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Abstract

In this article, we study the long-time behaviour of a system describing the coupled
motion of a rigid body and of a viscous incompressible fluid in which the rigid body
is contained. We assume that the system formed by the rigid body and the fluid fills
the entire space R3. In the case in which the rigid body is a ball, we prove the local
existence of mild solutions and, when the initial data are small, the global existence of
solutions for this system with a precise description of their large time behavior. Our
main result asserts, in particular, that if the initial datum is small enough in suitable
norms then the position of the center of the rigid ball converges to some ho, € R3
as time goes to infinity. This result contrasts with those known for the analogues of
our system in 2 or 1 space dimensions, where it has been proved that the body quits
any bounded set, provided that we wait long enough. To achieve this result, we use
a “monolithic” type approach, which means that we consider a linearized problem in
which the equations of the solid and of the fluid are still coupled. An essential role is
played by the properties of the semigroup, called fluid-structure semigroup, associated
to this coupled linearized problem. The generator of this semigroup is called the fluid-
structure operator. Our main tools are new L” — L9 estimates for the fluid-structure
semigroup. Note that these estimates are proved for bodies of arbitrary shape. The main
ingredients used to study the fluid-structure semigroup and its generator are resolvent
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estimates which provide both the analyticity of the fluid-structure semigroup (in the
spirit of a classical work of Borchers and Sohr) and L” — LY decay estimates (by
adapting a strategy due to Iwashita).

Mathematics Subject Classification 35Q35 - 35B40 - 76D03 - 76D05

1 Introduction

We consider a homogeneous rigid body which occupies at instant + = 0 a ball B of
radius R > 0 and centered at the origin and we study the motion of this body in a
viscous incompressible fluid which fills the remaining part of R>. We denote by A(t),
S(t), F(t) the position of the centre of the ball, the domain occupied by the solid,
which coincides with the ball of radius R centered at 4, and the domain filled by
the fluid, respectively, at instant t > 0. Moreover, the velocity and pressure fields in
the fluid are denoted by u and p, respectively. With the above notation, the system
describing the motion of the rigid ball in the fluid is

oju+ (u-V)u—puAu+Vp=0 t>0, yeF@),
divu =0, (t>0, yeF@),
u(t,y) = h(t) + o) x (y = h(t)) (>0, yedF@)),
mh(t) = _/Z;S(t) o(u, p)vds (t>0), (1.1

Jo(t) = —/ (y —h(t)) xo(u, pyvds (r > 0),
S (1)

u(0, y) = up(y) (y € 7(0)),
h(0) = 0, h(0) = £o, w(0) = wy.

In the above equations, w(¢) represents the angular velocity of the ball (with respect
to its centre) and the fluid is supposed to be homogeneous with density equal to 1
and of constant viscosity u > 0. Moreover, the unit vector field normal to 9S(¢) and
directed towards the interior of S(¢) is denoted by v(¢, -). The constant m > 0 and
the matrix J stand for the mass and the inertia tensor of the rigid body. Since in the
above equations the rigid body is a homogeneous ball of radius R, the inertia tensor
is independent of time and

J_2mR2
5

.

Finally, the Cauchy stress tensor field in the fluid is given by the constitutive law

dup  Juy
o, phee = —pdre + | — +

—) (1 <k, £<3),
dye  Oyx
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where ;¢ stands for the Kronecker symbol.

The system (1.1) can be easily transformed into a system in which the fluid equation
is written in a fixed spatial domain. Indeed, using the change of frame x — y(z, x) :=
x + h(t) and setting

vo(x) =up(x), v(t,x)=u(t,x+h()), n(,x)=pl, x+h()),
W) =ht) @ >0,xeF0),

and E := F(0) = R3\B, Eq. (1.1) can be written in the form of the following system
of unknowns v, 7, £ and w:

v+[(v—20)-V]Iv—puAv+Vr =0 (t>0,x€kE),
divv =0, (t>0,x€ekE),
v=~L+wXxx (t>0,x €dE),
mé(r) = —/aEU(v, 7)vds, (t > 0), (12)
Jo(t) = —/ x X o(v,T)vds, (t > 0),
dE
v(0, x) = vo(x) (x € E),
£(0) = £g, w(0) = wp.

As far as we know, the initial and boundary value problem (1.2) has been first studied
in Serre [24], where it is proved, in particular, that (1.2) admits global in time weak
solutions (of Leray type). The existence and uniqueness of strong solutions, with initial
velocity supposed to be small (in the Sobolev space W!-?) has been first established
in Cumsille and Takahashi [4]. For the L? theory for the local in time existence and
uniqueness of strong solutions of (1.2), we refer to Geissert et al. [9]. Let us also
mention that the analogue of (1.2) when the fluid-rigid body system fills a bounded
cavity € (instead of the whole R?) has also been studied in a quite important number
of papers (see, for instance, Maity and Tucsnak [20] and references therein).

A natural question when considering (1.2) is the large time behaviour of the position
of the mass centre of the ball, i.e., of the function / defined by

t
h(t) :/ L(s)ds (t > 0).
0

It is, in particular, important to establish whether the centre of the rigid ball stabilizes
around some position in R or its distance to the origin tends to infinity when t — 0.
As far as we know, this question is open in the three dimensional context of (1.2).
However, if one replaces the rigid ball by an infinite cylinder (so that the fluid can
be modeled by the Navier—Stokes equations in two space dimensions) the question is
studied in Ervedoza et al. [6], where it is established that the norm of £(¢) behaves like
% when ¢t — o0, thus not excluding the possibility of an unbounded trajectory of the
rigid ball. Other results in the same spirit concern Burgers type models for the fluid,
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like Vazquez and Zuazua [29], or one dimensional viscous compressible fluids, like
Koike [17].

The main novelty brought in by our work is twofold. Firstly, we prove that (1.2) is
well-posed (globally in time) for initial data which are small in appropriate L? type
spaces. Secondly, by appropriately choosing ¢, we prove that there exists /o, € R3
such that lim;_, » h(t) = ho, i.€., that the rigid body “stops” as t — oo.

To state our main result we first recall that if G C R> is an open set, ¢ > 1
and s € R, the notation L9(G) and W*%4(G) stands for the standard Lebesgue and
Sobolev—-Slobodeckij spaces, respectively. Our main result can be stated as follows:

Theorem 1.1 With the above notation for the set E. There exists g9 > 0 such that for
every vy € [L?’(E)]3 and £y, wy € R3 with

divvg=0 inE, vo-v=Ky+wygxx)-v ondB. (1.3)
1v0ll gy + I0llms + lloollzs < o, (1.4)

there exists a unique solution (v, ¢, w) of (1.2) in CO([O, 00); [L3(E)]3 x R3 x R3)
such that

sup [ Ol 230 + 1EOTRs + 100 I52)
1>

+ 1 2@ ooy + 1€D g3 + 0 () |g3) + min(1, t1/2}||Vv(l)||[L3(E)]9} < oo.
(1.5)

with
lim (r”4<||v<r)||[Le<E)p + 1O Iz + llo@)llg3)

+' 2 o)l Lo gyp + t1/2||Vv(t)||[L3(E)]9> =0.

Moreover, for q € (1, 3], there exists eo(q) € (0, eo] such that if vy € [L"(E)]3 N
[L3(E)]3 satisfies (1.3) and

100l 3z + Mollzs + lwollgs < eo(a).
then, for every p € [maX {%, q} , oo] the solution (v, £, ®) of (1.2) satisfies

sup{® 2V (o @) 1o pyp + D Irs + 0@ lgs)} < 00, (1.6)

t>0
In particular, ifq < 3/2, taking p = oc in (1.6) we have that £ € L' ([0, 00); R?),

hence that the position of the centre of the moving rigid ball converges to some point
at finite distance hoo € R as t — oo.
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Remark 1.2 In fact, one can prove that, for every vy € [L3 (E)]3 and £y, wy € R3
satisfying (1.3) and (1.4), the solution (v, ¢, ) of (1.2) provided by Theorem 1.1
satisfies, for all 0 € [0, 1/2),

supmin{t?, t'/2}|Vo(t) |l 13 g0 < o0 (1.7)
>0

see Theorem 8.2 afterwards.

As precisely stated in Theorem 8.2 below, the results in Theorem 1.1 can be com-
pleted to include a local in time existence result without any smallness assumption on
the initial data, see Sect. 8 for more precise statements.

The proof of Theorem 1.1 is based on decay estimates for the solutions of the
linearized version of (1.2). Therefore, an important part of this work is devoted to
the study of the semigroup associated to the linearized problem. As shown in the
forthcoming sections, this semigroup called the fluid-structure semigroup, and its
generator (called the fluid-structure operator) share several important properties of
the Stokes semigroup and Stokes operator in an exterior domain. To establish this fact,
an essential step consists in proving that the resolvent estimates derived in Iwashita[15]
and Giga—Sohr [10] for the Stokes operator also hold for the fluid-structure operator
(see also the corresponding estimates for the non-autonomous system describing the
Navier—Stokes flow around a rotating obstacle, which have been obtained in Hishida
[13,14]). Our results on the linearized problem will be derived for a solid of arbitrary
shape, opening the way to a generalization of Theorem 1.1 for solids of arbitrary
shape. However, the fixed point methodology used in the present paper to pass from
the linearized equations to the full nonlinear problem is strongly using the fact that
the rigid body is a ball (see the comments in Sect. 9 below concerning some tracks
towards the modification of this procedure for tackling rigid bodies of arbitrary shape).

Note that Theorem 1.1 refers to mild solutions of (1.2), i.e., satisfying the integral
equation

v(t, ) Vo t
L)y | =T, & +/ T, —sPf(s)ds (t>0), (1.8)
o(t) o 0

where
fGs,x)==1gx)[(v(s,x) —L£(s)) - V]v(s,x)) (x € E, s >0),

T = (T;);50 is the fluid-structure semigroup and IP is a Leray type projector on the
space of free divergence vector fields on R? which coincide with a rigid velocity field
on B. A precise definition of these objects requires some preparation and notation, so
it is postponed to Sect. 3. However, we mention here that the roles of the projector
P and of the fluid-structure semigroup in this paper are very close to those played by
the Leray projector and the Stokes semigroup in the analysis of the Navier—Stokes
equations. Consequently, the construction and study of the fluid-structure semigroup
and of its generator are essential steps of our analysis, which are detailed in Sects. 4—7.
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The outline of the paper is as follows. In Sect. 2, we introduce the notation (in
particular several function spaces) that will be used throughout the article and we
recall several results on the Stokes system in exterior domains. In Sect. 3 we introduce
the fluid-structure operator and we give some of its basic properties. Section 4 is
devoted to resolvent estimates for the fluid-structure operator. We use existing results
on the Stokes system in exterior domains to derive our results. In Sects. 5 and 6 we
show that the fluid-structure operator generates a bounded analytic semigroup on a
suitable Banach space. We prove, in particular, L? — L9 decay estimates for the fluid-
structure semigroup in Sect. 7. Section 8 is devoted to the proof of Theorem 1.1. In
Sect. 9, we formulate some open problems. Some technical results are collected in
Appendix A and Appendix B.

2 Notation and preliminaries

Throughout this paper, the notation
N, Z, R, C

stands for the sets of natural numbers (starting with 1), integers, real numbers and
complex numbers, respectively. For n € N, the euclidian norm on C" will be simply
denoted by | - |. For 6 € (0, ) we define the sector Xy in the complex plane by

Yo = {1 € C\{0} | argA| < 6} 2.1)

Moreover, Z stands for N U {0}. Forn, m € N,u : R" - R" and o € Z’}r we set
. . o o
la| = > _, o and we use the notation 3%u for the partial derivative ao?fian

X Xn

If G c R3isan open set, ¢ > 1 and k € N, we denote the standard Lebesgue
and Sobolev spaces by L?(G) and by W4(G), respectively. For s € R, W%4(G)
denotes the Sobolev—Slobodeckij spaces. The norms on [L7(G)]" and [Wk"f (G)]n
with n € N, will be denoted by || - ||, and || - [l,¢,G. respectively. When G = R,
these norms will be simply denoted by || - [|; and || - [Ix,4, respectively. Moreover, the
space W(I){’q (G) is the completion of C8°(G) with respect to the wka (G) norm.

We use repeatedly below the following well known result due to Bogovskii [1]:

Lemma 2.1 Let G be a smooth bounded domain in R?, g € (1, 00) and k € 7. and
let

Lg(G)z{feLq(G) ‘/Gfdxzo}.
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3
Then there exists a linear bounded operator Bg from [Wg’q(G)] N [Lg (G)]3 to
(W4 (G such that

. . . 3 3
av @ep=1 w6 (re[w@] nhor). e
We also introduce the homogeneous Sobolev spaces
WHG) i={f e L4 @) | VS e L7G)],

with the norm

1 £ lgrai) = 1V Fllg.Gr

where we identify elements differing by a constant.
Moreover, the function space

I-llg.c

156 = e e [cF @] 1dve =0}

will often appear in the remaining part of this work.
Fork e N, and s, g € Rwith 1 < g < 0o, we define the weighted Sobolev spaces
Whas(G) by

WEE(G) = { | (1 + 162720 € L9(G), Jal <k}, 23)

and we set L?*(G) = W%%5(G). For ¢ € [W9(G)]? we denote by D(p) the
associated strain field defined by

1

;i  0p;
Dig)ij = 5 (ﬂ + 2

0x; 0x;

2 ) @, jef{l,2,3}). 2.4)

To end this section, we recall several results due to Borchers and Sohr [2] and
Iwashita [15], on the Stokes system in the exterior domain E = R3 \O, where O C R3
is an open bounded set with O of class C2. More precisely, we consider the stationary
Stokes problem:

AW —puAv+Vp=f (x € E),
divv =0 (x € E), 2.5)
v=20 (x € 00).

