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Abstract

In this work, we study the solvability of a boundary value problem for the magneto-
hydrostatic equations originally proposed by Grad and Rubin (Proceedings of the 2nd
UN conference on the peaceful uses of atomic energy. IAEA, Geneva, 1958). The
proof relies on a fixed point argument which combines the so-called current transport
method together with Holder estimates for a class of non-convolution singular integral
operators. The same method allows to solve an analogous boundary value problem for
the steady incompressible Euler equations.

1 Introduction and prior results

In this paper we consider some boundary value problem for the two dimensional
magneto-hydrostatic equation (MHS) given by

jxB =Vp, inQ
VxB=j, inQ @))
V-B =0, inQ

where B denotes the magnetic field, j = V x B the current density and p the fluid
pressure on a suitable two dimensional manifold 2. The MHS equations are a particular
case of the ideal steady magneto-hydrodynamics equations with trivial fluid flow
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v = 0. Magneto-hydrostatics is relevant in a wide variety of problems in astrophysical
plasmas describing coronal field structures and stellar winds as well as in the study
of plasma confinement fusion, (cf. [11, 12, 20]). Using the vector identity j x B =
(VxB)yxB =B-VB— %V(|B|2) and defining the magnetic pressure or total

pressure p, = p + %|B|2, equations (1) recast into
B.-VB=Vp,, inQ @)
V-B =0, inQ.

Using the appropriate identification of variables, equations (2) are equivalent to the
well-known equations of steady incompressible Euler equations, namely,

V-v =0, inQ &)

{von:—Vp, in
where v : © — R? is the velocity fluid vector field and p : Q@ — R denotes the
fluid pressure. Indeed, a quick inspections shows that (2) is equivalent to (3) using the
transformations of variables v <> B and —p <> py,.

In this paper we are interested in studying some specific boundary value problems
for (1) where information about the magnetic field B is given in different parts of the
boundaries. Hereafter we will describe in detail the boundary value conditions into
consideration for the case of the MHS equations (1). Since from the mathematical point
of view systems (2) and (3) are identical, a similar analysis and results can be shown
for the steady Euler equations (3). Nevertheless a specific boundary value problem for
one of the equations might not be physically relevant for the other and vice-versa.

Let 2 be a two dimensional orientable manifold with smooth boundary 9 2. We will
denote by n the outer normal to the boundary and assume that the normal component of
the magnetic field B - n is given. We now decompose the boundary 02 = 92, U9 _
where

02y ={xe€dQ:(n-B)(x)>0}and 0Q2_ ={x € 9Q : (n - B)(x) < 0}.

The boundary problem which we treat in this paper consists in prescribing in addi-
tion to the normal component B -n on €2, the tangential component B - T in one part of
the boundary, namely on d<2_. Here and in the following we denote by 7 a unit vector
tangent to the boundary. This boundary value problem was introduced in the seminal
paper of Grad and Rubin [13]. To the best of our knowledge, the well-posedness of
this boundary value problem remains open even in the two-dimensional case. Further-
more, in [13] the authors also suggested different boundary value problems for the
MHS equations in two dimensional and three dimensional cases. A relevant feature of
the solutions constructed in this article is that the current j is different from zero for
generic choices of the boundary values. For the construction of zero current density
solutions, i.e. j = 0, it is well-known that system (1) reduces to the study of the
Laplace equation where the theory of harmonic functions can be applied to study the
existence of solutions.
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In this work, we will restrict ourselves to a very particular geometric setting, namely
we will assume that

Q=S"x10,L], 4)

with L > 0. The reason to choose this manifold is the following: for 2 as in (4) we
can choose the values of B - n in such a way that 924 N 02— = @ and in particular
we can guarantee that B - n % 0 at all points x € 92. As it has been discussed in [2]
at the points of the set €2 N 92— some singular behaviour for B arise for generic
domains €2. In order to avoid the technical difficulties that should be considered in
that situation, we will just work on the particular manifold (4).

It is worth to notice that several boundary value problems for the steady Euler or
MHS equations have been considered in the literature [1, 2, 4, 5, 17, 23, 24]. We
refer the interested reader to [2] for a thorough description of the currently available
results considering the well-posedness of the different boundary value problems for
the steady Euler or MHS equations.

In order to solve boundary value problems for both equations, two main methods
have been considered in the literature: the Grad—Shafranov method [14, 22] and the
vorticity transport method introduced by Alber [1]. The former is restricted to two
dimensional settings or to problems with particular symmetries, for instance axisym-
metric or toroidal symmetries. The main idea behind the Grad—Shafranov method
relies on reducing the steady Euler or the MHS equations to an elliptic equation where
large number of techniques are available. See for instance, [6-8, 15] for ideas closely
related to the Grad—Shafranov approach that have been recently applied to derive
properties solutions of the steady Euler equation and MHS equation. The question
of controllability for the full magneto hydrodynamics equations (MHD) in the two
dimensional setting has been recently addressed in [16].

A different approach to obtain solutions with non-vanishing vorticity (since it was
originally applied for the steady Euler equation) was introduced by Alber [1]. Roughly
speaking, he constructed solutions where the velocity field v can be split into v =
vo + V where vy is an irrotational solution to (3) and V a small perturbation. The
boundary value problem for the Euler equations is reduced to a fixed point problem
for a function V combining the fact that the vorticity satisfies a suitable transport
equation and that the velocity can be recovered from the vorticity using the Biot-
Savart law. This idea will be discussed later in more detail. In particular, we will
explain why Alber’s method cannot be directly applied to solve the boundary value
problem we are interested in and more importantly what are the new key tools we
implement to address the problem.

1.1 Notation

We will use the following notation throughout the manuscript.

e We recall that we are working on a manifold with boundary = S! x [0, L] with
L > 0. The boundary of the manifold €2, will be denoted by 02 = 92 U 9Q2_
where 3Q, = S! x {L} and 9Q2_ = S' x {0}. We will use several operators that
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will be defined in d2_. In those cases it will be convenient to identify d2_ with
S! and then to consider that the operators are acting of spaces of functions with
domain S! instead of dQ_. Notice that these spaces of functions are isomorphic.
Let us denote by n the outer normal to d€2 in the points of €2, the inner normal
to 02 in the points of 2_ and by t the tangential vector, see Fig. 1 below.

e In order to simplify the exposition, we will also use the bold notation x €  to
denote a pair x = (x, y) € Q.

e Let Cp(L2) be the set of bounded continuous functions on 2. For any bounded
continuous function and 0 < o < 1 we call f uniformly Holder continuous with
exponent « in €2 if the quantity

|f @) = fF)I

[x — y|*

[f]oz,Q = sup

x£y;x,y€Q

is finite. However, this is just a semi-norm and hence in order to work with Banach
spaces we define the space of Holder continuous functions as

CH(Q) ={f € Co(2) : || fllca(qy < o0},

equipped with the norm

I flica@ = suplfOl+ [flaq-

xeQ

Similarly, for any non-negative integer k we define the Holder spaces CX%(2) as
C*(Q) ={f € Ch(Q) : || fl ey < 00},

equipped with the norm

1/ llchgy = max suplof fF)+ Y [0 f], -
Bl e =

where 8 = (B1, B2) € N(z) and Ng = {0, 1, 2, .. .}. Notice that in the definitions
above the Holder regularity holds up to the boundary, i.e in . We omit in the
functional spaces whether we are working with scalars or vectors fields, this is
Ck*(Q, R) or Ck(Q, R?) and instead just write Ck*(Q). The specific type of
functional space (scalar or vector) will be clear from the context. Moreover, we
will denote Holder spaces on the boundary of the manifold, namely on 92, 02
and 92, by C*(3Q), CH*(8$2,) and CF*(9Q2_) respectively.

e Let M > 0 and let X be Banach space. Then we define by Bjs(X) the closed ball
in X (2) with radius M, i.e.

By(X) ={f eX:|fllx =M).
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Fig.1 Geometrical setting of the Q1
problem 8Q+ - S X {L} Tn

Q=S8"x[0,L]

In

oQ_ =S' x {0}

e Weidentify the functions f € C*%(S'),k =0, 1,2...,a € (0, 1) with the subspace
of C¥*(R) such that f(x4+27) = f(x). Moreover, we will also identify S' with
any interval [a, b] where b — a = 2.

e For a sufficiently smooth 2 -periodic function in the x variable f, we define the
Fourier coefficients of f in the first variable by

21 )
f,y)=— fx, y)e "™ dx.
T Jo

Then we have the Fourier series representation, f (x, y) = Y."=% _ F(n, y)e'™.

e Throughout the manuscript we will denote with C a positive generic constant that
depends only on fixed parameters. More precisely, they will depend on the the
parameter L and the Holder exponent «. Note also that this constant might differ
from line to line.

e We will also use the brackets [ . ], in order to denote the dependence of an operator
on the bracketed function, namely T[ f ] denotes that the operator 7' depends in a
certain way on the function f.

e Let E and F be Banach spaces. We say that T is a bounded operator from E to F
if there exists a constant ¢ > 0 such that ||Tul||p < c||lu||g, Yu € E. The norm of
the bounded operator T is defined and denoted as

Tullp
1T\l zce,Fy = sup .
uzo llullg

Moreover, if E = F, we just write L(E) instead of L(E, E).

1.2 Main result

The main result in this article deals with the well-posedness of a boundary value
problem for the MHS equations suggested by Grad—Rubin in [13]. Specifically we
prescribe the normal component B - n on €2 and the tangential component B - T in
one part of the boundary, namely on d<2_. In particular, our result reads as follows
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Theorem 1.1 Let 2 = {(x, y) € S! x [0, L1}, with L > 0 and a € (0, 1). There exists
M = M(a, L) > 0 sufficiently small such that for f € C>*(0Q) and g € C>*(3Q2_)
satisfying

Igllcrapn )y + 1 fllc2epa) < M, (5

and

fdx = fdx, (6)
A EIo M

there exists a unique (B, p) € C>*(2) x C>*(Q) with B = (B, B>) to (1) with
1B = (0, Dllcoeqq) < M
such that
B-n=14 fondQand B-t=gonoQ2_. @)

Remark 1 Notice that the solutions (B, p) are obtained as small perturbations around
the particular vertical constant magnetic field By = (0, 1). The constant magnetic
fields of the form By = (0, @) for a > 0 can be reduced by a re-scaling argument to
the unitary magnetic field By = (0, 1). On the other hand, it is not a priori clear if it
is possible to perturb around more general non-constant magnetic fields.

Remark 2 A question that could be interesting to explore is whether one can generalize
Theorem 1.1 to more general domains Q2 = {(x1, x2) : y1(x1) < x2 < y2(x1)} where
y; are smooth functions satisfying the periodicity condition y;(x; + 2m) = y;(x1)
for j = 1, 2. In the proof of Theorem 1.1, several computations which can be made
in a explicit manner in the case of the domain Q = st x [0, L], will become more
involved for more general domains.

Remark 3 In the three dimensional setting Q = S! x S! x [0, L], we believe that
the same ideas developed in this paper can be carried out, although the computations
are more involved. In particular, we will need to derive Holder estimates for non-
convolution singular integral operators that in the three dimensional case are more
delicate.

Notice that using the change of variables B <> v and p,, <> — p the following result
can be obtained for the steady Euler equations

Theorem 1.2 Let @ = {(x, y) € S! x [0, L]}, with L > 0 and « € (0, 1). There exists
M = M(a, L) > 0 sufficiently small such that for f € C>*(9Q) and g € C**(3Q2_)
satisfying

lgllc2epoy + 1f lc2epa) < M,
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and

there exists a unique (v, p) € C>*() x C>%(Q) with v = (v1, v2) to (3) with
o = (0, Dllc2aigy < M
such that

v-n=1+fondQand v-t =gond2_.

1.3 Strategy behind the proof and novelties

The strategy of the proof is based on two ingredients, namely the transport equation
for the current and the div-curl problem that recovers the magnetic field in terms of the
current. Suppose that we have a magnetic field with the form (B, B2) = (0, 1) + b
where b is a small perturbation of the vertical base magnetic field.

For magnetic fields for which the magnetic vector is contained always in a given
plane, the current j is a vector in the direction of the normal to the plane. However,
in these two dimensional settings it is more convenient to assume that the current is a
scalar quantity and therefore we will use the notation j =V x B = —0, By + 0, Ba.

It is well-known that if B solves (1), the current density j solves the following
transport equation

B-Vj=(0,1)+b) Vj=0, in Q. (8)

On the other hand, assuming that we have a current j we can recover the corresponding
magnetic field B solving the following system of equations

VXB=Vxb=j, inQ
{ X X j, in ©)

div B=divb =0, in

The Eqgs. (8) and (9) must be solved under suitable boundary value conditions. It turns

out that given the function j we can obtain a unique solution B to (9) if we prescribe

the normal component of the magnetic field on the two connected components of the
boundary of ©

B-n=f, ondQ (10)

as well as the horizontal flux for the magnetic field
L
/ B1(0,y)dy =J. (11)
0
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We will see later, that the value of J has to be chosen in a very specific way to obtain
a uni-valued pressure p on 2.

On the other hand, if we assume that b is sufficiently small (in a sense to be precise
later), the current j is uniquely determined in €2 if we prescribe it in any of the two
connected components of d€2. For instance, if

Jj(x,0) = jo(x), on 92— (12)

is given, we can obtain j in €2 just by using the method of characteristics. Notice
however that the boundary conditions for the problem (1)—(7) do not allow to compute
the value of jj in (12).

On the other hand, we have an additional boundary condition that yields the tan-
gential component of the magnetic field

B-t=gon 0Q_. (13)

The structure of the problem suggests to use a fixed point argument in order to
construct the solution. More precisely, given a vector field B defined in Q2 as a well as
a function jp on 92— we can solve (8) with the boundary condition (12) to construct
a current field j[B; jol(-) defined in 2. Using this current function we can solve (9)
with boundary conditions (10) and (11) to find a new vector field B [B; jol(-) in .
Notice that the new vector field B does not satisfy in general the boundary condition
(13). However, this equation can be reformulated as

B[B; jol -t =g ondQ_, (14)

that turns out to be an integral equation for the function jy on d2_. We can prove that
this integral equation can be solved by means a fixed point argument using regularity
estimates for non-convolution singular integral operators in Holder spaces. The solu-
tion of this equation yields an operator B — jo[ B]. Notice that this operator depends
also on the boundary value conditions f, g, but we will not write this dependence
explicitly. We can now define an operator B — ['[B] = B [B, jo[B]l. A fixed point
argument for the operator I'(-) solves the problem (8), (9), (10), (11) and (13). Using
now the fact that V x (j x B) = B - Vj = 0 one can show, arguing as in [2], that
there exists a pressure function p such that (B, p) satisfies (1) and (7).

It is worth to notice that there are several important differences regarding the prob-
lem treated here and previous works [1,2, 5, 17,23, 24]. For a more detailed description
of the different boundary value problems mentioned previously, we refer the reader
to [2]. In the case treated by Alber [1] for the steady incompressible Euler equation,
the vorticity wq (or current jy in our case) on d<2_ can be readily obtained from the
boundary values given in the problem, so roughly speaking wq (or jp) on 92_ is
already prescribed. On the other hand, this is not the case for the boundary value type
problems solved in [2] where the vorticity wq (or current jo in our case) is not fully
prescribed by the boundary values. Instead in those cases, wg (or jo) is part of the
solution. Nevertheless, it can be obtained by means of the fixed point argument. More
precisely, the value of wg (or jo) can be computed using the Euler equation (3) and
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is given in terms of v (or B), its derivative and the boundary value conditions. Using
the characteristics one can solve the transport equation (8) to construct w[v; wg](-) (or
JI[B; jol(-)) and then equation (9) to construct the new velocity field v[v; wo](-) or
magnetic field B [B; jol(-). The crucial point is that the new velocity field or magnetic
field already satisfies the required boundary value conditions, since wg or jo has been
chosen in terms of the boundary conditions and v or B in a precise way.

To deal with the boundary value conditions imposed in (7), we have to use a more
sophisticated argument to compute the value of jy on dQ2_. As we have explained
above, this reduces to study an integral equation containing singular integral operators.
To show the existence and uniqueness of the integral equation, we derive some general
results providing Holder estimates for a class of non-convolution singular integral
operators which are of independent interest (cf. Sect.4). The use of Holder spaces
instead of Sobolev spaces (as in [1] for instance) is an important detail. Indeed, the
value jj at the boundary d€2_ depends on the value of B (and the boundary data) and
therefore, if the estimates for B are given in terms of Sobolev spaces, we obtain less
regularity for jo due to the classical regularity trace theorem. Once jj is obtained we
can compute j along 2 using the transport equation (8) which does not improve the
regularity due its hyperbolic character. Therefore, the new function B computed via
the div-curl problem (9) has a loss of regularity which prevents to close a fixed point
argument. This obstructions can be avoided by making use of Holder spaces.

The time dependent boundary value problem for the incompressible forced Euler
equation (2D and 3D) has been studied in the literature. Indeed, in the monograph
[3, Chapter 4], the well-posedness theory is established in Holder spaces under the
same boundary conditions treated in this article, i.e. v - n in 92 and v - 7 in part of
the boundary, for instance in d€2_. The problem in [3] has been considered in simply
connected domains and extensions of these results to construct solutions with higher
Holder regularity on multiply connected domains has been recently obtained in [9, 10].
We also refer to the work in [19] where the author studies the same time-dependent
boundary value problem extending the work in [3] to deal with three-dimensional
infinite (or periodic) channel.

The problem treated in all those papers studies the well-posedness boundary value
problem for small times (even in the two dimensional setting). The strategy employed
by the authors has certain similarities with our approach. Nevertheless, there are rele-
vant differences between the time dependent case and the stationary case treated here
which we stress out hereafter.

In the analysis of the time dependent problem considered in [3, 9, 10] one of the
main issues is to compute the value of the vorticity wg on the entering part of the domain
02_. This is also a crucial point for the problem that we consider in this paper. In [3,
9, 10], the computation of wg in d2_ is achieved by writing an elliptic equation for
the pressure p for which the boundary values are determined by means of the values
of the velocity v on 9€2. After computing this pressure, the value of the vorticity wy
can be obtained in d€2_ integrating in time the Euler equation. This procedure gives
the vorticity wp in 92— for times ¢ € [0, T') assuming that the velocity v is already
known for this range of times. This allows to formulate a fixed point problem for the
velocity for small times.
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However, in the stationary case considered in this paper the way wg (or jo in our
case for (MHS)) is chosen is much more rigid. In particular, the vorticity of wg in
d€2_ depends in a sensitive manner on the values of v - n on the remaining part of
the boundary 9€2.. Specifically, to compute wy we need to solve an integral equation
containing singular integral operators which has source terms that depend on the values
of v - n in 2 as well as the tangential component v - T in d2_.

