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Abstract

Let g be a Hecke cusp form of half-integral weight, level 4 and belonging to Kohnen’s
plus subspace. Let c(n) denote the nth Fourier coefficient of g, normalized so that
c(n) is real for all n > 1. A theorem of Waldspurger determines the magnitude
of c¢(n) at fundamental discriminants n by establishing that the square of c(n) is
proportional to the central value of a certain L-function. The signs of the sequence c(n)
however remain mysterious. Conditionally on the Generalized Riemann Hypothesis,
we show that c(n) < 0 and respectively c(n) > 0 holds for a positive proportion of
fundamental discriminants n. Moreover we show that the sequence {c(n)} where n
ranges over fundamental discriminants changes sign a positive proportion of the time.
Unconditionally, it is not known that a positive proportion of these coefficients are
non-zero and we prove results about the sign of c(n) which are of the same quality as
the best known non-vanishing results. Finally we discuss extensions of our result to
general half-integral weight forms g of level 4N with N odd, square-free.

1 Introduction

Let k > 2 be an integer and g be a weight k + % cusp form for I'g(4). Every such g
has a Fourier expansion
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g(2) = Z C(n)nwe(nz).

n>1

The Fourier coefficients c(n) encode arithmetic information. For instance under cer-
tain hypotheses, Waldspurger’s Theorem shows that for fundamental discriminants d,
the value |c(|d|)|? is proportional to the central value of an L-function, so that the
magnitude of the L-function essentially determines the size of the coefficient c(n).
However for g with real Fourier coefficients, their signs remain mysterious. In this
article we contribute towards understanding the sign of such coefficients at fundamen-
tal discriminants through examining the number of coefficients which are positive
(respectively negative) as well as the number of sign changes in-between.

Signs of Fourier coefficients of half-integral weight forms have been studied by
many authors following the works of Knopp—Kohnen—Pribitkin [13] and Bruinier—
Kohnen [3], the former of which showed that such forms have infinitely many sign
changes. Subsequent works [9,17,20] showed that the sequence {c(n)} exhibits many
sign changes under suitable conditions (such as the form having real Fourier coeffi-
cients). Notably, Jiang—Lau-Lii-Royer—Wu [11] showed for suitable g that for every
¢ > 0 there are more than > X2/°7¢ sign changes along square-free integers
n € [1, X]. They also showed this result can be improved assuming the General-
ized Lindelsf Hypothesis! with an exponent of 1/4 in place of 2/9.

For an integral weight Hecke cusp form f the second named author and Matomiki
[22] proved a stronger result, establishing a positive proportion of sign changes along
the positive integers. This uses the multiplicativity of the Fourier coefficients of f in a
fundamental way. Fourier coefficients of half-integral weight Hecke cusp forms lack
this property, except at squares. So one may wonder whether the Fourier coefficients
of half-integral weight Hecke cusp forms also exhibit a positive proportion of sign
changes, along the sequence of fundamental discriminants.

In this article we answer this question in the affirmative. We show that under the
assumption of the Generalized Riemann Hypothesis (GRH) there exists a positive
proportion of fundamental discriminants at which the Fourier coefficients of a suitable
half-integral weight form are positive as well as a positive proportion at which the
coefficients are negative. Moreover, we show under GRH that the coefficients exhibit
apositive proportion of sign changes along the sequence of fundamental discriminants.

For simplicity, our results are stated for the Kohnen space S ,j' 120 which consists of
all weight k + 1/2 modular forms on I'g(4) whose nth Fourier coefficient equals
zero whenever (—Dfn = 2,3 (mod 4). In this space Shimura’s correspondence
between half-integral weight forms and integral weight forms is well understood.
Kohnen proved [14] there exists a Hecke algebra isomorphism between S,:_l P and

the space of level 1 cusp forms of weight 2k. Also, every Hecke? cusp form g € S,j 12

! Here the Generalized Lindelsf Hypothesis is assumed for L-functions attached to quadratic twists of level
1 Hecke eigenforms.

2 We call a weight k + 1/2 cusp form on I'g(4) a Hecke cusp form if it is an eigenfunction of the Hecke
operator sz (see [27]) for each p > 2.
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can be normalized so that it has real coefficients? and from here on we assume that g
has been normalized in this way.

Let N” denote the set of fundamental discriminants of the form 8z with n > 0 odd,
square-free. Also, let NZ(X) ={neN N[l X]:cn) #0).

Theorem 1 Assume the Generalized Riemann Hypothesis. Let k > 2 be an integer
and g € S,:“ 412 be a Hecke cusp form. Then for all X sufficiently large the number of
sign changes of the sequence {c(n)}ner x) is > X.

8

In particular, for all X sufficiently large we can find > X integersd € N’ N[1, X]
such that c(d) < 0, and we can find > X integersd € N°N[1, X] such that ¢c(d) > 0.

The proof of Theorem 1 uses the explicit form of Waldspurger’s Theorem due to
Kohnen and Zagier [18]. Given a Hecke cusp form g € S,:Zrl P they show that for each

fundamental discriminant d with (—1)¥d > 0 that
(k=D! (g 8)

2_ (1 . 18,8/
le(dDl® =L (3. f ® xa) - — T (1.1)

Here f is a weight 2k Hecke cusp form of level 1 which corresponds to g as
described above, L(s, f ® xq) is the L-function

A
L f@r =Y LMD gey >

n>1

where A r(n) are the Hecke eigenvalues of f, normalized so that A ¢(1) = 1 and
[Ar(m)| < d(n) foralln > 1, and x4(-) is the Kronecker symbol. Also,

ton=| PP EL e g = 1f Y2 g2 B
SLy(Z)\H y 6 Jro@nm y
In Theorem 1 we assume GRH for L (s, f ® x4) for every fundamental discriminant
d with (—=1)*d > 0.
The restriction to d € N° is important. As the proof of Theorem 3 below will show,
it is easy to produce many positive (resp. negative) coefficients along the integers,
assuming a suitable non-vanishing result.

1.1 Unconditional results

We also are able to prove a quantitatively weaker yet unconditional result. These results
are significantly easier to obtain than our conditional result, Theorem 1.

3 The numbers c(n)n*~1/2/2 lie in the field generated over Q by the Fourier coefficients of its Shimura lift,
which is a level 1 Hecke eigenform of weight 2k, so these numbers are real and algebraic (see Proposition
4.2 of [19] and also the remarks before Theorem 1 of [18]).

@ Springer
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Theorem 2 Let k > 2 be an integer and g € Slj+1/2 be a Hecke cusp form. Then for
any ¢ > 0 and all X sufficiently large the sequence {c(n)}ner x) has > X'~¢ sign
8

changes.

Theorems 1 and 2 quantitatively match the best known non-vanishing results for
Fourier coefficients of half-integral weight forms that are proved using analytic tech-
niques, conditionally under GRH [8] and unconditionally [25] (resp.). In particular,
Theorem 1 gives a different proof that a positive proportion of these coefficients are
non-zero, for Hecke forms in the Kohnen space. It should be noted that Ono—Skinner
[24] have shown that there exist > X/log X fundamental discriminants at which
these coefficients are non-zero for such forms.* However, their result does not give a
quantitative lower bound on the size of the coefficients, whereas the analytic estimates
do provide such information, which is crucial for our argument.

On the other hand, using the result of Ono—Skinner it is not difficult to produce
both many positive Fourier coefficients and many negative ones, at infegers.

Theorem 3 Let k > 2 be an integer and g € Slj_+1/2 be a Hecke cusp form. Then, for
all sufficiently large X

X
and #n <X :c(n) <0} > ——.

#n<X: 0
(= X e = 01> (s e ¥

1.2 Extensions beyond the Kohnen plus space

Since by now Shimura’s correspondence is fairly well-understood (see [2]) we show
in the Appendix that the conclusion of Theorems 1 and 2 holds for every half-integral
weight Hecke cusp form on I'g(4).5 Additionally, we can prove analogs of Theorems
1 and 2 which hold for weight k + % (k > 2) cusp forms g of level 4N with N odd
and square-free provided that g corresponds (through Shimura’s correspondence) to
an integral weight newform. The necessary modifications to our argument and precise
statements of the results are in the Appendix.

1.3 Numerical examples

To illustrate our results above with a concrete example consider the following weight
% Hecke cusp form

60
) = (2G4(42)0'(x) — G4(42)0() = Y as(n)e(na),
nEO,?%nllod 4)

4 As discussed above for forms in the Kohnen space the Fourier coefficients are algebraic integers which
lie in a number field [19, Proposition 4.2] so that the Fundamental Lemma of [24] applies.

5 For g¢ 51211/2 is possible that ¢(8n) 2 (2n) is zero for each n € N, in this case we detect sign changes

of {c(n)} where n ranges over {n < X : n is even and ,u,z(n)c(n) # 0}.
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where

Gi(z) = % (1 —k)+ Zok_l(n)e(nz) and 6(z) = Ze(nzz).

n>1 nez

The modular form §(z) corresponds to the modular discriminant A(z) under the
Shimura lift. Assuming GRH for L(%, A ® xq) for every fundamental discriminant d,
Theorem 1 implies that there is a positive proportion of sign changes of «s(n) along
the sequence of fundamental discriminants of the form 8d. In fact numerical evidence
below suggests that the Fourier coefficients of §(z) change sign approximately one
half of the time. Given a subset £, let S5 (X) denote the number of sign changes of
as(n) alongn € LN[1, X], and denote by N £(X) the cardinality of £LN[1, X]. We
then have the following numerical data.

X 2 x 10° 2 x 100 2 x 107 2 x 108 2 x 10°

Ss.N(X) 50291 501163 5000867 50000368 500027782
1

N SeN(X) 0502915, 0.501163...  0.500086...  0.500003...  0.500027...

If we restrict to N° = {84 : d odd, square-free} then we find the following data.

X 2 x 10° 2 x 10° 2 x 107 2 x 108 2 x 10°

S po (X) 5049 50734 506589 5065686 50663938
!

WS‘SN (X) 0.498223... 0.500740...  0.499980...  0.499963...  0.500033...

1.4 Main estimates

The main results follow from the following three propositions. The first two of the
propositions allow us to control the size of ¢(-) by introducing a mollifier M(-; -)
which is defined in Sect. 4.2. In our application the specific shape of the mollifier is
crucial to the success of the method. We have constructed this mollifier to counteract
the large values of

Ar(p)
exp| D “=xap)
paar VP

that contribute to the bulk of the moments of L(% , [ ® xa). Essentially, we are mollify-
ing the L-function through an Euler product, as opposed to traditional methods which
use a Dirichlet series. This approach was sparked by innovations in understanding of
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the moments of L-functions, such as the works of Soundararajan [30], Harper [6], and
Radziwilt -Soundararajan [26].

Proposition 1.1 Assume GRH. Let g € Slj+1/2 be a Hecke cusp form. Also, let M (-; -)
be as defined in Sect. 4.2. Then

4
> le@mitm (—1fsm ) < x.
n<X

2n is O-free

Proposition 1.2 Let g € SI:F+1/2 be a Hecke cusp form. Also, let M (-; -) be as defined
in Sect. 4.2. Then

DGO ((—l)kSn; %)2 = X.
n<X

2n is O-free

The other key ingredient of our results is an estimate for sums of Fourier coefficients
summed against a short Dirichlet polynomial over short intervals. This is proved
through estimates for shifted convolution sums of half-integral weight forms.

