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Abstract

In this paper, we develop the blow-up analysis and establish the energy quantization
for solutions to super-Liouville type equations on Riemann surfaces with conical
singularities at the boundary. In other problems in geometric analysis, the blow-up
analysis usually strongly utilizes conformal invariance, which yields a Noether current
from which strong estimates can be derived. Here, however, the conical singularities
destroy conformal invariance. Therefore, we develop another, more general, method
that uses the vanishing of the Pohozaev constant for such solutions to deduce the
removability of boundary singularities.

Mathematics Subject Classification 35J60 - 35A20 - 35B44

1 Introduction

Many problems with a noncompact symmetry group, like the conformal group, are
limit cases where the Palais—Smale condition no longer applies, and therefore, solu-
tions may blow up at isolated singularities, see for instance [31]. Therefore, a blow-up
analysis is needed, and this has become one of the fundamental tools in the geometric
calculus of variations. This usually depends on the fact that the invariance yields an

Communicated by Y. Giga.

B4 Miaomiao Zhu
mizhu@sjtu.edu.cn

Jiirgen Jost
jjost@mis.mpg.de

Chunqin Zhou
cqzhou@sjtu.edu.cn

School of Mathematical Sciences, Shanghai Jiao Tong University, Dongchuan Road 800,
Shanghai 200240, People’s Republic of China

Max Planck Institute for Mathematics in the Sciences, Inselstr. 22, 04103 Leipzig, Germany

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00208-020-02023-3&domain=pdf
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associated Noether current whose algebraic structure can be turned into estimates.
In the case of conformal invariance this Noether current is a holomorphic quadratic
differential. For harmonic map type problems, finiteness of the energy functional in
question implies that that differential is in L'. This then can be used to obtain fun-
damental estimates. For other problems, however, like (super-) Liouville equations,
finiteness of the energy functional is not sufficient to get the L! bound of that dif-
ferential and hence this is an extra assumption leading to the removability of local
singularities (Prop 2.6, [23]).

But for (super-) Liouville equations on surfaces with conical singularities, we do
not even have conformal invariance, because the scaling behavior at the singularities is
different from that at regular points, see [27]. It turns out, however, that for an important
class of two-dimensional geometric variational problems, there is a condition that is
weaker than conformal invariance, the vanishing of a so-called Pohozaev constant
(i.e. the Pohozaev identity), that is not only sufficient but also necessary for the blow-
up analysis. This Pohozaev constant on one hand measures the extent to which the
Pohozaev identity fails and on the other hand provides a characterization of the singular
behavior of a solution at an isolated singularity. Such kind of quantity appears also in
other two dimensional geometric variational problems and can be applied to study the
qualitative asymptotic behaviour of solutions defined on degenerating surfaces [20,
40,41]. This vanishing condition is already known to play a crucial role in geometric
analysis (see e.g. [34]), but for super-Liouville equations, as mentioned, this identity
by itself suffices for the blow-up analysis.

In this paper, we shall apply this strategy to the blow-up analysis of the (super-)
Liouville boundary problem on surfaces with conical singularities. To this purpose,
let M be a compact Riemann surface with nonempty boundary d M and with a spin
structure. We also denote this compact Riemann surface as (M, A, g), where g is its
Riemannian metric with the conical singularities of divisor

m
A= ajq;
j=1

(for definition of A, see Sect. 2). Associated to the metric g, one can define the gradient
V and the Laplace operator A in the usual way.

We then have our main object of study, the super-Liouville functional that couples
a real-valued function u and a spinor ¥ on M

E _ l 2 u _ 2u U
B (u, ) = . 2|Vu| + Kgu + (D + ")y, w)g e dv + aM{hgu ce'}do,
()

where K is the Gaussian curvature in M, and hy is the geodesic curvature of 9 M and

c is a given positive constant. The Dirac operator I is defined by Dy := Zi:l e, -

Ve, ¥, where {e1, e2} is an orthonormal basis on 7'M, V is the Levi—Civita connection
on M with respect to g and - denotes Clifford multiplication in the spinor bundle ¥ M
of M. Finally, (-, -), is the natural Hermitian metric on XM induced by g. We also
write | - |§ as (-, -) 4. For the geometric background, see [28] or [19].
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Energy quantization for a singular super-Liouville... 907

The Euler-Lagrange system for E g (u, ¥) with Neumann / chirality boundary con-
ditions is

—Agu = 2% — " (v, V) — Kg, in M\ {q1,q2, ..., qm},

Doy = —e'y, in M°\ {q1,q2, -, qm},
EM . )
ﬁzce —hg, OnaM\{C]lvq2»~-~an}7

B*y =0, on dM\{q1. g2, . qm}-

Here B¥ are the chirality operators (see Sect. 2 for the definition).
When v = 0 and (M, g) is a closed smooth Riemann surface, we obtain the
classical Liouville functional

1
E (u) :/ {E |Vul> + Kou —ez"}dv.
M

The Euler-Lagrange equation for E (u) is the Liouville equation
—Agu = 202 — K,.

Liouville [32] studied this equation in the plane, that is, for K, = 0. The Liouville
equation comes up in many problems of complex analysis and differential geometry
of Riemann surfaces, for instance the prescribing curvature problem. The interplay
between the geometric and analytic aspects makes the Liouville equation mathemati-
cally very interesting.

When ¢ # 0 and (M, g) again is a closed smooth Riemann surface, we obtain the
super-Liouville functional

B = [ {3 50R + Kt (@4 eyv), - & av
M

The Euler-Lagrange system for E(u, V) is

—Agu =2 — " (Y, ), — K .
mgl/f — et

The supersymmetric version of the Liouville functional and equation have been
studied extensively in the physics literature, see for instance [1,15,33]. As all super-
symmetric functionals that arise in elementary particle physics, it needs anticommuting
variables.

Motivated by the super-Liouville functional, a mathematical version of this func-
tional that works with commuting variables only, but otherwise preserves the structure
and the invariances of it, was introduced in [21]. That model couples the bosonic scalar
field to a fermionic spinor field. In particular, the super-Liouville functional is confor-
mally invariant, and it possesses a very interesting mathematical structure.
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908 J. Jostetal.

The analysis of classical Liouville type equations was developed in [2,4,29,30] etc,
and the corresponding analysis for super-Liouville equations in [21,23,26]. In particu-
lar, the complete blow-up theory for sequences of solutions was established, including
the energy identity for the spinor part, the blow-up value at blow-up points and the
profile for a sequence of solutions at the blow-up points. For results by physicists
about super-Liouville equations, we refer to [1,15,33] etc.

When (M, A, g) is a closed Riemann surface (without boundary) with conical
singularities of divisor A and with a spin structure, we obtain that

E(u,y) = / {% IVul® + Kgu + (B + 99, ¥), — ezu}dvg.
M

The Euler-Lagrange system for E (u, ) is

—Agu =26 — " (Y, ¥), —
{ g ’ Yin M\{q1,q2, .-, qm}- 3)

@glﬂ — _eLl

This system is closely related to the classical Liouville equation, or the prescribing
curvature equation on M with conical singularites (see [12,36]). In addition, [3,4,6-8,
35] studied the blow-up theory of the following Liouville type equations with singular
data:

Ke'
—Agu f Keudg 47‘[ Za‘/ q] )

where (M, g) is a smooth surface and the singular data appear in the equation, which
is the asymptotic behavior associated to the m interior punctures. For system (3), [27]
provides an analytic foundation and the blow-up theory.

For Liouville boundary problems on (M, g) with or without conical singularites,
there are also lots of results on the blow-up analysis, see [9,16,22,43,44]. For super-
Liouville boundary problems on a smooth Riemann surface M, the corresponding
results can be found in [24,25].

In this paper, we aim to provide an analytic foundation and to establish the blow-
up analysis for the system (2). Our main result is the following energy quantization
property for solutions to (2):

Theorem 1.1 Let (un, V) be a sequence of solutions of (2) with energy conditions:

/ ePrdg < C, / |wn|§dg <C.
M M

Define
Y1 = {x € M, there is a sequence y, — x such that u,(y,) — +00}.
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If X1 # 0, then the possible values of

lim {/ 2e2""—e"n|1/fn|§,dvg+/ ce”"dag}
=0 \Jm oM

are
dmy + 2wmy + Z dr(l +aj) + Z 2n(l +aj),
jedi Jjeh
where m1, my are nonnegative integers, J1 C {1,...,l}and J» C {l +1,...,m}.
Here {1,..., 1} and {l + 1, ..., m} are the indexing sets of the conical singularities

of M. J1 and J, could be empty.

From the energy quantization property, one can deduce the concentration properties
of conformal volume and the compactness of solutions. It turns out that understanding
of this property is the key step to study existence from a variational point of view by
a refined Moser—Trudinger inequality, see e.g. [10,11,18].

If we assume that the points gi, g2, ...,q are in M° for 1 < [ < m and the
points g;+1, qi+2, - - - » gm are on M for the surface (M, A, g) with the divisor A =
) ;.”:] ajqj, o > 0, we have the following Gauss-Bonnet formula

1 1
_ K.dv, + — hodo, = X(M) + | A|,
2w Jym £l ZﬂfaMgag ) + A

where X' (M) = 2 — 2gyy is the topological Euler characteristic of M itself, gy is the
genus of M and

l m
|A| = ZC(J' + Z %
j=1 Jj=Il+1

is the degree of A, see [36]. From (2) we obtain that

f 2e* — & [y dvg +f ce'rd Yy = / Kqdvg + / hedag

M aM 2 M M
=2m(X (M) + |A]).

Then we can use Theorem 1.1 to get the following:

Theorem 1.2 Let (M, A, g) be as above, and (u,,, V) be as in Theorem 1.1. Then the
value in Theorem 1.1 satisfies

drmy+2mmy + Y Am(l+a))+ Y 2w(l+a)) =4w(l — gu) + 27| Al
JE€N JEN

In particular,
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910 J. Jostetal.

M If
4m(1 — gm) + 27| A| =27,

then the blow-up set | contains at most one point.

() If
4 (l — gy) + 27| Al < 27,

then the blow-up set X1 = ().

To show Theorem 1.1, a key step is to compute the blow-up value

m(p) = lim_lim / Qe — " |y, |2 — Kg)dv +/ (et ~hadoy
R—0n—o00 B}‘{’(p) s & & BMHBf{'(p) ¢ ¢

at the blow-up point p € X for a blow-up sequence (u,, ¥,). Here Bﬁ,’l (p)isa
geodesic ball of (M, g) at p. For this purpose, we need to study the following local
super-Liouville boundary value problem (see Sect. 3):

—Au(x) = 2V2(x)[x|>*e®™ — V(x)|x|*e“ W%, in D},

DY = —V(x)|x|%e* W, in D, @
8= eV (x)|x]"e" ™, onL,,
BT =0, onL,.

Here o > 0, V(x) isin C} (D;f U L,) and satisfies 0 < @ < V(x) < b. L, and S;"
here and in the sequel are portions of d D;", which are defined in section 3. Then we
have the following Brezis—Merle type concentration compactness theorem:

Theorem 1.3 Let (uy,, V) be a sequence of regular solutions to (4) satisfying

/ x| 4 W, | *dx + / Ix|%e“nds < C.
D} L,

Define

Y = {x € Dr+ U L,, there is a sequence y, — x such that u, (y,) — +oo} ,

Yo = {x € D;" U L, there is a sequence y, — x such that |V, (y,)| — +oo}.

Then, we have Xy C Xy. Moreover, (u,, V) admits a subsequence, still denoted by
(un, Wy), that satisfies

a) |V, is bounded in L2 ((DjF U L)\ 2) .
b) For u,, one of the following alternatives holds:

i) uy, is bounded in LSS (D) U L,).

loc
il) u, — —oo uniformly on compact subsets of D} U L,.
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Energy quantization for a singular super-Liouville... 9

iii) Xy is finite, nonempty and either

uy is bounded in L}’lfc((Dr+ UL)\Zp) 5)
or
u, — —oo uniformly on compact subsets of (D,+ UL)\Z. 6)

To show the quantization property of the blow-up value, we need to rule out (5) in
the above theorem. When the spinor field is vanishing, namely, in the case of Liouville-
type problems, a technique based on Pohozaev identity was introduced in [7] to prove
the vanishing of the mass in the neck region for blow-up sequences of solutions with
interior conical singularities. In the case of super-Liouville-type problems, we need
to overcome some new difficulties caused by the spinor part. For the case of interior
conical singularities, this was achieved in [27]. In the present paper, we shall handle
the boundary conical singularities case. To this end, the decay estimates of the spinor
part W,,, the Pohozaev identity of the local coupled system (4) and the energy identity
of W,, which means there is no energy contribution on the neck domain, play the
essential roles. The corresponding theorem is the following:

Theorem 1.4 Let (u,, V,) be a sequence of regular solutions to (4) satisfying
/ X Ix|?%e®n + |0, | *dx + / Ix|%“*ds < C.
Dr r
Denote by 31 = {x1, x2, ..., x;} the blow-up set of u,. Then there are finitely many

solutions (u'"*, WHK) that satisfy

. ik ik . . .
e e (A e E R R
: (N
PUik = —|xre Wik, in §2,

fori =1, 2_, . ,‘I, and k = 1,2,...,K;, and a > 0, or there are finitely many
solutions (u/'[, \Ilf’l) that satisfy

. il i . . .
—Aull = 20x %P — |x|%e? <\IJ/’1, \IJ~”I> —1, in SC2,,

; J.l i .
m:{sll = —|x|%"" Wi, in %, ®
au]a i
= clx|%e"" — ¢, ondS2,
on ¢
BXwil =, on 382,

forj=12,...,J,andl =1,2,---,Lj, and @ > 0. Here SLZ,, is a portion of the
sphere cut out by a 2-plane with constant geodesic curvature c'. After selection of a
subsequence, W, converges in Cpx to W on (B;" U L,)\Z| and we have the energy
identity:
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912 J. Jostetal.

I K; J Lj
: 4 _ 4 i,k4 .4
lim_ Drw"' dv_/Dj|\I/|dv+ZZ/SZ|\IJ |dv+22/s2/|\lf 1*dv.

i=1 k=1 j=11=1
9

A crucial step in proving the above theorem is to show the removability of isolated
singularities at the boundary, which is equivalent to the vanishing of the Pohozaev con-
stant (see Theorem 4.5). Once the energy identity for the spinor part (9) is established,
we can then obtain

Theorem 1.5 Ler (u,, V,) be solutions as in Theorem 1.3. Assume that (u,,, V,,) blows
up and the blow-up set ¥ # (. Then

Uy — —oo uniformly on compact subsets of (D" U L,) \ Z.

Furthermore,

/ L RV@EPY = V)l | Wy lgdx + f eV @)lx[*e"
Dy (0)

L

— Y mx)p(x)

X;i €Y
for every ¢ € C°(D;f U L,) and m(x;) > 0.

