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Abstract
Consider the class of optimal partition problems with long range interactions

k
inf £ " A1(@) : (@1.....00) € PHQ) ¢ .

i=1

where A1 (-) denotes the first Dirichlet eigenvalue, and P, (€2) is the set of open k-
partitions of €2 whose elements are at distance at least r: dist(w;, w;) > r for every
i # j.In this paper we prove optimal uniform bounds (as » — 0V) in Lip-norm for
the associated L2-normalized eigenfunctions, connecting in particular the nonlocal
case r > 0 with the local one r — 0T. The proof uses new pointwise estimates
for eigenfunctions, a one-phase Alt—Caffarelli-Friedman and the Caffarelli-Jerison-
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Kenig monotonicity formulas, combined with elliptic and energy estimates. Our result
extends to other contexts, such as singularly perturbed harmonic maps with distance
constraints.
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1 Introduction

The purpose of this paper is to investigate uniform regularity estimates for a family
of long-range (nonlocal) interaction problems. Let 2 be a smooth bounded domain of
RN N >2andk > 2be integers. Given r > 0, we consider the set of all k-partitions
of ©2 whose elements are at distance at least r:

_ w; C 2 is a nonempty open set for all i,
Pr() = {(a)l""’wk) wiNwj =10 and dist(w;, w;) >r Vi # j
(notice that the request that w; N w; = ¥ is redundant for r > 0, but not for r = 0). It
is plain that there exists 7 > 0 (which depends on € and on k) such that P, (2) # @,
for every r € [0, 7). For any such r, we are concerned with the following optimization
problem:

k
¢ ::inf{ZM(wi): (@1, .., o) eP,(sz)}, (1.1
i=1

where A1(-) denotes the first Dirichlet eigenvalue.

The short-range (local) case, corresponding to the choice r = 0, is a typical example
of optimal partition problem, a very active topic of research since the seminal paper [3].
Existence and properties of minimizers for cq are essentially understood: we collect
in the following theorem what has been proved in [6, 13, 33] (see also [21] and [26]).

Theorem A The optimal value c is attained by a minimal partition (21,0, - .., $2k.0)
which exhausts , in the sense that | J; Qi 0 = S moreover, the free boundary
\U; 82,0 consists of piece-wise CY% hypersurfaces of dimension N — 1, up to a
singular set of dimension N — 2 (the singular set is actually discrete in dimension
N = 2). Finally, the eigenfunctions u; o associated with 2; o are globally Lipschitz
continuous, which is the optimal regularity in this case.

Finer results for the singular set are proved in the recent paper [1].

Much less is known in the nonlocal case r > 0. In a joint paper with S. Terracini
[28] (see Theorem 1.2 and Theorem 1.3-(3), (6) therein), we have shown the following
properties.
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Free boundary problems with long-range interactions... 553

(1) Existence. The level ¢, is achieved by an open optimal partition (21 ,, ..., Q2k,,);

(2) Exterior sphere condition and exact distance between the optimal sets. Given
xo € 082 ,\0%2, there exists j # i and yg € 02}, such that |[xo — yo| = r, and
Q; , N By(yo) = @; in particular, dist(2; ., 2; ,) = r and each set Q; , satisfies
an exterior sphere condition of radius r at any of its boundary point.

The second statement together with [4, Lemma 6.4] yields:
(3) Measure of the Free Boundary. The sets 9€2; , have locally finite perimeter in £2.

The approach used both in the local [6, 13, 33] and in the nonlocal case [28] consists
in studying the following relaxed formulation of ¢, in terms of measurable functions
rather than sets:

k

¢, = inf {Z/ |Vuil?
. Q
i=1

ui € HY(Q), [qui =1Vi,
Jo ulzu% =0 and dist(suppu;, suppu;) >r, Vi #j [~

(1.2)

It is shown that there exists a minimizer w, = (u1 s, ..., ux ) for ¢,. Moreover:

(a) Optimal regularity. Each u; , is Lipschitz continuous in . In particular, the posi-
tivity sets €2; , := {u; , > 0} are open and (21, ..., Q% ) € Pr(2);

(b) Equation of u; . —Au;, = A1(2 )u; , in Q; .. The partition (21, ..., Q22.)
achieves c¢,, which coincides with ¢,, and satisfies conditions (1)-(3).

Under an additional regularity assumption of the free boundary 9€2;, we have also
derived a free boundary condition, satisfied by the eigenfunctions of the optimal par-
titions (see [28, Theorem 1.6]). The validity of such a condition remains a crucial
open problem in the general setting for optimal partition problems with a distance
constraint.

The techniques adopted in the local and nonlocal cases are completely different.
Powerful tools typically employed in the former ones, such as monotonicity formulas,
free boundary conditions and blow-up methods, cannot be adapted in the context of
optimal partitions at distance, due to the nonlocal nature of the interaction between
different densities/sets. This is why the free boundary regularity for problem cy is
settled, while the same problem for ¢, is open. However, the common optimal Lipschitz
regularity of u, suggests that it should be possible to look at both problems, the local
and the nonlocal ones, as a 1-parameter family, where the parameter is the distance
r between the different supports. The main results of this paper establish that this is
possible, at least at the level of the eigenfunctions. More precisely:

Theorem 1.1 There exists a constant C > 0 such that
Iy Lip) = larlize@) + IV fle@) < C,

forany O < r < r, and any minimizer 0, of c,.

Observe that, for each r > 0 fixed, Lipschitz regularity is proved via a barrier
argument, which is possible due to the exterior sphere condition (see [28, Theorem
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3.4]). However the barrier used depends on the radius, and the argument breaks down
as r — 0T. Here we rely on different methods.

Combining this theorem with the information obtained in previous papers about
the local case r = 0, we have the following.

Theorem 1.2 There exists C > 0 such that
co < ¢ <co+ Cr forsufficiently small r > 0.

In particular, ¢, — co asr — 0. Moreover, given any minimizer W, of ¢, forr > 0,
there exists ugy € H(} (2) N Lip(L2), solution to cy, such that, up to a subsequence,

u, — uy stronglyin HO1 ()N cOe (Q), foreverya € (0, 1).
We believe that these results may pave the way to the development of a common
free boundary regularity theory. This will be the object of future investigations.

A closely related problem concerns the regularity of singularly perturbed harmonic
maps and of their free boundaries. Under the previous assumptions on 2, let

Qr = U B;i(x) = {x e RV : dist(x, Q) < 7},

xe

and, given k > 2 nonnegative nontrivial functions fi,..., fy € H 1(Q;) N C(QF)
satisfying

dist(supp fi, suppfj) = r Vi # j, suppfi N (2 \ Q) #¥ Vi,

let us consider the minimization problems

where

Hy = ju=(uy,...,u) € H (Q7, R¥) Jquiu} = 0and dist(suppu;, suppu;) = r Vi # j }
r = =u1,..., T :

ui = fi ae.in Qr\ Q

(1.3)

As for the optimal partition problems, the local case r = 0 is essentially understood
(see [7, 33]), while for the nonlocal one r > 0, studied in [28], there are still many
open questions. However, local and nonlocal cases share the same optimal regularity
for the minimizers: if u, is a minimizer of %, then it is locally Lipschitz continuous
in , both for » = 0 and » > 0. Therefore, it is natural to wonder whether a result
similar to Theorem 1.1 holds true or not. We can give an affirmative answer.
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Theorem 1.3 For any compact set K CC , there exists a constant C > 0 (which
depends on K, Q, N and on r) such that

- llLipg) == Iy llLe k) + VU |lLexy < C,

forany 0 < r < r, and any minimizer 0, of h,. Moreover there exists uy € Hy N
Lip,,. (£2), solution to ho, such that, up to a subsequence,

u, — ug strongly in HILC(Q) N Cl(z)g (2), foreverya € (0,1).

