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Abstract

We study the connection between the UCT problem and Cartan subalgebras in C*-
algebras. The UCT problem asks whether every separable nuclear C*-algebra satisfies
the UCT, i.e., anoncommutative analogue of the classical universal coefficient theorem
from algebraic topology. This UCT problem is one of the remaining major open
questions in the structure and classification theory of simple nuclear C*-algebras.
Since the class of separable nuclear C*-algebras is closed under crossed products by
finite groups, it is a natural and important task to understand the behaviour of the UCT
under such crossed products. We make a contribution towards a better understanding
by showing that for certain approximately inner actions of finite cyclic groups on UCT
Kirchberg algebras, the crossed products satisfy the UCT if and only if we can find
Cartan subalgebras which are invariant under the actions of our finite cyclic groups.

We also show that the class of actions we are able to treat is big enough to char-
acterize the UCT problem, in the sense that every such action (even on a particular
Kirchberg algebra, namely the Cuntz algebra O;) leads to a crossed product satisfying
the UCT if and only if every separable nuclear C*-algebra satisfies the UCT.

Our results rely on a new construction of Cartan subalgebras in certain inductive
limit C*-algebras. This new tool turns out to be of independent interest. For instance,
among other things, the second author has used it to construct Cartan subalgebras in
all classifiable unital stably finite C*-algebras.
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1 Introduction

This paper studies the connection between the UCT problem—one of the remaining
major open questions in the structure and classification theory of simple nuclear C*-
algebras—and Cartan subalgebras of C*-algebras—a concept of recent interest which
builds bridges between C*-algebras, topological dynamics, and geometric group the-
ory.

The universal coefficient theorem (UCT) for C*-algebras was introduced by Rosen-
berg and Schochet in [40]. The idea was to formulate a noncommutative analogue of
the classical universal coefficient theorem in algebraic topology, very much in line
with the general philosophy of viewing C*-algebra theory as noncommutative topol-
ogy. It facilitates the computation of Kasparov’s bivariant K -theory [18] in terms of
topological K-theory for C*-algebras. More precisely, a separable C*-algebra A is
said to satisfy the UCT if for every separable C*-algebra A’ the sequence

0 — Ext (K4(A), Ky—1(A")) > KK.(A, A') — Hom (K4(A), K«(A")) — 0

is exact, where the right hand map is the natural one and the left hand map is the
inverse of a map that is always defined. Equivalently, a separable C*-algebra satisfies
the UCT if and only if it is K K-equivalent to a commutative C*-algebra. The class
of separable nuclear C*-algebras satisfying the UCT coincides with the smallest class
of separable nuclear C*-algebras that contains the algebra of complex numbers and is
closed under countable inductive limits, the two out of three property for extensions,
and K K -equivalences, see [5].

Although there exist exact non-nuclear C*-algebras that do not satisfy the UCT,
[42], it is still open whether all separable nuclear C*-algebras satisfy the UCT. This
question is often referred to as the UCT problem. Due to the recent breakthrough results
in the classification program of separable simple nuclear C*-algebras [11,13,48], the
UCT problem is receiving renewed interest. In fact, the necessary UCT assumption for
classifiable C*-algebras remains mysterious. A positive solution to the UCT problem
would show that the UCT assumption is redundant and thereby completely clarify the
situation.

Since the class of separable nuclear C*-algebras is closed under crossed products by
countable (discrete) amenable groups, it is a natural and important question whether
the UCT is preserved under such crossed products. We make a contribution towards
a better understanding by recasting this question in terms of Cartan subalgebras in
C*-algebras.

The concept of Cartan subalgebras in C*-algebras was introduced and first studied in
[26,37], and builds a bridge between C*-algebras, topological dynamics, and geomet-
ric group theory. On the one hand, Cartan subalgebras provide geometric descriptions
for C*-algebras and hence introduce ideas from topology and dynamical systems to the
study of C*-algebras. On the other hand, Cartan subalgebras and the closely related
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notion of continuous orbit equivalence allow us to apply methods from functional
analysis and operator algebras in topological dynamics and geometric group theory
(see for instance [27-29]).

