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Abstract

We study the full Navier—Stokes—Fourier system governing the motion of a general
viscous, heat-conducting, and compressible fluid subject to stochastic perturbation.
The system is supplemented with non-homogeneous Neumann boundary conditions
for the temperature and hence energetically open. We show that, in contrast with
the energetically closed system, there exists a stationary solution. Our approach is
based on new global-in-time estimates which rely on the non-homogeneous boundary
conditions combined with estimates for the pressure.

Mathematics Subject Classification 60H15 - 35R60 - 76N10 - 35Q35

Communicated by GIGA.

The research of E.F. leading to these results has received funding from the Czech Sciences Foundation
(GACR), Grant Agreement 21-024118. The Institute of Mathematics of the Academy of Sciences of the
Czech Republic is supported by RVO:67985840. The stay of E.F. at TU Berlin is supported by Einstein
Foundation, Berlin. M.H. gratefully acknowledges the financial support by the German Science
Foundation DFG via the Collaborative Research Center SFB1283.

B<X Dominic Breit
d.breit@hw.ac.uk

Eduard Feireisl
feireisl @math.cas.cz

Martina Hofmanova

hofmanova@math.uni-bielefeld.de
1 Department of Mathematics, Heriot-Watt University, Riccarton, Edinburgh EH14 4AS, UK
2 Institute of Mathematics AS CR, Zitnd 25, Prague 1 115 67, Czech Republic
Institute of Mathematics, TU Berlin, Strasse des 17.Juni, Berlin, Germany

4 Fakultit fiir Mathematik, Universitit Bielefeld, Bielefeld 33501, Germany

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00208-021-02300-9&domain=pdf
http://orcid.org/0000-0003-2787-3250

1128 D. Breit et al.

1 Introduction

It is a common belief that the behaviour of turbulent fluid flows can be fully char-
acterized by a steady state of the system (driven by a suitable stochastic forcing to
substitute for possible perturbations due to changes in the boundary data), which is
approached asymptotically for large times. Mathematically speaking this gives rise to
an invariant measure of the underlying system. This is well-understood for the 2D
incompressible stochastic Navier—Stokes equations, cf. [10,12,16,19], where unique-
ness is well-known.

If uniqueness is not at hand, even the definition of an invariant measure becomes
ambiguous, and one rather studies stationary solutions of the dynamics: solutions with
a probability law which does not change in time. This law serves as a substitute for
an invariant measure. The existence of stationary solutions to the 3D incompressible
stochastic Navier—Stokes equations is a nowadays classical result from [11]. More
recently a counterpart for the compressible stochastic Navier—Stokes equations has
been established in [4]. It is interesting to note that in both cases stationarity provides
a certain regularising effect on the solutions (see also [13] in connection with this).

One may think that adding further physical principles such as the possibility of heat
transfer completes the picture. The stochastic Navier—Stokes—Fourier equations haven
been studied in [1] and the existence of weak martingale solutions has been shown.
They describe the motion of a general viscous, heat-conducting, and compressible
fluid subject to stochastic perturbation based on the Second Law of Thermodynamics
via an entropy balance as in [8] (see also [20] for an alternative approach based on
the internal energy balance due to [7]). Supplemented with homogeneous Neumann
boundary conditions for the temperature this is an energetically closed system. The
mechanical energy which is lost as dissipation is transferred into heat and, different
to the incompressible or the isentropic Navier—Stokes equations, weak solutions are
known to satisfy an energy equality. The latter one shows that the noise is constantly
adding energy to the system such that it can never reach a steady state and, as shown in
[1, Section 7], stationary solutions do not exist. Since this is physically not acceptable
we are looking for a physical principle which can counteract the energy creation by
the noise.

Different to [1] we consider in this paper an energetically open version of the
stochastic Navier—Stokes—Fourier equations, where heat can drain through the bound-
ary, see (1.5) below. The time evolution of the fluid in the reference physical domain
Q C R is governed by the following set of equations:

do + div(pou) dt = 0, (1.1a)
d(ou) + [div(pu ® u) + Vp(o, )] dt = divS(®, Vu) dr
+ oF(p, ¥, u)dW, (1.1b)

d(oe(o, ©)) + |:diV(Q€(Q, Pu) + div q(v, Vl?)i| dr

- [S(ﬁ‘, Vu) : Vu — p(o, 9) divu] dr, (1.1c)
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where W is a cylindrical Wiener process and the diffusion coefficient [F can be iden-
tified with a sequence (Fy)x>1 satisfying a suitable Hilbert-Schmidt assumption, see
Section 2 for the precise definitions. Here ¢ denotes the density of the fluid, ¥ the
absolute temperature and u the velocity field. For the viscous stress tensor we suppose
Newton’s rheological law

2
S = S8, Vu) = M(z?)(Vu +vul — 5divu]l) +n@)divul.  (1.2)

The internal energy (heat) flux is determined by Fourier’s law
0
q=q V¥) = —k(®)V = =VK@®), K@) = / Kk (z)dz. (1.3)
0

The thermodynamic functions p and e are related to the (specific) entropy s = s (o, )
through Gibbs’ equation

1
¥ Ds(o, %) = De(p, v) + p(o, ﬂ)D(E) for all o, 9 > 0, (1.4)

where D denotes the total derivative with respect to (o, ¥'). We supplement (1.1)—
(1.4) with the boundary conditions (see also [9])

ulyp =0, q-nlyg =d(@) (@ — O), and fix the total mass /Q odx =My, (1.5

where O € L' (9 Q) is strictly positive, My > 0 and we suppose that there are
d, d > 0 such that

dy <d(x,9) <do forall (x,9)e€dQ x [0, 00). (1.6)

In view of Gibb’s relation (1.4), the internal energy equation (1.1c) can be rewritten
in the form of the entropy balance

d(os) + [div(gsu) + div (g)] dt = o df (1.7)

with the entropy production rate

o=l<S:Vu— (1.8)

bow- L),

In view of possible singularities, it is convenient to relax the equality sign in (1.8) to
the inequality

o=

(1.9)

(S:Vu—q.Vﬁ).

S
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The system is augmented by the total energy balance

1 1
d/ |:—Q|u|2+gei| dx:/ oF -udW + / —o|Fi|? dx dr
ol2 0 2 02

k>1

—/ d(®)(® — Og) dH> dt, (1.10)
90

cf. [8, Chapter 2]. In case of a stationary solution applying expectations to (1.10)
clearly yields

ZE/ lQ|Fk|2dx dt = E/ d(®)(® — Og) dH dt,

= Jo? 10

meaning energy created by the stochastic forcing can leave through the boundary.
The existence theory from [1], which leans on the analysis of the isentropic stochas-
tic Navier—Stokes equations from [5] and the deterministic Navier—Stokes—Fourier
equations from [8], can be applied to (1.1)—(1.5) without essential differences. In case
of the initial value problem an energy estimate can be derived in terms of the initial
data. Looking for stationary solutions, the initial data is not known and one has to use
stationarity instead. In [4] stationarity is used in combination with pressure estimates
to obtain a corresponding estimate for the isentropic problem. When applying the
same strategy to the non-isentropic problem (1.1)—(1.4), supplemented with homo-
geneous boundary conditions for the temperature flux, the temperature is deemed to
grow unboundedly due to the irreversible transfer of the mechanical energy into heat.