In the end, with the help of the Pohozaev identity (see Proposition 4.1) and the
Green function at some singular points, we have the following:

Theorem 1.6 Let (u,, V,,) be solutions as in Theorem 1.3. Assume that (u,,, V,) blows
up and the blow-up set X1 # (. Let p € X and assume that p is the only blow-up

point in D(;; (p) for some 8y > 0. If there exists a positive constant C such that

max u, — min u, < C,
S5, () S5, (1)

then the blow-up value m(p) = 4w when p ¢ Lsy(p), m(p) = 2w when p €
Ls,(p) \ {0}, and m(p) = 2n (1 4+ ) when p = 0.

2 Preliminaries

In this section, we will first recall the definition of surfaces with conical singularities,
following [36]. Then we shall recall the chirality boundary condition for the Dirac
operator D, see e.g. [17]. In particular, we will see that under the chirality boundary
conditions B*, the Dirac operator 1 is self-adjoint.

A conformal metric g on a Riemannian surface M (possibly with boundary) has a
conical singularity of order « (a real number with @ > —1) ata point p € M U dM if
in some neighborhood of p
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Energy quantization for a singular super-Liouville... 913

g = ez — z(p)|*¥|dz|?

where z is a coordinate of M defined in this neighborhood and u is smooth away from
p and continuous at p. The point p is then said to be a conical singularity of angle
0 =2m(a+1)if p ¢ 0M and acornerofangled = w(a+1)if p € M. Forexample,
a (somewhat idealized) American football has two singularities of equal angle, while
a teardrop has only one singularity. Both these examples correspond to the case —1 <
o < 0;in case o > 0, the angle is larger than 27, leading to a different geometric
picture. Such singularities also appear in orbifolds and branched coverings. They can
also describe the ends of complete Riemann surfaces with finite total curvature. If
(M, g) has conical singularities of order o1, a2, ..., oy at g1, g2, - - ., gm, then g is
said to represent the divisor 4 = X ;”:105 ;jq - Importantly, the presence of such conical
singularities destroys conformal invariance, because the conical points are different
from the regular ones.

The chirality boundary condition for the Dirac operator /) is a natural boundary
condition for spinor part ¥. Let M be a compact Riemann surface with 9 M # ¢ and
with a fixed spin structure, admitting a chirality operator G, which is an endomorphism
of the spinor bundle ¥ M satisfying:

G*=1, (G¥,Go)= (¥, ¢),

and
Yx(Gy)=GVxy, X -Gy =-G(X-¥),

forany X € I'(TM), ¥, ¢ € I'(XM). Here I denotes the identity endomorphism of
¥ M and I'(-) denotes the space of sections of a given bundle.
We usually take G = y(w2), which denotes the Clifford multiplication by the
complex volume form wy = iejen, where e, e, is a local orthonormal frame on M.
Denote by

S:=XM|ym
the restricted spinor bundle with induced Hermitian product.
Let 77 be the outward unit normal vector field on dM. One can verify that TG
I'(S) — I'(S) is a self-adjoint endomorphism satisfying
(WGP =1, (HGY,¢)= (Y. 7 Gy),

Hence, we can decompose S = v+t @ V~, where VE is the eigensubbundle corre-
sponding to the eigenvalue £1. One verifies that the orthogonal projection onto the
eigensubbundle V*:

BT L*(S) » L*(vh)

SN %(1 + 7 Gy,
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914 J. Jostetal.

defines a local elliptic boundary condition for the Dirac operator D , see e.g. [17]. We
say that a spinor ¥ € L2(T' (= M)) satisfies the chirality boundary conditions BEif

BEY|am = 0.

Itis well known (seee.g. [17]) thatif v, ¢ € LA (=M)) satisfy the chirality boundary
conditions B* then

In particular,

/ (7 -, ) = 0. (10)
oM

It follows that the Dirac operator I is self-adjoint under the chirality boundary con-
ditions B*.

It may be helpful if we recall that on a surface the (usual) Dirac operator I) can
be seen as the (doubled) Cauchy-Riemann operator. Consider R? with the Euclidean
metric ds? + dt?. Let e; = (?—s and er = % be the standard orthonormal frame. A
spinor field is simply a map W : R> — A, = C2, and the actions of ¢; and e> on
spinor fields can be identified by multiplication with matrices

0i 01
“=\io) 2= \~10)

ftw:= ((];) : R? — C? is a spinor field, then the Dirac operator is

DNy ([

i .

po=(Go) | B |+ (Do) | B ) =25 |
as ot Z

where

o 19 0 o _ (o, 0
9z 2\as o) oz T2 \Gs T )

Therefore, the elliptic estimates developed for (anti-) holomorphic functions can be
used to study the Dirac equation.
If M be the upper-half Euclidean space Ri, then the chirality operator is G =

iejep = ((1) _01> Note that 77 = —ej, we get that

1 1/1 +1
i—_ _). -
B = (£ -G) 2(111)'
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Energy quantization for a singular super-Liouville... 915

By the standard chirality decomposition, we can write i = ($+>, and then the

boundary condition becomes

Yy =Fy_ ondM.

Without loss of generality, in the sequel, we shall only consider the chirality bound-
ary condition B = B,
We have the following geometric property:

Proposition 2.1 The functional Ep(u, V) is invariant under conformal diffeomor-
phisms ¢ : M — M preserving the divisor, that is, be ¢* A = A. In other word, if we
write that ¢*(g) = A%g, where A > 0 is the conformal factor of the conformal map
o, and set

uoq@—Ink,
1

U=
=1y og, (1)

then Eg(ui, 1/~/) = Eg(u, V). In particular, if (u, ) is a solution of (2), so is (u, IZ).

3 The local singular super-Liouville boundary problem

In this section, we shall first derive the local version of the super-Liouville boundary
problem. Then we shall analyze the regularity of solutions under the small energy
condition.

First we take a point p € M?, choose a small neighborhood U (p) C M?, and define
an isothermal coordinate system x = (x1, x3) centered at p, such that p corresponds
tox = 0and g = e*|x|>*(dx} + dx3) in D, (0) = {(x1,x2) € R? | x? + x3 < r?},
where ¢ is smooth away from p, continuous at p and ¢(p) = 0. We can choose
such a neighborhood small enough so that if p is a conical singular point of g, then
U(p) N A= {p}and @ > 0, while, if p is a smooth point of g, then U(p) N A =@
and o = 0. Consequently, with respect to the isothermal coordinates, we can obtain
the local version of the singular super-Liouville-type equations,

—Au(x) = 2V2(x)|x 220 — vV (x)|x|*e* @ w2
{ lD\I—’ — _V(x)|x|oteu(x)\y n Dr(O), (12)

which has no boundary condition since p is a interior point of M. Here ¥ =
|x|%ew ¥, V(x) is a C'# function and satisfies 0 < a < V(x) < b. The detailed
arguments can be found in the section 3 of [27]. We also assume that (u, V) satisfy

the energy condition:
f Ix|?%e? + |W[*dx < 400. (13)
D, (0)
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916 J. Jostetal.

We put D, := D,(0). We say that («, W) is a weak solution of (12) and (13), if
ue WH2(D,) and W € Wh3(I'(ED,)) satisfy

/ VuVeodx

-

/ V20l PUe — V(o) lx|%e [ P,
D,

/ (U, PEYdx = —/ V(x)|x|%e" (W, £)dx
r D,

4
for any ¢ € C;°(D,) and any spinor § € C* N W(;’ 3(TC'(ED,)). A weak solution is
a classical solution by the following:

Proposition 3.1 Ler (u, V) be a weak solution of (12) and (13). Then (u, V) €
C*(Dy) x CX(T'(ZDy)).

Note that when o = 0 this proposition is proved in [21] (see Proposition 4.1). When
o > 0, this proposition is proved in [27] (see Proposition 3.1).

For p € M, we also can choose a small geodesic ball U(p) C M and define an
isothermal coordinate system x = (x1, x2) centered at p, such that p corresponds to
x=0and g = e2¢|x|2"‘(dx% —i—dx%) inﬁj(O) ={(s,1) e R? | s2+1% <r2 1t >0},
where ¢ is smooth away from p and continuous at p. We can choose such a geodesic
ball small enough so that if p is a conical singular point of g, then U (p) N A = {p}
and @ > 0, while, if p is a smooth point of g, then U(p) N A = ¥ and &« = O.
Set L, = aD} NJR%, and S+ = aD} NR2. Also in the sequel, we will set
L,(x0) = E)D+ (x0) ﬂ8R2 ,and S+ (x0) = 8D+(xo)ﬁR2 Consequently, with respect
to the 1sothermal coordinates, (u, ¥) satisfies

—Au(x) = 29 |x]2¢ (22 — @ |y 2(x) — K,) in D},

D( (X)|x|alﬁ> =_e¢(x)|x|aeu(x) (e@pd%w) iIle_,
d
a_” — O x| (cet — he), onL,, (14)
n
x) o
B (™ |xity) =0, on Lr.

Here A = 8§1x1 + agm is the usual Laplacian, and the Dirac operator /) can be seen as
doubled Cauchy—Riemann operator, B is the chirality boundary operator of spinors.
Note that the relation between the two Gaussian curvatures and between the two

geodesic curvatures are respectively

—Ap = e |x|**K,,
M’ = e¢|x|°‘h

By standard elliptic regularity we conclude that ¢ € Wﬁwp (D;f UL,) for some p > 1
if ¢ > 0 and if the curvature K, and i of M is regular enough. Therefore, by Sobolev
embedding, ¢ € C},_(D;” U L,). If we denote V (x) = ¢?, Wy (x) = ¢**|x|**K, and

Wa(x) = e¢|x|“hg, then 0 < a < V(x) < b, Wi(x) is in LP(D;") and Wy (x) is in

@ Springer



Energy quantization for a singular super-Liouville... 917

LP(L,) for all p > 1 if the curvature K, and hg of M is regular enough. Therefore,
the Eq. (14) can be rewritten as:

—Au(x) = 2V2(x) [x[2%e®® — V (x)|x[%e“O W2 — Wy (x), in D},

DY = —V(x)|x|%e" W, in D;,
= cV@lx|%e" — Wy, onLy,
B(W) =0, onL,.

Furthermore, let w(x) satisfy

—Aw(x) = =W (x), in D;f,
G =—Wax), on L,
w(x) =0, on S;".

It is easy to see that w(x) is in C2(D;}) N CY(D}F UL,). Setting v(x) = u(x) — w(x),
then (v, W) satisfies

—Av(x) = 2V2(x)[x|2%e®™) — V (x)|x|*e"™|W¥|?, in D,

DY = —V(x)|x|%e’ @y, in D;f,
2= eV (x)|x|"e’™, onL,,
B(V) =0, onL,.

Here o > 0, V(x) is in C} (D;f U L,) and satisfies 0 < a < V(x) < b. Thus we get

loc

the local system (4) of the boundary problem (2).
As the interior case, we can also define (1, V) be a weak solution of (4) if u €

4
Wh2(DF) and ¥ € W;’3(F(2Dr+)) satisfy
/ VuVpdx = / QVZ0)|x 2™ — v (x)|x|%“ D W2 pdx
Dy D}
- / eV @)|x|"e")¢pdo
Lr
f (U, DE)dx = — f V(@x)lx|e" (W, £)dx

D, D

for any ¢ € C{°(DfUL,) and any spinor § € C{(I'(S(D;F U L)) N
4
Wy ¥ (C(SD;)). Here
1.3 + 1,4 +
W ((ED) ={¥|ly e W3 (' (ED,")), By|L, =0}

For weak solutions of (4) we also have the following regularity result.

Proposition 3.2 Let (u, V) be a weak solution of (4) with the energy condition

/+ [x|*%e® + W) *dv +/ Ix|%"do < . (15)
D}

r
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918 J. Jostetal.

Thenu € C2(DF)NCY D} UL,)and ¥ € CH(I' (D)) N CHT(S(D} U L))).

Note that when o = 0 this proposition has been proved in [24]. When o > 0, to
get the L integral of u™, we need a trick which was introduced in [7] and also was
used in [27]. That is, by using the fact that for some ¢ > 0

1
—dx <
/;),.* |x|2mdx <C,

we can choose s = erLl € (0,1) when o > 0 and s = 1 when o = 0 such that

s 1—s
2S/ utdx < / e>tdx < (/ |x|2“e2“dx) <f |x|_2mdx) < 00.
D D D D"

Once we get the L' integral of u™, we can get the conclusion of Proposition 3.2 by
use the same argument in [24]. We omit the proof here.

We call (u, ) a regular solution to (4) if u € C*(D}) N CY(D} U L,) and
¥ e CHI(ZDH) NCHT(Z(DF UL,))).

Next we consider the convergence of a sequence of regular solutions to (4) under a
smallness condition for the energy. We assume that (u,,, V,,) satisfy that

—Aup(x) = 2V2(x)|x 2% ) — V (x) x| W, |2, in D},

DY, = —V(x)|x|[%e My, in D, (16)
33% = cV(x)|x|¥etn ™), onL,,
B(Y,) =0, onL,,
with the energy condition
f |x|2% e 4 |W, |*dv +/ Ix|%“"do < C (17)
Dt L,

for some constant C > 0. First, we study the small energy regularity, i.e. when the
energy fD+ |x|?*e%"rdx and fLr |x|*e“rdx are small enough, u, will be uniformly
bounded from above. Our Lemma is:

Lemma3.3 Fore; < m, and ¢y < m. If a sequence of regular solutions (u,, V) to
(16) with

/ 2V () |x|P% e dx < e, |c|/ V(x)|x|%e"do < e, / |W,|*dx < C
D L, D,

and ||Wpll, o ~+. are

for some fixed constant C > 0, we have that ||u|| Lo@h)
H

L (Eg )
uniformly bounded.
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Proof As the same situation as in Proposition 3.2, we can no longer use the inequality
2 [} < [ e to get the uniform bound of the L'-integral of u," when a > 0. But
notice that there exists a constant # > 0 such that

1

Setting s = HLI € (0, 1), then we obtain

K 1—s
2s/ wdx 5/ e>indy < (/ |x|2“e2“ndx> <f |x|—2’“dx> <C.
D D D D;f

Then by a similar argument as in the proof of Lemma 3.5 in [24] we can prove this
Lemma. o

When the energy [+ 2V 2 (x)]x|?®en + fLr V(x)|x|%e"ds is large, in general,
blow-up phenomenon may occur, i.e., Theorem 1.3 holds.