By combining Theorem 1.2 in [2] and Corollary 3.2 in [15] we have:

Theorem 2.2 Let O € (%, T[) and let Xy be the set defined in (2.1). Then
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1. Then there exist two families of operators (R(X))ex, and (P(A))rex, such that
for every . € g we have

RO e L ([Lq(E)]3, [W“(E)r) ,
POy e L([LUB] . WHE), (>,

and the functions v = R(X) f and p = P(A) f satisfy (2.5). Moreover, there exists
a positive constant M, depending only on O, q and 6 such that for every . € ¥y
we have

AR fllg.e + IRARM) f = VP flly g < M| fllg.E
(a>1. re[Le®]’). 2.6)

2. Foreveryqg > 1, A€ g, m € Zy,s >3 (l — 5) and s’ < —%, we have

, 3
R(G) €L ([W""*q’S(m]S, [W'"“"“ <E>] ) ,
m,q,s 3 m+1,q,s’
Poy e L (W], w (B)).
Moreover, the functions A — R(A) and » +— P(A) are holomorphic from Xy to

L ([Wm,q,S(E)]3 , I:Wm+2,q,s’(E)i|3> and L ([Wm,q,S(E)]?’ , Wm—i—l,q,s’(E)> ,

respectively. Finally, there exist

Ry € L ([Wm,q,s(E)]?’ , I:Wm+2,q,x’(E)i|3> ,

PyeLl ([Wm,q,s(E)]3 ’ Wm—&-l,q,s/(E))

such that
1
limsup |A|72 ||R(A) — Roll Lo\ <00, (2.7)
AeEe,AEO L(lwm#J(E)P,[W'”“‘qJ )] )
limsup [A"2 [P(L) — Poll <oco. (28

*EXp,A—0 £(twmas ()P, wrttas' (£))

Remark 2.3 Setting R(0) := Rg and P (0) := Py, estimates (2.7) and (2.8) imply that
the functions A — R(A) and A — P ()) extend to continuous functions from Xy U {0}
to

L ([Wm,q,s (E)]3 ’ I:Wm+2,q,s’(E)i|3> and L ([Wm,q,s (E)]3 ’ Wm-i-l,q,s’(E))’

respectively.
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3 Some background on the fluid-structure operator
3.1 Definition and first properties

In this section, we introduce the fluid-structure operator and the fluid-structure semi-
group and we remind some of their properties, as established in the existing literature.
For the remaining part of this section the notation 2 designs either an open, connected
and bounded subset of R3, with 9 of class C2, or we have Q = R3. Let @ be an
open bounded set with smooth boundary such that O C  and such that 0 is its center
of mass. We denote Eq = Q\@ and we set Egs := E. Moreover, we denote by v the
unit normal vector on dO oriented towards the interior of O.
Reminding notation (2.4) for the tensor field D, we introduce the function space

X9(Q) = {q> e [L2)] ‘ D(®) :omo], G.1)

associated to the sets €2 and O, which plays an important role in this work. Note that,
for every g € (1, 00) the dual (X7(Q))* of X9(2) can be identified with X7 (),

where — + — = 1, with the duality pairing
9 49

(fag)xq’(g),xq(g) =/;9,0f~gdx+ . f-gdx (f exq’(g)’ g € X1(Q)),
Q

where p is the constant density of the rigid body. Our notation is making explicit only
the dependence of X7 on 2 since these spaces will be used later on for various 2 and
with fixed O. For Q@ = R3, we simply set

X9 = X9(RY). (3.2)
Since every @ in X7(2) satisfies D(®) = 0 in O, there exist a unique couple [ii| €
C3 x C3and ¢ € LL(Eq) such that

Q(x) = p(x)1gg(x) + (U + o x x)lo(x) (x € ),

where 1 stands for the characteristic function of the set U (see for instance [27,
Lemma 1.1]). We can thus use the identification:

%
X9(Q) =~ [ |:€:| e [L9(Eg)]} x C x C3, with div (p) = 0in Eg,
w

o) - v(x) =l +wxx) vx)forx € 90 and p(x) - v(x) =0forx € 9Q2 ¢ ,

(3.3)
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with
[Plixa) = ll@llg Eq + 1€ + ol

The two results below will allow us to precisely introduce the projection operator P, o

from [Lq (Q)]3 onto X7(2) which will be used in the following, and which will be
denoted by P, when Q2 = R3.

Proposition 3.1 Let O be an open bounded set of R3 with O of class C*. For g > 1
let G(f and Gg be the spaces

q PN 1 3
G| =que [L (R )] | u = Vqy for some q; € L},.(R”) ¢,
divu =0 in R3, u=VgqyinE, g€ Llloc(E)’
64 = ue @] u=pinOwithg € [LIO)F.
/ ¢pdy = —/ govds, / @ xydy:—/ gav X yds
@ 20 @ a0
; v
Then for every u € [L’f (R3)] there exists a unique triple | w; | € X9 x G? X Gg
wa
with
u=v+w+ ws. 3.4

The map u +— v, denoted Py, is a projection operator form [Lq (Q)]3 onto X1(R2).

1 1
Moreover, the dual of the operator Py is Py, where — + — = 1.
9 49

For the proof of Proposition 3.1 we refer to Wang and Xin [30, Theorem 2.2].

Proposition 3.2 Ler Q@ C R3 be an open bounded set with 92 of class C? . Let O be
an open bounded set with 9O of class C* such that O C Q. Forq > 1 let G‘f () and
Gg (R2) be the spaces

GC{(Q) = {u € [Lq(SZ)]3 | u = Vqy for some q € Wl’q(Q)},
divu=0inQ, u=Vq inEq, ¢ € WHi(Eq),

g 3 u(x) - v(x) =0 forx € 92,
G3(Q) = que[L1@] u=ginOwith g € [L1(O)],

/(pdy:—/ qzvdx,/q)xydy:—/ qav X yds
o a0 o 90

Then for every u € [Lq (SZ)]3 there exists a unique triple (v, wi, wy) € X9(Q) x
G1(Q) x G1(Q) with

u=v-+w + ws. 3.5
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The map u +— v, denoted IP; g, is a projection operator form [Lq (SZ)]3 onto X1(2).

1 1
Furthermore, the dual of the operator Py q is Py o, where — + — = 1.
q9 q

The proof of Proposition 3.2 is similar to the proof of [30, Theorem 2.2]. However,
for the sake of completeness we provide a short proof in Appendix A.
We also need some density results. Let us define

Y4(Q) = {u € C=(Q),divu =0in Q, Du=0in o}"'”‘"“. (3.6)
As before, for Q = R3, we simply set
Y9 = Y9(RY). (3.7)
Using Propositions 3.1 and 3.2, we have the following result
Proposition 3.3 We have X9(2) = Y9(2) and X9 = Y4.

The proof of this proposition is similar to [7, Theorem 2] and [23, Theorem 1.6].
We provide a short proof in Appendix A.

The fluid-structure operator on 2 is the operator A, o : D(A, ) — X9(Q)
defined, for every g > 1, by

3 3
Dihy.0) = {we [wo@] nxi@) ‘ oiq € [ WHI(Eq)] } (3.8)
Agap =Pralsep (9 € DA 0). 3.9)

where P, o is the projector introduced in Proposition 3.1, and the operator A, o :

D(Ay0) — [LUQ)] is defined by D(A,0) = D(A,q) and for every ¢ €
D(Aq,ﬂ)’

MA(p in EQ,
A o0 =
i —Z;Lm_l/ D(g)vds — (2,u,j‘1/ y x D(@)v ds> Xy inO,
00 a0
(3.10)

where m and J are given in terms of the constant density p of the body by
m = /O,de, J = (Tk,0k,ee(1,2,3) With T ¢ = /O o <5k,£|x|2 - xwz) dx.
(3.11)
Note that the tensor of inertia 7 is positive. Also note that in the following, the density
p of the homogeneous body will not intervene anymore directly: it will only appear

through the constants m and 7 defined above.
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In the case = R, the operators Py, Ay o and A, q are denoted by Py, A, and
Ay, respectively and A, : D(A,) — X9 is defined, for every g > 1, by

D(A,) = {(p e [Wl’q(IRi3)]3 N x4

3
9IE € [Wz’q(E)] } (3.12)
Agp =Py A0 (9 € D(AY)). (3.13)

In the case ¢ = 2 and when O is a ball, the fluid-structure operator A, has been
introduced in Takahashi and Tucsnak [26], where it has been proven that this operator
generates an analytic semigroup on X2. Later, Wang and Xin [30] proved that the
operator A, generates an analytic semigroup on X85 NXY if ¢ > 2 and that if the
solid is a ball in R? the operator A, generates an analytic semigroup (not necessarily
bounded) on X*> N X7 if ¢ > 6. One of our main result improves the result of Wang
and Xin [30]. Actually, in Theorem 6.1 we will prove that A, generates a bounded
analytic semigroup on X7 for any ¢ > 1. Moreover, this result is true for bodies of
arbitrary shape.

It is important for future use to rephrase the resolvent equation for A, ¢ in a form
involving only PDEs and algebraic constraints. To this aim, for A € C, we consider
the system

M —puAv+ Vo = f (x € Eq),
divv =0 (x € Eq),
v=20 (x € 982),
v=~L+wXx (x € 00), (3.14)

mil = —/ o, m)vds + fr,
00

jkw:—/ x X o(v,m)vds + fy.
00

In the above system the unknowns are v, m, ¢ and w, whereas
o, ) :=—nl +2vD(v).

By slightly adapting the methodology used in [25,26] for the case g = 2, it can be
checked that we have the following equivalence:

Proposition 3.4 Ler Q C R3 be an open, connected and bounded set with 32 of class
ClorQ =R Let1 < q < oo and » € C. Assume that f € [Lq(EQ)]3 and

foo fo € C3 If(v,m, €, 0) € [WZ'I(EQ)]3 x W (Eq) x C3 x C3 satisfies (3.14)
then

(M — Ay @)V =F, (3.15)
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where
V=ulg,+U+wxx)lo F=Pq (f]lEQ n (m*‘fg + 7 % x fw) 1@) .

Conversely, assume that F € X9(Q2) and V € D(Ay q) satisfy (3.15). Then there
exists w € Wl’q(EQ) such that (v, £, w) € [Wz'q(EQ)]3 x C3 x C3 satisfies (3.14)
where

1
v="V]Egqg, £=—/de, w=—j_1/Vxxdx,
mJo o
and

1
f=Flgg, fz=—dex, fwz—j_lfoxdx.

3.2 The fluid-structure semigroup on bounded domains

In this subsection we assume that € is an open bounded set in R with boundary of
class C2. In this case the operator A, o has been extensively studied in Maity and
Tucsnak [20]. In particular, by combining the density result from Proposition 3.3 with
Theorem 1.3 and Theorem 4.1 from [20], we have

Theorem 3.5 With the above notation, let ¢ > 1 and assume that Q C R3 is bounded,

with 9Q of class C?. Then the operator A, q, defined in (3.8) and (3.9), generates
an analytic and exponentially stable C-semigroup, denoted T?% = (T;’Q> on

X4(Q).

,
t>0

The above result has the following consequence, which follows by standard analytic
semigroups theory:

Corollary 3.6 With the notation and under the assumptions in Theorem 3.5, for every
0 e (%, JT) the exists a constant M, possibly depending on q, 0, O and 2, such that

(1+[AD H (M = Ag0)” Hc(xqm))

-1
hgo (M —Ag0)”"| <M (1 e3puio).
+ H g2 ( ¢.2) @) = ( o U{0})
By combining Corollary 3.6 and Proposition 3.4 we obtain the following result:

Proposition3.7 Let 0 € (/2,7), q € (1, 00) and assume that Q C R3 is bounded,
with 3S2 of class C?. Then there exists a constant C > 0, possibly depending on 0, ¢,

Q and O, such that for all . € Xg, f € [L‘I(EQ)]3 and fo, f., € C3, there exists
a unique solution (v, 7,0, ) € [W*4(Eq)]’ x Wh(Eq) x C* x C3 of (3.14)
satisfying
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(412D (Ivllg,£q + 1€+ 1@l) + llvll2,g,Eq + IV ll4, 4
< C(Ifllg.eq + | fel + 1 fol) - (3.16)

We need below the following slight generalization of Proposition 3.7:

Corollary 3.8 With the notation and assumptions in Proposition 3.7, let v €
[W24(Eg)]’, = € W' 4(Eq), £, w € C? be such that

v(x) =0 (x € 9Q)
v=Ll+wXx (x € 00),

dive € Wy (Eg), f div v dx = 0.
Eq

Then for every Lo > O there exists a constant C = C(2, p, Ao, 0) such that

[A| (”v”l],EQ + €] + |0)|) + ”DZU”(],EQ + IVrllg, Eq
< C(||Av — AU+ Vg g + IV Ul £g

+ ‘mM + / o(v, m)vds
30

+ ’J)\w—k/‘ x xo(v, m)vds
0

). G.17)
for every ) € g with |A| < Ao.

3
Proof According to Lemma 2.1 there exists v € [WO2 UE Q)] such that divo = div v
on Eq and

10129, E0 < Clldivvlli,g,Eq, (3.18)

where C is a constant depending only on €2 and on ¢g. Setting u = v — v we see that
u e [WZ’q(EQ)]3 and

ux)=0 (x € 092),
u(x) =L+ wx x (x € 00),
o(u, ) =0, ) (x € 00),
divu =0 (x € Eq).

By applying Proposition 3.7 and elementary inequalities, it follows that

M (lully. £ + 161 + |@]) + 1D*ullg. 5 + V7 llg.5q < CllAu — pAu+ Vrlly kg

+C +C

mil + / o(v, m)vds
a0

jkw—i—/ x xo(,m)vds| (A€ Xp).
30
The above estimate and (3.18) imply the conclusion (3.17). O
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4 From the Stokes operator in exterior domains to the fluid-structure
operator in the whole space

In this section, we study the fluid structure operator A, q, defined in (3.12) and (3.13),
in the case = R3. As mentioned in Sects. 2 and 3, in this case the space X7(£2),
defined in (3.1), and the operators Py o, A, o are simply denoted by X9, P, and A,
respectively. The main idea developed in this section is that the resolvent of the fluid-
structure operator can be expressed in terms of the resolvent of the Stokes operator
with homogeneous Dirichlet conditions on the boundary of an obstacle of arbitrary
shape O. The connection between these two families of resolvents is then used to study
the behaviour of the of (Al — Aq)_l for A close to zero, in the spirit of the similar
results for the Stokes operator in exterior domains obtained by Iwashita [15].

Let O be an open, bounded subset of R? with 3O of class C? and let E = R3\O.
We consider the system

A — uAu+Vr = f (x € E),
divu =0 (x € E),
u=4~0+wxx (x € 00),

4.1
mil = —/ o(u,m)vds + fe,
30

T iw = —/ x Xo(u,m)vds + f,,
a0

where f € [LY(E))?, fi, f» € C and A € C. In the above system the unknowns are
u, w, £ and w, whereas

o(u,m):=—ml +2uD(u).

To study the solvability of (4.1) we introduce several auxiliary operators.
Firstly, given A € C and £, @ € C3, we consider the boundary value problem:

Aw—pAw+Vn=0, divw=0 (xe€kE), 42)
wx) =0+ X x (x € 0), '

and we remind the notation (2.3) (and more generally the notation in Sect. 2) for the
possibly weighted Sobolev spaces in unbounded domains.