Actually, the rigidity in the determination of wg in d€2_ in our case is the reason
why we need to consider velocities fields (magnetic fields) which are small perturba-
tions of trivial constant solutions. Moreover, this choice also restricts significantly the
geometrical setting where we can show our main theorems due to existence of tan-
gency points where the velocity can developed singularities. On the other hand, in the
time-dependent case [3, 9, 10], the time variable can be used as a small parameter to
use a fixed point argument to construct the solution and avoid perturbative techniques.
This is also the reason why the results in [3, 9, 10] can be shown in a more general
geometrical setting.

1.4 Plan of the paper

In Sect. 2 we illustrate the main formal idea used to construct the solution of (1), (7) by
means of the study of a suitable linearized problem which can be explicitly solved by
using Fourier series. In Sect. 3 it is seen how to reformulate the full non-linear bound-
ary value problem (1), (7) as a fix point problem for a suitable operator. The precise
definitions of the operators needed to reformulate the problem are postponed until
Sect. 7 since the proof that the operators are well-defined required several estimates
showed in Sects.4-6. In Sect.3 (more precisely in Sect. 3.3) we derive an integral
equation for the current jy which is a consequence of the Eq. (1) and the boundary
values (7). This integral equation plays a crucial role in the proof of the result proved
in this paper. In Sect. 4 we derive some general lemmas showing C-¢ and C* Holder
estimates for non-convolution singular integral operators. These operators are a suit-
able class of perturbations of convolution operators. In Sect. 5 we will provide the C%
and C-* Holder estimates for the operators contained in the integral integral equation
for jo. In Sect.6 we show the existence and uniqueness of solutions to the integral
equation for jo by using the previous derived estimates. In Sect. 7, as indicated above,
we provide the precise definitions of the operators required to reformulate the origi-
nal boundary value problem (1), (7) as a fixed point problem for a suitable operator.
Moreover, we also show that the operator has a fixed point on a suitable functional
space. To conclude the article, in Sect. 8 we prove Theorem 1.1 as a direct application
of the fixed point theorem showed in the previous section.

2 The linearized problem
In this section, we will describe the formal idea behind the method to construct solu-

tions (B, p) to (1) satisfying the boundary value conditions (7). As we have mentioned
in the introduction, the proof is based on defining an adequate operator I" on a subspace
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of C2(2) which has a fixed point b such that B = (0, 1) + b is a solution to (1) and
(7). We define the operator I' : By (C>%(2)) — C>*() in two steps. First, given
b € By (C*%(RQ)) we define j € C*(Q) solving the following the transport type
problem

{((0,1)+b)~Vj=O, in Q 15)

J = Jo, ondQ_

where jo is a priori an unknown quantity. As a second step, we define W € C>%(Q)
as the unique solution to the div-curl problem

VxW=j,inQ

divWw =0, in Q

W-n=f, ondQ (16)
W-t=g, ondQ_

JEWi0, y) dy = J.

Thus we define I' (b, J) = W. We remark that J is a degree of freedom of the problem,
since there exists non trivial solutions (W, J) of the homogeneous problem (16) with
f = g =0given by

2Jy ) 2J

This degree of freedom will be used later to obtain a uni-valued function pressure p
in Q.

We are interested in obtaining solutions of the form B = (0, 1) + b where b =
(b1, by) is a small perturbation, i.e. IIbIICz,a(Q) < M with M < My and M sufficiently
small. Therefore, in the lowest order (dropping the small nonlinear terms of order M?),
the transport equation (15) reduces to

8,j(x,y) =0, inQ (18)

and hence j(x, y) = jo(x). Then, with this approximation, the div-curl problem (16)
becomes

V x W = jy(x), in 2

div W =0, in Q

W.-n=f, ondQ (19)
W.7r =g, ono2_

JE W10, y) dy = J.
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Notice that (19) is a non-homogeneous linear problem for W. To solve (19), we
examine the following auxiliary problem (cf. [2, Section 3.1.1]), namely

AY = jo(x), in 2
Y(x,L)=—-J+ht(x), xeR
Y(x,0)=h"(x), x eR

oy (x,0)=—g, xeR

(20)

where
h+(X)=/O (f(§, L) —A) ds, h_(x)=/0 (f(§,0)—A)d§ 21
and

A= fds= fds. (22)
Q4 Q-

For a sufficiently smooth stream function v, the function W = (0, A) + VJ‘I//, where
vty = (—%, %), solves (19). However, for any fixed jo(x) the problem (20) is
over-determined. This fact will be used in order to obtain the a priori unknown function
Jo(x).

In order to obtain a complete linearized version of the problem (1) satisfying bound-
ary conditions (7), it remains to add a condition that guarantees that the pressure is
a uni-valued function on 2. Indeed, a linearized version of (1) with B = (0, 1) + b

(with b small) is given by
—Jj(x,y)=0dp, 0=20,p. (23)
A necessary condition for the solvability of this problem is that 9y j(x, y) = 0 and

hence j(x, y) = jo(x), similar as the condition derived in (18). Therefore, (23) reduces
to

—jo(x) =0dyp, 0= 3yp- (24)
Then, we can obtain a solution to (24) given by

p(x,y) = fo jo(x) dx 25)

where the integral on the right hand side is the line integration computed along any
contour connecting 0 = (0,0) and x € Q. Notice that a necessary and sufficient
condition to ensure that p(x, y) is a uni-valued function in €2 is that

2
/0 Jo(x) dx =0. (26)
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To this end, we apply the Fourier transform in the x variable to Eq. (20). This
transforms the PDE (20) into the following second-order non-homogeneous ODEs
with constant coefficients

—n? Y (n, y) + 3y ¥ (n, ) = jo(n),  (n,y) € Z x (0, L)
V(n, L) =—J8,+ht(n), nekZ

Jn,0)=h-(n), neZ

9y (n,0)=—gn), nel

27)

Above, ht(n), h—(n) are the Fourier coefficients associated with the function 2+, h~
respectively, and g(n) the Fourier coefficients of the function g.

After a straightforward calculation using variation of parameters method we find
that

-~ Y ~  sinh(|ny) -~ sinh(|jn|(L —y))
Y y) = =J oo +HE TR e —a D
~ _sinh(n|(L — y)) — sinh(jn|L) + sinh(|n|y)

o) n 2 sinh(|n|L)

) (28)

for n € N. In the case n = 0, the functions multiplying i’z?r(n), fz:(n) and j'(\)(n) must
be understood as the limit when n tends to zero. More precisely, for n = 0, we use the
replacements

sinh(ln|y) =~ sinh(|n|(L — y)) L—y

TN Xa . > )
sinh(|n|L) L sinh(|n|L) 2

and

sinh(|n|(L — y)) — sinh(|n|L) 4+ sinh(|n|y) L2y <y
: — =2 (X 1) .
|n|? sinh(|n|L) 2

This convention of understanding several combinations of trigonometric hyperbolic
functions when n = 0 as the limit when n tends to zero will be used throughout the
paper. Imposing the last boundary condition 9,/ (n, 0) = —g(n) in (27), we find that

— J — _sinh(|nly) -~ _sinh(|n|(L —y))
— + -~ 7 - - @@
0¥ (. 0) = = don + ) G D T T kD)
n {\( )1 — cosh(|n|L)
SO sinh(n|L)
=—g(n).

Taking the inverse Fourier transform in the first variable we obtain
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n=0oo

_J L 1= cosh(nlL) ine—) ;
A (x,0) = +Z<x>+ / Z TS (nID) Jo(n) dn
=—g(x) (29)
with
n| —~ n| j
ht — inx
20 = 2_: < ® Sohqnin " (n)tanh(|n|L)>e - G0
Using the symmetry in n and denoting the kernel
L.~ cosh(nL) —1 ;.
g (x)_n; nsinh(nL) GD
and
gx) = —glx) — Z(x), (32)

we have that (29) can be expressed as the following convolution equation for j,
L. 1 L . = J
T jo(x) = — G (x —mjolmdn = g(x) + —. (33)
2 st L

Notice that the function g depends only on the boundary values g and f. Using the
fact that the Fourier coefficients in (31) are different than zero, we can use standard
Fourier techniques to invert the operator yielding

~ 1 ~ ~ 2J
o =T 5w = [ Fa—ngman+ 3 G4

L2

where the kernel function 97 (x) can be explicitly computed as

n=

~ _ X nsinh(nL) inx
G = Zoo cosh(nL) — ¢

n=—

The value of J that until now is undetermined is obtained by means of the previous
derived formula (26). Using (34) we find that

L 27 - - -~ ~_
= / Fndy = —Lg(©0) — (A (0) — 7= (0)). (35)
T Jo

Once we have obtained the value of jy and J, we can use formula (28) which
combined with Fourier inverse formula yields 1 (x, y) and hence W since W =
0, A) + V*ty.

@ Springer



On the Grad-Rubin boundary value problem... 2401

In the following sections we will show how to solve the full non-linear problem
(15), (16) and (7) by using a perturbative argument with respect to the linear problem.

3 The non-linear problem: an integral equation for the current

In this section we will derive an integral equation for the current j on d2_, namely
jo = j(x,0), x € S'. As expected, this integral equation will be a perturbation
of Eq. (34) that we have obtained for the linearized problem. The solution of this
equation will give jo(x) in terms of the perturbation magnetic field b and the boundary
values f and g. In the following subsection, using a formal argument that assumes
the convergence of some Fourier series, we show how to arrive to an integral equation
for jo(x). We will not consider in detail the convergence of the Fourier series and the
precise definitions of the operators that appeared in this section will be given later (cf.
Sect. 3.3).

3.1 The formal argument using Fourier series

Proceeding as in the Sect.2, we define the operator I' : By (C>%(Q)) — C>%(Q)
using two building blocks: a transport type problem and a div-curl problem. Given
b € By (C*%(Q)) wedefine j € C1%(L) as the solution to the transport type problem

J = jo. on o (36)

{((0, D+0)-Vj=0, inQ
where jo is a priori an unknown quantity. As a second step, we define W € C>%(Q)
as the unique solution to the following div-curl problem

VxW=j,inQ

divW =0, inQ

W.n=f, onoQ (37)
W-t=g, ondQ_

Jo Wi, y)dy =J.
Then, we define I'(b) = W. By the theory of transport equations (cf. [2, Proposition

3.8]), it is well-known that system (36) can be solved by using the integral curves of
the vector field B = (0, 1) + b. More precisely, the explicit solution to (36) is given

Jy) = jo(XNx, y)) (38)

where X ! is the inverse of the mapping £ — X (£, y) solving the ordinary differential
equation

— _biXE .y
X(E.¥) = 155, E 0, » (39)
X(£,0) = €.
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Arguing as in (20) in Sect.?2 using the stream function ¥, the div-curl problem (37)
becomes

Ay = jo(X 7 (x,y)), inQ
Yx,L)y=—-J+hT(x), xeR
Y(x,0)=h"(x), xeR

Oy (x,0) =—gx), xeR

(40)

where we recall that 27 (x), h~(x) and A are given in (21) and (22) respectively. To
solve (40) we do not use variation of parameters but compute directly the fundamental
solution ®(x, y, yo) solving the problem

AD(x, y. yo) = 8(x)3(y = yo). in 2 @
d =0, on 0.

Using Fourier transform and imposing the continuity jump conditions we infer that

1 nio smh(n(L — yo)) smh(TW) inx
1 e, fory < yo,

q)( ) o = n sinh(nL) (42)
-xs y’ yO = _= i i
U eyt
s nsinh(1L) T

Moreover, the normal derivative at y = 0 is given by

n=0oo

1 inh(n(L — .
0y ®(x,0, y0) = ~5 Z M@’”.
P

sinh(nL)
Computing an homogeneous solution and imposing the boundary value conditions
Yx,L)y=—J+ht(x), ¥, 0 =h"(x)and d,¥(x,0) = —g(x),

we conclude (similarly as in Sect. 2) that

J
OyY(x,0) = -7 + Z(x)

1 L n=00 sinh(n(L — yo)) in(x—£) ; 1
_Z/O 450 /Sl n;w ~sinhiL) ¢ Jo(X™ (&, y0)) d§

(43)

where Z(x) is defined in (30). Therefore we have that for g as in (32) we can write
(43) as the following integral equation for jj
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1 (L "< sinh(n(L — ;
T jo(o) = = fo dyo /S D> %e‘"“’jﬂx—l@,yo» dg

~ J
=8+ (44)

Notice that the operator in (44) reduces to (33) in the particular case where
X~1(&, yo) = &, which corresponds to the linearized case considered in Sect. 2. From
now on, in integral expressions like (44) which results in functions depending only on
x we replace the integration variable yg for y for the sake of simplicity. We rewrite
the operator equation (44) into a more convenient form. To that purpose, we define

OE, ) =Xy —¢ (45)

and plugging (45) in (44) we infer that the operator 7™V’ can be expressed as

h(n(L
T =g s Z T o + O(E. ) d.

(46)

Using the following changes of variables

X 1 , — +® , =, dé = ’ 47
EN=E+0E =0 4 =G5 Xm ) “n
we obtain
. 1 sinh(n(L — y)) =X,y
TV jolx) = / /Sl Zoo sinh(nL) Jom

(48)
e 3g@(X(77, ), y))

Defining, A(n, y) = X(n, y) — n we notice that the operator (48) can be written as

TV jot) = — 5 [S GV, mjot dn. (49)
where
GM () = jf an(me™ (50)
with
() = / L Sin}sli(glf&;)y)) a+ a:(_ai:;((n:)y), e oD
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Thus the integral equation (44) for jo becomes
NL . 1 NL . ~ J
T jox) = —5— | G770 —m.mjoln) dn =g(x) + - (52)
T Jsi L

3.2 Decomposing the operator 7N

In this subsection, we will decompose the operator 7V’ defined in (49)-(51) into
several operators which are more tractable and easier to estimate. In particular, we
will split the operator into one main term which is a convolution operator and several
remainder terms which are perturbations of convolution operators.

To that purpose we first notice that the coefficients in (51) can be written as

[ sinh(n(L — y))
an () = /(; sinh(nL) dy

/L sinh(n(L — y)) e~ inAm.y)
+ - —1|dy
o  sinh(nl) | 1+0:0(X(1,y), )

= a,? + a,i(n).

The first term can be easily integrated since it does not depend on 7, giving

0o_ l cosh(nL) — 1
= [ sinh(nL) } 43

and the second term is split as

al () = /L sinh(n(L — y)) o—inhm.y) _ | N
" 0 sinh(nL) 1+ 3§®(X(n, y)’ y))

B /L sinh(n(L — y)) [ O (X(1,y),¥))
0 sinh(nL) 1+ 0:0(X(M,y),y))

} dy = a2(n) +a; (n).

Moreover, we have that

sinh(n(L = y))
sohe) ¢ Moy 54
where

e=2IIL (glnly _ p=Inly)

(1 _ e—2\n|L)

M(n,y) = (55)
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By means of this computation, we find that

2(n) f e | Ly ) (56)
a = e
= 1+ 0:0(X(n,y), yy |

where

R2 “u N -1 |, 57
n(n)—/o (n,y) [+ %00 ).y y. (57

Similarly, we have that

LT 80X ). ) }
3(n) = Inly § dy + R3 58
@, (m) /0 ¢ [1+ag®(X(n,y>,y)) Y Ry () 8

where

L 00X (1, ), y))
. =/ Mo [ 3 ]d. 59
5 () A (. y) 14 0:0(X (1, y), ) g 7

Therefore, collecting the expressions (53)-(59)
an(n) = ay +a; () + ay () + Ry () + R; ()

and using the definition of GN% (x, ) given in (50) we can rewrite GVE (x, 1) as

n=oo

GV, ) = Z (ag + a}l(n)) oinx

n=—0oo
n=oo

=2 (a?, +ay () + ay () + Ry () + Rf,(n)) e

n=—0oo

4
=G+ GNx.m

i=1

where the main term is given by

NL o N L [eosh(l) =17 ..
Gyt =2 n|: sinh(nL) }e ’ (60)

n=—00
and the remainder terms

= L —inA(n.y) _ 1
Gt =) ei""/ eIy ¢ dy,
0 I+ 0:0(X(n, y),y)

n=—oo
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n=oo L %O (X(n. ). y)) }
NL _ inx Inly § d
Glrm= ) e /0 ¢ [Hag@(xm,y),y)) "

n=—0oo
n=oco L —inA(n,y) _ 1
e
Gyl (x,n) = et / M(n, y) dy,
’ n;w 0 1+ 30X, ), y))

n=cc . :O(X(1,y),y)
NL ’ — inx M , [ & :|d
Gitrm= ) e /0 T 50X . )

n=—0oo

Using this decomposition we write the operator 7™ in (49) as

4
TN jo(x) = T3V o) + Y TV jo(x) (61)
i=1
where
1
T jot) = / G (x — mjo(m) dn. 62)
T sl

1
T jo(x) = ‘ﬂfsl Gt (e = n,mjondn, fori=1,....4. (63

Remark 4 Notice that the main term Q(I)V L (x) does not depend on 7 and coincides with
the linearized kernel GZ (x) in (31). Therefore, ’ZBN L is a convolution operator that can
be inverted using Fourier series.

We can formally rewrite the integral equation (52) for jj in the form a second order
Fredholm integral equation. Indeed, using the fact that the operator TON L is a convo-
lution that can be inverted using Fourier series, we can write Eq. (52) as

: 2J
Jo(0) + 3 Tijo() = G() + 75 (64)
i=1
where

T =[7" ] TE, fori=1,...,4 and G =[TV] '3, (65)

1

with g defined in (32). We now argue as in the case of the linearized problem and
explain how to choose J in order to obtain a uni-valued pressure function p on 2.
To this end, we use Eq. (36) to construct the pressure p by means of the following
identity

px) = /0 [ x B]y) - dy (66)
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where the integral on the right hand side is the line integration computed along any
curve connecting 0 = (0, 0) and x € Q. The function p given by (66) is uni-valued
in  if and only if

27
/ [j % Bli(x,0) dx = 0, 67)
0

where (j x B); denotes the first component of the vector j x B. Moreover, we
notice that (j X B)1(x,0) = —jo(x)(1 + b2(x,0)) = —jo(x)(1 + f~(x)) where
f~ = flaq_. Then, (67) is equivalent to

21
/0 Jo)( 4+ f7(x)) dx =0. (68)

Using (64) we find that

1 /27‘[ 27 1 2 1 24: 2
— Jo(x)dx = — + —/ G(x)dx — — / Tijo(x) dx. (69)
2 0 L 2 0 2 izl 0

Combining (68) and (69) we obtain that

2 4 2 2
27 1fG<)d+1§:fT'()dd 1[ 000 £~ () d
_— = = X X _— i X xXax — — X X X
L2 27T 0 27‘[ P 0 iJo 271' 0 Jo

(70)
Plugging (70) into (64) and denoting by (h) = % 02” h(x) dx we have that
4
Jo(x) = — Z(Tijo(x) — (Tijo)) + G(x) —(G) — (joS ). (71)
i=1

The problem (71) is a fixed point type of equation which will be shown to be equivalent
to the solution (B, p). Indeed, after solving Eq. (71), we can obtain the value of j (x, y)
in 2 using the transport type problem (36) and recover the new magnetic field W using
the div-curl system (37).

