Mathematische Annalen (2023) 386:1237-1265

https://doi.org/10.1007/500208-022-02404-w Mathematische Annalen
)]

Check for
updates

On the squarefree values of a* + b3

Gian Cordana Sanjaya' - Xiaoheng Wang'

Received: 21 July 2021 / Revised: 23 March 2022 / Accepted: 30 March 2022 /
Published online: 18 July 2022
© The Author(s), under exclusive licence to Springer-Verlag GmbH Germany, part of Springer Nature 2022

Abstract

In this article, we prove that the density of integers a, b such that a* + b is square-
free, when ordered by max{|a| 13 1p|V/4), equals the conjectured product of the local
densities. We show that the same is true for polynomials of the form Ba* + ab® for
any fixed integers o and 8. We give an exact count for the number of pairs (a, b)
of integers with max{|a|'/3, |b|'/*} < X such that Ba* + ab’ is squarefree, with a
power-saving error term.

Mathematics Subject Classification 11N32 - 11N36 - 11N45

1 Introduction

A classical question in analytic number theory is to determine the probability that a
given polynomial F with integer coefficients takes squarefree values when evaluated
at random integers. The simplest case of one-variable and degree-one asks for the
probability that a random integer is squarefree, which is well-known to be 6/72. In
general, one conjectures that the desired probability equals the product over all primes
p of the probabilities that the values of F are not divisible by p?.

The one-variable degree-two case can also be solved by elementary methods. The
one-variable degree-three case was solved by Hooley [10]. For homogeneous polyno-
mials of two variables, the question is known up to degree 6 due to Greaves [8]. For
non-homogeneous polynomials of two variables that factor completely into a product
of linear factors over some extension of (Q, the question is known also up to degree 6
due to Hooley [11]. Very recently, Kowalski [12] proved the case where F' is a sum of
at least 3 cubic polynomials in different variables. The cases when F is the discrimi-
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nant of monic polynomials or when F is the discriminant of general polynomials were
proven to equal the conjectured probability by Bhargava—Shankar—Wang [5, 6].

Conditional on the abc-conjecture, Granville [7] proved the one-variable case in
general and a bound on the error term was later obtained by Murty—Pasten [13]. Also
conditional on the abc-conjecture, Poonen [14] proved the multi-variable case where
the variables are growing to infinity one by one. Unconditionally, very little is known
otherwise. In most cases, it is even unknown whether the polynomial takes squarefree
values infinitely often—the most famous example being a* + 2.

In this paper, we consider for the first time the polynomial a* + 5. Our method in
fact allows us to consider all polynomials of the form Ba* +ab> for any fixed integers
a and B. We prove:

Theorem 1 Let « and B be fixed nonzero integers such that ged(w, B) is squarefree.
Let

N(X; o, B) = #{(a,b) € Z*: max{la|'?, |b|'*} < X, Ba* + ab® is squarefree}.

For any positive integer m, let py g(m) = #{(a, b) mod m: m | ,8a4 + ab3} and
let

Cla, ) =[]0 = pup(p®)p™.
p

Then
N(X, o, 18) = C(a’ ﬂ) . 4X7 + 06(X6'992+6)_

The implied constant depends on o and B.

The case = 256 and 8 = —27 is of special importance since 256b° — 27a* is the
discriminant of the quartic polynomial x* + ax +b. An elementary calculation shows
that p256,,27(p2) equals p> for p = 2, 3; and equals 2p> — p for p > 5. Therefore,
we have:

Theorem 2 When pairs (a, b) of integers are ordered by H (a, b) = max{|a|'/3, |b|'/4},

the density of quartic polynomials of the form x* + ax + b having squarefree discrim-
inant exists and is equal to

1 2 1
-[a-S5+—=
3£[5 p2 p3

which is approximately 28.03%.

It is also of interest to determine the density of irreducible quartic polynomials
f(x) = x* 4+ ax + b such that Z[x]/(f(x)) is the ring of integers of Q[x]/(f(x)).
This density is proved to be £(2)~! for the case of general monic polynomials of
any degree in [5]. It is then not surprising that the same density holds for the case of
trinomial quartics.
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Theorem 3 When pairs (a, b) of integers are ordered by H (a, b) = max{|a|'/3, |b|'/4},
the density of quartic polynomials f (x) of the form x* + ax + b that are irreducible
and such that Z[x]/(f (x)) is the ring of integers of Q[x]/(f (x)) exists and is equal
toc(2)~ L.

It is easy to see that the Euler product C (¢, 8) gives an upper bound for the desired
density, if it exists, by applying the Chinese Remainder Theorem to more and more
primes. As is standard in sieve theory, to demonstrate the lower bound, a “tail estimate”
is required to show that there are not too many pairs (a, b) of integers such that
Ba* + ab? is divisible by m? for some squarefree integer m. More precisely, we
prove:

Theorem 4 Let o« and B be fixed nonzero integers such that ged(w, B) is squarefree.
For any squarefree integer m, let

Nu(X; o, B) = #{(a, b) € Z*: |a| < X°, |b| < X*, m* | Ba* + ab’}.

Then for any positive real number M and € > 0,

T+e

X
Nu(X;a, B) = O (—) + 0 (X592F€) (1

m squarefree

The implied constants depend on o and B.

We note that since the exponents 3 and 4 are coprime, it is enough to prove Theorem
4 for one choice of «, 8. Indeed, we have

—256-27 - o3B3 (Ba* + ab®) = 256(—3a>Bb)® — 27(4a>Ba)*,
which implies that,
Nu(X; a, B) < Ni(ca,pX; 256, —=27)

for some constant ¢, g depending only on o, . Hence the power saving bound (1)
for « = 256 and B = —27 implies it for all other & and 8. We simplify notation by
writing A (a, b) for 256b3 — 27a*.

For any prime p and pair (a, b) of integers such that p> | A(a, b), we say p>
strongly divides A(a, b) if p*> | A(a’, b') for any integersa’ = a (mod p) andb’ = b
(mod p); otherwise, we say p2 weakly divides A(a, b). Note in this case, for p > 5,
p? strongly divides A(a, b) if and only if p | a and p | b. For any squarefree integer
m, let W,(,,l) (respectively W,(,,z)) denote the set of pairs (a, b) of integers such that p2
strongly divides (respectively weakly divides) A(a, b) for every prime p | m. Then
we prove:
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Theorem 5 For any positive real number M and € > 0,

@ # (J (@b eWh: Hab) <X)= 0(%7) + o(x“); @)

m>M
m squarefree

® # |J @b eWy: Hab) <X} = 0. (x6-992+e) + o0, (ﬁ)

M
m>M
m squarefree

(3)
where the implied constants are independent of M and X.

We now briefly describe our methods. Theorem 5(a) is immediate with the first term
counting the contribution from a # 0 and the second term counting the contribution
from a = 0. We devote the rest of the paper to proving Theorem 5(b). We follow the
strategy of [5] to embed W,(,,z) into the space W of 4 x 4 symmetric matrices. More
precisely, let Ag denote the 4 x 4 matrix with 1’s on the anti-diagonal and O’s elsewhere.
The group G = PSO(Ag) = SO(Ag)/(%1) acts on W via the action g - B = gBg’
for g € G and B € W. Define the invariant polynomial of an element B € W by

fB(x) =det(Apx — B).

Then fp is amonic quartic polynomial. We extend the definition H (a, b) to arbitrary
monic quartic polynomials by

Hx* + e1x® 4+ eax? 4 c3x + cq) = max{e1], [e2]?, |e3]'/3, Jea] V).

