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Abstract

We show that the knowledge of the Dirichlet-to-Neumann maps given on an arbitrary
open non-empty portion of the boundary of a smooth domain in R*?, n > 2, for
classes of semilinear and quasilinear conductivity equations, determines the nonlinear
conductivities uniquely. The main ingredient in the proof is a certain L'-density result
involving sums of products of gradients of harmonic functions which vanish on a
closed proper subset of the boundary.

1 Introduction and statement of results

Let @ ¢ R", n > 2, be a connected bounded open set with C* boundary. Let us
consider the Dirichlet problem for the following isotropic semilinear conductivity
equation,

div(y(x,u)Vu) =0 in £,

u=rf on 9. 4.
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Here we assume that the function y : Q x C — C satisfies the following conditions,

(a) themap C 3 7 — (-, 7) is holomorphic with values in the Holder space C'* ()
with some 0 < o < 1,
®) y(x,0) =1, forall x € Q.

The semilinear conductivity equation (1.1) can be viewed as a steady state semilinear
heat equation where the conductivity depends on the temperature, and in physics, such
models occur, for instance, in nonlinear heat conduction in composite materials, see
[23].

Itis shown in Theorem B.1 that under the assumptions (a) and (b), there exist § > 0
and C > 0 such that when f € Bs(dQ) := {f € C>%(0Q) : I fllc2ee) < 8}, the
problem (1.1) has a unique solution u = u s € C>*(Q) satisfying ”“”Cla(ﬁ) < Cé.
Let I' C 92 be an arbitrary non-empty open subset of the boundary 92. Associated
to the problem (1.1), we define the partial Dirichlet-to-Neumann map

AV = (@ walr,

where f € Bs(d€2) withsupp (f) C I'. Here v is the unit outer normal to the boundary.

We are interested in the following inverse boundary problem for the semilinear
conductivity equation (1.1): given the knowledge of the partial Dirichlet-to-Neumann
map AU, determine the semilinear conductivity y in € x C. Our first main result gives
a complete solution to this problem.

Theorem 1.1 LetQ C R", n > 2, be a connected bounded open set with C*° boundary,
and let ' C 02 be an arbitrary open non-empty subset of the boundary 0<2. Let
Y1, v2 : Q x C — C satisfy the assumptions (a) and (b). IfAr = Ar then y1 = y»

inQ x C.

It is also of great interest and importance to consider inverse boundary problems
for nonlinear conductivity equations with conductivities depending not only on the
solution u but also on its gradient, Vu. Such equations occur, in particular, in the
study of transport properties of non-linear composite materials, see [36], as well as in
glaciology, when modeling the stationary motion of a glacier, see [12]. Furthermore,
such equations can be considered as a simple scalar model of the nonlinear elasticity
system, see [44, Section 2]. To this end, we are able to solve partial data inverse
boundary problems for a class of quasilinear conductivities of the form y (x, u, w-Vu),
depending on the space variable, the solution, as well as the derivative of the solution in
a fixed direction w € S" ! = {w € R" : |w| = 1}. To state the result, let v € "~ ! be
fixed and let us consider the Dirichlet problem for the following isotropic quasilinear
conductivity equation,

(1.2)

diviy(x,u,w - Vu)Vu) =0 in €,
u=ir+f on 9.

Here we assume that the function y : Q x C x C — C satisfies the following
conditions,
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(i) the map C x C 5 (1, z) — y(-, T, z) is holomorphic with values in C%(Q) with
some ) <o <1,
(i) y(x,t,0) =1,forall x € Qandall r € C.

It is established in Theorem B.1 that under the assumptions (i) and (ii) for each A € C,
there exist §; > 0 and C, > O such that when f € Bs, (02) := {f € C>*(3Q) :
||f||C2,zx(aQ) < 6y}, the problem (1.2) has a unique solution u = u, 5 € Cz’“(ﬁ)
satisfying [lu — Al p2.0 @ < C).8,.. Associated to the problem (1.2), we define the
partial Dirichlet-to-Neumann map

AL O+ ) = (y(x,u, 0 Vu)dywlr,

where f € B, (0€2) with supp (f) C 'and A € C.
Our second main result is as follows.

Theorem 1.2 LetQ C R", n > 2, be a connected bounded open set with C°° boundary,
and let ' C 02 be an arbitrary open non-empty subset of the boundary 0<2. Let
w € S"! be fixed. Assume that vy, y» : @ x C x C — C satisfy the assumptions (i)
and (ii). Let ¥ C C be a set which has a limit point in C. Then if for all . € X, we
have

AL O+ )= AL O+ f). Vf € Bs (0Q), supp (f) C T,

then y1 = y2 in Q x C x C.

Note that in Theorem 1.2 the Dirichlet-to-Neumann maps A)ljj map the Dirichlet
data . + f, which is not supported on I', unless 1 = 0, to the Neumann data which is
measured on I".

Remark 1.3 To the best of our knowledge, the partial data results of Theorem 1.1 and
Theorem 1.2 are the first partial data results for nonlinear conductivity equations.

Remark 1.4 It might be interesting to note that an analog of the partial data results of
Theorem 1.1 and Theorem 1.2 is still not known in the case of the linear conductivity
equation in dimensions n > 3. We refer to [17] for the corresponding partial data
result for the linear conductivity equation in dimension n = 2.

Remark 1.5 An analog of Theorem 1.1 in the full data case, i.e. when I' = 9%, was
proved in [42] where instead of working with small Dirichlet data one considers small
perturbations of constant Dirichlet data as in (1.2). Furthermore, it was assumed in [42]
that the semilinear conductivity is strictly positive while no analyticity was required.
The proof of [42] relies on a first order linearization of the Dirichlet-to-Neumann map
at constant Dirichlet boundary values which leads to the inverse boundary problem
for the linear conductivity equation and therefore, an application of results of [47] and
[35] for the linear conductivity problem in dimensions n > 3 and in dimensionn = 2,
respectively, gives the recovery of the semilinear conductivity.
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Remark 1.6 To the best of our knowledge Theorem 1.2 is new even in the full data
case. Indeed, in the full data case, so far authors have only considered the recovery of
conductivities of the form y (x, u), see e.g. [42,46], or of the form y (u, Vu), see e.g.
[34,41], or conductivities which depend x and Vu in some specific way, see e.g. [5].
We obtain in Theorem 1.2, for what seems to be the first time, the recovery of some
general class of quasilinear conductivities of the form y (x, u, - Vu), depending on
the space variable, the solution, as well as the derivative of the solution in a fixed
direction.

Remark 1.7 The assumption that the conductivity is holomorphic as a function C 3
T +— y (-, 7, -) in Theorem 1.2 is motivated by the proof of the solvability of the forward
problem and the differentiability with respect to the boundary data. This assumption
could perhaps be weakened and one could show that the full knowledge of the partial
Dirichlet-to-Neumann map A)l: determines the conductivity y. As the main focus of
this paper is on establishing the partial data inverse results, we decided not to elaborate
upon this issue further.

