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Abstract

In this paper, we introduce a new notion of the Hermitian holomorphic vector bundles
satisfying the optimal L>-estimate, and give a characterization of Nakano positivity for
Hermitian holomorphic vector bundles via the notion. As an application, we provide
a new method to obtain Nakano positivity of direct image sheaves of twisted relative
canonical bundles associated to holomorphic families of complex manifolds. We also
present a comprehensive picture about converses of L”-estimates and L”-extension
for a.
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1 Introduction

Positivity (e.g., both Nakano and Griffiths positivity) of Hermitian holomorphic vector
bundles play an important role in several complex variables and complex geometry.
Nakano positivity implies Griffiths positivity. Some important and influential results
are obtained under the assumptions of Nakano or Griffiths positivity. For example,
an L2 existence theorem by Hormander [21] and Demailly [9] asserts that if a her-
mitian holomorphic vector bundle over a weakly pseudoconvex Kihler manifold is
Nakano positive, then the solution for 9 with L? estimate exists. Therefore, the char-
acterizations of Griffiths and Nakano positivity for Hermitian holomorphic vector
bundles are important. Although there exists characterization of Griffiths positivity
for a Hermitian holomorphic vector bundle, the characterization of Nakano positivity
for a Hermitian holomorphic vector bundle seems not to be available. In this paper, we
find an unexpected way to approach the characterization problem by considering the
converse problem of the above famous L? existence theorem. In particular, we give
an answer to the characterization problem, proving that the converse proposition of
the L? existence theorem holds. Another purpose of this paper is to present a global
picture of various converses of L”-theory for 9.

To state our results, we first introduce some notions which play a fundamental role
throughout the paper.

Definition 1.1 Let (X, w) be a Kihler manifold of dimension n with a Kihler metric
w which admits a positive Hermitian holomorphic line bundle, (E, /) be a (singular)
Hermitian vector bundle (maybe of infinite rank) over X, and p > 0.

(1) We call (E, h) satisfies the optimal LP-estimate if for any positive Hermitian
holomorphic line bundle (A, h4) on X, for any f € C°(X, /\"'1T;§ REQA)
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@)

with E_Jf =0, thereisu € LP(X, /\”’OTX* ® E ® A), satisfying u = f and

— P
[ Wlhandvi < [ B3 nEave,

provided that the right hand side is finite, where B, = [i®45, ® IdE, Ay].
We call (E, h) satisfies the multiple coarse LP-estimate if for any m > 1, for
any positive Hermitian holomorphic line bundle (A, h4) on X, and for any f €
CE(X, N ITFQE®" @A) withd f = 0, thereisu € LP(X, A"OT3;QE®"®A),
satisfying du = f and

— p
/X|u|,f®m®,,Ade < cme<BA},Mf, f)2dv,,

provided that the right hand side is finite, where C,, are constants satisfying the
growth condition % logCy,, — 0asm — oo.

Definition 1.2 Let (E, h) be a holomorphic vector bundle (maybe of infinite rank)
over a domain D C C" with a singular Finsler metric /4, and p > 0.

ey

©))

We call (E, h) satisfies the optimal L?-extension if for any z € D,and a € E;
with |a| = 1, and any holomorphic cylinder P with z + P C D, there is [ €
HY(z + P, E) such that f(z) = a and

#f P <1,
w(P) J4p N

where w(P) is the volume of P with respect to the Lebesgue measure. (Here by a
holomorphic cylinder we mean a domain of the form A(P, ) for some A € U (n)
andr,s > 0,with P, s = {(z1, 22, ..., z0) : 2117 < 72, 1222+ -+ |zl < 52)).
We call (E, h) satisfies the multiple coarse LP-extension if for any z € D, and
a € E, with |a| = 1, and any m > 1, there is f,, € HO(D, E®™) such that
fn(z) = a®™ and satisfies the following estimate:

f | fm]? < Cn,
D

where C,, are constants independent of z and satisfying the growth condition
%logcm — 0asm — oo.

(See Sect. 2.4 for the definition of singular Finsler metrics.)

Remark 1.1 Similarly, one can define the optimal (resp. multiple coarse) L?-extension
condition for a Hermitian holomorphic vector bundle (E, &) over a Kihler manifold X.
But it is clear that if (E, h) satisfies the optimal (resp. multiple coarse) L?-extension

on

X, then it admits the same condition when restricted on any open set D of X. So

we just focus on bounded domains in Definition 1.2. However, it is not the case for
the optimal (resp. multiple coarse) L?-estimate condition since a positive Hermitian
line bundle over an open domain in X may not extend to X.
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The notions defined in Definitions 1.1 and 1.2 for trivial line bundles were studied
in [12]. The multiple coarse L?-extension condition for vector bundles with singular
Finsler metrics was introduced in [13], and the multiple coarse L2-estimate condition
for Hermitian vector bundles was introduced in [22], which was named as the twisted
Hormander condition there. A concept called “minimal extension property”, similar
to the optimal L2-extension condition, was introduced in [20]. Instead of holomorphic
cylinders, embedded holomorphic discs was used in the definition in [20].

The first and the main result is the following characterization of Nakano positivity
in terms of the optimal L?-estimate condition.

Theorem 1.1 Let (X, w) be a Kihler manifold of dimension n which admits a pos-
itive line bundle, (E, h) be a smooth Hermitian vector bundle over X, and 6 €
Co%X, AV'T{ ® End(E)) such that 0% = 0. If forany f € C°(X, A" T} @ E® A)
with 5f = 0, and any positive Hermitian line bundle (A, ha) on X with i®4 p, ®
Idg+60 > 0onsupp f, thereisu € L*(X, A"*OTX* ® E ® A), satisfying du = f and

/X 4l dVe < /X Byl o fs Pnnad Vo

provided that the right hand side is finite, where By, 9 = [i©Oa n, ® Idg + 6, Ay,
then i®f j, > 0 in the sense of Nakano.

On the other hand, if in addition X is assumed to have a complete Kdhler metric,
the above condition is also necessary for that i®f j, > 0 in the sense of Nakano.

In particular, if (E, h) satisfies the optimal L2-estimate, then (E, h) is Nakano
semi-positive.

We prove Theorem 1.1 by connecting © g j, with the optimal L2-estimate condition
through the Bochner—Kodaira—Nakano identity, and then using a localization technique
to produce a contradiction if i®f j, > 0 is assumed to be not true.

As for the Griffiths positivity for singular hermitian or Finsler holomorphic vector
bundles, we have the following results.

Theorem 1.2 Let (X, w) be a Kdihler manifold, which admits a positive Hermitian
holomorphic line bundle, and (E, h) be a holomorphic vector bundle over X with a
continuous Hermitian metric h. If (E, h) satisfies the multiple coarse LP-estimate for
some p > 1, then (E, h) is Griffiths semi-positive.

Remark 1.2 If X admits a strictly plurisubharmonic function, it is obvious from the
proof that, in Theorems 1.1 and 1.2, we can take A to be the trivial bundle (with
nontrivial metrics).

The case that p = 2 and & is Holder continuous for Theorem 1.2 was proved in [22],
by showing that the multiple coarse L2-estimate condition implies the the multiple
coarse L>-extension condition and then applying [13, Theorem 1.2]. The case that E
is a trivial line bundle was proved in [12]. The proof of Theorem 1.2 is based on the
technique in [22].

Theorem 1.3 Let E be a holomorphic vector bundle over a domain D C C", and h be
a singular Finsler metric on E, such that |s|p» is upper semi-continuous for any local
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holomorphic section s of E*. If (E, h) satisfies the optimal LP-extension for some
p > 0, then (E, h) is Griffiths semi-positive.

A first result in this direction was given by Guan—Zhou in [17], where they showed
that Berndtsson’s plurisubharmonic variation of the relative Bergman kernels [1] can
be deduced from the optimal L2-extension condition. By developing Guan—Zhou’s
method, Hacon—Popa—Schnell in [20] proved that a Hermitian vector bundle (E, k)
with singular Hermitian metric is Griffiths semi-positive if it satisfies the so called
minimal extension property, a notion defined there as mentioned above. Theorem 1.3
is proved by combining the ideas in [17,19,20] and a lemma in [12].