Proposition 1.3 Ler g be a cusp form of weight k + % on T'o(4). Let (B(n))n>1 be
complex coefficients such that |B(n)| <. nate forall e > 0. Let

,B(m)X(_l)kn(m)
M((—l)kn) = Z _—
m<M \/ﬁ

where X _yy, (m) denotes the Kronecker symbol. Uniformly for 1 < y, M < X T

Z Z c(8n)M ((—1)*8n)

X<x<2X |x<8n<x+y
2n is O-free

1
XY | o Dl @M=D 8P
X 22nisI:|—free

In particular, Proposition 1.3 holds for M (-) = M (:; %) as defined in Sect. 4.2.
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2 The proof of Theorem 1

The basic method of proof follows a straightforward approach. Observe that since
M((— l)kn; %) > 0 (see the discussion before and after (4.18)), if

S @M=D 8 < Y le@mIM ((-1)8n; 1)
x<8n<x+y x<8n<x+y
2n is O-free 2n is O-free

then the sequence { ;/.2(2n)c(8n)} must have at least one sign change in the interval
[x, x + y]. To analyze the sums above we use a direct approach, which was developed
in [22], where sign changes of integral weight forms was studied. The main inputs are
Propositions 1.1, 1.2 and 1.3.

Lemma 2.1 Let A > 1. There exists § > 0 such that for2 <y < X% we have for all
but at most K X /A integers X < x < 2X that

Y cBIM(=1)8nm )| < AVY.
x<8n<x+y
2n is O-free

Proof This follows from Markov’s inequality combined with Propositions 1.2 and 1.3,
which holds for M(-) = M(:; 3). O

Lemma 2.2 Assume GRH. Let 2 < y < X/2. Then for all sufficiently small ¢ > 0
there exists a subset of integers X < x < 2X which contains > ¢X integers such that

Y le@nM ((—l)kSn; %) > &Y.
x<8n<x+y
2n is O-free

Proof For sake of brevity write C(n) = |c(8n)|M ((— Dk8n: %). By Holder’s inequal-
ity

2/3 13
2 4
Y C)’< > cm > cm . @
X<8n<2X X<8n<2X X<8n<2X
2n is C-free 2n is C-free 2n is C-free

Applying Proposition 1.2 it follows that the LHS is > X. Applying Proposition 1.1
the second sum on the RHS is < X. Hence, we conclude that

> > x.

X<8n<2X
2n is O-free
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Also, by Proposition 1.2 we have

Y Cm<e Y Cm)*<eX.

X<8n=<2X X<8n<2X
2n is O-free 2n is O-free
Cn)>1/e

So that for ¢ sufficiently small

Z Cn) > X. (22)

X<8n<2X
2n is [-free
C(n)<l/e

Let U denote the subset of integers X < x < 2X such that

Z C(n) <ey.

x<8n<x+y
2n is [-free
C(n)<l/e
Using (2.2) we get that
1
X< Y cwm=- > Y cw (2.3)

X+y<8n<2X y X<x<2X x<8n<x+y

2n is [J-free 2n is O-free

C(n)=<l/e Cm)=<l1/e

where to get the last inequality note that each C(n) which appears in the sum on the
LHS is counted | y] + 1 times in the sums on the RHS. The RHS equals

-z 2| X oew

xeU X<x=<2X J x<8n<x+y
x¢U 2n is C-free
C(n)=<1/s

1
<—lepx+2. 3 1
y &
X<x<2X
x¢U

Since the first term above is of size € X and using (2.3) we must have that the second
term is 3> X since ¢ is sufficiently small. So #{X <x <2X :x ¢ U} > ¢X. O

Proof of Theorem 1 In Lemma 2.1 take A = giz, y= ei(, so for except at most << £2X
integers X < x < 2X we have that

> @M1 8n: H| < Ay = ng (2.4)

x<8n<x+y
2n is O-free
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In Lemma 2.2 take y = 8% so there are >> e X integers X < x < 2X such that

1
3 je@nIM ((—l)kSn; %) > ey = —. 2.5)

x<8n<x+y €

2n is O-free

Combining (2.4) and (2.5) we get that there are > ¢ X integers X < x < 2X such
that

3 je@m)IM ((—l)kSn; %) S| Y @M ((—l)kSn; %) .

x<8n<x-+y x<8n=<x+y
2n is O-free 2n is O-free

Since M > 0 (see the discussion after (4.18)) this implies there exists at least > ¢ X
integers X < x < 2X such that [x, x + y] contains a sign change of the sequence
{12 (2n)c(8n)}. Since every sign change of {(u2(2n)c(8n)} on [X, 2X] yields at most
Ly] + 1 intervals [x, x + y] which contain a sign change it follows that there are at
least > e% =¢'X sign changes in [ X, 2X], which completes the proof of Theorem
1. O

3 The proofs of Theorems 2 and 3
3.1 The proof of Theorem 2

Throughout we will need the following estimate.
Lemma 3.1 We have

Z lc8n)|? =< X.

X<n<2X
2n is O-free

Proof This follows immediately by applying (1.1) along with Proposition 5.1 below
withu = 1. O

We are now ready to start the preparations for the proof of Theorem 2, which as it
turns out is considerably easier to prove than Theorem 1.

Lemma3.2 Let A > 1. There exists 8 > O such that for all2 < y < X® we have for
all but at most < X /A integers X < x < 2X that

> eBn)| =AYy

x<8n<x+y
2n is O-free
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1562 S. Lester, M. Radziwitt

Proof This follows from Markov’s inequality combined with Proposition 1.3 (with
the choice B(1) = 1 and B(m) = O for all m > 2) and Lemma 3.1. m]

Lemma3.3 Let ¢ > 0 and 2 < y < X/2. Then there exist > x!-3¢ integers
X < x < 2X such that

G %

x<8n<x+y
2n is O-free

Proof Note that using (1.1) and Heath-Brown’s result [7, Theorem 2] we get that

D L@t < xME

X<8n<2X
2n is O-free

Hence, using the above estimate along with Lemma 3.1 we can apply Holder’s inequal-
ity as in (2.1) to get

Y le@n)> X' 3.

X<n=<2X
2n is O-free

Also, using Lemma 3.1 we have

dooe@ml <X > je@n)F < X'7F

X<8n<2X X<8n<2X
2n is [-free 2n is [-free
|c(8n)|>X*®

So combining this along with (3.1) we get

Y le@m> X' (3:2)
X<8n=<2X

2n is O-free
[c(8n)|<X*®

Let U denote the subset of integers X < x < 2X such that

y
> el = <

x<8n<x+y
2n is O-free
le(8n)|<X*
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Using (3.2) and arguing as in (2.3) we get that

Xl Y qesmi=s Y Y fesn)

X+y<8n<2X y X<x<2X x<8n<x+y
2n is [-free 2n is O-free
le(8n)|<X*® le(8n)|<X*®

Z+ > > e

xeU X<x<2X | x<8n<x+y
x¢U 2n is O-free

e <X"
<Pl Xxixe. 3o
y | X®
X<x<2X
x¢U

Since the first term is of size X!~¢ we 3rnust have that the second term is >> X! ~¢/2
sothat #{X <x <2X :x ¢ U} > X'!72%. o

We are now ready to prove Theorem 2.

Proof of Theorem 2 Let y = X% and A = Lemma 3.2 we have

Y e < %

x<8n<x+y
2n is C-free

forall X < x < 2X with at most X !+¢y~1/2 = X1=2¢ exceptions. On the other hand,
by Lemma 3.3 we have

y
> le@n)| > 'a

x<8n<x+y
2n is O-free

on a subset of cardinality at least X'~3¢/2. Therefore the two subsets intersect on at

least > X '73/2 values of x, and therefore give rise to at least X' ~1¢/2 sign changes
in [X,2X]. O

3.2 The proof of Theorem 3

The proof of Theorem 3 is completely elementary and does not depend on any of the
other techniques developed here.

Proof of Theorem 3 Let g € S,j 12 be a Hecke cusp form and f denote the weight 2k
Hecke cusp form of level 1 that corresponds to g. For d a fundamental discriminant
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with (=D¥d > 0

cn’ld)) =c(dl) )

rin

Hr)xa(r) (g) ’ (3.3)

N

where A y(n) denotes the nth Hecke eigenvalue of f (see [18, Eqn (2)]). In particular
if p is prime this becomes

c(ldp?) = c(ld]) (Af<p> - X"(”)) .

VP

Since there exists p which depends at most on k such that® A r(p) < =2//pit
follows that if ¢(|d|) # O then ¢(|d|) and ¢(|d|p?) have opposite signs. By Ono and
Skinner’s result there are > X /(p*log(X/p?)) > X/log X fundamental discrimi-
nants |d| < X/p? such that c(|d|) # 0. So by considering the signs of the Fourier
coefficients c(n) atn = |d| < X/p* with¢(|d|) # Oand at m = |d|p?> < X we arrive
at the claimed result. m|

4 Upper bounds for mollified moments

Let f be alevel 1, Hecke cusp form of weight 2k. The aim of this section is to compute
an upper bound for mollified moments of L(%, f ® xa), conditionally under GRH.
This gives an upper bound for the mean square of the mollified Fourier coefficients of
8 € S/j+1 /2

The second moment L( %, f ® xa) has been asymptotically computed assuming
GRH by Soundararajan and Young [31]. However, a direct adaptation of their method
cannot handle the introduction of a mollifier of length > |d|®. For this reason we
use a different approach, which uses the refinement of Soundararajan’s [30] method
for upper bounds on moments due to Harper [6] as well as the construction of an
appropriate mollifier, which is based on an iterative construction and roughly has the
structure of an Euler product. A similar mollifier and iterative approach was developed
by Soundararajan and Radziwilt [26].

The main result is

6 To see this, use the zero free regions for L(s, f), L(s, sym2 f) and the Hecke relation )\f(p)z =
L+2p( p2) to get that for y sufficiently large in terms of k that

> )| < > I r (P,

Py P=y
[Lp(p)=2p~!/2 1 r(p)=2p~!/2

so the claim follows.
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Proposition 4.1 Assume GRH. Letl, k > O suchthatl-x € Nandk -1 < C. Also, let
M(; 4y =ML x,C) beas in Sect. 4.2. Then

P

ST @) M@ ) <,

ld|<x

where the sum is over fundamental discriminants and the implied constant depends
on f,l, k.

Note that by Waldspurger’s formula (see (1.1)), we know L(%, f® xa) =0, so

that L(3, f ® xa)' is unambiguous.
Using the proposition above we can easily deduce Proposition 1.1.

Proof of Proposition 1.1 ] Using (1.1) it follows that

4
> te@nltm (=08 d) <« YL @) M (s 1) <x

1<n<x |d|<8x
2n is [-free
where the sum is over all fundamental discriminants. O

4.1 Preliminary results

In this section we introduce our mollifier for the Fourier coefficients of g at fundamental
discriminants. The shape of the mollifier is motivated by Harper’s refinement [6] of
Soundararajan’s [30] bounds for moments.