These developments led to arenewed interest in Cartan subalgebras, and this interest
was enhanced by the observation that Cartan subalgebras are closely related to the UCT
problem (for instance, the recent Oberwolfach Mini-Workshop [4] was dedicated to
this theme). The starting point was Tu’s striking result [49] that amenable groupoids
provide a rich source for nuclear C*-algebras in the UCT class. Building on Tu’s work,
the authors have proved that this also holds for twisted amenable, étale groupoids,
see [1]. Therefore, employing Renault’s remarkable characterisation of separable C*-
algebras with Cartan subalgebras as twisted étale groupoids [37], it follows that all
separable nuclear C*-algebras with Cartan subalgebras satisfy the UCT. At the same
time, by work of Spielberg [43] (or results of Katsura [21] and Yeend [50,51]), UCT
Kirchberg algebras are known to admit a Cartan subalgebra. Combining these results
with the Kirchberg—Phillips classification theorem [22,33], the UCT problem turns
out to be equivalent to the question whether every Kirchberg algebra has a Cartan
subalgebra.

This prompts the natural question whether an analogous characterization of the

UCT problem is possible using stably finite C*-algebras. In this context, we would
like to mention the recent work of Deeley et al. [8], on a realisation of the Jiang—Su
algebra [17,39] via an étale equivalence relation. Moreover, building on Renault’s
groupoid C*-algebra models for AF algebras [36], Putnam [35] recently showed
that a large class of classifiable stably finite C*-algebras can be constructed from
étale groupoids. Recently, the second author has applied the machinery developed
in our paper (Theorem 3.6, see explanations below) to show—among other things—
that every classifiable unital stably finite C*-algebras has a Cartan subalgebra [30].
Together with the reformulation of the UCT problem in [7], this indeed shows that
the UCT problem is equivalent to the question whether every unital separable simple
stably finite C*-algebra with finite nuclear dimension has a Cartan subalgebra. In a
more general setting, existence and uniqueness of Cartan subalgebras has also been
studied in [31].
Given that all known classifiable C*-algebras arise from (twisted) groupoids, it is
natural to investigate whether dynamics involving such C*-algebras are geometric in
nature as well. More concretely, one can ask which discrete group actions on clas-
sifiable C*-algebras are (cocycle) conjugate to actions that are induced by twisted
groupoid automorphisms. With regards to Renault’s characterisation of Cartan subal-
gebras, our starting point was the following question.

Question 1.1 Let A be a C*-algebra that is classifiable in the sense of the Elliott
program and I' a countable discrete amenable group. Which I'-actions of A by *-
automorphisms preserve some Cartan subalgebra of A globally?

A being nuclear and I" being amenable, the crossed product A x, I" will be nuclear,
so that a positive solution to the UCT problem would imply that A x, I satisfies the
UCT; and the presence of a I'-invariant Cartan subalgebra in A would give a conceptual
explanation why the crossed product satisfies the UCT because of [1, Proposition 1.6].
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In this paper, we restrict attention to actions of finite groups on UCT Kirchberg algebras
that either have the Rokhlin property or are approximately representable in the sense
of Izumi [14] and Nawata [32]. These classes of actions are dual to each other (see
[14,32] and also [3,12]), so that, by employing Takai duality [47], their study often
goes hand in hand. In particular, the rigidity of the Rokhlin property makes both,
actions with the Rokhlin property and approximately representable actions, natural
classes of actions which are particularly accessible to classification, see for instance
[14,15]. Moreover, it turns out that it is enough to understand such actions of finite
cyclic groups in order to give an equivalent characterization of the UCT problem (see
Theorem 1.4).