Assuming the non-homogeneous boundary conditions (1.5) instead we are able
to derive new global-in-time energy estimates, see (4.4). The main task is to control
the radiation energy given by a®* without an information on the initial data. In the
case of homogeneous boundary conditions one can only obtain informations on the
temperature gradient which is not enough to even get estimates for ¢ in L'. For the
non-homogeneous problem we benefit from the boundary term in the energy balance
(1.10). A suitable application of Itd’s formula combined with Sobolev’s embedding
and an interpolation argument allows to control a higher power of the temperature in
terms of the energy, see (4.4). Finally, we derive some pressure estimate by means
of the Bogovskii operator in (4.6) and (4.16) to close the argument and to obtain
uniform-in-time estimates for the total energy. This leads to our main result which is
the existence of stationary martingale solutions to (1.1)—(1.5), see Theorem 2.1 for the
precise statement.

In order to make the ideas just explained rigorous one has to regularise the system
by adding artificial viscosity to the continuity equation (1.1a) (e-layer) and add a high
power of the pressure in the momentum equation (1.1b) (8-layer). The resulting system
has been solved in [1] by adding three additional layers. The same tedious strategy has
been applied in [4] in the construction of stationary solutions to the isentropic system.
Here, we follow a different strategy with a much simpler proof. Namely, inspired by
the approach due to It6-Nisio [17] which we recently also applied to the isentropic
system with hard sphere pressure [3], we construct stationary solutions directly on the
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e-level. The first step is to show uniform-in-time estimates for martingale solutions
to the initial value problem. In a second step stationary solutions can be constructed
by the Krylov—Bogoliubov method as the narrow limit of time-averages. A striking
feature of this approach is that stationary solutions are sitting on the trajectory space
and are approached asymptotically in time by any solution starting with bounded initial
data of certain moments. With a stationary solution to the approximate system at hand
one can prove estimate (4.4) which is uniform in time, ¢ and §. It has to be combined
with pressure estimates which differ on both levels, see (4.6) and (4.16), before one
can pass to the limit (both limits have to be done independently). The limit passage
can be performed as in previous papers and stationarity is preserved in the limit.

2 Mathematical framework and the main result
2.1 Stochastic forcing

The process W is a cylindrical Wiener process on a separable Hilbert space 4, that is,
W(t) = > 4~ Br(t)ex with (Br)i>1 being mutually independent real-valued standard
Wiener procEsses relative to (§;);>0. Here (ex)x>1 denotes a complete orthonormal
system in L. In addition, we introduce an auxiliary space iy D 4 via

endowed with the norm
2 _ N % _
Iligy =Y 5 v=D e
k>1 k>1

Note that the embedding &l < &ly is Hilbert—Schmidt. Moreover, trajectories of W
are P-a.s. in C ([0, T']; tp) (see [6]).

Choosing I = ¢> we may identify the diffusion coefficients (Feg)r>; with a
sequence of real functions (Fy)i>1,

o0

oF (0. 9, wydW = > oFi(x, 0. ¥, w)dBy.
k=1
We suppose that F; are smooth in their arguments, specifically,

Fr € C1(Q x [0, 00)% x R>; R?),

where

o0
IFell oo + 1 VoouFrlle < foo Y £ < oo 2.1
k=1
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1132 D. Breit et al.

We easily deduce from (2.1) the following bound

< <
loF (o, ¥, u)||W*k~2(Q;R3) ~ |loFk (o, ¥, u)||L1(Q;R3) ~ fk||Q||L1(Q)

whenever k > % Accordingly, the stochastic integral

T o T
| eraw =3~ [ oFice0.w ey
0 k=1 0

can be identified with an element of the Banach space space C([0, T]; -k, 2(Q))

f </T oF(o, ¥, w)dW - (p) dx
0 0

ot T
3
= Z[ (f oFi(x, 0,9, 0) - ¢ dx) dfi, 9 € W03 RY), k> 2.
k=170 \Q

2.2 Structural and constitutive assumptions

Besides Gibbs’ equation (1.4), we impose several restrictions on the specific shape of
the thermodynamic functions p = p(g, ¥), e = e(g, ¥) and s = s(go, ¥). They are
borrowed from [8, Chapter 1], to which we refer for the physical background and the
relevant discussion.

We consider the pressure p in the form

po.?) = pule.9) +49% a> 0. pule.”) =2¥2P (%), @2)
e0. ) =en(e. ) +a%, ewlo,9) = 38N = 302p (267), (23)
5. 9) =su(e. ) + %2, sue.9) =5 (5%). 24)

3 -
S =S8(2). $(Z) = _g—zf’(z)ZfP @)

<0, limy_, S(Z) =0, 2.5)
where

P € C'[0,00) N C?(0,00), P(0)=0, P'(Z) >0, forallZ>0,  (2.6)
33P(Z)—ZP'(2)

< 3 7 <c, forall Z > 0, 2.7

and
P@2) _ 0 2.8
P 75 T e b @9
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As shown in [8, Section 3.2] the assumptions above imply that there is ¢ > 0 such
that

0% < pu(o,9) < (@ + 0v), 2.9)
3

%95/3 +av* < ge(o, V), (2.10)
0 < emlo, V) < c0* + ), @2.11)

for all ¥, o > 0. Moreover, there is so, > 0 such that
0 < sm(0,9) < soo(1 4 [log(0)| + [log($)]™). (2.12)
Finally, for 9 > 0 we introduce ballistic free energy given by
Hy(0.9) = ¢ (e(0. ®) — ¥s(0. 1))
which satisfies
—clo+ 1)+ %(ge(g, 9) + 0150, ) < Hy(o,9) < c(0” +0*+1) (2.13)

on account of (2.11), (2.12) and [8, Prop. 3.2]. The viscosity coefficients w, n are
continuously differentiable functions of the absolute temperature ¢}, more precisely
n, A€ Cl[O, 00), satisfying

0<p(l+9)<p@®) <ml+9), (2.14)
sup (I )]+ 1A' (@)]) <m, (2.15)

¥ €[0,00)
0<A(@®) <x(+ ). (2.16)

The heat conductivity coefficient k € C 1[0, 00) satisfies
0<k(14+0°) <k@®) <k(l+. (2.17)
Finally, we introduce certain regularised versions of p, e, s and « for fixed § > O:

ps(0, ) = p(o,9) +8(0* + "),
em.s(0, V) =em(o, V) + 69, es(o, ) = e(o, ¥) + 80,
sm.s(D,0) =su(3,0) +8logd, ss(0,9) =s(0, ) +8log(®), (2.18)

1 T
Kg(ﬁ):x(l?)+8<ﬁr+§>, /Cg(l?):/o Kks(z) dz.
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2.3 Martingale and stationary solutions

We start with a rigorous definition of (weak) martingale solution to problem (1.1)-
(1.5) as given in [1], where also the existence of a solution to the corresponding initial
value problem is proved.