Notation. Let A(n) = (—1)%® denote the Liouville function (which should not be
confused with A y(n)). Denote by v(n) the multiplicative function with v(p?) = s

T
and write vj(n) = (v*---*v)(n) for the j-fold convolution of v. A useful observatign

is that
j(l
vi(ph) = @.1)
a!
which may be proved by induction or otherwise. Also for an interval /, m € Z and
a(-) areal-valued completely multiplicative function let

Prmsa() =Y “5’;) <ﬁ> .

pel p

Also, given a statement S we let 15 equal one if S is true and zero otherwise.

An L-function inequality. We now prove an inequality in the spirit of Harper’s work
on sharp upper bounds for moments of L-functions, in the context of quadratic twists of
L-functions attached to Hecke cusp forms. The upshot of the inequality is it essentially
allows us to almost always bound the L-function by a very short Dirichlet polynomial.
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1566 S. Lester, M. Radziwitt

Let us now introduce the following notation, which will be used throughout this
section. Let [, k > 0 be such that/ - « € N and suppose that 1 <[ -« < C. Also, let
n1, 12 > 0 be sufficiently small in terms of C. For j =0, ..., J let

6; = me—j and € =2(67"""], 4.2)
(log log x)° J
where J is chosen so that 7y < 65 < eny (so J < logloglogx).Forj =1,...,J let

Ij = (x%-1, x% 7 and set Iy = (c, x%], where ¢ > 2 is sufficiently large in terms of
and C. Note that the choice of parameters 6;, £; depends on C and is independent of
[, k satisfying 1 <[ -k < C.

For j=0,...,Jandt > Olet

. 1 log ¢
w(t; j) = 1/ 1logx) (1 B 0; 10gx>

and define the completely multiplicative function a(-; j) by

a(p: j) = rp(p)w(ps j), (4.3)

and note |a(p; j)| < 2. The smooth weights w(-; j) appear for technical reasons and
their effect is mild.
Let ¢ be an positive even integer. For ¢ € R, let

E/(t) = Z ;—S'

s<t

Note E¢(t) > 1ift > 0 and E,(¢) > O for any ¢t € R since £ is even; the latter
inequality may be seen using the Taylor expansion for ¢’. Moreover, using the Taylor
expansion it follows for ¢ < £/e” that

e <(1+e HE@) (4.4)
(see [26, Lemma 1]).
Foreach j =0,..., J let
J
Djm; 1)y = [ [(1 + e ) Eq Py, (m: a(; j)) (.5)
r=0
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and note D (m; 1) > 0, since each term in the product is > 0. A useful observation is
that for a positive integer s

Prma()' = 37 QH <p1-n~1-p)

Plyeees psel
a(n) /m
— | — 1
p|n;e1 v (”)m%;:n (4.6)
Qn)=s
=s! @ n v(n).
p|n§ae1 v (”>
Q(n)=s

Additionally, for any real number / # 0

Z%ﬂ%f

E¢(IP;(m; a(-)))

s<tl
pln=pel ﬁ n
Q(n)<t

We are now ready to state our main inequality for L(%, f® xa)-

Proposition 4.2 Assume GRH. Suppose that 1 < |d| < x is a fundamental discrimi-
nant and [ > 0 is a real number. Also let

M@%—v

Ad)=Ad; =] <1 + p

pld
p>3

Letl,0;,1janda(-, j) be asin (4.2) and (4.3) (resp.). Then there exists a sufficiently
large real number C1 = C1(l) > 0 such that for each |d| < x either:

V4
I%Mm&ﬂﬂz%- 4.8)

for some 0 < j < J or
(Ad)logx)"* L}, f ® xa)!

1\ 31
<Dyj@a:nh+ Y (=) exp(=)Dj:D
£ 9]' Qj
0<j=J-1
jHl<u<J

x <82”’1,-+1(d;a(-,u))>sj+1

(4.9)

it
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1568 S. Lester, M. Radziwitt

for any even integers s, ..., sy, where the implied constant depends on f and l.

Proof Applying Theorem 2.1 of Chandee [4] gives, for any X > 10, that

xa(p™")(af, + B,) log X / p" ey log |d|

L l’ <
(3, f ® xa) < exp Z ) log X log X

pr<x np

+01)|,
(4.10)

where «,, B, are the Satake parameters (note ag + ,3;’, is real-valued see [21, Remark
2]). In the sum over primes, the contribution from the prime powers with n > 3 is
bounded so that it may be included in the O(1) term. Also, noting that ozlz, + ,Bf, =

Ar( p?) — 1 the squares of primes contribute

1 rr(p) — 1) log X/ p? 1 rr(pH) —1
_‘Z(fip)z ) log X/p :——loglogX—Z(f(p) )+0(1)
= p+m log X 2 b= 2p

ptd pld
4.11)

where the implied constant depends on f.

Forr = 0,...,J, let & be the set of fundamental discriminants d such that
max,<u<j | P (d;a(-; u))| < f;—’z For each d we must have one of the following: (i)
d ¢ & (i) d € & foreach 0 < r < J; (iii) there exists 0 < j < J — 1 such that
de& forO<r < jandd ¢ £;;.Hence, we get for each fundamental discriminant
with |d| < x either:

¢
max | Py, (d; a; u))] > —; 4.12)
O<u<J le

£~
max |P;.(d;a(;u))| < —%  foreach j=0,...,J; (4.13)
jEuss le?

or forsome j =0,...,J —1
L )
max |Pr.(d;a(;u))| < — foreach r < (4.14)
r<u<J le2
and
max |Piy,, (s3] = S5 (4.15)
jrlmuey S = 2 :

Here (4.12), (4.13) correspond to possibilities (i) and (ii) above (resp.), while (4.14)
and (4.15) corresponds to (iii).
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If (4.12) holds for d then we are done. If (4.13) holds, we apply (4.10) with X = x%

and so the term 3 - lloogg—‘? is < 1. Also, the contribution from (4.11) is

Gr(pH -1
—% loglogx — Z f2— + 0().
p=<X p

pld

Hence, applying these estimates along with (4.4) we get that

a(p; J)

JP

(Alog 1) L3, f ® xa)' <exp |1 )

p=x’t

Xxa(p)

J
< [Texp (1P @z ac: 1)) (4.16)
j=0

J
< [T + e ) Ee, @ Py (ms G 1)) = Dy (ds D).
j=0

Finally, if (4.14) and (4.15) hold we apply (4.10) with X = x% and for each
0 < r < j we argue as above and bound the term exp(l Py, (d; a(-; j))) by (1 +
e~')Ey,(LP;,(d; a(-, ))). In (4.10) we use the inequality 3 - lﬁ)gg';’(' < % and note
that the contribution from the squares of primes (4.11) is

2
| (Ag(p5) =1 1
—loglogx — p§|d —5,—*0 1og9—j .

So that applying these estimates, we get that for any non-negative, even integer s

(A logx)'* L, f ® xa)'

b

1\ APy, (draCu) 7 (4.17)
< (0—> exp(31/0;)D;(d; l)j 1}1ax :

i +l<u<J Ej-ﬁ—l

where we have included the extra factor

Sitl
(ezle,-H(d;ac, u))) Y

£t

max
jHl=u<J

Combining (4.16) and (4.17) and using the inequality max(a,b) < a + b for
a,b > 0 gives (4.9). ]
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1570 S. Lester, M. Radziwitt

4.2 The definition of the mollifier

With Proposition 4.2 in mind we now choose our mollifier so that it will counteract
the large values of D;(d;[). For j =0, ..., J let

~Q0g(n; J)A
Mym: b= Y %5% )O”vM)(%),

pln=pel;
Qn)<t;

where £, 0; and I; are as in (4.2). Let

M(m; ) = (og )/ T M;(m; 1) (4.18)
0=j=/

A useful observation is that M (m; %) > 0, which can be seen by using (4.7)
along with the fact that E¢(#) > 0 foreven £ and t € R. Also, let 8o = >, _; €;0;.
Observe that by construction dp < 1 is sufficiently small and the length of the Dirichlet
polynomial M (m; %) is x%. Also,

) h(n)a(n; JHr(n) /m
N 12 -
M(m; )" = (logx) Z PIONA (n) (4.19)
nle-mSO
where
h(n) = > Ve (103 €0) - Vi (n 3 ). (4.20)
ny--nj=n
plno=pely,....plnj=pely
Q(ng)<l-kly,....2ny)<l-kly
and forn,r, £ € N
v (n; ) = Y. vy, (421)
ni--ny=n
Qn1)=<t,....Q2ny)<t
Note that v, (n; £) < v,(n) and if Q2(n) < £ then v, (n; £) = v, (n). Also,
M (m; 1M <« xT90% (log x)!72, (4.22)

where the implied constant depends on « (note that any k™8« y(log y)Kl_1
where the implied constant depends on «, for any y > 3.)

4.3 The proof of Proposition 4.1

We first require the following fairly standard lemma, which follows from Poisson
summation.

@ Springer



Signs of Fourier coefficients of half-integral weight... 1571

Lemma 4.1 Let F be a Schwartz function such that its Fourier transform F has com-
pact supportin (—A, A), forsomeﬁxedA > 0. Also letly, ..., 1y C[1, x]bedisjoint
intervals of the form Iy = (c, x%7, I = = (x¥i-1, x? ]where@o, ...,05eRandc > 1
is fixed. Suppose £y, ..., L5 > 1 are real numbers such that Z/:O Li0; < 1/2. Then
for any arithmetic function g we have

() R 2y o(n2
Z l_[ Z g(n) n (%):F(O)x 1_[ Z gn )@(nz)

n n
meZ 0<j<J pln=pel; 0<j=<J pln=pel;
Qm)=t; QnH=<t;

(4.23)

Proof The LHS of (4.23) equals

8("0)"-g(nj) m m
no -g:JGN N ; (H) F (;) . 429

plno=p€ly,....pln;=pel;
Q(no)=<Lo,...,.(ny)<Ly

Using Poisson summation, see Remark 1 of [21], we get that forn < X'/? ifn = 0
that

S () =Fotr

andforn # [Jthe above sum equals zero. By assumptionng - - - ny < x%0% ... xt10 <
xY/2. Hence, the inner sum in (4.24) equals zero unless ng---ny = [0 and since
(nj,n;) = 1fori # j in this case ny, ..., n; = []. We conclude that the inner sum
in (4.24) equals

f(o)xw(no ceny) _ f(O)x(p("O) —p(nyg)

no...nJ no...nJ
when ng, ..., ny; = [ and is zero otherwise, thereby giving the claim. O

To prove Proposition 4.1 we will use Proposition 4.2 and then apply Lemma 4.1.
This leaves us with the problem of bounding the resulting sum. This task will be
accomplished in the next two lemmas.
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Lemma4.2 Let a(-), b(-) be real-valued, completely multiplicative functions with
la(p)|, 1b(p)| < 2. Then foreach j =0,...,J

Z 1M g (m)b(n)r(m) o £30( )(p(mn)
Vi (m; £;)v(n
Qm) fmn J
S Kk Jmn mn
plmn= pel;
Qm)<(-k)L;.Qn)=<; (4.25)

B 1j=0 - (logx)°M + 1 La(p) 1
_<1+0< >0 1—[<1+l$+0<?>>7
pE]j

where
a(p) = a(p; a(-), b(-)) = (a(p) — b(p))?, (4.26)

and the implied constants depend on k and .