Remark 3.4 Let v, = u, + « log |x|, then (v,, V,) satisfies

—Av, (x) = 2V2(x)e?n ™) — V(x)eV |, |2, in D},

DY, = —V(x)e"®w,, in D;f,
% = cV(x)e"™ + ras,—, onL,,
BY, =0, onL,,

with the energy condition
/ 2 + |, [*dx +/ e’ds < C.
D, L,

Then, by using similar arguments as in [7], the two blow-up sets of u, and v, are the
same. To show this conclusion, it is sufficient to show the point x = 0 is a blow-up
point for u, if and only if it is a blow-up point for v,,. In fact, if 0 is the only blow-up
point for v, in a small neighbourhood D;ro U Ls,, thatis, forany § € (0, 8p), 3Cs > 0,
such that
max v, < Cs, and maxv, — 400, (18)
D;(') \Dy D%

then, it is easy to see that 0 is also the only blow-up point for «, in a small neighbour-
hood D;‘O U Ls,, that is, for any 6 € (0, o), Cs > 0, such that

max u, <Cs, and maxu, — +00. (19)
D%\D; D;:)

In converse, we assume that 0 is the only blow-up point for u,, in a small neighbourhood
D% U Lg, such that (19) is holds. We argue by contradiction and suppose that there

exists a uniform constant C, such that v, (x) < C forany x € 5;;. First, we can obtain
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that there exists a uniform constant C, such that |¥,|*(x) < C for any x € 5% . For
7z

this purpose, we extend (v,, W) to the lower half disk D,”. Assume x is the reflection
point of x about dRZ , and define

vy (X) i==vu(x), x €D,
W, (%) :=iey - ¥, (x), X €D,

EU”(X), x € D+’
An(X) = {ev,,()?)’ x € D:—
Then W, satisfies

PV, = —A,(x)V,, inD;.

Since A, (x) is uniformly bounded in L*°(Ds,) and f D |W,|*dx < C, we have W,
0
is uniformly bounded in wis (I'(2Dsy)) and in particular W, is uniformly bounded
7

CV(F(EEE)) for some 0 < y < 1. Further, since
2

Fu(x) 1= 2V2(0) [x %@ — v, (x) x| | @, |2
=2V, (1) — v, (0)e" V| w, |2

and
gn = =Va@)|x[*e U, = =V, (x)e" M,

are uniformly bounded in 52; . Then by Harnack type inequality of Neumann boundary

2
problem (see Lemma A.2 in [24]), it follows that infﬁg u, — 4oo. Thus we get a
20

2
contradiction since the blow-up set of u,, is finite.

4 Removability of local sigularities

The Pohozaev identity is closely related to the removability of singularities. In this
section, we shall first establish the Pohozaev identity for regular solutions to (4). Then
for solutions defined on a domain with isolated singularity, we define a constant which
is called the Pohozaev constant. The most important is that a necessary and sufficient
condition for the removability of local singularities is the vanishing of Pohazaev con-
stant.
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Proposition 4.1 (Pohozaev identity) Let (u, V) be a regular solution of (4), that is
(u, W) satisfies

—Au(x) = 2V2(x)[x|[**e? ™) — V (x)[x]|%e“™ |W|2, in D},

DY = —V(x)|x[*e" W, in DY,
g—z =cV(x)|x|%et™), on Lg,
BY =0, on L.

Then we have the following Pohozaev identity

<
i

=(+a) {/ (2v2(x)|x|2°'e2u - V(x)lxl“e“|\l/|2)dv+/
Dy

Lg

du |2

L vup2a
- = o
v 2 “

cV(x)|x|°‘e”ds}

AV (s,0 ‘
—R/ Vz(x)|x|2°‘e2“da+/ c¥|s|ase”(é’o)ds
S; Lg as

—cV (s, 0)|s[*se PR

+/ x-V(Vz(x))|x|2°’62”dv—/ x - VV @) x|%e |y 2dv
DE DE
R R

1 ow _ 1 _ ov
+4/S$<8U,(x+x)-ﬂ1>da+4/;;<(x+x)-lll,av>da, (20)

where v is the outward normal vector to S;g, and X is the reflection point of x about
IR3.
+

Proof The case of « = 0 and V = 1 has already been treated in [25]. The calculation
of the Pohozaev identity is standard. Since in the sequel we will need to calculate
the Pohozaev identity for different equations, for reader’s convenience, we give the
detailed proof for this general case.

First, we multiply the first equation by x - Vu and integrate over D; to obtain

_/D+

V(x)|x|%e W |%x - Vudv.
R DR 0

R

Aux - Vudv = / . 2V2 () x 2% x - Vudv — f
D

It follows from direct computations that

/ Aux - Vudv
Dy

ul> 1., du
=R —| — =|Vul|“do + —(x - Vu)ds
st 1o 2 Lp On
du

2
1
— Z|Vu|*do +/ eV (x)|x|%e (x - Vu)ds
ov 2

Lg

Sk
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922 J. Jostetal.

:Rf
Sk

aVi(s,0 -
—/ CL|S|0[S€M(S’O)dS +cV (s, 0)|s|*seSOP=R |
Lg

ou |

ov

1
— Z|Vul’do — (o + 1)] eV (x)|x|%e" ds
2 L

as

/ 2V2(x0) x 2% x - Vudv
.

Dy

= Rf V2(x)|x|* e do — (2+2a)/ V2(x)|x[*¥e* dv
iy4 D},

R

- / X V(V2(x) x| e*dv,

Dy

and

/ V() |x|%e* W |2x - Vudv
.

Dy

= R/+ V(x)|x|%e" |V |2 do —/+ Ix|%e“x - V(V (x)|¥|>)dv
D

SR R

-2 —i—a)/ V() |x|%e" W] dv.
Dy

Therefore we have

!
si

=1 +a)/ 2V2(x)|x|2°‘ezudv—(2+a)/ V(x)|x|%e" W 2dv
Dy Dy

du|?

1 2
—| — =|Vu|“do
av 2

+(a+1) cV(x)|x|“eds
Lg

—R /+ V2(x)|x|* e do + R/+ V(x)|x|%e" || do

Sk SR

aV(s,0 _
+f c—( ) |s|°‘se”(s’0)ds —cV (s, O)|s|°‘se”(5’0)|§;§R
Lg as

+/+x'V(Vz(x))|x|2“e2”dv—/+ Ix|%“x - V(V()|¥|P)dv  (21)
D

R DR

On the other hand, for x € R%r, we denote x = xje; + xpep under the local
orthonormal basis {e;, e2} on R%r. Using the Clifford multiplication relation

ej-ej+tej-e =-28; forl <i,j<2
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and
(W, @) =(ei-V,ei )
for any spinors ¥, ¢ € I'(XM). We know that
(Voei-¥)+(ei- ¥, ¥)=0 (22)

for any i = 1, 2. Using the chirality boundary condition of W, we extend (u, V) to
the lower half disk Dy . Assume x is the reflection point of x about 9R2 , and define

u(®) :=u(x), e D, (23)
W(F) :=ie; - W(x), XeDj. 24)

Then it follows from the argument in Lemma 3.4 of [24] that we obtain

Dy = —AX)y  in Dg.

H
ere Alx) = V(x)lxl”‘e“(’f), X € D;,
T V@IE[©e ™, x € Dy.
Using the Schrodinger—Lichnerowicz formula lZ)2 =—-A+ %K ¢» We have

— AW = —dA(x) -y + A2(x)¥ in Dg. (25)

Then we multiply (25) by x - ¥ (where - denotes the Clifford multiplication) and
integrate over Dg to obtain

/ (AW, x - W)dv = / (dA(x) - ¥, x -W¥)dv — / Az(x)(\ll,x - Wdv,
Dpr Br Dg

and

/ (x - W, AW)dv = / (x -V, dA(x) - ¥)dv — / Az(x)(x -0, Wdv.
Dpr Dp Dg

On the other hand, by partial integration,

/ (AW, x - W)dv
Dpg

2
= / div(VW, x - W)dv — Z<V@aw’ eq - V)dv — / (VW, x - V)
Dg Dr ,—1 Dg
ow
Z/ <—,X“I’>d0+/ (lD\IJ,\I—’)dU—/ (VW, x - V)
apg \ OV D Dg

o
=/ <—,x-\ll>da—/ A(x)|\If|2dv—/ (YU, x - VW),
aDg \ OV o Dg
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3
=/ <— (x +%)- \IJ> 0—2/ V(x)|x|%e" || dv
aDfknR2 \ OV D%

—/ (VW, x - V),
Dpg

and similarly

ov
/ (x - ¥, AW) =/ <(x +)_c)-\ll,—>da—2/ V(x)|x|%e" | W |2 dv
Dr dD}NRZ v D},

—f (x - VWU, V),
Dg
Furthermore we also have

/ (dA(x) - ¥, x - ¥)dv +/ (x - ¥, dA(x) - ¥)dv

Dg

f Z (Ve,A(x)ey -V, eg - W)xgdv
D

R o,p=1

/ Z (e - W, Vo, A(x)ey - W)xpdv
D

Rotﬂ 1

_Zf Ve, AX)ey - W, eq - W)xgdv
D Z e, o o o

R o=l

=2f x - V(A@X)|V|>dv
Dg

= —2/ A(x)x-V(|\Il|2)dv—4/ A(x)|\y|2dv+2R/ AX) |V dv
Dpg Dg

aDg

_ _4f+ V@)lxletx - V(W Rdv — 8/+ V@)lx e | 2dv
D

R DR

+4R/ V(x)|x|%e" W] dv.
IDFNRL
Therefore we obtain

R/ V(x)|x|%" W |*do —/ V(x)|x|%"x - V(W [*)dv
DjNRZ D}

1 v 1 _ A'd
= - —,(x+x)-V¥)do + - x+x)-¥,—)do
4 Jypjnr2 \ 0v 4 Jopjnr2 v

+/+ V(x)|x|%e" |V 2dv. (26)

Dp
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Putting (21) and (26) together, we obtain our Pohozaev type identity (20). O

Pohozaev type identity is shown to be closely related to the removability of local
singularities of solutions. For a solution of (12) and (13), we defined in [27] the
following Pohozaev constant:

Definition 4.2 ([27]). Let (u, W) € C*(D,\{0}) x C>(I'(Z(D,\{0}))) be a solution
of (12) and (13). For 0 < R < r, we define the Pohozaev constant with respect to the
Egs. (12) with the constraint (13) as follows:

du |?

Clu, V) = R/ o

)
— ~|Vu2do
IDR(0) 2

- +a)/ QV2(0)[x % — v (x)|x|%e" W [*)dx
Dg(0)

1 BN BN
+R/ V2(x)|x[ e do — f/ <—,x : \Il>+<x S, —>da
dDR(0) 2 Jopgy \ 0v v

- / (x*e2x . V(V2(x)) — |x|%e" W |2x - VV (x))dx
Dg(0)

where v is the outward normal vector of d Dy (0).

It is clear that C(u, W) is independent of R for 0 < R < r. Thus, the vanishing of
the Pohozaev constant C(u, W) is equivalent to the Pohozaev identity

2

9 1
R/ M \VulPdo
dDR(0) ov 2
=1+ QV2(@)[x[**e™ — V (x)|x|“e" | |*)dx
Dg(0)
1 BN W
—R/ V2(x)|x[**e*do + —/ <<—, X - \IJ> + <x -, —>) do
dDR(0) 2 Japroy \\ dv v
+/ (x]?%e*x - V(V2(x)) — |x|%“|W|>x - VV (x))dx (27)
Dg(0)

for a solution (u, ¥) € C%(D,(0)) x C*(I'(£D,(0))) of (12) and (13).
We also proved in [27] that a local singularity is removable if the Pohozaev identity
(27) holds, that is, iff the Pohozaev constant vanishes.

Theorem 4.3 [27]. Let (u, W) € C*(D, \ {0}) x C*(I'(Z(D, \ {0}))) be a solution of
(12) and (13). Then there is a constant y < 2w (1 4+ o) such that

u(x) = —loglx| + h, nearO0,
27

where h is bounded near 0. The Pohozaev constant C(u, V) and y satisfy:

2
Clu, ¥) = Z—n.
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In particular, (u, V) € C2(D,) x C2(I'(ED,)), i.e. the local singularity of (u, V) is
removable, iff C(u, V) = 0.

For the singular boundary problem (4), we can define the Pohozaev constant in a
similar way:

Definition 4.4 Let (u, W) e C*(D}) N CY(DF U L,\{0}) x C*(I'(£D;})) N
CI(F(E(D;" U L,\{0}))) be a solution of (4) and (15). For 0 < R < r, we define the
Pohozaev constant with respect to the Eqgs. (4) with the constraint (15) as follows:

du |’

1
— ~|Vul*do
v 2

Cp(u, V) = R/

+ 2
aDENRY

—a +a)/+(2V2(x)|x|2‘xez” — V(x)|x|%" ¥ |?)dv
DR

—(a+1) cV(x)|x|“e"ds
aDENIRZ

aVi(s,0
+R/ V2(x)|x[* e do —/ c$|s|°‘se”ds
aD}NR2 aDpror2  0s

+cV (s, 0)ls|*se"S=R

—f x-V(Vz(x))|x|2°‘e2”dv+/ x - VV@)|x % v |?dv
DY D}

R
1 oV _ 1 _ oV
—— —,(x+Xx)-¥V)do — - x+x) ¥, —)do.
4 Jypjnr2 \ 0v 4 Jopjnr2 v

The removability theorem of a local singularity at the boundary is following:

Theorem 4.5 (Removability of a local boundary singularity). Let (u, V) € C 2(D;") N
CY(D;F U L\{0}) x CHT(ZD;)) N CHIT(Z(D; U L\{0)))) be a solution of (4)
and (15), then there is a constant y < w(1 + «) such that

u(x) = —llog|x| + h, near 0,
2

where h is bounded near 0. The Pohozaev constant C(u, V) and y satisfy:
2
14
Cu,v)=—.
e, 1) 21
In particular, (u, W) € C2(D})NCY(D;  UL,) x CX(T'(ED;})) N CH(T(Z(D; U
L)), i.e. the local singularity of (u, V) is removable, iff C(u, V) = 0.

To prove Theorem 4.5, we need to derive the decay of spinor part W near the singular
point. For the case of « = 0 and V (x) = 1, this is shown in [25]. By using similar
arguments, we can also get the following lemma for the general case:
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Lemma 4.6 Thereare 0 < 1 < 2w and 0 < &3 < 7 such that (v, @) satisfy

—Av =2V2(x)[x]?e? — V(x)|x|% (¢, ¢),  in B}

ro’

Do = —V(x)lxe", in B,
B = cv(x)lx|e, on L\ {0},
B¢ =0, on L, \{0},

with energy conditions

/ Ix|*%e®dx < &) < 27, / lp|*dx < C, |c|f |x|“e"ds < &y < .
B B L
0

o 0
=+
Then for any x € Bry we have
2

1

6 ()I1xI2 + Ve (ollx|? sc</B+ |¢|4dx> : (28)
2x|

: 20 _ 1 Bt
Furthermore, if we assume that e’ = O(W), then, forany x € B 0, we have

g
6 (@)IIxI2 + [Vellx|? < Clfe (/ |¢|“dx> , (29)

B
Jfor some positive constant C. Here ¢ is any sufficiently small positive number.