Problems ¢, and &, are closely related, both for » = 0 and » > 0. In turn, they are
both related to the study of the asymptotic behavior of multi-components system in the
limit of strong competition. This topic attracted a lot of attention in the last decades,
mainly in the local setting, for which by now a variety of results are available: systems
with symmetric quadratic interaction between the different densities were studied in
[5, 12, 14, 30]; systems with variational cubic interaction in [7, 10, 11, 15, 23, 27,
30, 31, 39]; analogue problems for systems driven by the fractional Laplacian were
addressed in [16, 34, 35, 37, 38]; the fully nonlinear setting was studied in [8, 25]; and
systems with asymmetric diffusion or asymmetric interaction were tackled in [29, 36,
39]. See also the references therein.

In contrast, besides [28], the only contributions regarding long range interaction
models are [4] and [2]; in [4], the authors analyzed the spatial segregation for systems
such as

!Au,-,,s = Buiip X xmrluy|7) - in €2 (14)
uip=fi =0 inQ\ Q,

with 1 < p < +o0. In the above equation, xp, denotes the characteristic function
of B1(0), and * stays for the convolution. The authors proved the equi-continuity and
gradient bounds for families of viscosity solutions {ug : B > 0} to (1.4), the local
uniform convergence to a limit configuration u, and then studied the free-boundary
regularity of the positivity sets {u; > 0} in the case p = 1 and dimension N = 2. In
[2], the author proved a uniqueness result.

Notation and structure of the paper

We mainly use standard notation. Whenever a function f is radially symmetric, we
write f(x) = f(]x|). We denote by B,(xp) the Euclidean ball of radius » > 0 and
center xo; whenever xg = 0, we simply write B,. In most of the integrals, the volume
or surface elements are omitted, for the sake of brevity; the domain of integration
suggests the natural choice.

The rest of the paper is devoted to the proof of Theorem 1.1. We focus on the case
N > 3.1In Sect. 2, we present some preliminary inequalities regarding eigenfunctions
of the Laplacian. Section3 contains the proof of Theorem 1.1. Concerning the case
N = 2 in Theorem 1.1, and Theorem 1.3, we shall not present the details. The proof
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follows the same sketch of the one of Theorem 1.1, being actually a bit simpler at sev-
eral points. We will stress the main differences in some remarks whenever necessary.

2 Preliminary results

We devote this section to some inequalities about eigenfunctions of the Laplacian
that will be crucial in order to reach the conclusion of Theorem 1.1. Some of these
inequalities are already known and are presented here for the sake of clarity. Some
others may be of independent interest and are given in a general setting.

2.1 Pointwise estimate of the gradient of eigenfunctions

We show that the maximum of the gradient of a positive eigenfunction is reached
at the boundary of its domain, up to a multiplicative constant depending only on the
dimension, and in particular not on the domain 2. The following result can be extended
to more general bounded domains (in which case the gradient may be unbounded),
but we state and prove it only under the following additional regularity assumption on
Q. Precisely, we recall that €2 is said to satisfy the uniform exterior sphere condition
with radius p if for every xo € <2, there exists a ball B ¢ RY \ © with radius p such
that xo € dB. Moreover, we say that Q2 enjoys the uniform exterior sphere condition
if there exists p > 0 such that Q enjoys the uniform exterior sphere condition with
radius p.

Lemma 2.1 Let Q@ C RN be a nonempty bounded domain that enjoys the uniform exte-
rior sphere condition. Let . = L1(S2) be the first positive eigenvalue of the Laplacian
with Dirichlet boundary conditions with eigenfunction u € H(} (),

—Au=Au inS
u=0 on 082.

There exists a universal constant C = C(N) > 0 and a sequence {x,} C Q2 such that

lim dist(x,, 02 =0 and lirnJirnf [Vu(xp)| = Cl|Vu| Lo -
n—-+0oo

n——+00

Proof By classical regularity theory of elliptic equations, we know that the eigenfunc-
tion u is a C* function inside of © and is Lipschitz continuous up to the boundary
[20, Proposition 2.20], and by the maximum principle we can assume that # > 0 in
Q. Exploiting the regularity of u inside of 2, we find that the function x > |Vu(x)|
is continuous and bounded in 2. In order to reach the conclusion, since €2 is bounded,
it suffices to show that, if |Vu(x)| attains its maximum inside of €2, then its maximum
value is still comparable to the value of the gradient close to a point on the boundary.
Hence we can further assume that there exists y € €2 such that

IVullL= @) = [Vu(y)l.
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Letting r = dist(y, Q) > 0, we consider the function v € Lip(B;) defined as

u(y +rx)
v(x) = ———.
r|Vu(y)|

Then, by definition, we see that v > 0 and |Vv| < 1 in By, with [Vv(0)| = 1 and

_A‘UZ)\,I’ZU in B] (2 1)
v(z) =0 for some z € 3By N 222, '

Observe that, by set inclusion, we find Al < A1(By), the first Dirichlet eigenvalue
of the unit ball in RY. Moreover, |v(x)| = |[v(x) — v(z)| < |x — z| < 2 for every
x € Bi. We want to show that v(0) > m for some m > 0 that depends only on the
dimension N. By elliptic regularity theory [19, Corollary 6.3], we know that there
exists a constant Cy > 0 that depends only on the dimension N such that

1DVl (B,,0) < Cn (IIvllzoo(s)) + 1420l o By + I3V Lo (sy))
<2Cy (1 +11(B)),

where D?v is the Hessian matrix of v. Let
Ay =max (3,2Cy (1 + A1(B1)))

which, ultimately, depends only on the dimension N. For any x € By, we have
v(x) =v(0) 4+ Vv() - x + R(x),

where the remainder verifies |R(x)| < Ay|lx||?/2. We now take

1
= ——Vv(0),
X0 Ay v(0)

which belongs to By, since Ay > 2 and [Vv(0)| = 1. Recalling that v > 0 in B
and using again the fact that |[Vv(0)| = 1, we find

1 1 1
0 < v(xp) < v(0) — mw(onz + mm(onz =v(0) — i

that is

1
0)>— >0.
v()_2AN>

Combining this estimate with the fact that |[Vv| < 1 we have that

1 1 1 1
min Jv(x) : |x] < > — = > 0.
4AN 2Any  4AN  4ApN
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We now consider the function v € C 2(Bl\B1 /(44y)) defined as

1
v(x) = Dy (W_ 1>,

for a constant Dy > 0 defined by the relation DN((4AN)N_2 —1) = 1/4ApN).
Therefore, v is the solution to the problem

Av=0<—Av in B\ Bij4ay)
v=0<vw on 0B
QZﬁ <v Ol‘laBl/(4AN).

Notice that v is radially decreasing, 9, v is radially increasing, and
v(x) <00(z) = 2—N)Dy =: —kny <0 Vx € By \ Bijuaay)-

Moreover, by the maximum principle, v < v in B1\Bj/44,). We claim that this
implies that there exists a sequence {z,} C B such that

Zn — z and liminf [Vv(z,)| > «n.
n— 00

Indeed, let us assume by contradiction that there exists & > 0 such that for any x €
B:(z) N By we have |Vv(x)| < k. We consider the function f € Lip([0, 1]), defined
as f(t) =v((1—1)z) forallt € [0, 1]. We have that | f/(¢)| = |[Vv((1 —=1)z)-z| < kn
for all r € (0, &), thus

f&) = f0) +/ f'(s)ds S/ |f'($)lds < ey = v((1 —&)2) < exn.
0 0

On the other hand, by the same reasoning as before we have that

v —e)2) = — /6 O v((1 —s)2)ds > ey,
0

in contradiction with the fact that v < v in B1\B1/@4ay). The conclusion follows by
scaling back to the original function u. O

2.2 Mean-value property for eigenfunctions
We show that the eigenfunctions of the Laplacian and their gradients enjoy a mean-

value property similar to harmonic functions. For a given A > 0, let R = R(%) > 0
be such that the ball B, ; has first Dirichlet eigenvalue equal to %. We denote by ¢ the
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corresponding positive eigenfunction, with

—Ag =L in By,
¢ =0 on 8B, . 22)
¢(0) = 1.