Definition 2.1 (Martingale solution) Let O C R3 be a bounded domain of class C2+,
v > 0. Then

((Q» g» (Sl)s P)v o, ﬂs u, W)

is called (weak) martingale solution to problem (1.1)—(1.5) provided the following
holds.

(a) (2,35, (51), P) is a stochastic basis with a complete right-continuous filtration;
(b) W is an (§;)-cylindrical Wiener process;
(c) the random variables

0 € LL (10, 00): L'(Q)). 9 € L},(10, 00); L'(0)), u € LE ([0, 00); Wy 2(Q: RY))

are (§;)-progressively measurable!, 0>0,% >0P-as.;
(d) the equation of continuity

/-W/ [0 ¥ +ou- V] dxdt = 0; (2.19)
0 0

holds for all ¥ € C2°((0, 0o) x R3) P-as.;
(e) the momentum equation

o
/ 8,10/ ou-¢ dxdt (2.20)
0 0
o0 T
—I—/ 1///Qu®u:Vgodxdt—/ w/S(ﬂ,Vu):Vq)dxdt
0 0 0 0

oo (0.¢]
+/ lﬁ/ p(o, ) div ¢ dxdt+/ W/ oF(o, 9, u) - ¢ dxdW = 0;
0 0 0 0

holds for all € C2°(0, 00), ¢ € C°(Q; R?) P-as.

! The progressive measurability is understood in the sense of random distributions as introduced in [2,
Section 2.2].
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(f) the entropy balance

—/0 /Q[Qs(gs DY +os(o, Mu- V] dxdr

wa/ 50w vat P wop]y axar 221)
0 o
_/Oo/ KOVY G, dxd,_/oo w1 5 _ @) arn?dr

0 0 9 0 00 v

holds for all ¥ € C2°((0, 00) x R?), ¥ > 0 P-as.;
(g) the total energy balance

—/ooatxp (/ E(o, ¥, u) dx> dt:—/oolﬂ/ d(® — Op) dH> dr
0 0 0 90

oo
+ / 4 / oF(o, ¥, u) -udx dW dx (2.22)
0 0

+%/Oww</QZQ|Fk(Q, 9, w)? dx)dt

k>1

holds for any ¥ € C2°(0, co) PP-a.s. Here, we abbreviated

1
£, 9, u) = 5@|u|2 + 0e(0, ¥).

In the following we are going to introduce the concept of stationary martingale
solutions. We start with a standard definition of stationarity for stochastic processes
with values in Sobolev spaces.

Definition 2.1 (Classical stationarity) Let @ = {u(t); t € [0, 00)} be an W57 (Q)-
valued measurable stochastic process, where k € Ny and p € [1, 0c0). We say that it
is stationary on WP (Q) provided the joint laws

L@t +1),....0, +1)), LAt),...,0t,))

on [Wk’P(Q)]" coincide for all T > 0, for all ¢, ..., 1, € [0, 00).

As can be seen from Definition 2.1, the velocity u and the temperature ¢ are not
stationary in the sense of Definition 2.1 as they are only equivalence classes in time.
Therefore we use the following definition of stationarity which has been introduced
in [4], and applies to random variables ranging in the space L ([0, 00): wk.p (Q)).

loc

Definition 2.2 (Weak stationarity) Let u be an L?OC([O, 00); WkP(Q))-valued ran-
dom variable, where k € Ny and p,q € [1,00). Let S; be the time shift on the
space of trajectories given by S;u(t) = u(r + t). We say that u is stationary on
L{ ([0, 00); WP (Q)) provided the laws £(S; ), £(@) on L{. ([0, c0); WE-P(Q))

loc
coincide for all T > 0.

@ Springer



1136 D. Breit et al.

Definitions 2.1 and 2.2 are equivalent as soon as the stochastic process in question
is continuous in time; or alternatively, if it is weakly continuous and satisfies a suitable
uniform bound, cf. [4, Lemma A.2 and Corollary A.3]. Furthermore, it can be shown
that both notions of stationarity are stable under weak convergence as can be seen
from the following two lemmas (the proofs of which can be found in [4, Appendix]).

Lemma 2.1 Letk € Ny, p, g € [1, 00) and let (0,,) be a sequence of random variables

taking values in Lfoc([O, o0); WEP(Q)). If, for all m € N, W, is stationary on

quoc([O, 00); Wk’/’(Q)) in the sense of Definition 2.2 and

i,—u in LI ([0,00); WEP(Q)) P-a.s.,

loc

then 1 is stationary on L} ([0, c0); WP (Q)).

Lemma2.2 Letk € No, p € [1,00) and let (@,,) be a sequence of W*P(Q)-valued
stochastic processes which are stationary on wk.p (Q) in the sense of Definition 2.1.
IfforallT >0

sup IE|: sup ||ﬁm||Wk,p(Q):| <0 (2.23)
meN | t€[0,T]

and
i, = @ in Cie([0, 00); (WEP(Q), w)) P-as.,

then W is stationary on W&P(Q).
In the following we define a stationary martingale solution to (1.1)—(1.5).

Definition 2.3 A weak martingale solution [p, ¢, u, W] to (1.1)-(1.5) is called sta-
tionary provided the joint law of the time shift [S-[Q, S, S;u, S¢ W — W(r)] on

L. ([0, 00); LY (T%)) x L}.([0, 00); W'2(Q))
x L. (10, 00); WI2(Q; R?)) x C([0, 00); o)

is independent of T > 0.

We now state our main result concerning the existence of a stationary martingale
solution to (1.1)—(1.5).

Theorem 2.1 Let My € (0, 00) be given. Suppose that the structural assumptions
(2.2)~(2.17) are in force and that the diffusion coecfficient F satisfies (2.1). Then
problem (1.1)—(1.5) admits a stationary martingale solution in the sense of Definition
2.3.

The proof of Theorem 2.1 is split into several parts. In the next section we study
the approximate system with regularisation parameters ¢ and §. The proof will be
completed in Sect. 4 after passing to the limit in € and 8.
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3 The viscous approximation
In this section we study the viscous approximation to (1.1)—(1.5), where the continuity
equation contains an artificial diffusion (e-layer) and the pressure is stabilised by an

artificial high power to the density (§-layer). In addition to the common terms we add
additional stabilising quantities in the continuity equations as in [4], see (3.1) below.

3.1 Martingale solutions

In this subsection we give a precise formulation of the approximated problem. For this
purpose we introduce a cut-off function

1forz <0,
Xx €CPR), x(2) =1 x'(2) <0for0 <z <1,
x(z) =0forz > 1.

We denote by M, the unique solution to the equation 2ez = x (z/ M) which obviously
satisfies M, < M. Finally, the diffusion coefficients are regularised by replacing I
by ]Fé"

€ 1
FS = (Fk’s)kZ] ) Fk,&(-xﬂ o, 19’ u) =X <E - 1) X <|u| - E) Fk(x’ o, 197 u)-

Let us start with a precise formulation of the problem.

e Regularized equation of continuity.
o
/ / [00:¢ + ou- Vo] dxdr
0 Jo

(0.¢] 0.¢]
=£/ f [VQ-Vgo—ZQgD] dxdt—Zsf /Mggo dx dt
0 [} 0 [}

for any ¢ € C2°((0, 00) x Q) P-as.
e Regularized momentum equation.