We remark that starting with [27], it has been known that nonlinearity may be
helpful when solving inverse problems for hyperbolic PDE. Analogous phenomena
for nonlinear elliptic equations have been revealed and exploited in [10,29], see also
[24-26,28,30]. A noteworthy aspect of all of these works is that the presence of a
nonlinearity enables one to solve inverse problems for nonlinear PDE in situations
where the corresponding inverse problems for linear equations are still open. The
present paper is also concerned with illustrating this general phenomenon.

Let us proceed to discuss the main ideas of the proofs of Theorem 1.1 and
Theorem 1.2. Using the technique of higher order linearizations of the partial Dirichlet-
to-Neumann map, introduced in [10,29], see also [42,46] for the use of the second
linearization, we reduce the proof of Theorem 1.2 to the following density result.

Theorem 1.8 Let Q2 C R", n > 2, be a connected bounded open set with C*° boundary,
let T C 9K be an open non-empty subset of K, let @ € S"~! be fixed, and let
m=2,3,..., be fixed. Let f € L°°(R2) be such that

/f(Z I (w-Vur)Vuk)-Vum+1dx=0, (1.3)
Q

k=1r=1,r#k

forall functionsu; € C°(Q) harmonic in Q with supp (urlg) Cc Il =1,...,m+1.
Then f =0in Q.

Similarly, using higher order linearizations of the partial Dirichlet-to-Neumann
map, we show that Theorem 1.1 will follow from the following density result.

Theorem 1.9 LetQ C R", n > 2, be a connected bounded open set with C* boundary,
let T' C 02 be an open non-empty subset of 02, and let m = 2,3, ..., be fixed. Let
f € L°°(R2) be such that

m m
/f(Z I1 u,Vuk>~Vum+1dx=0, (1.4)
2 N\ =1 r=1,r£k
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forall functionsu; € C>®(Q) harmonic in Q with supp (uilaq) C I,i=1,...,m+1.
Then f =0in Q.

Theorems 1.8 and 1.9 can be viewed as extensions of the results of [8] and [24].
Indeed, it was proved in [8] that the linear span of the set of products of harmonic
functions in € which vanish on a closed proper subset of the boundary is dense in
L'(Q), and this density result was extended in [24] by showing that the linear span of
the set of scalar products of gradients of harmonic functions in €2 which vanish on a
closed proper subset of the boundary is also dense in L' ().

To prove Theorem 1.8, we shall follow the general strategy of the work [8], see also
[24]. We first establish a corresponding local result in a neighborhood of a boundary
point in I assuming, as we may, that I' is a small open neighborhood of this point, see
Proposition 2.1 below. We then show how to pass from this local result to the global
one of Theorem 1.8. The essential difference here compared with the works [8,24] is
that working with products of m + 1 gradients in the orthogonality identity (1.3), we
need to prove a certain Runge type approximation theorem in the W'+ !_topology
forany m = 2, 3, ... fixed, as opposed to L? and H'! approximation results obtained
in [8] and [24], respectively.

We shall only prove Theorem 1.8 as the proof of Theorem 1.9 is obtained by
inspection of that proof as the only difference between the orthogonality relations
(1.3) and (1.4) is that (1.3) contains w - Vi, with harmonic functions u, while (1.4)
contains u, instead, and no new difficulties occur.

Remark 1.10 While the present paper was under review, the inverse boundary problem
with full data, i.e. when the measurement are performed along the entire boundary
d€2, was solved in [6] for quasilinear isotropic conductivity y of the form y (x, u, Vu),
showing that the quasilinear conductivity y can indeed be uniquely determined from
these measurements, provided that the map C x C" > (p,u) — y(-, p, ) is is
holomorphic with values in Cl""(ﬁ) with some 0 < @ < 1,and 0 < ¢(-,0,0) €
C>® (). It would be interesting to solve the partial data inverse problem for such
conductivities to be on par with the full data result of [6]. The difficulty here compared
with the recovery of the conductivities of the form y (x, u, ® - Vu) in Theorem 1.2
is that higher order linearizations of the partial Dirichlet-to-Neumann map lead to a
density statement in the spirit of Theorem 1.8 where instead of working with a scalar
function f one has to work with a function with values in the space of symmetric
tensors of rank m € N. Furthermore, a challenge in the proof of partial data result
compared with the full data result of [6] is that one has to work with harmonic functions
which vanish on an arbitrary portion of the boundary in the density statement. It is not
quite clear how to extend the analytic microlocal analysis framework of [8] to prove
the needed density result in this more general situation.

Let us finally remark that inverse boundary problems for nonlinear elliptic PDE have
been studied extensively in the literature. We refer to [4,5,7,10,15,18-22,26,29,34,41—
43,45,46], and the references given there. In particular, inverse boundary problems
with partial data were studied for a certain class of semilinear equations of the form
—Au + V(x,u) = 0 in [25,30] relying on the density result of [8], for semilinear
equations of the form —Au + q(x)(Vu)2 = 0 in [24], and for nonlinear magnetic
Schrodinger equations in [28].
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1616 Y. Kian et al.

The paper is organized as follows. In Sect. 2 we establish Theorem 1.8. Theorem 1.2
in proven in Sect. 3. The proof of Theorem 1.1 occupies Sect. 4. In Appendix A we
present an alternative simple proof of Theorem 1.2 in the full data case. In Appendix B
we show the well-posedness of the Dirichlet problem for our quasilinear conductivity
equation, in the case of boundary data close to a constant one.

2 Proof of Theorem 1.8

We shall proceed by following the general strategy of [8]. It suffices to assume that
I' C 92 is a proper open nonempty subset of 92, and even a small open neighborhood
of some boundary point.

2.1 Local result

Theorem 1.8 will be obtained as a corollary of the following local result.

Proposition 2.1 Let Q C R", n > 2, be a bounded open set with C*° boundary, and
letm =2,3,..., be fixed. Let xo € 02, and let T C dQ be the complement of an
open boundary neighborhood of xo. Then there exists 6 > 0 such that if we have (1.3)
for any harmonic functions u; € C*(Q) satisfying wlg=0,1=1,...,m+1, then
f =0in B(xg,8) N .

Proof 1t suffices to choose u; = - - - = u,, in (1.3). Hence, (1.3) implies that
/ fw- Vo))" 'V - Vuadx =0, 2.1
Q

for all harmonic functions vy, v, € C °°(§) satisfying v;|g = 0, [ = 1, 2. Our goal
is to show that (2.1) gives that f = 0 in B(xg, §) N 2 with § > 0. Using conformal
transformations (in particular Kelvin transforms) of harmonic functions as in [8, Sec-
tion 3], and arguing as in that work, we are reduced to the following setting: xo = O,
the tangent plane to €2 at xq is given by x; = 0,

QCc{xeR":|x+e| <1}, F:{xeaﬂ:xls—Zc}, e1 =(1,0,...,0),

for some ¢ > 0.