Proof of Theorem 4.5: By the conformal invariance, we assume without loss of gener-
ality that [+ [x|**¢?’dx < ) and |c| fLr |x|%eVds < e, where g1 and &, are as in
Lemma 4.6. By standard potential analysis, it follows that there is a constant y such

that
u 14

lim —— = =,
lx|-0 —log|x| m
By fDrJr |x[**e*"dx < C,weobtain that y < 7 (1+a). Furthermore, by using Lemma

4.6 and by a similar argument as in the proof of Proposition 5.4 of [23], we can improve
this to the strict inequality y < (1 + o). Next we set

1
v(r) = —— / log |x — y|@VZ)Iy[e* = V(y)ly|“e"|¥[*)dy
B;

_l —_ o U
— | toglx = yleV»IyITedo

Ly
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and set w = u — v. Notice that v satisfies that

g—z =cV(x)|x|%e", onlL,,

{ —Av = 2V2(x)[x 2% — V(x)|x|%e*|W|?, in D},

and w satisfies that
—Aw =0, inD/,
80=0, onL,\{0}.

We can check that

o)

1m =
Ix|-0 — log |x|

Since we can extend w to B, \{0} evenly to get a harmonic function w in B, \{0}, then
we obtain that

w(x) . u—v y
m —— = lm — = —.
lx|->0 —log |x|  |x|->0 —log|x| T

Duo to w is harmonic in B1\{0} we have
w = —Zlog |x| 4+ wo
b4
with a smooth harmonic function wg in B, . Therefore we have
14
u=——1log|x|+v+wy nearO.
b4

To compute the Pohozaev constant of (1, W) we need the decay of the gradient
of u near the singular point. We denote that fj(x) := 2V 2(x)|x |22 ), Hx) =
—V(xX)|x|%e"@|W|2(x) and f3(x) := cV (x)|x|%e*. Since each f; is L' integrable,
we can obtain e/"™! e LP(DF) for any p > 1 and e!"™! € LP(L,) for any p > 1.
Since

filx) = |x|‘27y+2°l <2V2(x)e2w0(x)+2v(x)> ,

o) = =Ix[ 75 (V@ OO W) )
and

f3x) = x|~ 7 T (e V (x)eo )Ty

we set §; = 27” — 20 and s = £ — a + 1. Then max{s;, s2} = s2 < 2. Since

v <C |x|_% near 0 and wo(x) is smooth in B,, we have by Holder’s inequality that
fi1 € L'(D;) forany 1 € (1, %) if s; > 0,and f; € L'(D;") forany t > 1ifs; <O0.
For f>, we have f, € L'(D;") for any ¢t € (1, %) if s > 0, and f» € L'(D;}) for
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any t > 1if s < 0. For f3, we have f3 € L'(L,) forany ¢ € (1, %) if s; > 0, and
f3 € L'(L,) for any t > 1 if s; < 0. Putting all together and by standard elliptic
theory, we have v(x) is in Lw(ﬁ:r). On the other hand, since v(x) is in Loo(ﬁj), it
follows from Lemma 4.6 that there exists a small §o > O such that

|W| < C|x|%~2, nearO0,
and
IVW| < C|x[~3, near0.

Next we estimate Vv(x). If s < 0 and sp < 0, then v(x) is in Cl(ﬁf). Ifs; >0
or s > 0, Vu(x) will have a decay when |x| — 0. Without loss of generality, we
assume that 0 < s; <2 and 0 < 5o < 2. For any x € D;L we hanve

1 1 1
WMMS—/ AW+ 0Dy + /
T T r

+ |x L |x

1
[f3(0)dy
=l

1
z_/ (1A + 1AL Ddy
lx—y|= 5l [x — Y|

1 1
+_/ (AD]+ 100Dy
x—yl<Bhnp; lx =yl

1 | 1 |
+—/ , |f3(Wldy + —/ , | f3(n)ldy
7 Nix-ylz hn, X =yl T Jx—yi<ihne, |x =yl
=h+hL+1+14

I][

Fixt e (1, 2) and choose 0 < 71 < 1 such that < 2. Hence, we have 0 < 11 <

2 — s7. Then by Holder’s inequality we obtain

=1

1 T
( {le—yl= 50D |x _y|tl’l

1 ) c
< (AF_ﬂzguijI}f;;ﬁ7—57011r+|fﬂ>dy) < o

~|=

For I, since y € {y||x — y| < |Xl} implies that |y| > L, we can get that
2

1
125C/ —dy < Cx|'™.
{x—yl<Ehnpi |x — y||y|52
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Similarly, for I3, we ﬁx te(, ) and choose 7 > 0 such that m < 1, and hence

we have 0 < 72 < 1 — 5. By Holder s inequality we obtain,
=1 1
1 1 ’ 1 o\
Il = = ——rdy _ Ty | By
7 \Jx—y= 0L, |x _y|f T {lx—yl=EhnL, |x — ylt=
c
R

For I4 we have

[14]

IA

1 1 C 1
c Tdy = — dy < ——,
{e—yl=BhnL, X =Yy Ix|2 Jix—yi<ihne, X =l x|

for some 73 with 0 < 73 < 1. In conclusion, for all x € B;"(0) we have

Vo) < —— 4 S 4 © (30)
v(x

I 2 R P s A P

for suitable constants 0 < 71 <2 — 52,0 <1 <1 — — and0 <13 < 1.

At this point we are ready to compute the Pohozaev constant C(u, V). We denote

Vi = —%l 7+ Vo + () = rr S FERALION

By (30), we have
1 ?
r/ Vul? = 122402 ds
st \2 av
1 2 ] Vi 1 -V \?
:r/ 7[(1) BN P +|Vn|2]ds—r/ (—Z—er '7) ds
st2\n/ |x? 7 |x|? st \ 7 x| x|
L/y\2 1 yx-Vp 1 _ 5 [(x-Vn\?
— (XY —=+2% ~ |V - d
[2(”)|ﬂ2+ﬂ e 2V 7

2
x-V r x-V
rf zn—l—f/ |Vn|2—r/ il
ST 1] 2 /st sE\ I«

|
N =
/N
ENIN
—
[\S)
SN

@ Springer



Energy quantization for a singular super-Liouville... 931

where 0,(1) — 0 as r — 0. We also have

1+ a) f , 2V2(0) x| 2% — V(x)|x|%e" W |2dx = o,(1),
D;

and
r/ V2(x)|x[* e do = o,(1),
5F
and
200 2u . 2 Iyl 2., _
+(|X| ex - V(VA(x) — |x[*e"|W|7x - VV(x))dx = o,(1),
D;
and
(a + 1)/+CV(X)|x\aeud0 —/ CaV(S’O) Is|%seds 4+ cV (s, 0)|s|%se" {2, = or (1),
S; L,
and

ow _ _ ow
/ <—,(x+x)~V\IJ>dU+/ <(x+x)~V\IJ, —>d0 = o,(1).
s\ adv st ov

Putting all together and letting » — 0, we get
2
Cu,¥)=1lmCu,V¥,r)=—.
r—0 2

Since C(u, V) = 0 for (u, V), therefore we get y = 0. This implies that the local
singularity of (u, W) is removable. O

5 Bubble energy

After a suitable rescaling at a boundary blow-up point, we will obtain a bubble, i.e. an

entire solution on the upper half-plane Ri with finite energy. In this section, we will

investigate such entire solutions. We will first show the asymptotic behavior of an entire

solution and compute the bubble energy, and then show that an entire solution can be

conformally extended to a spherical cap, i.e., the singularity at infinity is removable.
The considered equations are

—Au = 2|x e — |x|%" (Y, V), inR2,
Dy = —|x|%"y, in R,
g—z = c|x|%e", on 9R7, G1)
By =0, on ZﬂRi.
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932 J. Jostetal.

The energy condition is

I(u, %) :/ (Ix)?e® + |y [Mdx +/ Ix|%e“ds < oco. (32)
R% aR%
Flrst let us notice that if (u, ) is a weak solution of (31) and (32) with u €
loc (R )and ¥ € WZOC3 (r'(ZR +)) by using similar arguments as in the proof of
ProposmonB 2,wehaveu™ € L‘X’(R ). Consequently, it follows thatu € CIOC(R n
CIOC(R+) and ¢ € ClaC(F(ER NN CZDC(F(ER+))
We call (u, ¥) a regular solution of (31) and (32), if u € Clac(R )N CIOC(RJr)

and ¥ € CIOC(F(E]R )N CIOC(F(ERQ)
Next, we denote by (v, ¢) the Kelvin transformation of (u, ¥), i.e.

v(x) = u (i) —2(1 + o) In x|,
|x|?

T DR
d(x) = |x|" ¢ <|x|2)'

Then (v, ¢) satisfies

—Av =20x]*e* —|x[“e" (§,¢),  inRZ,
Do = —|x|%"p, inR%, (33)
& — clx|%e?, on 9R2 \ {0},
Bp =0, on JRZ \{0}.

And, by change of variable, we can choose rg small enough such that (v, ¢) satisfies
/ Ix|*e?dx < & < 27, / lpl*dx < C, || |x|%e’ds < &7 < .
lx[<ro [x[<ro [s|<ro
(34)

Applying Lemma 4.6 to (33) and (34), and by the Kelvin transformation, we obtain
the asymptotic estimate of the spinor ¥ (x)

Y () < Clxl72™%  for |x| near oo, (35)
and ,

IV (x)| < C|x|—f—50 for |x| near oo, (36)
for some positive number 8 provided that e? O(W) where ¢ is any small

positive number.
Denote

d:/ 20x |2 e — |x|°‘e”|1ﬁ|2dx+/ clx|%etds,
RZ 2

+ ORY
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Energy quantization for a singular super-Liouville... 933

and

& = /2 e"Yrdx.

R+
Next, we will show that d = 2(1 4+ @)z and & is a well-defined constant spinor.

Proposition 5.1 Let (u, ) be a regular solution of (31) and (32) and let ¢ be a non-
negative constant. Then we have

d
u(x) =——Inlx|+C+ 0(|x|71) for |x| near oo, 37
T

W) = - (I tie) o+ o(x™)  for x| near oo,  (38)

2 |x?
where - is the Clifford multiplication, C is a positive universal constant, and I is the
identity. In particular we have d = 2(1 + o) and & is well defined.

Proof We shall apply standard potential analysis to prove this proposition. Similar
arguments can be found in [13,21,22] and the references therein. The essential facts
used in this case are the Pohozaev identity and the decay estimate for the spinor. For

readers’ convenience, we sketch the proof here.
x) _

Step 1. limx|— oo i = ~2andd > (1 +a).
Let
1 _
wee) = 5 [ ol = 31+ tog ¥ = 31 = 2log Iy (2260 — y1“e 1y (1)) dy
4 R%r

3 |, (doglx =yl +loglx -yl —2log y]) cly[*e" ™ dy.
7w Jor2

where x is the reflection point of x about E)Ri. It is easy to check that w(x) satisfies

{Aw = 2Jx|?e* — |x|%¢"|y >,  in RZ,
ow _ o U 2
S = —clx|%e", on IR%.
and
w(x) d
im = —.
|x]—o00 In |x| b

Consider v(x) = u + w. Then v(x) satisfies

{Av:O, in RZ,
v __ 2
5n =0, on JR?.

We extend v(x) to R? by even reflection such that v(x) is harmonic in R%. From
Lemma 5.1 we know v(x) < C(1 + In(]x| 4+ 1)) for some positive constant C. Thus
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934 J. Jostetal.

v(x) is a constant. This completes the proof of Step 1. Since fRi x| dx < oo,

we get that d > 7 (1 4 o). Furthermore, similarly as in the case of the usual Liouville
or super-Liouville equation, we can show thatd > 7 (1 + «).

Step 2. The proof of (37) and d = 27 (1 + ).
Notice that we have shown d > m(1 + «) in Step 2, we then can improve the
estimates of e to

e < Clx|7204~¢  for |x| near oo.

Therefore the asymptotic estimates (35) and (36) of the spinor v (x) hold. By using
the standard potential analysis we can obtain that

d
u(x) =——1Inlx| +C+ O0(x|~") for |x| near oo
T

for some constant C > 0. Thus we get the proof of (37).
Furthermore, we can show that d = 27 (1 + «). For sufficiently large R > 0, the
Pohozaev identity for the solution (u, ¥) gives

g
si

=(+a) / . 20x % — |x[%" W )Pdv+ (@ + 1) | clx|%e"ds
DR

du |’

1 2
— —|Vu|“do
av 2

Lg

—R/ [x|*%e*do — c|s|°‘se”|§ZfR
Sk

1 v _ 1 _ A'd
+—/ (—, (x+Xx) - V)do + —/ <(x +Xx) -, —>da. (39)
4 Sy v 4 st av

By the asymptotic estimates (35), (36) and (37) of (u, 1) we have

9 2 1 d2
lim R/ 22— S VulPdo = =,
R—+oo st [dv 2 2
and
lim R/ x| do + c|s|se" =R, = 0,
R—+o00 S}'
and

. v _ _ v
lim <—,(X+X)~‘I/>da+/ <(x+x)~\ll,—>d0=0.
av st av

R—+00 S+
R R
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Energy quantization for a singular super-Liouville... 935

Let R — +o00in (39), we get that

2

d (1 4+ a)d
— = o .
21

It follows that d = 27 (1 + @).
Step 3. The proof of (38).
Since d = 27 (1 + ) by Step 2, we can improve the estimate for ¢>* to

2 < Clx|™*I+  for |x| near oco. (40)
This implies that the constant spinor &y is well defined. By using the chirality boundary
condition of spinor, we extend (u, ¥) to the lower half plane Ri(see (23) and (24))
to get

Py = —A()Y, iR

Here A(x) is defined by

A _ |x|"‘e“(’“), xeRi,
@) =1 |5 ®, x eR2.

Define
b1 = / A@)wdx.
RZ

The constant spinor & is also well defined. From the asymptotic estimates (35) and
(40) and a similar argument in [27] we obtain

V) = ——— 2 & ollx))  for |x| near oo. (41)
2 %2

Since
3 =/ A(x)l/fdx+/ A(xX)Yrdx
R2 R2
:/ |x|aewdx+f 1X|%"Die -y (X)dx
R2 R2
= [ wttetdx s [ yee e pody
R2 R%

= +ie) f |x|*e" Yrdx
RZ
1

= +iey) - &.
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936 J. Jostetal.

Hence we obtain from (41)

1 x
Y(x) = ————> +ie))-Eo+o(lx]”") for |x| near oo.
277 |x|

Thus we finish the proof of Step 3 and we complete the proof of the Proposition. 0O

Proposition 5.1 indicates that the singularity at infinity of regular solutions for (31)
and (32) can be removed as in many other conformally invariant problems.

Theorem 5.2 Let (u, W) be a regular solution of (31) and (32). Then (u, ) extends
conformally to a regular solution on a spherical cap Sf,, where ¢’ is the geodesic

curvature of 3S?,.
C

Proof Let (v, ¢) be the Kelvin transformation of (u, v) as before. Then (v, ¢) satisfies
the system (33). To prove the theorem, by conformal invariance, it is sufficient to show

that (v, ¢) is regular on @i. Applying Proposition 5.1, we get

v(x) = (g —2(1 +a)) In|x|+0({) for |x| near O. 42)

Since o = 27 (1 4 @), it follows that v is bounded near the singularity 0. Recall that
¢ is also bounded near 0, we can apply elliptic theory to obtain that (v, ¢) is regular

=2
on R+. O

6 Energy identity for spinors

The energy identity for spinor part of solutions to the super-Liouville equations on
closed Riemann surfaces was derived in [23,27]. In this section, we shall prove an
analogue for the singular super-Liouville boundary problem, i.e. Theorem 1.4. For
harmonic maps in dimension two and J-holomorphic curves as well as for solutions
of certain nonlinear Dirac type equations, similar results are derived in [14,38,39,42]
and the references therein.