3.3 Arigorous formulation of the problem

The previous computations in Sects. 3.1 and 3.2 are purely formal, since we did not
consider in a rigorous manner the convergence of the Fourier series. In this subsection,
we will give a precise meaning of the integral equation (71) for jo. To this end, we first
give a detailed definition of the operators Ty, ..., T4 in (65). We defined the operators
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T; and T, as
) 1
Tijo(x) = 5= lim 051 e(x —m,m)jo(n) dn, (72)
T e—>0t
1
Tajo(x) = 5 lim ®2e(x n, mJjo(n) dn, (73)
T e—0t
where
n=0oo

. . _ Caony
Grelx,n) = Z Meinx / oInly e~ inAMmy) _ o,
. S (cosh(nL) — 1) € |1+ 0:0(X(, 1), 1)

(74)
n=oo . L —
Goc(x,m) = Z _nsinhnl) el / e~ Inly %X, y), y)) ] d
— (cosh(nL) —1) ¢ L1 +0:0(X (1, ¥),y))
(75)
On the other hand, the operators T3, T4 are given by
. 1 .
T3 jo() =~ / &3 (x — 1. 1) jon) dn. (76)
T Jsl
) 1 .
Tajo(x) = —2—/ S4(x —n,n)jo(n) dn, 77
T Js!

where

n=

& - n s1nh(nL) o [ —inAmy) _ ;
306 m = Z « (cosh(nL) - 1)° / (. y) T aeexm . |

(78)

n

— _ nsinh(nL) Jinx [ 3:0(X(,y),¥)
Balx,m = Z + (cosh(nL) — 1)° /M(" y) 1+ag®(X(n,y),y))]dy’

(79
with M (n, y) as in (55). The operators T; fori = 1, ..., 4 will act on functions jj on
some suitable Holder spaces. The fact that the operators T; fori = 1, ..., 4 in this

spaces are well-defined operators will be shown in Sect. 4. For instance the reason why
operators T3, T4 are well defined acting on Holder functions jj readily follows from
the fact that B3(x, n), B4(x, n) are C* in x due with the exponential decay of the
function M (n, y) as |n| — oo. To deal with operators Ty, To some refined estimates
for perturbations of non-convolution singular integral operators will be required.

We now define in a precise manner the operator Z)N L in (62). On the one hand
notice that

1 cosh(nlL) — 1 1 1 cosh(nlL) —1

b= f 0, and — M T 1 80
i sinhil) T @ torn # 0 and ey 2o G0
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where

0, 1 <cosh(nL) -1

L
Snh(iL) — sgn(n)> , forn #£0, and Qg = —.

n 2
We recall that the periodic Hilbert transform denoted by H is given in Fourier side as

HF(n) = —isgn(n) f(n),n € N (81)

and define the linear operator 3! : L2(S') — H'(S!) by means of

X 1 21 2
/ V(&) dé—z— Vv (§)E dg, if Y(x)dx =0,
0 T Jo 0

7 (x) = (82)
0, ify(x)=1.
Then it is natural to define ’ZZ)N L'in (62) as
T ==, + [ 06— dn )

where

1 — inx
QW) = 3 Que™.

n=—oo

On the other hand, notice that the derivative operator 9, is the inverse of 9, lie.
Oy 0 0y I — 7, where Z denotes the identity operator. Hence, we find that the inverse
operator (’ZBN Ly=1 s given by

(73"~ Y () = Ha g () ~ /S O = my () dn, (84)
where
1 n=0o -
0w =— > One™
and
~ sinh(nL) ~ z B
Qn—(nm—hﬂ),forn#o, Qo—Lforn—O.

Thus, we have that (’]E)NL)_1 o (’ZZ)NL) = (TONL) o (’TONL)_1 = 7. The easiest way to
check this identity is to use the Fourier expression for %N L on the left hand side in
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(80). With these definitions at hand we have that the function G(x) in (65) is given by

G(x) = (73"~ '&(x) = HoZ(x) — fs O = mE0n dn (85)
where

g) =—gx) — Z(x)

where Z is defined in (30). Roughly, speaking the function g and hence G take into
account the given boundary value conditions f on 9€2, g on d<2_ satisfied by the
magnetic fields.

To conclude, we will define the operators given in (63) fori = 1,...,4 as

TV Y () = T Ty (o) (86)

where ’]E)NL is given by (83) and T; are given as (72), (73), (76) and (77).

Remark 5 The fact that the operators TiN L fori = 1,...,4 can be written as in (63)
acting on spaces of Holder functions will be proved at the end of the paper, cf. Corollary
1 in Sect. 8.1.

4 Holder estimates for non-convolution singular integral operators

In order to show the existence and uniqueness of solutions of Eq. (71), we will need
to derive bounds for the operators Ty, ..., T4 in the functional spaces C Le and e,
To that purpose, we will first derive in this section some general lemmas showing
C1% and C* Holder estimates for non-convolution singular integral operators. These
operators differ from convolutions because they contain a function A : @ — S!.
Estimates for these operators in Holder norms will be shown assuming a suitable
smallness condition on A which will be used repeatedly in the rest of the paper. More
precisely, the assumptions reads

Assumption 1 Let us assume that the function A : @ — S! has C>% () regularity
and satisfies that A (n, 0) = 0. Moreover, there exists &y € (0, %) such that

||A||Cz,a(9) < do.

Let us start with the following calculus lemma that will be used throughout this
section.

Lemma 1 Then there exists a numerical constant co > 0 such that for any A satisfying
Assumption 1 the following inequality holds

. . 1
1 — et =m=y=iA@m.y)| > min{ (x — )2 + 2, CO} (87)
| | = 5 ﬁ‘/ me+y
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forx e[—m,m]l,nelx —nm,x+nxlandy € [0, L].

Proof Denoting by z = i(x —n) — y — i A(n, y), we have that for |z| < %

1
le* — 1] Z§|Z|’ forz € C. (88)

Indeed, a straightforward calculation shows that

< 1
lef —z—1] = I/ (f —1)dg| < £|z|2, for |z] <
0 2 2
and hence
< 1
le* — 1] > |z] —/ (¢f — Ddg > (1 - %)Izl, for |z| < 5 (89)
0

Therefore, (88) follows. Furthermore,

i —m—y— iAW = (=2 =20 =M+ + A% (90)
Since by assumption A(n, 0) = 0 and ||A||C1(Q) < 5 we find that
1
A, y)| = 37 for0<y=<L. On

Applying Young’s inequality in (90) yields

1 1
lix—m) —y—iA(m, y)| = \/(x —n)?— S = n?* — §y2+y2, 92)

and hence

likx =) —y —iA(n, y)| > (x—m2+y?2 93)

\/_

forx € [-m,7],n € [x —m,x + ] and y € [0, L]. On the other hand for |z| > %
one can readily check that for [|All¢1(q) < 8o we have that

1
nli‘n|1—ez|zc0, forA:{ze(C:Izlzz,llm(z)liﬂ} 94

where the constant ¢y is independent of A. Combining (89), (93) and (94) we conclude
that estimate (87) follows. O
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Remark 6 Notice that in Assumption 1 we imposed that A € C>%(2), however the
proof of Lemma 1 can be shown only assuming A € C'(2). However, later in the
application we will use this stronger regularity assumption and therefore we prefer to
already state the calculus lemma for A € C 2a(Q).

4.1 C? Holder estimates

In this subsection, we provide a C* Holder estimates for a type of non-convolution
singular integral operators.

Proposition 1 [C? estimate] Let H(n, y) € C*(S2) and let Assumption 1 hold. Then
for any x € S! the following limit exists

Iim E.(x) = E(x), (95)
e—07t
where
L
Ee(x) =/ dy /sl dn oy A(x,y,mH(n,y), € >0 (96)
€
with
el mm=yy
Alx, y, ) = ((1 e yT ei(x_n)_y_m(n’y))) : 97)

Moreover, we have that
IEllcesty = ClIH |l co(q) (98)

with C > 0.

Proof of Proposition 1 In order to check that the left hand side in (95) exists, we first
notice that

O ACx, y,m) = =y ACx, y, ) — R(x, y, 1) 99)

where

elx—m—y A, y)el =M =y=iA@m.y)

R(x,y,m) =iy (100)

(1 — el G=m=y)(1 — i x=m=y—iA@,y))2"
Therefore, using the fact that fSl dn d,(...) = 0 we can rewrite (95) as
Eelx) = El,e(x) + E2,e(x)7
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where
L
Elelx) = —/ dy /Sl dn 0, Ax,y,n) (H(n,y) — H(x,0)), (101)
L
Ee(x) = —/ dy /Sl dn R(x,y,nH(@, y). (102)

Expanding the derivative in (101) and manipulating the corresponding expression, we
have that

4
BrLe@) =) e (103)
j=1
where
L
11’62/ dy/ldnij,e(x,n,y), forj=1,...,4 (104)
€ S
where
] iyet*x—m=y
ll,€(x7 777 y) = (l _ e’(x_n)_y)(l _ ei(x—n)—y—iA(n,y)) (H(nv )7) - H('x’ 0)) ’
. _ iy (e
l2,€(xv n, y) — (1 — ei(xfﬂ)*}’)z(l — ei(xfn)fyfiA(n,y)) (H(nv )7) - H(-xs 0)) 5
) iyel M=yl (mm=y—iA(,)
Bl n,y) = (1 — e C—D=y) (I — e G—M—y—iAm.7))2 (H(.y) = H(x,0)),
) iyel C=M=y el =M =y=iAm.Y) g A (1, y)
ige(x,m,y) = . (H(n,y) — H(x,0)).

(1 — elG=m=y)(1 — eix=mM=y=iA(1,y))2

Identifying S! with I, = [x — 7, x + ] for x € [—7x, 7] and using the bound (87) as
well as the Holder regularity for H we obtain

y(x —nl% 4+ y%)
(x —m?+y?
. . y(x = nl% +y%)
li2,el + 1i3,el = C 1 Hllca(q) 72 (106)
(= m2+y?2)

litel < CllHllce(g) (105)

where C > 0 is independent on €. Therefore, using the dominated convergence it

follows lirn+ Ij ¢ exists, for j = 1,..., 3. On the other hand, we can combine /4 ¢
e—0

and Ej ¢ as

L
It e+ B =/ dy /SI dnise(x,n,y), (107)
€
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2414 D. Alonso-Oran, J. J. L. Velazquez

where

,'yei(xfn)fyei(xfn)fyfiA(n,y)anA(n, y)

ige(x,n,y) =—H(x,0) (L = o)1 — G5 -TAG)2" (108)
Hence using again (87) and Assumption 1, we have that
32
i4.e] < C|H| oo . 109
|l4,6| — ” ”L (Q) ((x _ 77)2 + y2)3/2 ( )

Similarly using dominated convergence it follows that the limit lim,_, o+ (14,6 + Ez,é)
exists. Therefore, the limit on the left hand side of (95) exists and the function E (x)
is well-defined. Moreover, we have the pointwise bounds

|Be(x)| < C |Hllcogqy, forx eS' e>0, (110)
|E(x)| < C|Hllcagqy, forxeSh (111)

We now proceed with the o-Ho6lder semi-norm. More precisely, we will show that
|E(x1) — E(x2)| < Clxr — x2|* [Hllca(y . forxp, xy € S

Due to the translation invariance of the estimate it suffices to check, without loss of
generality, that the bound holds for x, = 0 and x; = x, namely

|IE(x) — B(0)] < Clx|* [ Hllce(q) » for x € S'. (112)
To that purpose, by means of Eqs. (101) and (102), we compute the difference
Be(x) — Ee(0) = I:E],e(x) - El,e(o)] + I:EZ,e(x) - EZ,E(O):| = Jl,e + J2‘e
(113)

where

L el =M=y
Jre = _/E dy /Sl di |:8,] (1 — eiG=m=y) (] — el x—M)=y=iAGLY))

(H(p. y) — H(x, 0))
—in—y
- an< S )(H(my) — H(, on}

(1 — e~ in=Y)(1 — e~ in—y=iA®.y))

L x=m=yy9 A i(x=m)=y=iA(,y)
e yonA(n, y)e
JZ,EZ_/ dy/ dn = ey vsese 2 AUNR))
. sl (1 — et =mM=y)(1 — el C—mM=y=iA(1.y))

e~ MY ya, A(n, y)e Y TiAMLY)
- : H(n,y)|.

(1 — e=in=Y)(1 — e=in=y=iAG,))2
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On the Grad-Rubin boundary value problem... 2415

Notice that the functions Jj ¢ and J> . depend on x, but do not write it explicitly for
the sake of simplicity. Moreover, recall that using the arguments above we have that
the limits lim_, o+ Ji ¢ and lim._, o+ J2 ¢ exist. Expanding the derivative we can split
the integral in the following manner

Jl,e + ]2,5 = Jll,e + JlZ,e + 113,6 + J14,e

where
L iyei(x—ﬂ)—y
Jite = /e dy ‘[Sl dn[(l Gy ) (] = Gy —iA ) (H(n,y) — H(x,0))
iye= =y
U= ) (1 = e=imy=iAGryy) A3 = HO, O))]
L iy(ei(x—n)—,V)Z
J12,€ = /e dy /S] dﬂ[(l_ei(x_,,m)z(l — ei(x—n)—y—iA(n,y)) (H(n, y)—H(x,0))
iy(e 1)

T = ekt H ) = HO, 0))]

L iyel (Y gl T—y—iAGy,y)
i3 = /6 @ /Sl dn|:(1—ei(xn%y)(l—ei(xva;iA(n,y))Z (Hm. y)—H(x, 0))

iye Ny eim=y—iA(m.y)

T = ) (1 = e=my=iAGye A1) = HO, O))]

L jyel XM=Y ol =M =y—IAM.Y) g A (5, y)
. iye e n 17, Y
e = /6 dy /Sl d”[(l — Ay (1 = efGmmy-iAGy 1 0)

~ iyefiﬂ*yefiﬂ*yfiA(mY)3,7[\(,7, y) HQ O)i|

(1 — e=in=Y)(1 — e=in—y=iAG,))2

Notice that in Ji4, we have combined one of the terms resulting in Ji  with J5 ¢ in
the same way that we combined the term /4  + 82 ¢ in (107).
We divide the region of integration {(n, y)) € S x [e, L]} into sets of the form

R < ={(n,y) € Q:max{ly|, [n]} <2|x|ande <y < L},
a.- =1, y) € Q:max{|y|, [n]} > 2|x|and e <y < L},

for € > 0 and estimate each integral in the different sets. For the sake of simplicity
we will write R), _ = Rq < and R), _ = Rgq - Therefore, we have

Jike = /RE dydr][...] +/;€€ dydn[...] = Jik1,e + Jik2.e

Q,< Q,>
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2416 D. Alonso-Oran, J. J. L. Velazquez

fork = 1,...,4. Using Lemma 1 to estimate the denominators in the integrals we
obtain
y(x —nl*+y%  yUnl* +y%)
el = C e, [ dydn[
‘ O e - (x —m2+y2 n* +y?
< ClH|lceq 1xI%, (114)
y(x =n*+y%  y(nl* + %)
21l + Ji31,el = C ||H||ca(sz)/ dy d’?[ 372 5
Re< ((x =2 +y?) (n* +5?)
< CHllco(g 1x]% (115)
[1a1el < C 1Al 2 1 Hll oo
2 2
y y
dy d'7|: 3n T 3 2}
/Rn,< (x=m2+y2)" (24,27
< C|H| po(q) x| < CIIH| Loo(g) x]*. (116)

In the region RE, . = {max({|y|, In|} > 2|x|and e < y < L}, we rewrite the term

Jika,e fork =1, ..., 4 in the following way
ivelx—m—y
_ iyé
.1112,e = /Rg dy d’?l:(l — ei(xffl)*y)(l _ ei(x*ﬂ)*y*i/\(r),y))
iye_i”_y
(=i - ei(—n)—y—il\(n,y))] x (H(n, y) — H(x,0)
— | dyd iye
RS, Y 77(1 — e=In=Y)(1 — e~in—y=iAG))

(H(x,0) — H(0,0)) = Kic + Kz,

iy(el®x=m=y)2
Jie = /R (1 — el G=D=3)2(] — g G—m—y=iAGLY)

dy dn[

€
Q,>

iy(e"i7)? i o0
- (1 _ e_l'n_y)z(l _ g—iﬂ—y—iA(UJ)) X ( (77, J’) - (-x7 ))
iy(e”"¥)?
B /RE dy dn(1 — e~i1=¥)2(] — e~in—y—iA®,Y))

(H(x,0) — H(0,0)) = K3,c + Ky,

iye! =M=y el (x=m—y—iA(n.y)
T3, = _/ dy dn[(] — et G=M=y)(1 — elx=M—y=iA(m.»))2

L
iye in=Ye=in—y=iA(.y)

T d—e (1 - einyiA(my))z} X (Hn, y) = H 0)

iye Nyl (=mM=y=iA(n.y)
—/ dy dn - - -
RE (1 — e~ in=Y)(1 — e~ in—y=iA(m.y))2

Q,>
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(H(x,0) — H(0,0)) = K5, + Ke.e.

iyei(x—n)—ygi(x—n)—y—iA(n,y)3nA(n’ y)
Tane = _f dy d”[ i—n)— G —y—i A2
RS (I—e N —e Y )

jye =Y e=in—y—iA(m.y) g A
_ fye e P70y A, y) « H(x.0)
(1 — e in=Y)(1 — e~ in—y=iAm.»))2

iye Y emin—y=iA(.y) WA, Y)
_/e dy dn (1 e in=Y)(1 — e~in—y—ifA(.y))2

(H(x,0) — H(0,0)) = K7, + Kg.e.