Proposition 4.1 Assume that 6 € (0, ). Then for all ¢ > 1, for every A € Xy and
0, w € C3, the system (4.2) admits a unique solution (w, 1) € [Wz'q(E)]3 x Wl (E).
Moreover, let (D;))cx, be the family of operators defined by

w

D, [q = [;ﬂ (h€ g, L,weC?), (4.3)
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where (w, n) € [Wz’q(E)]3 X Wl’q(E) is the solution of (4.2). Then for every A € Xy
and m € N, we have

D, € L(CS, [W’”“*‘I(E)]3 x W™4(EY). (4.4)

D, el <(C6, [W’"“ﬂ’“(E)]3 x W’”»fh“(E)) (s’ < —2) . @5)

Finally, there exists

DO c m L (66, I:Wm-i-l,q,s’(E)ir % Wm,q,s’(E)>

meN,qg> 1,s’<—§
such that

lim sup |A|—%||D(x)—Do||£ <00, (4.6

3
)‘.629,)\.*)0 ((C(),[Werl“lvé'/(E)] me,z1,5/(E))

foreverym €N, g > land s’ < —

3
e

Proof We choose two balls By and B, in R3 such that ® C By C B| C B,. We define
a cut-off function x € C°°(R3) such that x (x) € [0, 1] for every x € R3 and

- 1 ifx € By,
X) =
X 0 ifxc E\B.

We set
wx) =xx)€+wxx)— BBz\El (Vx -+ w x x)),

where B BB is the Bogovskii operator as introduced in Lemma 2.1. It is easy to see

that, divw = 0in E, w(x) = ¢+ w x x forx € 0E and w € Wk’q(E), for any
k € N. Since w = w + w, where W satisfies

AW — uAW +Vnp=—-Aw+vAw, divw =0 (x € E),
w=0 (x € 00).

We can apply classical regularity results for Stokes (e.g. [15, Proposition 2.7(i)]) to
get (4.4) and Theorem 2.2 to obtain (4.5) and (4.6). O
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The above result allows us to introduce the family of operators (73 ))cx, C L(C%
defined by

' / o(w, n)vds
T [ 90 (h€ Xy, L,weC), (4.7)

e
/ x X o(w,n)vds
a0

where (w, n) is the solution of (4.2), given by D, according to (4.3).

Proposition4.2 Let 6 € (0, 7). For every A € Xg let (1)))cx, be the operators
defined in (4.7) and let (KC))ex, be the family of operators defined by

K, = [Ang)h )\H +T, (h ey, 438)

Then there exists Ko € L(C®) invertible such that

. _1
limsup [A|72 Iy — Koll gcoy < o0. 4.9)
rEXg,A—0

Moreover, K, is invertible for every A € Xy and

1
. L e —1
limsup [A]|72 HIC)L - Ky
rLEXg,A—0

4.10
| <= 10

Proof For ¢, w € C3 we set

/ o (wp, no)v ds
d

l=mlo] ml]=| ’
10 2 2
/xxo(wo,no)vds
00

where Dy is the operator introduced in Proposition 4.1. Applying Proposition 4.1 and
a standard trace theorem it follows that (4.9) holds. The fact that Oy (which is called
the resistance matrix of ©) is invertible is a classical result (see, for instance, Happel
and Brenner [11, Section 5.4], where it is shown that this matrix is strictly positive).
On the other hand, taking the inner product in [Lz(E )]3 of the first equation in
(4.2) by w, integrating by parts and using the second equation in (4.2) it follows that

<ﬁ [E][ED =,\/ |w|2dx+2u/ ID(w)>dx (£, w € C3, 1 € ).
w @ |[co E E
4.11)

@ Springer



648 S.Ervedoza et al.

Assume now that £, @ € C3 and A € Yy are such that

[]-F3 Sl

Taking the inner product in C® of the two sides of the above formula by |:f)i| and using
(4.11) it follows that

amll)? + MT o, o) +Af |w|2dx~|—2,u/ |ID(w)|> = 0.
E E

If A € ¥p withIm A # 0O it follows that £ = 0 and w = 0. On the other hand, if .. € Xy

and ImA = 0 we have ReA > 0. In this case, we obtain w = 0 and consequently

£ = w = 0. We have thus shown that the operator in (4.8) is invertible for every

A € Xy. This fact, (4.9) and the fact that /Cy is invertible finally imply (4.10). O
We are now in a position to state the main result in this section.

Theorem 4.3 Letq € (1,00) and 0 € (%, 71). Then

1. For every ) € Xy there exist operators

R() €L ([Lq(E)]3 x C°, [WM(E)]3 x <c6> :

POy € £ ([LUE)] x €O W (E)) .

such that, for f € [Lq (E)]3 . fo, fo € C3, setting

u f f
L1 =RMN) | fe|, m=PA)| fe |, 4.12)
w Jo S

then u, £, w and w satisfy (4.1).
2. ForneXg,meZy,s >3 (1 — %) and s’ < —%, we have

RO € L ([W’”’q“‘(E)f x C8, [W”’”’q"?/(E)T x ©6> L @13)
PGy € L (W (B)] x €, Wt (E) ). (4.14)

Moreover, the functions A +— R(A) and ) — P (L) are holomorphic from Zg to
, 3
c ([W’”"“(E)F x C, [wm2a' ()] (C6> and £ (W (E)] x €,
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W’"H*q’S/(E)) , respectively. Finally, there exist

/ 3
Ro € L <[W’""”S(E)]3 x C°, [W”’“’“ (E)] x (C6) ,

Poel ([W’""“(E)f x CS, W’”“"”/(E)) ,

such that
_1
limsup |A|72 R — Roll , 3\ < oo, (4.15)
A€Tg, A0 E([W’""N(E)P><(C6.,[Wm+2~‘1’f (E)><(C6] )
1
li AMT2 PO — P ) .
Aelg;iuiol 2 P ollﬁ([wmww)ﬁXcﬁ,wmﬂ_w (E)) < o0
(4.16)

Proof Letm € Zy, q > 1,5 > 0, f € [W™4<(E)]’ and fi, f, € C. For
A € Xg U {0} we remind from Proposition 4.2 that the matrix /C,, defined in (4.8), is
invertible and we set

l fe _/ o(RNf, PV fHvds
[ k} =K i G.e U 0D, (4.17)

Jo —/ x xo(R@A)f, P(A)f)vds
90
where (R(A)) and (P (A)) are the families of operators introduced in Theorem 2.2 and

Remark 2.3. The last formula implies, according to Proposition 4.2 and Theorem 2.2,
that there exist §, ¢ > 0 such that

(el + ln | < cs (Lfel + 1 fol + 1/ jymas gyp) G- € Tg UL0L A £8). (4.18)

For . € Ty U {0} we set [H = D, [ff , where (Dy)ses,uq0) is the family of
A A

operators introduced in Proposition 4.1, and we define

u,| | RS 1%
|:7TA:| = |:P(A)f:| + I:m:| (A € Ty U{0}), 4.19)

where the operators (R(X))xex,ui0), (P(A))res,uio; have been introduced in Theo-
rem 2.2 and Remark 2.3. By combining Theorem 2.2, Proposition 4.1 and (4.18) it

follows that forevery s > 3 (1 — é) , s/ < —% and § > 0 there existsd > 0 (possibly
depending on s, s” and 8) such that

”u)»”[ 3 + ||7T)L||Wm+l,q.s’(E) S d (|f2| + |fw| + ”f”[Wm,qa(E)P)

Wm+2,q,s/(E)]
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(A eZguo), M <6, fe[WSE), fi, foeC). (4.20)

By combining (4.17) and (4.19) it follows that for every A € Xy we have that u = u;,
£ =1, w=w, and T = m, satisfy (4.1). Consequently, if we set

£ RO\ f + v
RM | fe | = £, (A € X U{0}), 4.21)
_fw_ W),
e
PR | fe| =P f+nm, e Xgui0}), (4.22)
| fo ]

then for every A € Xy the operators R(1), P(A) satisfy (4.13), (4.14) and u, £, w and
7 defined by (4.12) is indeed a solution of (4.1).

Finally the properties (4.15) and (4.16), with R := R (0), follow now from (4.21),
(4.22), together with (2.7), (2.8), (4.6) and (4.10). O

5 Further properties of the fluid-structure semigroup in R3

In this section we study the fluid structure operator A, q, defined in (3.12) and (3.13),
in the case Q = R3. More precisely, we give several results opening the way to the
proofs of the facts that A, generates a bounded analytic semigroup and of the decay
estimates for the fluid-structure operator by collecting several results which follow
quite easily from the existing literature. The first one is:

Proposition 5.1 Let 1 < g < oo and let 6 € (%, rr) . Then there exist y > 0 and
mg.9 > 0 such that

HA (I — Ag)~" H <mgp. (€ Te. M=) (5.1)

L(Xa) ~
Consequently, A, generates an analytic semigroup on X4,

The proof of the above result can be obtained by a perturbation argument. Since
this argument is a slight variation of the proof of Theorem 3.1 in [20], where the
similar estimate is detailed for the case of fluid-structure system confined in a bounded
domain, we omit the proof. We also note that by combining Proposition 3.4 and the
first statement of Theorem 4.3, we have

Proposition 5.2 For every A € Xg and F € X4, setting

Flg u,F
RMN) | Lr | =|LtF |, (5.2)
wF W), F
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where the family (R()\)) has been introduced in (4.12) and

1
ZF:—/ F dx, sz_j_lf F x x dx, (:3)
m Jo (@

we have
(M = Ag) " F=uprlp + (U +opr x 010 (5.4)

The result below provides some simple but important properties of the fluid-
structure operator Aq.

Proposition 5.3 Forevery 1 < g < 00, the dual AZ of A, is given by A; = Ay, with
I 1

a1

q q

Proof For G € X4', we set

1
sz—dex, wgz—J_I/Gxxdx.
m Jo O

We consider the equation
A — AW =G, 5.5
which according to Proposition 3.4 is equivalent to the system

rp —divo(p,my) =Glg, divp=0 (x € E),
o =v+kK Xx, (x € 00),

amy = —/ o(p, mp)v ds + £, (5.6)
r

ATk = —/ y xo(p,mp)v ds + wg,
r
where

1
o =W|g, 1#=—/de, K=—J_1/Wxxdx.
m Jo O

Assume that u € [Wz’q(E)]3 ,TTE Wl’q(E), ¢ € C3 and w € C3 satisfy the system
(4.1). Taking the inner product in C3, of (5.6) by u and of (4.1) by ¢, integrating by
parts and summing up the two formulas we obtain

/<f7§0>cc3 d)H—/ o(u, )v-¢@ds
E 90
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= / (u, G)cs dx + / o(p,mp)v - u ds. 5.7
E 30

Using the boundary conditions, the above relation can be written as

/E Foohes dx + (fes ) + (for k)

= / (u, G)es dx + (€, £6) s + (@, 06 )cs- (5.8)
E

In terms of the operator A, and A, the above equality reads as

(M = APU, W)y, 5 = (U, LI — Ag)W) (U € D(Ay), W € D(Ay)),

X4,X4q X4,Xx4"

with U = ulgp + ({ + w X y)1p. Therefore from the above identity we deduce
D(Ay) C D(AZ). In order to prove the reverse inclusion, we first note that, for
Ag > 0 large enough the operator (Ag/ — A/) is invertible (see Propositiqp 5.1). Take
Ao as above and W € D((Aol — Ay)™). Since X; = X, there exists U € D(Ay)
such that

(ol = g) U = (ol = 47) W.
Let U € D(A,). Then using the last two formulas, we obtain

, = (U, (vl —Ay)U)

(Gol = AU, W)y, 4y = (U, Gl — A W) X0.%7

X4,X4

= (ol — AU, U)yy 50 -

In particular, we have

(ol = APU, W — Uy, 4o =0 forall U € D(Ay). (5.9)

X4,X4
Therefore W = U and this completes the proof. O

The last result in this section provides some information on the resolvent equation
associated to A,.

Proposition 5.4 Let A € C, such that A ¢ (—00,0). Then for every q € (1, 00) we
have

(i) Ker (AI - Aq) = {0}.

(ii) Range ()J —Ay) =X,

Proof Due to Proposition 3.4, it is enough to show that if (u, 7, £, ®) € [Wz’q (E)]3 X

Wl*q(E) x €3 x C3 satisfies the system (4.1) with (f, f¢, fo) =0, thenu = 7 =
L=w=0.
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We first consider the case ¢ = 2. Multiplying, (4.11) by u, (4.14) by £ and (4.15)
by w, we obtain after integration by parts:

x/ lul> + 2“/ D) + am|l]> + 1 (Tw, o) = 0. (5.10)
E E

Note that, to justify properly these computations, we should multiply (4.11) by ¢gu,
where pr = @(x/R), ¢ being a smooth cut-off function taking value one close to
the unit ball and vanishing outside the ball of radius 2, and R being a large positive
parameter. One should then prove the following convergences,

lim /¢R|D(u)|2dx:/ |D(u)|? dx, (5.11)

R—oo JE E

lim / lul|Vu||Vr|dx = 0, (5.12)

R—oo JE

dc; € R, such that lim / [T + cx|lul|Vor|dx =0, (5.13)
R—oo JE

the first limit coming from Lebesgue dominated convergence theorem and the second
from the fact that u € L%(E) and Vu € L%(E). The last limit is more delicate and
is based on the fact that, since Vr € L?(E), there exists a constant ¢, such that
7T + ¢y € LO(E). Then we can write

/ 1 + exllul[Vorldx < I + cxlo.£lully mo s IVeR 5 5.
E

To conclude (5.13), it then remains to check that || Vog||3 g3 is bounded uniformly in
R, while [|ull g3\ p(g)y goes to 0 as R — oo.

If ImA # 0, we take the imaginary part of identity (5.10) and obtain that u =
7 =4{=w=0.If Im\h = 0, then Rer > 0, hence using the above identity and the
boundary conditions we also obtainu =7 =€ =w =0.

Let us then consider the case ¢ > 2 and A # 0. Let By and B> be two open balls
in R3 such that

ECBl, B C B,

and let g1, @2 € C®(R?) be such that g1 (x) > 0, 92(x) = 0, 91 (x) + @2(x) = 1 for
every x € R3, ¢y = 1 on Bi, 91 =0on R3\B), 9o = 1 on R3\ By and ¢, = 0 on
some open neighbourhood of B;. Then ¢ju satisfies the following system
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Mpru) — Alpru) + Vgim) = =2(Vu)(Vor) — (Apu+ Vg1 (x € By\O),

div (1u) = (Vo) - u (x € B\O),
pru=0 (x € 9Bp),
plu=~4+wxx (x €00), (5.14)

mM—I—/ o(pru, rm)vds =0,
10

]Aw-‘,—/ x X o(pru, T)v =0.
90

— 13
Note that —2(Vu)(Ve1) — (A@1)u + Ve € [LZ(Bz\ﬁ)] . Therefore, by using

— 13 —
Corollary 3.8 we obtain (¢u, p17) € [W2’2(Bg\ﬁ)] x W12(By\0). Similarly,
(pau, po1r) satisfies the following system

Mpau) — Alpau) + Vipam) = =2(Vu)(Ve2) — (Apr)u + 7V (x e RY), (5.15)

div (1) = (V) - @eR).
We also have 2(Vu)(Vgr) — (Ago)u + nVg, € [LZ(R3)]3. By standard results
on Stokes operator in the whole space, we also get (pou, gom) € [W2’2(IR3)]3 X
WI'Z(R3). Combining the above results we obtain u € [WZ*Z(E)]3 andrw € WI*Z(E).
Let us consider the case I < g <2 and A # 0. We use a bootstrap argument here.
Let us set f; = —2(Vu)(Vg;) — (Ag;)u + mVg;. By Sobolev imbedding theorem

T Y3 i1 1
we obtain fi, fo € [U(Bz\ﬁ)] for 7 > g, with £ + — = ~. This implies that
rq

o1 € [WZJ(Bz\ﬁ)T and gou € [W2 (R3], hence u € [W2r(E)]’. If r > 2,
we are reduced to the previous case. Otherwise, we continue the process until we get
ue [W2E)].