Let p(¢) = ¢%, ¢ € C", be the principal symbol of —A, holomorphically extended
to C". Letz € p~'(0) and let x € Cy°(R™) be such that supp (x) C {x e R" : x1 <
—c}and x = lon {x € 92 : x; < —2c}. We shall work with harmonic functions of
the form

v(x, ) =e_;r;“k +r(x, ), 2.2)
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where r is the solution to the Dirichlet problem,

—Ar=0 in £,

rlag = —( i X)lsq.
By the boundary elliptic regularity, we have v € C*°(2), and furthermore v|x = 0.
Since in view of (2.1) we shall work with products of m + 1 gradients of harmonic
functions, we need to have good estimates for the remainder r in C 1(Q). To that

end, in view of Sobolev’s embedding, we would like to bound |7 || yx(q) with k € N,
k > n/2 + 1. Boundary elliptic regularity gives that for k > 2,

17l gy < Clle™ 7 x| grm12 56 (2.3)

see [9, Section 24.2]. Now by interpolation, we get

iy iy 12 —§ 1/2
le™F 5 Xl po2ogy < e T Xl o le ™7 X It - Q2.4
see [14, Theorem 7.22, p. 189]. We have
le™ #5812 pqy < Ceh SPsek ¥ImE,
where K = supp x N €2, and therefore,
, k
le™#5 xll gk oy < C<1 +Bly ',i—;[)e’l’“p“"'lm‘- 25)
It follows from (2.4) and (2.5) that
_liyg 1215\ 1 Sup,eg x-Im¢
le™ 5% XMl gr-12090) = C 1 + vl . (2.6)

Using (2.3) and (2.6), we see that
|§ |k sup x-Im¢
Irllge@) = C\ 1+ - e Uik .
Taking k > n/2 + 1 and using the Sobolev embedding H* () ¢ C'(R), we get

Irllcr @) < C<1 + o )e’is“p“’(x'lmg. (2.7)
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Using that supp (x) C {x e R* : x; < —c}and x = lon {x € 9Q : x1 < —2c},
we obtain from (2.7) that

k
I llcrg) < C(l + fl—,[)e—hlmfleillm¢ X (2.8)

when Im ¢y > 0.
Now the identity (2.1) implies that

/ f(x)(@-hDv(x, {))m_lhDv(x, ¢)-hDv(x,mn)dx =0, 2.9)
Q

for all ¢, n € p~'(0). Here v(x, ¢) and v(x, mn) are harmonic functions of the form
(2.2) and D = i~'V. Using that

(@ hDv(x, )" = (~w- e F* + - hDr(x, )"
m—1

= (w0 e T L Y <m ! 1) (@-hDr(x, ) (~w - e FT ey,

=1

we obtain from (2.9) that

/ FO(=w- O m(c e T Eax = I + I, (2.10)
Q

where

I = —/ f(x)(—w-§)m_1e_(m;1)ix'§(— ce 558 hDr(x, mn)
Q

— mne” BN hDr(x, ) + hDr(x, €) - ADr(x, m))dx,
m—1 L
L=- fg f& (m ! 1) (@ hDr(x, ) (o cemir O
=1

(mg' . neié"‘(H’””) — ;ef%x'c -hDr(x,mn) — mneimTix"’ -hDr(x,?)
+ hDr(x,¢) - hDr(x, mn))dx.

We shall next proceed to bound the absolute values of 11 and I». To that end, first note
that when Im ¢ > 0, using the fact that @ C {x € R" : |x 4+ ¢| < 1}, we have

[im ¢’
&g

e | Loy < e a> 0. 2.11)
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Using (2.8) and (2.11), we obtain that for all ¢, n € p~1(0), Im¢; > 0, Im 5y > 0,

mim¢/|HImy') e -
1] < Cll fll oo™ ¢ mindm gy dm) =1

k k k ey (2.12)
(o0 5 s ) (o ) 5)

and

’ ’ ke m—1
m(|Im¢"|+Imn"|) C o
L] < C”fHLooehﬂe_hmm(lmil,lmm)h<1+|i_]|<) (1+|§.|m—2)

k k
<m|;||n| + |;|h(1 4 bl ) + m|n|h(1 + Q)

h* hk

k k
+h2(1 + %—2') (1 + %)) (2.13)

As noticed in [8], the differential of the map
s:p O x pTHO) > C @) C 4

at a point (o, no) is surjective, provided that ¢y and 7 are linearly independent. The
latter holds if {o = y and n9 = —y with y € C" given as follows. Recall that
o= (w1, ...,w,) € S" s fixed. Then there exists wy #0,andif 2 < k < n we set
y = (i,0,...,0,1,0,...,0) where 1 is on the kth position. If w; # 0 then we set
y =(,1,0,...,0) e C".

Note that y - @ 7# 0 and ¢o + 7o = 2iej. An application of the inverse function
theorem gives that there exists ¢ > 0 small such thatany z € C", |z —2ie|| < 2¢, may
be decomposed as z = ¢ +n where £, n € p~1(0), |t —y| < Cieand |n+7| < Ci¢
with some C| > 0. We obtain that any z € C" such that |z — 2iae|| < 2ea for some
a > 0, may be decomposed as

=C+n, &nep ), |£—ay|<Cae, |n+ay|< Cias. (2.14)
It follows from (2.14) that
Im¢’| < Ciae, |Imn'| < Cras, |¢| < Ca, |n| < Ca. (2.15)
We also conclude from (2.14) that for & > 0 small enough,

Im¢ > a/2 Imm>a/2 [¢nlza Jo-¢|> 5o +af. (216)
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1620 Y. Kian et al.

Hence, assuming that a > 1, we obtain from (2.10) with the help of (2.12), (2.13),
(2.14), (2.15), (2.16) that

_ca 2mCiac [ q N
< CllfllLece™ e 7| -

2mCjae

< C|fllpwe " %ie 7,

‘ / f(x)efmTix'zdx
Q

(2.17)

for all z € C" such that |z — 2iae;| < 2ea and ¢ > O sufficiently small. Here N is a
fixed integer which depends on k and m. The estimate (2.17) is completely analogous
to the bound (3.8) in [8], and hence, the proof of Proposition 2.1 is completed by
repeating the arguments of [8] exactly as they stand. The idea is to extrapolate the
exponential decay to more values of the frequency variable z which is achieved in [8]
by using a variant of the proof of the Watermelon theorem. O

Next in order to pass from this local result to the global one of Theorem 1.8, we
need a Runge type approximation theorem in the W'+ topology, m = 2,3, ...,
which will extend [8, Lemma 2.2] and [24, Lemma 2.2], where approximations in the
L? and H' topologies were established, respectively. To prove such an approximation
theorem, we need to recall some facts about L based Sobolev spaces which we shall
now proceed to do.