Define the discriminant and height of an element B € W by the discriminant and
height of fp, respectively. We then construct a map

1
om WP — ZW(Z)

with fo, (a.p) = x* + ax + b as in [5], where A—I‘W(Z) is the lattice of elements B
whose coefficients have denominators dividing 4. We note that the existence of the
map oy, (and the formula for f;, (4,))is not immediate and is crucial to our method. It
thus remains to count G (Z)-orbits in %W(Z) that intersect the image of o, for some
squarefree m > M, and have height bounded by X.

The space W has several subspaces: Wy consisting of B € W whose (1, 1)- and
(1, 2)-entries are 0; Wy consisting of B € W whose (1, 1)- and (1, 3)-entries are 0;
and Wy consisting of B € W whose (1, 1)-entry is 0. From our construction of o;, in
Section 2.2, we see that oy, (a, b) in fact lands in Wy for any (a, b) € W,(,,z), and so is
guaranteed to be distinguished in the sense of [9]. We obtain a bound of O, (X T+e /M)
for the distinguished cusps Wyo and Wy and a bound of O, (X 6+€) for the “thick”
cusp Wo\(Woo U Wor).
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The main novelty of this paper is on counting orbits of distinguished elements
in the main body W\ W;. We use the circle method to handle the condition that the
invariant polynomials have vanishing x2-coefficients, combined with the Selberg sieve
to impose the distinguished condition to obtain the desired power saving.

We remark that Heath-Brown’s result [15] on the density of integers n such that
n? 4 c is k-free specializes to the case of squarefree values of the cubic polynomial
n3 + ¢ where ¢ is a constant. A major observation of [15] is that counting triples
(n, s, 1) with n® 4+ ¢ = st when n and s are large and c is fixed, is akin to counting
points close to the projective curve N3 = S2T'. The bigger ¢ is, which in our case can
be as big as 13, the worse the estimate gets. As such, we cannot patch the results of
[15] together to prove Theorem 1.

This paper is organized as follows. In Sect. 2, we set up the embedding into W and
collect some results on the invariant theory for the action of G on W, which allows
us to reduce Theorem 5(b) to a result on counting G (Z)-orbits in %W(Z). In Sect. 3,
we apply Bhargava’s averaging trick and count in the thick cusp and the distinguished
cusps. In Sect. 4, we use the circle method and the Selberg sieve to count in the main
body. Finally, in Sect. 5, we prove Theorem 1, Theorem 3 and Theorem 4.

2 Embedding into the space of 4 x 4 symmetric matrices

Let Ag be the 4 x 4 matrix with 1’s on the anti-diagonal and 0’s elsewhere. The group
G = PSO(Ap) = SO(Ap)/(£1) acts on the space W of symmetric 4 x 4 matrices via
the action g - B = gBg' for g € G and B € W. The ring of polynomial invariants
over C is freely generated by the coefficients of the invariant polynomial fp(x) =
det(Aox — B), which is a monic quartic polynomial. Define G-invariant discriminant
A(B) and height H(B) ofanelement B € W by A(B) = A(fp)and H(B) = H(fp).
We recall some of the arithmetic invariant theory for this representation. See [5, 9] for
more detail.

2.1 Invariant theory for the representation W of G

Let k be a field of characteristic not 2. For any monic quartic polynomial f(x) € k[x]
such that A(f) # 0, let C s denote the smooth hyperelliptic curve y2 = f(x) of genus
1, let J; denote its Jacobian (which is an elliptic curve), and let J¢[2] denote the 2-
torsion subgroup scheme of J¢. The stabilizer in G (k) of an element B € W (k) with
fB(x) = f(x) is naturally isomorphic to J¢[2](k), which in turn is in bijection with
the set of even factorization of f(x) over k. An even factorization of f(x) over k is
an unordered pair (g(x), h(x)) of quadratic polynomials with g(x)h(x) = f(x) such
that either (i) g and & are both defined over k; or (ii) they are (defined and) conjugate
over a quadratic extension of k.

An element B € W (k) or its G (k)-orbit is said to be: k-soluble if A(B) # 0 and
there exists a nonzero vector v € k* such that

v Agv = 0 = v' Bu; 4)
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1242 G. C. Sanjaya and X. Wang

k-distinguished if A(B) # 0 and there exist linearly independent vectors v, w € k*
such that
v/ Agv = v'Bv = w' Agw = v' Agw = v/ Bw = 0. 5)

Moreover, the set of k-lines Span(v) satisfying (4), if nonempty, is in bijection with
J 75 (k); and the set of k-flags Span(v) C Span(v, w) satisfying (5), if nonempty, is in
bijection with Jz, [2](k). The set of k-soluble orbits with fp(x) = f(x) is in bijection
with J7(k)/2J (k). The number of k-distinguished orbits with fp(x) = f(x)is 1 if
f(x) has a linear factor over k or if f(x) admits a factorization of the form g (x)h(x)
where g and & are not rational over k but are conjugate over a quadratic extension of
k; and is 2 otherwise.

Let Wyo denote the subspace of W consisting of matrices B whose (1, 1)- and
(1, 2)-entries are 0. Let Wy denote the subspace of W consisting of matrices B whose
(1, 1)-and (1, 3)-entries are 0. Let W denote the subspace of W consisting of matrices
B whose (1, 1)-entry is 0. Let {eq, e2, e3, e4} denote the standard basis for k*. Then we
see that the elements in Wy (k) with nonzero discriminants are k-soluble with v = e;
in (4); the elements in Wyo(k) with nonzero discriminants are k-distinguished with
v = e and w = e; in (5); and the elements in Wy (k) with nonzero discriminants are
k-distinguished with v = e¢; and w = e3 in (5). A further polynomial invariant, called
the Q-invariant, is defined on Wy in [5, Sect. 3.1]. For the case of 4 x 4 matrices
B, this is simply the (1, 3)-entry bj3. The Q-invariant has the following important
property:

Proposition 1 Let B € Wy (Q) be an element whose invariant polynomial fg(x) has
no even factorizations over Q. If B € Woo(Q) is any element that is G (Z)-equivalent
to B, then the (1, 3)-entries of B’ and B are equal up to sign. If B’ € Wy1(Q) is any
element that is G (Z)-equivalent to B, then the (1, 2)-entry of B’ equals the (1, 3)-entry
of B up to sign.

Proof We prove the statement for B’ € Wy (Q). The statement for Wy (Q) follows
by a similar argument (see also [5, Proposition 3.1]).
Let yp be the element of SO(Ag)(Z[i]) defined by

voler) =ier, yo(ex) =iez, yolez) = —ies, yoleq) = —iey,

where i = /=1 is a root to x> + 1 = 0. Then any y € PSO(Ap)(Z) can either be
lifted to some ¥ € SO(A()(Z) or to ypy € SO(Ag)(Z[i]) for some ¥ € SO(Ay)(Z).

Suppose B’ = yBy' for some y € PSO(A)(Z). Then either B = y By’ or
B' = yoy By'y{ for some ¥ € SO(Ap)(Z). Since B’ satisfies (5) with v = ¢ and
w = e3, we see that in either case, B satisfies (5) with v = y'e; and w = y'e3. Since
B € Wyo(Q), we also see what B satisfies (5) withv = e; and w = ;. The assumption
that fp has no even factorizations over QQ then implies that Spang(e1) = Spang Y'er)
and Spang(e1, e2) = SpanQ(?’el, Y'e3). Since y' is a matrix with integer entries,
we see that there are integers o1, o2, @3 such that

~t
y el =uojeq,

7t63 = aper + azeq.
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Since ¥ € SO(Ag)(Z), we must then have

St -1 -1 -1
Yy é4 =0 €4 — Q30 &, €3,

~t —1
Yer=ua, e3,

with o) = £1 and ap = £1. The (1, 2)-entry b), of B’ is then either (y'e1)' B(}"e2)
or (iy"e1)' B(iy"e2). In both cases, we have b}, = :I:alocz_leﬁ Bes = +by3. O

Let U ~ A>\{A = 0} be the space of monic quartic polynomials of the form
x* + ax + b with nonzero discriminant. Note if f € U(Z) has an even factorization
over Q, then it is either reducible over QQ or factors as g(x)/(x) where g and & are
conjugate over some quadratic extension of Q. The next result then shows that the
number of elements of U (Z) failing the condition of Proposition 1 is negligible.