3.D

o0 o
/ 3t1///Qll~§0dxdt+/ w/Qu(X)u:V(p dx dt
0 0 0 0

o0
+/ Vf/ ps(®, 0)dive dxdr
0 0

o o0
—/ 1/// S(?, Vu) : Vo dxdt—s/ ¢/ ou-Agp dxdr (3.2)
0 0 0 Q

oo
—28/ w/Qu-(pdxdt
0 0

o0
=—/ w/ oFe(0. 9. 0) - ¢ dx AW
0 0
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1138 D. Breit et al.

for any ¢ € C2°((0, 0)), ¢ € C®(Q; R?) P-as.
e Regularized entropy balance.

o0
—/0 /Q [oss(o. )0y + 0ss (0. V)u - V] @ dxdr
o o . k(@) o 1
3/0 /QE[S(ﬂ,Vu).Vu—«—T\Vz?l +8p]1//dxdt
+/OO¢/ KM)W Vg dxdr
o Jo
o0
—/0 ol ¢d( L9 — 09) dH i (33)

e S\ V
—ef vff [(ﬁsM,a@,ﬁ)—eM,a(@,ﬁ)—%) 79} Vedvds

1
+/ 1/// [ BoP 2 +2)|Vol? +8Qﬁ a M (0. 9)IVol —sﬂ“}pdxdt

rm(o.?)
0

1
+/0 w/Q (—259+28M8)5(19SM’5(Q,19)—eMﬁg(Q,ﬁ)— )(pdx dr

for any ¥ € C2°((0, 00)), ¢ € C*(Q; R3) P-as.
e Regularized total energy balance.

o0 o0
7/ a,w(/ Es(o, z?,u)dx) dz+/ w/ e dr
0 1] 0 Qo
T r 1
+2s/ w/ [ag2+ LQF—FfQIu\Z] dx dr
o 0 r—1 2

o0
+/ w/ d® — ©g) dH? dt

5T 1
/ f 21//dxdt+/ wsMS/ (28@-‘,— 1QF*‘+§|u|2) dx dr

1
+5/0 (/ S olFg e (o 9, w2 dx)dr

k>1

+/ w/ oF¢ (0, 9, u) -udW dx 3.4
0 0

holds for any ¢ € C2°(0, oo) P-a.s., where we have set
1 2 2 1 r
& = selul +oesio. ) +5(0? + ——e").

r

We have the following result.
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Proposition 3.1 Ler &, § > 0 be given. Then there exists a weak martingale solution
[0s, V¢, 0] to (3.1)—~(3.4). In addition, for n € N and every y € C°((0, 00)), ¥ > 0,
the following generalized energy inequality holds true

—/oo 3,10[/ £ (0. 9) dx]"dr
0 0
© 5 n—1
+5/ /E” L 9)(r, ) d /Eddt
now[QH<g><r>x] et
o0 Y n—1
+”/ 14 / E%’ (0.9)(x. ) dx / e dr
0 |:Q H ] 0
* 5.9 NP L (O W S 5
+n/0 w[/QEH (0 9)(z,) dx] /BQ (2= 9) @ — o0 arar

- %) = —1 sTol 1
+2am9E/ ¢[/ E%S? (0, 9)(, ) dx:|n / 502+ 2% 4+ o2 | drdr
0 0 0 2

r—1
o 5.0 n—1 PM | €M
+28n/0 w[/Q E% (0, 9)(x, ) dx] /QQ(Q—I9 +5 —sM,,g)(g, ﬁ) dx dr
00 = _ Y : 3.5
gns/ w[/ ESY (0, 9)(x, ) dx}n 1/ i(eM,(;(g,ﬁ)—i-Qd‘eiM(g,ﬁ))VQ-Vz?dxdt (3-5)
0 0 0o? do

0 5.0 n—1
+n/ «//[/ ES? (0, 9)(x, ) dx] / oF. (0, 9, u) - udW dx
0 0] o
n [ 5.7 n71< P )
+7/ v / EZ7 (0,9)(t, ) dx / olFg. ¢ (0. 9, w|” dx )dt
2 Jo [ o ] Ql; ¢
+neM, /OO‘/f[/ ES7 (0. 9)(x. ) d ]nil/ 210+ 28 + Lue) ara
neM; A 0 w (0, 0)(z, X 0 0 - Sl X
= * 8.9 n—1 PM | €M.s
—‘rnﬁsMg/(; w[/Q ES? (0, 9)(z, ) dx} /Q (QTJF p —sM,(g)(g, 19) dx dr

nn—1) [ 5T n-22 o 2
+ / ¥ / ESY (0,9)(z, ) dx / (/ oFy & (0, ﬁ,u)-udx) dr.
2 0 |: 0 H ] 1; 7 0 k

Here we abbreviated

i O P NS BN
ag,(;:E[S(ﬁ,Vu).VquTwzﬂ +§(19 +p)|w| +5ﬁ]
Vol | o

) 5
+ e—|Vu|*,

b ot 9

0
(Be™2 +2)1Vel? + e~ 0, 9)
do

and E?f = %Q|u|2 + Hz(o, ¥) + 8(@2 + ﬁgr), where

H; 5(0,0) = 0 (es(0, 9) = Us5(0, 9)) = Hz(0, 9) + 800 — dolog(®)  (3.6)

with Hg(0, ¥) introduced in (2.2).

Proof Although there are some differences to system (4.24)—(4.27) from [1] the
method still applies (in particular, it is possible to allow an unbounded time inter-
val by working with spaces of the from L1 ([0, 00); X) and Ciec([, 0, 00); X) for

loc
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1140 D. Breit et al.

Banach spaces X) and we obtain the existence of a weak martingale solution to (3.1)—
(3.4). We remark, in particular, that the solution in [1] is constructed with respect to
some initial law which does not play any role in our analysis. For simplicity we choose

oo=1, =1, u =0,

which satisfies all the required assumptions.

As far as the energy inequality is concerned, the required version can be derived
on the basic approximate level (even with equality) and it is preserved in the limit. In
fact, one can argue as in [1, Section 4.1] to derive the version for n = 1, while the case
n > 2 follows easily from It6’s formula. It is worth to point out that this procedure to
test the continuity equation (3.1) with %|u|2 and 260 + %QF gives rise to the terms

— e 5T n—1 2 o r 1 5
2envE w[ Ey (0, 9)(T,) dx] 0“4+ ——0 + zolu|”| dxdt
0 0 0 r—-1 2

and

o° kS n—1 ST 1
neMa/ w[/ E%Y (0, 9)(x, ") dx] / (2ag+ e 5|u|2> dx dr
0 0 0 -

in (3.5) which are new in comparison to [1]. Also, the term

nEeMS/ww[/ EST (0. 9)(x. ) dx]n
0 0

/<pM(Qvﬂ)+eM,8(Q’ﬁ)
0 QZ? 0]

—sm,5(0, 15‘)) dx dt,

which arises due to the last line in (3.3), does not appear in [1]. Finally, as in (1.10) we
have the boundary term due to non-homogeneous boundary conditions being incor-
porated already in (3.3). O

3.2 Uniform-in-time estimates

The first step is now to derive estimates which are uniform in time.