2.2 Some facts about L? based Sobolev spaces

Let @ € R", n > 2, be a bounded open set with C* boundary, and let 1 < p < oo.
Then we have for the dual space of the Sobolev space W!-7(Q),

Whr@)* = W@,
where
W10 (@) = fu e W R < supp () € 2,

and % + # = 1, see [3, page 163], [38, Section 4.3.2]. The duality pairing is defined
as follows: if v € W17 (Q) and u € WP(Q), we set

(vv u)ﬁ}—l‘p/(g)’wl.p(g) = (U, EXt(”))w—l,p/(Rn%Wl,p(Rn)a (218)

where Ext(u) € WP (R") is an arbitrary extension of u, see [2, Theorem 9.7] for
the existence of such an extension, and (-, -) 1. P Ry WP (R is the extension of L2

scalar product (¢, V) L2®RY) = fR,, @(x)¥(x)dx. One can show that the definition
(2.18) is independent of the choice of an extension.
We shall also need the following fact, see [38, Section 4.3.2, p. 318].

Proposition 2.2 C(°(R2) is dense in VNV_I’I’/(Q) with respect to w-Ly (R™) topology.
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We have the following result concerning the solvability of the Dirichlet problem
for the Laplacian, see [32, Theorem 7.10.2, p. 494].

Theorem 2.3 Letv e WP (Q) and g € W'=V/P-P(3Q) with 1 < p < oc. Then the
Dirichlet problem

—Au=v in Q,

ulpe = g,
has a unique solution u € WP (Q). Moreover,

lullwirq) = CUvIw-1rQ) + 18llwi-1rr@Ha)-

We shall also need the following result about the structure of distributions in
W—LP(R") supported by a smooth hypersurface in R”. We refer to [1, Theorem
5.1.13], [31, Lemma 3.39] for this result in the case of distributions in H ! (R").
Since we did not find a reference for the case of distributions in W17 (R") with
1 < p < oo, we shall present the proof of this result here.

Proposition 2.4 Let F be a smooth compact hypersurface in R". Letu € W~ 1P (RY),
with some 1 < p < oo, be such that supp (u) C F. Then

U=v®38p, ve (W VPP (py)* = B;,(pl_l/p/)(F)'

Here % + # = 1and B;(I}_l/p/)(F) is the Besov space on the manifold F, see [38,
Section 2.3.1, p. 169], [39] for the definition, and for any ¢ € C3°(R"), u(p) =
(v ®F)(p) = v(glF).

Proof Introducing a partition of unity and making a smooth change of variables, we see
that it suffices to establish the following local result: letu € W17 (R"), 1 < p < oo,
such that supp (u) C {x, = 0}, thenu = v ® §,,—0 withv € (Wl_l/”/’p/(]R"_l))* =
B;g_l/ ) (R"~1). In order to prove this result we follow [31, Lemma 3.39].

First we claim that if ¢ € C;°(IR") is such that ¢[,,—o = 0 then u(¢) = 0. To that
end, we let

px), if xeRL={xeR": +x, > 0},
px(x) = .
0, otherwise.
Then ¢4+ € Wl”’/(]R”) and therefore, by [2, Proposition 9.18], ¢4+ € W(}’p/ (RY).

Thus, there exist sequences ¢; + € Ci°(RY) such that ¢; + — ¢+ in wlr (RL) as
Jj — oo. Letting

pj+(), if xeR},

X5 = {(pj,_(x), if xeR",
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1622 Y. Kian et al.

we see that x; € C°(R"), x; = Onear {x, = 0},and x; — ¢in WI'P/(R”). Hence,
we have 0 = u(x;) — u(p), and therefore, u(¢) = 0, establishing the claim.

To proceed we need the following result, see [33], [13, Theorem 1.5.1.1, p. 37]. The
trace operator u > u|y,—0, which is defined on Cgo (R™), has a unique continuous
extension as an operator,

. wlp mon 1-1/p",p ;on—1 /
y:WPRY - W R, 1< p <oo.
This operator has a right continuous inverse, the extension operator,

E - Wl—l/p’,p/(Rn—l) N Wl,p/(Rn)

so that y (Eyr) = v for all € Wi=1/P\.p/(Rn=1),
Now we define

v(p) =u(Ep), ¢ € CFE®R"). (2.19)
We have
W@ < Nully-10 ey | E@ Ny gony < Cllelly—1.0 eny 10y 11700 ey
and therefore, v € (Wl’l/l’/’p/(R”’l))*. Note that when 1 < p’ < oo,
1-1/p.p" n—1y _ pl=1/p" mn—1 1=1/p" mon—1Isyk _ p—=1/p") mn—1
w ®"H =B PR, (BT R =B, @,
see [38, Section 2.5, p. 190, and Section 2.6.1, p. 198].
Finally, we claim that u — v ® 8y,—0 = 0. Indeed, letting ¢ € C§°(R") and using
(2.19) and our first claim, we get
(u —v®dx,=0)(¢) = u(p) — v(@lx,=0) = ulp — E(plx,=0)) = 0.
This completes the proof of Proposition 2.4. O
2.3 Runge type approximation
Let C ¢ Q> Cc R", n > 2, be two bounded _open sets with C*° boundaries such
that 27\ Q21 # @. Suppoithat 082 ﬂiﬂz = U where U C 9% is open with C*®
boundary. Let G : C®(23) — C°°(£2,), a — w, be the solution operator to the

Dirichlet problem,

—Aw =a in £,
w|392 =0.

The following result is an extension of [8, Lemma 2.2] and [24, Lemma 2.2], where
the similar density results were obtained in the L? and H' topologies, respectively.
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Lemma 2.5 The space
W :={Galg, :a € C*®(Q), supp (a) C 20\Q}
is dense in the space
S:={ueC™®Q):—Au=0inQ, ulyo,nye, =0},

with respect to the WP (Q)-topology, for any 1 < p < oo.

Proof We shall follow the proof of [24, Lemma 2.2] closely, adapting it to the L”

based Sobolev spaces. Let v € VT/’LP/(Ql), % + % = 1, be such that

(v, ga|Ql)W’lvl’/(Ql),Wl»P(Ql) =0 (2.20)

for any a € C*®(Qy), supp (a) C 22\Q;. In view of the Hahn—Banach theorem, we
have to prove that

W) 10 @y, wiry) = 0

forany u € S. o
To that end, we first note that as Ga € C°°(Q22) and Galyq, = 0, we have Ga €

Wol’p(Qz). By [2, Proposition 9.18], we can view Ga as an element of whr(R") via

an extension by 0 to R"\2;. By the definition of WO1 "7 (Q,), there exists a sequence
@; € C°(2) such that ¢; — Ga in W!7(R"). We have in view of (2.20) that

O = (va ga)W_Ll’/(R”),lef’(R”) = jgn;o(v’ (pj)w—l.p’(Rn)’Wl,p(Rn)

- jlizlgo(v’ (pj)W—l,p’(Qz)’Wol-P(Qz) = ('U, ga)w—l,p’(Qz)’WoLl’(Qz)'
2.21)

Next, Proposition 2.2 implies that there is a sequence v; € C§°(21) such that
v; — vin W17 (R"). Consider the following Dirichlet problems,

—Af =v|g, € WP(Q) in Q, :—Afz:vf in 2, (2.22)

f=0 on 0827, fi=0 on 082.