Theorem 1.4 Let E be a holomorphic vector bundle over a domain D C C", and h be
a singular Finsler metric on E, such that |s|y+ is upper semi-continuous for any local
holomorphic section s of E*. If (E, h) satisfies the multiple coarse LP-extension for
some p > 0, then (E, h) is Griffiths semi-positive.

Theorem 1.4 was originally proved in [13]. In this paper, we give a new proof based
on the idea in the proof of [12, Theorem 1.5].

We should emphasize that Theorems 1.1-1.4 are true for vector bundles of infinite
rank, as well as for those of finite rank.

Remark 1.3 n applications, it is possible to prove that (E, e®h) satisfies the optimal
LP-extension for some ¢ € C O(D), by Theorem 1.4, which implies that

iOp >idd¢p ® Idg

in the sense that 199 log |s|i* > i9d¢ in the sense of currents, for any nonvanishing
local holomorphic section s of E*.

We now explain why Theorems 1.1-1.4 can be roughly viewed as studies of the
converses of L?-estimate for § and Ohsawa—Takegoshi type L>-extensions.

Let (X, w) be a weakly pseudoconvex Kihler manifold, and (E, &) be a Hermitian
holomorphic vector bundle over X. If the curvature of (E, &) is Nakano semi-positive,
then (E, h) satisfies the optimal L>-estimate and the multiple coarse L?-estimate by
works of Hormander [21] and Demailly [9]. Combining Theorem 1.1, we see in this
setting that Nakano positivity for (E, h) is equivalent to satisfying the optimal L*-
estimate.

Let (E, h) be a Hermitian holomorphic vector bundle over a bounded pseudoconvex
domain D. If the curvature of (E, &) is Nakano semi-positive, then (E, h) satisfies the
multiple coarse L?-extension by Ohsawa-Takegoshi [30], Manivel [27] and Demailly
[11], and satisfies the optimal L2-extension by Btocki [6] and Guan—Zhou [15-19].
Theorems 1.3 and 1.4 show that the optimal L?-extension condition and the multiple
coarse L>-extension condition imply Griffiths positivity of (E, h).

The second part of this paper is to apply the above theorems to study the curvature
positivity of direct image sheaves of twisted relative canonical bundles associated to
holomorphic fibrations, which is an active topic of extensive study in recent years (see
[1-5,7,13,17,20,24,31,33,34]). The main novelty here is that Theorem 1.1 provides a
natural explanation and a very simple unified proof of the Nakano positivity of direct
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image bundles associated to families of both Stein manifolds and compact Kéhler
manifolds, with an effective estimate of the lower bound of the curvatures. One may
expect more new applications of Theorem 1.1.

We first consider a family of bounded domains. Let @ = U x D C C} x C7' be
a bounded pseudoconvex domain and p : 2 — U be the natural projection. Let h be
a Hermitian metric on the trivial bundle £ = © x C” that is C?-smooth to Q. For
teU,let

= {f € HO(D, E|{z}><D) : ||f||t2 = /;) |f|%, < OO}

and F = ]_[teU F;. Since h is continuous to 2, F; are equal for all # € U as vector
spaces. We may view (F, | - ||) as a trivial holomorphic Hermitian vector bundle of
infinite rank over U.

Theorem 1.5 Let 0 be a continuous real (1, 1)-formon U suchthati®f > p*0QIdg,
theni®p > 0 ® IdF in the sense of Nakano. In particular, ifi®g > 0 in the sense of
Nakano, then i®f > 0 in the sense of Nakano.

Let 7w : X — U be a proper holomorphic submersion from a Kéhler manifolds X
of complex dimension m + n, to a bounded pseudoconvex domain U, and (E, i) be a
Hermitian holomorphic vector bundle over X, with Nakano semi-positive curvature.
From the Ohsawa—Takegoshi extension theorem, the directimage F' := 7.(Kx,y ® E)
is a vector bundle, whose fiber over t € U is F, = HO(X;, Kx, ® E|x,). There is a
hermitian metric || - || on F induced by A: for any u € F;,

2. ~
() .=/ emtt A
X:

. o2 . .
where m = dim X;, ¢,, = i, and u A u is the composition of the wedge product and
the inner product on E. So we get a Hermitian holomorphic vector bundle (F, || - ||)
over U.

Theorem 1.6 The Hermitian holomorphic vector bundle (F, ||-||) over U defined above
satisfies the optimal L*-estimate. Moreover, if iOp > p*0 ® Idg for a continuous
real (1, 1)-form 6 on U, then i®f > 0 ® IdF in the sense of Nakano.

Theorem 1.5 in the case that E is a line bundle is a result of Berndtsson [2, Theorem
1.1], the case for vector bundles E without lower bound estimate was proved by Raufi
[32, Theorem 1.5] with the same method of Berndtsson. Theorem 1.6 in the case that
L is a line bundle is due to Berndtsson [2], and the case for vector bundles was proved
in [26] and [25] by developing the method of Berndtsson.

Our method to Theorems 1.5 and 1.6 is very different. In fact, taking Theorem 1.1
for granted, one can clearly see why Theorems 1.5 and 1.6 should be true, since it is
obvious that the bundles F in Theorems 1.5 and 1.6 satisfy the optimal L>-estimate
by Hormander’s L>-estimate for d and Fubini’s theorem.

In this paper, we also provide some new methods to show that (F, || - ||) is Griffiths
semi-positive, via Theorems 1.2, 1.3, and 1.4. By applying the tensor-power technique
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introduced in [13], we show that (F, || - ||) satisfies the multiple coarse L2-estimate; by
applying the Ohsawa—Takegoshi extension theorem with optimal estimate for vector
bundles ([17,35]), we show that (F, || - ||) satisfies the optimal L2-extension; and by
applying the tensor-power technique mentioned above and the Ohsawa-Takegoshi
extension theorem, we show that (F', | - ||) satisfies the multiple coarse L2-extension.

2 Preliminaries
2.1 An extension property of Hermitian metrics on a line bundle

In this section, we present a basic property of Kdhler manifolds, which admit positive
Hermitian holomorphic line bundles.

Proposition 2.1 Let X be a Kdhler manifold, which admits a positive Hermitian holo-
morphic line bundle, and (A, ha) be a positive Hermitian holomorphic line bundle
over X. Let (U C X,z =(z1,...,2n)) be a coordinate chart on X, such that A|y is
trivial. Then for any smooth strictly plurisubharmonic function W on U, for any point
x € U, there is a neighbourhood V. C U of x, and a positive Hermitian metric ha on

the line bundle A, such that ha = e~V on U with Uy = vly.

Proof Assume that /14|y = e~? for some smooth strictly plurisubharmonic function
¢ on U. We may assume that z(x) = 0 and the unit ball B := B is contained in U.
We may assume that ¢ > 0 on B. Let x be a cut-off function on B, such that x is

identically equal to 1 on By/4 and vanishes outside B3,4. Let q,7> =¢+ %”1”2) +c
on B, where m, ¢ >> 1 is an integer such that ¢,, is strictly p.s.h on B and ¢ > ¥ on

dB.
Now we define a function v on U as follows:

- qS outside B;
| maxe{d. ¥}, onB.
As q~5(x) = —00 < ¥ (x), and both ¢ and ¥ are continuous. Then for0 <e « 1,
there is a neighborhood V' C B of x, such that Yy = v on V, ¢ is strictly p.s.h on B.
So ¢ gives a positive Hermitian metric on A|y which coincides with e™“h4 on U\B.

DeﬁneﬁA ly = e ¥ and ﬁA =e¢ ‘hygon X\U. ﬁA is a positive Hermitian metric on
Aand huly = e V. O

2.2 Basics of Hermitian holomorphic vector bundles

Let (X, w) be a complex manifold of complex dimension n, equipped with a Hermitian
metric w, and (E, k) be a Hermitian holomorphic vector bundle of rank » over X. In
this subsection, we assume r < o0.