Proposition 2 The number of elements f € U(Z) with H(f) < X such that f(x)
is either reducible over Q or factors as g(x)h(x) where g and h are conjugate over
some quadratic extension of Q is O(X*log X).

Proof Throughout this proof, we use repeatedly the classical result that the sum
Z|n\<x d(n) of the divisor function is O(X log X) and that the sum Z|n\<x 3(n)

of the triple-divisor function is O (X log? X). See for example [1, Sect. 3.5].

Suppose first f(x) = x* + ax + b has a linear factor x — r over Q. When b = 0,
one can choose a freely. When b # 0, then since r | b, we get O(X*log X) choices
for the pair (r, b), which then uniquely determines a since a = —r> — b/r. Hence,
there are O (X* log X) such f(x) with a linear factor.

Next we consider the case where f(x) = x* 4+ ax + b does not have a linear
factor but factors as (x2 + c¢x + d)(x% — cx + ¢) over Q. Since f(x) does not have
a linear factor, we see that b # 0. Then from de = b, we get O(X4 log X) choices
for the triple (d, e, b). Comparing the x>-coefficients gives ¢> = d + ¢, and so ¢ is
determined given d and e. Comparing the x-coefficients then uniquely determines a.
Hence, there are O (X 4 log X) such f(x) that factors as a product of two irreducible
quadratic polynomials.

Finally, we consider the case where f(x) = x* 4+ ax + b is irreducible over Q but
factors as

d — d
<x2 + e1vdx + %) (x2 —e1dx + #)

over the ring of integers in Q(+/d) for some d. If a = 0, then we have O (X*) choices
for b. Suppose now a # 0. Comparing the x-coefficients gives e;epd = a. Hence there
are O(X3 log2 X)) choices for the tuple (e1, e2, d, a). Comparing the x2-coefficients
gives ¢ — elzd = 0, and so ¢ is determined given e¢; and d. Comparing the constant
terms then uniquely determines b. Hence, there are O (X 4) such f(x) that factors into
conjugate quadratic polynomials over some quadratic extension of Q. O

We end this section with a bound on distinguished elements over finite fields, which
will be used in the Selberg sieve in Sect. 4.
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1244 G. C. Sanjaya and X. Wang

Proposition3 Let p > 7 be a prime. Then the number d,, of elements B € W (F )
with fg € U(F)) and is not I ,-distinguished satisfies

L8007 <dy <208+ 007,
16 4

Proof Over the finite field IF,, every orbit with nonzero discriminant is IF,-soluble.
Moreover, for any monic quartic polynomial f(x) € [F,[x] with nonzero discriminant,
the number #J¢(IF,)/2J ¢ (IF),) of F ,-orbits with invariant polynomial f equals the
size #J ¢[2](FF ) of any stabilizer with invariant polynomial f. Hence, the number of
B € W(F)) with fg = f equals #G(F,) = p?(p*> — 1)°. There are p*> + O(p)
polynomials f € U(F,) and so a total of p8 + 0(p7) elements B € W(F,) with
fB € U(IFp). Moreover, for any f € U(IF)), there is at least one I -distinguished
orbit with stabilizer having size at most 4. Hence, we have the upper bound d),, <
PP+ o).

Consider next quartic polynomials of the form

8ap(x) 1= (x —a)(x —b)(x* + (a + b)x + (a* + ab + b*)) € U(F)).

Since g,.5(x) has a linear factor, there is only one distinguished orbit with invariant
8a,b- Moreover, we have 2 < #J,,,[2](IF,) < 4. Hence, there is at least one non-
distinguished orbit of size at least |G(IF,)|/4. It remains to count the number of
such g, »(x) with nonzero discriminant, which is equivalent to requiring that a # b,
that a is not a root of the quadratic factor, and that the quadratic factor has nonzero
discriminant. In other words, we have a # b, 3(a + b/3)* + (2/3)b* # 0 and
3(a + b/3)% 4+ (8/3)b> # 0. Given any b, there are at least p — 5 choices for a.
Finally, given any g, , with nonzero discriminant, we see that g, , = g,y if and only
itx24+(a+b)x+(@*+ab+b?) = (x—a)(x—=b)or (x—a)(x—b) = (x—a)(x—=D"),
as any other possibility contradicts A(g,.») # 0. Hence, there are at least p(p —5)/4
quartic polynomials with nonzero discriminant of the form g, 5 for some a,b € ).
Therefore, we have at least 11_6 p8 + O( p7) non-distinguished elements B in W (F )
with fp € U(F)). O

2.2 Embedding W7 into 1W(2)

In light of Proposition 2, it is sufficient to prove Theorem 5 with W,(,,z) replaced by
the set of pairs (a, b) € W,Sf ) such that Jap(x) = x* + ax + b is irreducible and
does not factor into a product of quadratic polynomials conjugate over some quadratic
extension of Q. We prove some preliminary results in order to use the map oy, defined
in [5, Sect. 3.2].

Fix (a, b) € W,(nz) and fix any prime p | m. For any (a’,b’) € Z* witha' = a
(mod p) and b’ = b (mod p), we have f, p(x) = fyp(x) (mod p). Since p?
weakly divides A(a, b), we see that f, 5(x) has a unique double root mod p. Let
r € Z be an integer such that f, ,(x +7) = x* + b1x> 4+ byx? + b3x 4 by with p | b3
and p | by. We claim that p? | by. Note the discriminant of a quartic polynomial is of
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the form

A + b1x® + box? + byx + by) = by N (b1, by, b3, by)
+D3A(X3 + bix? + byx + b3)

where A’ is some polynomial with integer coefficients. Suppose for a contradiction
that p? | by. Then, since A(f,p(x + 7)) = A(fur(x)) = A(a, b). we have p? |
A(fap(x + 1)) and so p | A'(by, b2, b3, bs). Hence, p? | Ag(x)) for any monic
quartic polynomial g(x) congruent to f, »(x + r). Now for any (a’,b’) € 7? with
@’ =a (mod p)and b’ =b (mod p), we have f py(x +7r) = fyp(x +r) (mod p)
and so p? | A(fu p(x 4 71)). Since A(fy p(x + 7)) = A(d’, b'), this contradicts the
assumption that p> weakly divides A(a, b).

By the Chinese Remainder Theorem, there exists an integer r such that f;, , (x+r) =
xteix3+erx?+mesx+m?eq for some integers c1, ¢z, ¢3, c4. Consider the following
matrix:

0 O m 0
10 1 —c1/2 0
Blcr, ea,c3,0) = | —c1/2 3 A —cy —c3)2
0 0 —c3/2  —cy

A direct computation shows that f(c;,cy,c3,¢4)(X) = x* + x4 cx? + mesx +
m?c4. We now set oy (a, b) = B(cy, c2, 3, ¢4) + rAg € $W(Z). Then

Jom(a.py(x) =det(xAg—(B(c1, ¢2, €3, ¢4) +7A0)) = [B(cr,ca,e3,60) (X — F) = fa,p(x).