The integrands of the terms K ¢, K3,¢, K5, and K7, can be bounded in the region
Rg, _ using the mean value theorem as well as Lemma | and the Holder regularity of
H. Thus

y(x —nl* +y9)
[Kiel =C ||H||ca(sz)/ dy dn|x| 35 = Hllce@) x|¥
Re,> (x=m?+y?)
(117)
y(x =nl* +y%)
|K3.el + |Ksel < C ||H||ca(s2)/ dy dn|x|—————= =< [|Hllca(q) x|
R - (x =m*+y?)
(118)
32
IK7.el < CllAlc2g) ||H||L°°(Q)/ dy dn|x| ————
Rg > (x =m2+ y2)2
< CHl oo (g x]%. (119)
Furthermore, a direct computation using Lemma 1 shows that
y
K2l < CllHlcoqe) |x|a/ dy dn———>- T S < ClHlceqe lxI*. (120
R - ( )
Similarly, using the fact that 9, A(n, 0) = 0 (cf. Assumption 1) we have that
[0y A, Y)I < ¥y IAllc2(q)
and hence
y2
o —
K3l < Clx| ||A||C2(Q) “H”C“(Q) /RQ, dyd n(n 1232 = < Clx|* ||H||ca(sz)
(121)

To conclude the proof of the C* bound (98), it only remains to estimate the more
singular terms, namely K4  and K¢ . In these terms we can not just estimate the inte-
grands by the absolute value because this will result on the onset of a logarithmically
divergent term. To that purpose, we further simplify the integrand until arriving to an
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2418 D. Alonso-Oran, J. J. L. Velazquez

expression in which the integral of the most singular term in the y variable can be
explicitly computed. First, we decompose

A, y) = yA(m) + [A(m, y) — A(m)y] (122)
where A(n7) = 9, A(n, 0). Notice that

IA(, y) — A(n)y| < Cy%. (123)

Using this decomposition, K4  can be written as

iv(e~in—y)2
K =—(H(x,0) — H(, 0))[ dy dn GO S
: RS (1 — e=in=2)2(1 — e=in—y=iA(m.y))
iv(e—in—y)2
= — (H(x,0) — H(0, 0))/ dy dn : ive 7177
ke, A= e (1 = e A (1 £ (1, )

(124)

where the remainder term r1(n, y) can be bounded using (123) by |r1(n, y)| < Cyz.
Using Taylor expansion we obtain that

iy(e=in70)2
(1 — e=in=2)2(1 — e—in—y—iA(my)

K4e=—(H(x,0)—H(0,0) /Re dydn A +r2(n, )
Q,>

:—(H(x,O)—H(O,O))(/I;E dydr;[...]+/R€ dydn[...]rz(n,y))

Q> Q,>
= Kal,e + Ka2.¢,

where the new remainder 7, (7, y) is bounded by |r2(n, y)| < C|y|. The integrand in
K4 ¢ is integrable and can be bounded by using Lemma 1 for A(n, y) = yA(n) as

2
y
|Kg2,e| < Clx|” ||H||ca(sz)/ dy dﬁm < Clx|* | Hllco(g) -
Ra.- (n? +?)
(125)

To most delicate term is K4 . Using again Taylor expansion we find that

iy
Kale =— (H(x,0) — H(0,0 dy d 1+ ra(n. y
41,¢ (H(x,0) ( ))/RE,> y n(—iﬁ—y)z(—in—y—iA(r])y)( r3(1,y))
= Ka11,e + K412,¢ (126)
with [r3(n, y)| < C(n — y)?. Then
|K412,e] < Clx|* 1 H | ca(q) - (127)

To estimate the remaining term K411 ¢, we recall that A(n) = d,A(n, 0) and that by
Assumption 1, it follows that || Al 2.« @ = 8o for §g € (0, %). Hence we can write

@ Springer



On the Grad-Rubin boundary value problem... 2419

A(n) = A0) + [A(n) — A(0)] where
|A(n) — A0)] < Solnl®. (128)
Therefore,

iy
(—in —y)2(—in —y —iA0)y)

Kq1,e = —(H(x,0) — H(O, 0))/ dydn + K4112,¢
RG .

with [Ka112,¢| < Clx|* || H || ce(gq)- Doing the rescaling variables n = y¢ and recalling
that

RG . ={(n,y) € Q:max{y, [n|]} > 2|x|ande < y < L},

we infer that the above integral can be expressed as

Ly
dyd
ﬁ§>y T Cin = ) in—y —iAQ)y)

_/Ld_y/ dg
Je v Jsay G4 D2+ 1+iA0)

with
2|x| T
E(x,y)={CERIIMX{LIQ‘I}> R ICIS;}- (129)

In order to estimate this integral, we consider two different cases, the case for L >
y > 2lx|and € <y < 2|x|, namely

[ :
€ max{1,|§|}>@ (lé- + 1)2(i§ +1+ iA(O))

y
L 2|x|
d d
zf _yf +f _yf
21x] Y J=@k,y) € Y JE(x,y)

=L+ L. (130)

In the case of the integral Li, this is for L > y > 2|x|, the domain of integration
Y reduces to X(x,y) ={¢ e R: [¢] < %}. Therefore we can extend the domain
of integration of ¢ to the whole space R just adding a remainder term that can be
estimated by C|y|? for small y. This follows from the fact that the integrand in ¢ can
be estimated by # for |¢| > 1. Thus, we have that

L
L= ﬂ/. L S (131
20 Y JR (G + DG + 1+ iA0))
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2420 D. Alonso-Oran, J. J. L. Velazquez

with |L12| < C. To deal with the first integral in (131) we use contour integrating

using residues yields

d
Ly —/ / 3 £
x| ¥ ¢+ D¢ +1 +lA(0))

(132)

using the fact that the only poles are in { = —i,{ = —i + A(0) and A(0) € R. We

now estimate L. Since € < y < 2|x|, we have that 2|x|

(max(1,lel) = 2} < {iel = 21},

Hence applying Fubini’s theorem we obtain

2|x| dy 1
= [ 2 o
0 ¥ D2t GEF 1PGE + 14 iAO)

2|x|
- C/ _ 4z dy
ic1=1 A+ 1213 Wy

12

—C/ A og(ie))
I TR TIE S
<C.

Combining (131)-(133) we have shown that
[Kar1,el < Clx|* | H |l ceo )
as desired. Collecting (125), (127) and (134) we find that
|Ka.el < Clx|* [Hllcog) -

We can estimate the term Kg ¢ in a similar manner. We recall that

> 1 and therefore

iye in=Ye=in—y=iAG1y)

(133)

(134)

(135)

Kee =—(H(x,0)— H(O, 0))/ dy dn
RQ,>

(1 — eln=Y)(1 — e~in—y=iA®m.))2"

Indeed, using again the decomposition (122) and the estimate (123) we find that

iy

Koo == (G0 = 10.0) [ A s ey

=—(H(x,0)— H(0,0)) (/E dya'r)[...]—i—/E dydn[...]r5(n,y)

Q> R~

= Kel,e + Keo,e
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On the Grad-Rubin boundary value problem... 2421

with [r5(n, y)| < Cly|. Therefore, K2  can be easily bounded using Lemma 1 for
A(n, y) = yA(n) by

2
Y
|K62,el < Clx|* ||H||ca(sz)/ dy dn————55 = Clx|“l|Hllce  (136)
Ra.- (> +y?)

To deal with K¢ ¢, we argue as in the estimate of K411.. Then

iy
(—in — y)(—in —y —iA(0)y)?
+ Ko12,¢ (137)

Kot = — (H(x,0) — H(O, 0))[ dy dn
R

where |Kg12,e| < Clx|¥ | H||co(g)- To estimate the remaining term, we perform the
change of variables n = y¢ and readily check that the resulting integral

iy
Koi1.e = —(H(x,0) — H(0,0 dyd - - -
611, (H(x,0) (0,0)) . y n(—zn—y)(—ln—y—lA(O)y)z

(H(x,0) — H(O 0))/Ldyf a¢
= - X, - 5 - A A B
Y Jre GE DG+ 11 iA0)?

where X (x, y) is defined in (129) can be bounded similarly as we estimated integral
(130), namely,

|K611.el < Clx|* [ Hllco(q) - (138)
Hence, combining (136), (137) and (138) we conclude
|Ko.el < Clx|* [Hllcog) - (139)

Therefore, by means of (95) and (113) and collecting estimates (114)—(116), (117)—
(119), (120), (121) and bounds (135), (139) we have shown that

[E(x) — EO)] = lim [Ejc(x) — Ere(0)] + lim [E2(x) — E2,6(0)]
e—>0* e—>0F

< Clx|* | Hllca(g) (140)

which shows the desired o-Holder semi-norm estimate. The later estimate combined
with the pointwise bound (111) yields the estimate for the C%(S') norm. This concludes
the proof of the proposition. O

4.2 C'>? Holder estimate
We now derived the following Holder estimates for the derivative of E.
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2422 D. Alonso-Oran, J. J. L. Velazquez

Proposition 2 (C1% estimate) Let H(n, y) € C*(Q2) and suppose that Assumption
1 holds. For every x € S', define the function E(x) as in (95). Then we have that

”E”CL"‘(S]) E C ”H”Cl,a(Q) (141)

with C > 0.

Proof (Proof of Proposition 2) By Proposition 1, it is clear that the function E(x)
defined in (95) exists and it is well defined. Moreover, we also showed in the previous
lemma that the pointwise bound

IE(0)| < C | Hllcegy > forx €S! (142)

holds. We will see at the end of the proof that estimate (141) would be a consequence
of (142) and the following bound

|9 Ee(x1) = 0 Be(x2)| < Clxi = 02| [ Hllc1a(gy » forx1,x; € S'e > 0
where E. is defined in (96). As before, due to the translation invariance of the estimate
it suffices to check without loss of generality that the bound holds for x; = 0 and
X1 = x, namely

[0y Be (x) — 0x Be(0)] < Clx|* [Hllcrogy) - (143)
To that purpose, using the definition of .A(x, y, 1) in (97) we have that

AZACx, y, ) = =8y 3 ACx, y, ) — & R(x, v, ) (144)

where R(x, y, n) is given in (100). Therefore, recalling the definitions (96), (101),
(102), using (144) and integrating by parts we obtain

Oy Be(x) = axE],e(x) + 0O EZ,e(x)
where
L
0x E1,e(x) =/ dy /Sl dn ox A(x, y, mayH(n, y) (145)
€
L
0xB2.e(x) = —/ dy /Sl dn 0;R(x,y.n) H(n, ). (146)
€

Notice that the term (145) has exactly the same form as (96) with 9, H (1, y) replaced
by H (7, y). As a consequence, mimicking the estimate (110) in Lemma 1 we have
that

0:E1,e(0)] < ClHllcra(qy» forx € S' and € > 0. (147)
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Moreover, arguing as in the proof of the previous lemma using dominated convergence
it follows that

lim 9;81.¢ := Q1(x) (148)
exists. A direct application of estimate (98) with H (1, y) replaced by 0, H (1, y) yields
101(x) = Q1(0)] < Clx|* [|H | c1a(gy » forx € S, (149)

We next show that limit in (146) as € tends to zero exists. To that purpose we write
R, y,n) =—-0,Ro+Ri1+Ra2+R3 (150)

where

iyet =M=y el (x=m=y—=iA(n.)

Ro = I A0 ) = == (T = oG —TAGy2 (151
ivel X—m=y i (x—n)—y—iA(n,y)
) iye' e
Ri =09, y) (1 — efx=m=y)(] — eix—m=y=iA@,))2’ (152)
ivel X—=m=y i (x—n)—y—iA(n,y)
_ 2 iye e
Ra = @A) Ty q —eae s many: (159
i(x=n)=y (pi(x—1)—y—iA(,))2
Rs = 0y A0, y) —— e ) (154)

(1 — el G=m=Y)(1 — ei x=m=y—=iAG1,y))3"
Plugging (150) in (146), we infer that
Ox B2,e(x) = 0x B20,e(x) + 0x E21,e (X) + 0x B2, (x) + 0y E23,¢ (x) (155)

with
L
0x E20,¢ (x) =/ dy /Sl dn Ro(x,y,n) (0yH(n, y) — 9, H(x,0))
€

L
a)CEzj,E(x) = _/ dYél dn R](xv yy r})H(nv }’), for,] = 172’39
€

where in the first term we have applied integration by parts. Identifying S' with the
symmetric interval I, = [x — m, x 4+ 7] for x € [—m, 7], using bound (87) and the
Holder regularity for H we obtain

yi(x —nl* +y%)
((c = m?2+y2)>2

L
10 E20.¢ ()] < C 1 All 2y 1 Hlcroggy / dy /1 dn
€

X

<C ||H||cl,a(sz) s
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L y1+a
10x E21.e(X)| < Cl|Allc2eq) 1 H Lo / d)’/ dn
X € C2.2(Q) L>°(R2) . . ((x_n)2+y2)3/2
<ClHllL>@) >
y3

L
19y B22.e ()] < C AN on 1H | oo / dyf dn
X € c2(Q) L>®(R) . L ((x—n)2+y2)3/2

<ClHll =),

for x € S'. Similarly arguing as in the proof of Lemma 1, by dominated convergence
we have that the limits

lim 0, E2j(x) := Q2j(x), for j =0,1,2 (156)
e—0F

exist. The most singular term in (155) is 0y 823 ¢. This term can be written as

L
axE23,E(x) = _/ dy /él an3(-xv Y, ’7) (H(U, )’) - H(-xvo))
€
L
—H(x,O)/ dyfgl dn Ra(x. y.m)
€
= 0y E231,e(X) + 0x E232,¢ (X). (157)

Identifying again S! with the interval I, = [x — 7, x + 7] forx € [—x, 7], using the
bound (87) and the Holder regularity for H we obtain

L 2 o o
yo(lx —nl* +y%)

0y & X)| < C|Alle2 H | ce / d /d
|0 E231,¢ (X)) IAllc2@) 1H oo (o) ) y . n (x =2+ 12?2

< ClHllcag) > (158)
for x € S'. Using the decomposition
A, y) = yo7, A, 0) + [3,A(n. y) — yd3, A(n. 0)] (159)

we infer that

yZei(X—n)—y (ef(X—n)—y—fA(mw )2

9y Baze(x) = H(x, 0)/ dy/ dn 83, Ay, 07

— el =M=y (] — el = =y=iA(n.y))3

elx—m—y (ei(x—n)—y—iAW-y))Z

+ H(x,O)/ dy /SI dn y[a,A(n, y) — y92, A(n, 0)]

= Nie+ Noe

(1 — el C=m=y)(] — el x=M=y=iA®.Y))3

Using that

[0, A(. y) = y07, A, O)]| < Cly"™™ | Allcra(q) < ClyI'™,  (160)
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identifying once again S! with I, = [x — 7, x + ] for x € [—m, 7] and invoking
Lemma 1 we find that

L
y
INoel < CIH]| oo/ dy/ in— ClH|~.
‘ e Lo (=% +y2)? t

2+a
(161)

On the other hand, using Taylor’s expansion and decomposition (122), we have that

Y2, A(n) N
(i(x—m) =) (x—m—y —iyAm)3

N12,6 (x)
(162)

L
Nl,e(x)=H(x,0)/ dy/ dn
€ I

with A(n) = 9y, A(n, 0). The remainder N12 ¢ has an integrable singularity and can be
easily estimated using (123), namely

INi2.(x)| < Cl|Hllp , forx € S'. (163)

To estimate the first term on the right hand side of (162) we further use the decom-
position

I A() = 9;A(x) + [0y A(n) — 3y A(x)], where |0,A(n) — dyA(x)| < dolx —nl%,

(164)
to write
L yz
Nile = H(x,0)0,A d dn— - -
e = Hx, 0)3, (X)/g y/,x TG —m =i —n —y —ivA®)?
+ Ni12,e(x) (165)

where |Ni12.c| < C ||H| .~ . After the change of variables (x — ) = —y¢ we find
that the first term on the right hand side in (165) is given by

Nit.e(x) = H(x,0)d A(x)/Ld—y/Z il (166)
LT Ty s G DG+ T+ iAR)T

Extending the value ¢ to the whole space R we have that

Ldy dc
Mie = He 00,400 [ [ Ny (167)
e Y JrGHDEE+HT+iAM))
where the remaining term |[Nj11 | < C. Since the only poles are in { = —i, ¢ =
—i 4+ A(x) and A(x) € R, computing the integral using residues yields
La d
/—yf. S ——) (168)
e Y JrRUEEHDEE+HT+iAN)
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Hence, we have that bounds (161), (163), (165) and (168) yield
|0: E232,¢ ()| < |N1.e + Noe| < C | Hl| (g . forx e S. (169)
Therefore, collecting the previous estimates (158) and (169) we have shown that
|0y B3,¢ ()| = |02 E31.¢ (%) + 35 B232,¢ ()| < C [ Hl|ra(qy . forx € S

Application of dominated convergence as well as the fact that in the previous estimates
the integrands where estimated by an integrable function independent of € shows that
the

Lim 9, 823, (x) := Q23(x) (170)

exists. Therefore, recalling that

3
Oy Be(x) = axE],e(x) + 0 EZ,e(x) = 0y El,e(x) + Z O EZj,e(x)
j=0
and definitions (148), (156) and (170) we infer that
3
lim 9, B (x) = Q1(x) + ) 02j(x) 1= Q). 171)
e—0

j=0

By the fundamental theorem of calculus, one can readily see that
X
Be(x) — Ec(0) = / 0y B (&) d&, fore > 0. (172)
0

We remark that in Lemma 1 we already showed that lim¢_, o E.(x) = E(x) forx € St
we have by uniqueness that

61i_1)1}) 0y Be (x) 1= Q(x) = 0y E(x). (173)
Noticing that we proved in (149) the Holder semi-norm bound
18:E1,e(x) — 0xE1,e(0)] < Clx|* [ Hllcre(gy - forx € S,
and recalling that 0, E¢ = 9 81 ¢ + 0y 82,¢ it remains to prove that
|0x B2,e(x) — 0: B2, (0)] < Clx|* [ Hllcra(gy » forx € S'. (174)
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Indeed, combining the last two estimates we conclude the C1% semi-norm estimate
(143). To that purpose, recalling (150)—(154) and the decomposition (155) we compute
the difference

3

Oy B2,e(x) — 0x B, (0) = Z (85 E2j.e(x) — 85 E2j e (0))
j=0

= MO,e + Ml,e + M2,e + M3,€a

where

L
Moy = —/ dy /Sl dn [Ro(x.y.n) (0,H(n. y) — 0,H(x,0))
—Ro(0, y. n) (8, H(n, y) — 0,H(0,0)) ],

L
Ml,éz_/ d)’/%ld’?[Rl(xay,fl)_RI(O,)’,U)]H(W,)’),
€
L
M = —/ dy /Sl dn [Ra(x, y,m) —R1(0, y, m|[H(, y),
€

L
M = —f dy /Sl dn [Ra(x,y,n) —R30, y, ) ]|H(®, y).
€

with R for j =0, ..., 3 defined as in (151)-(154).
We divide as in the previous proposition, the region of integration {(1, y) € S! x
[e, L]} into sets of the form

q.< = {m,y) € Q:max{ly|, [n]} <2|x|ande <y < L}, (175)
RS - ={(n,y) € Q:max{|y], [n]} > 2|x|ande < y < L},

for € > 0 and estimate each integral in the different sets. For the sake of simplicity
we will write R), _ = Rq < and R), _ = Rgq - Therefore, we have

Mk,e Zf
R

dydn[...]+/ dydn[...]=My1.e + Mpae, fork=0,...,2.
Q. Rg -

(176)

Notice that we did not include above the most singular term, namely M3 .. We will
prove the required estimates for that quantity later on. Let us now show how to bound
the other integral quantities Mo . to M . in the different regions of integration REZ’ <
and R, _.