To prove Theorem 1.4, we shall derive the local estimate for the spinor part on
an upper half annulus. Since we can extend (u, W) to the lower half disk D,” by the
chirality boundary condition of W, the proof of this local estimate can be established
by using the result of Lemma 3.1 of [23]. Here we just state the Lemma and omit the
proof.

Lemma 6.1 Let (u, V) satisfies (4) and

/+ Ix|?%e® + |W|*dx +/ Ix|%"ds < C.
D}

r
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Energy quantization for a singular super-Liouville... 937

For0 <r; <2r < %2 < ry < r, consider the annulus Ay, ,, = {x € R2|r1 <|x| <

r2} and the upper half annulus AL = Ay r, N R2. Then we have
3 1
7
LT I
+ +
A2r1,r72 A2r1<r72
1 1 1
2 7 S
< Co (/ |x|2“e2”> (f |w|“) +C (/ M“)
A:rwz A:rlfz A:rl,zq
1
+C / lw* (43)
AT
Fn

for a positive constant Cy and some universal positive constant C.

Proof of Theorem 1.4 We will follow closely the argument for the energy identity of
harmonic maps, see [14], or for super-Liouville equations, see [7,23,25,27] . Since
the blow-up set X1 is finite, we can find small disk D;l_' (x;), which is centered at each
blow-up point x;, such that D;’f(xi) N D;; (xj)=9@fori #j,i,j=12,...,P,and
on (D" UE,)\ Uip=1 (Dg(xl-) U Ls; (x;)), W, converges strongly to W in L*. So, we
need to prove that there are (utk, éi’k), which are solutions of (7),i = 1,2,...,1; k =
1,2,..., K;, such that

L;
lim lim |, [*dv = Zf €K dv, fori =1,2,...,1; (44)
=15

§i—>0n—o00 Dgf(x,')
1

or, we need to prove that there are (uj L éj 'l), which are solutions of (8), j =
,2,...,J;1=1,2,..., Lj,such that

Lj
lim lim |, [*dv =Z/2 g, for j=1,2,...,0;  (45)
) =1 Sr/

5j—>0n—>00 D;; (x;

When p € (D;")?, from [27], we know that (44) holds. So, without loss of gener-
ality, we assume that p € L, and there is only one bubble at each blow-up point p.
Furthermore, we may assume that p = 0. The case of p # 0 can be handled in an
analogous way and in fact this case is simpler, as |x|* is a smooth function near p.
Then what we need to prove is that there exists a bubble (u, &) as (7), such that

lim lim |\Pn|4dv=f 1€ *d, (46)
52

§—~>0n—>o0 Dgr

@ Springer



938 J. Jostetal.

or there exists a bubble (u, &) as (8) such that such that

§—0n—o00

lim lim |\Iln|4dv=/ lE|*dv. 47)
Dy 52

Next we rescale functions (u,,, ;) at the blow-up point p = 0 and then try to get the

bubble of (u,,, ¥,,). To this purpose, we let x;, € 5;_ such that u, (x,) = maxy+ (x).
8

Write x,, = (sy, ;). Itis clear that x,, — p and u,(x,) — +o00.Define X, = ¢~ uzsi?) .
We know A, |x,| and t, converge to 0 as n — 0, but their rates of converging to 0
may be different. Next we will distinguish three cases.
Case I. % = O0(l)asn — +o0.

In this gase, we define the rescaling functions

Un(x) = uy(Anx) + (1 + @) In i,
~ 1
v, (x) = )\r% Wy, (Apx)

for any x € Bl. Then (%, (x), W, (x)) satisfies
hn

— Al (x) = 2V 2 (02) X P22 — V (x) [x|%e O 18, (x) 2, in DY

2hn

DB, (x) = =V () |x[*e™ O, (x), in DY,
- - 2in

Bat) = ¢V (hya0) [, onl ;.
~ 2hn

BY, (x) =0, onl 5 ,

n

with the energy condition

/ |x|2a62ﬁn(x) + |\T’n(x)|4dv +/ |x|aeﬁn(x)d0, < C
D+a L s
2in 2in

We know that

~ ~ X
max i, (x) = iy (=) =ty (xn) + (@y + 1) In 2, = 0.
D+5 An

D
Notice that the maximum point of iZ,, (x), i.e. X” , is bounded, namely I"" | < C.Soby
taking a subsequence, we can assume that "” — X0 € R with |xg| < C. Therefore

it follows from Theorem 1.3 that, by passmg toa subsequence (itp, Uy ) converges in
szm(R )N CIOC(R ) X C?DC(F(ER »nN CIOC(F(E]R )) to some (U, lIJ) satisfying

— AT = 2V2(0)|x[**e* — V(0)[x|*e"| T2, inRZ,

DU = —V(0)|x|*e D, in R,
3u _ o u 2 (48)
=cV(0)|x|%e on dR?,
B\IJ =0, on BRﬁ_
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with the energy condition fRi (Jx 22 + |0 %ydx + faRi |x|*¢"do < oo. By Propo-
sition 5.1, there holds

/2 QVZ(0)]x]2*e2 — v (0)|x|%e T |?)dx +] i cV(0)|x|%"do =27 (1 + ).
R2 d

RY

By the removability of a global singularity (Theorem 5.2), we get a bubbling solution
on S 2,.

Case II. "‘" — +oo0asn — 4oo.
In this case we must have

Un(Yn) = up(xy) + (@ + Inix,| = (@+ Dln|x,| — (¢4 1)Ink, — 400. (49)
Therefore we can rescale twice to get the bubble. First, we define the rescaling functions

{ U (%) = 1ty (|0 ]%) + (@ + 1) In |,
W,y (x) = [ 20, (| ])

for any x € D 5 . Then (i1, (x), W, (x)) satisfies that

— Aty (x) = 2V (|xp|x) x| 2¥e2n X — V (|x,|x)|x|% "D W, (x)]?, in DTy

J— — J— 2[xp|
DY, (x) = =V (|x|x)|x[*e" W, (x), inDT, |
_ _ 2Tl
a0 = ¢V () x| ), onl s,
BV, (x) =0, on Lz‘a -
Set that y, = Ii_ZI We assume that yp = lim,_ é—zl By (49), we know yj is a
blow-up point of (i, ¥,,). We can set 8, = e “) and p, = %ﬁn) = kn(&_:|)Q~

It is clear that §, — 0, p, — 0 and % — 400 as n — oo. We define the rescaling
n
functions

Uy (x) = un(é x+y,) +1Ind, = un(xn + onx) — un(xy)
0, (x)——8 W, (8, x+yn)—pn‘l' (X + pnx)

for any x such that y, 4 6,x € 5; (yn) with any R > 1. By a direct computation, we
have

=+ -+
Q= {x € R?|y, + 8ux € Dr(yn)} = {x € R?|x, + pux € Dy ().
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We set L, = 09, N {x € R?r = —2}. Then (i, (x), U, (x)) satisfies

_Abtn(_x) = 2V2(_xn +,0nx)||x ‘ _|_ | x|2a 21, (x)
_V(xn +,0nx)|‘x | + | |‘¥ “n(x)|\lj (X)|2 in Qn,

DU, (x) = =V (0 + pux) | 32 ™ in Q.
Bun(x) = ¢V (xn +pnx)| Ea + \xn x|a u,,(x) on L,,
B\pn(x) =0, on L,,

with the energy condition

A

It is clear that

Xn Pn

Wiy < C.
x| x|

X

o o
2 () ‘@n(x)ﬁdv +/ | Py

n x| x|

i (x) < max i (x) = 1, (0) = 0.

n

Now we proceed by distinguishing two subcases.

Case I1.1 :)i — oo asn — oo.
n

Notice that | |X

that, by passing to a subsequence (@, ¥,,) converges in C7, (R?) x C? ('(ZR?))
to some (i1, ¥) satisfying

L fox| — lasn — ooin C? (R?).Itfollows from Theorem 1.3

AT — 2 2u w12 : 2
{ Au =2V<(0)e V(e |¥|*, inR~, (50)

DY = —V(0)e P, in R2,

with the energy condition fRZ X 4 U dx < oo. By Proposition 6.4 in [21], there
holds

/ Q2V2(0)e2 — V(0)e" | W[} dx = 47
]RZ

By the removability of a global singularity (Theorem 6.5 in [21]), we get a bubbling
solution on 2.

CaseIl.2 o — A asn — oo.

Similar in the Case IL.1, we have from Theorem 1.3 that, by passing to a sub-
sequence, (i, \Il ) converges in Cloc(R2 AN CIOC(R2A) X Cloc(F(ERzA)) N
CZIUC(ER_A) to some (1, \IJ) satisfying

—AT =2V2(0)e* — V(0)'|¥|?, inR?,,

m\i = —V(O)eﬁ\i, in RZ_A, 1)
= cV(0)e, on aRfA,
B\IJ =0, on BR%A,
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with the energy condition fRzA M |U)tdx + /: R, eldo < oo. By Proposition
6.4 in [21], there holds

/ QVE(0)e2 — V(0)e" | T [})dx +/ cV(0)e'do = 2.
R? aR? ,

By the removability of a global singularity (Theorem 6.5 in [25]), we get a bubbling
solution on SCZ,.

It is well know, in order to prove (46) or (47), we need to prove that there is no any
energy of W, in the neck domain, i.e.

lim lim lim |W,|*dv = 0, (52)
8—0 R—+o0 n—>00 A;R .,

where AI r.n 18 the neck domain which is defined latter. To this purpose, we shall
proceed separately for Case I, Case II.1 and Case I1.2.
For Case I, we define the neck domain is

A+

S rn =X eRILR < |x| < 6).

We have two claims.
Claim 1 For any ¢ > 0, there is an N > 1 such that for any n > N, we have

/ (Jx > 4+ W, |4 +/ [x|%e"" < ¢e; Vr e[er,R, 8]
D,*\Detlr B(Dr*\D;lr)ﬂaRi

To prove this claim, we note two facts. The first fact is: for any 7 > 0, there exists
some N (T) such that for any n > N(T), we have

/ (x[2 e 4 [W, %) +/ Ix|%" <. (53)
D\DT d(DF\D) _7)NoRY

se=T

Actually, since (u,, V,;) has no blow-up point in Bg_\{ p}, then |W,| is uniformly

bounded in D;\D;;,T , and u, will either be uniformly bounded in D;\D;;,T or

uniformly tend to —oo in D;\D;,T. So if u, uniformly tends to —oo in Ds\ Dg,-r,
it is clear that, for any given T > 0, we have an N(T) big enough such that when
n>N(T)

&
/+ L (et +/ L , et < 2.
DI\D} _; d(DF\DS_)NIRY
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Moreover, since W,, converges to W in L;‘OC((D;r N L)\ X1) and hence

/+ I 1M B L ¢
D’S \DSefT D‘S \Dzie*T

For any small ¢ > 0, we may choose 6 > 0 small enough such that fD+ W]+ < 3
then for any given T > 0, we have an N (T") big enough such that when n > N(T)

Consequently, we get (53).

If (4, ¥y,) is uniformly bounded in D;\D;;,T, then we know (u,,, W,) converges
to a weak solution (u, W) strongly on compact sets of D;‘ \ {p}. Therefore, we can
also choose § > 0 small enough such that, for any given 7' > 0, there exists an N (T)
big enough, when n > N(T'), (53) holds.

The second fact is: For any small ¢ > 0, and 7 > 0, we may choose an N (7T') such
that whenn > N(T)

[, w0 e
D} i \Dik 0D} | r\D, NORE

= / (x[2eX 4 |0, [Y) + f x|%e™ < e,
D} ;\Dg a(D ) r\D)NORY

if R is big enough.
Now we can prove the claim. We argue by contradiction by using the above two
facts. If there exists g > 0 and a sequence r,,, 1, € [eA, R, §], such that

G | e[ = .
DEADT, J(DF\DY| HNIRY

Then, by the above two facts, we know that ri — 400 and ’\;’— — 0, in particular,
rn, — 0asn — +o00. Rescaling again, we set

V(%) = uy(rpx) + (1 +a) Inry,
1
Yn(x) = rnill—’(rnx)

for any x € DE \DL.

It is clear that

/ (x1%%e® + |gn|H +/ |x|“e® > g. (54)
DI\D™, (D \DY HNIRY
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And (v, ¢,) satisfies for any R > 0

—Av(x) = 2V () P2 =V ) [x e Dl 0P, in ( DY\ D,

Dyn(x) = =V (rax)|x|*e g, (x), in (DG \D}x
% = cV (rpx)|x|¥e? ™), ond | DY \D-‘:—,,R) N (’ﬂRi,
Bgn(x) = 0, ond (D% \DJ{”R> NoR2.

According to Theorem 1.3, there are three possible cases:

1. There exists some g € Q, = (D‘E \ D:\: z) and energy concentration occurs near

the point ¢, namely along some subsequence we have

lim (1x %™ 4 |a]*) + / lx|%e% > gy > 0
n—>00 Dr(q)an Dr(q)ﬂaQnm{tZO}

for any small » > 0. In such a case, we still obtain the second “bubble” by the
rescaling argument. Thus we get a contradiction.
2. For any R > 0, there is no blow-up point in D; \ DT and v, — —oo uniformly
®

in D; \ D‘; Then, it is clear that ¢, converges to a spinor ¢ in L?O . (]RT%_\ {0}
which satisfies .

Dy =0, inR7,

By =0, ondR% \ {0}.

We translate ¢ to be a harmonic spinor on R%r \ {0} satisfying the corresponding
chirality boundary condition and then extend it as in (24) to a harmonic spinor
@ on R? \ {0} with bounded energy, i.e., |[@][ 4r2) < 00. As discussed in [23],
@ conformally extends to a harmonic spinor on S2. By the well known fact that
there is no nontrivial harmonic spinor on S2, we have that g = 0 and hence ¢,
converges to 0 in L?U . (Ri \ {0}). This will contradict (54)

3. Forany R > 0, there is no blow-up point in (D} \ D) and (v,, ¢,) is uniformly

R

bounded in (D}f \ DJ{). In such a case (v, ¢,) will converge to (v, ¢) strongly
®

on (Dje_ \ DI) and (v, ¢) satisfying
R

_yy2 2,2 2 o2
—Av =2V(0)[x]|*%e”" — V(0)|x|*e"|p|, inR%,

Dy = -V (0)|x|*e"gp, in R,
& = eV (0)lx|%e”, on 9R2 \ {0},
By =0, on dR3 \ {0}

with finite energy. It is clear that (v, ¢) is regular.