Note in fact that the image of 0y, lies inside W0 (Q) and the (1, 3)-entry of any element
in the image of oy, is m. We combine Proposition 1 and the above in the following
theorem.

Theorem 6 Let m be any squarefree integer. There is a map oy, : W,(nz) — %W(Z)
such that the following two conditions are satisfied:

(@) foab) = fan(x) forany (a.b) € Wi

(b) the (1, 3)-entry (respectively the (1, 2)-entry) of any element in Woo(Q) (respec-
tively Wy1(Q)) that is G(Z)-equivalent to some element in o, (W,E,z)) equals m in
absolute value.

3 Averaging and counting in the cusp

Fix any positive real number M. Let £, denote the set of elements in JTW(Z) that are

G (Z)-equivalent to some elements in oy, (W,gf )) for some squarefree integer m > M.
Write N (L, X) for the number of G (Z)-orbits in £j; having height at most X. Since
G (Z)-equivalent elements have the same invariant polynomials, we see by Theorem

@ Springer



1246 G. C. Sanjaya and X. Wang

6(a) that

NLy.X)=# | J {feWP:H() <X}

m>M
m squarefree

Therefore, Theorem 5(b) follows from the following result.

Theorem 7 For any positive real number M and any € > 0, we have

X 7+e

N(Ly. X) = O, (X6'992+€) +o. ( - ) : (6)

In Sect. 3.1, we recall the set up in [9] for counting G (Z)-orbits in ;{W(Z) and

divide up a fundamental domain F for the left-multiplication action of G (Z) on G (R)

into the main body, the thick cusp, and the distinguished cusps. In Sect. 3.2, we obtain

bounds for the contribution from the thick cusp and the distinguished cusps. Finally

in Sect. 4, we obtain bounds for the contribution from the main body and complete
the proof of Theorem 7.

3.1 Counting G(Z)-orbits in 7 W(Z)
The counting problem for the representation W of G is studied in [9]. In this section,
we recall some of the set up and results of [9].

Let R be a fundamental domain for the action of G (IR) on the elements of W (R)
having nonzero discriminant and height bounded by 1 as constructed in [9, Sect. 4.1].

Let F be a fundamental set for the left-multiplication action of G (Z) on G (R) obtained
using the Iwasawa decomposition of G (R). More explicitly, we have

GR) = NR)TK,

where N is a unipotent group consisting of lower triangular matrices, K is compact,
and T is the split torus of G given by

We also make the following change of variables: set
s1=1ti/f, s2=Hh.

We denote an element of T with coordinates #; (resp. s;) by (¢) (resp. (s)). We may
take F to be contained in a Siegel set, i.e., contained in N'T’K, where N’ consists
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On the squarefree values of a* + b3 1247

of elements in N (R) whose entries are absolutely bounded and T’ C T consists of
elements in (s) € T with s; > ¢ and s, > ¢ for some positive constant c.

For any 7 € G(R), since Fh remains a fundamental domain for the action of
G(Z) on G(R), the set (Fh) - (XR) (when viewed as a multiset) is a finite cover of
a fundamental domain for the action of G(Z) on the elements in W (R) with nonzero
discriminant and height bounded by X. The degree of the cover depends only on the
size of stabilizer in G (R) and is thus absolutely bounded by 4. The presence of these
stabilizers is in fact the reason we consider (Fh) - (X R) as a multiset. Hence, we have

N(Ly. X) < #{((Fh) - (XR)) N Ly} (7)

Let G be acompact left K -invariant setin G (R) which is the closure of a nonempty
open set. Averaging (7) over h € G; and exchanging the order of integration as in
[4, Theorem 2.5], we obtain

N(Ly, X) < / #{((G1) - (XR)) 0 Lg )y, ®)

yeF

where the implied constant depends only on G and R, and where dy is a Haar measure
on G(R) given by

dy =dn sl_lsz_ldxs dk,

where dn is a Haar measure on the unipotent group N (R), dk is a Haar measure on
the compact group K, and d*s = sy ! dsy sy ! ds»y is the standard Haar measure on an
(see [9, (20))).

Since s; > c for every i, there exists a compact subset N” of N(R) containing
(t)"'N'(t) for all r € T'. Since N”, K, G| are compact and R is bounded, the set
E = N”KGR is bounded. Then we have

N(Lwm, X) <</ #{((s)- XE) N Lag)sy sy 'd"s. )
si>1

The (i, j)-entry of any B € XE is bounded by coX, where ¢y > 0 is a constant
depending only on G; and R. The action of the torus 7 then scales each entry of B.
We denote the coordinates of W by b;; for 1 <i < j < 4 and define

wbi) =7y wbi) =53, wbiz) =s; wbw =1,
w(bxn) = s1s; ', wbs) =1,  w(bu) = s1,
w(b33) = SflS2, w(b3g) = s2,

w(bag) = 5152.

Then the (i, j)-entry of any B € (s) - X E is bounded by co Xw(b;;).

We define two distinguished cusps: Top C 7" consisting of elements (s) such that
coXw(b11) < 1/4 and coXw(b12) < 1/4; and Ty; C T’ consisting of elements (s)
such that coXw(b11) < 1/4 and coXw(b13) < 1/4. We define the thick cusp Ty to be
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the subset of 7’ consisting of elements (s) such that coXw(b11) < 1/4, coXw(b12) >
1/4, and coXw(b13) > 1/4. We define the main body 7" to be the complement
T'\(Too U Ty U Tp). Then for any (s) € Too, we have ((s)- X E) N I W(Z) C Woo(Q);
for any (s) € Tp;, we have ((s) . XE) N iW(Z) C Wo1(Q); and for any (s) € Tp. we
have ((s) - XE) N 1 W(Z) € Wo(Q).

Since the invariant polynomials of elements in £y have the form x* + ax + b,

we now express the conditions of the invariant polynomial having vanishing x3- and

x2-coefficients in terms of the coordinates b;j. The x3-coefficient is the anti-trace, and

so we have
byz = —b1a.

After replacing b3 by —b14, we see that the x>-coefficient is the following quadratic
form:

q(bij) == —b11bag — bob3z — 2b12b34 — 2b13b2g — 2b3,.

3.2 Counting in the cusps

In this section, we compute the contribution to (9) for (s) € Too, (s) € Tp; and for
(s) € Tp.

Proposition 4 For any positive real number M and € > 0, we have

/ #() - XE) N Ly}sy'sy'd*s = 0 (XW) (10)

s) - N s708, d*s = O¢ ,
(s)€Too M M

T+e€

# "XEYN Lyt sT's5 d*s = O , 11
[, #ll@-xE) new) sl as = 0 (%) (an
f #{((s)-XE)ﬁEM}sl_lsz_ldxs:05(X6+€). (12)
(s)eTy

Proof Consider first the distinguished cusp Tyo. In this case, any element in ((s) .
X E) N Ly is an element in Wyo(Q) that is G(Z)-equivalent to some element in
Om (1/\/,512 )) for some m > M. Hence, by Theorem 6, we have |bj3| > M for any
element B € ((s) -XE ) N L. In other words, we have X, ' M. Moreover, note
that if by = b1p = by» = 0, then det(xAg — B) = ((x — b1g)(x — by3) — b13b24)2
which implies that A(B) = 0. Hence we may assume that Xs1s, "> 1.Let T, denote
the subset of Ty consisting of elements (s) with X~ U's M and Xs1s5 ' 1. Note
we also have s < X and s, < X2 for (s) € T},

The quadratic form ¢ (b;;) whenrestricted to Wy simplifies to g (b;j) = —b22b33—
2b13bog — 2bf4. Hence, we have

#((5) - XEN Ly) <e ((Xw(b1a) T (Xw(bn) + Xw(bs3))
+ (Xw(b14)XW(b13)XW(b24))1+€)XW(1934)XW(1944)
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< X4+€s12sz + X4+€sg + X5+Es1s22
& X¥eslsy) + X7T€553.

