) with the right hand side (6.1).
We want to show (6.6). Since we have already shown that the statement is valid for

[ = 11in Sect. 4.1, we can suppose that / > 2.
We use Galerkin approximations (U™, A™, ™), as in Sect. 4.1, and assume that

”Um”Wl_l'OO(E,T;Lz(Q)) + ”Um”HI_](g,T;H](Q)) < M’

for some constant M > 0. This assumption comes from the previous step of the
induction.
We want to show that

||8,1Um “LOO(S,T;LZ(Q)) + ||8;Um ”LZ(S,T;HI(Q)) <M.
for some constant M > 0, which implies that
9!U,8/U € L®(e, T; L2 (Q)) N L2(e, T; H'(RQ)).
By (4.16) approximation (U™, A", Q™) satisfies
f Go,U™ - W; dy + (GFU", W;) — G(A™) - W3 — H(Q") - ¥¥ =0
Q
fori = 1,...m. We differentiate the equation in time / times
l
f 3! (Go,U™) - W; dy — <G]—‘(8 u™), ¥, > > ( ) (ak(Gf)(a’ kumy, W, )
Q —

k=1

da d! l dl—*
—G|—A") - v2_H —A") w2
(arar) e (oo ) -wr =2 () (o () ¥

. ! . .
multiply by %cim and sum over i form 1 to m to obtain
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/Q 8l (Ga, U™y - U™ dy — (G]—'(a,’U’"), a§Um>
- XZ: (f{) <a,k GF)@*um), a,lUm>
k=1
e (;:lA > illA —H <§—;lszm) : j—:lsz'"
_ z (1) (0 (Sear) Sarsm (E50) Lar) =0

Then we integrate the equation on [#1, 2] C (0, T] and, in the same way as in Sect.
4.1.1, estimate

/ ol (Ga,U™) - olu™ dy
/Gal“U’” alum dy +Z< )/ kG ol ~FH1um . olum dy
Q

k=1

2dz/ Galu™ - plum dy — fatGa,’Um-a,’U’"dy

!
+Z( )/ kG ol 1um . olum ay
i W e
!
5] 1 o)
—/ / atGa}Um-a,’U'"dyerrZ( )/ / kG ol ~F+1um . plum dyde
t Q h=1 k I3 Q

m
C”U ”Hl(l] 1 LZ(Q))

? I I & Iym 2
f (Gf(a,u’"),a,uﬂm-/ / 2DoM U™ 2 dyde
t n JQF

, n
(IIgikg’l — 8ikSitll L0, 7: L0 () + M)/ / VU™ |* dydr
1 QF

IA

IA

—I—C/ o Um||
f t LZ(Q)

The only difference from Sect. 4.1.1 is in the following estimate

<l>/ IF(GM)(U™), 8lU™ dydr
k) Jo,

I

%) -
5/ 197U 17 g 4T + C (1Al 1)
15l

+”S2”Wl»4([1,12)) ”Um||WI—2,4(11712;H1(QF))
~ ~ 2 5
+C (||A||Wlfl»0<>(;1,;2) + ||9||W171,00(11712)) ||Um||H1—1(,1,,2;H1(QF))
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S /t ”8 Um”LZ(Q) d'L' + C”Um”Hl 1(1‘1 ; HI(QF))

The last inequality follows from the fact that A, Qecw A, T) N W®(g, T) and
embedding W24, tr; HY(Q2F)) — H!7V(11, t; H'(QF)) for I > 2. Therefore,
we get

5}
/ (a{‘ (GF) @ Fum), a;Um> dydt
4]

< /1,/ f |V8 U’"Izdydr + C/ ”8 Um”LZ(Q)
1

m
 CIU" 1,1 @

All together, we get

187U Il 2 (12) + IDBU™ 172, 11220

n
< ClAU" (1) + € [ 10007 g
a1
n

+C (llgikg™ = SikitllLqo.:@n + 1) f IVo;U" 172 q,, dT

1

m
+ C||U ”Hl Lt 0 HY(QF))’

for arbitrary u > 0, where ||g,~kg” — 8ik0i1ll L0, T: L (%)) is small for small 7. Now,
we take sufficiently small 7', integrate the inequality on 7] € (g, f2) and by Gronwall’s
Lemma we find

t
U O 0y + [ 120U g, 7 < 1,
&€

whereconstantM>Odependsonthenorms ||U||H1 e 1 @) U L mi-10.7: 51 (@)
”A”Wl (e, T)> ||A||Wl 4(8 T)> ”SZ”WI 20 (e, T)> ||SZ||WI 4(8 T) and T Flnally, mn the hmlt
we get that 3/U € L%(e, T; H'(Q)) N L>®(e, T; L*(R)), for all & > 0.