We recall that ¢ is radially symmetric and radially decreasing, attaining its only max-

imum at the origin and ¢(x) = Jy,2-1,1(c|x|) where Jy /21,1 is the Bessel function
of first kind and index N /2 — 1, and @ > 0 is a suitable scaling parameter.

Lemma 2.2 Let R < R and assume there exists a nonnegative function v € C*(Bg)
such that

—Av < Av in Bg,

for & < A. Then for any r € (0, R) we have

v ), 0= s ),
— vV — v
N Jg, @(R)RYN Jg,

Proof First we observe that, since ¢ > 0 in Bg,
v -
—div (gDZV (—)) = —Avp + Apv < (L —X)vp <0 in Bg.
2
For 0 < r < R, integrating the previous inequality in B, we find

JLole () =so [, () = [, ()
0< div|p“V | — = @~ (r) hl—) = ad|—]=>0.
. ® 9B, ¢ 3B, ¢

Introduce the smooth function ® : (0, R) — R as

1 v(y) / v(rx)
o) =—— | 4 = [ 2 s
") rN-1 /;B, o(y) % aB, ©(rx) 7

Taking the derivative of ® yields

o p— / 3 (3) >0,
r 9B, @

that is, the function r +— & (r) is positive and increasing for r < R. As a result, for
any 0 < s <t < R we have

_ v _ v
INI/ _SSNI/ v
9B, ¥ 9B, ¢
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Next, for a given r € (0, R), we integrate the previous inequality for s € (0, r) and
afterwards for r € (r, R), and deduce that

(RN rN>/ v<rN v
N N)Jg ¢~ N Jgos ¢

By rearranging the terms we obtain

1/1) 1 v
A I
r B ¥ R Br ¥

To conclude we recall that ¢ is decreasing in r and that ¢(0) = 1. O

A direct consequence of the mean-value property is a similar inequality for the
gradient of eigenfunctions.

Corollary 2.3 Let R < R and assume there exists a function u € C*(Bg) such that
—Au = Au in Bg,

for 21 < A. Then for any r € (0, R) we have

2
_/' (R)RN/ Vel

and, in particular,

|
IVu©))? < —— | |Vul?
@(R)|BR|

Proof 1t suffices to consider Lemma 2.2 with v = |Vu |2, since
N
—AlVul? =2 (Aqu|2 -y |Vux,.|2> <2A|Vul> in Bg

and 2\ < A. O

2.3 Energy estimate of the gradient of eigenfunction

Previously we have shown a mean-value property for the gradient of eigenfunction
in the interior of their support. In this section we prove a similar result for points on
the boundary. It rests on a monotonicity formula of Alt-Caffarelli-Friedman type for a
single function defined in a domain that enjoys the exterior sphere condition. We thus
first prove such formula.
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As before, we fix & > 0 and let R = R(1) > 0 be such that the ball B, ; has first
Dirichlet eigenvalue equal to A, with eigenfunction ¢ normalized in such a way that
@(0) = 1.Let Ty, € C?(Byj /2 \ {0}) be a positive and radial solution of

—div(¢?Vry) =6 in Bygps. 2.3)

where § is the Dirac delta centered at the origin. A direct computation shows that we
can choose

r=|x|.

3R/2
Tp(r) = (N — 2)/ 2() s,

With this choice we additionally have that I (SR /2) =0, y() > 0 forany r €

(0,3R/2), and I‘; (r) = MT We also define

() = rN 2o ()T, (r). (2.4)

which we assume to be extended by continuity for » = 0. We have the following.

Lemma 2.4 The function v is Lipschitz continuous in B s and radially symmetric.
Foranyr € [0, R], Y (r) > 0, while (3R /2) = 0 and there exists C = C(N, 1) > 0
such that

lW(r)—1| < Cr  forr € (0,3R/2). (2.5)

Proof We only need to show (2.5), as the other properties in the statement are direct
consequences of the definition of the function yr. We have

3R/2 J1-N 2
Wr) ((N 2)/ SZfN“’Z—Z;ds - 1)
1 3R/2 1-N 2 400 JI—N
== ((N 2)/ o zir; ds—(N—Z)/r jH ds)
3R/2 2 n
=N -2V 3 / sI=N "’2(” -1 ds—/_oosl_Nds
r = (s) 3R/2

3R/2 32— N
v [ [ o) RPN
=(N-2)r (/r 20) (p(r) —@(s))ds = 2)22—N> )

Now observe that, by monotonicity of g,

<p(r)+<p(8)< 2¢(0) _ 2
2(s) T 92(3R/2)  @2(3R/2)’

0<
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562 N. Soave et al.

and that, since ¢ is smooth and radial,

V2 s2
e(r) =1+ w/’(é)? o) =1+ 40”(77)5

for some £, n € (0, 3R/2). Therefore, there exists C > 0, depending on R, such that

3R/2 3R/2
<crV 3 r2[ sl_Nds+/ s Nds+cC | <c,
r r

since N > 3. O

‘W(r) —1
—

We are now in a position to state the monotonicity formula. We work with the
family of open domains

N
B\ Bi(—e)) = :x €EB :(xi+ 1P+ ) x> 1},
i=2

where e; = (1,0, ..., 0) is the first vector of the canonical basis of RV .

Proposition 2.5 Let A < A and letu € H' (By) be a nonnegative solution to

—Au < lu inBg\ Bi(—ey)
u=20 in By N Bi(—ey).

Then there exist C = C(N,X) > 0 and ¥ = #(N, X) > 0, such that the function

1 v u\ | 1 u\|?
V)= | ——|V(- =C’—/ r, v (= 2.6
(ry=e r? Jg, |x|N=2 <<P> © e B,-w ¢ @ (20)
is nondecreasing inr € (0, r), and
1 2 -
~ [Vul* < C¥(r) Vre,r). 2.7
r B,

Moreover, if —Au = lu in {u > 0}, and {u = 0} has locally finite perimeter, then:
C 2 -
V() = — |Vu| r e (0,r). (2.8)
r B,

Remark 2.6 In dimension N = 2 we need to change the definition of function W in
(2.6) as follows:
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u

V(=
%

We start by stating and proving an estimate of the first eigenvalue of spherical caps,
and a Poincaré-type inequality.

1 2
() = eC’—Z/ ¢*
r B,

The proof follows by similar computations.

Lemma 2.7 (Estimates for eigenvalues) Consider the spherical caps

N
o S — ' 1\? , 1
wy 1= 0By \ By (—e1/r) =1y € 0By : y1+; +E yi>r_2
i=2
{ € dB r}
= N > —_——
y 1) >

and let A1 (w, ) stand for the first Dirichlet eigenvalue of the Laplace-Beltrami operator
on wy:

) [, |Vrul?
M) = inf ———bs—,
ueH} () fa,,_ |ue]

where Vru is the tangential gradient of u. Then there exist r = r(N) and C =
C(N) > 0 such that

N—-1-Cr<M(w)<N-1 forre(,r). (2.9)
Proof The sets w, are invariant under rotations with respect to the first axis. As a

result, the first eigenfunction depends only on 6 = arccos(y, e1) € [0, ], the polar
angle with e (see [32]). We have

Jo' (sin)N 2w’ (0) > do ‘w € H' (10,6,

M (w,) = inf , 2.10
1(w) n { foer (SiH@)Nizwz(e) de |w ©@)=0 } ( )

where 0, > 0 is
(% arccos( r) T + d + O( 3)
= —_— = — — -
" 2 2 2

for r > 0 small enough. The first eigenvalue of w, is simple, and the corresponding
eigenfunction is a multiple of the unique positive solution w = w, of

—((sin)N2w'Y = A1 (w,)(sin®)V 2w in (0, 6,),
w'(0) =0, w(b,) =0, wO) =1.
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A direct computation shows that when r = 0, that is 6, = 7 /2, we have
wo =cosf and Ai(wg) =N — 1.