In the inner region Ra <> using the Holder regularity for H we readily see that
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Y2(x —nl*+y*) ¥ (Inl” +y“>]
(x=m2+y2)"7 (2 +2)?
<ClHlcreg lx|%, (177)

[Mo1el < ClIAllc2(q) ||H||cl~a(gz)/ dy d’7|:

Rq <

yl+a yl+a
M1l < CllAll e ||H||Loo<g)/ dy dn[ o+ ; 2]
R, = (=m2+2)" (2 +y2)Y

< ClHllpoog 1x1%, (178)

3 3
A A
|Ma1.e| < ClIAlZ: ||H||L°°(Q)/ dyd’l[ 32 T 32]
“@ R, (=m2+y2)2 " (2 +y2)Y
< CllH | 1o 161 (179)

In the outer region R, _ = {max{|yl, [n]} > 2|x| and € < y < L}, we canestimate
Mi2.¢, M2, ¢ by applying the mean value theorem and using Lemma 1 as

IMi2,el + M2 < Clx| | Allc2eqy 1H Lo (o)

yl-‘rﬁt y3
X / dy dn[ 7+ 2i|
Ro.- (=m2+y?)"  ((x=m2+y?)

< Clx|* | Hll Loo(g) » (180)

To estimate the term M, ., we rewrite it by adding and subtracting as

Moo == [ dyan (Rt o) = Ro(0. y.1) (30 H 1. 3) = 3,H(5.0)

Rg .~

— (3,H (x,0) — 3,H(0,0)) /E dydn Ro(0, y,n) = Moz1,e + Mox2,e.

RQ,>

Recalling the definition of Rg in (151), using Lemma 1 and applying the mean value
theorem we find that

2 o o

Y ((x=m*+y9)

IMo21,el < Clxl [ Allc2(q) ||H||c1,a(9)/ dy dn 5 02
Ro.> ((x—=m?2+y?)

S C|x|a ||A||C2(Q) ”H”Cl.a(Q) .
Moreover, similarly we obtain

y2

[Mo22,e| < Clx|* | Al c2q ||H||c1,a(9)/ T35
(n?+2)"

Rq,

dy dn
< Clx|* IAllc2 @) 1 Hlcreg) -
Hence, we have that
[Moz,el = Clx|* 1H | cra(e - (181)
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Collecting estimates (177)—(181) we obtain that
|Mo,e + Mie + M| < Clx|* [Hllcrag) - (182)

Let us deal with the most singular term M3 ., given by

L
M = —/ dy /Sl dn [Ra(x,y,m) — R3(0, y, ) |H(, y). (183)
€
with R3 as in (154). We claim that the following estimate holds
IMs.e| < Clx|* | Hllcreg) - (184)

Defining the auxiliary function

A, y)

H(p,y) =8, ( ) H(n, y) and R3(x, y, ), A(n, y) = R3(x, y, )

(185)
we have that
L ~ ~ ~ ~
€

L
+ H(O, 0)/ dy /S] dn y[Ra(x,y,n) — R3(0, y,m)]| = Myc + Ms..
€
(186)

We first bound My .. Rewriting the term we obtain

L ~ ~ ~
My = —/ dy /Sl dn yRa(x,y,n)(H(n,y) — H(x,0))
L
+/ dy/S1 dn yRa(x,y,n) (H(x,0) — H(0,0))

L
—/ dy /sl dn yR3(0,y,m) (H(n, y) — H(0,0)) =Ma1 e+ Mz e+ Ms3 .

€
(187)

Using the decomposition of the regions of integration in (175) we find that

M41)€=—/6 dydn[...]—/é dydn[...] = Mai1e + Manz,e,

RQ,S RS'Z,>

M43,€:—/€ dydr)[...]—/RE dydn[...]:M431’€+M432’6.

Q,< Q,>
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Similarly as before, using the bound (87) we have that

2 o o
~ yo(lx —nl* + y%) ~
|M4ll,6| <C HHHCO[(Q) ‘/I;Q dy d77 ((x _ ’7)2 +y2)2 <C ||H||Ca(Q) |‘x|017
. (188)
~ 2 oy -
Mazt.el = C | ] e /R dyd % < C ey 151 (189)

On the exterior region R§2)> given in (175), we obtain after rearranging terms by
adding and subtracting H (0, 0) that

Mai.e + Manp.e = /  dydy yRa. y. m(H (. 0) — H(0.0)

RQ,>
- f dydn y (R3(x, y, ) —R3(0, y, ) (H(n, y)—H(0,0))
RG,.
= Mg + M. (190)

The later integral can be estimated using Lemma 1 and the mean value theorem as
2 o o
y(nl* +y9
x =2 +y?)*?
< Clxl* [ H] o - (191)

M1l < ClMe | Alugy [ dv di ;
Q,>

On the other hand, to bound Mg ¢, we follow the same ideas as we did to estimate
the term K4 ¢ or K¢ in Lemma 1. Using the decomposition (122) and bound (123),
we can write

Mo, = (H(x,0) — H(0,0)) / dydn[ N
K.

1
X (1 — el G=m=y)(1 — ! C=m=y=iAY (1 4 r{(n, )’))))3]
= (H(x,0) — H(0,0))

5 et =M=y (ol r=m =y —iA(n.))2
/R dydn ¥ gy (1 = efm—y—iAay)s (1 720030)

€
Q,>

=(ﬁ(x,0)—ﬁ(0,0))(/ dydn[...]+/ dydn[...]rz(n,y)>
RG.- RG -

= Me1,e + Mg,

where the remainder term 71 (7, y) can be bounded |ri(n, y)| < Cy2 and remainder
r2(n, y) is bounded by |2 (1, y)| < C|y|. The integrand in Mg . is integrable and can
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be bounded by means of Lemma 1 as

|Mez.e| < Clx|* | H| o < Clx|”

3
y ~
dyd)—— < H oo
(Q) /Rg,> ((x 2+ y2)2 ” “c (Q)
(192)

The most involved term is Mg . To deal with it, we argue as in the estimate of K4 ¢
in (126) or K¢ ¢ in (137). Using Taylor expansion, recalling decomposition and the
bound (128) we infer that

Me1.e = (H(x,0) — H(0,0))

2
f dy dn— Y |
R (i(x—=n) —y(=ilx —n) —y—iA0)y)3

Q.
+Me12,¢ (193)
with |Mg12.¢| < C|x|* ||I-I||Cd(g) . Performing the change of variables x — = y¢
we have that
Me11.c = (H(x,0)—H(O, 0))/ dy dn— - -
‘ RS, (i(x —m—y)(—i(x—n)—y—iA0)y)>
(194)
~ ~ body dg
=—(H(x,0)—H(0,0)) — I - - - 3
e YV JSuy (E+DEE+1+iA0)
(195)
where the domain integration s is given by
~ 2
£(xoy) = {c eR: max{l, = ’—“|} > 2 g < 1}.
y y y

We recall that the integration domain T is just a shifted version of the integration
domain X defined in (129). Therefore, similarly as we estimated integral (130), we
have that

IMoi1el < ClxI* | H| cug - (196)
and hence, collecting estimates (192), (193), (196) we find that
|Me.e] < CIxI* | H || cuq - (197)

To end the bound for My  we are left to estimate M4, ¢ in (187). Identifying S! with
I, =[x —m,x+m]forx € [—m, m] and using Taylor’s expansion and decomposition
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(122) we obtain that

2

L
~ ~ y
My = (H(x,00—H(0,0 d dn — - -
e = (Hx, 0= H( ))/6 y/IX M= =G G—m—y—iyA®m))>

+ My e (198)

where the term My;  has an integrable singularity and can be estimated using (123),
namely

|Maz.el < CIxI | H | cug - (199)
We further decompose the function A(n) by
A(n) = A(x) + [A(n) — A(x)], where |[A(n) — A(x)| < dolx — nl*,

to write

2

L
~ ~ y
My» = (Hx,0)—H(0,0 d dn — - -
2 = (Hx, 00— H( ))/e Y Ga— == —y—iyA(x))3

+ M42,e

with [Mg222.¢] < Clx|* ”ﬁHC“(Q)' After a change of variable (x — n) = y¢ we find
that

y2

L
H(x,0)— H(0,0 dy | d
(H(x,0)— H( ))/6 y/,X T =) — G — 1) — y — iyA@))?

= (H(x,00~H(0 0))/Ldy/]; a¢
’ e _x ((CHDEC+HT+HIAX))

y

Estimating the integral as in (166) by extending the value ¢ to the whole space R and
contour integrating via residues yields that

|M422,6| < C|x|a ||H||Coc(Q) (200)
and hence estimates (198), (199) and (200) shows that

|Maze| < Clx|* |H| (201)

(O

Thus, combining bounds (187), (188), (191), (197) and (201) we conclude that

|My| < Clx|* | (202)

A oy -
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We provide now the estimate for Ms_ in (186). Using the change of variables 7j = n—x
and recalling the definition of R3 in (154) we find that

y (e in— y)3 (e—iA(n+x,y))2
Ms. = H(0, 0)/ dy/ o—in— y)[(l — e~in—y—iA(+x,)))3

(e —iA(n, y))2

(1 — e—in—y=iA(.y)3

B y (e in=yy3 (emiAM+X N2 _ (p—iAM.Y))2
= A, O)/ dy/ —in— y)[ (1 — e~ in—y—iA(+x,))3 ]

2 i
+H(0,0) / dy / (e LD oy

—in— )’)

1
x |:(1 — e—ln—y—tA(n+x,y))3 (1— e—tn—y—iA(n’y))3i|
= Ms1.c + Msa.c

where by abusing of notation we wrote 7 instead of 7. Identifying S! with I, =
[x — 7, x + ] for x € [—m, 7], using bound (87) and Taylor expansion we have that

L 3
~ y A +x,y) — A, y)I
M3t = C Al ey | & [ Gt
¢ . (Inl=+y9) y
= ClAllcze) | H | poo / dy/ Xl —5——5 < CIx|* |H||  xq) -
C>%(Q2) ” ”L (Q) p I (|’7|2 +y2)2 ” ”L ()
(203)
where in the second inequality we used Assumption 1 to bound
[A( +x,y) — A, Y)l
S C|.x| ”A”CZm(Q) . (204)

y

To get the desired bound for M5, ¢ let us first rewrite the term in brackets inside
the integral. To that purpose, denoting by ® = e~/7~Y /A1) we have that

1 1 1 1

(1 — e~ in—y=iAG+x )3 (1 —=D)3 (1 — De i AU+ N-A0)3 (] — D)3

1 1
= —1]1.
(1-2)3 |: | — DA )-A0) 1) 3 ]
()

(205)

Therefore, plugging (205) into Ms) . and recalling that ® = e~y ~/A01.Y) we have
that
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~ L Y2 (e =YY (o7 A1Y))2
M52,E =H(050)\/; dy\/;ldn l—e ”7 y)(l—e ”,] y— lA(ny))3 Jx(n y)

(206)

where

1

Ix(m,y) = - L
* | €Ty (iA ) —Am) 1) 3
o (1—e—Tn—y=TA.Y))

Next, we claim that the function J,(n, y) is C* Holder is the variables (1, y) € €,
this is

I3 (1, Moy < Clxl®. (207)

Indeed, to show the pointwise L°°(£2) bound we readily check by applying Taylor’s
expansion, Assumption 1 and bound (204) that

I15x(, Mlzoe(@) = Clxl [ Allc2a(q) = Clx|. (208)

To show the a-Holder semi-norm bound, we have prove that

13x (M1, y1) = Jx (2, y2)| < Clx|¥ (Iy1 — y2| + [m1 — 2D, for
n,m €Sy, ymele, L. (209)

By computing the difference and using the notation

e~ im=y1=iAMLy) (o= i (Al +x.yD)=AM1LyD) _ 1)

M1, y1) =

’

(1 — e~im=y1=iA(m1.y1))
e~ im=y2—iAMm2.32) (o= i (Al +x.y2)—=A(12.32)) _ 1)

N (2, y2) = (1 — e~im=—iA(n.y))

we have that

1 1
[3x (1, y1) — Ix (2, )| = - (210)
' ' (1 = N (1, y1>)3 (1 = My (2, y2))°
‘/‘ﬁ x(M1,1)
d§‘ CIN: (1, y1) — Ny (2, y2)I-
x(12,y2) - §)4

(211)

Moreover, further manipulations show that
[N (71, y1) — N (2, y2)I = T1 + T2 (212)
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where
—i(A(m+x,yD=A01,y1) —
Ty = |e"imm iA@Y (e : : o 1
Y1
« 1 _ »2 |
(1 —e=im=n1=iAMy1)) (1 — e=im=y2=iA(10.72))
and
=AM +x,yD)=A0,y1)
3, = [e—im—yl—iA(m,yn) (e e -1
Y1
—i(A(n2+x,y2)=A(n2,y2)) _
_ pmim il (TR 1)]’
Y2
% »2
(1 — e=im=y2=iA(02,y2)) |’

Let us first bound J1. Using Taylor’s expansion, (204) and Assumption 1 we have that

Y1 _ Y2
(1 — e~im=y1=iA@n.y1)) (1 — e~ im=y2=iA(m,)2))

< Clx|(Iy1t — y2l + Im1 — n2D) . (213)

Jp = Clxl Al c2eg)

To bound J;, we further split it as J» = Jo; + Jo» where

oy = ‘ (e*im*ylfiA(m,yl) _ e*im*)’zﬂ'/\(ﬂz,yz))

’

" (efi(/\(')]‘i’x,y])fl\(m,yl)) _ 1) 2
V1 1 — e—im—y2—iA(n2,y2)

(e~ 1At y)=AG.yD) _ 1) (g~ i(AMn+x.y2)—Alm2.2) _ 1)
I = ‘ -
n 2

y e"im—y2—iAM2.Y2) y,,

1 — e—im—y2—iA(m2,y2)
Similarly as before, Taylor’s expansion, (204) and Assumption 1 yields

Jo1 < Clx|le™ M= AMYD _ pmim=y2=iAm2)| < Clx| (lyr — ya| + I — m2l) -
(214)
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To bound J, we first notice that by Lemma 1 we have that

(e~ tAMm+xy)=AMmyD) _ 1) (e~i(AMtr.y)=AM2.32) _ 1)
Jn = C’ - ‘

Y1 y2
(215)
On the other hand, denoting by
A +x,y) = A, y) e —1
Le(n,y) = y and H(§,y) = ——
we have that
(et AMm+xyD=AlmyD) _ 1) (e=i(AMtr.y)=AM2.32) _ 1)
Y1 - y2
€272 56 95
- [ e e+ e ar]
¢y § dy

where the right hand side is the line integral connecting the point (§1, y1) with (&2, y2)
where &1 = £,(n1, y1) and & = £, (12, y2). The contour of integration consists in a
horizontal segment connecting (&1, y1) with (&2, y1) plus a vertical segment connecting
this point with (&>, y2). After a direct computation using Taylor’s expansion, we can
check that

E dy
and hence
(62,y2)
‘/ [—(S y) d§ + —(é y) dy] < C(ISx(nz, 1) — L1, yI
E1.y1)

+ 12212, y2)lIy1 = 321)
= TJ21 + Jo22. (216)

Using estimate (204) and Assumption 1 we can readily check that
J222 < Clx[lyr — y2l- (217)

To bound J321 we proceed as follows. First, notice that for W(n, y) = we have

A(m.y)
y
that

L1, y1) — Lz, y1) = [W0m +x, y1) — W, )|
— WO+ x.y1) = Wz, y)]
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=[W(n +x, y1) = Wi, y1)]
— W +x.y1) = W(n. y1)]

m+x gw m+x gw
=/ — &,y d§ — — (&, y1) d§
n 877 2 377

After changing variables in the second integral, we infer that

ni+x

W & ) e

S 1) — Sx (02, y2) = [f d
n n

1

ni+x ow
—/ a—((nz —n)+E&, 1) dé} =
n n

Recalling that W (5, y) = A('; ) and using Assumption 1, we have that W € C1#(Q).
Therefore, we find that

ni+x
| < c/ s — I d& < Clxlina — |
n

1

and hence

1L (1, y1) = L (2, y)| < Clxlln2 —mi|*. (218)
Collecting the estimates (217), (218) we obtain that

(e I Am+xyD=AGLYD) _ 1) (o= i(A+x.y2)=AM2.32) _ 1)

N »2
.22 156 99
=< - & )d$+—(é,y)dy“
‘/(El»)’l) I:as ay

< Clxllm —ml*,
which combined with (215) yields the desired estimate for J,,, namely,
J22 < Clxlln2 —m|* (219)
Therefore, recalling that J, = J21 + J22 and bounds (214), (219) we find that
T2 < Clx| (Iy1 = y2l + Im2 = m ). (220)
The later estimate and (213) provide the «-Holder semi-norm bound (209) since

[3x (1, y1) — Jx (2, y2)I
< CIM (1, y1) — (2, y2) =TJ1 + T2
< Clx|(Iy1 = y2l + Im2 — m %),
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proving bound (207) and concluding the claim.

Hence using the fact that the function J, (1, y) is C* Holder and satisfies bound
(207) we can bound the term Ms; . as follows. Adding and subtracting J, (0, 0) we
have that

- L yZ(efiﬂfi\’)3(e7iA(r],y))2 0.0
Mspe = 10.0) [“ay [ Lan e e 30 = 340,00

y2(efinfy)3 (e~ 1AMY)H)2

L
+ H(0,0)Jx (0, 0)/e dy /Sl dn (1= o= 11)(1 — e~In—y—TAG3))3

= Msp1.e + Mspe-

Identifying S! with the symmetric interval Iy, = [x — m,x + 7] for x € [—m, 7],
using bound (87) and the a-Holder bound (207) for J, (1, ¥) we obtain

L 2 o4 o
~ y-Unl* +y%) ~
|M521,€| = C|x|a “H”LOO(Q)/; dy/; dT] (7]2 + y2)2 =< C|x|a ||H||LOO(Q) .

(221)

To deal with the second integral Ms2; ., we notice that we can mimick the ideas that we
used to bound the singular term K4 . in (124) which relies on using the decomposition
A(m,y) = yA(m) + [A(n,y) — A(n)y] and bound (123). The main difference is
that, for Msp; ¢, the |x|* power is obtained using the fact that |J, (0, 0)] < Cl|x|*.
Combining those elements, and closely following the arguments to estimate K4  one
can find that

Therefore, since Ms> = Ms21.¢ + M52, we conclude that
(Msa.el < Clx|* [H| oo g - (223)
Estimate (203) and (223) shows that
|Ms | < [Msic + Msp.e| < Clx|* [ H g - (224)

Collecting the previous estimates (202) and (224), and recalling that M3 . = My +
Ms5 . we infer that

[Ms.e] < CIxI% | H || cuqy - (225)
Moreover, using the definition of Hin (185) and Assumption 1 we infer that
||ﬁ||coc(9) < IAlle2) 1Hllco @) = C 1 H |l ca () » (226)

and hence (225) and (226) yield

|M3.e| < Clx|* [ Hllcog) »
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proving claim (184).
Hence, by means of estimates (182) and (184) we conclude that

|8x EZ,G(X) - 8x E2,6(0)| = |M0,e + Ml,s + M2,e + M3,e| < C|x|a ||H||Cl=0t(9) s
for x € S'. (227)

Recalling that
Oy Be(x) = 0x Er,e(x) + 0x B2.e(x)
and bounds (149), (227) we find that
|8x Ee(x) — 8xEc(0)] < Clx|” [ H|cra(q . forx € S! (228)

which shows the desired C!*% semi-norm bound in (143).