Remark 1 Later we will take a(-) = a(-; J) and b = a(-; j) with j < J (see (4.3)).
Observe that

ap) ()’ ) log p
> . —2; w(p; J) = w(p; j)) <<Zp Griogx <1

psxef p=x J p=x ]

(4.27)

Proof In the sum over m, n on the LHS of (4.25) write mn = r2 and let

fim) = SR py () = 120y

We will proceed by estimating the sum on the LHS of (4.25) in terms of an Euler
product. To this end, observe thatif max{Q2 (n), Q(m)} > €; then 29+ @ /3t; > 1.
so using this along with the remarks following (4.21) the sum on the LHS of (4.25)
equals

¢( %) 1 (LAl = 12D
> —(fl*f)( +0 | 5 Y. | @2
plr=pel;  plr=pel;
The error term in (4.28) is
(6D
<511 (1 o <l>> ) R A0
2 e, p <1022§2) if j = 0.
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Recalling (4.1), the main term in (4.28) is

2 2 2 2 2
“T1 < ! a(p)b(p) Falp)™  Fbp)” (L))
pel, 2p 2p p?

Lemma4.3 Let a(-), b(-) be real-valued, completely multiplicative functions with
a(p),b(p) < 1. Then for each j =0, ..., J and any even integer s > 4(l - k)L ;

Z a(m)b(n))\(M)v (m: €;)v (n)fﬂ(mn)
mn=L KQ(m)M . mn

plmn=pel; 430)
Q(m)f(l'K)Zj,Q(n):s

s/2

1in-( o) 4 b(p)?
j=0 (ng) + 1+Z (17)

2572 35! s P

where the implied constant depends on k and I.

Proof In the sum on the LHS of (4.30) write m = gm,n = gn| where g = (m, n), so
thatmn = Oimplies thatm = Uand ny; = 0. Alsorecall that v.;(m; £;) < v (m).
Hence, this sum is

Ve (@) (mP)v(n?),  (4.31)

2p ()2
< 3 la(g)b(g)la(m)*b(n)

K2Q(m)+£2(g)gmn
plgmn=pel;

Q) =(-k)E;,Q(gn?)=s

where we have also used the estimates v, (ab) < v,(a)v,(b) and v(a) < 1, for
a, b, r € N, which follow from (4.1). The sum over m is

2Q(m) 2
K m K
plm=>pel; pEl; p

2 2 2 2
<« ¥ alm)vie(m?) - I (1+ (- x) a(P) >

9. \OW) .
< (9/_11> <L it #0 4 5
(log x)0M if j = 0.
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Hence, using (4.32) along with the inequality v(n?) < v(n)2~%M it follows that
4.31)1is

2
) o) la(g)b(g)l b(n)
< (Ljzo(log )V +1) 3 —amg x®) X am ™
plg=pel; pln=pel;
Qg =KL Qm)=(s—(g)/2
la(2)b(2)]
= (1j=o(logx)’V +1) Y  —E=i (@) | s
(€3] — |
pesper, <78 (6 =2@N/2D' 433
Q) =(-x)t;
21Q(8)
(s—K(8)/2

1 « b(p)?
EZL ,

[]EI_,‘ P

by (4.6). Using the assumption that s > 4(/ - k)£; gives s — Q(g) > %s for g with
Q(g) < (I-«)L;. This allows us to bound the bracketed term on the RHS of (4.33) by

s/2

1 b(p)?
/2~ 1+Z (p)

252 35! A

Applying this estimate in (4.33) it follows that the RHS of (4.33) is bounded by

s/2
1:—o(lo o +1 b 2 4] Q(g)
(1=0( ‘gxg ) 1+Z (p) Z (40)
23/2|_§SJ! 8

<

., P I

PElj plg=pel;
s/2

(1i=o(logx)°M + 1) b(p)?

’ 2s/g2|_§ 1! 1+Z Z
g5 pel;

O

In the next lemma we estimate averages of our mollifier M as defined in Sect. 4.2
against the terms which appear in Proposition 4.2.

Lemma4.4 For j = 0,...,J let sj be an even integer with 4(l - k)€; < s; < %.

Then we have the following estimates:

S D,y (d: hMd; 1 < x(log 62, (4.34)
ld|<x
s0/2
> L 1Nlk NN o) 50! a(p; M)z
> Md: ) Pry(d: aC: )™ < x(logx)? V25 > ;
dI=X 2o gl \pery P
(4.35)

@ Springer



Signs of Fourier coefficients of half-integral weight... 1575

b
> D Py, (d: aC:u) i M(d; 2

ldI=X
Sj+1/2
< x(log x)l/zezzz(ffj)sf—g“ 3 alp; u)” (4.36)
2Sj+l/2 |_§Sj+1J! pelip )4
foreach j =0, ...,J — 1. The implied constants depend at most on f, k, l (and not
on j,u).

Proof We will first prove (4.36), which is the most complicated of the bounds, and at
the end of the proof we will indicate how to modify the argument to establish (4.34)
and (4.35). Recall that D; and M are positive (see the remarks after (42) and (4.18)).
So for any Schwartz function F which majorizes 1[_1,1}, such that F has compact
support in (—A, A) the LHS of (4.36) is

< 3 Djmi ) Pryy, (i al ) M D' F ().

mez

The Dirichlet Polynomial above is supported on integers n < x? where 6 = I -
KD 0<r<y Orlr + Zo<r<j 0.4, +5j4+10j41 < 1/2. Hence, using (4.5), (4.6), (4.7),
(4.19), (4.20) and applying Lemma 4.1 the above equation is bounded by

SRUSIDON § D D

Qm) /m
0<r=<J mn=[] e
plmn=>pel,
Qm)=<(l-k)er
4.37)
where
lam=e, 1M -a(n; A +e7r)  if0<r <,
gniu,r) =3 lou=s-s!-al;u) ifr=j+1,

1u=1 ifj+1<r<lJ.

Let a(-) be as in (4.26) and take a(-) = a(-; J), b(-) = a(-; j). Applying Lemma
4.2, the contribution to (4.37) from the product over 0 < r < j is bounded in absolute
value by

1,—o - (logx)%M 41
<[] <1+0< 0-( ijf)

O=<r=j

[ (1 +12%’j) +0 (iz)) <1,

pelj p
(4.38)
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where in the last step we applied (4.27). Applying Lemma 4.3 with a(-) = a(-; J) and
b(-) = a(-; u) the term in (4.37) with r = j + 1 contributes

8$j+1/2

si1! a(p; w)?
—3 Z _— . (4.39)
ZY'/+1/2|-§SJ'+1J! peljy

It remains to handle the factors in the product in (4.37) with j + 1 < r < J. For
such factors, m is a square so these terms are bounded by

. 2
< [T X G I, )

2Q(m)
K m
Jj+l<r=<J plm=pel,

2
(-6 hsp(p)? A
1 . e — J)’
< |1 <+ 5 ) <5 e

£ <p=<xP1

(4.40)

where we used (4.1) and the bound |A ¢ (p)| < 2, in the last steps.

Using (4.38), (4.39) and (4.40) in (4.37) completes the proof of (4.36). To establish
(4.34) we repeat the same argument, the only differences are that in (4.38) the product
is over all 0 < r < J and the terms estimated in (4.39) and (4.40) do not appear. To
establish (4.35) note that the term estimated in (4.38) does not appear and in the bound
(4.40) the only difference is that j = 0, so we bound this term by O ((log x)0My,
Finally in place of (4.39) we get by using Lemma 4.3 the bound

) 50/2
50! a(p;u)
(logx)o(]) —_— SRt
250/2| 350! ,,2,: p
From these estimates (4.35) follows. O

Proof of Proposition 4.1 Let A(d) be as in the statement of Proposition 4.2. In par-
ticular, using | £ (p?)| < d(p?) = 3 and A¢(p?) = As(p)? — 1 > —1 it follows

that
o(d)\? ( d )2
-z Ald .
( 3 ) <K AWd) K o)

Using this observation we note that it suffices to prove that

) (A@'L (. re Xd))l M(d; 1) <x, (4.41)

|d|<x
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for I > 0O (note the definition of M is independent of /, for 1 <[ -« < C), since by
Cauchy—Schwarz (4.41) implies

b .
UL f o) M(d "
ld|<x
1/2 1/2

b 1 b 21 20k
|\ X | (X (@i o) M <.

|d|<x d|<x

We will now establish (4.41). For j =0,...,J,lets; = ZL%J. We first divide
J
the sum over |d| < x into two sums depending on whether

| Pry(d; a (- u))| > o/ (le?) (4.42)

for some 0 < u < J. To bound the contribution of the terms to the LHS of (4.41) with
|d| < x for which (4.42) holds, we use the bound A(d) < (loglogx)?, Chebyshev’s
inequality and then apply Cauchy—Schwarz to see that

Y A@L(rew) M)
ld|=x

11y (dsa ()= Lo/ ()

2 C (- 50
< (loglog)! 3 L (3. @ xa)' M (d: 1) <M>

ld]<x to
1/2 - 1/2
b 21 (le=)=%0 b 21. !
< (loglogx)' | > L (%, f ® xa) D M(d )7 Prsatw)™ |
|d|<x Eo |d|<x

On the RHS, the first sum is < x (log x) 2" by Soundararajan’s [30] method for upper
bounds for moments (see the examples in [30, Section 4]). Using Lemma 4.4, (4.35),
applying Stirling’s formula and recalling the definition of £, 8y (see (4.2)) the second
sum on the RHS is

1001252/+\ ™ A2\
< x(logx)?M (2 0 Z Aoy
EO pP=x p

x
(log )4

< x(log x)0D (100129(}/4 log logx)so < x(log x)°D exp (—(log logx)5> <

for any A > 1. Hence, the contribution to (4.41) from |d| < x satisfying (4.42) for
some u < J is K J(log;x)"" < logloglog x for any A > 1.

X
(log )

@ Springer



1578 S. Lester, M. Radziwitt

For the remaining fundamental discriminants |d| < x we apply (4.9) to see that
their contribution to (4.41) is bounded by

1 b I
< Gz (Z Dy(d: DM (d; 1)™

ld|<x

1\ 31\ [ €M\ o ; N
+ > =) e D Pryy(dsatw) i Di(d; DM (d; 1)
o<i=s—1 \Oi 0j /) \tj+ e

J¥1Zus<J N

(4.43)

To complete the proof it suffices to show that the expression above is < x. Applying
(4.34) the first term in (4.43) is

S Dy M (d: 1) < x, (4.44)

ld|<x

(log x)l/ 2

Using (4.36) the second term in (4.43) is bounded by

ol 21 \ it 2\ U/
<x Y <i) exp<3l> ( ! ) 2= B! )3 a(p; u) .
0<j=r—1 9.,' 91 €J+1 2Si+1/2\_%sj+1j! peli )4

jHl<u<J

Applying Stirling’s formula and estimating the inner sum over primes trivially as

< Slog(—=—%—

logx j ) = 5, we see that the above is

5/8 Sj+1
NS L, 3N [ 2 8\ s
o o) e (2 )
ijle—l 0 VARG V26578
(4.45)
/8
By construction - + << 9}481. Hence, there exists ¢ > 0 (which may depend on/, «)
J
such that (4.45) is
1 1
<L x Z (J = je AT =j) exp (—ilog—Jr 0 <—))
0<izi-1 0j "0 0
T - (4.46)
<L x Z jezzzj exp <—£ . &) <L x,
1=j=J 2 0

where we used that 6, /6; = e’/ in the last step. Combining (4.46) with (4.44), gives
that (4.43) is < x, which completes the proof. O
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5 The proof of Proposition 1.2

The main input into the proof of Proposition 1.2 is a twisted first moment of L(%, f®
Xd4)- Similar moment estimates were established in [26,29,31] and our proof closely
follows the methods developed in those papers. We will include a proof of the following
result for completeness.