By set inclusion we can deduce that the function r + Aj(w,) is monotone decreas-
ing in r; moreover, as the first eigenvalue is simple, the function r — Aj(w;) is
differentiable at » = 0. Thus the limit for » — 0 exists and we have

M) =N—1—Ar 4+ o(r)

for a positive constant A = A(N) that depends only on the dimension.

We can be more precise, by giving an explicit value for the constant in the Taylor
expansion of A (w,). To this aim, we make use of a shape derivative of the domain w,.
We introduce the family of smooth diffeomorphisms ® € C*°([0, 1] x [0, 7 ]; [0, 7]),
defined as

26,
o@r,0) = L.
T

We observe that ® (0, 8) = 0 (that is, (0, -) is the identity), while for any r > 0, ®
maps the set [0, 7/2] to the set [0, 6,]. Moreover we have %(0, 0) = %. Applying
the theory of domain variation (see e.g. [22, Théoreme 5.7.1]) we find that

d L (w20, d (0, X
A= —M(wr)h:o:—fa‘”" — 2( d <0
dr fwo(wo)

m}

Next we state and prove an inequality of Poincaré-type for H' functions that equal
to zero on a ball.

Lemma 2.8 (Poincaré-type inequality) For any R > O, there exists a constant Cp =
Cp(N, R) such that

1 1
—/ u2+—2f u?> < Cp |Vu|?
r JyB, r= JB, B,

foranyr € (0, Rland u € Hl(Br) withu = 0in B, N B1(—ey).

Proof We start with a change of variable, letting v(x) = u(rx) we find that the
statement of the result is equivalent to showing that

/ v2+/ v <C |Vv|2
3B B1 By

for any v € H'(By) with v = 0 in By N By (—ei/r), r € (0, R). Assume, by
contradiction, that there exist sequences {v,} C H Y(B) and r, — 7 € [0, R] such
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that v, = 0 on By N By, (—e1/ry), and

/ v,21~|—/ v =1 while / |V, |2 = 0.
dB B By

We conclude that the sequence {v,} converges in H 1(B)) to a non-zero constant
function v € H'(B1). On the other hand, by taking the limit of the sequence of sets
{B1 N By, (—e1/ry)}, it must be that v = 0 in By N By (—e /7) if 7 > 0, 0rv =0
in By\{x; < 0} ir 7 = 0, a contradiction. O

We state and prove a useful consequence of the previous inequality.

Corollary 2.9 There exist C = C(N, X) and 7 =7 (N, L) > 0, such that

“(2)

foranyr € (0,7) and u € H'(B,), withu =0 in B, N Bi(—ey).

2

Vul < cf v

B,

Proof The result follows by a chain of straightforward inequalities. We have, for

r e (0, R],
2
52/ +2/ u

Vu? = /
By r
2
A\
% /u2
L>®(B,) Y By

<2 / o —
B, %
—_ 2 —_
§2C(R)/ W2 +2Cp(N, R)r?
B,

2 2

Vv \Y
Vu—u—(p—l—u—(p
¥ 1

)\ |2
°(5)
@
2
V(f) / Vul?,
® L>®(Bg) Y By

where we used Lemmas 2.4 and 2.8. The result follows by rearranging the terms in the
last inequality and choosing 7 = 7(N, R) = 7(N, A) > 0 sufficiently small in such a
way that

Vo

%

v
Vu—u—w

@

+2

xe
¢

V(p2

'

2Cpi?

1

<-.

Lo@By 2
O

Proof of Proposition 2.5 We start by showing the monotonicity of the function W. First
ofall,letw :=u/p € H! (Bf), which satisfies

—div(¢?>Vw) <0 in By
w=0 inBRﬂBl(—el).
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We now show that in this case there exists C > 0 such that W (r) defined in (2.6)
is monotone nondecreasing in r, for r sufficiently small. To start with, by formally
testing the equation for w by I',w and integrating in B, we see that

f ¢2F¢|Vw|2§f (p2F(pw(3vw)—/ (pszw-VI‘(/,
B, 3B, B,

_ 2 . 2 w?
- @’ T yw(d,w) ¥*V (=) VI 2.11)
9B, B,

(to justify rigorously this computation, it is enough to take a sequence of mollifiers
{om}, work with the regular function p,, * u — u and w,, := (o, * u)/¢@, integrate
by parts in the domain B, \ B; and let first ¢ — 0 and then m — 00). Now, by testing
the equation for I'y)—(2.3)—by w? /2, and integrating by parts, we find

w2 2(0) w2
/wzw—)-vrw:/ &2(3,T >—+ _/ PO,
B, 2 9B, 2 9B, 2

(2.12)

By plugging (2.12) into (2.11) and recalling the definition of I', and /:

v
[ FiE ——|Vw|* = i @*Ty|Vw|?
5/ ( Tyw(@,w) — w2¢2(a r¢)>
9B,
N-2 ,
= - ] Fww(avw)—i- N l

N-2
Z/GB <|x|% 2w(avw)Jr2|X|N_1w2). (2.13)

We now compute the logarithmic derivative of ¥ and find

d
—log¥(r)=C—- -+ -
dr r

r
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Let v = v := w(rx), which by assumption vanishes in the complementary of the
set

wyr = 3By \ By (—e1/r) C 9B;.

Then
J / Vol?
T log W(r) = € ‘”(r) s
/ (wmv(av 5 2)
(V2O @) + 92 () VavP?)
rwm [ < ol —2v2>
o 2
. | (oo s ronen?)
=C— = —
VW(”) / < v2>
Since

N-2, V() , (N=2(a+1 ,
[, (oo s 55202) < [ (g P + S=55007),

by choosing a > 0 such that

1 _(N—=2)(a+1) 1 N-2\" N 1
WN=2) ~ 22 T N2 ( 2 ) Yo =5
Y Oa()YA(r)
B N -2 '
where

o (V=2 2+t N-2
y() = 3 R

we see that

d 2 2
TlogW(r) = €= >+ ——y (V) (@)

rr(r)
2 c 1 ,
= ( I+ 57 + my <W (V)M(a)r)))-
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Since y(N — 1) =land y'(N — 1) = % > (0, by Lemmas 2.4 and 2.7 we have the
existence of constants C1, C, C3 > 0 such that

% (W(r)mwr)) y(L=CNN =1=Cor))
v (r) - 14+Cyr

— Car.

for any r sufficiently small. In conclusion, by choosing C := 2C3, we have that W is
nondecreasing for small r > 0.