To conclude the proof of the proposition, we claim that the C'** semi-norm bound
(228) and the L™ pointwise bound (142) implies the C'** Holder norm (141). This
is, we have to show that we can control the L° norm of d, E. Indeed, by means of
the identity

Be(x1) = Be(x2) + 0y Be(x2)(x1 — x2)

X2
—/ (3 Be(x) — 9y Be (x2)) dx, for xq,x2 € S! (229)
X

1

and using the C L@ semi-norm bound (228) and the L>® pointwise bound (142)

1
[0y Be(x2)] < gz IEll Lo + |0x Ee(x) — Ox Ee(x2)]
C
= 1 H o) + CQm)* |1H || cro g (230)

since |x] — x3| < 2m. Therefore, estimate (230) and the previous C Le semi-norm
bound (228) implies the desired C L@ Hslder norm estimate (141). O

4.3 C% and C"-? estimates for simplified singular integral operators

We provide a similar type of estimate for a simplified operator that do not have the
dependence on the function A (and hence is of convolution type) which reads

Proposition 3 Ler H(n, y) € C"%(Q) and let Assumption 1 hold. Then for any x € S
the following limit exists

lim E(x) = E(x), (231)
.

e—0F

@ Springer



2440 D. Alonso-Oran, J. J. L. Velazquez

where

m 1§

el— n) y
o= [ [Lana (e

H(n,y), € >0. (232)

Moreover, we have that
H “Hca(sl) = CllHceg) - (233)
” ““clu(sl) = ClHllcre(g)- (234)

with C > 0.

Proof of Proposition 3 The proof follows closely the ideas of Propositions 1 and 2
and the estimates can be shown mimicking the arguments used there. For the sake
of completeness, we include the computations to derive bound (233), being the C!¢
bound (234) analogous. To show that the left hand side of (231) exists, we first notice

that
eix—y eix—y
%<FIW$3>=_%Gt;@$;> (235)

Using the fact that fSl dn d,(...) = 0, we rewrite (232) as

R

o f dyf dn o, ( S y><H<n,y)—H(x,0>>. (236)

Expanding the derivative and using Lemma 1 (for the trivial case of A = 0), where
for x € [—m, ] we identify n € S! with the symmetric interval I, = [x — 7w, x + 7]
we find that

- %+ y“)

1Ec(x)] <C||H||ca(sz) llm / dy/ (x—n)2

< ClHllceq) -
(237)

Since we are estimating the integrands of (236) by integrable functions that are
independent on € it follows from Lebesgue Dominated Convergence Theorem that
lim,_, o+ Ee(x) exists. Therefore, the limit on the left hand side of (231) exists and
the function & is well-defined.

To obtain the Holder estimate, we compute the difference EE (x)— @E (0) and divide

the region of integration in the integrals | eL dy [s1dn(...) into sets of the form

Rg - ={(n,y) € Q:max{|y|, [n]} <2|x|ande <y < L},
RS . ={(n.y) € Q:max{|y|.|n]} > 2|x|ande < y < L},
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as

- - ietx—=m—=y
Ew-E0= [ dydn[ sy ) (HOL ) = Hex,0)

RS . i(x=m=y)2
je—in—y
< p })2)(1‘1(7),}’)—[1(0,0))]
jel—m—y
/ dy dﬁ[(m) (H(m,y) — H(x,0)

y
<(1_eeTy)2> (H(n,y) — H(0,0)) = Dy c + Ds.

In the inner region, we have that using Lemma 1 (again in the trivial case of A = 0),

(Ix —nl* + y%) (|n|°‘+y“)}
D < C|Hl| ce dy d
D1l < ClHl¢ (Q)/I;Q< y 71[ G—mlt)? 7+ 52

< ClHllca(g) lxI*. (238)

In the outer region we rewrite the term D; ¢ as follows

jel(x—m—y je~in—y
Dz,e=/R€ dydn[ peceT=tel Bl Wrme e }(H(my)—H(o,O»

Q>

jetx=m—=y

—(H(x,O)—H(O,O))/R dy dn( ) =D+ Dae.
€Q.>

(1 — elx=m=y)2
The first integral D7 . can be bounded using the mean value theorem as

(nl* + 1y1*)
375 | = Clx|* | H |l o () -
x —n)?+y?)

(239)

[D2y el §C|X|||H||ca(9)/ dy dﬂ[
Rq > ((

To deal with Dj; , we make the following change of variables 7 = x — 1 to find that

L eiﬁf_\'
—2|x| L
+/_% dﬁ/ zr] \)2 Lmdﬁ] e”’ ))2:|
. 6‘ eiﬁ
=—i(H(x, 0) — H(Q, O)) flﬂ)ﬂ |:/_ dn (em el - em — eZIx\)

—2lx| ol o7 3 el el
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x| _ i\ 17=13 € ifN\ qi=—20x|
. e e e e
:(H(X,O)—H(O,O))Egl'g+ |:|:10g (m)}ﬁ: | + |:10g (78L _eiﬁ)] .

_ fi=—1
o€ — il 7=2|x|
+[1og<eL_eﬁ)]~_l ]
n=3

2
Therefore we have that

|D22.el < Clx|* [1H | ce (@) (240)
which together with (239) yields
|D2.el < Clx|* | H |l e (e (241)

Combining estimates (238)—(241) we infer that

E0) = BO)] = lim [Dic+ Dael = Clxl* [ Hllco (242)
€e—
which shows the desired C* semi-norm bound (233). O

To conclude this subsection, let us state the following result which will be needed
later to show the contracting estimates in Sect. 5.1.

Proposition 4 (Difference C* estimate) Let H (1, y) € C*(RQ) and let A, A? satisfy
Assumption 1. Then for any x € S' the following limit exists

lim E9(x) = 8%(x), (243)
e—0t
where
L i(x—n)—y
() = 1 ¢ Yy
S (x) = 51~1>rg+ j dy ‘/;1 dn 0y <(1_ei(x—7))—)’—iAl(77vY))(1 — ei(x_ﬁ)—y—il\z(n,y))) H(,y),
(244)
with € > 0. Moreover, we have that
~d
©) < C | H|ce 245
18], = CMHI (245)

with C > 0.

Proof of Proposition 4 This result can be proved by a means an elementary adaption of
the Proposition 1. Notice that the only difference between this result and Proposition
1 is that instead of a single function A appearing as a perturbation in the denominator
we have two different functions A!, A2 affecting the denominator in (244). Actually,
Proposition 1 is a particular case in which we take A' = 0 and A> = A. The proof of
this Proposition 4 can be showed around similar lines of Proposition 1 just estimating
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the corrective terms due to A', A? as it was made in the proof of Proposition 1. We
will not provide the details here. O

5 The a priori estimates for the operators T¢, ..., T4

In this section, we will provide the C% and C'* Hélder estimates for the operators
Ty, ..., T4 and the function G. The key point towards the estimates relies on the C*
and C-% Holder bounds showed in the previous Sect. 4.

In order to do so, let us introduce the following new assumption:

Assumption 2 We assume that the function 9 : @ — S! belongs to C1%() and also
that there exists §; € (0, %) such that

[P creq) < d1-

Remark 7 The new function ¢ (1, y) will play the role of the function 9 ® (X (1, y), ¥))

in the operators Ty, ..., T4. However, using this notation reduces the length of the
formulas.
Remark 8 In the following we will define the operators Ty, .. ., T4 by means of certain

integral expressions which represent operators from C* to C¢ and from C¢ to C1%.
For the sake of simplicity, we will use the same symbol to denote these operators, in
spite of the fact that they act in different spaces. The space on which they act will be
clear in each particular case from the context.

Proposition 5 (Estimates Ty) Let Assumptions 1 and 2 hold. Then for jo € C1*(S!)
we define the operator Ty as follows

1 . .
A, D1jox) = =7 lim | &1.c(x = n,n)jo(n) dn, forx € s',  (246)

T e—0t Jgi

where

n=oo

nsinh(nL) ;. /L inly e~ inAmY)
= TR T 1 — | dy. (247
B1.e(x,m) Z (cosh(nL) — 1)6 i e 3905 y. (247)

n=—oo

The limit in (246) exists, moreover we have that

ITi[A, ﬁ]Hﬁ(CDt(SI)) < Co, (248)
IT1[A, 19]||£(cl,a(sl)) < Cdo. (249)

Proof To show that the right hand side of (246) exists, let us split the function & ¢ (x, 1)
forn > 0 and n < 0. We will use the notation Qﬁt . forn > 0 and 6; . otherwise.
Therefore, for n > 0 we have that

n=00 L
6_1|—,e(x’ n) = Z nelnx/ e
€

n=1

e—inAmY) _
L+, y)

} dy + &7, (x,n) (250)
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where
=c0 ) -
v = 3 () Yo [* e [0
12,6\ vt (COSh(nL) — 1) g 1+ 0(77’ y)

(251)

On the one hand, calculating explicitly the summation via geometric series, we have
that the first term in (250) denoted by (’5?1’ ¢ 1s given by

. 1 L eix—y—iA(r],y) eix—y 1
() ,n) = - a - - - - d
1],e(x ) i L N1 = eix—y—iA(1,y) 1—ex>y | 1490, y) y

1 (L (e7i2my 1) ey
T/ O i i i
i ). y (1 —eix=y)(1 — elX*Y*lA(ﬂ,)’))

1
——dy
I+3(m,y)
1 /L (e7 ALY ) 1
= - F(x,n,y) dy (252)
i Je y I+9(,y)
with
eix—yy
F(-x’ 77, )’) = ax <(1 _ eixiy)(l _ eiXyiA(n,y))) .

Therefore, by means of (252), we have that the operator T; for n > 0 given in (246)
can be written after changing the order of integration as

L —iA(n,y
TUA Do) = —5= lim [y [ dnFex—nn ik RS A
1 27i e—0Je sl y L+9(, )
| . . .
— g dm | & (x —n.mjom) dn =T IA, 91jox) + THIA, #1jo(x) (253)

assuming that the limits exist. To show that the limit of the second integral TE Jo(x)
exists, we notice that the function @B(x, n) given in (251) is a smooth function in x
and decays exponentially in n. Therefore, using the bound

le™ A — 1] < Cln| | All o (q) »

we find that
4 1 1 1
B, =C | ——+ AL <C, forx eS',nesS.

Since the estimate is independent of € using the Lebesgue Dominated Convergence
Theorem, we can ensure that the limit exists and that the operator T]+2[A, P jo(x) is
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well defined. Moreover, we also have the pointwise bound

THIA 1o = € |y | o 18z Lol < Coo Lol
forx € S'. (254)

On the other hand, to ensure that TTI Jo(x) in (253) is well defined we make use of
Proposition 1 where

H o -n 1, 255
m,y) = y 1+z9(n,y)]0(n)' (255)

Itis straightforward to check that choosing H (1, y) asin (255), we have that H(7, y) €
C¥(L2) since

IAllcre(g) lollcesty < Cdolljollceast)

1
|Hllcey < C H—
1 + 4 C* ()

where in the last inequality we have used Assumption 1. To show the C* and C'¢
semi-norm estimate (248) and (249), we check that using estimate

|1 — ™2 < Cln|%|x1 — x2|%, fora € (0, 1) and x1, x € S! (256)

we find that

Al oo () X1 — x2|*

1
.0 — 8 m 1 <
1 + v LX()

Al ooy 21 — x2|*.
Lo(Q)

1
b +
0.8 (1, 1) = 08 (2, )| = € ”m
Thus

Al @) < Cdo, (257)
L>(2)

[T 91 ey, coery = € HH—ﬂ

Al @) < Cdo. (258)
L>(2)

[THEA, 91] ppeqeny. ey = € HH_ﬂ

Similarly, as before a direct application of Proposition 1 and Proposition 2 with
H(n, y) as in (255) yields

1
-+ .
[T A 9Ljo £ ety = € H 159 | e IAllcreg) < Cdo, (259)
+ .
||T11[A, 0]]0 ||£(Cl’°‘(§l)) =< C HH-—'& C]_Q(Q) “A”CZ’O‘(Q) = C809 (260)
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since

IAllcraay lollcest < Colljollcast)

1
[Hllce@)y = C H—

CY Q)
Hllcreq) < H [Allc2a @) lollcraty = Co ljollcracsty -
1 + 1? C] a(Q
Since the estimates for n < 0 follow identically, we omit a detailed proof here. O

Proposition 6 (Estimates T») Let Assumption 2 hold. Then for jo € C'*(S") we define
the operator T as follows

1
[P 1jo(x) = —=— lim (’52 e(x —mn,m)jo(n) dn, (261)

T e—0F

where

n=

&~ asinh@l) Lo (f LT 9L y)
62’6()”])_n:z_:oo—(cosh(nL)—l)e /ge [—1+ﬁ(n’y)}dy. (262)

The limit (261) exists and in addition the following estimates hold

IT2[0 1l 2o styy = €1, (263)
||T2[19]||L(cl.a(gl)) < Céy. (264)

Proof The proof follows the same lines of Proposition 5. We first, show that the right
hand side of (261) exists, and afterwards we provide the Holder bounds (263) and
(264). To that purpose, we split &, (x, ) forn > 0 and n < 0 and just show the
estimates for n > 0, being the case for n < 0 identical. Therefore, for n > 0 we have
that

+ _ — inx L —ny l?(?], y) +
&7 (x. ) = Z ne B Fprervmee: dy + &3, (x,n) (265
n=1 €

1+9(,y
where
n=o00 . L
h(nL ) 3.
6;2 (x,r]): Z L(n)_n etnx/ e & d
“ ot (cosh(nL) — 1) . 1+ 90, y)
(266)
Computing the sum in the first term in (265) we obtain
& _(x,n) = l/La 1 oy 1, 067
S A V=P FEEETOR S R
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and changing the order of integration the operator T>[¢] jp in (261) can be written for
n>0as

el (x—=m—y 3 (n,
T [91jo(x) = —2—hm dyf dnax< : )[ (@, 7) }jo(n)

e—0 — eie—m—y 1+90n,y)

I .
- 5 lim 8 &3, (x =1, m)jo(n) dn :=T3,[91jo + T3, [0 jo.

As before, the remainder smoothing term @ 5 (x, n) (266) is a smooth function in x
and in particular

< Céy, forx eS', nesh (268)
L>®(Q)

|®22 e(x nl <

|

Hence, since estimate (268) is independent of €, Lebesgue Dominated Convergence
Theorem shows that the limit exists and that the associated operator T;‘z[z?] Jjo is well-
defined. Choosing

v(n,y) .
Hn,y) = 1—}-19—()10(”)’ (269)

and noticing that

ljollcasy < Co1 ljollcegry . (270)

1
[Hllca@) = C H—
1 + 4 Cco(Q)

we can apply Lemma 3 to obtain that T 1[P1jo is well defined. We are left to show the
C® and C1% semi-norm estimates (263) (264). Making use of the bound

inx; _

le "2 < Cln|%x1 — x2|%, fora € (0, 1) and x;, xo € S'.

we infer that for (’5;2 defined in (266)

() X X <C x1 — x2|%,
| 226( 1,1 — 22 6( 2, M| Hl‘i‘ﬁ LOO(Q)| 1 2|
0, ® X1, 0,® X2, <C x1 — x2|%
[0x 226( 1,1) — Ox 226( 2, M| = Hl‘i‘ﬁ LOC(Q)| 1 2]
holds. Thus, due to Assumption 2 we obtain
T4 v ) 271
[T sy coty = € |15 e o, 271)
+
TR0 £ ooty cresty < € ”m oy = Cé;. (272)
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To deal with the most singular operator T;rl [ ] we make use of Proposition 3. Indeed,
applying estimates (233) and (234) to the function H (7, y) as in (269) we find that

+ —
75091 £ castyy = € H ) B < Cs, 273)
)
T30 £y, = € H T e < Csy, (274)

since

s . .
[Hllca@y = C ”H-—ﬁ ||JO||ca(sl) = (4 ||JO||ca(sl) > ||H||c1,a(9)

Ce ()
v

50 ljollcrest)

o

CLD{(Q)
< Cé ||J.O||clva(sl)-

Therefore, using (271) and (273) we conclude that

”T;‘[L9 H L(C*Sh)) =< C(S] s (275)

and similarly invoking (272) and (274) we find that

||T;_ [19] ||£(C1v05(Sl)) S C(S] . (276)

]

Proposition 7 (Estimates T3 and T4) Let Assumptions 1 and 2 hold. Then for jy €
C12(SY) we define the operators T3 and T4 as follows

1
TA, 1jo(x) = —5- /S B30~ n, ol dn, @77)
1
A, 91jo0) =~ /S Bax— ., jo(n) d, 278)
with
'S msinh@L) . (F (e=M Ay 1)
o= 3 mman 50 ) MO gy @)
_ — nsmh(nL) inx L 19(77’ y)
Bz, m) _n;w (cosh(nL) — 1)° / Mo ™ (250)
and
e—2nL (eny _ e—ny)
M(n,y) = (281)

(1 _ e—ZnL)
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Then we have that

ITSLA, 21l 2costy. 2oonyy < Coo, (282)
IT4lA, 21l 2o sty Loosty) < Céi, (283)
and
||T3[A, 'l?]”ﬁ(cl,a(sl)’Loo(Sl)) f C, (284)
ITa[A, lﬂ”c(cl.a(sl),Lw(Sl)) <C, (285)

Remark 9 As we can see from the estimates the operators, T3 and T4 are smoothing
operators that transform functions from L% (S") to functions in C1%(S'). Moreover,
the series in &3 and &4 are uniformly convergent and therefore we do not need to
define the operators T3 and T4 in (277), (278) as a limit since the integrals are well
defined.

Proof Notice that M (n, y) defined in (281) is a smooth function in y and decays
exponential in n. Therefore, the simple bounds

IM(n, y)| < Ce™™E, e ™20 — 1| < Cln| | All (g »

yield

1&3(x, M| = ClIALe@) |77 and [G4(x, n)| <

forx e S!, n esl.