Integrating these two terms separately gives

)

X € log X
/ X4+€s12S2s1_1s2_1dxs = / X*esid*s < £ 084
()eTy, ()eTy, M

/ X5+€s1s§s1_1s2_1dxs = / X3tes,d*s
($)eTy, ($)eTy,

X7*€ log X
<</ X6+6s1dxs<<—g.
()T},

M

The integral over the other distinguished cusp 7p; has the same bound via the same
analysis with s and s, switched.
Finally, we consider the thick cusp Tp. In this case, we have Xs~ ''> 1 and

Xs, "' 1. The quadratic form g (b;;) when restricted to W simplifies to g2 (b;;) =
—boyb33y — 2b1ob3g — 2b13bog — 2b%4. The above analysis shows that the number

of choices for (b2, b33, b13, b4, b14) such that g1 (b;;) = 0 is OE(X2+€sls;] +
X5 sy + X3+€). Multiplying it by (Xw(b12) + Xw(b34)) X w(bas) gives a bound
of Oc (X*Fsisy + X*Hs3 + X7 +€5)53) for the number of B € ((s) - XE) N Ly with
q1(b;j) = 0. The contribution from g1 (b;;) # 0 is

Oc (Xw(b22) Xw(b33) Xw(b13) Xw (b24) Xw (b12))' ™+ Xw (bas)) = O (X**s5152).
Using the bound 51 < X and s, < X, we have

#{((s) . XE) N EM} e X4+es12sz + X4+6s§ —+ X5+€s1s% + X015 <« X551,

Multiplying by sfls; Iand integrating then give the desired bound (12). O
For the main body 7", we have X sy 1s2_ ! > 1. Since both s and s, are bounded

below by some absolute constant, we still have the bound s; < X and s, <« X. The
above analysis gives a bound of

O (((X+<s157" + X257 s 4+ X)X (bra) + Xw(bay)
+ X5+€)(Xw(b11) + Xw(b44)))
= Oe((X3+€Sf1S% + X5 + X5+€)Xs1s2)
= O (X6+€s1sz)

for the number of B € ((s) - XE) N Ly with g2(b;;) = 0. Multiplying by s; 's; ' and
integrating give a bound of O, (X01€).
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It remains to consider the contribution to the main body integral from the number
of B € ((s) - XE) N Ly with g>(b;;) # 0. We have a trivial bound of O, (X7+¢) for
the number of such B. For any positive real number 8, let 7" denote the subset of 7"
where 51 > X? or s > X°. Then we have

/ #{((s)- XE) N Lag) sy tsy'd*s = 0(X770F€). (13)
(s)eTy’

Therefore, it remains to consider the main body integral under the additional
assumption that s; <« X% and 5o <« X° where 8 is some small enough positive
real number.

4 Counting in the main body using the circle method

In this section, we consider the contribution to (9) from the main body under the
additional assumption that s; < X® and s, <« X?. Let V ~ A denote the subspace
of W cut out by bj4 = —b3. Forany B € V(Q), let

q(B) = —bi1bas — bybsz — 2b12b3s — 2b13bog — 2b,.

Since scaling an element B € V(Q) by 4 does not affect the vanishing of ¢(B) or
whether it is Q-distinguished, it is enough to count points in a box in V(Z) defined
by |bij| < 4coXw(b;;). The assumption on s; and s, implies that 4coXw(b;;) =
O(X'*+2%) for all i, j. The goal of this section is to prove the following theorem:

Theorem 8 Let & < 0.01 be a positive real number. Let B be a box in V (R) defined by
bij| < Xijfor (i, j) = (1, 1), (1,2),(1,3), (1,4), (2,2), (2,4), (3,3), 3,4), (4, 4)
where X;; are real numbers satisfying cl_le_z‘S <X; =< X2 X4 =crX and

X11X44 = X020 X33 = X12X34 = X13X04 = C%Xz,

for some positive constants c1, c2. Let N (‘;iSt (B) denote the number of Q-distinguished
elements B € BNV (Z) with q(B) = 0. Then

NI B) = o, (X H0+e). (14)

Multiplying the bound (14) by s, 1s2_ Uand integrating over 1 < s1,5 < X9,
combining with (13), (9) and Proposition 4, and setting § = 3/364 then completes the
proof of Theorem 7.

We will prove Theorem 8 by applying a Selberg sieve. To do so, we need to count
elements in B N V(Z) satisfying congruence conditions. For any B, B’ € V(Z) and
any integer r, we write B = B’ (mod r) if and only if B — B’ € rV (Z). We prove:

Theorem 9 Let m be an odd squarefree positive integer with m < X'/3. Let B and
8 be as in Theorem 8. Let By € V(Z) be an element such that m | q(Bo) and By is
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nonzero modulo p for each prime factor p of m. Let N4 (B; m, By) denote the number
of B € BNV (Z) such that B = By (mod m) and q(B) = 0.
For eachr > 1, set

=5 Y % (tam) (1)

0<a<r B modr

ged(a,r)=1
Define the singular series
S(g) =) _Cylr), (16)
r>1

and for each prime p, the series

&g p) =Y Cy(p"). (17)

>0

Define the singular integral
SooBiq) = f / ¢(6q(B)) dB db. (18)
r /B

where e(x) = e*™** and d B denotes the Euclidean measure on V (R). Then,

1 | 6.85(1424)
Ny(B;m, Bo) = — | [[6(a: 07" | 8@)6Big) + 0 | =55 log X |,
plm

with the implied constant being absolute. All the series defined above converge aé}sgg
lutely and they have positive value.

We note that the conditions m < X'/3,8 < 0.01 and eventually picking § = 3/364

are not optimal. They are only to make sure that the term O (X®°2*€) in Theorem 7
beats O(X7).

4.1 Proof of Theorem 9 using the circle method

Fix an odd squarefree m. For any « € [0, 1], let

Spem By = Y. e(>q(B).

BeBNV(Z)
B=By mod m

Then,

1
Ny (B; m, By) = / Sp(a; m, By)da.
0
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.. . . —-25
Let r1 and r, be positive real numbers, to be picked later, with r; <« X and

ra > X129 Split the interval [0, 1] into the major arcs 9t and the minor arcs m =
[0, 1]\ M, where

1
93?:{a:‘a—c—l‘_—,gcd(a,r)=1,05a<r§r1}.
r rry

4.1.1 Major arc estimate

We estimate first the major arc integral

/Sg(amBo)doc_Z Z /

r<ri  0<a<r 0'7
ged(a,r)=1

+e m, Bo)de

Fix some o = % + 6 € 9N, where |0 < % We have

Ssem By = Y. e(=-qB)) Y e(%q(m)

By mod rm BeBNV(Z)
B1=Bp mod m B=Bj mod rm
a 0
= Z e (—q(B])) Z e (—q(rmB’ + B1)> ,
rm m
B mod rm B'eB'NV(Z)
B1=Bp mod m

where B = {B’ € V(R): rmB’+ B; € B} is another box. To compute the exponential
sum over a box, we use the following result from [16, Proposition 8.7].

Lemma 1 Let f(x) be a real function on an interval [a, b] such that | f'(x)| < %for
all x € (a, b). Suppose further that f”(x) > 0 on (a, b) or that f"(x) < 0on (a, b).
Then,

b
> etrom = [ erndx+ o,
a<n<b a
with the implied constant being absolute.