Next we need to remove the singularities of (v, ¢) and then obtain the second bubble
of the system. Consequently we get a contradiction. To this purpose, let us use the
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944 J. Jostetal.

Pohozaev identity of (u,, V,) in D, it follows for any p withr,p < §

'np /+
S"nP

= (1 —|—O{) f + 2V2(x)|x|20‘32un — V(x)|x|aeun|\l]n|2dv

ouy, 2
ov

1 2

+(a + 1)/ cV(x)|x|%e"rds
rn/J

—rn,o/ V2(x) x| e do
S+

mp

vV (s,0 _
+/ C%M“se“”ds —cV (s, 0)s|*se" [;ZF
L N

np

+/+ x~V(V2(x))|x|2°‘ez”"dv—/+ x - VV()|x|%e™ W, [>dv
D,

mp D"nﬁ

1 Bn( )., \d 1 ( 7. v G\Dnd
+4 S " X+ X n o+4 i xX+x)-¥,, 5 0.

np

Hence for rescaling functions (v,, ¢,) we have

J;

= —i—a)/ 2V2(rpx) X220 — V (rpx) x| e |@n | 2dv
D

2

0
U2 do

av

+(ax+1) cV(rpx)|x|%e’ds

Lp
aV .0
—,of Vz(r,,x)|x|2“62””d0+/ VLS. 0), Gy
; L, as
—cV ((rps, 0)]s|%se’ [3=°

s==p

+ / x - (VV2)(rpx)|x**e*r dv — f X - (VV)(rpx)|x|%e" |n|*dv
D

P Dp
1 0 _ 1 _ ad
+—f <ﬂ, (x + ) ¢n>da + —f <<x +3) - ¢, ﬂ>da.
4 Jsp\ v 4 s+ v
This implies that the associated Pohozaev constant of (v,, ¢,,) satisfies
C(vn, on) = C(vy, ¢n, p)

Sy
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~(1+a) / 2V (1) x| 2% — V(1) |x|% eV | |2 dv
D}

—(a + 1)/ cV(rpx)|x|%e’ds
LP

aVv ,0
+p/ V2 () x> e do —/ 6M|s|ase””ds
st L as

0 p

+cV ((ras, 0)Is|“se™ 22,

—f+x : (VVz)(rnx)|x|2°‘ezv”dv+f+x C(VV) (rpx) |x|%€" |n |2dv
D

p Dy

1 0 1 0
——f <ﬂ,<x+ﬂ¢n>da——/ <<x+i>-¢n,ﬂ>da
4 S;» ov 4 st ov

o
=0.

Since, for any p > 0, fD;r Ix|2@e2Un + |@,|*dv + pr |x|%eVrds < C, it is easy to
check that

lim lim x - (VV) (rpx) |x)?% e dv +f x - (VV)(rpx)|x|%€" |@n|>dv = 0,
p—0Qn—o00 D; D/J)r

and

L. AV ((rus,0))
lim lim c—

|s|%se’ds = 0.
p—0n—00 L, as

This implies that

0= lim lim C(vy, ¢n, p)
p—>0n—00
= lim C(v, ¢, p) — (1 +a) lim lim / 2V2(rpx) x| 2% 20 — V (1) x| % eV | | 2dv
p—0 r—0n—>0o0 Jp+
—(1+ @) lim lim / cV(rpx)|x|%e¥nds
r—>0n—>00 Jy

=C,9) — (1 +a)p.

Here

B = lim lim |:/ ) 2V2(rnx)|x|20‘e2vn — V(r,,x)|x|“e”"|(p,,|2dv
Dy

r—>0n—o0

+/ cV(r,,x)|x|“e”"dsi|,
L
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946 J. Jostetal.

and C (v, ¢) = C(v, ¢, p) is the Pohozaev constant of (v, ¢), i.e.

C(v,¢)=pf
S

—(1+a) |:/+2V2(O)|x|2ot62v_V(O)lxlaev|¢|2dv+/
D

Lp

|2 - 7|VU da

cV(O)lxlaevdsi|

+,0/ VZ0)|x[**e*do + cV (0)|s|*seV[;=F,

p
lf X x+0)-p)d 1/ (x+5) - d
—4 S;<8v’x x-(p> 0—4 <x X (p,8>0

On the other hand, we use the fact that (v, (pn) converges to (v, ¢) in C IOC(R )N
lOC(R+\{O}) X ClaC(F(E]R )N CIDC(F(ER+\{O})) again to get

/+ 2V () |x 1222 — V (rux)|x|%e" |gn | dv +f eV (rpx)|x|%evds

Dy Lp

N /+ 2V2(0)|x[%e? — V(0)|x|%e"|¢|*dv +/ cV(0)|x|%ds + B
Dy

Ly

as n — oo. By using Green’s representation formula for u, in D; and then take
n — oo, we have

B 1
vix) = —1In ] + o) +y (),

where

1 1 :
6 (x) = / In —— @V ) — VO Iy1e" g R)dy

—/m

(cV<0>|y|°‘ "0y,

and

1 1 dv (x—y)-v
y(x) = —/ ]n———i——yzv(y)dy.
T Jsp lx—ylov  |x—yl

It is clear that y (x) is in C! (D_;f) and ¢ satisfies

{ —Ap =2V2(0)|x[**e® — V(0)|x|*¢"|p[*, in D},

3 = cv)x|2e, onL,.
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By similar arguments as the proof of Proposition 4.5, we can obtain that

ﬁZ
C ) = >
(v, 9) o
This implies that
2
2

Noticing that fD; Ix|>%e2Vdx < oo, we have B < (1 + a)7r. Therefore we obtain that
B =0,ie. C(v, p) = 0, and the singularity at O of (v, ¢) is removed by Proposition
4.5. Furthermore, the singularity at co of (v, ¢) is also removed by Theorem 5.2. Thus
we get another bubble on SCZ,, and we get a contradiction to the assumption thatm = 1.
Concequently we complete the proof of the claim 1.

Claim 2 We can separate AI R.n 1nto finitely many parts

Ni
+ +
AS,R,n - U Ak
k=1
such that on each part

/ e < Lk Z12 N,
AI‘{F 4A2
where Ni < Ny for Ny is a uniform integer for all n large enough, A;” = D7, \ D,
0 =8, rNe = AR, k< k=l for k = 1,2,..., Nk, and Cy is a constant as in
Lemma 6.1.

The proof of this claim is very similar to those in [23,25,41] and the argument is
now standard, so we omit it.

Now we apply Claim 1 and Claim 2 to prove (52). Let ¢ > 0 be small, and let § be
small enough, and let R and n be big enough. We apply Lemma 6.1 to each part A,‘:
to obtain

1

% ; %
/ vt < / PP f AL
A D\t D, \D*

1 1

i s
+C (/+ N I\Ifnl“) Jrc([+ . |\p,,|4)
Do \Dy DD,
1 1
’ 1 1 ¢ 1 1 1
=Co / lx[*e®n ) +e7 462 f (Wal*) +e3 +ed |+ Ces
Af Af
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1
1 4 4 1 3
<= |W,| +C(£4+£2+s4).
2 A[Jr

Therefore we have

1

4 1 1 3
/ W, |* SC(SZ tel +81>.
Al

Since ¢ is small, we may assume ¢ < 1. Then we get

% 1
/ W, * ] < Cen. (55)
At

With similar arguments, and using (55), we have

%
</ |V1/fn|‘s‘> < Ces. (56)
A

Summing up (55) and (56) on A;r we get

/ |\vn|“+/ ww—Z/ IVl < Ced. (5T)
At +

8,R.n AS,R

Thus we have shown (52) in the first case.
For Case II, according the blow-up process, we define the neck domain is

Al gp=1x €RY|puR < [x — xu| < |x4|S}.

Notice that

/ W, |4dv—/ |0, [*dv
Dy Dy

=/ |E,,|4dv+/ |En|4dv+/ |0, [*dv
\D+ (m) Dig, Om\Dy g (yn) Dy g, n)

\
=/ |G,,|4dv+f |\Iln|4dv+/ W, |[*dv.
T\D+ (n) D\tnml (X’l)\D;n\BnRz(x") D;;le()’n)

Duo to the assumption that (u,, W,) has only one bubble at the blow-up point p = 0,
(un, V,) also has only one bubble at its blow-up point yg. Therefore, we have

lim lim lim U, [*dv = 0.
§—0 Rj—o00n—>00 \D (yn)
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While D;; Ry (yn) is a bubble domain, we know to prove (52) it is sufficient to prove
that

lim lim lim W, |*dv = 0. (58)
S—00 R—00n—00 A;R.n

To prove (58), by using the similar argument as the case 1, we have the following
facts:

Fact I1.1 For any small ¢ > 0, and T > O, there exists some N (7') such that for any
n > N(T) we have

(e + 101+ xl%er <,

/D,tﬂs(xn)\D;lSe_T(xn) a(Dlt,,m(xn)\D;nlSe_T(xn))maRi

for sufficiently large S.

Fact I1.2 For any small ¢ > 0, and T > 0, we may choose an N (7') such that when
n>N(T)

e 4 1w, ) + / [x[e

/D,;Rer @n\D,y, g (xn) 0D 1 C\Dy g (xa))NOR

20
X ~ ~
:/ n Pn X eZun_’_|\yn|4
(D, r\DR)N(r>—) \[Xal — [xn
+f Xn o |* @,
(Dg,r\DR)Nfr=—"21 [ [Xn] — |Xn]

<&,
if R is large enough.
Buy using the above two facts, we need to prove the following claim:

Claim IL.1 For any ¢ > O, there is an N > 1 such that for any n > N, we have

/ (P2 4 W, [4)
D C)\Dy ()

+f [x[“e" < &: Vr € [epaR. lx]S].
(D (xw)\D Ty (xa)NIRY

Proof of Claim II.1 We assume by a contradiction that there exists &g > 0 and a
sequence ry, 1y, € [ep, R, |x,]S], such that

(Ix e + W, |4y + / x| > g.

/D,T, @\DT o) (D, )\ (6 ))NORE

Then, by Facts II.1 and I1.2, we know that “;’J — 400 and ”;’—R — 0, in particular,
rn — 0asn — +o00. We assume that A = lim,,_, o ;i Here A is either a nonnegative

real number or +00. Next we proceed by distinguishilng two cases.
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950 J. Jostetal.

Case II.1 A > 0.
In this case, we note that Dy, ,(x,) is in R%r when 7 is sufficient small and 0 < p <
A. We define the rescaling functions again

V(X)) = up(rpx + xp) + In(ry x4 %),
1
on(x) = rnij(rnx + Xxn)

for any r,x + x,, € Dltnl FIEMA D;”n 2 (). Then (v, (x), @, (x)) satisfies that

20
/ e + ol
(DI\D,-)N{>—12)
[0
“
(D\D,-—N{r=—12]

e’ > gg. (59)
Note that (v,, ¢,,) satisfies forany R > Oand S > 0

Xn T'n

1 x|

X

Xn T'n

A x|

—Av,(x) = 2V2(rux + i + ‘;ﬁxlz"‘ezv”(”

% |

—V(rx + 5 | B2 + f27x]%e g, ()2, in (Dlms \DM) nfe>-ul,

Don(x) = =V (rmx +x0)| 5 + ‘;’/’xlxl"‘e”"(")(pn(x), in <DM \Dp,,R> n {[ > _’4}’

n n

DL = eV (rx + x0)| 22 + x| @), on | Disis \ Do ) N {t =-z

]
N {t = —{—"} .
'n

Boy(x) =0, on DM;,J \DpynR
According to Theorem 1.3, there are three possible cases. Similar to the Case I,
we can rule out the first and the second possible cases. If the third case happens, then
there is no blow-up point in (Dg \ D%) N{t > —b} forany R > 0 and any b < A.
Furthermore (v,, ¢,) will converge to (v, ¢) strongly on (Dg \ D%) N{t > —b}. If
A > 0, then (v, ¢) satisfies

—Av =2V2(0)e? — V(0)e'lpl?, inR3 \ {0},

Dy = -V (0)e’p, in R} \ {0}, 60)
g_z = cV(0)e?, on BR%( in the case of A < +00),
By =0, on aRi( in the case of A < +00)

with finite energy.

Since D, ,(x;) contains completely in ]R%r when 7 is sufficient small and 0 < p <
A, we know that the origin is actually an interior singular point of (v, ¢) to (60). Then
this local singular can be removed by using the similar arguments in the case I of [27].
After removing the local singularity 0, we can remove the singularity at co of (v, @)
to (60) by Theorem 5.2. Thus we get another bubble on SZ,, and we get a contradiction
to the assumption that m = 1. Concequently we complete the proof of the claim II.1.
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CaseII.2 A = 0.

In this case, noticing that x, = (s,,,tn) and lim,_, % = 400, we have
lim;,— oo ‘["‘ = 400 and lim;_ o | = +o0. We set x,, = (s,, 0). Then we define
the rescahng functions in this case

Up (x) = up(rpx + x;;) + In(ry s, %),
1
@n(x) = 1y W(ryx + xp)
for any r,x + x), € Dlx |S(x;l) \ D;;R(XZ)- Since that
/ (ePee + 1w, + [ x|
D+ e )\D+ Ly, G aDY (\DY | (g )NaRA
2'n e

A%

/ (ePee + 1w, + [ fefets
A C\DT (o) (D, a\D Ty (6n))NIRY

> €0,

we have that (v, (x), ¢, (x)) satisfies that

x! o |2

/ - o 2vn + |§0n|
pi\p*  \llsal ~ Isnl

2 e

2

X, rmo ¢ ;

+ x| e’ > ¢gp. 61)

(D+\D+ >ﬂ{t:0} [snl  [Snl

o

Note that (v,, ¢,) satisfies forany R > Oand S > 0

—Av,(x) = 2V2(an +x )| \v ‘ + | leot 20, (x)

—V(rpx +x), )|

+ x] e g, ()2, in W\ i |

\s |sn]
n

D(pn(x) = —V(rx + x;, )l‘Y [ + Ton |x|a U"(X)(pn(x) in DT:,,\Y \D s

rn

W) — oV (rx + x;, )||5 P e, on d (DT;M \DM) NoRZ,
Bgn(x) = 0, ona(DM \DM>maR1.

According to Theorem 1.3, there are three possible cases. From (61), we can rule out
the first and the second possible cases by using the similar arguments of Case I. Next

we assume that the third case happens, i.e. there is no blow-up point in D+ \ D+ for

any R > 0. Furthermore (v, ¢,) will converge to (v, ¢) strongly on D \ D and
(v, @) satisfies
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—Av =2V2(0)e® — V(0)e']pl>, inRZ,

Do = —V(0)eVy, in Ri, (62)
g—z =cV(0)e?, on dR% \ {0},
By =0, on 9R? \ {0}

with finite energy.