Next we show (2.7), which is actually a direct consequence of Lemma 2.4 and
Corollary 2.9. Indeed we find

1 c 2 c 2 2
—N/|W|25—N/ 2V<Z) 5_2/%V<Z)
N Jp, r™ Jp, % r= Jp, |x| @
Finally we show (2.8). Using estimate (2.13), we see that
v =% [, (e (2)2 (2) s (2)
r = —_— —_— — — —_— —
r2 Jog, \IxIV"2\e) " \o/) " 2ixIN-1\p
Cr Cr
N -2
_evon / N (L)W =2 [
rN 9B, \ @ % 2rN+l2(r) Jyp,
e Y (r) Y () (r) 2, €T(N=-2) 2
SN2 o — —-5-3 u Ni12 u
r’o=(r) Jas, o (r)  Jyp, 2r¥ = (r) JoB,
Cr Cr
e~y (r) e
<__ T3’ 9 _-
= V20 Jos, T N0

((N—Z) +1/f(r)|§0/(")|>/ ¥
2r @(r) 9B,

Multiplying the equation —Au = Au by u and integrating by parts in B, N {u > 0}
(since {u = 0} has locally finite perimeter, we can apply [17, Section 5.8 - Theorem
1]) yields to the identity

/ [Vu|? = / |Vu|2—,\/ u +/ udyu
{u>0}NB, {u>0}NB, d({u>0}NB,)
_A/ u +/ udyu
r JB, '

which in turns give us the estimate

/ uavuff [Vul?.
9B, B,
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By Lemma 2.8,

/ u* < Cpr/ [Vu|?,
9B, B,
and we can conclude that

Cr _ 1
Y(r) < e [w(r)(l —i—rz)»Cp) +Cp <(N 2) + yle (r)|r)]/ |Vu|2

rNo(r)? 2 o(r)
finally yielding to
1 2
W) < C— [ 1Vul
r B,
for any r € (0, r). O

We cite a useful corollary that is a straightforward consequence of Proposition 2.5.

Corollary 2.10 Let @ C RY be a connected open (and non-empty) set that enjoys the
exterior sphere condition at any point of its boundary, which we assume to have locally
finite perimeter. Assume, moreover, that at xo € 0S2 the exterior sphere has radius at
least equal to rq. Let . = L1(2) be the first eigenvalue of the Laplacian with Dirichlet
boundary conditions, and assume that A < M Letu e _HOl (R2) be the corresponding
eigenfunction. There exist C = C(N, A) and ¥ = ¥ (N, L) such that

1 2 1 2
Y J B, (x0) RY JBg(xo)

forany 0 <r < R < ror.

Proof By a change of variables, the problems reduces to the one where ryp = 1. In
such a case, by Proposition 2.5, we have the existence of C, C’, 7, depending only on
N and A such that, whenever 0 <r < R < 7,

— IVul? < CW(r) < CW(R) < — | [Vul?,
™ B, (xo) RY Jp,
which concludes the proof. O

3 Uniform bounds

In this section we prove Theorem 1.1. Assume, without loss of generality, that €2
satisfies the uniform exterior sphere condition of radius larger than or equal to 1. Recall
that 7 > 0 denotes a value such that P, (2) # @, for every r € [0, 7). In what follows,
forr € (0,r), weletu, = (uy, ..., ur,,) be a nonnegative minimizer for ¢, (recall
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the characterization (1.2)), with (21 ,, ..., Q) = ({u1, > 0}, ..., {ux, > 0})
being an optimal partition. Recall also that properties (1)-(3) and (a)-(b) hold true.
The main idea of the proof is to show that, if the eigenfunctions do not have uniformly
bounded gradients, then it is possible to construct a competitor for the minimization
problem that has a smaller energy, thus contradicting the minimality of u,.

The starting point is to prove uniform bounds of the eigenfunctions in the H' and
the L> norms.

Lemma 3.1 There exist constants C, A > 0 such that
”uV”HOl(Q)’ luyllLo@) < C
and
M) < Aipi=r{ui, >0) <A Vi=1,...,k,

foreveryr € (0,r).

Proof The lower bound on ; , follows from the monotonicity of the eigenvalues with
respect to domain inclusion. On the other hand, since r +— P, (£2) is decreasing with
respect to domain inclusion, then » — ¢, is monotone increasing and, in particular,
¢ <c¢ifor0<r <rand

k k
Zf Vi > = miui, >0} < cr.
Q

i=1 i=1

Since u; , € HO1 (£2) is a positive solution to —Au; , < A1({u; , > 0)u; , in 2, the
L°°-uniform bounds are a standard consequence of the Brezis-Kato iteration technique
(see for instance the proof of Corollary 1.6 in [24] for the precise details in this
framework). O

We assume from now on, by virtue of a contradiction argument, that the gradient of
u, is not uniformly bounded. That is, there exist a sequence {r,} C (0, 7), a sequence
of minimizers {u,} associated with ¢,,, and a sequence of indexes {i,} such that

M, = Jmax IVu;i nllLee@) = Vi, nllLe@) — +00  asn — +oo. (3.1)

Up to a subsequence and a relabelling, we can suppose that i, = 1 for every n. In
what follows, we work constantly under this assumption.

Notation. In what follows we take A, the constant appearing in Sect.2, equal to A,
the upper bound of the eigenvalues %; , (see Lemma 3.1). Moreover, without loss of
generality, we assume 7 = 1 in Corollary 2.10.

Lemma 3.2 We have r;, — O.
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Proof Assume that the thesis is false. Then, up to striking out a subsequence, we
have that r, — ro for some ro > 0. We recall that each u; , € H(}(Q,-’rn) solves
—Auiy = Aip,uinin ;. All of these sets satisfy a %ro—uniform exterior sphere
condition, for any # sufficiently large. By [28, Theorem 3.4] we have that there exists
a constant C > 0 such that

IVuinllzow,,) < C (luinllcc@,,) + 1AintinllLes,,)) -
Since the right hand side is bounded by Lemma 3.1, we obtain a contradiction. O

Now that we have established the behavior of the sequence {r,}, we can introduce
the quantities that will guide us in the proof of our main result.

Lemma3.3 Let C > 0 be the dimensional constant of Lemma 2.1. There exists a
sequence {x,} C {u1,, > 0} such that

CM, < |Vul,n(xn)| <M, (3.2)
and, moreover,
R, :=dist(x,, d{u1,, > 0}) = o(ry)

asn — OQ.

Proof We can directly apply Lemma 2.1 to each function u; ,, (for n fixed) to obtain
the desired result. O

Now, let y, € d{u1,, > 0} be a projection of x, onto d{u; , > 0}, so that R, =
|xn — yn|. We shall analyze the behavior of the sequence {x,} and of {y,}. As a first
step, we show that the sequence {x,} is very close to the free-boundary 021 , N €2 and
not to the fixed boundary of €2. This is the content of the next result.

Lemma 3.4 We have that dist(x,, 0Q2)/r, — +o0o. In particular y, € 021, \ 02
and, moreover,

1

2 2
Mn <C N |Vul,n|
rn

Brn n)

for a constant C = C(N, 1) > 0 and n sufficiently large.

Proof We prove this result by virtue of a contradiction argument. Assume that there
exists a constant x > 0 and a subsequence (which we shall not relabel) such that

dist(x,, 02) < kry,.
We assume that n is sufficiently large in such a way that 7 (N, A1 ,) > 1.
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Case 1) y, € 9. In this case, by joining Corollaries 2.3 and 2.10, and recalling that
2 has the exterior sphere condition with radius at least 1, we have that

2
[Vuq nl

1 1
CM, < |Vuy ,(x,)* < C— |Vuiq)? <2NC
RY J B, (n) CRDN Ik, )

2 2
scf Vi l? < Clurall?y,
B1(yn)

and we find a contradiction with Lemma 3.1, since M,, — +o0.