By Theorem 2.3, the problems (2.22) have unique solutions f € Wé’p /(Qz) and
fi e C®( )N Wol’p (2,), respectively.
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1624 Y. Kian et al.

Using (2.21), (2.22), we get

0= (v, Ga) = ll)m (vj, Ga)

WL (@), Wy P () W1 (Q2), Wy (R2)

= lim (~8f5.Ga)yy 1 gy i @y = Jim, | (-ASpTads

= lim | fjadx= [ fadx. (2.23)

j=ooJq, o2

Here we have used Green’s formula, the fact that f;|sq, = Galsq, = 0, and that

”f - f/"Wl,p’(Qz) <Clv— vj”wfl,p’(Rn)’

which is a consequence of Theorem 2.3.
It follows from (2.23) that f = 0 in 2,\21. This together with the fact that f €

W(} - (£22), in view of [2, Proposition 9.18], allows us to conclude that f € W(i 24 (21).
Thus, there exists a sequence E € C3°(21) be such that f; — fin wlr' (R™), and
therefore, —A f; — —Af in W17 (R").

Letu € S and let Ext(u) € W17 (R") be an extension of u. Using Green’s formula,
we get

(_Af7 EXt(”))W—l,p’(Rn)’Wl,p(Rn) = ]li)n;o((_Afj)a EXt(”))w—l,p’(Rn)’Wl.p(Rn)

lim ( A fiyadx = 0. (2.24)

/—)OO

Letg=—-Af—ve W’I’P_/(R"). We have that supp (g) C 921, in view of the
fact that supp (v), supp (f) C 1, and (2.22). An application of Proposition 2.4 gives
therefore

g=h®8qa, heB, M0

It also follows from (2.22) that supp (g) C 321 N3y = U, and hence, supp (h) C U.
Here U C 092 is a bounded open set with C°° boundary, and therefore, there exists a

sequence h; € C0 (U) such that h; — h in B (1 1/1’)(891), see [38, Section 4.3.2,
p. 318]. Thus, we get

(g, EXt(”))W*l,p’(Rn)’Wl,p(Rn) = (hv u|3§21)B;,(lpﬂ/l))(agl),Wlfl/p,p(an)

= lim [ h;udS=0,

= lim (hj,u -
j%oo( j Iml)B 0P aen, B ooy = M0 |

(2.25)
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where the last equality follows from the fact that u|yq,nse, = 0. Combining (2.24)
and (2.25), we see that

(Uau)ﬁ'/fl,p’(gl)’Wl.p(Ql)
=(=Af, EXt(”))W—l‘p’(Rn),leP(Rn) - (g, EXt(u))W—l,p’(Rn),WLP(RH) =0.

2.4 From local to global results. Completion of proof of Theorem 1.8

We follow [8]. Let T = 0Q\I'. Assuming that f satisfies (1.3) and using Proposi-
tion 2.1, we would like to show that f vanishes inside 2. To that end, let xo € I" and
let us fix a point x; € Q. Let6 : [0, 1] — Q be a C' curve joining x¢ to x; such that
0(0) = xg, 0’(0) is the interior normal to 92 at xg and 6(¢) € , forall ¢t € (0, 1]. We
set

O.() = {x € Q:d(x,0(0,1]) < &}
and
I ={t € [0, 1] : f vanishes a.e. on O, (r) N Q}.

By Proposition 2.1, we have 0 € [ if ¢ > 0 is small enough. First as in [8], [ is a
closed subset of [0, 1]. If one proves that I is open then I = [0, 1] due to the fact that
[0, 1] is connected. This implies that x| ¢ supp (f), and as x; is an arbitrary point of
2, we conclude that f = 0 in €, and this will complete the proof of Theorem 1.8.
Hence, we only need to prove that the set [ is open in [0, 1].

To this end, let # € [ and ¢ > 0 be small enough so that d®,(r) N a2 C T.
Arguing as in [8,24], we smooth out Q2\®,(¢) into an open subset 2 of  with
smooth boundary such that

Q1O Q\O (), QNI OT,

and Q21 N 3R = U where U C 3 is an open set with C° boundary. By smoothing
out the set Q U B(xp, ¢'), with 0 < &/ « ¢ sufficiently small, we enlarge the set
into an open set £2o with smooth boundary so that

IWNINDIN NIV =02 NI DT,
Let Gg, be the Green kernel associated to the open set €25,

_A)’ng(xﬂ )’) ZS(X—)’), GQz(x,‘)|3§22 =0.
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1626 Y. Kian et al.

We have Gg, (x, y) € C(2 x Q\{x = y}), see [40, Section 8.1]. Let us consider

v, Dy
= f f(y)(Z H (@ VyGa,(x", y)V, ng(x“,y))
k=1r=1,r#k

’ VyGQZ(-x(m+])7 y)d%

where xW ... xmtD ¢ 92\9_1. The function v is harmonic in all variables
xD o xmHD e 9\ Q. Since £ = 0 on O, (r) N 2, we have

v(x(l) L, xmEDy
/ f(y)(Z H (@ VyGa, (", ) VyGa, (x®), >)
k=1r=1,r#k
VG, (x"D y)dy,
where x| x(m‘:l) € 92\9_1. Now when x® ¢ Qz\ﬁ, the Green function
Go, (x®,.) € C*(Q) is harmonic on €, and Go, (x®, )l = 0. By the 0rth0§-
onality condition (1.3), we have v(x(]),...,x(m“)) = 0 when x® ¢ 2\,
I=1,...,m+1. o
Aﬂ(x(l), ..., x™m*+Dyis harmonic in all variables x(V, ..., x(m+D ¢ Q2,\21, and
.\ is connected, by unin continuation, we get that v(x(l), e, x(’”“)) =0
when x| .. x™tD e o\ QY ie.
m m
/ f(y)(z [ @ V,Ga,x”, y)V,Ga,x?, y))
k=1r=1,r#k

VyGa, (" y)dy
=0, 2D, ... x"D e Q. (2.26)

Let q; € C®(R), supp (@) C 2\Q1,1 = 1,...,m + 1. Multiplying (2.26) by
ar(xM) - a1 (x D) and integrating, we get

/ f(y)(z H / (@- VG, (x7, y)a, (x)dx")

k=1r=1,r#k

/ vme(x“),y)ak(x”‘))dx“‘))
Q)

: / VyGay (XD y)ap 11 (x " Yax gy = 0. (2.27)
Q
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Now it follows from the definition of W in Lemma 2.5 that any v € W is given by
v(y) = / Go,(x,y)a(x)dx, y ey,
Q2

where a € C*®(Q3), supp (a) C 22\Q. This together with (2.27) gives that

f f(y)<2 [1 (w'Vv(’))Vv“‘))'Vv(’”“)dy=0, (2.28)
Q

k=1r=1,r#k

forall v, ... v™*tD ¢ W,
The (m + 1)-linear form,

whmtl @y x - x W@ — C,
m

(U(l)7 ey U(m)) — / f(y)(Z 1_[ (w - vv(i‘))vv(k)> . Vv(m+l)dy
Q2

k=1r=1,r#k

is continuous in view of Holder’s inequality. An application of Lemma 2.5 with p =
m + 1 shows that (2.28) holds for all vV, ..., v e €% () harmonic in Q1 which
vanish on 921 N 9€2,. Proposition 2.1 implies that f vanishes on a neighborhood
of 921\ (021 N 9€2), and therefore, I is an open set. The proof of Theorem 1.8 is
complete.