Next we will remove two singular points at 0 and at oo, and consequently we get the
second bubble of the considered system. Thus we get a contradiction. To this purpose,
let us computate the Pohozaev constant of (v, ). Let start with the Pohozaev identity
of (u, ®,). We multiply all terms in (4) by (x —x},) - Vu,, and integrate over Drt 0 (x).
It follows for any sufficient small p that

2

ou 1
rnp/ L= | VuuPdo
Srt,p(x;/l) v 2
=f Q@V2(x)|x |2 — V (x)|x]|%e" |V, |2)dv +/ cV(x)|x|%e ds
D}y (1) Ly (i)
AV (s, 0)|s|*
—r,,p/ V2(x)|x 2% e do —I—/ cw(s — sp)etrds
SrJrnp(xrlz) Ly, p(x},) ds
=X +ry
—cV (s, 0)Is]%(s — swe" [; 20

+[ (x —x1) - V(V2(x)|x|*)e?n dv
Dy} (xy)

—/ (x —x;) - V(V@)Ix|*)e" W, *dv
D+

’nl’(x;/z)
1 ow _ , 1 _ , ow
+- —,(x+x—2x,) -V¥)do + — x+x—2x,) ¥, —)do
4 st ) av 4 st ) v
Tp\tn mp\n
Hence for rescaling functions (v,, ¢,) we have

2

av 1
p/ Ll = |V, Pdo
st | dv 2
0
x! e
=/ 2V (rpx +xp) | 4 x| e
Dy || ||
/ 'x;l I'n “ v, 2
—V(rnx +x,) + x| e"|g,|“dv
|57 57
x! o ¢
+f cV(rnx +x)) |2 x| e'ds
L, | | [
x! PR
—p/ V2i(rax +x)) |-+ 1 e?ndo
st I5al " Tsal
o
IV ((rps + 51, 0)) |15 + 25| )
[$n [sn U
+ c 55 seds
L

P
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o

T, s _
—cV ((rus + su, 0)) ‘ Ts o+ — v"li;ﬁp
|57 |57
x! PR
—i—/ x -V VErax +x)) |+ e?ndy
DF [ [
/ x1/1 I'n “ v, 2
— x-V(V(rpx +x,) + x| e |gn|“dv
D} |57 B

Y

1 0 1 0
+—f <“’”,<x+x>~¢n>da+-f <<x+x>-¢n,ﬂ>da. (63)
4 5;; ov 4 S; oV

Since the associated Pohozaev constant of (v, ¢,) is

C(vn, on) = C(vn, ©n, p)

2
v 1
= ,0/ - —|Vv,,|2da
S;' av 2
X/ r 2a
—/ 2V2(ryx +x,) | + ~ 2vn
Df |5 |5
x/ r o
—V(rax +x0) |2 4+ x| e"|@,*dv
|71 |71
x/ 7 o
—f eV (rpx +x0) [ 4+ x| e¥ds
L, [snl — Isnl
X/ r 20
—i—p/ VE(rax +x)) |2 4+ - do
st Isnl  Isal
o
0 (V(Ons + 50,00 s + 2] )
/ Tsal® T Tsa] .
- c se’tds
L, as
r s, |
eV ((rns + 50, 0) [ —=s + —| se™ ;27
|57 |7
X/ 20
—/ x -V Virax +x)) |+ x e?ndy
DF [ [
, x/ . o 5
+f x -V V(rpx +x,) | x| ) e"|@,|"dv
DY |51 [ 7]

1 0 1 0
——/ < “’",<x+x>-¢n>dg__/ <(x+f)-¢n,ﬂ>da,
4 S;r 31) 4 S;r 8v

we have from (63) that

C(vn, on) = C(vn, o, p) = 0.
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Since |~ T |S X |** is a smooth function in Dp , by the energy condition,
x! o [ «
/ L x| e® 4 |gul*dv +/ eds < C,
pf [Isal  Isnl L, |5n| |5n|

we can easily to check that

/ n
+ —x
|n| |$n

2a
eV dy

lim lim x-V <V2(rnx +x0) [
D+

p—>0n—o0

/

o
—i—/ x-V (V(rnx +x)) Tn )e“"|(pn|2dv =0,
DF [ [
and
o
0 (V (s + 50,00 |f7s + 2| )
lim lim c se’ds = 0.
p—>0n—oco Jy as

This implies that

0= lim lim C(vg, ¢, p) = hm C(v, ¢, p)

p—>0n—o0
1 r 20
— lim lim 2V2(rax + x)) u 2vn
r—0n—00 jp+ |7 |7
o
—V(rax +x) eV |@n|*dv
|85 |85
/ o
'n v
— lim lim cV(rpx + x) + —x| e™ds
r—0n—>0o0 Jr |Sn| |87 ]
=C(v,9) —B.
Here
/ r 20
B = lim lim / 2V2(rux + x,) + = 2
r—0n—>00| Jp+ | n| |87
/ r o
—V(ra x| e lgnl*dv
|57 |
/ o
. . I'n v
+ lim lim cV(ry x| e’ds.
r—>0n—o0 Jr [

and C (v, ¢) = C(v, ¢, p) is the Pohozaev constant of (v, @), i.e.

2

— —|Vu

2

8v2 1
C(v<p)—p
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—f+ 2V2(0)e*” — V(0)e’|p|>dv +/ cV(0)e’ds
D

P Ly

+p /+ V2(0)e*’do + ¢V ((0,0))se" ;=7 ,
N

0
1 [ /8 1 9
—-/ <—(p,(x+)_c)~(p>do——f <(x+)f)-go,—(p>da.
4 S;r Jdv 4 S;r v

On the other hand, we use the fact that (v,, ¢,) converges to (v, ¢) in Clzo C(Ri) N
) =2 .
CL.RI\{O}) x C2 (D(ZR3)) N CL (T (ZR\{0})) again to get

’ 2 ’ [
X T X T
/ 2V 2 (ryx +xp) |+ Lx eV — V(rpx +xp) | 4 x eV |@n|*dv
D |8l |8 |l S
/ x;l ’n “ v
+ cV(rpx +x,) + x| e"ds
L, [snl  Isnl

N /+ 2V2(0)e?” — V(0)e’|p|>dv +/ cV(0)e'ds + B
Dﬂ

Ly

as n — 00. By using Green’s representation formula for u, in D;‘,‘ and then take
n — oo, we have

B 1
v(x) = = In— + ¢(x) + y(x),
T x|

with ¢ being a bounded term and y (x) being a regular term. Consequently, we can
obtain that

2
Cl,p) = f_n

This implies that

132

B

Noticing that f Df eXdx < oo, we have B < m. Therefore we obtain that § = 0,
ie. C(v,9) = 0, and the singularity at 0 of (v, ¢) is removed by Propostion 4.5.
Furthermore, the singularity at oo of (v, @) is also removed by Theorem 5.2. Thus we
get another bubble on SLZ,,, and we get a contradiction to the assumption that m = 1.
Consequently we complete the proof of Claim II.1.

Next , similarly to Case I. we can prove the following:
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Claim II.2 We can separate A; r.n(Xn) into finitely many parts

Ni
+ +
AS R = U Ay
k=1
such that on each part

1
/ X[ < —  k=1,2,..., Ny
Af 4A

where Ny < Ny for Ny is a uniform integer for all n large enough, Af = D;’;,l () \

Djk (x), 79 =8, 7N = A, R, r* < ¥ Lfork =1,2,..., N, and Cy is a constant
as in Lemma 6.1.

Then, by using Claim II.1 and Claim II.2 we can complete the proof of the result.

O

7 Blow-up behavior

In this section, we will show that u,, — —oo uniformly on compact subset of (D, U
L,) \ X in means of the energy identity for spinors. Thus we rule out the possibility
that u,, is uniformly bounded in L;’:jc((DrJr UL,)\ 21) in Theorem 1.3. The following
is the proof of Theorem 1.5.

Proof of Theorem 1.5: We prove the results by contradiction. Assume that the con-
clusion of the theorem is false. Then by Theorem 1.3, u,, is uniformly bounded in
L ((Dr+ U L)\ X1). Thus we know that (u,,, ¥,;) converges in C?on any compact

loc

subset of (D;" UL\ X to (u, ¥), which satisfies that

—Au(x) = 2u(x)|x|**®® — V(x)|x|[*e“@ W%, in D} \ T,

DY = —V(x)|x|%e" Oy, in D\ 2y,
u o u(x) (64)

g = cV(x)|x|*e", onL,\ X,

B(¥) = 0, onL,\ Xi.

with bounded energy
/ (Jx %% + |W|*ydx +/ Ix|%e"ds < +o0.
D} Ly

Since the blow-up set X; is not empty, we can take a point p € X;. Choose a
small §o > O such that p is the only point of ¥; in 5250 (p)N (D,+ UL, = {p}l
If p is the interior point of D;F, then we can choose §y sufficiently small such that
Dys,(p) C (DrJr U L,). Hence by Theorem 1.3 in [27] we can get a contradiction.

Next we assume that p is on L,. Without loss of generality, we assume that p = 0.
The case of p # 0 can be dealed with in an analogous way.
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We shall first show that the limit (#, W) is regular at the isolated singularity p = 0,
ie.ueCHDHNCYDIUL,) and ¥ € C*(I'(ED;})) N CH (T (Z(D} U L,))) for
some small 7 > 0. To this end, we shall using Theorem 4.5 for removability of a local
singularity to remove the singularity. We know that the Phohozaev constant, denote
Cp(u, V), of (u, W)at p =0is

du |’

1
— —|Vu|2da
av 2

Cp(u, V) :=Cp(u,¥, p) = ,0/+
Sp

—(1+a) +(2v2<x)|x|2°‘e2“ — V)x|%e" W [H)dv
Dﬂ

—(a+1 cV(x)|x|%eds

Ly
aVi(s,0
—}—,0/ V2(x)|x|20‘62”d0—/ c$|s|ase”ds
S;r L, as
+cV(s,0)|s|¥se" ;="

s=—p

—f x-V(Vz(x))|x|2"‘e2”dv+/ x - VV (@) |x|%e" |y |>dv
DF Df

P

1 ov _ 1 _ ov
——/ —, (x+x)- ¥ do——/ x+x) ¥, —)do
4 SF av 4 st 9y

for any 0 < p < 8p. On the other hand, since (u,, ¥,) are the regular solution, the
Pohozaev constant Cp (u,, V,,) = Cg(u,, ¥,, p) satisfies

0= C(up, ¥n) = C(un, ¥n, p)

2
Sy

e [ 2w ee - Vool Ry
Dﬂ

dupy

1
S0 - 5|vu”|2da

—(a + 1)/ cV(x)|x|%eHnds
Ly

aV(s,0
—|—p/ Vz(x)|x|2o‘62“"da—/ c (s )|s|°‘se“”ds
S; L, as

+eV (s, 0)s|se " [(Z2

—/ x-V(Vz(x))|x|2°‘e2“"dv+/ x - VV()|x|%en W, |2dv
DF DF
o p

1 v, AP 1 T v, d
-7 - av,(x—l—x)« n G—Z 5t (x +X) - ¥y, o 0.
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Letn — oo and p — 0, by using that (u,, V,)) converges to (u, ¥) regularly on any
compact subset of 5;50 \ {0} and that the energy condition (17), to get

0= lim lim C(u,, ¥,, p) = lim C(u, ¥, p)
p—0

p—0n—00

—(1+ o) lim lim {/ QV2@0)|x%e™n — V (x)|x]|%e" |V, |*)dx
§—~0n—o0 Dg—

+/ cV(x)|x|°‘e“”ds}
Ls
=Cu,¥V)— 10+ a)s,

where

B = lim lim {/+(2V2(x)|x|2°’e2”” - V(x)lxl“e””llll,,lz)dx—l—/ cV(x)lxl"’e””ds}.
D5

§—0n—o00 Ls
Moreover, we can also assume that

QV2(x0)[x)P%eP — V (x)|x|%e" W, |P)dx + ¢V (x)|x|%e" ds
— v = QVE0)[x]*e™ — V() |x|%" | [*)dx + ¢V (x)|x|%e"ds + 6 =0
in the sense of distributions in D;’ U Ls for any small § > 0. Then, applying similar
arguments as in the proof of the local singularity removability in Claim I.1, Theorem

1.4, we can show that Cp(u, V) = 0, 8 = 0 and hence (u, V) is a regular solution of
(4) on D35, with bounded energy

/+ (1x]?%e™ + | W [hdx +/ Ix|%e"ds < +o0.
D

250 Las

Hence, we can choose some small §; € (0, g) such that for any § € (0, §;),

Iy 10 10
(65)
Next, as in the proof of Theorem 1.4, we rescale (u,, V,) near p = 0. We let

1 1
/+(2V2(x)|x|2“62" - V(x)|x|°‘e”|‘~1—’|2)dx+/ cV()|x|%eds < min{ to —}.
D5

X, € 5;1 such that u, (x,) = max+ Uy (x). Write x,, = (s, ty). Thenx, — p =10
o1

and u, (x,) — +oc. Define A,, = e_%j'"). It is clear that A,, |x,| and ¢, converge to
0 asn — 0. we will proceed by distinguishing the following three cases:
Case L. ‘x"l = 0(l)asn — +oo0.

In thlS case, the rescaling functions are

U, (x) = un(knx) + (1 +a)lni,
T, (x) _AZ\P (Anx)

@ Springer



Energy quantization for a singular super-Liouville... 959

-+ . ~ = .
for any x € D s . Moreover, by passing to a subsequence, (u,, ¥,) converges in

2hn_ _ -
C} R NCL (RY) x C} (T(ZR) N CL (T(ZR?)) to some (if, W) satisfying

loc\"+ loc

— Al = 2V2(0)[x** — V(0)|x|*e [T %, inRZ,

DY = —V(0)|x[*e"W, in R,
= cV(0)|x|”e", on IR2,
BY =0, on 8Ri

and

f2 QVZ0)|x]2 e — v (0)|x|*e"|T|?)dx +/ i V) |x|%e"do = 27(1 + ).
R+

aR2.
Then for § € (0, §1) small enough, R > 0 large enough and n large enough, we have
/ QVZ(x)|x[**e* — V(x)|x|°‘e“”|‘l—’,,|2)dx+/ cV(x)|x|*e" ds
Dy Ls
=/ QV2(x)|x % — V(x)lxl"‘e“"llllnlz)dx—l—/ cV(x)|x|%e ds
D, L

AnR
/
D

= / L@V x PP — VG x| [T, ) + / eV () |x|“e™ ds
D} L

R

X @V2(@)[x 2% — V(x)|x|%e W, [2)dx +/ cV(x)|x|%e ds

;\DknR LS\LA,,R

[ veomene, P
5\DlnR

> 2r(l +a) — 1;:)0‘. (66)

Here in the last step, we use the fact from Theorem 1.4 that the neck energy of the
spinor field ¥,, is converging to zero. We remark that in the above estimate, if there are
multiple bubbles then we need to decompose D;\D)tl r further into bubble domains
and neck domains and then apply the no neck energy result in Theorem 1.4 to each of
these neck domains.