Proposition 5.1 Let ¢ be a Schwartz function with compact support in the positive
reals. Also, let u = ulug, be odd where uy is square-free. Then

—1)k8 oo
S L ® xsm) x5 ¢ (%) - c/o P(E)E - s DW)
2m is”ll]—free uy (51)
+0 (x7/8+su3/8+s)

where C > O depends only on f and ¥ () is a multiplicative function with 9 ( pHth =
hp(p)+0(1/p) and 9(p*) =1+ O(1/p).

The constant C is explicitly given in the proof below, see (5.30). Before proving
Proposition 5.1, we will use the result to deduce Proposition 1.2.

5.1 The proof of Proposition 1.2
We will only prove the lower bound
2 ke 1)
> le®mPM ((~D*8n: §) > x

n<x

2n is O-free

since the proof of the upper bound is similar. Using (1.1) it follows that for a Schwartz
function ¢ (-) which minorizes 171/2,1)(-) with ¢(0) > O the sum above is

k—D! (g.g)
2 A > L(%,f@oXSm)M(Sm;%)zqs(

m
2m is (-free

(—l)kSm)

X

—

(5.2)

To proceed we now expand M (8m; %)2 and see that it equals

M@8m: 5)* = (logx)'/? > (5.3)

Q
280 2900 /n

h(n)a(n; J)A(n) <8m>

n
n<x
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where h(n) is as in (4.20) (note that here [ - k = 2). Applying Proposition 5.1 gives
that the RHS of (5.2) equals

: h(nin3)a(nin3; J)i(n1)d (nin3)
172 2 2 2 9/10
C x(logx) Z 220290 o, +O0E")
nln%§x250
ny is O-free 54
' 12 a(mn?; J)A(m)ﬁ(mn2)p,(m)2 2. 9/1(0 4
=Cxlogn)'” [T > TR va(mn; £)) + 0 (/1)

0=j=J p|mn2:>1761j
Q(mn*)<2¢;

where C' = C /( f. &, k,¢) > 0 and in the last step we used that ¢ is a multiplicative
function.
We will now estimate the inner sum on the RHS of (5.4). First note that B (mn?) <«

d(m)(; n;’;’;inz) )P and recall the remarks after (4.21), so we get that the sum equals

Z a(mn?; J)a(m)d (mn?)u(m)?

2
2222 va(mn®)

2
plmn“=pel;

+0 L Z a(m;J)a(n;1)2d(m)v2(m)v2(n2)'< mn >0(1)'
44 mn go(m)<p(n2)

plnm=pel;

(5.5)

The error term is

1 1 lj—o - (logx)°M +1
<o [ (1 +0 (?)) < i : (5.6)

[761/'

To estimate the main term in (5.5) consider

a(p; ¥
spia) = 3 =g =0 (0 v (p*T),
t>0

Recall #(p) = Ar(p) + O(1/p) and ﬁ(pz) = 1+ O(1/p). Evaluating the sum over
n in the main term of (5.5) we see that it equals

. a(m; J)pu(m) s(p; a)
H S(p, O) Z 29Q(m) 1_[ s(p; 0)
pellm

3 J A 0 J 1
- 11 <1+ a(192 " _Apalpi ) (_2))
pel; p p p
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Using (5.6), (5.7) along with the estimates a(p; J) = As(p) + O (9?1%&) and

—1

. 2 .
1 <1+ alp; )” _ Appalpid) |, <i2>> < 1jg- (ogx)®® 4 1
2p P P

pel;

we get that the RHS of (5.4) equals

rr(p)? 1 1 1
C'x(logn)'? T (1- AR (o8P,
2p fylogx p p?

c<p=<x

. o)
y l_[ <1+0<11=0 (bf;) +1>>.

O<j=J

(5.8)

To estimate the second product above note that

1i—- (logx)?M 41 1 1
1 / =1 — ) =1 —
I1 ( +0< i +0( 45 +00m) = 5.

0=j=J

(5.9)

since 1y is sufficiently small. Also, there exists some constant C” > 0 such that the
Euler product over ¢ < p < x% in (5.8) is

)”f(p)z /7 < 1 Ing 1 )) —1/2
> 1- -C : +— ) ) > (ogx)~'/2,
[ < 6ylogx p  p? £

2
c<p=x¥i P

since c is sufficiently large (so each term in the Euler product is positive). Hence, using
this and (5.9) we get that (5.8) is > x(log x)!/? - (logx)~!/? = x, which completes
the proof.

5.2 The proof of Proposition 5.1
Let f be a weight 2k, level 1, Hecke cusp form. For a fundamental discriminant d, let

|d|

AGs, f ® xa) = (E) T (s + &) Lis, £ @ xa)-

The functional equation for A(s, f ® x4) is given by
Als, f® xa) = (=D sgn(@)A(l =5, f ® xa)-
Note that the central value vanishes when (—1)¥d < 0.
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1582 S. Lester, M. Radziwitt

Forc > 0Oand x > O let

1 F'z+s+k— —) s
W, (x) = — (2nx)
2mi © T@+k—13)

Our starting point in the proof of Proposition 5.1 is the following approximate func-
tional equation for L(s, f ® xq). Also, define W = Wy 5.

Lemma 5.1 Let f be a level 1, Hecke cusp form with weight 2k. For s € C with
0 < Re(s) < 1 and d a fundamental discriminant

A
LG, f @ xa) = 3 20Xy, <|ZT|)

ns
n>1

K I\ 7 T = 5) = Ay () xa () (1)
+(=1) sgn(d)(n) o) ; W ()

Moreover, the function W = W, satisfies EIWI(€) « €4 forany A > 1 and
WE) =1+ 0@E")asg — 0, foranye > 0.

Proof See Lemma 5 of [26] and Lemma 2.1 of [31]. O

Since we will sum over fundamental discriminants we introduce a new parameter Y
with 1 <Y < x to be chosen later. Also, write F(&;x,y) = ¢ (%) w (%) Applying
Lemma 5.1 the LHS of (5.1) equals

2 3 ) ()Zkf(") (8m>F<(—l)k8m;x,n)

(m,2)=1a2|m n>1
(5.10)
Ae(n) (8m
2| ¥+ ¥ |ew ¥ SR () F ().
a<y a>Y (m,2)=1n>1
(a,2u)=1 (a,2u)=1 2|m

The terms with ¢ > Y. Write m = r2e where ¢ is square-free, and note since in the
sum in (5.10) a2|m it follows that a|r. So the second sum in (5.10) equals

2 Y Y Y OY Af(")(8€>F((—l)ksrze;x,n)

(r.2u)=1a>Y e is O-free (n,r)=1
alr (e,2)=1

Ar(n) (8e n 1
— 2 — )W — -,
c Y Y Yy ()
Ir‘§x1/2+8 a>Y 15(71)1{65X1+£/r2 (n,r)=1

alr.(@2)=1 e is O-free
(e.D)=1

(5.11)
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where in the second line we have used the rapid decay of W. Using the definition
of W and for Re(s) > 1, writing L(s, f ® xge) = I—[p L,(s) where L,(s) =

2y —1
(1—M+Q> we get for ¢ > 1/2 that

a p25
> AL (S gy (a ) oL [ T (S R0 e )
oot ) T8el) T 2mi o T \2x ) 1, LG40 s
(5.12)

The integrand is holomorphic for 1/log x < Re(s) < 2 and in this region bounded by
(note r2|e| < x?)

O\ 2, \Res) 1 1
<<1p_r[(l+_ﬁ)(r le)SOI0 (s + KL (s + 5. f @ xse) | 5

< x5 (r?|eDReS exp(—[sDIL (s + 3. f ® xse) |.

Hence, shifting contours on the RHS of (5.12) to ¢ and applying the above estimate
we get that the LHS of (5.12) is bounded by

< /( s L (5 © 7] s
&

Also note, that by Cauchy—Schwarz and Corollary 2.5 of [31] (which follows from
Heath-Brown’s result [7])

14
X
) IL(s+3. f®xse)| < S+ | Im(s)[) /2.
1=(=DFe=x!te/r2
e is [J-free
(e,2)=1

for Re(s) > 0. Applying this estimate in (5.11) it follows that the second sum in (5.10)
is bounded by

< Yy lo X (5.13)
r2 Y '
|r|§xl/2+sa>|y
alr

The terms with a < Y: preliminary lemmas It remains to estimate the first sum on
the LHS of (5.10). This will be done by applying Poisson summation to the character
sum, as developed in [29].

Let £ € Z,n € N. Define

o=+ (3) ), 5, 0

a (mod n)
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1584 S. Lester, M. Radziwitt

In Lemma 2.3 of [29] it is shown that G, is a multiplicative function. Moreover,
Go(n) = @(n) if n is a square and is identically zero otherwise. Also, for p*||£, £ # 0

0 if B <aisodd,
(0(17/3) if B <« iseven,
Ge(pPhy={-r" if B=a+ liseven, (5.14)
(Z”T) pOJp  if f=a+ 1isodd,
0 i8> a+2.

Lemma 5.2 Let F be a Schwartz function. Then for any odd integer n

(d%:—l(j)F(d) 1 < )Z( n Ge(n)F<€)

where
F(A) = f (cos(2mAE) 4+ sin(2w L&) F () d&.
R

Proof This is established in the proof of Lemma 2.6 of [29], in particular see the last
equation of the proof. O

Using Lemma 5.1 it follows that F (-; x, n) is a Schwartz function, since ¢ and its
derivatives decay rapidly. Hence, applying Lemma 5.2 the first sum on the RHS of
(5.10) equals (note u is odd)

Af(n) m C(=Dfx (=DFn
2 Z wa) Z <nu>(m%:l<nu)F<m’ 8a2 ' 8a? )

a<Y (n,a)=1
(a,2u)=1
)»f(n) 1 0 X n
=2 — 1 F =
> @ Yy T 2nu< )Z( ) Ge(nu) ( 802,8a2>,
a<Y (n,a)=1
(a,2u)=1
(5.15)
where

F(A; X,y) = / (cos(2m AE) + (—1)k sin2r A E))F(&; x, y) dE.
R

Note that for odd k after applying Lemma 5.2 in (5.15) we also made the change
of variables § — —&. ~

Before proceeding we require several estimates for . The first such result is a basic
estimate on the rate of decay of F.
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Lemma5.3 Letx,y > 0and ) € R. We have for any 0 > ¢ > 0O that

]
~ X
Fyx,y) <x (;)

where the implied constant depends on ¢. Additionally, we have for any integer A > 1
that

F(\: x, V) L x- 5 )»|A

where the implied constant depends on A.