3 Proof of Theorem 1.2

First it follows from (i) and (ii) that for each t € C fixed, y can be expanded into a
power series

k

o
yx,t,7) =1+ Zafy(x, 7,0) ny(x, 7,0) € C"*(Q), t1,z€C,

z
k!’
k=1

3.1

converging in the C%(R2) topology. Furthermore, the map C 5 1 > Bé‘ y(x,7,0)is
holomorphic with values in C%(%).

Let A € ¥ be arbitrary but fixed. Lete = (e1, ..., &) € C", m > 2, and consider
the Dirichlet problem (1.2) with

f=) efe. feC®OQ), supp (fi) CT. k=1.....m. (32
k=1
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1628 Y. Kian et al.

Then for all |¢| sufficiently small, the problem (1.2) has a unique solution u(-; ¢) €
C>%(Q) close to A in C>*()-topology, which depends holomorphically on & €
neigh(0, C™), with values in C>% ().

We shall use an induction argument on m > 2 to prove that the equality

m m
A; (k + Zekfk) = A; (X + ZEkfk),
k=1 k=1

for all |e| sufficiently small and all fy € C*@OR), supp (fx) C Lk =1,...,m,
gives that 3"~y (x, A, 0) = 3"~y (x, &, 0).

Firstletm = 2 and we proceed to carry out a second order linearization of the partial
Dirichlet-to-Neumannmap. Letu; = uj(x;¢) € C 2.2 () be the unique solution close
to A in C%%(2)-topology of the Dirichlet problem,

(w- Vu/)

{Au]—i—dlv(zk L%y u, 002 Vuj) =0 in Q, (.3)

uj=r+terfi+tef on 0%,

for j = 1, 2. The solution u; is C*° with respect to ¢ for |¢| sufficiently small in view
of Theorem B.1. Applying 9, |.=0, ! = 1, 2, to (3.3), and using that u ; (x, 0) = A, we
get

Av(”—o in Q,
= f; on 0%,

where vﬁ.l) = 01 j|e=0. It follows that v = vil) = vél) € C®(Q).
Applying g, d¢, |¢=0 to (3.3) and letting w; = 9, d¢,u j|c=0, We obtain that

35
w; =0 on BQ,( )

{ij + div (3. (x, 1, 0) (@ - Vo)V @ + (0 - Vo@)Vo D)) =0 in @,
=12

The fact that A}C] A4efi+erf)= A}l:] (A + &1 f1 + &2 f>) for all small &, and
all f1, f» € C*°(092) with supp (f1), supp (f2) C T, gives that

(1 + Zakyl(x ui, O)ﬂ»}vul

k=1

r

k
(1 +Zaky2(x u2,0)w>8vu2 (3.6)

k=1
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An application of 9, d¢, =0 to (3.6) yields that

(Bvwy — dyw2)|r + (3:y1(x, 4, 0) — d:y2(x, 4, 0))

(3.7)
x (- Vo)3,0@ + (- Vo@)a,0 V)| =0.

Multiplying the difference of two equations in (3.5) by v® € C*°() harmonic in £,
integrating over €2, using Green’s formula and (3.7), we obtain that

[ @91 (x, 1, 0) — 312.(x, A, 0) (@ - Vo)V @ 4 (- V@) vyDy . vy gy
Q
:/ @291 (x, %, 0) — 3z 12(x, X, 0) (@ - Vo)3,0@ + (- Vo@)a,0D)yu®as
AQ\I

+/ @ywy — dywy)vDds =0, (3.8)
AQ\T
provided that supp W@ laq) C I'. It follows from (3.8) that
/ @71 (x, 1, 0) — 3 y2(x, &, ) (@ - VoY)V @ 4 (- voP)voDy . viPax =0, (3.9)
Q

for all v e () harmonic in  such that supp wPye) c T, 1 =1,2,3. An
application of Theorem 1.8 with m = 2 allows us to conclude that d,y1(-, 1,0) =
9;¥2(-, A, 0)in Q. Now as A € ¥ isarbitrary and the functions C 3 T — 9,y;(x, 7, 0),
j = 1,2, are holomorphic, by the uniqueness properties of holomorphic functions,
we have 9.y1(-, -, 0) = 8,y2(-, -, 0) in Q x C.

Let m > 3 and assume that

aé‘yl('a'vo) :a§)/2(7, O) inﬁx (C, (310)
forall k = 1,...,m — 2. Let A € X be arbitrary but fixed. To prove that
82”_1)/1 (,A,0) = 82”_1)/2(-, X, 0) in €2, we carry out the mth order linearization of
the partial Dirichlet-to-Neumann map. In doing so, we letu; = uj(x;¢) € C 2"7‘(5)

be the unique solution close to A in C>%(Q)-topology of the Dirichlet problem,

(qu/)

Au]+d1v(2k 18 yj(x,uj,0) Vuj)=0 in €,

(3.11)
uj=ri+erfi+--+eémfm on 0€2,

for j = 1, 2. We shall next apply 0, .. Bgm |e=0 to (3.11). To this end, we first note

that g, ... 9s, (O3, Xy (x,u;, 0) @ w,) Vu ;) is a sum of terms each of them
containing positive powers of Vu, Wthh vanishes when ¢ = 0. The only term in

. ym—1
Ogy ... 0, (82"’1 vix,uj, O)%Vuj) which does not contain a positive power

of Vuj is
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a;"”y,-(x,uj,O)(Z I1 (w-vag,uj)vaeku,-). (3.12)

k=1r=1,r#k

. . m—2 ak., . ) (a)~Vu_/-)k ) ..
Finally, the expression g, . . . dg,, (Zkzl 07 yj(x,uj, 0)—77=Vu;)|e=0 is indepen-

dent of j = 1, 2. Indeed, this follows from (3.10), the fact that this expression

contains only the derivatives of u ; of the form 8;;1 e U le=oWiths =1,...,m—1,
s> &l €1{€1,...,&n}, and the fact that

gy e Mile=0 =0y ) uale=0, (3.13)
fors=1,...,m—1,¢;,...,€, €{e1,..., &y} The latter can be seen by induction

on s, applying the operator 8;11,_”’515 le=0 to (3.11) and using (3.10) as well as the
unique solvability of the Dirichlet problem for the Laplacian. Thus, an application
Og; ... g, |e=0 to (3.11) gives

{ij+div(32’”_1y/(x,k,0)(2f_l [Ty, (@- Vo) Vu®)) = H, in @,

.14
w;j =0 on 082, (.14

cf. (3.12). Here w; = 0, ... dg,, ujle=0 and

m=2 (w- Vu )k
H,(x, ) = —div <8£1 S ( Z nyj(x, uj, O)TJVMQ,)
k=1

)