Let D = D’ + 9 be the Chern connection of (E, k), and O = [D',d] =
D'd + 3D’ be the Chern curvature tensor. Denote by (e, ..., er) an orthonormal
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582 F.Deng et al.

frame of E over a coordinate patch 2 C X with complex coordinates (z1, ..., Z,),
and

. . _ " _
iOpp =1 Z Cikapdzj NdzZr ® €5 ® ey, Cikip = Chkjur-
1<j.k<n,1<i,u<r

=R, 1A,

To i®f j corresponds a natural Hermitian form 6 , on TX ® E defined by

Opn(u,u) = Y Cjtapuujpitk,  u € T X @ Ey. ()
Jokhp

Definition 2.1 e E is said to be Nakano positive (resp. Nakano semi-positive) if O
is positive (resp. semi-positive) definite as a Hermitian formon 7TX ® E, i.e. for
everyu e TX® E, u # 0, we have

O, u) >0 (resp. > 0).

e [E is said to be Griffiths positive (resp. Griffiths semi-positive) if for any x € X,
all§ e Ty X with& # 0, and s € Ey with s # 0, we have

0E®s,E§®s) >0 (resp. > 0).

e Nakano negative (resp. Nakano semi-negative) and Griffiths negative (resp. Grif-
fiths semi-negative) are similarly defined by replacing > 0 (resp. > 0) by < 0
(resp. < 0) in the above definitions respectively.

Remark 2.1 The following are basic facts about Griffiths positivity and Nakano posi-
tivity.

e Itis a well-known fact that, a Hermitian holomorphic vector bundle (E, &) is Grif-
fiths positive (resp. semi-positive) if and only if (E*, h*) is Griffiths negative (resp.
semi-negative). However, Nakano positivity does not share this duality condition,
see [8, Chapter VII, Page 339, Example 6.8] for an example.

e Itis afact that, Griffiths positivity can be explained as a several complex variables
property, see Definition 2.5 in Sect. 2.4. However, Nakano positivity does not have
such a characterization.

Remark 2.2 Let (Eq, hy) and (E3, hy) be two Hermitian holomorphic vector bundles
over a complex n-dimensional manifold X. It is a basic fact that the Chern connection

DEg,gE, of (E1 @ E2,h1 ® hy) is just Dg, ® Idg, 4+ 1dg, ® DEg,, and we have the
following Chern curvature formula

OF ®E) hoh, = OF, n @ldg, +1dg, @ OF, i, .
From (1) and Remark 2.2, we get the following
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Lemma 2.1 Let (E1, hy) and (E», hy) be two Hermitian holomorphic vector bundles
over a complex manifold X. Let (E, h) := (E1 ® E>, h1 ® hy). Then if (E1, h1) and
(E>, hy) are Nakano positive (resp. Nakano semi-positive), then (E, h) is Nakano
positive (resp. Nakano semi-positive).

Lemma2.2 Let m; : X; — Y be two holomorphic submersions for j = 1,2. Let
X C X1 X Xy be the fiberwise product of X1 and X, with respect to w1 and 13,
and prj : X — X; be the natural projections from X to X; for j = 1,2. Let
(E1, hy) and (E3, ha) be two Hermitian holomorphic vector bundles over X and X»,
respectively. Denote by (E, h) the Hermitian holomorphic vector bundle (priE1 ®
pryEa, prihy ® prihs) on X. If (Ey, hy) and (E», hy) are Nakano positive (resp.
Nakano semi-positive), then E is also Nakano positive (resp. Nakano semi-positive).

Forany u € AP4Ty ® E, we consider the global L?-norm

2 2
[l =/ luly, nd Ve,
b'e

where |u|, j is the pointwise Hermitian norm and dV,, = " /n! is the volume form
on X. This L?-norm induces an L>-inner product on A”4T; ® E, and thus we can
define D’* and 9* operators as the (formal) adjoint of D’ and 9, respectively. Let

A/ — D/D/* + D/*D/, A// — 55* 4 5*5

be the corresponding D’ and 8-Laplace operators.

Lemma 2.3 (Bochner—Kodaira—Nakano identity, see [8]) Let (X, w) be a Kdhler man-

ifold, (E, h) be a Hermitian vector bundle over X. The complex Laplacian operators
AN = D'D* 4+ D*D’' and A" = 30* + 0*9 acting on E-valued forms satisfy the
identity

AN =N +[iOp s, Ayl
Letus say more on the Hermitian operator [i ®f , Ay].Letxg € X and (z1, ..., z,)

be local coordinates centered at xo, such that (9/dzy, ..., d/9z,) is an orthonormal
basis of T X at xg. One can write

w=1iY dzj ndZj+ O(|z),

and
iOpn(x0) =i Y cjiapdzj Adi ® e} ey,
Jokohp
where (ey, ..., e,) is an orthonormal basis of Ey,. Letu = ) ug dz Adzx Qe €

A TX* ® E ,wheredz =dz; A --- Adz,. In [8, Chapter VII, Page 341, (7.1)], it is
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584 F.Dengetal.

computed that

(O n Aol ) =Y D" Cjtopltjs ks - 2
[S|=g—1j.k.).p

In particular, if ¢ = 1, (2) becomes

([iOpn. Aplu.uy = cipaputtj ik - 3)
kA

Comparing (1) and (3), we obtain the following

Lemma 2.4 Let (X, w) be a Kdhler manifold, (E, h) be a Hermitian vector bundle over
X. Then (E, h) is Nakano positive (resp. semi-positive) if and only if the Hermitian
operator [iOE p, A, is positive definite (resp. semi-positive definite) on A1 Ty ®E.

2.3 Basic concepts and conditions of Hermitian vector bundles of infinite rank

In this subsection, we will briefly discuss some concepts and basic conditions of
Hermitian holomorphic vector bundles of infinite rank, and explain why the above
mentioned Bochner—Kodaira—Nakano identity also holds in this framework.

Let H be a Hilbert space (separable, say over C) with inner product (, ). Let U C R”"
be open. Let f : U — H be amap. If

d X1, .o Xi +AXG, o, x) — f(X1, ..., X
_f: lim f(l ]+ J n) f(l n)GH
axj Ax;j—0 ij
exists and is continuous on U forany j = 1,2,...,n, f is called of cl. we say f
is of C” if all partial derivatives ﬁ : U — H of order r exist and continuous,
o ax)

and f is smooth if f is of C" for any r.
Let {e3}$2; be an orthonormal basis of H. Then amap f : U — H can be written
as (f1, f2,...), where f; are functions on U such that

If@IF =) 1A
A

If f is continuous, by Dini’s theorem, one can see that the series D, | i (z) | converges
uniformly locally on U to || f (z)||2; and if f is smooth, then ) _, |aa#|2 locally

xlr1 QX
uniformly converges to || % 2.
0x) " 9y
Now assume U C C" be an open set. Amap f : U — H is called holomorphic if
f is smooth and satisfies the Cauchy—Riemann equation

D (i g o
—f==—+i— =V J=L...,n
oz,7 T2 \ax; oy, /
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We now consider holomorphic vector bundles of infinite rank with H as the model
of the fibers. In the present paper, we will focus on local conditions of holomorphic
vector bundles, so we just consider the trivial bundle E := U x H — U, here we
view H as a locally convex topological complex vector space.

Definition 2.2 A Hermitian metric on E is a map
h:U — Herm(H)

which satisfies the following conditions:

(1) h is smooth, and
(2) h(z) = §(z)1d for some positive continuous function § on U,

where Herm(H) is the space of self-adjoint bounded operators on H.

Given h as above, we get a smooth family of inner products on H as
(u,v); = (h(x)u,v), z€ U.

So our definition of the Hermitian metric on E matches to the definition of Hermitian
metrics for holomorphic vector bundles of finite rank.

Given a Hermitian metric 4 on E, we can define a unique connection D = D’ + 9
on E which is compatible with & and whose (0, 1)-part is , as in the finite rank case.
We view a section of E as a map from U to H. Assume u is a smooth section of E,
and v € H viewed as a constant section of E, then from the condition that

d(hu,v) = (hD'u,v),
we get
D'u =h~'9(hu).

This formula shows that D’u is a smooth section of A0T*U @ E.
The curvature operator of (E, h) is give by

Opn=I[D,d],

which is an operator that maps smooth sections of E to smooth sections of A T*U ®
E. In the same way as in the case of vector bundles with finite rank, Nakano positivity
and Griffiths positivity can be defined for (E, h).