Moreover using that |¢/*1 — ¢™2| < C|n|%|x; — x2|* fora € (0, 1) and x1, x; € S!
we have that for € S!

s |x1 — x2|* < C8plxy — x2|%,

L(R)

[&3(x1, 7)) — B3(x2, M| < C | All o)

[G4(x1, 1) — Ba(x2, )| < lx1 — x2|% < C8ylx1 — x2/%,

i

L>(Q)
1
10x&3(x1, 1) — 8: G302, M| = C ML= | 75 [x1 —x2|% < Cdplx1 — x2|%,
+ L®(Q)
[0y Ga(x1, n) — 3xBa(x2, )| < C H X1 — x2|* < C8ilx1 — 22|
L R

Therefore using the above pointwise estimates we conclude that the Holder semi-norm
of T3, T4 defined in (277)—(278) is bounded as

ITs[A, l?]Hﬁ(LOO(Sl)’COt(Sl)) < Co,
IT4[A, ﬁ]Hﬁ(Loo(Sl)’ca(Sl)) < Céy,
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(IT3[A, ﬁ]”ﬁ(LOO(Sl),Cl,O{(S])) < Co,
ITa[A, ﬂ]HE(LOO(Sl),CI-U(Sl)) < Céy,

concluding the proof. O

5.1 Estimates for the differences of T;

In this subsection, we will derive estimates for the difference operators. This will be
needed in order to show the contraction estimate in the general fixed point argument
(see Sect.7) in the lower order Holder space C*. The proof follows the same lines as
in the previous subsection but some extra computations are needed in order to get the
desired contraction type estimate. More precisely, our first result reads

Proposition 8 Let A, A? satisfy Assumption 1 and 9", 92 satisfy Assumption 2. Let
jo € C*(SY) and define

ot = (TIAL 911 = TiA%, 971) jo(o), (286)
where T1[-, -] is given in (246). Then we have that

L (T
L(cesh)

+Hz92—19‘H ) (287)
cle(Q) coQ)

Proof Let us first introduce some notation. We define by Q5‘1’ . the difference function

& (x.n) =61 (A" (. n) — & [A%, D2](x, ) (288)
where & ([, -] is given in (247). Following the lines of Proposition 5, we split the
function (247) forn > 0 and n < 0. Similarly as in the previous propositions, we will
use the notation 67? forn > 0 and 631; otherwise.Then, for n > 0 we find that

n=00 L
Ol @) =Y ne™ / e L (n, y)dy
n=1 €

n=00 . L
nsinh(nL) inx/ “nyn

_ L"(n, y)d

t 2 ((cosh(nL)—l) ”)e ¢ hndy

=&t () + 60 (289)
with
. e—inAmy) _ 1 p=inA’(ny) _
L"(n,y) = - : 290
- 1+91(n.y) 1L+ 9%, y) 290)
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It will be convenient to decompose L" (1, y) as follows

L"(n, y) = (efin/\l(n,y) _ e—in/\z(n,y))

L+391(n, y)

—inAz(n,y) _ 1) 1 _ 1 — Ln Ln
+(e T+ 0l y) 1+02y) 1T
(291)

Plugging the decomposition L" = L} 4 L into (289) and calculating the sum in n for
the first term 6‘111, . (x, m) we obtain

NP o
i+ () = l/L , XA (.y) B elX—y—iA*(1.) 1 "
1,e™ i Je * l_eix—y—iAl(n,y) 1— eix—y—iAz(n,y) 1+ 191(17, y)

1 L eix—y—iAz(n,y) eix—y
- ) — .
i fs T\ 1 = eix—y—iA2(my) ] — iy

1 1
X — d
(1+191(n,y) 1+z92(n,y)) Y
= 6T (. )+ & ().

Denoting by

yetx—y
F] (x’ 77, y) == ax (1 — gix—y—iAl(n,y)) (1 _ eix—y—iAz(n,y)) ’

eix—y
Fa(x. 1, y) = 9y ( Y ) ,

(1 _ gix—y—iAz(n,y)) (1 _ eix—y)

we obtain that

1

L, y)
ol o=+ f S )y and 6 (v )
€

1 (ELm.y)
:T/ 20y (x, 1, y)dy.
L Je y

Therefore, recalling the definition of the operator T‘li in (286) and the previous com-
putations we find, after changing the order of integration that

T4 jo(x) = T4 o) + T4 jo ) + T4 jox)
where

. 1. [t Li(m. ) .
T?ﬁjo(?f) =5 Ehn})/ dy /gl danH(x = 1,1, ¥)jo(n), (292)
—UJe
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L
o jo(x) = ‘_31“0 / / 200 y)Fz(x—nny)Jo(n) (293)
Fioo) = ——h / 45t (x — 1, ) jo() dn. (294)

We start estimating the third term T 3Jo(x). Notice that the function 0512 . in (289) is
a smooth function in x due to the exponentlal decay in n of the terms that define the
function (289). Furthermore, we also have that the functions L (n, ), L} (1, y) defined
in (291) are bounded by

1
L', )| < C || —— Al—AZH , for (7, y) € Q, 295
ILT(m, Y| < H 1 +191 . |n| @) or(n,y) € (295)
191
doi<c| 2| ] oo ea @
Ly, Wl = H (1+ﬂ2)(1+ﬂ1 Lm(ml n| (1, y) (296)
and thus
|Q5125()C ml = C H;] ”Al B 2“
l‘l'l? L®(RQ) L>()
191
a8
A+9)(1+ 0D | oy I 2@
SC”Al—Azu H192 z?IH , forx e S', pesl.
Lo(Q) Lo(Q)
(297)

Since the estimate (297) is independent of €, Lebesgue Dominated Convergence The-
orem shows that the limit exists and that the associated operator T’f3 Jo in (294) is
well-defined. Moreover, we have the pointwise estimate

4.+ <C HA‘ AQH Hﬁz—z?lH ol o0 s!.
T3 Jo(x)] L) L) ljoll o), x €
(298)

The C* semi-norm estimate for Tff Jjo follows directly by using estimate (256) which
combined with (298) shows

i (LS AR Ll PO B
L(L>(Sh, C”‘(Sl)) Loo(2) Loo(2)

To deal with T‘lii+ Jo in (292) and Tf; Jjo in (293), we can invoke Proposition 4 and
Proposition 1, respectively. Notice that a consequence of the before mentioned lemmas
is that the limits of the integrals (292) and (293) are well-defined.
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To that purpose, we first notice using the expression (291) that

. —(A () —iA (g,
Uiy emidlo (1_e A2y =ir >>>>

y o 1+9my) y
e iA 1y) 1

R —
L+, y) Jo

B(n, y)e By ds (300)

since by Assumption 1 we can write A%(5, y) — Al (5, y) = yB(1, y) for B(y, y) €
C1%(Q). Thus, choosing

](77 y) .

H(n, y) = ———jo(n) € C*(Q)

we apply estimate (245) in Proposition 4 combined with (300) to obtain that

L PN L I a0
LCxSh) Ccle(Q)
On the other hand, proceeding in a similar way and choosing
(1, )
.y = 222 o) e e (@)
we use Lemma 1 to show that
ity <c|o?-9' . (302)
L(Cx(Sh) CY(Q)

Collecting bounds (299)—(302) we deduce estimate (287) for n > 0. Repeating the
same arguments for n < 0 concludes the proof. O

Proposition 9 Let 9!, 92 satisfy Assumption 2. Let jo € C*(S") and define
o) = (T2l = T2[921) jo(o), (303)
where T[] is given in (261). Then we have that

clo-»

(304)

H H L(Ce (Sl)) c Q)

Proof Following the same notation as in the last proposition and the arguments of the
proof of Proposition 6, we introduce the difference function 6‘21 B

&9 (x. ) = G [9'1(x. ) — G2 [971(x. ). (305)
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where B, ([-] is given in (262). The using the same notation by means of the super-
scripts £ as before, we find that for n > 0 we have that

65 (e, = ”io ne'™ /L e L3 (n, y)dy
n=1 €
n=oo .
= @‘2’1 (x n) + 657 (x.n) (306)
with
L1 Y) = —— @ y) — 97 ) + 92(n. y)
1+9l(n,y)

1 1
<1 +0ln,y) 1+ﬂ2<n,y>>'

Therefore, calculating the sum in # in Qigl (x, ) we find that

1 L eixfy
21 e(x n = ; /; Ox <1—CT_Y> L3 (n, y)dy

and thus
5 jo(x) = T9; T jox) + T jo(x)
where
T4 - d i
Hi Jo(x) = hm dy 10y ,(X 5=y ) B y)jom,  (307)
T4 jo(x) = —L lim 4] ’+(x —n,n)jo(n) dn. (308)
22 27 e—0t Js! 22

Since the function Qﬁgf is smooth in x since the series that defines it decays expo-
nentially in n, we infer using the expression on L3(7, y) that

165" (x, M) < ClLsll g < € Hﬁ — 192H forx S, nes'. 309)

Since estimate is independent of €, Lebesgue Dominated Convergence Theorem shows
that the limit exists and that the associated operator Tg{Ir Jo in (308) is well-defined.
Moreover, we have the pointwise estimate

T ol < € o' =02] ol x €S (310)
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The Holder semi-norm estimate follows in a similar way as in (256). Therefore,

d.+ 2 _ ol
[z =c oo

”L(LOO(SI),C“(SI)) -

. 311
o (1D

To estimate the remainder operator T‘zi1 Jjo we apply Proposition 3 with H(n,y) =
L3z jo(n) € C*(R2) and hence

H d.+ 312)

T <cv2-o

H L(CaSh) —

ce@)
By means of (311)—(312) we deduce that (304) concluding the proof. O

Proposition 10 Ler A1, A? satisfy Assumption 1 and let 91, 92 satisfy Assumption 2.
Let jo € C*(S") and define

mjox) = (Ts[A!, 2'1=TalA%, 91) jo(), (313)

T jox) = (Talo'1 = Tal921) jo(o), (314)

where T3[-, -] and T4[-] are given in (277)—~(278). Then we have that

+Hﬂ2—ﬁ“

) . @315
ca ()

(316)

7] c(la-
L(L>(Q),C (Sl)) Ccle(Q)

|7 clp -]
L(L®(Q),C (Sl)) Ce ()

Proof The proof follows simply by combining the bounds derived in Proposition 8,
Proposition 9 and Proposition 7. O

5.2 Estimates for G

In this subsection, we provide the C L.a Hglder estimate for the term G defined in (85).
To that purpose, let us start with the following lemma:

Lemma?2 Let f € C>%(dRQ) and define the functions

) = —J+/O (&, L) — A) de, h*<x>=/0 (F(6.0) = A) d&, forx €S\,

Denote by h/‘\"(n), ﬁ:(n) the Fourier coefficients of h™, h™ respectively. We define

n| = |n| inx
Z(x) = Z <+( )m h (n)m>e NI

n=—oo
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Then the function Z € C>%(S"). Moreover, we have that
”Z”CZ,a(Sl) S C ||f||c2,oz(§l) . (318)

Proof Adding and subtracting |n|}/z:(n)ei”x in (317) we obtain that

n=0oo

1 S S .
2@ =5 3 <|n|h—(n)e”“‘ + Wi (AT ()™ + Wz(n)h—(n)e””)

n=—0oo

(319)

where |W;(n)| < Ce™L" fori = 1, 2. Therefore, recalling that

1 n=00 - )
OcHR™ (x) = Hoch™ (1) = — 3 Inlh=(m)e™

n=—0oo

where H is the periodic Hilbert transform we arrive at
1Zlczeq@) = € (IH0:h™ | caan, + 10 |ieny + 15 | 1mon)
S e [ P B

Moreover, using the fact that the Hilbert transform is a bounded operator in the class
of Holder spaces (cf. [18]) namely

||H||L(c3,a(sl)) <C,
and that 3,2~ (x) = (f(x, L) — A) € C>%(S') we obtain
1Zlce@) = € (IMA | san + 11 | meny) < Cllflcragn

O

Lemma3 Let g € C>%(3Q2_) and define 3(x) = g(x) — Z(x) where Z(x) is given
in (317). Then for x € S' we define

_ nsinh(nL) in(r—n)~
G(x) = /;1 Z |:c0sh(nL) — 1:| € glndn. (320)

Moreover, we have that

”G”C' "‘(Sl = (||f||c2,a(§l) + ||g||C2.a(Sl)) . (321)

Proof Recalling (85), we have that
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G(x) = Hd g (x) — /S 1 O(x —mg(n) dn,

where
~ 1 "2 .
0w =— 3, Oue™
n=—0oo
and
~ 1 sinh(nL) ~ 2
an-(ﬂm—lrﬂ),forn;éo, Q():ZfOI"n:O.

Therefore, using the fact
1"l gicragy < C. 1Qnl < e™F
and (256) we infer that
IGllcra@y =C (||H3x§||c1,a(gl) + ||§||L00(Sl)) <C ||§||c2~a(sl) . (322)

To conclude, we recall that g(x) = g(x) — Z(x) and thus by means of Lemma 2 we
obtain that

||G||C1-a(gl) <C ||§||cla(§l <C (||f||02»a(Sl) + ||g||c2,a(gl)) . (323)

m}

6 Existence of solutions to the integral equation for jo

In this section we are interested in studying the existence of a solution jo € C1¥(9Q_)
to the integral equation (71) given by

4
Jox) ==Y " (Tijox) = (Tijo) — Giof ™) + G(x) — (G) (324)
i=1

To that purpose, let us first introduce the following notation. Given jo € C*(3Q_)
we define the operator

Y : By, (C>%()) x Bs, (C*(R)) — L (C““(E)SL))
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such that for (A, ) € B, (C>*(Q)) x Bs, (C1%(R2)) we have that

4

TIA, 91(jo) = — Z (Ti[A, 91jo — (TilA, D1jo)) — (™ Jo) (325)
i=1

where T; are defined in (72), (73), (76) and (77).

Remark 10 More precisely, the operators T;[A, ©] as stated in (72), (73), (76) and
(77) are written for the particular case where #(n, y) = 9:©(X(n,y),y)). How-
ever, we will show the existence of solutions for a more general class of integral
equations, namely for general functions A and ¢ which satisfied certain regularity
and smallness assumptions. We will later check that for the particular case where
7 (n,y) = 0:0(X(n, y), y)) the required assumptions are satisfied (cf. Sect. 7).

Remark 11 In a similar manner as we did for the operators Ty, ..., T4, we now define
an operator Y acting either in C® or in C'**. We will not use different symbols for

operators acting in different spaces for the sake of simplicity, (cf. Remark 8).

In the first place, we have the following two lemmas

Lemma4 Let M0~§ min{dg, 81} where 8¢, 81 are defined in Assumptions 1 and 2,
respectively. Let M < My and

1Al c2e@y + 19 llcraqe) + 1 | crupay < M- (326)
Then we have that
ITIA, D1l £ (crepa )y < CM. (327)

Furthermore, the operator Y[A, ©] is Lipschitz in C*(02_), i.e. for any AL, A% and
o1, 92 satisfying (326) we have that
cwm) '

(328)

+Hl?2—z91‘

HT[Al,z‘}l]—T[AZ,ﬂZ]H <C<HA1 —AZ‘

LC2BQ_) cle(Q)

Proof The proof of (327) is a consequence of the estimates (249), (264), (284) and
(285), as well as the fact that those estimates are preserved for the averaging operators
(-). Notice that the derivatives of the averaging operators are zero since they are just
constant functions.

Indeed, applying those bounds we readily check that

ITIA, 91l 2 (crapayy < CM (329)
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for M < M. To show estimate (328), we invoke bounds (287), (304), (315) and (316)
to obtain

H’T[Al, 91— 1[AZ, zsz]Haca(m,)) = ,Z

AL o = Ti[a2, 02

4
1 L(C*(3R-))

4
+ Y I ilAL 9110) = TilA2, 221Dl £(cepn_)y)

i=1
C"(Q))

where the action of the operators (T;[Ag, ¥¢](:)) fori =1,...,4and £ = 1, 2 acting
on the function jj is given by (T;[A¢, ¥¢]jo). We also use the fact that the terms { f ™ jo)
cancel out. O

2 1

§C<HA1—A2H + 02 -0

cle@)

Lemma5 There exists My < min{8g, 81} such that for any M < My and A, 0, [~
satisfying (326) the operator (I — ) is invertible in C'*(32_). More precisely, there
exists an operator TI[A, ¥] = (I — Y[A, 19])_1 such that

I: B (C2*() x B(C(Q)) —> L (clﬁa(asz_)).

Moreover, the operator TI[A, 9] is Lipschitz in C*(0Q2_), i.e. for any A', A® and
o1, 2 satisfying (326) we have that
cwm) '

(330)

[mral, o'1-mia2,0%] <C<‘A1—A2‘ ) g

Le=@9Q-)

+Hz9

cle(Q)

Proof Under the hypothesis of Lemma 4 we have shown that || T[A, ¢] ||£(Cl‘a(a§2_))

<C M for some M sufficiently small. Therefore, the existence of (I — T)’1 follows
from the classical Neumann series (cf. [21]). Indeed, we have that

MA. 9] = (= Y[A, 0D = > (= 1)""[A, 9] (331)
n=0

where n = 0, YO[A,®] = T is the identity operator. Moreover, for Y[A, ¢] €
L (Cl’“ (a Q_)) and using estimate (327) we find that

— n n 1
ITILA, 91l £(craan_yy = | D_(—D"T"[A, 9] =T G
n=0 L(Cle @)

Denoting by A7 = Y"[A!, 9!], A% = T"[A%, ¥?] we can find that

AT — AL = ATV (A — A) + ATT2 (AL — A Ao+ ...+ A (A — Ap) AL
(333)

@ Springer



2460 D. Alonso-Oran, J. J. L. Velazquez

Thus, combining (331) and (333) we find that

AT, 91— A% 9% = 321" AT = Y1) 4
n=0 n=0

o
=> (-1" [A’f‘l (A1 — Ap) + A{77 (A1 — A) Ay
n=0

+...+A(A1—A2)Ag:|

and hence by means of bounds (327) and (328)we infer that if My is sufficiently small
that

o0
At ot - a2 < A= Aallgesan ) Do n(@HE)
- n=0

= c|rral, o' - A, 02|
L(C20Q_))

c"(m) '

O

+H02—191‘

<c(far-a
cle(Q)

Combining both lemmas we can provide the existence of solutions to the integral
equation (324) which reads

Proposition 11 Let the hypothesis of Lemma 4 hold. Let also f € C>%(Q), g €
C>%(3Q2_) and G given as in (85). Then there exists a solution jo € CH*(3Q_) to
(324) given by
Jo=TI[A, 9](G—(G)). (334)
Furthermore,
||]'O||Clva(agz_) =< C (||f||c2,a(gz) + ||g||c2-a(ag2_)) . (335)
Proof The fact that jj as given in (334) solves (324) is a consequence of the definition

of the operator I1[ A, ¥] in Lemma 5. On the other hand, we notice by means of Lemma
3 and estimate (321) yields

IG — Gl craty < C (I fllc2as + Igllcre) (336)

where G is as in (85). This estimate as well as the fact that IT : BM(CZ'“(Q)) X
B (Ch(Q)) — L (Ch (L))

ljollcrea_y < € (I fllcraqy + lIgllcza@a.)) - (337)

O
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7 The fixed point argument

In this section we will provide the fixed point argument, this is, we will define an
adequate operator I" on a subspace of C>%(2) which has a fixed point b such that
B = (0, 1) + b is a solution to (1) and (7).