The fact that A}, (b + &1 fi + -+ + emfu) = Al (A +&1fi + -+ + & fin) for
all small ¢ and all f; € C*°(92) with supp (fx),C ', k = 1,...,m, yields (3.6).
Applying of 0, ... 0g,, |e=0 to (3.6), using (3.10) and (3.13), we obtain that

@vwi — dywa)lr + @' y1(x, 1, 0)

_ 82’1_1]/2()5, X, 0))(2 1_[ (CL) . Vv(r))avv(k))’ =0. (315)
r

k=1r=1,r#k

Using (3.14), (3.15), and proceeding as in the case m = 2, we get
/ @ 'y1(x, 2, 0)
Q

m m
="y 0))<Z [ @ vv(”)vw")) Vot dx =0,
k=1r=1,r#k
(3.16)

for all v® e C°°(RQ) harmonic in  such that supp V" |3q) Cc T, 1 =1,...,m + 1.
Applying Theorem 1.8, we conclude that 8;"_1)/1 (,2,0) = 82”_1)/2(~, X, 0) in Q.
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Now as A € X is arbitrary and the functions C 3 7 — 82"’1)@- (x,7,0),j=1,2,are
holomorphic, we have 82”’1 y1(,-,0) = 3me1 y2(-,+,0)in Q x C. This completes the
proof of Theorem 1.2.

4 Proof of Theorem 1.1

First it follows from (a) and (b) that y can be expanded into the following power
series,

o0 k
A _
y(x,,\)=1+Za§y(x,0)F, Hyx,00e @), reC, @1
k=1 ’

converging in the C1* () topology.

Lete = (e1,...,&m) € C™, m > 2, and consider the Dirichlet problem (1.1) with
f given by (3.2). For all |¢| sufficiently small, the problem (1.1) has a unique small
solution u(-; £) € C>% (), which depends holomorphically on ¢ € neigh(0, C™).

As in the proof of Theorem 1.2, we use an induction argument on m > 2 to show
that AT = AT implies that 9}~ y1 (x, 0) = 8"~y (x, 0).

First let m = 2 and we perform a second order linearization of the partial Dirichlet-
to-Neumann map. Letu; = u;(x;¢) € C 2.9 ((3) be the unique solution small solution
of the Dirichlet problem,

k
{Auj+div(2,f‘;l Oy (x, 002 Vu;) =0 in 2, 42)
uj=c1fi+ef on 0%,

for j =1, 2. Applying 9, |¢=0,/ =1, 2, to (4.2), and using that u ; (x, 0) = 0, we see
that

A =0 in @,
o’ (4.3)
v = fi on 0%,
where Uﬁ-l) = g, j|s=0. We have therefore v := vil) = vg) € C®(Q).
Applying ¢, 0¢, =0 t0 (4.2) and setting w; = 0, 0g, U j|e=0, We get
Awj +div (3,7 (x, )0V V@ +v@PVve)) =0 in Q, @)
wj =0 on 0%, '

Jj =1,2.The fact that A} (¢1 f1 +&2./2) = A}, (e1f1 + €2 f2) for all small &, and all
f1, fo € C*°(92) with supp (f1), supp (f2) C I', implies that

o) k 00 k
u u
<1+k§ 8i‘m(x,0)k—;>avu1 = <1+k§ aé‘yz<x,0>k—f>auuz ) (4.5)
=1 =1
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Applylng 381 882 |8:0 to (45), we get

@ywi — dyw)lr + Bay1(x, 0) — 3uy2(x, 0) (VP30 @ + P8, D) | = 0.
(4.6)

Multiplying the difference of two equations in (4.4) by v® € C*°() harmonic in £,
integrating over €2, using Green’s formula and (4.6), we obtain that

/ @y1(x,0) — 3(x, )P VV® 4+ @ vy . P gx
Q
= / @71(x, 0) — 372(x, 0) (V3,0 + v, D) ds
AQ\I"

+f (Bywi — dwr)vPdS =0, 4.7
AQ\T
provided that supp (O laq) C I'. Thus, (4.7) gives that
/ @71(x, 0) = 3.92(x, 0) P VVP + 0P vy . vu@ax =0,
Q

for all v € C*°(2) harmonic in Q such that supp (v?®|3q) c I', I = 1,2,3. By
Theorem 1.9 with m = 2, we get 9;.y1(-, 0) = 8;.12(-, 0) in Q.

Let m > 3 and assume that 8,1\‘)/1(-, 0) = af)/z(-, 0)inQ, forallk=1,...,m—2.
To prove that 3;"_1 y1(-, 0) = 95" 19, (-, -, 0) in Q, we perform the mth order lineariza-
tion of the partial Dirichlet-to-Neumann map. In doing so, we let u; = u;(x;¢) €
C?“(R2) be the unique small solution of the Dirichlet problem,

k
. uk .
{Auj +div (32, 9 yj(x,0)4Vu;) =0 in Q, 438)
uj=erft+ -+ éemfm on 09,

for j = 1,2. Applying 0, ... 0g,, ls=0 to (4.8), and arguing as in Theorem 1.2, we
obtain that

ij + div (a)rnn71V] (.X, O)( ZZ:l n;n:l,r#k v(r)vv(k))) = Hm in Q’ (4 9)
w; =0 on Q.

Here wj = ¢, ... 0, u|s=0 and

m—2 Mk
Hy(x) = —div (g, ... 0, [ D 05y;(x, 0)—Vu, :
k=1 ke e=0

which is independent of j.

@ Springer



Partial data problems for quasilinear conductivity equations 1633

Now the equality A)El (1 fi+ - Femfn) = A)El (e1fi+- - -+ &m fm) for all small
¢and all fi € C*®(9) with supp (fx), C I', k =1, ..., m, implies (4.5). Applying
of 0, ... 0, |e=0 to (4.5), we obtain that

=0.
r
(4.10)

@vwr —dvw)lr + @) y1(x,0) = 3y, 0))(22”:1 ey vmavu“))

Proceeding as in the case m = 2, and using (4.9), (4.10), we get

m m
/(a;"—lyl(x,O) - a;”—lyl(x,,O))(Z I v(r)Vv(k)> Vot Dgx =0,
Q

k=1r=1,r#k

for all v® e C°°(Q) harmonic in €2 such that supp W) cTl=1,...,m+1.
An application of Theorem 1.9 allows us to conclude that 8;”_1 y1(-,0) = 8;”_1 (-, 0)
in Q. This completes the proof of Theorem 1.1.
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Appendix A. Proof of Theorem 1.2 in the case of full data

Note that the result of Theorem 1.2 is new even in the case of full data, i.e. ' = 92,
and the purpose of this appendix is to present an alternative simple proof in this case.

Using the linearization of the Dirichlet-to-Neumann map A;‘ig, we shall see below
that the proof of Theorem 1.2 in the full data case will be a consequence of the following
density result.