We note that [16, Proposition 8.7] requires that f”(x) > 0, but the same proof
applies when f”(x) > 0 or when f”(x) < 0. The following multivariable version
also follows immediately.

Lemma 2 Let f(x1, ..., x¢) be a real function on a box R = [];la;, bi] such that
|3f x)| < 5 o0n Rfor alli = 1,...,¢. Suppose for anyi = 1, ..., ¢ and for any

a2
fixedxj € (aj, bj) forall j # i, the second partial derivative %(x) as a function of
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X; is either non-negative on (a;, b;) or non-positive on (a;, b;). Then

> e(fm) = / e(f () dx + O(max{Vol(R). 1)),

neRNZ¢ R

where Vol(R) denotes the greatest d-dimensional volume of any projection of R onto
a coordinate subspace obtained by equating £ — d coordinates to zero, where d takes
all values from 1 to £ — 1. The implied constant depends only on .

We apply Lemma 2 to the box B’ and the quadratic polynomial f(b;;) =
%q(rm B’ + Bj) viewed as a function in the coordinates of B’. The partial derivative
of f withrespect to b;; equals Qr%(rm B’ 4+ B}) which is bounded by c3¢10r X 129
where c3 is a constant depending only on g (and equals 2 in this case). Hence, we
can bound the first order partial derivatives by % by taking r» > 2c3c; X" The
second partial derivative of f with respect to any b;; is a constant since f is quadratic.
Finally, the side lengths of B are of the form 2X;;/(rm) > X'=23/(rym) > 1 by the
assumption on ;. Hence, we have

>, e (ﬁq(rmB/ - Bn)
p

B'eBNV(Z)

9 x 1428\ 8
/ e<—q(rmB’+Bl)> dB' + 0O (( ) )
B m rm
1 ) X1+28 8

Summing over the r? possible B ’s then gives

0 7 x 8(1+26)
Sp(a; m, Bo) =cq(a;r,m,Bo)/ e(—q(B)> dB+O0|———|. (20)
B m m
where

1 a
o, 7B = 9 o <_ B >'
cqlasr,m Bo) =5 Y e(——-q(By)

By mod rm
B1=Bp mod m

In the light of (15), we define for any integer » > 1 and any integer a coprime to r,

cq(a;r)zl% Z e(i—lq(B)).

B mod r

1

Lemma3 If ged(r,m) = 1, then cy(a;r,m, By) = —gcq(a;r). Otherwise
m

cqla;r,m, By) = 0.
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Proof We consider the case gcd(r,m) = 1 first. Let m be any integer such that
mm = 1 (mod r). For any integer n divisible by m, we have *-n = “%n (mod 1).
Suppose now By, B’ € V(Z) with B = By (mod m) and B; = B’ (mod r). Then
q(B1) = q(Bp) =0 (mod m) and ¢(B;) = g(B’) (mod r) and so

a am am ,
e(qB) = (—q(31)> =e <—q(B )) :
rm r r

Since m and r are coprime, we have by the Chinese Remainder Theorem,

Yo e(an)= Y e(Sa)).

By mod rm B’ mod r
B1=Bp mod m

1
Dividing by rom® gives us ¢y (a; r, m, By) = —5Cq (a;r).
Now, we consider the case ged(r, m) > 1. Suppose that p is a prime dividing
gcd(r, m). We rewrite the sum as

a a rm
e (L B): el —q(=By+B)).
S e(mam)= XY e (T
By mod rm B’ mod rm/p Bjmod p
Bi=By mod m B’'=By mod m

Given v, w € V, we write (v, w) = g(v + w) — q(v) — g(w) for the associated
bilinear form. Hence, we have

rm _, , oorm r2m? ,
q 7304-3 =CI(B)+?<B,30>+761(B())-

Since rm | #, the inner sum equals
P
a rm a a
o (— (q(B’) +—(B, Bé))) —e (—q(B’)) > e (—(B’, Bé)) :
rm p rm p
B{, mod p B{, mod p
Since B’ = By is nonzero modulo p and g is non-degenerate modulo p for p > 3,
the linear form (B’, ) : V(IF,) — I, is nonzero. Moreover, a is coprime to p since
p | r and a is coprime to r. Therefore, the above exponential sum vanishes and as a

result, ¢, (a; r,m, Bg) = 0. .

Integrating (20) over the arc |6] < % and summing over a and r now give
/ S(a; m, By)da
o

| 0 P2 x8(1429)
= Z Z —9cq(a; r)/ / el —q(B))dBdo+ O —s
m ‘9‘5% B m rom

r=<ri O<a<r

ged(r,m)=1 ged(a,r)=1
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| 2 x8(1+428)
1
= Z ch(m/ 1 fe(eq(B))dB do+ 0 (8> 1)
r<ri m |0|SW B ram
ged(r,m)=1
Our aim is to replace the above truncated sum by the singular series
1
Sn@= ), —5Cq) (22)

ged(r,m)=1

and the above integral by the singular integral S (B; ¢). To this end, we prove the
following bounds:

Lemma 4 With notations as above, we have:

(a) forallr > 1,

|Cy(r)| < dr™ /% (23)
(b) forall® # 0,
/ (0(B)) dB < min{X°. [6]~°7): 24)
B
(c) the singular integral
So(B; q) = [ / e(0q(B))dBdo <« X'. (25)
RJB

The above implied constants depend only on q (which is fixed).

Proof We prove first the bound

3o (§q(3)) < 8792, (26)

B mod r

Also, we prove the bound with the constant 8 replaced by +/2 for r odd. Recall that
q(bij) = —b11bag — baob33 — 2b12b34 — 2b13b24 — 2b%4. Hence (26) follows from

< 2 ged(a, ryn',

Z e (;—ny) = ged(a, r)r,

x,y mod r

> e(5)

x mod r

where gcd(a, r) | 2. Note that the second sum is a standard quadratic Gauss sum and
the bound follows, for example, from [3, Sects. 1.3-1.6]. Thus, for r odd, |C, (r)| <
V2r=9 2¢(r) < V2r77/2 where ¢ (r) is the Euler’s totient function. Meanwhile, for
r even, we have |C,(r)| < 8r22¢.(r) < 4r=7/2. This proves (23).

Next we prove the bound (24). The X bound is trivial since Vol(B) < X°. We may
also assume that & > 0 as the case 6§ < 0 follows by complex conjugation. Setting
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B’ = 0'/2B, we see that it suffices to prove the following general statement: for any
box B’ centered at the origin,

/ e(q(B))dB' « 1.
B/

Again, using the explicit formula of ¢, it reduces to proving that for any X, Y > 0,

X rY X
/ / e(xy)dydx < 1, / e(xz)dx < 1.
-XJ-y

-X

The first integral can be computed as follows:

X Y X 2 Y XY 2
/ / e(xy)dx dy:/ dezf de <« 1.
-XJ-Y

-X X —XY TX

Now, we bound the second integral. Since e(xz) is an even function, we can write
X X
/ e(x2)dx = 2/ e(xz)dx.
-X 0

For 0 < X < 1, we can use the trivial estimate. For X > 1, we use the trivial estimate
for x € [0, 1] and partial integration for x € [1, X]:

X 2y 71X X 2 X
e(x e(x 1

/ e(xz)dx<<1+|:( )} +/ (—2)dx<<1+1+[—] <1
0 2x | 1 2x 2x |,

Finally, by using (24), we have

Gw(B; q) K /
1o

x°%do + / 1017%%do <« X',
|<Xx~2 6]>X~2
which is the desired bound (25). O
Note the bound (23) on Cy (r) implies that
I6(g) — 11 =4@7/2)-1) <1

and that for each prime p,

_ 4
S(gip)— 11 =4 p TP = —7— <1,
>1 p o

Hence, the series defined by (16) and (17) have positive values.
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Combining the bounds (23), (24) and (25) with (21), we have

/ S(a; m, By)da
m

= X (%Cw)(@m(& Q)+ 0((mrr2)7/2)> +0 (
m

r=ri

ged(r,m)=1

= (6m<q) +) 0<r—7/2m—8>) Coc(Biq)+ Y O Pm ¥ (mrry)"/?)

r<ri

,,12X8(1+25))

ram8

r>rq
r2X8(]+28)
+0 1—8
rom

=6,(q)6x(B;q) + O (

x7 rlr;/2 r12X8(1+25)
. 27

s mO ram3

where G,,(q) is defined in (22).