We next consider the case A = 0, which only consists in justifying identity (5.10)
in that case, since u = 7 = £ = w = 0 would then follow immediately.

According to [8, Lemma V.4.1], we have that for all p € (1, 00), D%u e LP(FE) and
Vr € LP(E). Consequently, using [3, Theorem 2.1], for all r > 3/2, Vu € L"(E).
In particular, Vu € L%(E) and we then get the convergence (5.11). We also have,
again from [3, Theorem 2.1], for all § > 3, u € L9(E). Taking § > 3 close to 3
and r > 3/2 close to 3/2sothat 1 — 1/g — 1/r < 1/3, choosing s > 3 such that
1/s+1/g+ 1/r =1, we get

/ lulVullVorldx < |lullg elVull- £IVorls.E-
E

Using then that || Vgg||s, £ goes to 0 as R goes to infinity since s > 3, the convergence
(5.12) also holds.

Similarly, using that for all p € (1, 00), Vr € LP(E), we get that there exists
¢cx € Rsuchthat w + ¢; € L"(E) for all r > 3/2, and we then get, with the choices
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of g >3,r > 3/2and s > 3 above, satisfying 1/s + 1/g + 1/r = 1, that

f |7+ cxllullVorldx < |7 + cxllr ellullg IIVORIls,E-
E

Using again that | Vor||s. £ goes to 0 as R goes to infinity since s > 3, the convergence
(5.13) also holds. m]

6 Analyticity of the fluid-structure semigroup

We begin by stating the main result in this section, which, besides being of independent
interest, is an important ingredient in the proof of our main results. In fact, as mentioned
earlier, this result improves the existing result of [30, Theorem 2.5, Theorem 2.9].

Theorem 6.1 Foreveryl < g < ooand6 € (%, 71) there exists My o > 0 such that
the operator A, satisfies

Hx(u - Aq)—luﬁ(xq) <M,y (€. 6.1)

Consequently, A, generates a bounded analytic semigroup T9 = (T?)tzo on X4,

The guiding idea in proving the above result is borrowed from Borchers and Sohr
[2] and it consists in using a contradiction argument and appropriate cut-off functions,
combined with Proposition 3.7 and classical results for the Stokes operator in the
whole space.

A first step towards the proof of Theorem 6.1 is the following result, concerning
the case g € (1,3/2):

Proposition 6.2 Let g € (1, %) and 0 € (%, 7). Let (R(\)) and (P(X)) be the family

of the operators introduced in Theorem 4.3. For (f, fo, fu) € [Lq (E)]3 x C3 x C3,
we set

u f f
Ll=RMN)| fe|, m=PR)| fe (A € Z). (6.2)

Then there exists a constant My ¢ > 0 such that, for every (f, fi, fo) € |:L(1(E)]3 X
C? x C? and for every ) € Xy,

MGl 4100+ Jo) + [ D%+ 19l + 161+ Lo
< My fllg i +1fel +1 oD 6.3)

Proof First remark that Proposition 5.1 easily implies (6.3) for A € Xy with |A| > y.
We thus focus on the proof of the estimate (6.3) for A € Xy with |A| < y. Assume
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that (6.3) is false for some ¢ € (1, 3) for A € ¥g with [A| < y. Then there exists
a sequence of complex numbers (A,),cN, together with a sequence (u,, £,, ®,) in

X4 N ((W24(E)]’ N xC? x C3) and () in W4 (E) such that

O< il =y, larghy| =60 (neN), (6.4)
Al el i + 16l + leoal) + | D IVl e

Hlnl +lop| =1 (n € N), (6.5)
IAnun — wAup + Vully g — 0, asn — oo, (6.6)
mipl, + /aoa(un, mT,)vds — 0, asn — oo, 6.7)
T Aw, + /Box X o (uy, m,)vds — 0, asn — oQ. (6.8)

To obtain the desired contradiction we proceed, following [2], in several steps.
Step 1: Localization.
Let By and B; be two open balls in R3 such that

O C By, B|C B,
and let ¢, (pg € C°°(R?) be such that o1(x) >0, pm((x) >0, gol(x) + ¢ (x) = 1 for
every x € R3, ¢y = 1 on B1,<p1 = 00nR3\Bz, ¢> =1 onR¥*\B, and ¢» = 0 on

some open neighbourhood of Bj. After some calculations, we see that for each n € N
we have

An(@run) — Alpiun) + V(p1mn) = @1 (Anitn — Aup + V)

—2(Vun) (Vo) — (ApDup + 1, Vo (x € By\O),
div (p1un) = (V1) - un (x € By\0),
Q1up =0 (x € 90By),
Qrup =€y +wp X X (x € 00),

minly + / o(@run, 1p)vds = minly +/ o (up, Tn)V,
00 00

j)tnwn‘F/ X XG(‘PlunsJTn)V:J)\nU-’n‘F/ X X 0 (up, wp)vds.
a0 00
(6.9)

By applying Corollary 3.8 and using the fact that ¢ vanishes outside Bs, it follows
that there exists ¢ > 0 such that for every n € N we have

Il (lo1unlly, £ + 1€n] + lonl) + ||D2((/71un)”q‘E +IV(g1mn)llg,E + 1€n| + lonl
< c(llo1 Gonitn — Duy +Van)lg. g + V(Y1 - un)llg, £ + 21V - Vorllg )
+e (IAeDunllg.E + I7nVorlly.£)
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). (6.10)

+ ’JAnwn —I—/ x X o(up, wp)vds
)

+c (’mknﬁn +/ o(up, Th)V
a0 O

On the other hand, using the fact that ¢» = 0 on some open neighbourhood of By, for
each n € N we have:

An(@oun) — A(paun) + V(pamn) = @2 (ptn — Duy + V)
=2(Vun)(Ve2) — (Ag2)un + 10 V2 (x eR%), (6.11)
div (poun) = (Vg2) - upn (x € R3).

Using classical results for the Stokes operator in R? (see, for instance, McCracken
[22]), it follows that, for every n € N we have

Dl l@autnllg. £ + I1D*(@2un)lg £ + IV (9270 llg. E
=c (”QDZ()Lnun — Auy + V77'n)||q,E +IV(Ve, - un)”q,E +2(|Vuy, - V‘pZ”q,E)
+c (IA@)unllq.e + 172 Ve2llg.E) - (6.12)

By combining (6.10) and (6.12) it follows that for every n € N we have

IAnl (lunllg, £ + 1€n] + lonl) + 1 D%unllg, £ + IV 7nllg, £ + 1€n] + leon]
< Pl (lerunllg, £ + l92unllg £+ 1€n] + lonl) + ID*(@1un)llg, £ + ID*(@2un)llg, £
FIV@Ta@Dllg £ + IV @@ llg £ < clhnttn — Aty + V7nllg, £
+c < minly + / o (up, Tp)V >
00
+W(un, Vup, mn), (6~13)

—+

NN —|—f x X o(up, wy)vds
0

where

[\S}

W, Vin, ) = ¢ Y (IV(V; - un)llg. £ + 2 Vitn - Voillg. )
j=1

2
+e Y (A9 unllg. e + 17V llg.2) (neN). (6.14)
j=1

Step 2. Passage to the limit.
Letr,s > 1 be defined by

1+1 1 d 1+1 1

—+-=— and -+ -=-,

3 s ¢ 3 r s

so that
2 1 1
-+ -=—- andl <s < 3. (6.15)
3 r ¢
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By Theorem 2.1 and Lemma 3.1 in Crispo and Maremonti [3] and (6.5), we have

lunllr.e < CIVunls.e < CllD*unllg.e < C. (6.16)
I7nlls,e = CliVanllg,e < C. (6.17)

Thus, there exist a subsequence, still denoted by (uy,), (7w,), (¢,), (w,) and u €
[L’(E)]3 ,m e LS(E), (¢,w) € C3 x C3and A € Ty such that

Un=[prEypi>  Tn—Ls(E)T by —> L, wp —>w, Ay —> A, asn— oo, (6.18)

where — y stands for the weak convergence in a Banach space X. Let us set

Up=uplp+Up+w, xx)1lp neN), U=ulgp+{l+wxx)ln. (6.19)

Then U, € X' and the sequence (U,) weakly converges to U in X". According to
(6.6)—(6.8) and by the definition of the operator A,, we have that

U, € D(A,) foralln € N, and (A, —AYU, —xekE) 0 asn — oo.
Let W € D(A,) N'D(A,). By Proposition 5.3,

0= 111>I20<()L"1 - Aq)Un’ W)Xq’Xq’ = <U7 ()"I - Ar,)W>Xr,Xr’ .

I

Since the set {(A\] — A )W | W € D(A,) N D(A,)} € X9 N X" is dense in X’
(see Proposition 5.4), the last formula implies that U = 0. Consequently, using (6.5)
and (6.6),

A,,un—\[Lq(E)]30, Aun—\[Lq(E)]sQ Vnn—\[Lq(E)]_aO, asn — 00.

Next using the fact that sup,, ||, [ 1s@) < oo (see (6.17)) we deduce that 7 = 0.
Now we consider the expression W (u,,, Vuy, m,) defined in (6.14). We claim that

lim W(u,, Vu,, m,) = 0. (6.20)
n—oo

To shorten the proof, since all the terms in W (u,,, Vu,, m,) are the same as in [2],
we consider only one term of W(u,, Vu,,m,), say fj, = V(Vg; - u,) for j €
{1, 2}, since the other terms can be estimated in a similar manner. Note that, f; , €

—_ 13
[Wol’q (Bz\Bl)] for every n € N and using (6.16), (6.18) and the fact that u = 0 we
also have (f; ,) converges weakly to 0 in [Lq (Bz\El )]3 . Moreover, using (6.17)

||fj,n||1,q)132\§1 = C(”“n”q,}gz\ﬁI + ”Vun”qygz\ﬁl)

= Clunll, g5, + IVunlly p,\5,)  (sincer,s >q)
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< Clunllr . + IVunlis,g) < C. (6.21)

Thus, f;, converges strongly to 0 in [L’I(BQ\E])]3 as n — oo. Consequently, we
obtain (6.20). This, together with (6.5), contradicts the estimate (6.13), which ends
the proof. O

We are now in position to prove the main result in this section.
Proof of Theorem 6.1 We first note that from Proposition 3.4, Theorem 4.3 and Propo-

sition 6.2, we obtain (6.1) for 1 < g < % In the case% < g <2wetake gp € (1, %).
We define 0 < s < 1 by

Since (6.1) holds for go, there exists a constant My 4, > 0 such that

HA(M —Ag)”! H <Myg (he ).

L(X0)

On the other hand, A; is a self-adjoint operator on X2 (see [26]). Therefore, we also
have

<My, (A€ Xy,

AT — A —1H
|1 D7 o =

for some My > depending only on 6. Then by Riesz—Thorin interpolation theorem (see
for instance [28, Theorem 1, Section 1.18.7]), we obtain

Hmz — Ay~ H Mg MY O € ). (6.22)

<
L(Xa) —

3
This ends the proof of (6.1) for 3 <q <2.

1 1
In the case 2 < g < oo, we take 1 < ¢’ < ZSuchthat——i——/ = 1. By
q q
Proposition 5.3, we have A(A1 — Aq)_l = [A(M — Aq/)_l]*, so that

H/\(u — Ay H - Hx(u — A" H (€ ).

L(X2) LX)

We have already seen that (6.1) holds for 1 < ¢ < 2. Thus from the above identity
we infer that, (6.1) holds for any 2 < ¢ < oo, which ends the proof. O

We end this section with the result below, whose proof can be easily obtained by
combining Theorem 6.1 and the results from Lunardi [19, Chapter 3]:
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Corollary 6.3 With the assumptions and notations of Theorem 6.1, for any ¢ > 0 and
k € N, there exists C, > 0 such that

|#570]

L =e|aku]  + e @ e Dby, (6.23)

7 Decay estimates for the fluid-structure semigroup

Based on Theorem 6.1, we consider the fluid-structure semigroup which is, for each
q € (1, 00), the bounded analytic semigroup T? introduced in Theorem 6.1. Our main
result in this section is:

Theorem 7.1 (i) Let 1 < g < 0o. Let Ry > 0 be such that O C Bg,. Then for any
R > Ry, there exists a constant C > 0, depending on q and R, such that

IT¢U| , <Ct % |[Ulge (> 1, UeX9). 7.1

q,Br

(i) Letl <g <r <ocoando = % (5 — %) Then there exists a constant C > 0,

depending on q and r, such that

U]

o <Ct Ul (>0, UeX9). (7.2)

(iii) Let 1 < g < r < 3. Then there exists a constant C > 0, depending on q and r,
such that

IVT{U|, , < Ct"7 2 Ullxe (¢ >0, U eX9). (7.3)

(iv) Estimate (7.2) also holds for 1 < g < oo and r = oo.

Let us emphasize that Theorem 7.1 holds for the linearized fluid-structure equations
for bodies O of arbitrary shapes. It seems thus likely that these properties can be used
to derive the well-posedness for solids of arbitrary shape, see the discussion in Sect. 9
below.

Let us also mention that, Maremonti and Solonnikov in [21] proved that, while
considering Stokes equation in the exterior domain, the same decay estimates hold,
and the estimate (7.2) are sharp for 3/2 < g < r < oo. It is then expected that same
holds for the fluid-structure operator also. This is indeed the case, at least in the case
of the ball, see Theorem B.1 in the appendix for more details.

Our methodology to prove the above result is inspired by [15] and it consists in
using the resolvent estimates developed in Sects. 4-6. However, applying the strategy
proposed in [15] requires several adaptations which are described below.

To start with, we state the following regularity result of the projection operator IP,.