Case2) y, ¢ 02.Inthis second case we need an additional step. Let p,, = dist(y,, 0€2)
and z,, € Q2 such that |z, — y,| = pp. Itis plain that p, < (1+«)r,. Atfirst, by using
again Corollary 2.3, and Corollary 2.10 on balls centered in y,, where {u; , > 0} has
an exterior sphere of radius r;, > 2R,,, we obtain

2 2 1 2
CM; = |Vurn(xp)|” = C— |Viuy pl
Rn BRn (xn) (3 3)
<ove ! Vil < < (Va2 |
= nl = nl -
CRIN By, () N JB,, ()

At this point, since By, (y,) C Br,1p,(zn), pn < (1 +K)ry, and {u1 , > 0} has, at z,,
an exterior ball or radius 1, Corollary 2.10 again yields

1 rn+ o)V 1
M2 <L Vg of? < ¢ Lot on) v/ Vi1
5 J By () T (rn+ o)™ JBy 4y @)
1
sc<2+x>N7/ Vi ,* < Cf IVur o? < Clluynll%,
(rn + p)N By +pn (2n) ! Bi(zn) " i

and we find again a contradiction with Lemma 3.1.
This completes the proof of the first part of the statement. To obtain the desired
estimate, one can now proceed as in (3.3). O

To proceed further, we recall the Caffarelli-Jerison—Kenig formula, a fundamental
result for free-boundary problems [9]. Let u, v € H'(RY) be two continuous and non-
negative functions such that u(x)v(x) = 0 for any x € R" and lull 2 = vl 2 = 1.
Assume moreover that there exists a constant M > 0 such that

—Au<M, —Av<M nR"
in the sense of measures. Then there exists C = C (N, M) such that

1 |Vu|? 1 |Vv|?
2 N—2 2 N2 = ¢
= JB.o 1x =yl = JB.(o 1x =yl

for any x € RY and r € (0, ). We can directly apply the Caffarelli-Jerison—Kenig
formula to our setting, since {u,, } is uniformly bounded in L°°(£2) and the eigenvalues
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{Xin} are ur_liformly bounded as well, see Lemma 3.1. Thus, there exists a constant
C = C(N, 1) > 0 such that

1 1 Vui 2
|Vmﬂ2~W/m |VWMF5—3/ —l—ﬂ%z
By (yn) Y JB. () r= JB. () 1X = ynl

1 Vi ,l?
._2f Wil ¢ (3.4)
= JB () 1X = Yl

forany 0 <r < landany j # 1.
Now we introduce the following rescaled functions

rN

u, + rpx Q—
vn(_x) = M7 X € Qn = In ,
My T'n

extended as 0 to RV \ Q.

Clearly, we have v, € HOl (€2), [Vl poogyy < 1, and v, (0) = O, for every n.
Each set {v; , > 0} enjoys the exterior sphere condition of the same radius 1. By
Lemmas 3.3 and 3.4, the sets 2, exhaust RN as n — oo. Moreover,

Y T e NTPM2 Jey Tt NP2
1 1
2 2
Vv u|° = [Vu; ,|° = Ain
’ N a2 ’ Napg2° 5"
/1‘@ ry Mg Jry ry M;

and v, is a minimizer for the following scaled version of problem (1.2):

(3.5)

inf{](v): vi € Hl (@) \ {0} Vi, dist(supp i, suppv;) > 1, Vi ;éj}, (3.6)
where

|Vvl

JU—Zh’ Z&”

i=1 Vi RN U
The asymptotic properties of {v,} are collected in the following statement.

Lemma 3.5 There exists a globally Lipschitz functionv = (vy, . .., vy) defined in RY,
with Lipschitz constant 1, such that:

(i) v, > vin Cl(())g (RN), for every a € (0, 1), and strongly in HILC(RN);
(ii) the first component v1 is not identically 0 in By, and moreover, for any R > 1
there exists a constant C = C(R) such that

N2
rvM
/ Vol > C% [N Vol 3.7
Br R

1,n
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(iii) the other components v;, j # 1, vanish identically in RN, and moreover, for any
R > 1 there exists C = C(R) such that

N

-
Vo> +v?, < C-— /wv-, 2. (3.8)

Proof The Cloo’f‘ convergence v, — vtosomev € Lip,,.(RY), with [ Vv||; ®vy <1,
follows directly from the uniform gradient bound, and the fact that v, (0) = 0, via the
Ascoli-Arzela theorem. To show that the convergence is also strong in Hléc RN, it
is not difficult to adapt the argument in [33, Lemma 3.11]: in fact, since —Av; , <
r,%)»,-,n vip, and —Av; < 0in R¥, there exists (local) nonnegative Radon measures
Mins Hi € MZUC(RN) such that

2
—AV; y =T Ai nVin + Hin, —Av; = i,

and since v; ,—v; weakly in HILC(RN), then w; ,—u; in the sense of measures
Mioe(RY). Then, the argument follows by testing —A(v; , — v;) = r,%ki,nv,-,,, +
Win — Wi With (v; , — vi)e, for p € C° (RN). This proves (i). Concerning (ii), we
just need to recall that

1
M,% =C—x |V1/i1,n|2
rn Brn (Yn)

by Lemma 3.4. This gives, by rescaling and passing to the limit in n, that

2
f Vo™ >
B

and hence vy # 0 in B;. Furthermore, combining this estimate and (3.5), we obtain
(3.7). It remains to prove the validity of point (iii). By scaling (3.4), we have that for
any R > 1 and n sufficiently large,

/ Vv l* < C/ |Vv1,n|2/ Vv l* < C/ |Vv1,n|2f Vo> < CR*N M, 4,
Br B Br Bg Bg

that is,

== Vo |* >
B

al—
al =

fB IV > < CRPYM* — 0. (3.9)
R

Thus, for any R > 1, the sequence {v; ,} converges in H'(Bg) and in C%%(Bg) (for

any o € (0, 1)) to a constant c. But since vjz »(0) = 0, necessarily the limit ¢ = 0 and,

since R > 1 was arbitrarily fixed, v; = 0 in RY for every j = 2, ..., k. Moreover,
by Lemma 2.8 we have

(IVvjal> +v7,) < (U +Cp) [ [Vvjal?
Br Bg
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for a constant Cp = Cp(N, R) that depends only on the dimension N and on the
fixed radius R. On the other hand, recalling (3.5) and (3.9), we find

2
|ij,n| _
/BR CR*N M, 2 ry 2
< = | 1Vl =0t Vvl
[ woial gt a ihin I
RN
Putting these last two inequalities together, estimate (3.8) follows. O

Point (iii) of the previous lemma establishes that the energy of each v; ,, with j > 2,
“escapes to infinity”: thus, whenever we remove mass from a fixed ball and distribute
it on the remainder of the domain, the H'-norm should not increase in a significant
way. We can be more precise. Let p > 0 be a fixed large positive number and let 1 be
the defined by

1 if x| >2+p
nx):=qlxl—A+p) fl+p<|x|<24p
0 if |x] < 14 p.

We point out that 0 < < 1, |[Vn| < 1. Let also v} , := nv; ,, for j > 2. We have
that v; , = v, in RN\Bz+p, while v , < v, in Bay,, and actually the support of
vj , is “cut" by the multiplication with 7. In the next lemma we estimate the energy
gap between v; , and v; ;.

Lemma 3.6 Letd, := r,’lV/M,%, which tends to 0 as n — oo. There exists C > 0 such

that
/ IV, / Vv .
Jev T ¢ 5n> Jrv T

<1+
-2 < Ajon 2
R v

v
N Jon

for every n sufficiently large.