Proposition 3.2 Let (o, 9, u) be a weak martingale solution to (3.1)-(3.4). Assume
that

_ n
ess lim sup]E[/ ES (0,9)(1, ) dx] < 00 (3.7)
t—0+ 0

for some n € N. Then for any O >0ande < ey thereis Eog = Ex(n,e,8,9%) such
that

E[/Q E%7 (0.9)(x. ) dx] < Ee. (3.8)
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as well as

T _ n—1
IE/ [f E% (0,0)(z, ) dx] (f Oe.s dx+/ sﬁde> dt
0 0 0o 0

< Exo(l+7) 3.9
foraa.t > 0.

Proof The energy inequality in (3.5) yields for a.a. 0 < 77 < 7 (approximating
¥ = I(,,1,) by a sequence of functions (y,,) C C°(0, 00))

_ n o _ n—1
[/ Eif’(e, ) (12, ) dx] +nﬁ/ [/ E%l’(g, (z, ) dx] / 0e.5dx
0 n LJo 0
T — n—1
+nf ’ [/ ESY (0,9)(x, ) dx] (/ eﬂsdx—{-/ ®<ﬁ—5>(ﬁ—®o)dH2> dt
7 0 0 ag U
T _ n—1
+2sn5JE/ ’ U ESY (0, 9)(z, ) dx} / [6Q2+ F(S_FIQF + %eluﬁ] dxdr
7 1] 0

o _ n—1 9
+2en f [ / Ey’ (0, 9)(, ) dx] f Q(eM,a+Q M3 ) (0.9 ) dr ar
u LJO 0 do

— n
< [ /Q EY (0. 9)(x1. ) dx]

1) 5T n—1 5 dent s
+n8/ |:/ EI-} (Q, 19)(1', ) dx] [ 72<6M’3 +0 u )(Q’ 7})>VQVl9dxd[
71 0 0 4 aQ

/tz |:/ 5T n—1 s .
+n Ey7 (0, 0)(t, ) dx] / (—+sv}z9>dxdz
7] o H e 0 92

o _ n—1
+n/ [/ Ei}l?(e, ?)(z, ) dX] / oF¢(0, ¥, ) -udW dx
T 1] o

1
> olFc e (0, 0, Wi dx)dt

no[7 5,9 !
+f/ [/ Ey (0, 9)(z,") dx] (/
2 T1 0 kal
K 7 "l sTol ! 1
+8Mgn/ [/ ESY (0, 9)(x, ) dx] / 260+ 22— 4+ ) dedr
o Lo 0 r—1 2

12} — n—1
v PM | €M
+ &M, nl?/ |:/ anﬂ( f 19)(77, ) dx:| / <7 + LA ) , ) dxdt
Tl Ll H © o \ov 3 M.5 (Q )
—1 2 — n—2 0o )
+ n(n2 )/ [/ Efqﬁ(g, )(z, ) dx} Z (/ oF (0, ¥, ll)~udx> dt
T Q 0

k=1
=)+ UD)+---+(VIII). (3.10)
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Let us first consider the terms on the left-hand side. We have

T _ n—1
n/ z[f E%(0,9)(z, ) dx] f @(ﬁ —5>(z9 — @) dH? dt
o LJo 90
T _ n—1
zn/ ’ [/ E%" (0, 9)(z, ) dx:| / 92 dH2 dt
7 0 90
o o n—1
—cnf [f ES (0, 0)(z, ) dxi|
7 0
o o n—1
zn/ [/ E%’ (0, 9)(1, ) dxi| / 92 dH> dr
T (0] 90

© 5,7 "
—/cn/ [/ Ey (0, 0)(z, ") dx] dt —ce(tp — 11)
T o

1

for all « > 0 as well as

2 57 ! ,  or o,
/ / Ey (0, 9)(z, ) dx / 80> + ——o' + —olul?| dxdr
T] o [¢) r—-1 2

- /Tz |:/ 8,5 i|n B -
>c Ey (0. 9)(t,) dx | df —c(r2 —11)
T 0

1

T _ n—I1
—c/ ’ [/ E%" (0, 9)(z, ) dx:| f <ﬁ4+59 log(ﬂ)) dr
7] 0 0

_ /rz |:/ 57 :|”
>c Ey (0, 9)(t,) dx | df —ce(m2 —71)
T 9]

1
(%) _ n—1 1
—K/ [/ E% (0, 9)(1, ) dxi| / (8195 +80* +5—3> dr
71 9] 0 4
due to (2.13). Finally, due to (2.9)-(2.12),

pmo, V) n oem,s(0, 1)
o 9

—oss,m(0, V)

is bounded from below by a negative constant, such that the corresponding term can
be bounded from below by —c(t2 — 11).

Using (2.1), fQ odx = M, < My and (2.13) the terms (V) and (VIII) can be
bounded by

I _ n—1 12 _ n—2
f [ / Ey’ (0. 9)(x. ) dx] + / [ / E3’ (0. 9)(x ) dx] f oluf* dx dt
T] o 71 0 0

© o n—1
< c/ [/ E%’ (0, 9)(1, ) dx} +e(m— 1)
T 0

1
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T _ n—1
+c/ ’ [/ E% (0, 9)(z, ) dx] /Eglog(ﬁ)dt
T o o

%) _ n
sx/ [/ Ep (0, 9)(, ) dx] +ec(m — 1)
T 0

1

o 55 n—1 1
+:</ [/ Ey" (0, 9)(z, ") dx:| / <eﬂ5+892+37> dr,
o LJo 0 -

where k > 0 is arbitrary. Clearly, (I V') vanishes after taking expectations. On account
of (2.9)—(2.12) we have

2/3

, 0 e , U 1
pue. V) | ems( )—SM,S(QJ?)SI-%QTSKQF-FKE-FCK- (3.11)

oV 0

Consequently, the estimate for (V I7) is analogous to one for (V') and (VI11) above.
We quote from [8, equ. (3.107)]

dey (0, 1)
epm(0, %) +o——|IVol|VD|dx

1
I1) < —
( )_S/Qﬂzg %0
< lf s(or—2 4 L |v0|2+§ Fo™ 2 +2)|Vol*| dx (3.12)
~2Jp 3 v
provided we choose ¢ = £(5) > 0 small enough. Finally, we clearly have
. - n—1 1
(I11) 5/([ [/ EY (0, 9)(z, ") dx:| f <81?5 +8—3) dr
71 0] 0 2
© o n—1
—l—cK/ [[ E%" (0, 9)(z, ) dx] dr
71 0
© 55 n—1 S 1
5/(/ |:/ Ey (0, 9)(z, ") dxi| f <81? +8$) dx dt
7| 0 Q