Proposition7.2 Let k € N. Assume that 1 <r < q < 00. Letu € [L‘f(]1:§3)]3 be
such that div u = 0 in D'(R?) and 8%u € [L’(E)]3f0r every multi-index o € Zi
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with |a| = k. Then 9% (Pyu) € [L’(E)]3f0r every multi-index o € Zi with || = k.
Moreover, there exists a constant C independent of the choice of u with the above
properties, such that

> N Pgulle e < C [ D 10%ullr e + llulg | - (74)

ler|=k |a|=k
Proof Let v = Pyu. Then
v(x) =Ly +wy, xx (x €0), (7.5)

where

1 1
Evz—/vdx, a)v:——/vxxdx. (7.6)
mJo J Jo

Moreover, there exists a positive constant C, depending only on ¢ and on O, such that
(see for instance [30, Proof of Theorem 2.2, Eq. (3.14)])

1€y + lwy| < C llullg - (1.7)

Since div # = 0, we have that w; from the decomposition (3.4) of u vanishes and,
according to [30, Proof of Theorem 2.2, Eq. (3.15)], w» from the same decomposition
satisfies wp = Virp, with m, satisfying

bl
Am, =0in E, %:wv—(ﬁv—i—wvxx)mona(’). (7.8)
v

Then estimate (7.4) follows from (7.7) and from Giga and Sohr [10, proof of
Lemma 2.3]. O

results characterising the graph norm of A7’ in terms of Sobolev spaces.

Proposition7.3 Ler 1 < g < o0.

(i) Assume that U € D(Ay) and A,U|g € [W’”"I(E)]3 for some m € Z,. Then
Ulg € [W”’H’q (E)]3 and there exists a constant C,,, > 0 such that

1Us2.g.8 = Cn ([8qU ], 45+ 1010 (7.9)

m,q,E

(ii) For every m € N, if U € D(A;”), then Ulg € W2™4(E) and there exists a
constant C,, > 0 such that

1Ullange = Co (|50 +1U0Ike) @ eD@F). (.10
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Proof Letusset A,U = —F,sothat F|g € [W’"*q(E)]S. Moreover, we denote
1 -1
u=Ulg, ¢=— Udx, o=-J U x x dx.
m Jo o

Then according to Proposition 5.2 there exists 7= € wla (E) such that u, 7, £ and w
satisfy

—uAu+Vr =F (x € E),
divu =0 (x € E),
u=40+wxx (x € 00).

Let |:1:7)1:| = Dj |:a) , where D is the Dirichlet map introduced in Proposition 4.1.
1

According to Proposition 4.1, for every k € N there exists positive constants Cj g,
C>  such that

lwillis1,q. 2 + 171l gra gy < Cri ( + o)) < CoxllU||xa. (7.11)
We denote ¥ = u — wy and T = & — n1. Then & and 7 satisfy

—uAU+ VT = F + wy (x € E),
divi =0 (x € E),
i=0 (x € 90).

According to [15, Proposition 2.7(i)], for every m € N there exists a positive constant
C3,m such that

”’IZ”m—}-Z,q,E = C3,m (”F”m,q,E + ”wlllm,q,E + ”ﬁ”q,E) .

The above estimate together with (7.11) implies the estimate (7.9).

To prove (7.10), we use an induction argument. We first note that (7.10) is true
for m = 1, since it is nothing else but the estimate (7.9) for m = 0. Let us assume
that (7.10) is true for some m € Nand U € D(Ag”l). Then by (7.9) and induction
hypothesis, there exists a positive constant C,, > 0 such that

10292 = Cn (189U g g + 1V 1)

=C (HAZI_HU”X(, + ”A‘IU”X}J + ||U||Xq)- (7.12)

Then the assertion (7.10) holds for m replaced by m + 1 by applying Corollary 6.3
repeatedly and (7.12). This completes the proof of the proposition. O

Proposition7.4 Let g € (1, 00). Then:
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(i) For any m € N, there exists a positive constant Cy, > 0 such that

[anv] = Co (Wl gr +10Ik) (UeD@m). 13

b4
(i) Let 0 € (5, JT) and m € N. Then there exists a positive constant C,, > 0 such
that

|61 - ap7'F| < Con (1F o, + 1F )

2m+2,q,E

(F € D(A), % € Tg, |A] = 1). (7.14)

Proof We use an induction argument to prove (7.13). Using Proposition 3.1, (3.9) and
(3.10) 111 note that the estimate (7.13) is true for m = 1. Assume that (7.13) holds
forsomem € Nand U € D(AZ”I). By the induction hypothesis, we have

”AZHIUHX(I = Cor ([84U Ly i + 180U ) - (U € Dag+h). .15)
By applying Proposition 7.2 and Corollary 6.3, the above estimate implies that
HA?“UHW < Con (10 llamang. 5 + 1Ul1x0) (U c D(AZlJrl)) . (1.16)

Thus (7.13) also holds when m is replaced by m + 1.
Finally (7.14) follows from the facts that

AT — Ay~ H <M, (e (7.17)
H 4 LDADM) o

together with the estimates (7.10) and (7.13). O

Remark 7.5 Putting together (7.10) and (7.13), it follows that, for every m € N, the
graph norm of A7 is equivalentto [|-||2,, 4, £+ Il lxs . We also note that this equivalence
also holds for the bounded domain version of the fluid-structure operator, i.e., 2 C R3
open and bounded, and the operator A, o defined in (3.9). Moreover, elements ¢ of

D(A) belong to [W4(R3)]* N X9(R?) and satisfy ¢ € [W2"4(E)]’.

To state the next results, which yield decay estimates for the fluid-structure semi-
group in weighted L? spaces, we remind from Sect. 2 the notation L¢* for the weighted
Lebesgue spaces introduced in (2.3).

Theorem 7.6 Let 1 < g < oo. Let s and s’ be real numbers such that s > 3(1 —1/q)

and s' < —3/q. Then there exists a positive constant C, depending only on q, s and
s, such that
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|Tiu

<CU+n77|U U e X4 [L9S RYP
H[LW’(I[@)T_ I+ 2Ullpeswyyp, U € [ RHI).

(7.18)

Proof We first note that Theorem 4.3 is a complete analogue of Corollary 3.2 in [15],
and Theorem 6.1 is the analogue of the main result in [2]. We can thus complete the
proof following line by line the proof of Theorem 1.1 in [15]. O

Remark 7.7 For Uy € D(A,), we denote by
1
up = Uplg, Eoz—f Up dx, w():——f Up x x dx.
mJo @
Moreover for every t > 0, we set U (t) = ’]I‘,q Up and

u(t) = U)|E, Z(t)=%/(;U(t)dx, a)(t):—% (v =

Then there exists 7 € C ([0, 00); wha (E)) such that (u, 7, £, w) satisfies the follow-
ing system

oju —puAu+Vre =0, divu =0 (t>0,x € E),
u=~L0+wxx (t>0,x €00),

mé +f o(u,m)vds =0 (t = 0),
00 (7.19)

jd)+/ x xo(u,m)vds =0, (t = 0),
a0

u(0) = ug (x € E),
£(0) = £y, w(0) = wo.

Our next result in this section provides L9 — L" smoothing estimates for the fluid-
structure semigroup T? for small time:

Theorem7.8 Let 1l < g <r < oocando = % (é — %) Then for each t € (0, 00),
there exists a constant C > 0, depending on t, q and r, such that
|T{U |y < Ct77NUIxe (t <7, U €X9), (7.20)
IVT9U|, . < Ct7 2 [Ullge (¢ <7, UeX9). (7.21)

Proof Let N = [20], where [-] denotes the integer part function. Let us assume that
N is even. Then by (7.10), there exists a constant C > 0 depending on 7, ¢ and r,
such that

[T2U ]y e+ 16O+ l00] = € (|47 TIU| +|TIU )
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_N N _N _N
sc(r WUl + 2307 Ul ) < COF UM (€ 0, 7).
(7.22)

In a similar manner, we also obtain
q _N+2
|T/U |y sn g 1O+ l0®] < Ct7 72 Ullga (€ (0, 7], (7.23)
Thus by Sobolev embedding, interpolation and using (7.22)-(7.23), we obtain

U]

w = C(ITU], p +1e] +100))
= c (”T?UHZU,q,E + |£(l)| + |(,()(t)|>
20-N N+2-20
< (101 1TU L + 1600+ ho)

<Ct 7 |WUllxs, 1€l

If N is odd then we replace N by N — 1. This completes the proof of (7.20). The proof
of (7.21) is completely similar, thus omitted here. O

The next step towards the proof of Theorem 7.1 is the following result:

Lemma 7.9 With the notations and assumptions of Theorem 7.1, let d > Ry and let
m € N. Moreover, denote Eg := {x € E | |x| < d}. Then

(1) There exists a constant C > 0 depending on d and m such that for all t > 0,

_3
e W ] < CU+072 (Wllm,g,2, + 1UlIxe) . (7:24)

2m,q,Eq
forevery U € D(A;") with U = 0 for |x| > d.

(ii) There exists a constant C > 0 depending on d and m such that for all t > 0,

5
<CU+D72 (WUloms2,9,E, + 1UlIxa)
(7.25)

HatT?UH + Haﬂr?UH
q,Ba4 2m,q,Eq

forevery U € D(A’;“) with U = 0 for |x| > d.

Proof The proof can be obtained following line by line the proof Lemma 5.2 from
Iwashita [15]. More precisely, it suffices to use instead of Proposition 2.7 and
Lemma 2.8 in [15] our results in Proposition 7.3 and Proposition 7.4 above, respec-
tively, and to replace expansion (3.2) in [15] by (4.15) above. O

Proposition 7.10 With the notation and assumptions of Remark 7.7 and Theorem 7.1,
letd > Ro + 5 and m € N. Moreover, assume that Uy € Ran(']l“({). Then there exists
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a positive constant C, depending only on E, d, m and q, such that, for every t > 0
we have

_3
lut, Mom.g, £, + LD+ lo@] < CA 402 (luol3z/q1+2m+2,9,E + 1ol + lwol) »

(7.26)
. _3
10Ct, HMlamg. £, + EO] + 10 < CA+07 (Lol jgrsamisg. + ol + lool)
(7.27)
3
7t Vlomsi,q,Es < CA 4072 (luoll3/q1+2m+4.9.E + €0l + leol) . (7.28)

where [s] denotes the integer part of s € R.

Proof We follow with minor modifications the steps of the proof of Lemma 5.3 in
[15].
Step 1. Since Uy € Ran(T‘{), we have Ugy € D(A’;) for all k € N. Let gy be an

. ~ 3 ~
extension of ug to R? such that &y € [W?™4(R%)]" and ||@ols, , < C 1Uolipeam),

where C is a constant independent of Uy. Then div gy € WO2 m=1.q (O)and / div up =
(@]

/ (€ + wp x x) - v ds = 0. Then by Lemma 2.1 we have that By (diviig) €
0

ng’q (O). Let us set
¥ = up — Bo (divip) ,

where B (diviip) is seen as a function in [W2m’q (R3)]3 after its extension by O in E.
Then ¢ € [Wz’"’q ®R3 )]3 has the following properties

Y(x) = Up(x) = uop(x) forallx € E,
div ¢ (x) =0 inR’, 1¥ll2m,q < ClUolDeag) - (7.29)

Step 2. We consider the following Stokes system in R?

3 v0(7, x) — wAvo(t, x) = 0, div vo(t,x) =0 (t>0,x e R,

7.30
00(0, x) = Y (x) x € BY). (7.30)

Let g and r be such that | < g < r < oo and define o0 = %(l — b, According to

:
classical estimates (see, for instance, [15, Lemma 5.1]) for the %eat kernel, for every
m € Z, there exists a constant C,,, > 0, depending on ¢ and r, with

[V uo(r, )], < Cut ™% 1, t>0), (131
[V uot, )], < Cul+ D75 1¥ o) tmt1.q t>0), (732
V™ 8v0t, ), < Cut "2 1], t>0), (133
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[V avot. )], < Cnl+07 "2 [Wllorimisy =01 (7.34)

Letgp € CSO(R3) be such that ¢ (x) = 1 for |x| <d—2and ¢(x) = Ofor|x| > d—1.
Denote @y = {x e R? |d —2 < |x| =d — 1} and let B; : D(Q4) — [D(Q)]* be

the Bogovskii operator such that div(Bgh) = h if / h = 0. We define
Qq

vi(t, ) =Ba(=Ve - vo(,) @ =0). (7.35)

By applying (7.32) and (7.34), it follows that there exists a constant C,,, > 0, depending
on ¢, such that

012 g2 < Con 1V - 00(8 1,4,

< Cn(L+ D7 Y 3 sg14mg (= 0), (7.36)
1901t Mg < Con 1Y@ - 300, Yl—1 4.k

< Co(L+ D72 N 301 4mi2g €= 0. (737)

Step 3. We now set
v, x) =u,x) — (1 —@v(t,x) +vit,x) >0, xe€E). (7.38)

Then v,, 7, £ and w satisfy

vy — uAvy+Vr = f, divvp=0 (>0, x€kE),
m=L+wXx (t>0,x €00),
;M+/ o (v, m)vds =0 (t > 0),
00 (7.39)
jd)+/ x X o(vy, m)vds =0 (t > 0),
00
v2(0, x) = ¢(x) (x € E),
£0) =ty, @ (0) = wo,
where
f==2(Vp - V)vg — u(Ap)vg + dv1 — pAvy, (7.40)
t(x) = ()Y (x) +v1(0,x) (x € E). (7.41)
Moreover, we have
div f(t,x) =0, dive(x)=0 (t>0,x € E),
suppf(t, ) C{d—-2<|x|<d—-1} (t>0). (7.42)
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Denote
Voo =¢1g + (bg + wo X x) 1,
and

Va(t, x) = va(t, x)1g(x) + (£(t) + 0 (1) x X)Lo(x) (t >0, x € R).
(7.43)

Recall that Uy € Ran(']I“?), in particular Uy € D(AZ’) for every m € N. Therefore

Voo € D(A?) for every m € N and there exists a constant C > 0, depending on m
and ¢, such that

IVaollpag) < Con IUollpeag - (7.44)

Using (7.31), (7.32), (7.36) and (7.37), we infer that there exists a constant C > 0,
depending only on m and ¢, such that

LF G g e < Cn (LA D 2N 31 0ms2.g (¢ > 0). (7.45)

On the other hand, applying the variation of the constants formula to (7.39), we have

t
Vat, ) = T Vi + / 9 f(s,)ds (t=0). (7.46)
0

The last estimate, combined with Lemma 7.9, can be used, following line by line the
end of the third step of the proof of Lemma 5.3 in [15], to obtain the existence of a
constant C (depending only on d, m and ¢), such that for every > 0 we have

IVat, Mam.g £y < Cn (L4072 (luoll3 /415 2m12.4. + €0l + leol) -
(7.47)

18, Vat, Mlamg £, < Cn(1+ 872 (luoll3 /g1 2m14.4.5 + €0l + laol) -
(7.48)

Final step. Estimates (7.26) easily follow by combining (7.38) with the estimates
(7.31)=(7.33), (7.36), (7.37), (7.47) and (7.48). The estimate (7.27) can be obtained
similarly. Putting together (7.26) and (7.27), from (7.191) we obtain

IV Momg g < 1000 lamg. £y + 1AW o g £,

< C(L+ 07 (luollz/g142ms4.9.£ + 100l + leol) = 0).