We now show that, at any point zo € U, the metric & coincides with a flat metric up
to order 1. To show this, we may assume zop = O and hg = Id. Leth; = %(0), j=

1, ..., n, and define

e, =e), — ZZjhj(ex),
J
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then
(@1, 80); = 81 + 01217,

where the bound for O(||z||?) is uniform for A, u.

With the above preparation, following the line of the proof of [8, Theorem 1.1,
Theorem 1.2, Chapter VII, §1], we see that the Bochner—Kodaira—Nakano identity
also holds for (E, h).

2.4 Singular Finsler metrics on holomorphic vector bundles

In this subsection, we recall the notions of singular Finsler metrics on holomorphic
vector bundles and positively curved singular Finsler metrics on coherent analytic
sheaves, introduced in [13], see also [14].

Definition 2.3 Let E — X be a holomorphic vector bundle over a complex manifolds
X. A (singular) Finsler metric & on E is a function & : E — [0, 400], such that
|cv|}2l := h(cv) = |c|*h(v) for anyv € E and ¢ € C.

Definition 2.4 For a singular Finsler metric z on E, its dual Finsler metric 2* on the
dual bundle E* of E is defined as follows. For f € E}, the fiberof E* atx € X, | f|p=
is defined to be 0 if |v|, = +oo for all nonzero v € Ey; otherwise,

| flns :=sup{| f(v)| : v € Ex, [v]p = 1} < Fo00.

Definition 2.5 Let (E, k) be a holomorphic vector bundle over a complex manifold
X, equipped with a singular Finsler metric 7. We call & is negatively curved (in the
sense of Griffiths) if for any local holomorphic section s of E, the function log |s |% is
plurisubharmonic, and we call % is positively curved (in the sense of Griffiths) if its
dual metric 2™ is negatively curved.

Definition 2.6 Let F be a coherent analytic sheaf on acomplex manifold X.LetZ C X
be an analytic subset of X such that F|x\ 7 is locally free. A positively curved singular
Finsler metric 2 on F is a singular Finsler metric on the holomorphic vector bundle
Flx\z» such that for any local holomorphic section s of the dual sheaf 7* on an open
set U C X, the function log |s|;+ is plurisubharmonic on U\ Z, and can be extended
to a plurisubharmonic function on U.

Remark 2.3 Suppose that log|s|p is p.s.h. on U\Z. It is well-known that if
codimc(Z) > 2 or log |s| g+ is locally bounded above near Z, then log |s|;+ extends
across Z to U uniquely as a p.s.h function. Definition 2.6 matches Definition 2.3 and
Definition 2.5 if F is a vector bundle.

2.5 L2 theory for @

In this section, we recall Hsrmander’s L>-estimate for d and Ohsawa—Takegoshi type
L2-extension of holomorphic sections of the holomorphic vector bundles.
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We first clarify some notions and notations. Let H be a Hilbert space with an inner
product (-, -), and A : H — H be a bounded semi-positive self-adjoint operator with
closed range ImA. The we have an orthogonal decomposition

H=ImA ®ker A

and A|jpa : ImA — ImA is alinear isomorphism. In the remaining of the paper, we
always denote A|;n11 4 by A~ as in general references about complex geometry, and
define (A~'v, v) = +o0 if v ¢ ImA.

Lemma 2.5 (c.f. [8, Theorem 4.5]) Let (X, w) be a complete Kdhler manifold, with
a Kdhler metric which is not necessarily complete. Let (E, h) be a Hermitian holo-
morphic vector bundle of rank r over X, and assume that the curvature operator
B = [i®f n, Ayl is semi-positive definite everywhere on AP-4 T;(k ® E, for some
g > 1. Then for any form g € L*(X, APATE ® E) satisfying dg = 0 and
fX(B_lg, g)dV,, < 400, there exists f € L>(X, A”’q_lT; Q E) suchthatdf = g
and

f PV, s/<B‘1g,g>de.
X X

The following L2 -extension theorem for Kihler families is due to Zhou—Zhu [35,
Theorem 1.1]. The same result for projective families is due to Guan—Zhou [15-17].

Lemma 2.6 ([35, Theorem 1.1]) Let @ : X — B be a proper holomorphic submer-
sion from a complex n-dimensional Kdihler manifold (X, w) onto a unit ball in C".
Let (E,h = hg) be a Hermitian holomorphic vector bundle over X, such that the
curvature iOg . > 0 in the sense of Nakano. Let ty € B be an arbitrarily fixed point.
Then for every sectionu € H(X, Kx,, ® Elx,,), such that

2
/ |u|w’ththO < 400,
Xy

there is a section U € HO(X, Kx ® E), such that ﬁlxm = U A dt, with the following
L2-estimate

/ i1l 4dVx.0 < 1(B) / July 4 Ve,
X Xt()

where dt = dt; N --- Ndty, andt = (t1, ..., ty) are the holomorphic coordinates
on C™, and w(B) is the volume of the unit ball in C™ with respect to the Lebesgue
measure on C™.

Remark 2.4 We take R(1) = ¢!, a9 = a; = 0, and ¢ = mlog |t — to||? in [35,
Theorem 1.1], and from [17, Lemma 4.14], [35, Remark 1.2], we can get the precise
form of Theorem 2.6.
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3 Positivities of holomorphic vector bundles via LP-conditions for d

The aim of this section is to prove Theorems 1.1-1.4.

3.1 Characterizations of Nakano positivity in term of optimal L?-estimate
condition

Theorem 3.1 (= Theorem 1.1) Let (X, w) be a Kéihler manifold of dimension n with a
Kdihler metric w, which admits a positive Hermitian holomorphic line bundle, (E, h)
be a smooth Hermitian vector bundle over X, and 0 € C%(X, A“T;(k ® End(E))
such that 0* = 0. If for any f € C°(X, A" IT* ® E® A) withd f = 0, and any
positive Hermitian line bundle (A, hy) on X wzth iOan, ®Idg +60 > 0onsuppf,
there isu € L>(X, A\ OT* ® E ® A), satisfying du = f and

/X gy dVe < /X Byl o fs Fnnad Vo

provided that the right hand side is finite, where By, 9 = [i©a p, ® Idg + 6, Ay,
then i®fg ) > 0 in the sense of Nakano. On the other hand, if in addition X is
assumed to have a complete Kdhler metric, the above condition is also necessary for
that i®f > 6 in the sense of Nakano. In particular, if (E, h) satisfies the optimal
L?-estimate, then (E, h) is Nakano semi-positive.

Proof The second statement is a corollary of Theorem 2.5. We now give the proof of
the first statement. We give the proof in the case that @ is C', and the general case
follows the proof by an approximation argument.

To illustrate the main idea more clearly, we may assume that there is a smooth
strictly plurisubharmonic function on X, which corresponds to the existence of a
positive Hermitian trivial holomorphic line bundle on X. For general case, the same
proof goes through by replacing data related to e~ by /4 4, and using Proposition 2.1.

Let ¢ be any smooth strictly plurisubharmonic function on X. By assumption, we
can solve the equation du = £ for any d-closed f € C°(X, A" T} ® E), with the
estimate

/ ul?eVav, < / (Byyf. fleVdV,,
X X
where By g := [i30y ® Idg + 0, A). Forany o € C2°(X, A™! T} ® E), we have

(o, )yl = e, dud)y |
= [({(3%a, u))y|
< lully l10%ely,

where 3* is the adjoint of 3 with respect to w, e~V h.
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From Lemma 2.3, we obtain

[{{er. £))yl?
< [ Byhs e vav,
X
x (ID'all3 + 110" all}, + (liOk. 1 + 339 ® Ide, Aula, @y — [1all} )
5/<B;}9f, Fe Vo x ((1i0p,1+i03Y @ Idr. Aolo, @)y +1D"all})
X

“)

where D’ is the (1, 0) part of the Chern connection on E with respect to the metric
e .
Leta = BJ}Q f.ie., f = By pa. Then inequality (4) becomes

({(By oo, @))y)’
< ((Byoo, )y (<<[i®E,h, Aoles @)}y + (By.oot, o))y + ||D/*a||3ﬁ) .