Jr,c/rz [f ES (0. 9)(1. ) dx] At + co (1) — 11).
T 0

1

Combing everything and choosing « small enough and noticing that § % < 0, yields

_ n %) _ n—1
E[/ ES (0,9)(12, ) dx] +D]E/ [/ ES" (0, 9)(z, ) dx:| / 0e.5 dx
0 o LJo 0
T _ n—1
+DIE/ ’ [/ ESY (0, 9)(x, -) dx:| (/ sﬂsdx+/ 192de> dt
o LJo 0 90

< E[/ ES (0. 9)(11, ) dx] te(m—1) (3.13)
0
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for all 0 < 11 < 7o with some D > 0. We obtain in particular

5.7 " © 5.7 "
E[/QEH (0, ) (12, -) dxi| +D/ E[/QEH (0, 9)(z, ) dx] dx
11
< E[/ E% (0, 9)(n1, ) dx} +C(r— 7).
0

Applying the Gronwall lemma from [3, Lemma 3.1] and recalling hypothesis (3.7) we
obtain

— n — n C C
E[ /Q E%’ (0.9)(r. ) dx] < exp(—Dr)(JE[ /Q E%7 (0,9)(0, ) dx] - 5) +5

<Ex
uniformly in T > 0. Using this in (3.13) shows

n—1

. B _
E/ [/ E% (0, 9)(z, ) dx] (/ 0e.5 dx +f g9 dx +/ ﬂdez) dr
0 0 Q 0 00

< Ex(l+1)

by possibly enlarging E. O

3.3 Stationary solutions

Based on Proposition 3.2 the method from [17] becomes available and we can construct
a stationary solution to (3.1)—(3.4) following the ideas from [3] to which we refer for
further details. Different to Section 2.3 we consider stationary solutions sitting on the
space of trajectories that are defined on the real line R rather than the interval [0, c0).
We will call them entire stationary solutions. This construction is clearly stronger and
hence we obtain also stationary solutions in the sense of Definitions 2.1.

Clearly, Definition 2.1 can be easily modified for solutions ((£2, §, (3:)i>—7, P),
0, U, u, W) being defined on [T, 0co) for some T > 0. An entire solution is than an
object

(2,8, Bier. P), 0,0, u, W)
which is a solution on [T, oo) for any 7 > 0. It takes values in the trajectory space
T =T, x Ty x Ty x Ty,
Tp = (Lie(R: W2(0: RY), w) N Cucattoc (Rs LT(Q)),
Ty = (LRe(Rs W05 RY). w) N (L (R: L4(0)), w*)
Tu = (Lhe(R: WP (Q: R w) . Tiy = Cioc,0(R: o),
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where Cjoc o denotes the space of continuous functions vanishing at 0. We denote by
PB(7) the set of Borel probability measures on 7.

We say that an entire solution to (3.1)—(3.4) of the problem (3.1)—(3.4) is stationary
if its law L7 [0, ¥, u, W] is shift invariant in the trajectory space 7, meaning

L7 [S:lo, 9, u, W]| = Lr[o, ¥, u, W] forany T € R,

with the time shift operator

Szlo, 0, u, WI(t) = [o(t + 1), 09 +1),u(t+ 1), Wit +7t)— W(r)], t € R, T €R.

Proposition 3.3 Let the assumptions of Theorem 2.1 be valid and let ¢ < &9 and
8,0 > 0 be given. Let

((Qv 'Sv (31)1207 P), Q? ﬂv u, W)

be a weak martingale solution of the problem (3.1)—(3.4) (in the sense of Definition
2.1 with the obvious modifications) such that

esslimsupE [Ei}g(t)“] < 00. (3.14)
t—0+

Then there is a sequence T,, — oo and an entire stationary solution

(2,5, Gier. P), 6, 0,0, W)

such that
1 (5 -
Ff LT [St [Q, 9, u, W]] dt - L1 [é, u, v, W] narrowly as n — 00.
n J0O

Proof Let [p, u, W] be a dissipative martingale solution on [0, co) defined on some
stochastic basis (€2, §, (§:)r>0, P) and satisfying (3.14). We define the probability
measures

1 N
Vg = 3/0 L7(S/[o, 9, u, W])dr € R(T). (3.15)

We tacitly regard functions defined on time intervals [—7, 00) as trajectories on R by
extending them to s < —t by the value at —¢. As in [3, Prop. 5.1] we can show that
the family of measures {vg; S > 0} is tight on 7. In fact, Proposition 3.2 yields

E[supsei_7.71EM (s + )] +E [/fmr Jo (|VQ|2 + Vo + |Vu|2>(s +1) dx ds]

SE[E™O0)] +c.
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This gives the same bounds on ¢ and u as in [3] and we control additionally

IE|: sup </ z?4dx) (s+t):|+IE|:/ /|Vz9| (s+1) dxi|
se[-T,T1 \JQ TV—t

which implies tightness of % fOS L7(S;[9]) dr. Note also that we have control of Vp
due to & > 0 which is different from [3].
Due to [3, Lemma 5.2], if the narrow limit of

Sn

1
V.8, = S_ ‘C(St+f [Qv u, W]) dr
n J0

in PB(7) as n — oo exists for some T = 79 € R then it exists for all T € R and is
independent of the choice of t. Applying Jakubowski—Skorokhod’s theorem [18], we
infer the existence of a sequence S,, — oo and v € B(7) so that vp 5, — v narrowly
in P(7) as well as vy 5, — v narrowly for all 7 € R. Accordingly, the limit measure
v is shift invariant in the sense that for every G € BC(7) and every T € R we have
V(G o S;) = v(G). To conclude the proof of Theorem 3.3, it remains to show that v
is a law of an entire solution to (3.1)—(3.4).
First of all, we can argue as in [3, Prop. 5.3] to show that for any S > 0

1 N
Vg = Efo [:(St [Q, u, W]) dr € (.]3(7)

is a dissipative martingale solution on (—7, 00), provided (o, ¥, u, W) is a dissipative
martingale solution on (—7', co) defined on some probability space (2, F, P). The
idea is to use that (3.1), (3.2) and (3.4) can be written as measurable mappings on the
paths space (see the proof of [3, Prop. 5.3] for how to include the stochastic integral).
Unfortunately, this is not true for the quantities hidden in o, s appearing in(3.4) and
(3.13). However, they are measurable on a subset, where the laws L(S;[o, u, W]) are
supported. Recall from (3.9) that o, s belongs a.s. to L' in space and locally in time
for any solution. This is enough to arrive at the same conclusion.