On the other hand, we fix some § € (0, ;) small such that (66) holds and then let
n — 0o to conclude that

14+«

2r(1+a) — 0

< f L@Vl e — Vo lx|“e Wy P)dx
DzS

+/ cV(x)|x|%e"ds
Ls

/ A / duy
= — U, = —
Dy " 9By on
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= / L@Vl e — V)l e W P)dx
DB

1+«
10

+/ cV(x)|x|%etds <
Ls

Here in the last step, we have used (65). Thus we get a contradiction and finish the
proof of the Theorem in this case.

Case II. ‘x” — 400 asn — +00.
In this case as in the arguments in Theorem 1.4, we can rescale twice to get the
bubble. First, we define the rescaling functions

{ iin (x) = 10, (|x0|%) + (o + 1) In [,
B,y (x) = 30| 2 Wy (|3 |)

X n

forany x € D+ sl .Set y, 1= 22 Due to ii, (y,) — +00, we set that §,, = e~ ()

and define the rescahng functlon

Un(x) = ity (8px + yn) +1né,
~ 1 _
W, (x) = 8;12 W, (8nx + yn)

e Un (xn)
[ |

for any §,x + y, € Dt 5, . Denote that p, =

20xn]

=An (|A” ) and x, = (sp, tn).

Case I1.1 t” — o0 asn — oo.

Then, by passmg toasubsequence, (i, ¥,) convergesin C7_(R*)xC7,_(I'(SR?))
to some (i1, ¥) satisfying

— Al = 2V*(0)e* — V(0)e"| [, inR?,
DY = —V(0)e W, in R?,

with the bubble energy
[ QVE0)e* — V(0)e" )T |2)dx = 47.
R2

Therefore, for 6 € (0, §;) small enough, S, R > 0large enough and n large enough,
the fact that the neck energy of the spinor field ¥, is converging to zero, we have

f V2 (x)|x|?* e — V(x)|x|“e“"|‘~11n|2)dx+/ cV(x)|x|%e“ds
Dy Ls
= / QV2(xa [0 |x 12X — V (|xy 1) x| *e™ W, P dx
Dy
Tenl

+f eV (|xp|x)|x|% e  ds
L s

[xn]
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= / L @VExllxPHeR = V (x| e | By )l x
K \D (n)
Txnl

+ / QV2 (| 10) [x[** e — V (|xy|x) | x[*e™ |8, |F)d x

()’n)\D lpnl R (n)

QV2 (| [0) X [** e — V (|xp|x)|x|* e |8, [F)d x

Pn_ R(y )
Txnl

+/ eV (|xp|x)|x|% e  ds

p,lR (n)
[xn |

+
b
>

+ V(b0 lalePas + [ eV (lxal)lx|* e ds

/LS(YH)\Lp,LR (yn) L\LS(YH)

[xn | [xn

0 20
= / 2V2(xn + pnx) =
DRﬁ{t>—%}

A |2 |
=V (xp + pnX)

+/ (cV (xn + pnx)
DRﬂ{l——f}

62;;" (x)

B, dx

X

x|% iy (x)

|xn| |xn|

o
&x' ()
IXI %]

—/ Vo)l “nmﬁ—/ V(1) [ B,
D sC\DF g () DTX I\D+<yn)
1
>4 — —
10°

Then, applying similar arguments as in Case I, we get a contradiction, and finish the
proof of the Theorem in this case.

Case I1.2 ;in — Aasn — oo.
Then, by passing to a subsequence, (i, l’Ivl,,) converges in Clzo . (R2 A)ﬁC loc (IR2 A X
C2 (T(TR% ) NCL (SR?,) to some (&, ¥) satisfying

— AT = 2V2(0)e* — V(0)e"|U %, inR?,,

DY = —V(0)el P, in R{A,
= cV(0)e", on 9R?
BY =0, on BREA,
with the bubble energy

/2 QVE0)e2 — V(0)e" | T [})dx +/ i cV(O)e'do = 2.
. A

A oRZ
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Then, applying similar arguments as in Case IL.1, we can get a contradiction, and
finish the proof of the Theorem. O

8 Blow-up Value

By means of Theorem 1.5, we can further compute the blow-up value at the blow-up
point p, which is defined as

m(p) = lim lim / QVZ(x)|x|*% e — V (x)|x|%e" | W, |>)dx
8 Df (p)

—0Qn—0o0
+/ cV(x)|x|°‘e”"ds} .
Ls(p)

We know from Theorem 1.5 that m(p) > 0. Now we shall determine the precise value
of m(p) under a boundary condition.

Proof of Theorem 1.6: When p ¢ Ls,(p), It is clear that we can choose &y sufficiently

small such that D(g; (p) = Dsy(p). Then we have m(p) = 4m according to the
arguments in [27]. Next we assume that p € Ls,(p). Without loss of generality, we
assume p = 0. The case of p # 0 can be handled analogously.

By using the boundary condition, it follows that

0<uy, —minu, <C
+

550

on S;g. Let wj, be the unique solution of the following problem

—Aw, =0, in Dg,
qw, __
St = 0, . on Lj;ro,
w, = U, — mmS;B Uy, ON Sao-

It follows from the maximum principle and the Hopf Lemma that wj, is uniformly
bounded in D;('), and consequently w, is C? (Dg;) N Cl(D;(') U Ls,). Now we set

Up = Uy — minS;r u, — w,. Then v, satisfies that
0

—Av, = 2V2(x)|x|2%e24n — V (x)|x|%e" | W, |2, in DF

80’
B — eV (x)|x|%e"r, on L,
v, =0, on Sg;,

with the energy condition

/+ QVZ0)|x|*% e — V (x)|x|%e™ |W,|>)dx +[ cV(x)|x|%e*ds < C. (67)
Dy, L

30
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By Green’s representation formula, we have

1 1
vp(x) = — / log QVEy)|yP* e — V(y)ly|%e W, *)dy
7w Jp+ [x —yl

30

1
t— log cVlyl“e"dy + Ry (x) (68)

LSO |)C - y|
where R, (x) € C! (D;(') U Ls,) is a regular term. By using Theorem 1.5, we know

Up (x) — @ In % + R(x), in Cp,((Dy U Ls,) \ {0) (69)

for R(x) € C! (Dgg U Ls,). On the other hand, we observe that (v,, ¥,) satisfies

—Av, = 2K;(0)[x|* e — K, (x)|x|*e |, |, in Df |

ID‘Ifn = —K,(x)e" ¥, in D;(—),
Gu = cKu()lx|“et, on L,
B(Y,) =0, on Lsg,,

mins+ Up+wy,
where K,, = V(x)e % . Noticing the Pohozaev identity of (v,, V,) in D(;;
forO < 6 < g is

'
5

=(l+a) {/I)+(2K3(x)|x|2“e2”n — Kn(x)|x]|%e% W, |2)dv +/L
5 8

vy, 2

1
| - E|Vv,1|2da

cKn(x)IXIO‘ev"ds}

—5/ K2(0)|x|% e do
Sy

0K, (s,0 _
+/L c%lﬂasev"(*o)d‘s —cKn(s,0)|s|°‘sev"(s’0)|§;‘s_5
5

+/ x.V(K,f(x))|x|2“e2“ndv—/ x - VK, (x)|x]|%ev W, |2dv
Dy Dy

1 IV, _ 1 - oW,
+4/S§< o ,(x—l—x)-\Iln>do+Z/S+<(x+x)-\lfn, . >d0’. (70)

s
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We will take n — oo first and then 6 — 0 in (70). By using (69) we get

8<@lni> ?

dup |? x|
v

v

lim lim §

L)
§—>() n—>00 S;' do = —m~(p).

2

1|v [2do = lim § / !
- = v o = lm -
2 " §—0 Sg' 2
By using u,, — —oo uniformly on S;", we also have

lim lim /+ K2(x)|x|**e*do = lim lim af+ V2(x) x4 do = 0,
S& SzS

§—0n—o00 §—>0n—o0
and

lim lim cK, (s, 0)]s|%se" O P=> = 0.
§—>0n—>00 N

By using the energy condition (67), we have

lim lim (|x|2“e2vnx . V(Kf(x)) — |x|%eY W, |2x - VK, (x))dx = 0,

§—>0n—>o0 D;

and

N 0K, (s, 0)
lim lim c—

Is|%sev 0 gs = 0.
§—>0n—o0 Jr as

Since u;,, — —oo uniformly in any compact subset of (Dg(r) U Lsy)\{0}, and |W,,] is
uniformly bounded in any compact subset of (D;[') U Ls,)\{0}, we know

Pv =0, in Dy,

BV =0, on Ls, \ {0}.
We extend W a harmonic spinor W on Dj;,\{0} withbounded energy, i.e., | 0| L4(Dsy) <
oo. Since the local singularity of a harmonic spinor with finite energy is removable,

we have W is smooth in Ds,. It follows that W is smooth in D U L,. Therefore we
obtain that

N 1 o, _ 1 _ v,
lim lim | - ,(x+Xx) -V, )do + - x4+x)- ¥, —)do | =0.
s—0n—o0 \ 4 Jgi | v 4 Jsi v

Putting all together, we obtain that

1
> m?(p) = (1 +a)m(p).
T

It follows that m(p) = 27 (1 4+ «). Thus we finish the proof of Theorem 1.6. O
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9 Energy quantization for the global super-Liouville boundary
problem

In this section, we will show the quantization of energy for a sequence of blowing-
up solutions to the global super-Liouville boundary problem on a singular Riemann
surface. Let (M, A, g) be a compact Riemann surface with conical singularities rep-
resented by the divisor A = X" &g, @j > 0 and with a spin structure. We assume
that d M is not empty and (M, g) has conical singular points g1, g2, . . . , g, such that
q1,92,-..,q arein M° for 1 <[ < m and q;+1, 142, - - -, ¢m are on dM. Writing
g = ¢*®go, where go is a smooth metric on M, we can deduce from the results for the
local super-Liouville equations:

Proof of Theorem 1.1: Since g = ¢>%g( with go being smooth, then by the well known
properties of ¢ (see e.g. [36] or [5], p. 5639), we know that (u,, ¥,,) satisfies

—Agy ity + §) = 220n+) _ puntd <e%«//n, e%¢,1> — Ky — Y 2najsy,  in MO,
80

¢ ¢ .
B)go(eTWn) = _eu"+¢(37¢n) in M°,
O(I;;)l;d)) = ce"t —hy + Z;'":Hl Tajdy;, ondM,
BE(e2y,) =0, on dM,

with the energy conditions:

)
/ 62(”"+¢)ng +le? 1/;n|godvg0 —|—f e””+¢d(fgo <C.
M oM

If we define the blow-up set of u,, + ¢ as
¥{ = {x € M, there is a sequence y, — x such that (u, + @) (y,) — +00},

then by Remark 3.4 and Remark 3.3 in [27], we have X1 = Zi . By the blow-up results
of the local system, it follows that one of the following alternatives holds:

(i) wuy is bounded in L>®°(M).
(i1) u, — —oo uniformly on M.
(iii) X is finite, nonempty and

u, — —oo uniformly on compact subsets of M\ X.

Furthermore,
¢
/M(Zez(“"w’) — e tP|e2 l/fn|§0)§0dvg0 —I—/aM ce"”+¢¢)d(7g0 — Z m(pi)e(pi)

PDi€X]

for any smooth function ¢ on M.

Nextlet p = # > 2. Notice that
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IV (up + @)lLam,g0)

= sup {l /M V(un + $)Vodugllp € WP (M, go),

/ pdvg, =0, ll@llwirm,g) = 1} '
M

Due to ||¢]|zom,g0)<c for any ¢ € WU'P(M,go) with [,, ¢dvg, = 0 and
Nellwippm, gy = 1 by the Sobolev embedding theorem, we get that

‘f V(u, + @)Vodug,
M

(uy +
='— [ Butn+ drpavg + [ LT g,
M oM n

¢
< / Q2?4 et 1o Ty |2 4 | Kol lpldgo + /3 (ce ™ + |hgy D lgldog,
M M

2

1 m
1

s

j=1+1

/2naj8qj<pdvgo / T jdq; pdog,
M M
<C

This means that u,, + ¢ — ﬁ fM (un + ¢)dvg, is uniformly bounded in wha(M, go).
We define the Green function G by

I
—AgG = ZpeM”ﬂEl m(p)sy — Kgy — Zj:l 2majy; s

3G
i ZpeBMﬂEl m(p)dp — hg, + Z?:zﬂ oy,
[y Gdvg, = 0.

Itis clear that G € W9 (M, go) N C7, (M\Z)) with [,, Gdgy =0for1 < ¢ <2.

Now we take R > 0 small such that, at each blow-up point p € X1, the geodesic
ball of M, BM (p), satisfies B (p) N (21 U {q1, 42, ..., gm}) = {p}. Then we also
have

—s-m(p)logd(x, p) + g(x). if pe M°N(Z1\{q1, 92, -, qm}),
G =1{" (%Lﬂm(p) —aj)logd(x, p) + g(x). if p=gq; € M°NT1N{q1. 2. ... qi}.
— (zm(p))logd(x, p) + g(x), if pedMN(Si\A{qrs1. qr42. - - qm})

—(3m(p) +aj)logd(x, p) +g(x), if p=g; € IM N E N {qrs1. q142. - - Gm}

for x € BM(p)\{p} with g € C?(BY¥ (p)), where d(x, p) denotes the Riemannian
distance between x and p with respect to gg and

¢
m(p) = lim lim {/ (2e2Unte) —e“n+¢|ew,,|§O — Kg)dvg,
B (p)

R—0n—o0
+ f (ce""™¥ — hg))dog, ¢ .
aMNBY (p)
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On the other hand, since for any ¢ € C*°(M)

/ V(uy, + ¢ — G)Vedug,
M

o(up +¢ —G)
= —/ Agy(y + ¢ — G)pdug, +/ $¢dago
M M on
)
_ / (262(un+¢>) _ eun+¢|ez Wn'éo _ Z m(p)8,)pdug,
M peEMONT,

+/ cen P Z m(p)8y | pdog,
M PEIMNE,

— 0, asn— oo,

by using the fact that u, + ¢ — ‘17' f yWn + @)dgo is uniformly bounded in
wla (M, go), we get

1

Tl

/ (un +¢)dgo — G
M

strongly in CIZOC(M \Z1) and weakly in W19 (M, go). Consequently we have

max u, — min u, <C.
MondBY (p) MendBY (p)

Therefore we get the blow-up value m(p) = 4m when p € M° N (X1 \
{a1.q2, ..., qm}),m(p) =4r(1 +aj) when p =q; € M° N 21 N{q1,q2,...,q},
m(p) = 2w when p € IM N (21 \ {q1+1, G142, - - - » gm}), and m(p) = 2n (1 + ;)
when p =¢q; € OM N 31 N {q141, 142, - - -, Gm}. By using that

¢
f 2e%n — e””|1ﬁn|§dvg +/ ce'doy :/ 2e2Wnt9) _ e””+¢|e71ﬁn|§odvgo
M M M

u
—}—/ ce'"dog,,
oM

we get the conclusion of the Theorem. O
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