6.2.1 Uniqueness

In previous section, we showed that 8,1U € L%, T; H(Q)NL®(, T: L*()), for
all ¢ > 0. Now we are able to show that U}’ = talIU. We know that (U, P) satisfies

f WG Uy dy - f *G I (F)) - ¥ dy
QF QF
+/ FGa k@GP -ydy=0, 1<k<l, 6.7)
Qp
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forall y € V(0), and (U}, Pj*, A}, &) satisfies

d
/Q CoUf -y dy + AT - ¥a + (JSZ) Vo
;
!
+{GFU. ¥) +rZ (k) ((Gfk(af-"U), v)+ /Q GGI(3; " P) - vfdy)
k=1 F
Ly di—* di—k
~GA) Yo —HE®) ¥, —1t) (k> <Gk (WA) Yo+ Hi (W“) : wa,)
k=1
; d’ d
—/QF Garuw—(@A).wa—(@ﬂ) W, =0, (6.8)
where

<G]—"k(al kp), w / GF@O Uy - ydy, 1<k<I
For (¥, ¥,. ¥,) = h(t) (¥, \Il*,1 \Il;‘.’) we have

1
l
/ G%),B,[U”‘»wdy—i-Z(k)/Q kG ol U™ . g dy
g k=1 F

dl+l m lymm
+— J( )w/tw-t—dtHlA Va+ (GFOIUM, ¥)

dr!
!

L) et o) () e o)
k=1 k=1
1

d/ d " 1 d/—k ” dl—k .
o (Gor) v (Go ) v 2 () (0 o) v () )

—o. (6.9)

where
ke ol—k _ kqy 9l—k
(oo™ Fy. v) = —/ G (FU)) - ydy, 1<k<l.
QF
We multiply the above equation by ¢ and subtract from the previous one with

U, A", Q") = (U; —rd'U™, Af —t—A", @F —1— Q"
de! dr!

@ Springer



1048 B. Muha et al.

Then, by using (6.7), we obtain

I
> (,i) f OfG o U —Um) - g dy

/ Go,U™ -y dy +1
QF k=1 QF

d d
—AM. —T7e™.
+ LA Yt (TR Y

1
—(CFO. ) -1 (i) ((Gfk@;—k(U —umy), v/r)
k=1

+ <8,"G oI~k (F(U - U™y, w))
1

1
l B / i
_t;; (k) /m GGi(3; " P)- ¥ dy — t]; (k)/m 0G0 *(G(P)) - ¥ dy
~GA™ -y, —HE") ¥,
l 1 dl—k . dl—k i
_t,; (k> <Gk (dtl—k(A —A )) Vat+ Hi (W(Q - Q )) "/’w>

— | Gou-um)-ydy
QF

d’ " d! " B
~(gra-am) v (Gr@-2m) w0

It can be shown that the terms with the pressure cancels, i.e. it holds

l

l
[ [
Yo )ea@ P+ () )ofGca Tt @GPy =o, (6.10)
k k
k=1 k=1
and after integrating above equation on (0, ¢), we get
U"(t) - — ’ o - 0y - 1 t o t
/QFG(t)U () - ¥ () dy /o/stGU ¥ dydr /o/staGU ¥ dyde
! I t
FGol 7w —um . ydyd
+t;<k)/0/m, AR ) ¥dyde
o =m ! iy d aSm d
+AM@) P () + TR (t)~'/fw(t)—/ (A”I’E‘!ha"'\jﬂ '710(.)) de
0 t dr
_/’ (CF@™), ¥) dr—ti ! /’ ((Gf @~* U — umy) ¢>+<8’G31”‘F(U—U’") w)) dr
b ’ o k) Jo k\0; ’ 1 t ’
t
_/0 (GA™ v+ H@") ¥,) dr