To finish the proof we argue that the limit v is the law of an entire solution to (3.1)—
(3.4). Now we consider the measures v 5, -z, 7 = 1,2, ...,and T > 0. According to
the previous considerations, v s, —r is a dissipative martingale solution to (3.1)—(3.4)
on [—1, 00) and the narrow limit as n — oo exists and equals to v. Now we take a
sequence T, — oo and choose a diagonal sequence such that

Ve Sy —tm —> V&S M —> 00,

Applying Jakubowski—Skorokhod’s theorem, we obtain a sequence of approximate
processes [0, Uy, m] converglng a.s. to a process [, 4, W] in the topology of 7.
Moreover, the law of [0, Gy, W 1is VL Sy — T and necessarily the law of [g, u, W]

is v. By [2, Thm. 2.9.1] it follows that equations (3.1)—(3.4) as well as (3.5) also hold
on the new probability space. The limit procedure on this level is quite easy due to the
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artificial viscosity: By definition of 7, the sequence ¢, is compact on L". Moreover,
the strong convergence of 9, can be proved exactly as in the deterministic existence
theory (see [8, Sec. 3.5.3]). This is enough to pass to the limit in all nonlinearities
in (3.1), (3.2) and (3.4). The terms in (3.3) and (3.5) which are not compact (those
related to the quantity o, s) are convex functions and hence can be dealt with by
lower-semicontinuity. O

4 Asymptotic limit

In this section we pass to the limit and the artificial viscosity and the artificial pressure
respectively. They crucial point is a uniform-in-time estimate, see (4.7) and (4.8)
below, which preserves stationarity in the limit. It has to be combined with pressure
estimates which differ on both levels. The key ingredient for estimates (4.7) and (4.8)
is the non-homogeneous boundary condition for the temperature, cf. (1.5).

4.1 The vanishing viscosity limit

In this section we start with a stationary solution (g, ¥, u) to (3.1)—(3.4) existence of
which is guaranteed by Proposition 3.3. We prove uniform-in-time estimates and pass
subsequently to the limits in ¢ and §.

The entropy balance (3.3) yields after taking expectations and using stationarity

Ef |:S(19 Vu) : Vu+ ( )
0¥

1
\%4; 65— |d
= Vo’ + 57 } x
S]E/( 28Q+28M>ﬁ<M+€M,6(Q,79)_0SM,8(Qaﬁ))¢dx
0 o

d
—HE/ 8194dx+E/ ( )(19 ©g) dH?.
0 w U
On account of (3.11) the first two terms can be bounded by

1 1
r
c]E[/Qag dx+1]+ZE/QaFdx.

The estimate is independent of § if we choose ¢ < §. Similarly, we obtain

E/ a@ )(19 @)dH2<cE/ <z§‘+|Vz§‘|>+c
a0 20

5CE[f 194dx+1]+ Ef ()|v19|2
0 0o v
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using (1.6) and the trace theorem. In conclusion,
E/ 1[8(9, Vu) : Vu + MWﬁlz +si} dx < IE[/ (SQF + 794) dx] +1
0? 0 92 0
< ]E[/ ES (0, 9) dx] Y1 @
0

independently of ¢ and § recalling also (2.13) and fQ odx < M, < My. By (2.13)
this implies for any £ > 0

E[/ E%7 (0. 9) dx] < CE[/ <5QF +0%3 —|—194+8Q|10g(19)|> dx + 1}
0 0
cE[/ (80" + 0 +vY) dx:| +$E[f 513 dx} +cg
0 o Vv
,

cE <5QF +03 + 194) dx]

IA

IA

+ c& E[/ E?ﬁ(g, ?) dx] + cg
0

such that

JE[/ E%7 (0. 9) dx:| SE[/ <5QF 103 +194) dx] 1 (42
0 0

independently of ¢ and 6.
In (3.5) we choose n = 2, apply expectations and use stationarity to obtain

251E[ / E%? (0. 9)(t. ) dxi| / .5 dx
0 0
+2]E|:/ E%7 (0. 9)(x. ) dx}/ 0’ dx
0 0

+2E[/ E%7 (0, 9)(x, ) dx:|/ f(f} —5)(19 — Q) dH?
0 200 ¥V

+4e9E| | ES" (0,0 2. 0 ey Lowp
(0, 9)(r,-) dx do +r e +2Q|ul dx
0 0 -

+43E[/Q E%7 (0, 9)(z. ) dxi|/QQ<p(§l’;9) n 68(‘;’ " _ s 0)) dx

5,0 2 dey
<2E Ey (0, 9)(T, ) dx “3lemes(. ) +o——(0. ) |Vo- Vi dx
0 0 v 8@

+1E[ / )7 (0.9)(t. ) de / Y olFic(0, 9w dx)
0

Q=1

@ Springer



Stationary solutions in thermodynamics... 1149

r—1
+28M551E[[Q E%7 (0.9)(x. ) dxi| /Q (p(g’ P e o 19)) dx

o? %
00 2
+ZE</ oF (0, U, u) .udx>
k=1 Q

=)+UDH+UTIDH+UTV)+ (V). (4.3)

= T 1
+2£M5E|:/ E% (0, 9)(z, ) dx:|f <23g+ — o4 §|u|2> dx
0 0

Arguing as in the proof of Proposition 3.2 but paying attention to the e- and §-
dependence we have

) < iE[/ Eiﬁ(@ ?)(z, ) dx:|/ 0g,5 dx,
0 0
(I1) < c]E[/QEi;’(Q, 9)(z, -) dxi|,
(I11) < sEE[/ E% (0. 9)(x. ) dx:|/ [392+£QF} dx
0 0 =1
+ CE|:/ E‘;}E(g, M(t, ) dx] + lE[/ Eiﬁ(@, ) (T, ) dxj|/ 0g,5 dx,
0 4 Lo 0

_ = 5T
vy < gﬁE[/ E%Y (0,9)(z, ) dx]/ — o dx+¢c
0 ol —1

1 —
+—E[ / E% (0, 9)(z, ) dx] / oe5dx,
4 LJo 0

(V) < CE[/ E%7 (0, 9)(x, ) dxi|.
0

Again these estimates are also uniform in § if we choose ¢ small enough compared to
6. Recalling (2.13) and fQ odx < M, < My we thus obtain

< < Tr@) o s
1911260y ~ 191l y1.2 ~1+/ — VD] dx—|—/ 92 dH>,
L5(Q) wi2(0) 09 D 20

E [/Q Ey’ (0. 0.w) dx||z9||Le(Q)] SE[I9140)1912500) | — E[ 191150

>E [“19“230/7(@] -E [”19“L6(Q)] :
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This, inserted in left-hand side of (4.3) yields

E[101 %] +E[ /Q E47 (0, 9, w) dx /Q o0 dx]

- “.4)
iE[/ ESY (0,9) dx:| + 1L
0

independently of ¢ and § using also (4.1).

In order to close the estimate why apply pressure estimates which now can depend
on §. Let us introduce the so—called Bogovskii operator B enjoying the following
properties:

B: Lg(Q) E{f e L1(Q) ‘/ fdx:O} — Wol’q(Q, RY, 1 < q < 00,
0
divBIf1= f. *
IBLA @) ~ lgllzro:rayif f=divg, g-nlyo =0, 1 <r < o0,

see [14, Chapter 3] or [15]. Arguing as in [4, Section 5] (but replacing VA~ by the
Bogovskii operator ) we obtain

E[fo [p(e. e+ So2lul] dx]
= c(Mo)E [IQ (p(@, 9) + §Q|u|2> dx}
-E [/Q (Qu Qu— §g|u|zﬂ) :VB(o — M) dx]

+E [fQ (%/L(ﬁ) + 77(1?)) divu o dx dt] +E [fQ ou - Bdiv(ou) dx]

+28E[fQqug~B[Qg — M| dx] —i—sE[fQdiivug dx]
=) +UD+UTID+TV)+ (V)+ (V).