Then the estimate (7.28) follows from the above estimate after redefining 7= as 7 —

/ 7 dx and applying Poincaré type inequalities. O
Eq
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The results in Lemma 7.9 and Proposition 7.10 provide decay estimates for the
restrictions to bounded sets of the solution u of the linearized problem. The result
below provides decay estimates for the restriction of u(z, -) to the exterior of the
bounded set E; introduced in Lemma 7.9.

Proposition 7.11 With the notation and assumptions of Remark 7.7 and Theorem 7.1,
let d > Ro + 5. Moreover, assume that Uy € Ran(']l“(f). Then, for g € (1, 00) and
r € g, 00), there exists a positive constant C, depending only on E, d, q and r such
that,

N, My qxj=ay < CA+D7 (luolliz/g14120147.4.E + ol + lwol) . (7.49)

and for g € (1,3] and r € [q, 3], there exists a positive constant C, depending only
on E, d, q and r, such that

IVut, iy geg=ay = €A+ (luoll3/g1+120147.9. + 10l + lol) . (7.50)
where [s] denotes the integer part of s € R.

Proof Let x € C*®(R?) be such that x(x) = 1 for [x| > d and x(x) = O for
|x] < d — 1. It follows that for every + > 0 we have that supp div(xu(t,-)) C
{d —1 < |x| <d}. Then there exists v3(z,-) such that div vy = div(xu),
supp v3(t,-) C {d — 1 < |x| < d} and for every m € N, we have

_3
1032, Mg < CA+07 (luollz/grrmiz.g.e + 1ol + lwol) (7.51)
_3
18:03(t. g < CA+ 072 (lollisjgrimsag e + 1ol +leol) . (7.52)

for some constant C > 0 depending on m and ¢. To derive the last two estimates we
have used Bogovskii Lemma, (7.26) and (7.27). We now define

va(t, x) = x(Xu(t,x) —v3(t,x) (>0, x e R3). (7.53)
Note that div v4 = 0 so that vy4 satisfies

dvs — pAvs +V(xm) =h, diviu=0, (t>0,xeR?),

v4(0, x) = v40(x) (x e RY), 79
where
h=—-2(Vyx - -Vu() — pn(Ax)u + d,v3 — uAvs + 7w Vy, (7.55)
and
vio(x) = X (NUp(x) — v3(0,x) (x € RY). (7.56)
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Note that, since all the functions appearing in (7.54) are supported away from O, the
function v4 shares all the properties derived in Lemma 5.5 and proofs of Theorems 1.2
and 1.3 of [15]. In particular,

v, )N, < CA 4077 (luollz/g1+120147.9,. E + €0l +lol) (1 <g <r < o0),
(1.57)

and

IVua(e, )l < CA+07 "2 (luoliz /g4 120147.9.E + 10l +lwol) (1 <gq <r <3).
(7.58)

By combining (7.57), (7.51) (with m = [20] + 1) and Sobolev’s embedding theorem
we conclude that

Nlu@Il, (x1=ay < 3O, £+ llva@)ll,
= Cllvs®llpo11.q9. + llva@ll,

_3

< C 4072 (luoll3/g14m+3.9.2 + €0l + lwol)
+ CA+ 077 (luoll3/g14m+7.9.£ + €0l + lwol)

< C 4077 (Iluoll3/g14m+7.9.£ + €0l + leol) -

This completes the proof of (7.49).
Finally, the proof of (7.50) is obtained similarly from (7.58), together with (7.51)
(withm = [20] + 2). O

We are now in a position to prove the main result in this section.

Proof of Theorem 7.1, items (i)-(iii) For small times, Theorem 7.1 items (i)—(iii) simply
is Theorem 7.8, and we thus only focus on the estimates of Theorem 7.1 items (i)—(iii)
for times larger than 1.

To prove (7.1), it suffices to note that, for every U € X7 we have ']I‘?U € D(A’;)
for any k € N, so that applying (7.26) with m = O we obtain

H"JI‘;’HU”%BR <CU+07 MU, ps (¢ >0,U €X9). (7.59)

Concerning (7.2), we first note that this estimate holds for r € (0, 1] (see (7.20)).
Again applying (7.26) with m = [20] 4 1, we get

1T U, g, = € ITE Ul gy, = CO D™l > 0.U € X,
and by (7.49)
I T U, oy = CA+DTNU N s (¢ >0,U € X9).
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The above two estimates give (7.2) for r > 1.
The proof of (7.3) follows analogously by combining (7.21), (7.26) and (7.50). O

To complete the proof of Theorem 7.1, it remains to show that (7.2) holds for r = oo
and 1 < g < oo. To this aim, we first prove the following result

Proposition 7.12 With the notation and assumptions of Remark 7.7 and Theorem 7.1,
let d > Ry + 5. Moreover, assume that | < q < oo and Uy € Ran(T(f). Then, for
q € (1, 00), there exists a positive constant C, depending only on E, d and q, such
that for every t > 0, we have

_3
ltlloo,r < €+ D72 (luolliz/grerg.e + 100l +leol), (¢ =0),  (7.60)

where [s] denotes the integer part of s € R.
Proof Combining (7.38) together with the estimates (7.32)(with m = 0,r = o0),
(7.36)(with m = 3) and (7.47) (with m = 2), we deduce that

llloo, £, < CCL 4072 (luoli3/116.9.2 + 100l + lwpl) . (=0, 1< ¢ <o0),
(7.61)

where the set E; has been defined in Lemma 7.9. Moreover, using (7.51) withm = 3
we also have

_3
lv3(t, Moo = C(L+1) 24 (lluoli3/g146.4.£ + [0l +lwol), (120, 1 <g < o0),
(7.62)

where v3 is defined as in Proposition 7.11. Therefore, by virtue of the decomposition
(7.53), it remains to show the L> estimate of v4, where vy is defined by (7.54). Recall

the definition of A from (7.55). Using (7.26), (7.28), (7.51) and (7.52), we obtain for
any m € NU {0}

_3
Gt Mim,g < CA+1)"2 (luoli3/q14m+4.q,E + €0l + lwol), (= 0,1 < g < o0).
(7.63)

Let us take go = min{5/4, q}. Then using (7.32) and the above estimate, we evaluate

lva @, Ilioo

t
<C <<1 + 072 ugo 3 /g141.4 + /0 (1 +1=)730 W)l 3/901+1.00 ds)

t
<C ((1 + 072 ugo 3 1414 + fo (A +1 =730 1)l 3/90141.4 ds)

T 1
2
= € (lollegi7.0.6 7+ leol + loo) (“ o +/0 (41— 32001 + )32 ds)
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_3
<CU+1)" 2 (lluoli3/q147.4.E + [0l + lwol) -

Note that, in the above estimate, we have used the fact that # has compact support,
which comes from its definition in (7.55) and the fact that v3 is compactly supported.
The above estimate together with (7.61) and (7.62) implies (7.60). O

Proof of Theorem 7.1, item (iv), estimate (7.2) for g € (1, 00) and r = 0.
Note that, for every U € X9 we have 'IF‘{ U e D(A’;) for any k € N. Thus applying
(7.60) we have

|IT¢, U] <Ca+073|Ullxe (t>0,1<gq <00, UeX).
This proves (7.2) for g € (1, 00),r =00, and ¢t > 1.
Fort € (0,1),1 < g < o0, and g9 > max{3, ¢}, we apply Theorem 7.8 to obtain

IT/0 ]z = CAVTIU o | TEU ]y i < €7 U

q0.E q0.E
O<t<l1, UeX9).

where the constant C is independent of ¢. This completes the proof of item (iv) of
Theorem 7.1. O

8 Proof of the main results

In this section, we focus on the analysis of the non-linear fluid-structure model, assum-
ing that the rigid body is a ball. Note that this assumption has been already used when
fixing the frame via a simple translation, which drastically simplifies the structure of
the non-linear terms. Given ¢ > 1 we continue to use the notation X? for the space
defined in Eq. (3.1) and T for the fluid structure semigroup introduced in the previous
sections. However, to simplify the notation and when there is no risk of confusion, the
fluid-structure semigroup will be simply denoted by T. Similarly, if the appropriate
value of g is clear from the context, the projector IP;, introduced in Proposition 3.2, is
simply denoted by P.

The arguments we are using are close to those in Kato [16], with several adaptations
necessary to tackle the extra term coming from the motion of the rigid body, in a spirit
close to [6], and with the extensive use of the results obtained in the previous sections
on the fluid-structure semigroup, and in particular Theorem 7.1.

We rely, in particular, on the following lemma, which is a rather straightforward
consequence of Theorem 7.1:

Lemma 8.1 Let pg and qo be such that qo € [3/2, 00) and po € [qo, o0]. Then there
exists C > 0 such that for every F € L% (R3; R3*3) satisfying F = 0 in B and
divF € [L’(R3)]3for some r € (1, pol\{oo} we have

TP, div Flp, < Ct=3/20/a0= /P12 g p (1 > 0). 8.1
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Proof The proof follows the same steps as those appearing in [6, Proof of Corollary
3.10]. More precisely, for F € L%(R3; R3*3) satisfying F = 0 in B and div F €

[L’(R3)]3 for some r € (1, po]\{oc}, we necessarily have F - v = 0 on d B and for
t > 0, T{P,div F is a well-defined element of X" N X*° (see Theorem 7.1).
Setting ro = max{r, qo}, we thus have that

1T B, div (F)ll,
- sup {(T;P,div (F), ¢)

, X70, X0 }
pex’o, el g <1

= sup {(div F, 'Ef/go)xr xr’ } (by Proposition 3.1 and Proposition 5.3)

/
ex’o, <1
® WHX,(/) <

sup {—/EF~VT:O¢dx= (as F=0in B)

4
9ex’o, HwHX,(/) <1

I\

o
| Fllgo, E sup ||V’H‘r0§0”q6,E~
"
9ex’0, el g <1

Finally, using (7.3), we obtain
T/ P, div Fl,, < Ct— 220121 By g (0> 0).

Now, for pg € [rg, 0o], we use

IT}Prdiv Fllpy < TS0, | 30,5500, I T} ;g Prdiv Fllyy < Com 320/ a0=1/p0=172 py

where the last estimate comes from (7.2). m]

We state below a result which, taking in consideration the notation recalled at
the beginning of this section, clearly includes our main result in Theorem 1.1. More
precisely, this result provides local in time existence of solutions for initial data in X3
and global existence of solutions of (1.2) for small data in X3, with a description of
the long time behavior of the solutions when further assuming that the initial datum
belongs to X4 for some ¢ € (1, 3].

Theorem 8.2 Let Vy € X3. Then there exists Ty > 0 such that there exists a unique
v

solution V.= | £ | € C°([0, Tol; X3) with 114V (t) € €°([0, To1; X®), 112V (1) €
1)

([0, Tol; X*°) and min{r'/2, 1}Vu(r) € C°([0, Tp1; [L3(E)]9) of (1.2), such that

tim (14V O)llzs + 12V @)l + 1200 13.) = 0.
t—

Furthermore, this solution is such that for all p € [3,00], $3/24/3-1/py ¢
CO([0, Tol: XP).
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Besides, there exists eg > 0 such that if | Voll3 < €9, To can be taken to be infinite,
ie. Ty = oo, for all p € [3,00], t3/203=1/Py ¢ Cg([O, oo]; XP), and for all
6 € [0, 1/2), min{t'/2, 1#}Vu(1) € L®(0, o0; [L3(E)]).

Forq € (1, 3], there exists eo(q) € (0, go] such thatif Vo belongs to X4 NX3 and sat-

isfies || Vollz < €0(q), then the solution V also satisfies, for all p € [max{q, 3/2}, oo],
320/a=1/ny e ([0, col; XP).

Proof Existence theory for Vi € X3. We first focus on the existence of solutions V
of (1.2).
As mentioned in the introduction, we are looking for mild solutions V of the non-
linear problem (1.2), i.e. solutions of the Eq. (1.8). For each r > 0 we identify V (z, -)
u(t, )
with a triple | £(¢t) |, where v(t,:) : E — R3 and £(¢), w(r) € R3, as described in
w(t)
(3.3).
We first remark that, since (v — £) - v = 0 on d B, we have

—1gl(v—¢)-V]v=divF, 8.2)
where
F(s,x) = —1px)(v(s,x) —£(s)) Qu(s,x) (s>0, x € R3). (8.3)
v
In particular the triple V = | £ | is a mild solution of (1.2) iff it satisfies
0]
t
Vi)y=T:Vo+ / T,—sPdiv F(s)ds (¢t > 0), (8.4)
0

where F is defined in (8.3). The above formulation will be intensively used in the
remaining part of the section, in conjunction with Lemma 8.1.
For T > 0, we introduce the class

CT)=1{Vv = with 14V e c°([0, T1; X%), t'/?v e Cc°([0, T]; X*)

e &~

and min{r'/%, 13Vv € C°(|0, T; [L3(E)]9)} ,
which we endow with the norm

IVIiga = 14V Ol po.r:x6) + 1172V Ol o 0,7:x%)

. 1)2
Hlmingt2 V0l w0 27
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v
Note in particular that, for V = | £ | € €(T), we have the estimate
w

(D] < WHVH%(T), (t>0.

We start by remarking that we are looking for a solution V' of (1.8) or equivalently
(8.4). We then define the map A : V € €(T) — A7V defined for ¢ € [0, T] by

t

ArV() =TV +f T; sP(1g(s) — v(s)) - Vu(s))ds, (8.5)
0
or, equivalently,
t
AV () =T Vo + / T;_sPdiv (1g(£(s) — v(s)) @ v(s))ds,
0

Next we claim the following lemma:

Lemma 8.3 There exists a constant Cy > 0 independent of T such that

1AV lig <IT:Vollgay+Coll Vi), (V€ €T, (8.6)
IATVE=AT VPl <ColVillgm+IVAlgaI V=11V g,
Ve, vPew(T)). (8.7)

Proof Since estimate (8.6) can be easily deduced from (8.7) by taking V¢ = 0 and
VP = v, we prove only (8.7).
Let V¢ and V? be in € (T). Then easy computations show that

AVt — ArVP (@) = /Ot T,_Pdiv G(s) ds,
where G is given by
G(s) =1g ((ws) — () @ v(s) — (£"(5) =" () ® vb<s>), (s € (0. T)).
Writing

G(s) = Le((£%s) — €°(s)) — (v*(s) — v’ (5))) ® v(s)
+1E (0 (s) — vP(5)) ® (W(s) — vP(s)), (s € (0, T,

we easily deduce that for all s € (0, T),

1G$)lle < 21Vs) — VPG ooV l6 + 1VE($)l6)
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+21V(s) = VP lls VS lloo + 1V (5) lloo)

2
= gV lea) + 1V eIV = VP ligqr).