Therefore, we can get
{[i®gn — 0, Apla, @)y + 1D e}, = 0. )

We argue by contradiction. Suppose that i®f , — 0 is not Nakano semi-positive on
X. By Lemma 2.4, there is xo € X and &) € A"*lT)}*’x0 ® Ey, such that |§y] = 1 and
([i®g.n —0, Apléo, &0) = —2c for some ¢ > 0.

Let (U; z1, 22, - - -, 2») be a holomorphic coordinate on X centered at xo such that
w=1iy dz; NdZ; + O(|z|%), and assume {eq, e, . . ., e,} is a holomorphic frame of
EonU.Leté = Zéjkdzl A+ Ndzy, Ndzj ® e, with constant coefficients such
that £ (xg) = &y. We may assume

(iOpn — 0, Aplé, &) < —c
on U. Choose R > 0 such that B(0, R) := {z : |z] < R} C U, and write B(0, R) as

Bg.
Choose x € C°(BR), satistying x(z) = 1forz € Bgp. Let f = dv with

V@) = (=" Y EpZix(@dz A Adzy @ e
JA

Then
fl) = Zéj)“dzl A ANdzy /\dZ,- ® e
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for z € Bg/>. From Proposition 2.1, we can construct a smooth strictly plurisubhar-

. . 2 .
monic function ¥ on X, such that ¥|p,(z) = lz|> — RT. For any integer m > O,
set

Ym(2) = my(z).

As before, set a,;, = Bﬁﬁf = %B];’lg/mf. By [8, Chapter VII, Theorem 1.1], we
have

D/*BJ}O £(0) =0.

So after shrinking R, we can get |D'*a,,(z)| < E/—mz for z € Bgs2 and any
m. Since f has compact support in Bg, there is a constant C > 0, such that
{li®E.h — 0. Awletm, am)| < S5 and [D"*ay| < € hold for any m > 0.

We now estimate both terms in (5) with o and ¥ replaced by «;, and v, defined
as above.

m2 (<<[i®E,h - 97 Aa)]O{m, am>>‘/f1n + HD/*am||2¢m>

=m? (/ (i®F.n — 0, Awloam, am>e—1/’mde +/
Bg)2

|D/*am |2e_]//’"de
Bg)2

+m? [ ([i®F 4 — 6, Awlam, am)e Vmd Ve, + / |D e [*e ™V d V,
Br\BR/2 BRr\BR)2

3
< e Indv, + 202/ e Vmavy,, (©6)

Bg)2 Br\Bg/2

Since limy,— 400 ¥ (z) = +oo for z € BR\ER/z, and v, (z) < 0 for z € Bz and
all m. Therefore, we obtain from (6) that

(iOFn — 0. Aplam. o))y, + 1D amll}, <0

for m >> 1, which contradicts to the inequality (5). O

Remark 3.1 With the discussion in Sect. 2.3, the above proof holds for vector bundles
of infinite rank.

3.2 Griffiths positivity in terms of multiple coarse LP-estimate condition

Theorem 3.2 (= Theorem 1.2) Let (X, w) be a Kéihler manifold, which admits a pos-
itive Hermitian holomorphic line bundle, and (E, h) be a holomorphic vector bundle
over X with a continuous Hermitian metric h. If (E, h) satisfies the multiple coarse
L?-estimate for some p > 1, then (E, h) is Griffiths semi-positive.
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Proof We prove the theorem by modifying the idea in [12,22]. For the same reason as
in the proof of Theorem 3.1, we may assume that there is a strictly smooth plurisub-
harmonic function on X.

We will show that (E, k) satisfies the multiple coarse L”-extension. We assume
that D',z = (z1,...,2,) is an arbitrary coordinate chart on X, and let D be an
arbitrary relatively compact subset of D’. We assume that E|pr = D’ x C" is trivial
andw|p < C /23 dzj A dZ; with some C > 0.

Fix an integer m > 0, w € D (we identify w with its coordinate z(w)) and a € E,,
with |a|;, = 1. We will construct f € H(X, E®™) such that f(w) = a®™ and

f |.f|],l:®mde S C;{na
X

where C), are uniform constants independent of w that satisfy

log C/
lim —£5m
m—oo  m

Let x = x(¢) be a smooth function on R, such that

e x(t) =1fort <1/4,
e x(t)=0fort > 1,and
o [x' ()] <2onR.

Viewing a as a constant section of E|p, we define an E®"-valued (n, 1)-form o,
by

2
ae =0 (|Z6—2w|> dz ® a®"

2
_ o lz=wl oW &m
=X (e—2 E e—2dzj/\dz®a )
J

where dz = dzy A+ - - Adz,, and from Proposition 2.1, we can choose a smooth strictly
plurisubharmonic function 15 on X such that

Vslp = 12> + nlog(lz — w|* + 82),

where 0 < €, § < 1 are parameters. From the multiple coarse LP-estimate_condition,
we obtain a smooth section u, s of E @ _yalued (n, 0)-form on X such that Qe 5 = Qe
and

— — L _
/ |ue,8 |]{:®me %dvm <Cpy f (Bmlaea ae)?e %de. @)
X X

On D, we have the following estimate:

@ Springer



592 F.Deng et al.

(Bylae, ae) =

2
. |z — wl?
62

1 _ _ _
,€4<B¢; Z(Zj —w;)dz; /\dz®a®m,2(zj- —w;)dz; /\dz®a®m>
J

J
2
1z —wl? 1
N 4|z—w| lalitt):

where C; depends only on w. Note that

<C

2
supp x’ <|€—|> c{l/a<|z—wl> /e <1}

and ¥s > 2nlog|z — w|, we have

(RHS of (7))
P _ 2
< Cmclz / X/ (|Z 2w| ) |Z —w| e*lﬁ(s'a'hp dv,
{e2/4<lz—w|?<e?) €
% 2P p,—Vs,,MmP d
< CnCy =T lz —w|Pe"|al)d Ve

{2/4<|z—w|><e?)

pp
<CmC1 = / eP Sup |a|mp —2nlog|z— w‘dV
€ Jie2ja<iz—wl<e?)  Bw

mp
SUPB(w,e) 1@l ()

m——— (®)

< C,C o

p
where Cy = 21’”‘2”C12 C"u(B1) and w(By) is the volume of the unit ball B; with
respect to the Lebesgue measure.

To summarize, we have obtained a smooth section u, s of E @m_yalued (n, 0)-form
on X such that

° 5146,5 = o, and
o the following estimate holds:

mp
SUPB(w,e) 1@l (2)

p —
lte.s|Fene " dVy < C2Cp
D 194

®

Note that the weight function 5 is decreasing when § N\ 0, e~¥5 is increasing
when § N\ 0. Fix 89 > 0. Then, for § < &g, we have that

P lall”
_ _ B(w,

/ e sl ome ‘”ﬁodes/ e e V1V, = oGy PN,
D D
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Thus {u¢ s}s5<s, forms a bounded sequence in L? (X, Kx ® E®m e“”ﬁo). Note that
p > 1, we can choose a sequence {ue’ s}k in LP (X, e*‘SO) which weakly converges

to some u, € LP(X, Kx ® E®™, e_‘”ao), satisfying

mp
SupB(w,e) |a|h(z)

)4 —
/ |u€|h®me "//30de S C2Cm P
D €

Repeating this argument for a sequence {4} decreasing to 0, by diagonal argument,
we can select a sequence {u, s} which weakly converges to u. in L (X, Kx ®

E®™ V%) with uc satisfying

mp
SUPB(w,e) alh()

/ |uE|Z®me_1/f8jde < CCy
D €p

for all j. By the monotone convergence theorem,

mp
SUPB(w,e) 1@l z)

/ luePone™VdVy < C2Cm
D €r

Since 9 is weakly continuous, we also have du, = o.

1

Since W is not integrable near w, u. (w) must be 0. Let

fei=x(z — w*/e})dz ® a®™ — uc.