4.1.2 Minor arc estimate

We now estimate the minor arc integral. Fix some o = % +60 em,wherer; <r <r
and |#] < - Then

rn'
Ss@m Bl = Y e(>@B)-q(B)

B',B"eBNV (Z)
B’,B"=By mod m

=Y X e(cmaB) +mB.BY).

BeV(Z) B'eBNV(Z)
B’=By mod m
B'+mBeBNV (Z)

where the second equality follows by setting B” = B’ + mB. The set of B € V(Z)
for which the inner sum is non-empty is contained in the box B” = %(B - B) =

{%(B” — B’): B’, B” € B}. Taking absolute values now give

Sp(@;m, B> < ) Y e(a(B.B)

BeB'NV(Z) | B'eBNV(Z)
B’=By mod m
B'+mBeBNV (Z)

@ Springer



1258 G. C. Sanjaya and X. Wang

- Z Z e (am(By, B))|. (28)

BeB'NV(Z)| BieV(®@)
Bo+mBeB
Bo+mB+mBeB

Let b;; denote the entries of B and let x;; denote the entries of By. Then from the
explicit formula for ¢, we have

(B1, B) = —b11x44 — baax11 — bx33 — b3zxn;
—2b12x34 — 2b34x12 — 2b13x24 — 2b24x13 — 4b14x14. (29)

Each x;; takes all integer values within an interval, depending only on b;, of length
at most 2X;;/m. Hence, the inner sum in (28) factors into a product of geometric
sums. For each (i, j), let ¢;; denote the integer coefficient in front of each b;; in (29)
and let /;; denote the closed interval [-2X;;/m, 2X;;/m]. Then we have

[ Xy _
1Sp:m. B> < [ D mm{ﬁ,uacumbﬁu ‘},

@@,)) bijel;;NZ
where || - || is the distance to the nearest integer function.
Recalling that @ = < + 0 with 0] < r— we have

mb,’j - SX,'J' - 86’1)(1"'_2(s - i
- -  2r

4
0cijmbij| <
rry rry rry

by taking rp > 16c1 X 1428 'S4 we have the lower bound
1 a
[leecijmbij|| > Ell;mcijbijll.

Write r;; =1/ ged(r, me;j) > r/(4m) and a;; = amc;j/ gcd(r, mc;;). We have

a
IS m, B> < [] D min{ ||ibz,||—}

(i,j)bl-jell-jﬂZ
Now if rj; > 4X;;/m, then
a X (2le/m—|
> min{ ||ib,,||‘}s ) Z ”+r,,logxu (30)

m
bijel;jNZ
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Ifr,-j < 4X,-j/m,then
Xl] a,-j -1 Xij 4Xij/m 4X,‘j/m I_V,'j/ZJ rij
2 min TR < TR = D
bijel,‘jﬂZ m Tij m Fij Tij =1
Xlzj Xij
L — + — logXU 3D
rm

Combining (30) and (31) then gives
x2(1+25)
bijel;;NZ
Raising it to the power 9 and taking square root give

9(1+26) 9/2

. 9/2
Sp(a; m, By) < —r9/2m9/2 log

Finally, integrating over the minor arc gives

ri<r=ry O<a<r

Xij o aij, g
Z min s I—=bi;l| L —— +rp logX.
m rij rm

x9(1428) 92 1 on
/Sg(am B < Y > / N mer log”2 X | a0
101= 7%

(a,r)=1

X0+
/2
< ) (r2r9/2m9/2+r2 log™" X

FI<r=rp
X9(1+25) )
< Y + V29/ 10g9/2 X,
rar,"m®/

where the last bound follows from ry >> X120,

4.1.3 Proof of Theorem 4.2

We are ready to prove Theorem 9. By (27) and (32), we have

Ny (B;m, By) = 6,,(9)60(B; q)
27/2 r12X8(1+26) x9(1425)

vo Xy
,f/ZmS m9/2 rom8

where S,,(g) is defined in (22). Take

2
r2r17/ m9/2

X 1.522(1+26)

X”(1+25) ll L
m1223 Jog X

ry =

+ry

9/2

(32)

10g9/2 )
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Since m < X!/3 and § < 0.01, we see that rym < X720 and X'+2 « r, <« X2
With this choice of r; and r», we have

6.85(1428)
Ny(B;m, By) = 6,,(9)6(B; q) + O 55 logX'].

Finally, since C, is multiplicative (as easily verified), the singular series &,,(q)
defined in (22) equals

1

m8

Snlg) = [[8@: ]| &w.

plm

This completes the proof of Theorem 9.

4.2 Proof of Theorem 4.1 using the Selberg sieve

For any prime p, we say an element B € V(IF,) (or W(IF))) is IF ,-reducible if either
A(B) =0 € F, or A(B) # 0 and B is [F ,-distinguished in the sense of Section 2.1.
We begin by proving that any B € V (Z) that is Q-distinguished is I ,-reducible for
every prime p. For any prime p, let o), : V(Z) — V(IF),) and ), : 74 — IF‘[‘, denote
the reduction-mod- p maps.

Lemma 5 Suppose B € V (Z) is Q-distinguished. Let p be a prime suchthat p 4 A(B).
Then o, (B) is IF ,-distinguished.

Proof Since B is Q-distinguished, there exist linearly independent vectors v, w € Q*
satisfying (5); namely

v Agv = v' By = w' Agw = v' Agw = v' Bw = 0.

By scaling v and w, we may assume that v, w € Z* and Bp(), Bp(w) # 0.
If B,(v), Bp(w) are linearly independent over F,, then «((B) is IF)-distinguished
since the vectors B,(v), Bp(w) satisfy (5) and A(a,(B)) # 0 since p 1 A(B). If
Bp(), Bp(w) are linearly dependent over I, then there exists a; € {0, 1,..., p —
1} and w; € Z* such that w = ajv + pwi. Note that v, w; also satisfy (5). If
Bp(), Bp(wy) are linearly independent over IF,, then we are done. Otherwise, there
existsap € {0,1,...,p — 1} and wy € Z* such that w; = asv + pwy. Note now
w = (a1 + pas)v + p*>w>. We may now repeat this process. If it terminates at some
v, wy € Z* with Bp (), Bp(wy) linearly independent over I, then we are done. If it
does not terminate, then there exists a sequence aj, az, ... € {0,1,..., p — 1} such
that forany n > 1, w— (a; + pas+- - -+ p"'a,)v € p"Z*. This implies that v and w
are linearly dependent over Z, and so also over Q,, which contradicts the assumption
that they are linearly independent over Q since v, w € Q*. O

We now apply the Selberg sieve ( [16, Theorem 6.4]) to prove Theorem 8. We
follow the setup as in [17, Sect. 3]. Let z be a number less than X 1/3 Let P be the
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product of all primes p with N < p < z where N is some large absolute constant to
be determined later. For each m | P, let a,, be the number of elements B € BNV (Z)
such that:

* q(B) =0;
e for any prime p | 5, B is IF p-reducible;
e for any prime p | m, B is not IF ,-reducible.