Proof Using the definition of W and shifting contours of integration to Re(s) = 6 >

& > 0 we have that
0
X
v(%) < (5)
x§ y

0
Fosx,y) <<x< ) /s 16(5)|de <<x<;‘) .

Let W(§) = W(%)q) (&). For each integer 0 < B < A, we get by shifting the
contour of integration to Re(s) = A and switching the order of differentiation and

integration that
d* y A Ak
—W -
() <) e

Using this and the fact that ¢ has compact support it follows that

A
1
W <)_‘> —
©<(3) e

so that

Hence, integrating by parts and using the above bound it follows that

FOux,y) < x-

1
(A)
IAIA/‘W (5)‘d§<<x o

We also require the following information about the Mellin transform of F. Let

d(s) = /ooqj(t)t_s dr.
0
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Lemma5.4 Fort{ € Z with € # 0, let

Fs: 0, u,a%) /OOF CL X L) iy
S; ,u,a = o) 0.0 0.0 °
0 2tu’ 8a?’ 8a?

Then for Re(s) > 0
) ()
cos|my- S’

(- l)ksm<ny ¢ )) A (5.16)

8ua ys+l

ﬁ(s; L, u, az)

Moreover, the function F(s: £, u, a?) extends to an entire function in the half-plane
Re(s) > —1 + ¢ and in this region

. 5 x1+Re(s) €| Re(s)
F(s; ¢, u, _ — 1
(s;4,u,a”) K 201 |sDA (ua2> +

forany A > 1.

Proof Changing the order of integration and making a change of variables x§ /1 — ¢
in the integral over ¢ it follows that F (s; £, u, a2) equals

X o ¢ x£ . £ x¢& t o
xlts o s 1 14 . 14 dt

which establishes the first claim.
The function

0= [ () (eon (o gz + Vi () i
= y Y Sin (7Y g2 yst

is holomorphic in the region Re(s) > ¢. Write w(s) = I1(s) + I>(s) where I is the
8au

portion of the integral over [0, e|2] and I is the rest. Due to the rapid decay of W,
11 (s) is holomorphic in the region Re(s) > —1 and in this region

B o 10 | Re(s)
I1(s) € [W(/y)y dy « Py + 1. (5.17)
0
Next, write
L(s)= e S/OO (cos (7 y)+(—1)* sgn(e) - sin (ny)) dy +13(s).(5.18)
8ua?) Ji i
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The integral I3(s) is holomorphic in Re(s) > —1 and uniformly in this region we
have by Lemma 5.1, that W(1/y) = 1 4+ O(y~¥*%) we get

I Thow(d dy 4y,
3(5) K w2 1T ; m<< u_az + L.

1e]
The first integral on the RHS of (5.18) can be analytically continued to Re(s) > —1
by integrating by parts. This provides the analytic continuation of I5(s) to Re(s) >
—1 + ¢, and shows that in this region

|€| Re(s)
L(s) < (Is|+1) ((W) + 1) .

Hence applying this estimate along with (5.17) in (5.16) and noting & decays
rapidly establishes the claim. O

The terms with ¢ < Y: main term analysis i.e. £ = 0 Recall that Go(n) = ¢(n)
if n = [J and is zero otherwise. So using Lemma 5.3 the term with ¢ = 0 in (5.15)
equals

Ap(m)@u) ~/  x n xlte
> wa Y HREROF (0 ) 0 ()

(a,2u)=1 (n,2a)=1 nu
nu=C]

_ x 1 <i)é F(S +k) Z M(Cl) Z )»f(n) (p(nu) @(—s)d—s
s

~82ni Jiy \2n/ Tk a2 2
Y
-

We now evaluate the inner sum on the RHS of (5.19) (note Re(s) = ¢ > 0). Since
nu = O write n = e%uy, (recall u = ulug) o)

a (n,2a)=1
(a,2u)=1 nu=01

(5.19)

) Ap(n) o(nu) ) hp(uie?) p(etuiu) 3 u(a)

(@
Y s

W WY < w2y 2 uyu &
a,2u)=1 (n,2a)=1 (e,2)=1 (a,2eu)=1
nu=0
1
4 () 1=
= il o251 1_[ — L (5.20)
3{(2)141 2 (e,2)=1 pleu p?
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The sum on the RHS can be expressed as an Euler product as follows. Let r(n) =

1-
[T 71 Also, let

/’

o »p (p2ite) i o op(z; 1, 1) Gp(z;0,1)
op(z;a, B) = ]X:(:)—p] r(p’™"), G(z;u) Iﬂgp(z;ao)ﬂ&p(z;o,m’

plur

and

1 (0,0
H(z) = 1;[ —Lp(z, ——

2 2
where L,(z, sym? f)~! = (1 — Z—?)(l - #)(1 - i—’j) and «), B, are the Satake
parameters of f (i.e. ap + Bp = Ar(p) and ap B, = 1). It follows that

B g(l + 2s; u)

Ap(ure?) -
Y TS

(e,2)=1 pleu -

"tSN|._ ~ =

(5.21)

Note for each prime p that L,(1, sym?> f) > 0and 0 < r(p) < 1 so that
G,(1;0,0) > 0 for each p.

Also, ;%H(l + 25) < u® for Re(s) > —;11 + ¢ and is analytic in this
region. Hence, applying (5.20) and (5.21) in the RHS of (5.19) then shifting contours

Re(s) = —% + &, collecting the residue at s = 0 we see that the RHS of (5.19) equals

x G(1; u) o ko (x1+g>
el L1, sym® f)——_ 510,070 q>(0)+0( )+0 — )

(5.22)

Finally, note G(1; -) is a multiplicative function satisfying G(1; pz-/ hy =i r(p) +
0(1/p) and G(1; p¥) = 1 + O(1/p). Set ¥ (n) = G(1; n).

The terms with ¢ < Y: Off-diagonal analysis i.e. £ # 0 In (5.15) it remains to
bound

Af(n) 4 Ge(nu) x n
— : . 5.23
D B S e | e
L#0 a<Y (n,2a)=1
(a,2u)=1
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First, note that by Lemma 5.3 the contribution from the terms with |¢| > Y2ux® to
(5.23) is bounded by

<Y iz (W)+ S E) ) <t s

>y 2uxe a<y © \n<lelx n>|€ffx

where A, 6 have been chosen sufficiently large with respect to ¢.
It remains to estimate the terms in (5.23) with €] < Y?ux®. Let Y40 (n) = (%) and

"
note that ¥4, is a character of modulus at most 4|£|. Using that G, is a multiplicative
function, and using (5.14) we can write

Z L(Sn) <i> Geln) _ L(s, f @ Yae)R(s; £, u,a), Re(s) > 1,
(n,2a)=1 n) un

(5.25)
where

R(s; ¢, u,a) = l_[ Rp(s; €, u,a).
p

It follows that for (p, 4auf) = 1

sty = (12200 (4)). (1220 (30 1Y
p p p p p
1
=1+o <m>

For plaut and Re(s) > § + e, writing p||u, we have that
! Ge(p?) pit?
|Rp(s: €, u,a)] = (1+0<m)>. TJrO 3

201 .
= p1(7+8)p1/2+9
1
1+ 0 F .

Also Ry(s; ¢,u,a) < 1 for Re(s) > % Hence, for 0 < a,u, |£| < x2 and
Re(s) > % +e

IA

Ris:tu.a) < ] (1 + ?) < x°. (5.26)

plaut
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1590 S. Lester, M. Radziwitt

So R(-; £, u,a) is an absolutely convergent Euler product and thereby defines a
holomorphic function in the half-plane Re(s) > % + ¢. Hence, applying Mellin inver-
sion and (5.25) we get for ¢ > 0 that

Ar(m) (4 Ge(nu) ~( ¢ X n
2 G A anise e
(n.2a)=1 (5.27)

1 .
=_— | F(s;6u,a®)L(1+s, f @ Ya)R(1+5; L, u,a)ds.
2mi (c)

Using Lemma 5.4 and (5.26) we can shift contours in the integral above to Re(s) =
—% + ¢, since the integrand is holomorphic in this region. Using the convexity bound

L3 +e+it, f @ Yur) < (1+[¢])/7Fe g /2
along with Lemma 5.4 and (5.26) it follows that for |£|, u,a < x

1 o
— F(s;@,u,az)L(l+s,f®1ﬁ4g)R(1 +s5;4,u,a)ds
2mi J e

x1te ua®\'""? 12
< (5=) +1) e (5.28)
a 7]

Applying (5.27) and (5.28) in (5.23) the terms with |£| < Y2x%u in (5.23) are
bounded by

2\ 1/2
LY Z ((m) +1)|6|1/2<<x5+ey3u3/2. (5.29)

1<|€|<Y2x¢u a<Y

Completion of the proof of Proposition 5.1 Applying (5.22), (5.24), (5.29) in (5.15)
and then using the resulting formula along with (5.13) in (5.10) it follows that

] (—D*8m
Z L(3, [ ® Xx8m)xgm(u) ¢ (T)

m

2m is [-free (5.30)
* g(1;u) X ieys 3
= ——75 - L(, = 1)- ®(0) + 0 drey3,3/2)
2 Lm Do 0 2O + ( + ity

Choosing ¥ = x 1/8=3/8 and recalling the estimates given for G(1; -) after (5.22)
completes the proof with C = % L(1,sym? f) 027&((1))0) By the comment directly

after (5.21) it follows that C > O

@ Springer



Signs of Fourier coefficients of half-integral weight... 1591

6 The proof of Proposition 1.3

In order to establish Proposition 1.3 we will need the following variant of the shifted
convolution problem for coefficients of half-integral weight forms.

Proposition 6.1 Uniformlyin1 < A < X% 0<|h < X% and (v, A) = 1, we have
foreverye > 0

2mn k=1/2  _ 2m(nth)
X

Zc(n)n#e (%) e X cn+hmn+ h)%e

n

1— g 4e
W L X' TT10dTE,

6.1)

6.1 The shifted convolution problem

We begin with a proof of Proposition 6.1. The proof is based on the by now standard
combination of the circle method and modularity. Recall that a weight k + % modular
form (with trivial character) transforms under I'¢(4) in the following way

glyz) = v()/)jy(z)k+%g(z), Vy € Io(4), (6.2)

g ) Wesetiy(@ =cz+dandv(y) = (§) €a. where (*) denotes

the quadratic residue symbol in the sense of Shimura [27] (see Notation 3) and

where for y = (a b

o ifd=1 (mod 4),
T g =—1 (mod 4).

Also, we record the following estimate for the Fourier coefficients of g

D lem* < X 6.3)

n<X
(see [10, Theorem 5.1] and use partial summation). This implies that
le(n)| <« n'/2Fe, (6.4)

We record below a few standard lemmas.

Lemma 6.1 Letn € (0, 1] and Q > 1 be given. Let Q”/2 > A > 1 be an integer. Let
14/4(-) denote the indicator function of the interval [d/q — Q~*™";:d/q + Q~>T7"].
Let Q denote the set of integers n € [Q, 2Q] that can be written as 4Ar withr = 1
(mod 4) prime. For a € R, put

2- *
T(a):QzL"Z Y lugle) and L= ¢(q).

qeQ d (mod q) qeQ
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1592 S. Lester, M. Radziwitt

Finally let 1(-) denote the indicator function of the interval [0, 1]. Then, for every
e>0

/(I(ot) — T(@)da <. Qe
R

Proof This is a consequence of a result of Jutila (see [12] or [5, Proposition 2]).
In the notation of [5, Proposition 2] we specialize to § = Q21" and notice that

o e¢dn) - 0?
L=+ Tz 0 O

Crucial to our analysis is the following consequence of the modularity of g.