Then f. € HO(X, A"OT} ® E®™), £(0) = dz ® a®" and

/ |fe|£®mde
D

» 1/p 1/p\?
< <f [z = wP/ed)dz @ a®" de> +</ |ue|;j®mde)
D hem D

p
<27 </ ‘X(|z - w|2/62)dz ®a®m‘h®m dv, +/ |MG|Z®dew) . (10)
D D

Since y < 1 and the support of x (|z — wl|?/€2) is contained in {|z — w|?* < €2}
and 0 < € < 1, we have

P
/ ‘X(|Z —w|*/e?)dz ® a®" on @V = C"1u(B1) sup laly-
b h B(w,e)

We also have
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/ |ME|]/IZ®dew < sup V0@ / |u€|2®me,¢0de
D zeD D

su a mp
< sup @ . ¢y, SPEWO) i)
zeD €P
mp
SUP(w,e) 1414 ()

C3Cp 2,

IA

where C3 is a constant depends only on D. We may assume C,,, > 1. Combining these
estimates with (10), we obtain that

mp
SUPB(w,e) |a|h(z)
eP

’

f |fé|£®mde = C4Cm
D

where Cy4 is a constant independent of m and w.
Let

Oc = sup |log laln(z) — log lalnw)| -

z,weD,|z—w|<e
By the uniform continuity of log |a|;(;) on D, O is finite and goes to 0 as € — 0. Let

€ := 1/m. We have |mp10g |al|n) —mplog |a|h(w)| <mpOyy for |z —w| < 1/m.
Then

/ |f1/m|p€7m¢de < C4Cmmpeml710g|a\h(w)+mp01/m
D

= C4CymPe"PO1im. (1)

LetC,, = C4CrymPe™PO1/m e have

log C), _ log(C"C,,mP) n

pO1ym — 0.
m

Considering f1/,/dz, we see that (E, h) satisfies the multiple coarse L”-extension
on D, and hence (E, h) is Griffiths semi-positive on D by [13, Theorem 1.2]. Since
D is arbitrary, (E, h) is Griffiths semi-positive on X. O

3.3 Griffiths positivity in terms of optimal LP-extension condition

Theorem 3.3 (= Theorem 1.3) Let E be a holomorphic vector bundle over a domain
D c C", and h be a singular Finsler metric on E, such that |s|p= is upper semi-
continuous for any local holomorphic section s of E*. If (E, h) satisfies the optimal
L?-extension for some p > 0, then (E, h) is Griffiths semi-positive.

Proof Let u be a holomorphic section of E* over D. Let z € D and P be any
holomorphic cylinder such that z + P C D. Take a € E; such that |a|, = 1 and
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lulp=(z) = [{u(z),a)|. Since (E, h) satisfies the optimal L”-extension, there is a
holomorphic section f of E on z + P, such that f(z) = a and satisfies the estimate
: / If1h <1 (12)

w(P) Jopp " " T

Note that [u|p+ > [{u, )|/ f]n on z 4+ P, it follows that

log [ulp+ = log|(u, f)| —log|fln.

Taking integration, we get that

1 1 1
—5y [ logluly — | toglw, Y1) = —— | toglfI?
p(pc(P) /HP og |uln ) ZP(M(P) /HP og |{u f)l) P ) og|fl17

1 1
— 1 —log [ —— p
=7 (M(P) /z+p ol f”) Og<u(P) /z+p mh)

> plog [(u(z), f(2))]
= plog{(u(z2), a)| = plog |u(2)|n=,

where the second inequality follows from Jensen’s inequality and (12), and the third
inequality follows from the fact that log [(«, f)| is a plurisubharmonic function, and
from [12, Lemma 3.1]. Dividing by p, we obtain that

1
log [u(2)|px < —— log [u|p=.
w(P) J4p

Again from [12, Lemma 3.1], we see that log |u|;+ is plurisubharmonic on D. O

3.4 Griffiths positivity in terms of multiple coarse LP-extension condition

The following theorem was originally given in [13, Theorem 6.4]. In the present
paper, we give a new proof of it based on Guan—Zhou’s idea [17] about connecting
optimal L2-extension condition to Berndtsson’s plurisubharmonic variation of relative
Bergman kernels [1].

Theorem 3.4 (= Theoreml.4) Let E be a holomorphic vector bundle over a domain
D c C", and h be a singular Finsler metric on E, such that |s|p= is upper semi-
continuous for any local holomorphic section s of E*. If (E, h) satisfies the multiple
coarse LP-extension, then (E, h) is Griffiths semi-positive.

Proof Let u be a holomorphic section of E* over D. Then u®” € HO(D, (E*)®™).
Let z € D and P be any holomorphic cylinder such that z + P C D. Takea € E;

suchthat |a|, = 1 and |u|p+(2) = [(u(z), a)|. Since (E, h) satisfies the multiple coarse

LP-extension, there is f,, € HO(D, E®™), such that f,,(z) = a®" and satisfies the
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following estimate

f | fml? < Com,
D

where C,, are constants independent of z and satisfy the growth condition % logC,, —

: Qm m [(®™, fin)|
0asm — oo. Since [u=" |pryom = (Ul > W, we have that
mip

mlog ulps > log |(u®", fu)| —log| fl.

Taking integration, we get that

! ||)>—1 log [(u®™, fin)] 1(—1 1 |f|”>
og |U|p* = og |(u N - — og
1(P) Jo4p " p NPy Joygp "

1 1
= mloglu(z)|p+ — — log (7 Ifml”)
p w(P) Jotp

1 1
> mlog |u(z)|p+ — ;log (m ./D |fm|p>

1
> mlog |u(z)|px — > log(Cin /1 (P)),

- (L
w(P) Jo4+p

where the first inequality follows from the fact that log |(u®", f,,)| is a plurisub-
harmonic function, and [12, Lemma 3.1], and Jensen’s inequality, and the second
inequality follows from the fact that z + P C D. Dividing by m in both sides, we
obtain that

1 1
—f log |ulp+ = log [u(z)|n+ — — log(Cpu /i (P)).
Ww(P) Joip mp
Letting m — oo, we see that log |u|+ satisfies the following inequality

1
log [u(2)|p < ——= log [u|p+,
w(P) J.4p

since n% log C;;, — 0asm — oo. Then from [12, Lemma 3.1], we get that log |u|+ is

plurisubharmonic on D. O

4 Positivities of direct images of twisted relative canonical bundles
4.1 Optimal L2-estimate condition and Nakano positivity
The aim of this subsection is to prove Theorems 1.5 and 1.6.

To avoid some complicated geometric quantities and highlight the main idea, we
first consider a simple case of Theorem 1.5 as a warm-up.
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Theorem 4.1 Let U and D be bounded domains in C} and CJ' respectively, and
¢ € C2(U x D)N PSH(U x D). Assume that D is pseudoconvex. For t € U, let
A? = {f € OD) : |IfII? := [p1f1Pe ") < 0o} and F := [],oy A2. We may
view F as a Hermitian holomorphic vector bundle on U. Then (F, || - ||;) is Nakano
semi-positive.

Proof We will first prove that (F, || - ||;) satisfies the  optimal L2-estimate for pseu-
doconvex domains contained in U. We may assume U is pseudoconvex.

For any smooth strictly plurisubharmonic function ¥ on U, for any d closed f €
CE(THACD @ F) (We identify C°(TACD ® F) with C(TFA™D @ F)). We
may write f = }_, f;(t,2)dtj with f;(t,-) € F,fort € Uand j =1,2,...,n
Therefore, we may view f as a d-closed (0, 1)-formon U x D. By Lemma 2.5, there
exists a function u on U x D, satisfying du = f and

/ u[2e=@+P)
UxD
o@D
S/UX o

< 1f155,¢” "
/;]x 00y

/ Z YR, file eV

Jj.k=1

where (Y75, := (m"/’ Jpon- Note that [, ulPe=@H) = [ Jju|?e™¥ < oo

and 5’7” =0forj =1,2,...,m, we may view u as a L%-section of F on U. By
Theorem 1.1 and Remark 1.2, (F, || - ||;) is Nakano semi-positive. m|

Let Q2 = U x D C C} x C? be abounded pseudoconvex domains and p : & — U
be the natural projection. Let 4 be a Hermitian metric on the trivial bundle £ = €2 x C"
that is C2-smooth to Q. For 7 € U, let

L= {f e H'(D, Elgyxp) : I f1I? := /;) |fIh, < OO}

and F = ]_[, <y Fr. Since h is continuous to Q, F; are equal for all t € U as vector
spaces. We may view (F, || - ||) as a trivial holomorphic Hermitian vector bundle of
infinite rank over U.