Besides, for all s € (0, T'], div G(s) belongs to [L3(R3))? since V¢ and V? belongs
to €' (T). Therefore, using Lemma 8.1, with pg = gop = 6,

It 4 (AT V) = Ar VP | oo o.7:x9)
t 1 1
<C sup {t‘/“f ——ds}(nvaucm + IVl @IVE = VP0ig
1€(0.T] o (t—s)l/2s3/4 @ @ @

< CUV% T + IVPIeaDIVE = Voiga, (8.8)

for some C independent of 7', where we used that, by scaling, for all # > 0,

1
L L N S
0 (t — S)1/2S3/4 0 (1— s)1/2s3/4 :

Similarly, using again Lemma 8.1, with pg = 00, g9 = 6, we get, for some C
independent of 7,

12 (AT V@) — ArVE@) || Lo(0.1:x)
t 1 1
=C sup {fmf ——ds}(nV“uw VPl IV = VPl
1€(0.T] o (t—s)3/4s3/4 () (1) (T)

< CUV% T + 1VPIea)IVE = Veiga. (8.9)

To estimate V(A7 V% — A7 V?), it is convenient to first write

t
APV — ArVP @) =f T;—sPg(s)ds, (1€ (0,T)),
0
where g is given

g(s) = 1p((€%(s) — £4(s)) - Voo (s) + £°(s) - V(v (s) — v°(5)))
—Lr@*(s) — v2(5))) - Vo (s) — 1gvP(s) - V(v (s) — vP(s)), (s € (0, TD),

that we decompose as
g(s) =ge(s) + gu(s), (se€(0,T),
with
2e()=1x((£*(s)—L°(s)) - Vv (s)+ 1L (s) - V(v (s) =" (s)), (s € (0, T]),

gu()=—1r " (s)=12(5))) - Vo (s) = 1gvP(s) - V(v (s)—vP(s)), (s € (0, T]).
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We then bound g¢ in [L3(]R3)]9: fors € (0, T],

lige()ll3 < 1€9¢s) — LIV ()3, + 12OV — ")) 3.5
2
< Va Vb Vll _ Vb
=< max{s1/4,sl/z}min{l,sl/z}(” Iz + 1V ga)ll &)

< oty WV e + VP lga)IVE = VP iigr).-

We also bound g, in [LZ(R3)]9: fors € (0, T],

lgu(®)ll2 < 1V4(s) = VP lxs IV ($)lI3.2 + 1V 6l V0" = ") (5) 13,
< mma s IV e + 1 VolleanIVe = Vil

< —— = IV e + IVEIlea)IVE = VP Diga.
< mm{s3/4,sl/4}(” ey + 1V llea@)l l¢cry

Accordingly, estimate (7.3) yields
Imin{1, e 2V (AT V@) = Ar VPO oo 12135y

! min(1, 11/2} ! min{1, t1/2}
=C sup f 1/2 i (<374 12d5+/ 34 3/a A B
refo.1] | Jo (¢ —)V/2 min{s3/4, s1/2} 0 (t—s)3/4min{s3/4, s1/4)

x(IVlgry + VP lgaIVE = VP igr.

We then show that the supremum in ¢ € [0, T] can in fact be bounded by a constant
independent of 7. For ¢ € (0, 1),

t min{1, [1/2} t l1/2 1/4
=) P 5177 ds = A —(t 125 ds =c12,3/4t""" < c172,3/4,
(8.10)

/t min(1, 1) d /t e @.11)
s = ———ds = , .
o (t — ) min{s3/4, s1/4) o (7 — 5)3/4537% § = €3/4.3/4

where ¢, g is defined for (o, B) € (0, 1)? by

! 1
Cap = ——ds
“f /0 (1 —s)esh
Fort > 1, we write

' in{1,71/2
/ min{ } ds
0

(t — ) /2min{s3/4, 5172}

1 t
1 1
= [ Gt [ oy S s ane 61
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/l min{1, r/?} q
\)
o (t —s)3*min{s3/4, s1/4)

1 '
1 1
B /(; (1 — 5)3/453/4 ds + /; (1 — 5)3/4s1/4 ds = c3jaz/a +csjaa. B.13)
Consequently, there exists some C independent of 7 > 0 such that

I min{1, t/ZV (AT V@) — ArVEO) | Looo.7:123 B0
< CUV%a + IVPIea)IVE = Vo). (8.14)

Putting together estimates (8.8), (8.9) and (8.14), we conclude the estimate (8.7)
and Lemma 8.3. O

According to Lemma 8.3, for K > 0, the set (T, K) = {V € €(T), |Vlgm) <
K} is such that for all V¢ and V? in (T, K),

IATV® — ArVPgr <2CoK IV — Veig, (8.15)

where Cy is the constant in Lemma 8.3. Therefore, for K < Ko = 1/(4Cy), the map
A7 is 1/2-Lipschitz in € (T, K).

Now, for Vy € X3, the map T +— || T, Voll¢(ry is a continuous increasing function
of T, which is bounded by C||Vp||xs according to estimates (7.2)—(7.3), and which
goes to 0 as T to 0 by density of D(A3) in X3 and the decay estimates (7.2)—(7.3).

Therefore, for Vy € X3, we can guarantee that there exists a time Tx > 0 such that

IT:Vollg(ry) =< >
so that by (8.6), for K < Ko = 1/(4Cy), the set € (Tk, K) is stable by A7, ,and A7,
is strictly contractive in it. Therefore, by Banach—Picard fixed point theorem, there
exists a fixed point V € ¥’ (Tk ), which is by construction a mild solution of (1.2).

Besides, this solution is such that for all T < Tk, V|o,1) is the fixed point of A7
in €(T, K). Therefore, for T such that |T; Vol < 1/(8Cp), it is easy to check
from (8.6) that |V |, l¢r) < 2II'T: Voll%(r), and thus goes to O as T — 0.

Furthermore, V can be constructed as the limit of the sequence V41 = A7, V), for
n € N, Vi = 0, for which we have, foralln € N, V,, € ¥ (Tk, K). Elements of this
sequence satisfies

t
Va1 (@) =T Vo +/ T;—sPdiv (1g(£,(s) — v, (5)) @ vu(s))ds, (r € (0, Tk]).
0
(8.16)

In particular, using Lemma 8.1, we get
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Va1l Looo, 7 x3)

! 1
1/4 2
S C”VOHX3 + Cte[s(l)TIT)‘K] {A (t _ S)1/2S1/2 ds} ||S Vn(s)”LOO(O’TK;X())

! 1
+C sup {/ —dS}IISI/ZV(S)IlLOOO,T x00) 1 Vil oo 0, 753

1e[0,7x] LJO (t —5)1/251/2 " O T X2 T ILe0.T5: X%
< ClIVolixs + CK? 4+ CKIIVall oo 0,7 : 5% -

Therefore, taking K smaller if necessary to guarantee that CK < 1, we get that
the sequence V,, is also uniformly bounded in L*°(0, Tk; X3), so that its limit V is
also bounded in L*(0, Tk ; X3). We then easily deduce by interpolation that, for all
p € [3,00], 32U53=1/py e €O([0, Tk ]; XP).

Besides, since ||T; Vollg (o) < C1llVollxs according to estimates (7.2)—(7.3) for
some constant C1, if || Vp|x3 is small enough (namely < 1/(8CoC1)), we can take
K = 2C||W|lx3 and Tx = oo. In this case, we have from the above computations
that the above sequence V,, stays in €’ (co, K) and stays bounded in L*(0, oo; X3)
with [[Vall 200 (0,00:x3) < ClIVollx3. Consequently, when || Vo[|x3 is small enough, we
can deduce by interpolation that there exists C > 0 such that foralln € N,

sup [[£72037VPIY, | oo 0.00:50) + 1 Vallgoo) < CliVollxs,  (8.17)
PpE[3,00]

and this also holds for the limit V' of the sequence V,,:

sup (|23 7VPV oo 0. 05 + 1V 600y < ClIVolIx3-
pE[3,00]

Now, we prove that we also have that for all & € [0, 1/2), min{t'/?,?}Vv €
L>®(0, oo; [L3(E)]%), taking || Vo|x3 smaller if needed. Indeed, starting from (8.16),
that we rewrite

t
V1) =Ti Vo +/0 Ti—sP(LEEn(s) — va(s)) - Vop(s))ds, (¢ € (0, 00)),

(8.18)
using (7.3) withr =3 and ¢ = 3 and ¢ = 3/2, we have, forallz > Oandn € N,

1/2

I min{z'/, £}V, 1) 13gypy < Cminfe'/2, O3 Vo s

t
+Cmin{t1/2,t6}f (l—S)_1/2|€n(s)|||VUn(S)||[L3(E)]9 ds
0
1/2
+Cmin{t1/2,t9}/ (t—S)71/271/2||Un(s)||X3||VUn(S)||[L3(E)]9 ds
0

t
+ C min{t'/?, te}/ (t — )" v (s) Iz | Vvp ()z3 ey ds
t/2
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< Cl[Vollxs
+ClIVol / min{t /%, ) a
s

0l o (t —s)YV2max{s!/2, s¢} min{s!/2, s¢}
172

I min{s'/2, s}V v, ()l oo 0,00:123(E)P)

” ” /t/2 Inin{tl/z’ te} d ” . { 1/2 9} ( )”
+ C||V S| minys , 8}V, (s o0 .
O fo =5  min{s172, 5% I ILE Q.00 LAENP)

+ ClIVoll /t min{e 7%, %)
0llx3 i (1 — $)1/251/2 min{s!/2, 59}
1/2

ds

I min{s'/2, "}V v, ()| o0 (0.00:23(EY ) -

where we used that the sequence (V,,) satisfies (8.17), and

I max{s'/2, 5%} (5) | L (0,00) + IV () oo (0,00:33) F 152 Va9l Loo(0,00:x) < CllVolls.-

Now, arguing as in (8.10)—(8.13), one can easily check that there exists a constant
C independent of 7 such that for all # > 0,

! min{r1/2, 1%} t/2 min{r'/2, 1%}
fo (t —5)1/2 max{s!/2, s} min{s!/2, s¢} +/0 (t — s) min{s!/2, 5%}
! min{r'/2, 1%} ds < C
/,/2 (t —s5)1/251/2 min{s1/2, 5%} f=t

Consequently, combining the above estimates, we have, for all n € N,

1/2
2 V01 (Dl Lo 0.00: 23 B0y < CllVollxs

1/2

|| min{z

+C|| Vo |lsa || min{s /<, s? Vv, ()N 200 (0,00:[L3(E)?) - (8.19)
It follows that if || V|3 is small enough, then the sequence (min{r'/2, 19}V, (1)) is
bounded in L%°(0, oo; [L3(E)]®), and since v, converges to v in % (co0), we obtain
(min{r'/2, t9}Vu(t)) € L°°(0, oo; [L3(E)]°).
Uniqueness. Let V¢ and V? be two mild solutions of (1.2) with the same initial
datum V9 in the class € (Tp) such that for || V@ l%(ry and H vb @) 8010 OasT — 0.
Then, setting

et) = IV = Vllgw), te0,Tp),

according to (8.7), we have

e(t) < Co (|| Vo + |V m)> e(t), 1€ (0, Tp).
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Since [|V¢|l(r) and || %4 H%(T) goto0as T — O, there exists 7y € (0, Tp], such

that
) <1
% (10)

and thus e(fp) = 0, and V¢ and V? coincides on [0, 7p]. If 19 < Ty, it is easily seen
that this argument can be repeated on time intervals of the form [z, T] with * > #y:
Using that for t € (0, 1) such that r + 7, < Tp,

1/4
< (- Vel + V]
€~ \1t+1, % (To) “(1))

we immediately have that there exists #; > 0 such that if V¢ and V? coincide in [0, 7]
with ¢, > 1y, then they coincide on [0, min{z, + #1, Tp}]. This argument proves that
V@ and V? in fact coincide on the whole time interval [0, Tol.

The case of an initial datum in X9 for ¢ € (1,3). Let g € (1,3) and V) €
X7 N X3 with [Vollx3s < €o. Then we know that the solution V of (1.2) is global
in time and belong to % (c0), and we know that the sequence given by V| = 0 and

Vil = Aoo(Vi), ie.

o (1" + |V

Ve + ] + H VP( 41

t

Vat1(1) =T Vo +/ T —sPdiv (1 g (€n(s) — va(s)) @ va(s))ds, (¢ € (0, 00]),
0

t

=T +/ T sP(LE(a(s) = va(s)) - Vup(s))ds, (1 € (0, o0,
0

converges to V in €’ (00), and we have the estimates (8.17).

To prove that V is bounded in some class, it is enough to check that the sequence
(Vi)nen is uniformly bounded in this class.

Let us start by proving that min{1, r'/2}Vv e L*(0, oc; [Lq(E)]g). With p €
(3,00)suchthat 1/p+1/q < 1,

| min{1, t1/2}vvn+1 ||L°°(0,oo;|L‘4(E)]9) < CWVolixq

civ ! min{1, t'/2} ds
+ ClVollxs f‘ilg o (t — )3 CPF1/2372073=1/p) min(1, 51/2)

. 1/2
x || min{1, t'/?}Vv, | oo 0,005 (L9 (E)P)

t min{1, 71/2} ds
+ C|[Vollx3 sup -

>0 — )2 max{1, s1/2}y min{1, s1/2}

x min{1, £}V, [ oo 0 aori2a(2)):
where we used that, according to (8.17),

1£3/203=VP) Y, || oo 0,001 + I max{1, 11/2}€, ] 1o 0.00) < ClIVollxa-
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We then use that

sup
t>0

! min{1, ¢'/?}
- ds¢ <C,
o (t — $)3/@p)+1/2g3/20/3=1/p) min(1, s1/2}

/f min{1, ¢'/2} &) < ¢
S s 9
o = max(1, s 2 min{1, 5172} | =

which can be proved along the same lines as in (8.10)—(8.11)—(8.12)—(8.13).
This allows to deduce

I min{L, Y2}V v, 11l oo 0,00 110 (E)P)
< Cl[Vollxe + ClIVolixs Il min{1, £'/2}Voull oo 0 sorizaeypy- (8:20)

Accordingly, if || Vol|lx3 is small enough, we have that

| min{1, t'/2} Vv, ll oo (0.00: (L4 (E)%)

1 .
< ClVolixe + zll min{1, tl/z}vv"||L°°(0,oo;[L‘1(E)]9)’

so that the sequence (minf{l, 2V o) nen is uniformly bounded in L°°(0, oco;
[Lq (E)]g), and passing to the limit » — oo, min{1, tl/z}Vv belongs to L°°(0, co;
[L1(E)]").

Accordingly, min{r'/2, t}(v, — ¢,) - Vv, belongs to L>(0, co; L (R?)) and we
can use Lemma 8.1 for g > max{q, 3/2}.