Lemma 6.2 Let g be a cusp form ofweightk—l—% of level 4 where k > 2 is an integer. Let
(d, q) = 1 and (v, A) = 1 be two pairs of co-prime integers. Suppose that ¢ = 4Ar
withr > 4A a prime congruentto 1 (mod 4). Writed = rb+4AL with (b,4A) = 1
and (L, r) = 1. Let A* = A/(4v + b, A) and (4v + b)* = (4v + b)/(4v + b, A).
Then, for any € R and any real X > 1

d v i
4 (* + - +B+ *) = E@v+by Xaar (4v + D)r) - (4A70)
qg A X

(X )"+%< i )"*5 2@du+ by 16(A%) i
“\4ar i—ipx) \TTaa T Taard—ip )

where x;(-) denotes a real Dirichlet character of modulus t. Finally whenever we write
g we denote by a an integer such that aa = 1 (mod q).

Remark 2 By inspection of the proof below, the conclusion of the lemma also holds
when v = 0 and we will use this later.

Proof Since g = 4Ar we can write

d v_d+4vr

g A 4Ar

Notice that (d+4vr, 4Ar) = (d+4vr, A) since (d, 4r) = 1 by assumption. Therefore
the above is equal to

(4v + b)*r +4A*¢

6.5
A 65)

Throughout set w := (4v + b)*r + 4A*¢. We now consider

w n i
AN'T T (4A*)2(5 —iB)

=

and the matrix

w *
y = (4 Aoy w) € To(4)
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where * is uniquely determined by the choice of w € Z. A slightly tedious computation
using (6.5) reveals that

= d +B8)+ Y + i (6.6)

©=\g A X :

We also find that

@)= i 1 iX 6

Friel = T j@4arryp AATT 1—iXB '

and that
4A*r

V(Y) = E@uib)* - =) (6.8)

where ( f) denotes the extended quadratic residue symbol in the sense of Shimura
[27, Notation 3]. In particular since 4A*r is divisible by four, this extended quadratic
residue symbol coincides with x4+, (w), a real Dirichlet character of modulus 4A*r,
so that xaaxr (W) = xaaxr(w). Moreover by multiplicativity of the Jacobi symbol

Xanrr(w) = (43&) = <4$*> (%)

Since 4A* is divisible by 4 and r is congruent to 1 (mod 4) both expressions are
Dirichlet characters of modulus 4A* and modulus r respectively. In particular the
above expression is equal to

xanr (W) xr(w) = xaar((4v + b)"r) x, (A*L).

Using the modularity of g, (6.2), and combining this with (6.6), (6.7), (6.8) we
conclude that

d + 0 + B8+ i ((4v +b)r)x - (4A*0) X o
— —_— — = & * * r . .
8 g A X (4v+b)* X4A v Xr AT

i\ktz w i
X(l—iXﬂ) o Taanr g -ip)

Write (a)p for the inverse of @ modulo b. Also, let a; = (r - (4v + b)*)4a+ and
ap) = (4A* - £),. Observe

(W)an+» =a; (mod 4A*) and (W)4a+ =ap (mod r).
So by the Chinese Remainder Theorem

(W)ansr = a1(Paasr + ar(4A%),4A*  (mod 4A*r).
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It follows that

w 2(4v +b)*  16(A%)2L
w o_rivrbr 16@AH7E
4A*r 4A* r
and since g(x + iy) is 1-periodic in x the claim follows. O

We are now ready to prove the main proposition of this section.

Proof of Proposition 6.1 Using the circle method we can re-write the LHS of (6.1) as

/l <+3+i> (— + L) e(—amya
OgaAXg o+ |e(—ah)da

LetQ =X 172421 and n € (0, 1] to be determined later (we will choose n = %). Let
1<A<XV*< Q"/z. By Lemma 6.1 the above expression is equal to

1 Q¥ « hd\ (27"
s X ()t

k—~ _
X 4€Qd (mod q) 1 Q2

d v i d i

1
xk=3

plus an error term of size < X Q_”/ 4 < x!1=1/8 where in the estimation of the error
1

il
term we have used the bound |g(o +i/X)| € X % which holds uniformly for all
a € R. This follows from the fact that y(”%)/zlg(z)l is bounded on H since g is a
cusp form.

We now write ¢ = 4Ar with r a prime congruent to 1 (mod 4) and just as in
Lemma 6.2 we write, d = (4A)¢ + rb with ({,r) = 1 and (b, 4A) = 1. Then by

Lemma 6.2 and the triangle inequality, (6.9) is less than

k+3 k+3
QZ_" . /X 2 /X 2
SR TP DU S <4m) '(m S (@10

b (mod 4A)  Q<4Ar<2Q
r=1 (mod 4) prime

where

* hey (27 2@+ by 16(A%)2e i
Z ¢ o 241 A 4A* B r + (4A*r)2(l —ipB)
£ (mod r) -0 X
2b  16A2¢ i e(—hp)dp
r @Ar)(x +ip)) 1 —iBX]

S =

, 6.11)
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and where we applied Lemma 6.2 with v = 0 in second appearance of g. Notice now
that for any ¢ > 1,

i _ iX X2B

A(L=ip) " @ T ipXP g1 —ipXP

Moreover since |X| < Q727X < X" the imaginary part of the above expression
is (1 4+ 0(1))X /q*. Therefore expanding in Fourier coefficients we can write, for any
e >0,

Pvtb)r 16T i
A r A —ip)

L

= > ampm e (—

n<Xe@dA*r)?/X

nl6A*¢

) +0(X™% (6.12)

for any A > 1, where the coefficients «(n; 8) are independent of £ and |x(n; B)| K
lc(m)| < n'/?>T¢ foralle > 0and B € R by (6.4). Similarly we have for every ¢ > 0

b N 16A2¢ N i
#\aa r AAr)2 (5 +ip)
1 Y
= > ym Bym e (@) FoxX N (6.13)

m<X¢@dAr)2/X

for any A > 1, where the coefficients y (m; ) are independent of £ and |y (m; B)| K
le(n)| <e m'/?>T¢ foralle > 0 and B € R.
Applying (6.12) and (6.13) in (6.11) it follows that

=2
0 +n

S<</_ >

=2+
0 m<Xt(4Ar)2/X
n<X®(4A*r)%/X

_1
an; By (m; ﬁ)(mn)szS(mmAz —nl6(A%)2, —h;r)|dB + X190,

where S(a, b; c) is the standard Kloosterman sum. Since O < || < r and r is prime

the Weil bound shows that the Kloosterman sum above is always < /r < \/% .
Therefore, applying Cauchy—Schwarz along with (6.3) in the above equation it follows
that

k+3 k+3

e o2t M)(M)ﬁ
SKX-Q "< e ¥ N
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Also, recall that Q = X%H", A< X" and L > AQ—XZS. We conclude that (6.10)
is

Xl+£ Q Q2 Q 3 25n
A2 [ E g xatsote,
< L A X A <

We also recall that when using Lemma 6.1 in (6.9) we introduced an error of size
X1=n/8 Picking n = % gives a total error of size < X'~ 103% and allows A to goup

to X £ . O
6.2 Proof of Proposition 1.3

We are now ready to prove Proposition 1.3. Let & be the indicator function of the
integers that can be written as 8n with n odd and square-free. We find that

Wy = )" pdp).
2Dl+3d2|n
d odd

Let

hay()= Y p@@pR*), haymy= Y pdp®).

n=2342m n=291342m
d<Y,a<l d>Y,a<l
d odd d odd

By the triangle inequality,

Yool YD cM=D mhaym)| <y Y lemM (=) )y ()]

X<x<2X |x=n=<x-+y n<4Xx

and by the definition of ii-y (n) this is

<y Y Y lemM(=Drn). (6.14)

d>Y n<4X
d odd >n

A trivial bound gives M((—=D*n) <, MXE. By Shimura’s result (3.3) and
Deligne’s bound, le(d?n)| <, df|c(n)| for all ¢ > 0. Hence, we conclude after
an application of Cauchy—Schwarz and (6.3) that

X
Yol < d® Y le)] < ds[d_ZJ‘

n=X n<X/d?
d*|n

@ Springer



Signs of Fourier coefficients of half-integral weight... 1597

Therefore (6.14) is bounded by
X .
Ly 7 +1)MX°.

This contributes < X '~3%¢ provided that Y > X°My.
Therefore after an application of Cauchy—Schwarz, it remains to obtain a non-trivial
upper bound for

Yool YD cmMU=D mh<y(n)

X<x<2X [x=n=<x+y

We introduce an auxiliary smoothing, and bound the above by

2

<Y Y M=) mhey () f<§>2

x>1 |[x<n=<x-+y
where
k=172
f(u) =exp(—2mu)u~ 2
We note that the implicit constant is allowed to depend on the weight k + %

Let a(n) = c(n)M ((—1)kn)h§y(n). Expanding the square we re-write the above
expression as

Z Za(n +hp)a(m +ho) f (%)2

0<hy,ha<yn>1

Grouping terms together and using a Taylor expansion we can re-write the above as

3 S amf (%)a(n—i—h)f (";h> 3 (1 +0 (% + %)) +o()

[h|<y n>1 0<hy,ha<y
h—ha=h (6.15)
_ l;(y+1— |h|)2}a(n)f(i)(x(n+h)f (T) +0 <y M2X )
<y n=

where we set a(n) := 0 for n < 0 and where we used (6.3) in the estimation of the
error term. The term # = O contributes

2
<y Y lemhay M=V mE - f (%) (6.16)
n>1
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Repeating the same argument as before we see that

kN2 n\2 X P
y;|c<n>h>y(n>M(<—1) w7 (%) <<gy<7+1>X M.

This gives a total contribution of <« X !~3%¢ provided that ¥ > X®M?y. It follows
that (6.16) is bounded by

2
<y Y EmleEmM-D 8P f (T) + X'
n odd

as needed.
We now focus on the terms with 2 # 0 in (6.15). Opening 2 <y and M((—l)kn) we
see that the RHS of (6.15) restricted to 2 # 0 is bounded by

L yPMPY?X?®

n n-+h
X sup >t f (5 ) €+ MXC1iaan ) f :
0<lh|<y X X
|h|<y d22a1+3‘
dy,dr<Y 1 n
ar,a2€{0,1} |d2292F3 |n+h
my,my<M

By the Chinese Remainder Theorem the condition 2*3@?|n and 2°2*3d3|n + h
can be re-written as a single congruence condition to a modulus of size < 4Y*.
Moreover x(_yk, (m1) is 4m-periodic inn, where-as x_ 1k (5 (m2) is 4my-periodic
in n. Therefore fixing the congruence class of n modulo 4[m 1, m>] fixes the value of
X(=1)kn (my) X(=1)kn +h)(m2). Therefore we can bound the above supremum by

" n+h
O<|h|<y n=y (mod A)

1<A<4Y*M?

y  (mod A)

Finally, we can write
1 vn vy
lnsy (mod A) = Z e (—) e (——) .
A 0<v<A A A

Plugging this into (6.17) we see that it is

< sup Zc(n)e <E>f<§> cn+h)f <n+h>

O<lhl<y |ns] A X
l<A<4y*m? '
v (mod A)
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and without loss of generality we can also assume that (v, A) = 1. It follows that the
RHS of (6.15) restricted to & # 0 is bounded by

nv n n+h
& X°2MPY? sup cn)e (—) 7 (—) cn+h)f (—)
’ 0<[hl<y ,; A X X
I<A<4y*m? '~
(v,A)=1

According to Proposition 6.1 the above expression is <, y>M?Y?X 1= rog+e pro-
vided that 4Y*M? < X Siz Moreover we introduced earlier error terms that were
& X'7%/2%¢ a5 long as ¥ > yX®M. Choosing ¥ = yX®M we obtain the restric-
tion y*X*¥M® < X32. We also decide to require that y2M2Y2X!1— 1% < X!-9/2
which gives y2?M?Y2X%/% < X7 and in particular y*X>%/2pm* < X707, We posit
(somewhat arbitrarily) that we will require y, M < X°. In that case the previous
two conditions are verified if X21%/2 < X 07 and if X' < X 5L2 This leads to the
choice of § = ﬁ, implying the restriction y, M < X ™ and giving an error term
of K X 1=,
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7 Appendix
7.1 The structure of the space of half-integral weight forms

Due to recent work of Baruch—Purkait [2], Shimura’s correspondence between half-
integral weight forms and integral weight forms is better understood. Let Alj+1 P denote

the conjugate plus space, which is defined as W4S,j' 1720 where Wy : Sgyr12 — Skt1/2
is given by

—1
(Waf)(2) = (=2iz)*12y (47) .