Theorem 4.2 (= Theorem 1.5) Let 6 be a continuous real (1, 1)-form on U such that
iOp > p*0 ® Idg, then iOf > 0 ® IdF in the sense of Nakano. In particular, if
i®f > 0 in the sense of Nakano, then i®f > 0 in the sense of Nakano.

Proof By Theorem 3.1, it suffices to prove that (F, || - [|) satisfies: for any f €
Cc(U, A”*lTIj ® F ® A) with df = 0, and any positive Hermitian line bundle
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(A,hp)onU withi®y4 , +6 > Oonsuppf,thereisu € L2(U, A”*()Tl’]k REFRA),
satisfying du = f and

/U ulheon, dVer < fU (B o fs FrenadV,

provided that the right hand side is finite, where By, 9 = [(i®a 1, +0) ® IdF, Ay].

We may write f = Y, f;(t, 2)dt A di; with f;(z,-) € F, ® Afort € U and
J=1,2,...,n.Therefore, we may view f asa d-closed E ® p* A-valued (n, 1)-form
on 2. Let f f Adz, then f is a d-closed E ® p*A-valued (m + n, 1)-form on Q.
By assumption, i@ > p*0 ® Idg. We get

IO +ip*(Oan,) @ Idg > p* (0 +iO4p,) @ IdE.

Therefore,

([iOF 4+ ip*(Oan,) ® Ide, Aol o fnen,
<{[p*O +iOan,) @ Ide, Al F, Hicnys-

By Lemma 2.5, we can find an E ® p* A-valued (n +m, 0)-form & on €2, satisfying

|ll| ®h4
/Q h

< fg (0™ O +iOun) ® Ide, Aol F, Fonen,

- / Byl fs Finene,
U

where the last equality holds by the Fubini theorem. Since -2 a = 0, u is holomorphic

along fibers and we may view u = ii/dz as a section of K U ® F ® A. Also by the
Fubini theorem, we have

~12 2
/ |”|h®hA Z/ ||u||h®hA < Q.
Q U

We also have du = f.Hence (F, ||-||) satisfies the optimal L2-estimate and is Nakano
semi-positive by Theorem 3.1. O

Let w : X — U be a proper holomorphic submersion from Kihler manifold X of
complex dimension m + n, to a bounded pseudoconvex domain U C C", and (E, h)
be a Hermitian holomorphic vector bundle over X, with the Chern curvature Nakano
semi-positive. From Lemma 2.6, the direct image F := m.(Kx,y ® E) is a vector
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bundle, whose fiber over t € U is F; = HO(X,, Kx, ® E|x,). There is a hermtian
metric || - || on F induced by A: for any u € F;,

2. b
(17 -=/ Cmlt NI,
Xi

. . . -
where m = dim X, ¢, = i™ , and u A i is the composition of the wedge product and
the inner product on E. So we get a Hermitian holomorphic vector bundle (F, || - ||)
over U.

Theorem 4.3 (= Theorem 1.6) The Hermitian holomorphic vector bundle (F, || - |)
over U defined above satisfies the optimal L*-estimate. Moreover, ifiOf > p*0®1dg
for a continuous real (1, 1)-form0 on U, theni®f > 0 ® Id in the sense of Nakano.

Proof Similar to the proof of Theorem 4.2, we may assume 6 = 0. From Theorem 3.1,
it suffices to prove that (7 (Kx/y ® E), || - ||) satisfies the optimal L?-estimate with
the standard Kihler metric wp on U C C". Let w be an arbitrary Kihler metric on X.

Let f be a d-closed compact supported smooth (n, 1)-form with values in F, and
let ¢ be any smooth strictly plurisubharmonic function on U.

We can write f(t) = dt A (fi(t)diy + -+ + fn(0)dt,), with f;(t) € F, =
HY(X;, K x, ® E). One can identify f as a smooth compact supported (n+m, 1)-form
f(t,2) :==dt A(fi(t, 2)diy+ -+ fn(t, 2)d1,) on X, with f; (¢, z) being holomorphic
section of Ky, ® E|x,. We have the following observations:

e 3. fi(t,z) =0 for any fixed t € B, since f;(t, z) are holomorphic sections Kx, ®
Elx,.
e J,f =0, since f is a d-closed form on B.

It follows that f is a 3-closed compact supported (n +m, 1)-form on X with values
in E. We want to solve the equation du = f on X by using Lemma 2.5. Now we
equipped E with the metric h := he ™V, then 1®E ;= iOgn+ i3dn*y ® Idg,
which is also semi-positive in the sense of Nakano

We consider the integration

/ (i®ph+i00n™y @ Idg, A]™" f, fle ™™ VdV,.
X

Note that, acting on Antm.1 T)’(“ ® E, by Lemma 2.4, we have
iOp ) +iddn*y @ Idg, Ayl > [i00n* Y @ Idp, Ay).
Thus we obtain that
[(O@py +iddn*y ® Idp, Al ™' < [i007*Y ® IdE, Ayl ™'
For any p € X, we use Lemma 4.7 to modify @ at p. We take a local coordinate
(t1,...,t,21,...,Cp) on X near p, where t1, ..., t, is the standard coordinate on

UcCChLeto =i i_jdtj Ndij+iy L dzy Adz.
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Note that
nooa2
, 32y _
00T ¥y = ———dt; Ay,
i00m™ Y gatjatk bi k
we have
[[007*Y ® Idp, Ay f = ZBt o fi(t, 2)dt A diy,
and

[1007*Y @ Idg, Ay 1™ f =Y W/ fit, 2)dt A di
Jj.k

at p, where (w-ik) ( ) 1 . By Lemma 4.7, we have

at;j 0ty

([1007*y @ I1dg, Al ™' ) HwdV,
= ([i0d7* Y ® Idg, A ]™" f, Plord Ve
= Z ke fi A freadt A di.

J.k
By Fubini’s theorem, we get that
/ (1807 ® Idg, Ap) " f, flwe ™ VdV,
X

/ ZW cmfi A fre ™ Vendt Adi

J.k

:/ < fi, fx > vike Ve, dr Adf

U

= / ([103Y, Ao f, Fee Vd Vi,
U

where by (-, -);, we mean that pointwise inner product with respect to the Hermitian
metric || - || of F.

From Lemma 2.5, there is & € A’”+"’O(X, E), such that 9l = f, and satisfies the
following estimate

~ z gk
/cm+nuAue Y
X

= / (O + 037" ® Ide, Aol ™' f, fle ™ Vav,
X
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< f {1039, Ayl f. fre Y d Vi, (13)
U

We observe that 6_)ﬂ| x, = O for any fixed ¢ € U, since Al = f . This means that
ur :=u(t,-) € Fy. Therefore we may view u as a section u of F'. It is obviously that

ou=f.
From Fubini’s theorem, we have that

f O A eV = / lulZe™ d Ve (14)
X U

Combining (13), we have
/ lul?e™VdV,, < / ([183Y, Awpl ™" f, frie YV dVy,.
U U

We have proved that F satisfies the optimal L?-estimate, thus from Theorem 3.1 (and
Remark 1.2), F is Nakano semi-positive. O

4.2 Multiple coarse L2-estimate condition and Griffiths positivity

We apply Theorem 1.2 and the fiber product technique introduced in [13] to provide
a new method to study the Griffiths positivity of direct images.

Theorem 4.4 The Hermitian holomorphic vector bundle (F,| - |) over U as in
Theorem 4.3 satisfies the multiple coarse L*-estimate. In particular, F is Griffiths
semipositive.