Then we set go = max{q,3/2}, and we next prove that r3/>(1/4=1/90)y ¢
L>®(0, 0o; X90) and ¢3/20/4=1/0y ¢ (0, co; X0). In order to do that, again we
look at the sequence (¢3/21/4=1/40y,), . in L%°(0, oo; X490):

[|73/21/4=1/40) 1l oo 0.00:5290) < C I Vollxa

! £3/2(/q—1/q0)
* C?Eg /(; (t —s)1/251/253/2(1/q=1/490) ds

X Vil g (oo 122721/ Y | oo 0, 00: 50909
< ClIVolixe + CliVolixs 12272V 470V, || 1 (0,.00: 5109 -

This implies that for || V|3 small enough, the sequence 32 Va=1Ya0 vy, N is
uniformly bounded in L°°(0, co; X90) by C|| Vy|Ixa.
Similarly, we consider the norm of £3/2(1/9=1/6) V, in L°°(0, oo; X6):

113207471V, ] 00,0058y < C I Vollxze

12 £3/2(1/q—1/6)
+Csup /0 (t — $)1/2F32(a0—1/6) 5172537201 /g —1]q0) ds

t>0
320/9=1/q0)y,

X N Vallg ool 'l Lo (0,00, x90)
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: £3/201/4-1/6)
/ 24O, s

2 @ sy O [ 1Vleeoll

< ClVollxs + ClVollss [ Vollxe + CliVollxa 1227247V oo 0,00:%6) -

+Csup{

t>0

Accordingly, if ||Vollx3 is small enough, the sequence (t3/2(1/q_1/6)V”)neN is
bounded in L>(0, 00; X®) by C||Vollxe + CllVollxs | Vollxa-

Therefore, the limit V of the sequence (V,),en satisfies 320/a=1/q)y ¢
L>(0, 00; X40) and 3/2(1/4=1/0y ¢ [,°°(0, oo; XO).

Then, we use that V satisfies

t
Vi) =TV +/ T —sPdiv (1 (£(s) — v(s)) ® v(s))ds, (1 € (0, o0,
0

and the fact that, from our previous computations, there exists C > 0 such that for all
s >0,
C
RYERTE )
C
< —_—
= §3/Q)+1/4°
) C
1(€Cs) = v(s)) @ v()lyy < 2V ()loo IVl < S123721/q—1q0)
C
< — .
= s1/2+3/2(1/9—1/q0)

[(€(s) —v(s) @ vl = 2NV )lloo IV$)le =

Next, using Lemma 8.1 with go and pg = oo for s € (0,¢/2), and with 6 and
po = oo fors € (t/2,t), we have

13/ COV (1)l L (0.00: %) < ClIVollxa

t>0

r /3/29)
+/t/2 (t — 5)3 /45324 +1/ ds

<C < o0.

1/2 13/C9)
+C sup /o (t — 5)1/2+3/(240) §1/2+3/2(1/q~1/q0) ds

Therefore, 132DV (1) € L*®(0, co; X*). Since we have already proved that
320/a=1a)y ¢ (0, 0o; X%), we conclude by interpolation that for all p €
[qo0, oo], $3200/q=1/p)y ¢ L%°(0, oo; XP). O

9 Concluding remarks and open questions

The main result in this paper, namely Theorem 1.1, concerns the wellposedness of the
system modelling the motion of a rigid ball in a viscous incompressible fluid filling
the remaining part of R? and asserts that the position of the centre of the ball tends,
when t — 00, to some position i, € R3. This result differs from those previously
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obtained in two space dimensions in [6], or for a simplified 1 D model in [29], where
it has been shown that the distance of the centre of the ball to the origin tends to 400
when t — oo. Several open questions seem natural in view of our results.

One of the most challenging ones, for which we have no track at this stage, is
determining /1, from the initial data.

Another natural question is the generalization of Theorem 1.1 for a body of arbitrary
shape. When the rigid body is not a ball, writing the equations in a fixed domain
requires the use of more delicate changes of variables, since it has to include the
rotation of the body. There are basically two ways of doing that: one consists in
setting v(t, x) = Q*(t)u(t, h(t) + Q(t)x) , where Q(¢) is the rotation matrix of the
body, that is the solution of 0N 0*(H)x = w(t) x x starting from Q(0) = Id. The
problem is that such change of frame would induce in the fixed frame a term of the form
(w x x) - Vv which our estimate does not allow to handle since the identity mapping
does not belong to L°°(E). The alternative approach proposed in [4], which consists
in constructing a change of variable which follows the structure in a neighbourhood
of it and equals the identity far from the body, seems more suitable to deal with the
non-linear terms. However, this change of variable introduces a lot of delicate terms
which we do not know how to handle in the above setting so far. In fact, even in two
space dimensions, the existing results (see [6]) provide an analysis of the motion of
a rigid body in a viscous incompressible fluid in R? only in the case when the rigid
body is a disk.

Finally, let us mention that the counterparts in two space dimensions of some of
our results in Sects. 4—7 have been used in Takahashi and Lacave [18] to study the
behaviour of solutions of (1.2) when the radius of the rigid ball tends to zero (see
also He and Iftimie [12] and references therein). We believe that the approach in
[18] can be adapted to the three dimensional case by using our results on the fluid
structure-semigroup and its generator, but this deserves further work.
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Appendix A

A.1 Proof of Proposition 3.2
We first show that every u € [L" (Q)]3 can be written in the form u = v + w| + w»,
with v € X7(Q), w € G{(R) and wy € G3(RQ).

To this aim, let g11 be the solution of the problem

Agi1 =divu in Q, g1 =0 ondf.

Thus g1 € Wol’q (2) and we have div(z — Vg11) = 01in €2. Accordingly (# —Vgqi1) -v
is well-defined on 92, and we can solve

Agi2 =0 in , dvq12 = (u —Vgq1)-v onaf.
Setting then g1 = g11 + ¢12, and w; = Vg, wi € G{(RQ), and div (u — w;) = 0in
Qand (u —wip) -v=0o0n09L2.
Since we are looking for v € X9(2), we know that
v=4~Ly+w, xx forx e O, (A.1)

for some £, € R3 and w, € R3. We set

e(x) =ux) —Vqi(x) — €, —wy, xx x €0, (A.2)
and

Vg, inE
wzz{ 72 1 Eq (A3)

[0 in O.
Since we are looking for wy € Gg (£2) we require
1 1
sz—/ (u—Vq —¢@)dx = — /(u—Vql)dx-i-/ qvds|, (Ad)
m Jo m|Jo 90
and

1
wvz—E/O(u—Vql—qa)xxdx

=_l|:/(u_Vq1))<xdx+/ q21)X)Cde|, (A5)
J o 90

where m and 7 are defined in (3.11).
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Now we define g> as the solution of the Neumann problem

qu :0 in EQ,
9g>
By =0 on 0€2, (A.6)
ad
%:(u—vql)-v—(ﬂv—i—wvxx)w on 00,
v

where £, and w, are defined in (A.4) and (A.5), respectively. Note that, g solves a
Laplace equation with non-local boundary condition. As shown below, we have that
g>» € W4 (Eq) and there exists a constant C depending on ¢, € and O such that

lg2ll1 4,2 = Cllullyq- (A7)
In this case we can determine ¢, and w, from (A.4) and (A.5) respectively. Conse-
quently, we obtain ¢ and w; from (A.2) and (A.3) respectively. In particular, we have
that wy € Gg(Q) and by setting v = u — w — wy we can verify that v € X7(Q).

We still have to prove that go € W4(Q) and (A.7) holds. If ¢ = 2, this is a
consequence of Lax—Milgram Theorem (see for instance [5, Lemma 1]). If ¢ # 2, we

employ a density argument. Assume that u € [C@"(Q)]3 and g7 solves (A.6). Then
there exists a constant C depending only on ¢, €2 and O such that

lg2ll1.4.£q < C (lullg.q + 1€u] + @) - (A.8)
Next, by following the arguments of the proof of Theorem 2.2 in [30], we have
€| + lwy| = Cllully o (A.9)

where C is a positive constant depending only on ¢, 2 and O. The above two estimates
yield that there exists a positive constant C, depending only on ¢, 2 and O, such
that estimate (A.7) holds. Thus the conclusion follows by a density argument. This
completes the proof of the existence of a decomposition with the required properties.
The proof of uniqueness of the decomposition is similar to that of [30, Theorem 2.2].

A.2 Proof of Proposition 3.3

Let Y7(2)1 and (Y9)+ be the annihilators of Y7 (2) and Y4 respectively, i.e.,
Y9(Q)* = {u € L"/(SZ) | / u-vdx =0forallv e Yq(Q)} ,
Q
(YOt = {u e LY R | / u-vdx =0forallv e Y‘I} .
R3

Let us set G¢'(Q) = GY () & GI () and G7 = G7 @ GY .
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Step 1. We claim that Y/ (Q)+ = G7 () and (Y?)*+ = G9'.
Let us assume that u € G (Q) = G! (Q) & GJ (), i.e., u = uy + up with

wy € GT(Q) and uy € G (Q). Let us take v € CX(Q), divy = 0in L, and
Dv = 0in O. Then we have

/u1~vdx:/Vq1~vdx:0,
Q Q

and
/ ur -vdx = / Vgr -vdx + f @y +wy, xy)dy (‘using the definition of G‘{(Q))
Q Eq O

=[ 42((€v+wu><y)-v)d‘v+f @by +wy xy)dy =0.
20 @]

Thus by density fQ u-v=0forall v e Y/(Q). This shows that u € Y?()" and
G7 () C Y(Q)*. In a similar manner, we can show G C (Y9)*.
Conversely, let us assume that u € Y9(2)*. Then according to Proposition 3.2,

Uu=w-+wy w= ]qu’gu, wo € qu(Q).

Since u € Y4(Q)*+, by similar calculation as above, we obtain for all v € C2°(£2),
withdivv =0in Q and Dv =01in O,

0:/u'vdx=/wovdx.
Q Q

We claim that w € Gg,(Q). By choosing, v € C°(Eq) with divv = 0in Egq, we
have

/ w-vdx =0 forallv e C(Eq), withdivv =0in Eg.
Eq

Then by de Rham’s theorem there is a distribution ¢ such that w = Vg, in Eq.
Further, from the fact that w € X7 (2) we have ¢ € LIIOC(EQ), and if 2 is a bounded

domain we have ¢ € Wl’q/(EQ). Furthermore, we have w = £,, + w,, x y in O, and

Osz-vdxzf w-vdx +mly - by + Twy, - @y,
Q Eq

forallveCfo(Q), withdivo =0inQ2, Dv=0in O, andv = ¢, + w, x y in O.

In particular,

/qzv-vds+m£u)-ﬁv+jww-a)U=O,
a0
forall v e C°(Q), withdivo =0in 2, and Dv =01in O.
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Now by choosing v as above with v = £, in O we infer that

/ qzvds:—méw:—/ wdy.
90 @

Similarly, by choosing v = w, x y in O we get

—/ qzvxyds:/wxydy.
20 @)

Therefore w € G‘/(Q). Since by construction, w = IP,s qu belongs to X‘/(Q), and
X9'(Q) NG9 (Q) = {0}, w = 0 and u = wy belongs to G4 (). The proof is similar
when Q = R3.

Step 2. By Proposition 3.2, we have X4 = [L4 (2)]?/G% (). Then

x1(@) = x7(@)" = [ @1/67 @] = [GWQ)T = YI(Q).

The same also holds when Q2 = R3.

Appendix B Optimality of the decay estimates in (7.2) in the case of a
ball

In this section, following [21, p.441], we prove the optimality of the decay estimates
(7.2) when O is the unit ball (the extension to any ball can be done analogously and
is left to the reader).

Theorem B.1 Let O be the unit ball, and T be the fluid-structure semigroup intro-
duced in Theorem 6.1 for q € (1, 00).

There isno e > 0 andr > q > 3/2 with r < oo such that the semigroup T; = T}
satisfies

IT:Ullxr < Ct7 7" Ullxe (¢ >0, U eX, (B.1)

—3(1_1
wherea—z(q -).

In other words, item (ii) and (iv) of Theorem 7.1 are sharp decay estimates.

Proof First, using the semigroup property and the decay estimates (7.2), if (B.1) holds
for some r € [3/2, oo] and g € [3/2, r], writing

ITell 22, xo0) = | Te/3 ||L(Xr,xoo) I T3 ||L:(Xq,xr) |Te/3 HE(X3/2,XL1)

the decay estimate (B.1) holds for r = oo and g = 3/2. Therefore, in the following,
we suppose without loss of generality that (B.1) holds with r = co and ¢ = 3/2, i.e.

IT,Ullgee < Ct7 '8 |Ullgs (¢ >0, U e X¥/?). (B.2)
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Following the arguments in [21, p.441], we will prove that if this estimate holds,
then the Kirchhoff potential (see e.g. [11, p.163])

_3(x e Lix e _ 3w
o= (et i) =3 Cppn i) p0= e wen. @3
would belong to L3(E), which is obviously not the case.
Indeed, recalling that we assumed that O is the unit ball. One can then check that
(v, p) in (B.3) satisfies the equations
—uAv+Vp=0, divv=0 (xe€kE),
{ v =ej, (x € 00). (B4)

Also note that V given by V|g = v and V|p» = e belongs to all X7 with g > 3.
Next, let ¢ € (1,3/2) and consider a datum Uy € X9 N X3/2. With the notations
of Remark 7.7, U (t) = T;Uy corresponds to (u(t), w(t), £(t), w(t)) solving (7.19).
Multiplying then the equation (7.19)(1y by v, integrating on E, doing integration
by parts and using the boundary conditions, we get

d
—<m€~e1+/u-vdx>+/ oc,pv-l+wxx)ds =0,
dt E 90

and integrating in time on (0, T') for some 7" > 0,

T
(V,Uo)xg' xqa = (V> U(T))xq xa +/ /Oo(v, pv-(l+wxx)dsdt. (B.S)
’ ’ 0 9

On one hand, using the decay estimate (7.2), fors € (g, 3/2), wehave [|U(T)|xs <
CT % ||Up||xe for some positive decay rate oy > 0, and since s’ > 3,

(V. UM))xq x|l = KV, UM))gs 5] < CT* |V Ixs [1UolIxs -

On the other hand, using (7.2) with r = 3/2, we get that for all + > 0, |[£(¢)| +
lwo(t)] < C||Uollx3/2, while the estimate (B.2) implies that for all # > 0, |[£(¢)| +
lo(®)] < Ct=17¢(|Upllx32.

Accordingly, using identity (B.5), we get, for all Uy € X7 N X32and T > 0,

r 1
IV, Ub)xq' xql = CT | Viixs 1Uolixe + Cllo (v, p)lle(aO)/O mdtlonllxa/z-
Letting T go to infinity, we obtain that for all Uy € X4 N X3/2,
IV, Uo) e xal = CliUolIx3/2. (B.6)

This implies that V € X3 from [21, Lemma 2.6], and from the explicit formula of
V (recall (B.3)), we get a contradiction. O
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