Proof Recalling that [[v; » | g1,y — O forall R > 0, we find that

2 2.2 2\ .2 -2
anz nvjn‘l‘ (1—7])1)]”5 an+
RN 7 RN ’ RN ’ RN 77 By
P
; /
2 -2 2
vy, = v; .+ —3§ Vv 15,
j.n »/RN j.n }"j,n n RN J.n

where in the last step we used estimate (3.8) (notice that C depends on p, which is
fixed). Similarly, we find
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/RN V5% = /RN (|Vn|2v12.n 200 u V- Vo, + n2|wj,n|2)
= [l [ [0 = 010 190 200,090 9]
2+p

5/ |Vv_,«,n|2+/ [0 = DIVusaP + 290202, 4721V ]
RN Byip

C
< / |VUj.11|2 + 2/ (sz',n + ‘ij.n|2) = (1 + 7&1) / |VUj_n|2,
RN Batp Ajn RN

As a result, combining this with (3.5) and recalling from Lemma 3.1 that the eigen-
values A , are bounded from above and away from 0, we obtain that

C
/IVﬁj,nl2 <1+ 5n>/ IVvjal? 1+L8/ Vo,
RV - Ajn RY _ Ajm " JRY
/E?n fv?n— 8nf Vo2 1T COr /v?n
RN 7’ RN 7’ )\,j’n RN RN 7
Vvl
C / Js
(1+ 5,,>—RN
2

for n sufficiently large, which is the desired result. O

IA

Jjn

Now the idea is to construct a competitor for v, with lower energy J. This will
be in contradiction with the fact that v,, is a minimizer for (3.6), and will complete
the proof. The j-th component of the competitor will be v; ,, for j > 2. We need
to conveniently define the first component vy ,, and the idea is to enlarge the support
of vy, (taking advantage of the fact that the support of v; , was previously cut, for
Jj = 2), in order to substantially lower the Rayleigh quotient of vy ,. We present the
details in what follows.

We have already established that, in any ball Bg with R > 1, the function v; is
not identically 0. Moreover, 0 € d{v; , > 0} for every n, and {v; , > 0} satisfies the
exterior sphere condition of radius 1 at 0, and, in the exterior sphere, we have v , = 0.
Up to arotation, it is not restrictive to suppose that Bj(ey) is such exterior sphere. We
consider a new sequence of functions vy, € HOl (£2,,) defined piece-wise as follows:

o for x| > p, welet vy ,(x) = v1,,(x);
e for x| < p, we let v , be such that

V], = argmin / |Vv|2: V— U1, GHOI(B,,), / v2=/ v%n . (3.10)
B, By By ,

Since vy, = 0in B, N By (ey), the support of vy ,, is strictly larger than the one of vy ;,
and it is at distance at least 1 from the support of v; ,,, for any j > 2 (by definition
of n). Moreover, we have that
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/5{,1:/ vi,  while / |vm,n|2</ |Vl
RN RN RN RN

Concerning the last inequality, we have to be more precise.

Lemma 3.7 There exists ¢ € (0, 1) such that
f Vil < —e) [ |Voial* Vo (3.11)
B, B,

Proof The proof is quite long and, for the reader’s convenience, we divide it into some
intermediate steps. Assume by contradiction that, up to striking out a subsequence,

(1—en>/ |Vv1,n|25/ |Vfu,n|25/ |Vor.l?, (3.12)
B, B, B,

withe, — O*.Since{ﬁl,n}isboundedin Hl(Bp),an =01,0ndB,, ||U1,n||L2(Bp) =
||171,n||L2(Bp)’ and vy, — v; # 0 strongly in Hl(Bp) (see Lemma 3.5), we have that
up to a subsequence vy ,— weakly in H'(B,,), strongly in L?(B,) and in L>(d B,)
(by compactness of the trace operator Hl(Bp) — LZ(BBp)), with vy = v on 9B,
and [ B, 17% =: ¢ > 0. Moreover, by minimality and the strong maximum principle

—ADyp = AgV1p, V1p >0  inB,,

for some A, € R. B
Step 1) The sequence {A,} is bounded. To prove this claim, we first show that there
exists 7 € (0, p) and a subsequence ny — +oo such that,

/ ﬁ%’nk > % for every k. (3.13)
B,
Indeed, if by contradiction this were not true, we would have that

/B 5%” < % for every r € (0, p), for every n large.

But, in this case, if r,, — p~, with a diagonal selection we could find an increasing
sequence 7, — oo such that

) c .
/ Vo, < 3 for every m;
.

m

then, by strong convergence,
c
-2 _ =2 =2 _
2 > / VY, —/ VY, XBry = / vy =c¢>0,
By, B, B,
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a contradiction. Now, denoting for the sake of simplicity by {v; ,} the sequence in
(3.13), let us take a non-negative ¢ € C2°(B,), with ¢ = 1 on B,, and let us test the
equation of vy , with 171,n<p2: we obtain

[ /B 01,07 = ‘ fB IVo1026” + 20109Vt - Vo| < Cllotal -
P P

Since the coefficient of |)_»n| is bounded from below, by (3.13), and {vy ,} is bounded
in H! (B)), this implies that {1, } is bounded.

Step 2) v, — v strongly in Hl(Bp). Let v, = wyp + v1,, by linearity we
have that the sequence {w,} C HO1 (B)) converges weakly in H(} (B)) and strongly in
LZ(B,,) to v — v1. Moreover, for any n € N, w, solves

/ Vw, - Vg — )_annfﬂ + f VUl,n Vo — )_\nvl,ngp =0 Vo € [101 (£2).
B, B,

That is, for any n, m € N, we have

/ V(wy, — wp) - Vo +/ Vi —vim) - Vo — (Xnvl,n - )\mvl,m) @
B,

p B,

+ ()_\nwn - imwm) » =0,

for every ¢ € H& (2). Taking ¢ = w, — wy, € H(} (B)) yields

/ |V(w, — wm)|2 = _/ V(Ul,n - Ul,m) -V(w, — wy)
B, B

P

_/ (inwn - mem - )_\nvl,n + )\mvl,m) (Wy, — wp).
Bp

Now we recall that vy, — v in Hl(Bp), V] ,—0 in Hl(Bp), and that the sequence
{An} is bounded, as proved in Step 1. Thus, we deduce that the right hand side of
the previous equation converges to 0 as m,n — —+oo. That is, {w,} is a Cauchy
sequence in H'! (B)), and we conclude by linearity that v1,, — v strongly in H! (By),
as claimed.

Step 3) We are ready to prove that (3.12) gives a contradiction, which entails the
validity of estimate (3.11). Recall the variational characterization of v ,, given in
(3.10). Collecting what we proved so far, we have that ©1 , — v strongly in H' (Bp),
where ¥ satisfies, for some A € R,

—AV=i0, ©>0 inB,

V= 1] on 8BP’
moreover ||5||L2(B,,) = |lvy ”LZ(B,))' We claim that v minimizes
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inf / |Vw|2: w—vleHOl(Bp),/ w2:/ v%
B, B, B

P

The desired contradiction follows easily from this claim: by (3.12) and the strong
convergence v; , — v1, we would have that also v; is a nonnegative minimizer for
the same problem. But any nonnegative minimizer solves

—Av=2iv, v>0 in B,

for some A > 0, which is in contradiction with the fact that v = 0in B, N B (e;). To
prove that v is a minimizer, we argue again by contradiction, and suppose that there
exists w € Hl(Bp) such that

w — vy € HY(B), / w2:/ v, / |Vw|2</ Vo2
Bp Bp Bp Bﬂ

In this case, take

n=w+ W1, —0)+ 1,9 withgoeC?o(Bp):/ we > 0.