Proposition A.1 Let @ C R", n > 2, be a bounded open set with C* boundary, let
we St be fixed and letm = 2,3, ..., be fixed. Let f € L°°(S2) be such that

/ f(w- Vo))" 'V - Vuadx =0, (A.1)
Q
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1634 Y. Kian et al.

for all functions vy, vy € C®(Q) harmonic in Q. Then f =0 in Q.

Proof Let &£ € S"~! and consider k € S"~! such that £ - k = 0. Let & > 0. Setting

= envkHE), = el X (h+i®)

vi(x) v2(x)

so that vy, vy € C*°(R") and harmonic. Substituting v; and v, into (A.1) and using
that (k +i&) - (—k +i&) = -2, we get

(- (k+i&)"! / f(x)elemix"de =0,
Q

and therefore, we have
/ f(x)fszmix'gdx =0,
Q

forall£ € "1, &.-w #0,and all 4 > 0. Hence, f = 0. O

Let A € X be arbitrary but fixed. We shall use an induction argument on m > 2 to
prove that the equality

m m
A5 (o et ) = a0 (34 Les)
k=1 k=1

for all || sufficiently small and all fy € C*@ORQ), supp (fx) C L,k =1,...,m,
gives that 87"~y (x, A, 0) = 07~y (x, 1, 0).

First when m = 2, taking vV = v® in (3.9) and using Proposition A.1 with
m=2,wegetd;y(-,A,0) = 09;1(, A,0) in Q. Now as A € X is arbitrary, we have
9:y1(, -, 0) = 3:2(,-,0)in 2 x C.

Letm =3,4,....Let A, € X be arbitrary but fixed. Letting v = ... = v in
(3.16) and using Proposition A.1, we see that 8§”_ly1(-, 2,0 = 8;”_1)/2(-, X, 0) in
Q. Again, as A € X is arbitrary, we get Bz’”’lyl(~, -, 0) = 8;”’1)/2(-, . 0)in Q x C.
This completes the proof of Theorem 1.2 in the full data case.

Appendix B. Well-posedness of the Dirichlet problem for a quasilinear
conductivity equation

In this appendix we shall recall a standard argument for showing the well-posedness
of the Dirichlet problem for a quasilinear conductivity equation.

Let @ C R", n > 2, be a bounded open set with C*° boundary. Let k € N U {0}
and 0 < a < 1 and let Ck@ (ﬁ) be the standard Holder space on €2, see [16,24]. We
observe that C*%(Q) is an algebra under pointwise multiplication, with

luvll ez < C(lullcrog Ivlo@ + lullix@lvlicea). . v € CH4@),
(B.1)
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see [16, Theorem A.7]. We write C*(Q) = C%% ().
Letw € "' = {w € R", |w| = 1}, be fixed. Consider the Dirichlet problem for
the following isotropic quasilinear conductivity equation,

diviy(x,u,w - Vu)Vu) =0 in Q,

(B.2)
u=i+f on 0€2,

with 4 € C. We assume that the function y : Q x C x C — C satisfies the following
conditions,

(i) themap C x C > (7, 2) — y (-, T, z) is holomorphic with values in cle(Q) with
some0 <a <1,
(i) y(x,0,0) = 1.

It follows from (i) and (ii) that y can be expand into a power series

. Tizk . _
yaeng =1+ Y ooy 0.0 ooly(.0,0) e C@),
j+k>1,j>0,k>0 Jo

= ZU,kKZ

(B.3)

converging in the C1%(Q) topology.
We have the following result.

Theorem B.1 Let A € C be fixed. Then under the above assumptions, there exist § > 0,
C > 0 such that for any f € Bs(dQ) = {f € C>*(dQ) : I fllc2eq)y < 8} the
problem (B.2) has a solution u = u,_y € C2(Q) which satisfies

lu = Ml ragy < Cllf lc2e -

The solution u is unique within the class {u € C>*(Q) : ||lu — Mraig < €8} and
it is depends holomorphically on f € Bs(0S2). Furthermore, the map

Bs(0Q) — Ch(Q), f > doulsa

is holomorphic.

Proof Let A € C be fixed, and let
B) = C>%(3Q), By =C>%(Q), B;=C%Q) x C**(Q).
Consider the map,

F:By xBy— B3, F(f,u)=(div(y(x,u,w-Vu)Vu),ulsgg —* — f).
(B.4)
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Following [29], we shall make use of the implicit function theorem for holomorphic
maps between complex Banach spaces, see [37, p. 144]. First we check that F enjoys
the mapping property (B.4). To that end in view of the fact that C* () is an algebra
under pointwise multiplication, we only need to show that y (x, u, w-Vu) € C Le(Q).
In doing so, by Cauchy’s estimates, we get

. Jlk!
18785y (x, 0, )l 1oy < —— sup ly(C, o, Dlcre, Ri, R >0,
Y9z ( ) R]Rjzc t1=Ry.12|=Ry (€2)

(B.5)

forall j > 0,k > 0, and j 4+ k > 1. With the help of (B.1) and (B.5), we obtain that

w (w - Vu)k
3%y (x,0, 0)%
]k Cl‘m(ﬁ) (B 6)
|I 1 ool Vallk, sup Iy T Dl creg-
RET @ CHD 11 12py etk @

Taking R = 2C||u||C1.a(§) and R, = 2C|w - Vullcl,a@), we see that the series

w(w - Vu)k

Jjak
> 31 9%y (x,0,0) i

J+k=1,j>0,k>0

converges in CL2(Q). Hence, in view of (B.3), y(x,u,w-Vu) € cle(Q).
Let us show that F' in (B.4) is holomorphic. First F' is locally bounded as it is
continuous in (f, u). Hence, we only need to check that F' is weak holomorphic, see
[37, p. 133]. To that end, letting ( fo, o), (f1,#1) € By x B2, we show that the map

w = F((fo, uo) + p(f1, u1))

is holomorphic in C with values in B3. Clearly, we only have to check that the map
w—y (x uo(x)+pui(x), - (Vug(x)+pnVuq(x))) is holomorphic in C with values
in C1%(Q). This is a consequence of the fact that the series

(uo + pur)! (@ - V(g + pup))*
jlk!

> dlaty(x,0,0)

j+k>1,j>0,k=0

converges in C Le(Q), locally uniformly in A € C, in view of (B.6).
We have F (0, 1) = 0 and the partial differential 9, F (0, 1) : B, — Bj is given by

0 F (0, 1)v = (Av, v30).

It follows from [11, Theorem 6.15] that the map 9, F(0,A) : By — Bz is a linear
isomorphism.
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Partial data problems for quasilinear conductivity equations 1637

An application of the implicit function theorem, see [37, p. 144], shows that there

exists § > 0 and a unique holomorphic map S : Bs(dQ2) — C>%() such that
S(0) =Xxand F(f, S(f)) =0forall f € Bs(d€2). Letting u = S(f) and using that
S is Lipschitz continuous and S(0) = A, we have

”M — )\.ch,a(ﬁ) = C”f”Cz-”(aQ)'
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