We define the operator I : By (C22(Q)) — C2*(Q) using several intermediate
building blocks. Given b € By (C*%(£2)) we define the flow map associated with the
vector field B = (0, 1) + b as the mapping X[b] : By (C>%(R2)) — C>%(Q) which
satisfies the ordinary differential equation

_ b XEW.Y
9 XIBIE. ) = T3 ey (338)

X[D](5,0) =&.
Moreover, we denote by X [b]~! (&, y) the inverse function of X[b] in the first variable,

namely X[b](X[b]~'(£, y), y) = &. Then we define A : By (C>*(Q)) — C>*(Q)
as

AlbI(n, y) = X[bl(n,y) —n (339)

Actually, in Lemma 6 we will show the stronger result /m(A) C By (C 2.%(Q)) for
C > 0. We define also the function ® : By (C>%(2)) — CZ*(Q) as

OIbIE, y) = X[b] ™' (5, y) — & (340)

Finally ©[b] : By (C>%(R2)) — CH¥(Q) is given by
D[b1(n, y) = 9:O[DI(X[DI(n, y), ). (34D

Notice that combining (340) and (341) we can write
?[bl(n. y) = % X' [b] (X[b](n, y). y)) — 1. (342)

Moreover, arguing as in Lemma 6 we prove that Im (%) C Bcy (CH¥(Q)).
Therefore, we now introduce the following operator

W[b]: By (CH*(R) — Bem(C*(R) x Beu(CH(Q)
defined by W[b] = (A[b], 9[b]) and choose M=cCM < M. Next, notice that the
function jo € C1*(92_) given by (334) solving the integral equation (325) can be
expressed as the following composition of operators

Jo = H[W[L]I(G — (G)). (343)

The condition M = CM < My must be satisfied so that Proposition 11 can be
applied. To conclude the construction, we use two additional building blocks. First,
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for b € By (C**()) and jo = M[W[b]1(G — (G)), we define
Jj=TIb. jol : Bu(C**(Q) x C¥(Q-) — C14(Q)
where j is the unique solution to the transport type problem

((0,1)+b)-Vj=0, inQ

J = jo, ondQ_. (344)

T'(b, jol : {

To conclude, the new velocity field W € C 2.2(Q) is recovered by means of the div-curl
problem (also known as Biot-Savart operator) given by

W= Bx[j, f, J] : Cl’a(Q) X C2’a(aQ) x R — CZ,Q(Q)
where W is the unique solution to

VxW=j,inQ
div W =0, in Q

Bl F I o D e (345)
Jo Wi, y) dy = J.
where J = J[f, g, b] is given by
2 = 1f2”6(>d+1if2ﬂr(>dd 1f2n'()f‘()d
=", x)dx 2y ijo(x)dxdx— — ; Jo(x x) dx
(346)

(cf. (70)) with jo = [V [b]](G — (G)). Then, we define I'(b) = W. In particular, the
full operator can be expressed as the following composition of operators

W =T(b) = B,[T[b, N[W[bII(G — (G))]. f. JLf, g, bll. (347)

The precise statement of the theorem reads as follows:

Theorem 7.1 Let f € C>%(R) satisfying (6) and g € C>*(dQ_). There exist €y >
0, My = Mo(L, o) sufficiently small such that if

I fllc2eq) + lI8llc2epa ) < €M, for M < Mo, (348)

then T'(Bp (C**(2))) C By (C*%(R2)). Furthermore, the operator T’ has a unique
fixed point in By (C*%(Q)).
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7.1 Preliminary estimates: ODE, transport problem and div-curl problem

Before showing the proof of Theorem 7.1, let us first show several Lemmas that will
be needed to provide the proof of Theorem 7.1. The first result summarizes general
Holder estimates for A[b] and ¥ [b].

Lemma 6 Let My be sufficiently small and let b € BM(CZ'“ (2)) with M < M. Then,
for A[b], 9[b] given in (339) and (342), we have that A[b] € C>%(Q) ¥ [b] € C1*(Q)
and

IA[B]|lc2e () < CM, (349)
||79[b]||c1ﬂ(§z) <CM. (350)

Moreover, the operator A[b] and 9[b] are Lipschitz in Cl*"‘(Q) and C*(2) respec-
tively. This is for any b', b> € By (C**())

R I PR
C""(Q) Cl,a(Q)

oty =007 g, = e =

. (352)
C*(Q)

Cc(Q)
Proof The proof of Lemma 6 is the standard argument used to compute the dependence
of the solutions for an ODE in their parameters. More precisely, the main idea of the

proof is to control incremental quotients of the form M for h > 0, as well

Ifx)— f(y)l
[x—yl*

as terms quotients of the form using Gronwall type arguments. A bound

similar to (349), (350) in Lemma 6 but estimating only the C '* Holder norm have been
shown in [2, Lemma 3.7]. Moreover, the proof of (351), (352) is obtained computing
the differences of the solutions of the differential equations which define A, ¥ (cf.
(339), (342) and (338)) with b = b! and b = b2, u]

The next results deals with Holder estimates for solutions to the hyperbolic transport
type problem (344). For a proof of this result we refer the reader to [2, Proposition
3.8], where a more general result is shown.

Proposition 12 Let My be sufficiently small. Then for every M < My, b €
By (C**(Q)) and jo € CH*(dQ_), there exists a unique j € CH*(Q) solving

(By+b)-Vj=0in<,

Jj=joond2_. (353)

T[b, jol : {

Moreover, there exists a constant C = C(«, L) > 0 such that the following estimate
holds

lilleragg < € ljollcraps. ) - (354)
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Furthermore, let ji, j» € C¥(2) be two different solutions to (353) with b given by
b', b? € By (C**(Q)) respectively. Then
ca(m)

(355)

-7

= (it -]
co@) (Jo Jo

! VZ‘

L
C*(3Q_) Jo Ccle@Ql)

where C = C(a, L) > 0.

To conclude let us also recall the following result regarding Holder estimate for the
div-curl problem, cf. [2, Proposition 3.11] for a detailed proof.

Proposition 13 For every J € R, j € CY*(Q) and f € C**(dQ) satisfying (6),
there exists a unique solution W € C 2.2(Q) solving

VxW=j, inQ
divW =0, inQ
W-n=f, onoQ
JeW-ndS=1.

Bglj. f.J]: (356)

where the curve C = {(0, y), y € [0, L]}. Moreover, the solution satisfies the inequal-
ity

IWllc2a) < C (ljllcta + 1 fllc2epa) + 171) (357)

where C = C(L,a) > 0.

7.2 Proof of Theorem 7.1

First, we show that the operator I' maps b € By (C 2.%(Q)) into itself and second,
that the operator I' is a contraction mapping in the lower order norm C!%(Q). By
combining both ingredients, we can invoke Banach fixed point theorem to infer that
the operator I has a unique fixed point in By (C>%(2)). Let us start with the former
assertion. By means of (347) we find that for b € By (C>%(S))

ITB) |20y = IB[TTb, TIIWIBING — (GD], £, Tl c2e
< C(ITb, M[W[b]I(G — (GD1llcreo) + 1 fllc2epq) + /1)
< C (IMW[L1NG — (Gl ety + I fllc2e@aq) + /1) -
where in the first inequality we have used (357) in Proposition 13 and in the latter we
invoked (355) in Proposition 12. On the other hand, recall that by definition W[b] =

(A[b], 9[b]). Hence, combining inequalities (349) and (350) in Lemma 6 and estimate
(335) in Proposition 11 we have that

[TINW[L1NG — <G>)]||c1-a(g2) <C (||f||c2va(gz) + ||g||c2,w(ag_))-
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Moreover, we can show using the expression of J given in (346) and the previous
estimates (249), (264), (284), (285) and (335) that

/| <C (||f||c2~u(gz) + ||g||c2,a(ag2_)) . (358)

Thus, we readily check that

ITB)lc2e@y < C (||f||c2~a(52) + ||g||c2-a(aQ_)) < CeoM (359)

where in the second inequality we have used the smallness assumption (348). Choosing
€0 = 7w, we obtain that ['(By (C2%(Q))) C By (C*(Q).

We now claim that the By, (C>(2)) endowed with the topology C ¢ is a complete
metric space which we will denote by (B (C>%(R2)), |- lc1.«). In order to show this
it is sufficient to check that By (C>%(2)) is a closed subset of C1% (), (cf. [2, Proof
of Lemma 3.12]).

Moreover, we also claim that

T (By(C*(Q)), I-llcre) = (By(C2()), Il cra)

is a contraction mapping. To this end, we have to show that for b', b> € By (C>*()),
we need to estimate the difference || roh —re?) || cla@) To that purpose, using the

expression of the full operator given in (347) and noticing that the Biot-Savart operator
defined in (345) is a linear operator, we obtain by means of Proposition 13 that

Hr(bl) - F(bz)Hcl«a(Q)

BTI6! WIB NG — (D). £, /'] = BATID MW ~ @) £ 11 Ly

<c (HT{bl, MI916 116 — (G)) — T1H%, TWIHA1IG - (G))| ) 1 =22 (360)

Cl,ot(Q)

where J¢ is given by (346) with jy = [I[W[b (G — (G)) for £ = 1, 2. To deal with
the transport type operator 7' given in (344), we invoke inequality (355) in Proposition
12 to find that

\hwkmeﬂm—m»—TWJHMﬂMG—@Mbwm

scHnwwm@—m»—MWWmG—@M

CH(IQ_)

+ e e - @) Hh—%%mm}

cle@q.)

On other hand by means of (330) in Lemma 5 and recalling that W[b'] =
(A[b'], ®[b']) we arrive at
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Hn[w[bln(e — (@) — TI[W[B]1(G — (G))

o)
=€ (HAI =2 g [0 mm) 16~ GDllcoa, (61
and
Hnw[bl]]Hacna(m,)) <C

Hence, combining both estimates with the fact that

IGllcresty + 1{GM ety = C (||f||c2,a(sl) + ||g||c2,a(sl)) < CeoM

and using (348) we find that

| 71! s G — (6) — TIP MW IBAIG - (G))|

Cl.a(Q)

§CeoM[”A1—A2” + |02 -0 )+|Ib1—b2||c1‘m(sz)}- (362)

clhe(Q) CY(Q

On the other hand using Eq. (346) and noticing that the first term on the right hand
side of (346) cancels out we infer that

4 2
1
= s = /O T Ib 11 () — TilW[b* 11§ ()] dx
i=1

1 2w
o [ (a0 = 3o £ ds

< C60M|: At -2 + 020! b1 - bzncl,a(m}

cla(Q) CU(Q
where we have argued as in the derivation of (362) and using that jg = M[Y[b1(G—
(G)) with ¢ =1, 2.

Combining the later estimate with (360), (362) and making use of the estimates
(351)-(352) in Lemma 6 we conclude

[reh - @) < CeoM lIb1 — ballcroqgy < BlIb1 — ballcra

Cl,a(Q)
(363)

where f is strictly less than one for €y = ﬁ Therefore,
I (Bu(C*(Q), [-lcre) = (Bu(C**(Q)), [l crea)
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is a contraction mapping for M < M. Invoking Banach fixed point theorem we find
that I admits a unique fixed point b € By (C>%(R2)) and thus I'(b) = b, which
concludes the proof.

8 Proof of Theorem 1.1

Take €9 > 0 and My = My(L, @) be the constants defined in Theorem 7.1. Let
also M < Mj. Then, Theorem 7.1 implies that I" has a unique fixed point b €
By (C*%(R2)). We claim that if b € By (C>*(R)) is a fixed point operator of I" then

B = (0, 1) + b is the velocity field which is a solution (B, p) € C2(Q) x C2Y(Q)
to (1) satisfying the boundary conditions

B-n=14 fondQ, B-t=gond2_.

On the one hand, assuming that b € By (C 2.2(Q)) is a fixed point operator of I it is
straightforward to check by construction (see that b solves (345)) that

V-B=V:-b=0,inQ2, B-n=14+b-n=1+f, ondQ.
On the other hand, since b is a fixed point of of I" we find that
VxB=Vxb=VxI(b)=j

where in the last equality we have use the first equation in (345) where j solves the
transport system (344). Thus,

0=(B-V)j=Vx[jxB] inQ

and jo as in (343). Then we can define a uni-valued function p in 2 given by means
of

p(x) =/0 [/ x B](y)dy (364)

where the integral on the right hand side is the line integration computed along any
curve connecting 0 = (0,0) and x € Q. In order to check that p is a uni-valued
function on €2, we only need to show that (67) holds or equivalently that (68) is
satisfied. However, this follows because J has been chosen as in (346) (cf. (70)).

Finally, since B € C>%(Q) and j € C“*(Q) it follows from (364) that p €
C%%(Q) and

jxB=Vp, inQ
holds. Therefore, (B, p) € C>*(2) x C>%(R) solves (1).
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8.1 Checking the tangential boundary value condition

To conclude the proof of Theorem 1.1, it is only left to show that B-7 = g, on 9Q2_.
To that purpose, let us first show some consequences of the a priori estimates in Sect. 4.

Corollary 1 Let jo € C*(d2_). Then, fori =1, ..., 4 the operators
TN joo) = TV Tijo(x) : €1 (3Q-) — C3¥(992-) (365)

are well defined operators. Furthermore, they can be expressed as the perturbation of
convolution operators given in (63).

Proof By means of Proposition 5, Proposition 6 and Proposition 7 we have that for
jo € CH¥(d2_) the operators T; jo are well defined and T, jo € C1*(dQ_), i =

1,..., 4. Onthe other hand, for jo € C"*(dQ_), the operator %NLjo given as in (83)
is well defined and %N L jo € C>%(32_). Thus combining both facts yields that

TNE = 7VET  CM Qo) — ¢ 0Q0), i=1,...,4.

1

We now show that we can express ’];N L jo(x) as the convolution operators given
in (63), fori = 1,...,4. We will just provide the proof for i = 1, since the cases
i = 2,3, 4 are very similar. Recalling that the T is understood as the limit operator
(72)

. L. . . .
Tijo(x) = —=— lim G1.c(x —n,mjo(n) dn = lim T cjo(x) (366)
2 e—0t

T e—0t Jsi

we have that
7 Tjo = 7" lim, Tycjo(x).
€—>
By means of Proposition 5, we have shown the uniform estimate
||T1,€j() || Cl,a(an) S Ca and el_i)Ing T],éjo(x) - T] JO(X) (367)

Therefore, by the Lebesgue Dominated Convergence Theorem and the fact that Z)N L
has an integrable kernel, we conclude that

TV 1im Tiejo) = lim (T3 Ty e jo) (x) (368)
e—01 e—~0t
Using the formal Fourier computations in Sect. 3.2, we have that for € > 0

TVET, jo(x) = /S GG oo
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where

—inA(n,y) _ 1
NL e~ Inly ¢
Fre e m) = Z / [1 +3&O(X(n, y), y)} @. @69

n=—oo
Computing the summation in 7, in a similar fashion in (252) we find that
IGYE (x| < Clog(lx| + €) < Clog(|x])

and hence by Lebesgue Dominated Convergence Theorem we conclude that

lim / GI'E(x =, mwo(mdn = / lim G'E(x — n, mwo(mdn. (370)
sl e—>0*

e—~0*t Jst

Moreover lim,_, o+ g{" GL x,n) — g{V L (x,n),¥x # 0. Therefore, combining the
previous computations we obtain that

T wo(x) = T9 T (x) = /S GV =0, m) jo(n) dn (371)

which shows the desired asserted expression as in (63). O

The following lemma gives the tangential velocity in terms of the Biot—Savart system
(356).

Lemma7 Let b € C**(Q), X! € C2*(Q), f € C>*(OQ) and jy € CH*(Q)
satisfy the following system

Vxb=jo(X (x,y)), inQ
divbh =0, inQ
b-n=f, onoQ

Jo b1(0.y)dy = J.

(372)

with J as in (346) (cf. (70)).
Then, we have that

4

J 1 1

b-)x,0) ===+ Z@) + =T\ o) + = Y TN jo(x)
L 2 2 P

with

1 || - ] inx
20 =57 Z <+( N el " (n)tanh(|n|L))e '

n=—oo
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Proof Arguing as in Sect. 3.1, we have that since b solves (372) there exists a stream
function ¥ such that

AI// ZjO(X_l(x’ }’))2, in
Y(x, L) = —J+/0 (f§, L) —A)d§, x eR (373)

1ﬂ(x,O):/o (f(€,0)—A)dé, x eR

for A = f8§2+ fds = faQ_ f dS. Moreover, using the fundamental solution @ (x, y)
solving the problem

(374)

Ad(x,y) =38(x)8(y — yo), in L,
® =0, onod.

we can readily check (cf. Sect. 3.1) that the normal derivative at y = 0 is given by

sinh(n(L = Y0)) ing

1 n=0o
a CD ) 07 = - .
y (. 0, y0) 2 n; sinh(nL)

Computing an homogeneous solution and imposing the boundary value conditions
using Fourier techniques as in (28) in Sect.2 we conclude that

J
oY (x,0) = -7 + Z(x)

1 rL ' sinh(n(L — yo)) in(—g) « vl
_E/O dy0 /Sl n;w T sinhil) ¢ Jo(X™ (&, y0)) d&

(375)
where Z(x) as in (30). Since f € C>%(3R), it is straightforward to check that
boundary condition term Z(x) is well defined. On the other hand, invoking Corollary
1 we have that for jp € CL2 Q) the operators

TV jox) = 9" Tijo(x) : CH*(0Q-) — C>*(0Q-)

are well defined operators and can be expressed as the convolution operators given in
(63). Hence, by recalling the definition (61) we infer that

4
TN jox) = T9"F o) + Y TV  jo(x)

i=1

it admit the representation formula
. 1 :
TVE jo(x) = ——/ Mt —n, myjo(n) dn,
2 sl
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where
G = Y an(me™, an(n)
_/‘L sinh(n(L — y)) e~ inh.y) J
= Jo " sinh(L)  (I+ 00X y). )

where A(n,y) = X(n,y) —n € C**(2) and X7'(5,y) = § + O, y) = n.
Unraveling notation (cf. computations (43)—(52)), it is easy to check that

1 rL "= sinh(n(L — .
TV jo(w) = =5 [y [ 3 SRS 0 jox 6,y de

(376)

is a well defined operator. Therefore, combining (375) and (376) and noticing that
d
_8_1// = b - T on d2_ provides our claim. O
y

Corollary 2 We have that B -t = g on 0S2_.

Proof Applying Lemma 7 and noticing that by construction jy(x) solves
NL ; 1 NL . ~ J
T jox)=—=5=| G "(x=nmjom)dn=g+ — 37D
2 sl L

where g(x) = —g(x) — Z(x) we conclude that B-t =b-7 =gondQ_. O
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