By

and f, — 0 to be chosen later. It is plain that z, — vy, € HO1 (Bp), with z, — w
strongly in H' (B)). Thus, by strong convergence,

/ |Vw|2<f
B, B

for every n large enough. Now we show that we can choose #, in such a way that
2 _ ) : i 2 _ =2

8, % = [5, 91 ,- In fact, to impose such a condition [; z; = [, 7, amounts to

require that

/ o2+ (171,,1—17)2+t,ff (p2+2tn(/
B, B, B, B
+z/ D10 — D)w =/ 07,
B B

» p

viE — f|vZn|2</ VL2
B,

p B,

we + (U1, — f))(p)

1

This is an equation of type
12 4 apty + by, =0 witha, — a > 0and b, — 0,

where we used the fact that | B, WP > 0 by assumption, and the convergence of v; ,
to v. Such an equation clearly admits a solution #,, — 0. To sum up, we showed that
Zn 1s an admissible competitor for vy , with a lower energy, in contradiction with the
minimality of v; ,. The contradiction shows that w as above cannot exist, that is, v;
is a minimizer. As observed, this completes the proof of the lemma. O
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Conclusion of the proof of Theorem 1.1 As consequence of the Lemma 3.7, we can give

a quantitative estimate for the energy gap between v; , and vy ,,. Indeed, exploiting
also (3.7), we have that

/ |an,n|2=f |W1,n|2+/ |va1,n|zs<1—s)/ |Vv1,n|2+/ VoraP
RN B RN\ B, B, RN\

» By

sf |Vv1,n|2—sf [Vl
RV B,
N g2 4
r’M M
5/ Voru? - ecln Mo / |Vv1,n|2=(1—ec 6)/ Voral?.
RN Ao JRN An RN

where §, = r,f/ / M,%, asin Lemma 3.6, and C > 0 1is a positive constant independent of
n. Combining this estimate with Lemma 3.6, we can finally prove that the competitor
Vi = (U1.n, V2.0, - - - » Uk,n) has lower energy than v,: indeed

3 LY I\ P I
J@) =) = == e

i=1 07, v, =2 7,
RN RN RN 7

Vo> & VU nl?
M4 / | n C J.n
< (1 . 8C—"8n> Y (1 + —5n> RE
)\l,n 2 i—2 n
/]RN Ul,n J= i

N
M* o)
n Snr,fkl,n + Z —5,,}’3)»/',”
1,n =2 )‘j

<JWp)+ | —¢eC

A n

< J(Vy) + 8ar2 (C(k —1y— eCM;}) < J(v,)

for every n large, where in the last step we have exploited the fact that M,, — +00, as
by assumption. This is a contradiction with the minimality of v,,, and completes the

proof of the Lipschitz bound in Theorem 1.1. O

We now pass to the proof of Theorem 1.2. We start with an estimate which implies
the convergence of ¢, to cp as r — 0.

Lemma 3.8 There exists a constant C > 0 such that
co<c <co+Cr
foranyr > 0.

Proof The estimate ¢y < ¢, is straightforward, so we prove the second one. We will

use the solution of the problem cq (that is with distance constraint 7 = 0) to construct
a competitor for ¢, with r > 0.
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Letu € HO1 (£2) be any minimizer of the problem co, and recall from Theorem A
thatu € Lip(ﬁ). We denote K = max;—i,. n [|Vu;|px@).Foranyi =1,..., N we
let Q; = {u; > 0} so that ; N Q2; =, and we have

/u?:l, /|Vu,-|2=x1(szi>.
Q Q

We also recall from Theorem A that the free-boundary N := {x € Q : u(x) =
0} = Q\(U;€;) is an (N — 1)-rectifiable set of finite (N — 1)-Hausdorff measure.
In particular, by the rectifiability of A/, we have that the Minkowski content of N
coincides with its (N — 1)-Hausdorff measure ( [18, Thm 3.2.39]). More explicitly,
if for a given r > 0 we denote the r-tubular neighborhood of A/ as

N, = {x e RY : dist(x, N) < r},

then we have

. N
lim

r—0t 2r

=Hy-1N),

where | - | is the Lebesgue measure in R”.
Fix now a constant C > 2 such that for any r > 0 sufficiently small we have

NG| < Criy—1 (V).

We define a cutoff function n € Lip(£2) as follows

0 if x € Ny o,
n(x) = § WSO dist(r, V) € [r/2. 7],
1 iR\ N

Observe that 0 < n(x) < 1 and we have, for a.e. x € Q,

0 ifdist(x, N) < r/2ordist(x, N) > r

V()| = {% if dist(x, V) € [r/2, r].

We claim that, for » > 0 small enough, the function un € HO1 (€2) is an admissible
competitor for the functional with distance constraint greater than or equal to 0, and
moreover that

J(un) < J) + CrHy—1(N).
Indeed, by construction we immediately see that, for any i # j,

dist(supp(u; 1), supp(u;n)) > r.
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Thus un is an admissible competitor for c¢,. In order to estimate the energy

/W(umn
11 /|u,n|2 ’

we proceed separately for each component. We start with the denominator correspond-
ing to the function u; 7, for which we can write

flum|2=/ |ui|2—/ |ui|2<1—|n|2>:1—f i1 = .
Q; Q; Qiﬁ./\fr QNN

Since |Vu;| < K, we find that

J(un) =

lu; (x)] < dist(x, \)K  Vx € Q;

thus, recalling that 0 < n(x) < 1 for any x € €2, we can carry on with the estimate as
follows

/ IuiI2(1—|n|2)§/ dist(x, NV2K? < K22 19 NG .
QNN QNN

Finally we find that, for » > 0 small

-1
</ |u,~r)|2> <142K%72 QNN .
Q;

Concerning the numerator of the Rayleigh quotient, we get

/IV(um)|2=[ |Vui|2+/ IV @in)* — [Vu; %)
Q; Q; Q,‘ﬂ/\/’r

= 21 () +/ i (Vui P(nl* = 1) + lu; 21V 4 2uinVu; - Vi)
Q; r

sxl(sz,»>+/ (u: PIV0P + 2uinVu; - V),

Q; r

We estimate the two remaining terms separately. For the first one we have

4
[ wivar < [ dist(r, ADVK2 25 < 4K 12, NG,
QNN Q;N{r/2<dist(x,N)<r} r
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For the second one, in a similar fashion, we obtain

/ 2uinVu; - Vi < / 2u;|[Vu;||Vn|
QNN QNN

2
5/ 2dist(x, N)K2= <4K? | NN .
Q;N{r/2<dist(x,N)<r} r

As a result, recollecting the two estimates, we obtain
/ V@i < 2 () + 8K | NN
Q;

By combining the previous inequalities, we can control the Rayleigh quotient of

u;n as follows:
| v
Qi

/ |uin|*
Q;

where C is a constant independent of r and R(r) is a remainder term of higher order.
Summing up in i we find

< 2(Q) 4+ CK? Qi NNy |+ R(r),

N RACL ;
Jun) =Y 9/ — = DM@+ CK? Y719 O {dist(x, A) <)
luin

i=1 i=1 i=1
< J() + CK*IN;| < J (@) + C2rHy—1(N).
To conclude, it suffices to remark that, since un is an admissible competitor for c;.,
cr < Jun) < J@) + C2rHy—1(N) = co + C2rHN -1 (N).

O

Proof of Theorem 1.2 Let u, be a minimizer for problem c,, with r > 0 sufficiently
smalL From Theorem 1.1, Lemma 3.8 and the fact that u, |3 = 0, there exists u €
Lip(£2) such that, up to a subsequence,

u. — u weakly in H'(Q), strongly in C*%(Q).

This implies that [lu;ollz2) = 1 for every i, fsz”iz,o”io = 0 and dist
(suppu; 0, suppu j,0) = 0 forevery i # j; thus, ug is an admissible competitor for cy.

Moreover, since ||Vui,0||Lz(Q) < liminf,_¢ ||Vu,-,,||Lz(Q) for every i,
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o—hmcr—rlgr%)Z/Wqu >Z/|Vu10| = o,

which shows that ug achieves cp, and that u, — ug strongly in H& (2). O

Remark 3.9 The proof of Theorem 1.3 (the case of singularly perturbed harmonic
maps with distance constraint) follows by similar arguments, with few differences (for
instance the corresponding results in Sect.2 are much easier to prove). In particular,
functions u, are not zero on 92 and we cannot achieve the first conclusion of Lemma
3.4, i.e., the sequence {x,} may accumulate at 2. To circumvent this issue one can
reason with the family of functions {u,n}, where n € C§°(2) is a positive smooth
cutoff. We refer to [30] for further details. This is the reason why the uniform estimate
in Theorem 1.3 is only of local type (true in any compact K C €2).
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