Form { P, we set a,, = 0. Then, applying the Selberg sieve will give us the count
for

ay) = § an,

ged(n, P)=1

which is the number of elements B € BN V(Z) with ¢(B) = 0 and is F,-reducible
for all primes p | P.
For any squarefree m | P, the expression

>

n=0 mod m

counts the number of elements B € BN V(Z) such that g(B) = 0 and B is not I -
reducible for any p | m. Recall that for any prime p, we defined d, in Proposition 3 for
the number of By € W(IF),) with fp; € U(F,) and are not IF,-distinguished, which
is the same as the number of By € V (IF,) with g(Bg) = 0 and are not IF ,-reducible.
The condition that A(By) # 0in IF,, also implies that By is nonzero modulo p. Thus,
by Proposition 3 and Theorem 9, we have

o a= % [1(46@: »™")S@GwxB: q) + 0 (XOH 4225 10g x)

n=0 mod m plm

dp&(q; p)~!
[[£9%P ) 64)6ms )+ 0 (x0850+2923 10g X )
plm

We set g(m) = l_[ g(p) and u,, = O (XO83U+29)125 10g X) for each squarefree

plm
m | P, where

d,6(q; p)~!
g(p) = L1——— (ng)

for each prime p | P. By (23), we have

S(g:p) =1+ O(Zp*”ﬂ) — 1400
>1
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Recall from Proposition 3, we have the bound

d, 3
< <=+00p.

Liop <
P 4

16 p

1 7
Hence, by taking N large enough, we have the bound o <g(p) < 3 for p > N.

8(p)
Now, set h(m) = 1_[ —_—
pim L~ 8(P)

be a real number to be picked later and set

H = Z h(m).

m<~+/D
m|P

for all squarefree m | P.Let D > 1 with D < z

Then, by [16, Theorem 6.4], we have

ar= Y  ay<H '6(q)6x(Biq)+R,
ged(n, P)=1

where

IR| < Z 3 (M) e X6850429) 150 x Z 25t
m<~D m</D
m|P

. X6.85(1+25)D1.75+6 10g X

for any € > 0.
Meanwhile, for p prime, we have % < h(p) < 8 and so for any € > 0,

H > 7(¥D) >, D3¢
Thus, we get

Taking D = X (1/19=(48/93 gjyes the desired bound (14).

5 Proof of Theorem 1, Theorem 3 and Theorem 4
We prove Theorem 4 first. By the paragraph following Theorem 4, it is enough to

consider the case o = 256 and 8 = —27. We note that for (a, b) € Z* with H(a, b) <
X, there are at most X € integers m whose square divides A(a, b). Hence, it is enough
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to prove:

X7+E
X # {(a,b) € Z%: H(a,b) < X,m? | Aa, b)) Ke —— + X0992+¢,
mL>JM ‘ M

m squarefree

Moreover, if m?2 | A(a, b), then we can factor m = mmy where m is the product
of all prime factors p of m such that p? strongly divides A (a, b), and m is the product
of all prime factors p of m such that p> weakly divides A(a, b). Since at least one of
my or my is at least m’ for some squarefree integer m’ > /m, we have

| {@b)eZ? H(.b) < X.m*| Aa, b))

m>M
m squarefree

c U whu U we
m'>~'M m'>v'M

m’ squarefree m’ squarefree

Theorem 4 now follows from Theorem 5.
Next, we prove Theorem 1 using an inclusion-exclusion sieve. We have

N(X;a, ) =) p(m)Nu(X; a, B),

By covering the box (—X3, X3) x (=X*, X*) by 2X’m™2 4+ 0(1))(2X*m~?* +
O(1)) boxes of size m? x m?, each of which contains P, ﬂ(mz) integral points (a, b)
such that m? | ﬂa4 + (xb3, we have the following individual count

N (X5, B) = 4X ' m™* pg p(m*) + O(X*m ™2 py g (m*)) + O(pg,p(m?)).

Since pa,ﬂ(mz) = 0(m?), we sum over m < X" for some n > 0to get

> wm)Nu(X: . p)

m<X"
=4x" > u( p"‘ﬁ( ) + O0XHM) 4+ o(x!1+3m)
m<X"
=C(a, B)-4X" + 0(x7—'7) + O0X*M) + ox!1H3m). (33)

We take n = 0.1 and apply Theorem 4 with M = X! to get
N(X:a, ) = Cla, B) - 4X7 + O(XO?) + 0 (XO0F€ 4 X091,
The proof of Theorem 1 is now complete.

Finally, we prove Theorem 3. By Proposition 2, we see that 100% of the quartics
of the form x* 4 ax + b are irreducible. For any prime p and any irreducible monic
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polynomial f(x) € Z[x], if Z[x]/(f (x)) is not maximal at p, then p% | A(f). Hence
the tail estimate for the number of monic quartics of the form x* + ax + b whose
discirminant is divisible by the square of a large prime implies the tail estimate for the
number of monic quartics f(x) = x*+ax +b such that Z[x] /(f (x)) is not maximal at
a large prime. Therefore, it remains to compute the p-adic density for monic quartics
f(x) = x* 4+ ax + b such that Z[x]/(f (x)) is maximal at p.

Fix aprime p.Forany g € Z[x], let g denoteitsreductioninF,[x]. By [2, Corollary
3.2], Z[x1/(f (x)) is not maximal at p if and only if there exists a monic polynomial
u € Z[x] such that # € IF,[x] is irreducible and f € (pz, pu, u?) C Z[x]. Suppose
f(x) = x* +ax + b € Z[x] and u(x) is monic with f € (p2, pu, u?). Then ii? | f.
Hence deg(u) < 2. Suppose u(x) = x> + cx + d € Z[x] has degree 2. Then

F) —u? =2ex® + 2d + A)x? + Qcd — a)x + (d* — b) € pZlx].

If p # 2, then we have p | ¢ and p | d, in which case i = x? is not irreducible.

If p = 2, then from the x2-coefficient, we have 2 | ¢, in which case u = x24+dis
also not irreducible. Hence u(x) = x — r, for some r € Z, is linear. We now have
f(x +r) € (p? px,x?), which is equivalent to p | f/(r) and p* | f(r). Note this
implies p2 | f(+') forany r’ = r (mod p). We may then take r € {0,1,..., p — 1}.
From p | f/(r), we geta = —4r3 (mod p). Once we fix one of the p choices of
aeci{0,1,..., p*—1}, from p? | f(r), we geth = —r* —ar (mod p?). Thus there
are p pairs (a, b) associated toeachr € {0, 1, ..., p — 1}.

Suppose now a pair (a, b) arises from two distinct r1, 7, € {0, 1, ..., p —1}. Then
ri, rp are both double roots of f(x) and so we have f(x) =Gx—-r)x-nr)?=
(x2—=(ri+r2)x+rir)?. Since f(x) has vanishing x3- and x2-coefficients, the same is
true for f(x). When p # 2, thisis possible only if (x —r1)(x —1r2) = x2 which implies
that 1 = rp = 0 (mod p) and so r; = rp. When p = 2, this implies r; + 1, = 0
(mod 2) and thus r; = r. Both cases yield a contradiction.

As a result, there are p2 pairs (a,b) € {0, 1, ..., p2 — 1}2 such that Z[x]/()c4 +
ax + b) is not maximal at p. We therefore obtain the desired 1 — p~2 for the p-adic
density of monic quartics f(x) = x* + ax + b such that Z[x]/(f(x)) is maximal at
p.
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