Baruch—Purkait proved that AZ‘H 2 NS ,j' 2= {0}. Letting S, , 2 denote the orthog-
onal complement of AIJ<F+1 n® S,:Zrl P (w.r.t. the Petersson inner product) they proved
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that Niwa’s isomorphism (see the main theorem in [23]) induces a Hecke algebra iso-
morphism between S, P and S5 (2) (the space of weight 2k newforms on I"y(2)).
Also, let Uy, be the operator, which acts on power series as follows

Un Zanqn = Zamnqn-

n>1 n>1

Niwa proved that Uy Wy is Hermitian on Sy 1,2 and that (Us Wy —a1) (UsWs—an) =0

where o) = 2k (ﬁ) and ap = —% - 1. The Kohnen plus space Slj+1/2 is the

subspace of cusp forms in Sg1/2 with Uy Wy-eigenvalue equal to oy (Kohnen [14,
Proposition 2]).

7.2 Results

Recall that N° = {n € N : n = 8m and u?>(2m) = 1} and NZ(X) ={n<X:
n € N’ and c(n) # 0}. Also, let S» (N) denote the space of weight 2k cusp forms on
To(N).

Theorem 4 Let k > 2 be an integer and g be a Hecke cusp form of weight k + % on
I['o(4). Then it is possible to normalize g so that its nth Fourier coefficient is real for
neNb.

In addition, suppose that c(n) # 0 for some n € N°. Then for every ¢ > 0 the
sequence {C(n)}nEN; x) has > X'~¢ sign changes. Assuming GRH the sequence

{C(n)}neN‘;(X) has > X sign changes.
Remark 3 We will see that if g is of the form

g(2) =aG(z) + b(W4G)(2) (7.1

with G € S,:r+l/2,anda, be (Cwith% = —éAF(Z),where F € Sy (1) is the Shimura
lift of G, then ¢(8n)u?(2n) = 0 for each n € N. Otherwise, for a Hecke cusp form
g € Sk+1,2 not as above, the proof below and Lemma 3.1 imply ¢(8n) w?(2n) # 0 for
some n so that the conclusion of Theorem 4 holds for g.

Moreover, for g as in (7.1) with b # 0 the subsequent argument shows that
cm)pt@2n) = %cc(8n)uz(2n), where ¢ (n) denotes the nth Fourier coefficient
of G. Hence in this case we conclude that after suitable normalization, the sequence
{c(2n)u2(2n)}neN has > X sign changes as n ranges over [1, X] under GRH and

> X'7¢ such sign changes unconditionally.

Proof Niwa (see the main theorem of [23]) proved that there is a Hecke algebra
isomorphism between Sy 1,2 and S5, (2). Denoting Niwa’s isomorphism by v, write
f =v(g) € S (2). By Atkin—Lehner [1, Theorem 5] either f € S5 (2) or f is an
oldform, i.e. f(z) = «F(z) + BF (2z) with F € Sy (1), a, B € C.
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We first consider the case ¥ (g) = f € S3"(2). Here we can apply Shimura’s
explicit version of Waldspurger’s Theorem, which for a fundamental discriminant of
the form (—1)*d = 8n > 0 with 2n square-free gives

k—1)! ,
|c<2n)|2=L(%,f®)<d)%-((fﬁ—‘j,)>

(see [28, Theorem 3B.4]). The Fourier coefficients can also be normalized so that
they are real (this immediately follows from [28, Corollary 3B.5]). Also, in this case
c(8n) = Ay - ¢(2n) where A> € {£1} and is independent of n (this follows from [27,
Main Theorem], Niwa’s isomorphism, and Atkin—Lehner [1, Theorem 3]; see the proof
of Theorem 5 of [2]). Hence, our argument proceeds just as before and {c(n)}Nz x)

has > X'~ sign changes unconditionally and >> X under GRH.

Let us now suppose f € S2¢(2) is an oldform. Then by Kohnen [14, Theorem 1]
and Baruch—Purkait [2, Theorem 5, Corollary 6.1], there exist G1, G, € S,j' 12 and
a,b e Csuchthat g(z) =a-G1(z2) +b- (WaG2)(z). Since g is a Hecke cusp form it
follows from multiplicity one for S,:r 12 (see [14, lemma, p. 256]) that G is a scalar
multiple of G,. Hence, we can write g(z) = a-G(z)+b- (W4G)(z) forsomea, b € C
and G € S/j+1/2~ If WaG =O0then g € Sk++1/2’ so we are done. Suppose W4G # 0,
since S 1, N ALy = (0}, WaG & Sy, ) 50 UsG = UsWa(WaG) = aaWaG
since Wy is an involution. Hence,

g =) <a ceg(n) + O% €6 (4n)) e(nz).

n>1

For n € N” write n = 8m where 2m is square-free then by (3.3)

cg(8m) =a-cg(8m) + i ~cG(22 -8m) = cg(8m) - (a + ﬁ -AF(2)> ,
o) (%)

where Ap(-) denotes the Hecke eigenvalues of the level 1 modular form which
corresponds to G under ¥. By assumption a + % - Ar(2) # 0, since otherwise

cg(8m),u2(2m) = 0 for every m € N. Moreover, since G € Slj+1/2 we know

{cg (n)}ner X has > X sign changes under GRH and > X'~* unconditionally,
G

so the result follows. m|

Additionally, it is possible to extend our result to level 4N with N square-free and
odd if we also restrict to fundamental discriminants that lie in a suitable progression.
For each prime divisor of p| N we require that x;(p) = w), where w), is the eigenvalue
of the Atkin—Lehner operator W,. So by the Chinese Remainder Theorem there exists

n (mod N) such that ford = n (mod N) we have x4(p) = w,. Let N?V ={neN:
n = 8m,u*(2m) = 1, and (—1)*n = 5 (mod N)} and N?V’g(X) ={n<X:ne
N?V and c(n) # 0}. Note that for n € N?\, by construction (N, n) = 1.
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Let Si11/2(4N) denote the space of weight k + 1/2 cusp forms of level 4N, with
N odd and square-free. Also, let S I /2(4N ) be as defined by Baruch—Purkait (see [2,
Section 6.3]), who showed that this space is isomorphic to S3¢%(2N). This comple-
ments Kohnen’s result [15] that ST P (4N) is isomorphic to S7F* (N).

We can also prove the following result.

Theorem5 Let k > 2 and N be odd and square-free. Suppose g € S,;"+1/2(4N)
or g € S,:+1/2(4N), is a Hecke cusp form. Then it is possible to normalize g so

that its nth Fourier coefficient is real for n € N?V. Moreover, for every ¢ > 0 the

sequence {c(n)} has > X'7¢ sign changes. Assuming GRH the sequence

neNy  (X)
{C(n)}nENk;V'g(X) has > X sign changes.

Proof We will only sketch the argument, since our main propositions need to be
modified when N # 1. First, suppose g € §; | /2(4N ). Then by [2, Theorem 8] g €

A\ s (4N) and multiplicity one holdsin §;_ | s (4N) in the whole space Sy 1/2(4N ).

Hence for (—1)*d e N?V we can apply Shimura’s result [28, Theorem 3B.4] to get
that

(k=D!(g.8) =
T f)L (5. f ® xa) (7.2)

where w(N) = ) DIN 1. Here we have used the conditiond = n (mod N) to estimate
the Euler product present in the statement of the theorem along with [1, Theorem 3].
Using [28, Corollary 3B.5] it also follows that the Fourier coefficients of g can be
normalized so that they are real. Also, in this case just as before we have c¢(8n) =
Az - c(2n) with 1y € {£1}.

Next, suppose g(z) € S,:rl /2(4N ) and without loss of generality assume g €

S ,j ﬁ%v (4N). Kohnen [15] proved S,:rli%’ (4N) and S5¢™ (N) are isomorphic as Hecke
algebras. In this setting we can apply Proposition 4.2 of Kumar and Purkait [19] and it

follows g € S,:j%’ (4N) can be normalized so that it has real (and algebraic) Fourier

le@n)f? =200

coefficients. Moreover, for discriminants (—1)*d € N?v Corollary 1 of [16] implies

Tk (g,
le(8n)|* = Zw(N)%%L (3, f ® xa) - (7.3)

Using the formulas (7.2) and (7.3) we have in each case above that

4
Z le(8m)|*M ((—1)k8n; %) < ZbL(%v F ® xa) M(d; 1)*.

b dl<X
neN, y(X) |d|<

To bound this mollified moment, the only modification needed in the proof of Proposi-
tion4.1 is to change the definition of 7y so that Iy = (¢, X %] where c is also sufficiently

7 Multiplicity one also holds in the space S,j_._ 12 but fails in the entire space Sg1 /2 (consider g € S;r_H 2
and Wyg).
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large in terms of N. Repeating the argument (with no further modifications) we arrive
at

Zb L(5. f® xa)M(d; %)4 < X.
<X

We also need to prove

3 le@mPM ((—l)kSn; %)2 = X.

neNZ,,N(X)

This follows in the same way as before once we have established an analog of Propo-
sition 5.1 for f € S37(M) with M = N or M = 2N, where we average over

discriminants (—1)fd € N ?v The necessary modifications for this computation have
already been worked out in the paper of Radziwilt and Soundararajan [26]. Finally,
we need to establish the estimate

> Y EmeEM(—D 8| <« Xy + X! T

X<x<2X x<8n<x+y

n odd
(=1)*8n=y (mod N)

To do this we first need to modify the proof of Lemma 6.2 in a straightforward
way. From here we arrive at the analog of Proposition 6.1, for any g € Sg1/2(4N).
To establish the above bound we repeat the argument used in the proof of Proposition
1.3. The only modification necessary is that the range of A in (6.17) will now be
1 < A < 16NY*M? to account for the progression (—D¥8n =75 (mod N).

Combining the three estimates above we argue as in the proof of Theorem 1 thereby

finishing the proof. O
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