The terms (II) and (IV)—(VI) can be estimated as in [4] (note that they don’t contain
). In fact, we have by (2.13) and the continuity of V3

(D S Elloul 2 llulizsllv/eVB(o — M)l

< E/Q Ep(o. 9, w) dx|Vull}, +E|oVBe — Mo,

< 1+E/ E%7 (0. 9. u) dx
0
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provided I' is large enough. Furthermore, we obtain for some o € (0, 1)

(V) S Eleulli, S Elellslulje < Elell7;IVulja

2 2(1— 2 2(1— 2
SElely el Ivuli; < Elellys I Vul?,

< IE/ E}” (0.9, w) dx|[Vul2, +E[Vul?,
Q X X
5,0
< l—i—E/ E}" (0,9, u) dx
0]

using again (2.13), fQ odx < M, < My, (4.4) as well as (4.1). We can estimate (V')
and (V1) along the same lines. Using (2.14) and (2.16) we have for I" large enough

(1) <E UQ (0* + 0" + |Vu]?) dx:| <E [1 + </Q E%” (0, 9, ) dx)}
dueto (2.13) (4.1). Obviously, the same estimate holds for (I) such that we can conclude
E [/Q (0" + 0% + 0*uf?) dxi| <E [1 + /Q (0" +0* + olul?) dxi| ., (4.6)
using also (4.2). Obviously, we have

f (o" +0%) dx < 5/ (" + 037y dx + c(®),
0 0

E[/QQMZ dx:| <EE UQ o%lu)? dx] +c®E UQ |Vu/? dx]

<EE [/ o*|ul? dx:| +c(§)/ (" +v*+1) dx
0 0

for any £, & > 0 using again (4.1). Consequently, all terms can be absorbed in the
left-hand side and we end up with

E U [g”‘ L oto+ 9307 4 Q2|ll|2] dx] <ec “.7)
0

as well as

E[(/ E%7 (0.9, u) dx)/ Oes dx} <c (4.8)
o 0
using (4.1).

Estimates (4.7) and (4.8) are sufficient to pass to the limit in (3.1)—(3.4) arguing
as in [1, Section 5] (in fact, one has to combine ideas from [2] and [8]). In the limit
& — 0, we obtain the following system.
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e Equation of continuity.

o
/ / [0d;¢ +ou- Vo] dxdr =0 (4.9)
0 0

for any ¢ € C2°((0, o0) x Q) P-a.s.
e Momentum equation.

o o
/ 3M///Qll'¢dxdt+/ W/Qu®u:V¢dxdt
0 0 0 0

o0
[T [ psw.graive avar 4.10)
0 0

oo o
—f W/ S(®, Vu) : Vo dxdt:—/ waF(Q,ﬁ,u)-¢ dx dW
0 0 0 0

for any ¢ € C2°((0, 00)), ¢ € C®(Q; R3) P-ass.
e Entropy balance.

_[) /Q [QSS(Q, 1) oy + oss(0, U)u - Vl/f] ¢ dxdr

© k@) 51
> —|[Ss (¥, Vu) : V %5 80— Y dxdt .
= [ [ Sl vw ves SRR oL yara @y

+f°°/w.w,dxd;_/m¢/ Lo —oparta
o Jo ¥ 0 a0 ¥V

for any ¥ € C°((0, 00)), ¢ € C®(Q; R?) P-a.s.
o Total energy balance.

T o]
—f Bttﬁ(/ Es(o, v, U)d)c> dt+/ W/ d(® — ©g) dH? dt
0 o 0 90

T
0 [ s avs [ [ Syara
0 o Jo?¥

T
+%/O w(/QZgqu(g, 9, w)? dx)dt

k>1

(4.12)

T
+/ lﬁf oF (o, ¥,u) -udW dx
0 o

for any ¢ € C2°(0, 0o) P-a.s.

To summarize, we deduce the following.
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Proposition 4.1 Let § > 0 be given. Then there exists a stationary weak martingale
solution [gs, Vs, us] to (4.9)—(4.12). Moreover, we have the estimates

30/7 8.0
E[||19||L30/7(Q)]+E[/Q ES? (0,9, w) dx/Qoq;dx} (4.13)
< ]E[/ E% (0. 9) dx] +1,
Q

E/ o3 dx < 1+E/ E%7 (0, 9. ) dx, (4.14)
0 0
uniformly in 8, where

1 k(@) 5, o, 1 1
03:5[8(19, Vu) : Vu + |vz9|2+—(f}F 1+p)|w|2+8§].

v 2
Corollary 4.1 The solution from Proposition 4.1 satisfies the equation of continuity in
the renormalised sense.

4.2 The vanishing artificial pressure limit

Though (4.13) and (4.14) are uniform in §, the final estimates (4.7) and (4.8) are
not. Again we have to close the estimate by some pressure bounds. Let (g, ¥, u) be
a stationary solution to (4.9)—(4.12) as obtained in Proposition 4.1. Arguing as in [4,
Section 6] (replacing again VA ™! by the Bogovskii operator B) we have

E [/Q [pa(g, ) + g§+"‘|u|2} dxi|
< c(My) (E U Bg|u|2+p5(g, 19)] dxi| + 1)
0

4
E —u (0 9) ) di “d
+ fQ<3M( )+ n( )) vup X} 4.15)

1
+E / (gu@u— §Q|ll|2]1> : VB[o"] dx]
0

+E / ou - Bldiv(p®u) + (o« — 1)0* divu] dx]
0

= (D+UD+UI)+IV),

where o > 0 will be chosen sufficiently small. As in the proof of [4, Prop. 6.1] we
obtain

(1)+(111)+(1V)§EU E%7 (0., u) dx/ |Vu|2dxi|
0 0
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+E U E%7 (0,9, u) dx:| +1.
0

Also we see that

(I1n gEU |Vu|2dx] +]E[/ (0" +194)dxi| +1
0 0

SE[/ |Vu|2dx] +]E[/ E%7 (0.9, u) dx:| +1
0 0

choosing o small enough and using (2.14) and (2.16). Combining these estimate with
(4.13) and (4.14) we conclude

E[/ ((SQF+(1+QV+“+194Qa+Ql+a|u|2) dx:|
Q

(4.16)
<E [1 +/ (80" + o7 +0* + olul?) dx] ,
9]
recalling also (4.2). As in the proof of (4.7) and (4.8) we deduce
E f [QV“ + 9% + 037 4 g2|u|2] dx] <c (4.17)
LSO

E (/ E%7 (0. 9, u) dx)/ |Vu|2dxi| <e (4.18)
0 0

E ( / E%7 (0. 9. u) dx) / os dxi| <e (4.19)
[\Jo 0

using (4.14). With estimates (4.17) and (4.18) at hand we can follow the lines of [1,
Section 6] to pass to the limit § — 0 in (4.9) and (4.10). The limit in (4.9) and (4.10)
can be performed as in [1, Section 7] due to (4.17) and (4.19). This finishes the proof
of Theorem 2.1.
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