Proof Let wg be the standard Kéhler metric on U and w be an arbitrary Kéhler metric
on X. We have the following constructions:

o Let Xi := X X, -+ X7 X be the k times fiber product of X with respect to the
maprw : X — U.
e The induced map Xy — U by & is denoted by my : Xy — U, and Xy, :=
nk_l(t) = Xf‘ foreveryt € U.
e There are natural holomorphic projections pr; from Xy to its j-th factor X.
e The induced Kihler metric wy := priw + - -- + priw on Xj.
o Set E; := pr;.*E, and E¥ := E; ® - -- ® Ej. Then EF can be equipped with the
induced metric A := prih®---® prih.
We have the following observations:

e From Lemma 2.2, EX equipped with the Hermitian metric 4* is Nakano semi-
positive.

e From [13, Lemma 9.2], the direct image bundle Fk .= ()« (Kx v ® Eky =
(m(Kxu ® E))®*F = F®*, as Hermitian holomorphic vector bundles. (In fact,
[13, Lemma 9.2] was proved for line bundles, but it is clear that the proof also
works for vector bundles.)
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Let f be an arbitrarily fixed smooth compactly supported (m, 1)-form on U with
valued in F¥, suchthatd f = 0. Let v be an arbitrary smooth strictly plurisubharmonic
function on U. To prove that F satisfies the multiple coarse L>-estimate, we need to
show that one can solve the equation du = f on U, with the estimate /i AL |ike_‘/’ <

Ju(B, £, eV, where By = [i00Y, Aw,].

Asinthe proof of Theorem 4.3, we may consider f as a smooth compactly supported
Kx, ® E* valued (0, 1)-form f on Xy. Then it is clear that 5f = 0. We consider the
following integration

/X ([{©pk e + 1037}V @ Idg, Ay )" fo e TV d Ve,
k
By the same analysis as in the proof of Theorem 4.3, we can get that
/X ([i© gk e + 0977V @ Idgi, Ay )" Fo Playe TV dVy,
k
< /Xk<[iaén,jw ® Idg, Axzay] ™ Fo Floge ™V dVy,
= /X Z wjkckmfj A fee TV endt A dE

kjk

- /U (BF . eV AV

Now from Lemma 2.5, we can solve the equation oil = f with the estimate

/ |i2e ™™V dV,, 5/ ([i® g e + i3} Y @ Idpk, Dy ™' Fo Plage ™V d Ve,
X Xk

< [ Bt et avi,

Similarly, 5ft|x, = 0 for any fixed r € U, since i = f This means that u; :=
u(t, ) € Ftk. Therefore we may view i as a section u of FK. It is obviously that
ou = f.

Applying Fubini’s theorem to the L.H.S of above inequality, we get that

f ulfe™ d Vi, < / (B, £, 1€V AV,
U U
which implies that (F, || - ||) satisfies the multiple coarse L?-estimate on U. O

4.3 Optimal L2-extension condition and Griffiths positivity

Theorem 4.5 The Hermitian holomorphic vector bundle (F, || - ||) over U as in The-
orem 4.3 satisfies the optimal L*-extension. In particular, F is Griffiths semipositive.
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Proof For any ty € U, any holomorphic cylinder P such that tp + P C U, and any
ay, € Fyy, which is a holomorphic section of Kx, ® Elx, on Xy,. Since E is Nakano

semi-positive, from Lemma 2.5, we get a holomorphic extensiona € H O(X ,Kx®E)
such that a|x,, = a;, A dt, and with the estimate

/ C epmana =) [ nay Ay = w(Plagl,
7~ (to+P)

Xy

where w(P) is the volume of P with respect to the Lebesgue measure du on C™.
Since a; := (a/dt)|x, € HO(X,, Kx, ® E|x,), a/dt can be seen as a holomorphic
section of the direct image bundle F over #y + P, and from Fubini’s theorem, we can
obtain that

2 2
/ lar 2d Vi, < (Pl 2,
to+P
which is the desired optimal L?-extension. O

4.4 Multiple coarse L2-extension condition and Griffiths positivity

In this subsection, we will prove the following

Theorem 4.6 The Hermitian holomorphic vector bundle (F, || - ||) over U as in The-
orem 4.3 satisfies the multiple coarse L*-extension. In particular, F is Griffiths
semipositive.

Proof Let (X, m, wg, Fk) be as in the proof of Theorem 4.4.

For any 19 € U, ay, € Fy, a%’k is a holomorphic section of Kx, , & EX. Since
E* with the induced metric A is semi-positive in the sense of Nakano on X, by
Lemma 2.6, there exists a € HO(Xk, Kx, ® Ek), such that a|Xk,,0 = afé’k A dt and
satisfies the following estimate

2 k|2
/X |a|hdewk S Cla% |th
k

where C is a universal constant which only depends on the diameter and dimension
of U. We can view a; := (a/dt)|x,,t € U as a holomorphic section of F*. From
Fubini’s theorem, we have that

/ |at|ikdek :/ |al‘|t2deo-
Xk U

In conclusion, we get a holomorphic extension a/dt of a%’k , with the estimate
2 k2
| laitaviy < clag'e.
U
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This completes the proof of Theorem 4.6. O

Remark 4.1 Let : X — Y be a proper holomorphic map between Kihler manifolds
which may be not regular. Let (E, h) be a Hermitian holomorphic vector bundle
on X whose Chern curvature is Nakano semi-positive. Then the direct image sheaf
F = m«(Kx/y ® E) can be equipped with a natural singular metric which is positively
curved in the sense of Definition 2.6. In fact, let Z C Y be the singular locus of =,
then on X \71’1 (Z),  is a submersion, and F is locally free and can be viewed as a
vector bundle F on Y := Y\ Z, with F; = H(Ky, ® E|yx,). The induced Hermitian

metric || - || on F is as follows: for any holomorphic section u € HO(Y’, F),
Jlu]|? :=/ Cnlt A .
X
From one of Theorem 4.4, and Theorem 4.5, Theorem 4.6, we see that || - ||; is a

Hermitian metric on F' with Griffiths semi-positive curvature. Moreover, by similar
argument as in [20, Proposition 23.3] (see also [13, Step 3 in the proof of Theorem
9.3]), one can show that the metric on F extends to a positively curved metric on F.
In the special case that E is a line bundle, the same conclusion is true if /4 is singular
and pseudoeffective (see [3,13,20,31,34]).
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Appendix

We prove a result used in the proof of Theorem 1.6, which seems to be already known.

Lemmad4.7 Let U C C" be a domain, w|, wy be any two Hermitian forms on U,
and E = U x C" be trivial vector bundle on U with a Hermitian metric. Let ® €
Co%X, AT} ® End(E)) such that ©* = —@. Then

Im[i®, Ay, 1 =Im[iO, Ay,
and for any E-valued (n, 1) formu € Im[i®, A, ],
([0, Awy 17"t )y d Ve, = ([i©, Ay, ), d Ve,

Proof For any zo € U, after a linearly transformation, we may assume w; =
iY_ydzj AdzZjand wy =i Y  A5dzj AdZjatzo with Aj > 0. Letw; = Az,
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forj=1,2,...,n thenwy =i ) i_ dw; A dw;. We may write

0=0) Citapdz; ANk ® € @ep =1 Cyupdw; Adig @l @ep (15)
Jkap jkap
Cjkap
Ajhg "
Denote A = ]_[;le AjLetu =3 ujedzNdZj®eq thenu =3, , u’jadw A
div; ® eq with u';, = 74 Note that

o _
with Cikap =

[i©, ApJu= " ttjucjrapdz A dZk ® e, (16)
jkap
and
[0, ApyJu= > 1, ¢}y ppdw A dily @ ep. (17)
jkap

Soitis easy to see Im[i®, Ay, ] = Im[i©, A,,]. We write

[0, A1 'u =" ujadjrapdz A dZk ® ep,
jkap

[0, Aw, ) ' =Y oy ppdw A dily ® ep.
jkap

Then from Eqgs. (15),(16), (17), we can get
djtap = *jMdjkap-

We now assume that {ey} are orthonormal at zo. Then

([0, Ap 1 U)oy d Ve, = Y djkaptt juiikpcndz A d,
jkap

([0, Aon] ™ 1t )y dViyy = Y dlyptt; o kpendw A dib.
jkap

Note also that
cadw A dw = A2c,dz A d7Z,
We get
(10, Aw )ty ), dViy, = ([iO, Ay 1™ tt, )iy d Vi
O
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