! l ! di-k . ik )
_t;<k>/0 <Gk (dtTk(A—A ))<¢3+Hk(dﬂ—_k(9—n )).,,,w> de
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t - t dl m
,/0 QF((;a,’(Ufu )-Wdydrf/(; (@(AfA ))-wadr
t dl .
—/0 <@(sz—sz ))-v,wdr:o.
We let m — oo and obtain the equation
t
/ GOTW) - (o) dy - / / 0. 0,Gy) dyde
Qr 0 Jar
N . trod ~ d
AW - Yal0) + TEW) - o) —/ RS +T9 b,) dr
0
t t
—fo (GF), v) dr—/o (GA) ¥, +H®R)-¥,) dt =0
where
dr! "

PPN dl dl
(U,A, Q) = (Ul* —10'U Af — —A, @ - sz)

By the linearity and the density, the above equality holds for all (¢, ¥,, ¥,) € V.
Then we can substitute

W, Vo Vo) = U,A Q)
and get the equality
%II(VXﬁ)(t)Hiz(Q) - / t f vX7 3 vXU - Udydr
0 JQ
—/Ot (GF@),U) dr - /Ot (GA)-A+ H®) - ) dt =0.

Now, as in Sect. 4, we can get the estimate
- ' ) ' . 5
[U@) ||L2(Q) +C / / IDU|* dydr < / C ||U(t)HL2(Q) dr
0o Jaor 0

t
+u// |DU)? dydz
0 Jar

for all £ > 0 and for sufficiently small © we get

~ 2 ! = 2
00 0 = [ €100z 4

Finally, Gronwall’s Lemma implies U = 0 which means that Uy = t8,1 U. Then the
equations for U and Uj give VP = 1V, P, and since Uf = Af + €] x y and

,U=4d A+ SZxyonSo,ltfollowsthatA*—t AandSZl_t—]SZ

drl arl dr!
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7 Notation

Label Description Definition/1st appearance
M, p, @, ) Solution for the original nonlinear  Section 2.1
problem (1.6) on physical domain
(u, p, w, a) Solution for the linear problem (2.1)  Section 2.1
on the physical domain
(ﬁ, ﬁ, ﬁ, K) Solution for the nonlinear problemon  Section 2.2, Eq. (2.3)
the cylindrical domain
U, P,R2,A) Solution for the linear problem (2.4)  Section 2.2, Eq. (2.3)
on the cylindrical domain
(@, 9> 9a) Test function on the physical domain Definition 1.1
W ¥y Vo) Test function on the cylindrical  Section 4.1
domain
X(t,y) Changes of variables Section 2.2
Y(t, x) Changes of variables Section 2.2
F(U, P),G(A), H(®) Right-hand side of the linear problem  Equations (2.5) and (2.6)

LU
MU

NU
gpP

FU
(U*, P*, SZ*, A*)

U, P, Q.4)
F*, G*, H*

T T
XI’JI’ vaq

F; (U, P)

Gi(A)
H ()
Gi(P)

Fi(U)

(2.4) on the cylindrical domain,

F(U, P) = (L—A)U-MU-NU-

G-v)p

The transformed Laplace operator

The transformation of time derivative

and gradient

The transformation of the convection

term

GP = VYVY! VP, the transforma-

tion of the gradient of the pressure

FU=LU-MU-NU-GP

The fixed point, the solution for the

transformed problem

The fixed point, functions on the right-

hand side

The right-hand side for the Stokes

problem

xb, = WP, 7;L9(Qp) N

LP©.T; W2i(Qp) YL, =

LPO,T; W (Qp))

“FU,P) = 3/(F(U,P)

F@lu,alpy

« d' dh A\
Gi&) = G (G(A) - G (dTIIA)

“H(@) = 4 @) - 1 (4 2)

The operator obtained by taking it

order time derivative of the coeffi-

cients in operator G, ie. G;(P) =

al(vyvylvp

Fi1(U) = L;(U) = M;(U) =N (U) —

G(P), L;, M;, N; are operators

obtained by taking 1™ order time

derivative of the coefficients in opera-

tors £, M, N

G = vxTvx

Equation (2.7)
Equation (2.9)

Equation (2.8)
Equation (2.10)

Equation (4.12)
Section 3

Section 3
Section 3

Section 3, Theorem 3.1

(4.6)-(4.9)

(4.5) (I = 1) and (6.3) (general case)

(4.5) (I = 1) (6.3) (general case)

Section4.1 (1=1), Appendix 6.1 (gen-
eral case)

Section 4.1 (1=1), Appendix 6.1 (gen-
eral case)

Section 4.1
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