As shown in [1], a necessary condition for a positive answer to Question 1.1 is that
the associated crossed products satisfy the UCT. Using Izumi’s classification results
in [14], it is shown in the same paper that this condition is also sufficient for outer
actions of Z, on the Cuntz algebra O, that are approximately representable. Using a
new approach and different techniques explained later in the introduction, we establish
a vast generalization of the results in [1]. In the following, let us formulate our main
results.

Theorem 1.2 Let n > 2. Let A be a unital UCT Kirchberg algebra and o : Z,, ~ A
an outer approximately representable action. Assume that A Xq Z,, absorbs the UHF
algebra M~ tensorially. Then the following are equivalent:

(i) A Xy Zy satisfies the UCT;
(ii) there exists an inverse semigroup S C A of partial isometries inducing an iso-

morphism A = Ct*ight(s) such that

(1) S is a-homogeneous;
(2) C*(E) is a Cartan subalgebra with spectrum homeomorphic to the Cantor
space in both A% and A;

(3) unitaries in A® witnessing approximate representability can be chosen in
C*(E);

(iii) there exists a Cartan subalgebra C C A such that «(C) = C.

Here, C ;kl eht (S) is the tight C*-algebra of S in the sense of [10]. Moreover, we denote
by E the idempotent semilattice of S and by C*(E) the sub-C*-algebra of A generated
by E. The condition in Theorem 1.2 (ii) can be considered as a quasi-freeness type
condition with respect to the inverse semigroup S. Indeed, if S is generated by a
Cuntz family of isometries or, more generally, by a Cuntz—Krieger family of partial
isometries, then « is quasi-free in the sense of [9,52].

On our way to Theorem 1.2, we prove the following structure result for actions

with the Rokhlin property on unital UCT Kirchberg algebras.

Theorem 1.3 Let I' be a finite group such that every Sylow subgroup is cyclic. Let A
be a unital UCT Kirchberg algebra with A = A® Mr|~. Leta : I' ~ A be an action
with the Rokhlin property.

Then there exists an a-invariant inverse semigroup S C A of partial isometries
inducing an isomorphism A = Ct*ight(S) such that C*(E) is a Cartan subalgebra
with totally disconnected spectrum and o, (C*(E)) = C*(E) forall y € T.
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In the particular case that A is the Cuntz algebra O; and I is a cyclic group of prime
power order, Theorem 1.2 applies to all outer strongly approximately inner actions in
the sense of Izumi [14], see Corollary 4.15. We use this to give a new characterisation
of the UCT problem. This completes earlier work by the authors in [1] where a similar
characterisation was given for the smaller class of all separable, nuclear C*-algebras
that are K K -equivalent to their Mjoo-stabilisation. Our result reads as follows.

Theorem 1.4 The following statements are equivalent:

(i) Every separable, nuclear C*-algebra A satisfies the UCT;

(i) for every prime number p > 2 and every outer strongly approximately inner
action o : Z, ~ O there exists an inverse semigroup S C O, of partial
isometries inducing an isomorphism Oy = C7; ght(S) such that

(1) S is a-homogeneous;

(2) C*(E) is a Cartan subalgebra with spectrum homeomorphic to the Cantor
space in both O3 and Oy;

(3) unitaries in OF witnessing approximate representability can be chosen in

(iii) every outer strongly approximately inner Z,-action on O, with p =2 or p =3
fixes some Cartan subalgebra B C O, globally.

In spirit, Theorem 1.4 is similar to [2, Theorem 4.17], in the sense that both results
reformulate the UCT problem in terms of certain Z,-actions on 0. While the refor-
mulation in [2, Theorem 4.17] still refers to the UCT for the crossed product algebras
of the Zp-actions, the main novelty of Theorem 1.4 is that we can now avoid men-
tioning the UCT in (ii) and (iii) by discussing existence of Cartan subalgebras which
are compatible with the Z -actions and which have further special properties.

The proofs of our main results rely on other results obtained in this paper, which are
of independent interest. In particular, we would like to highlight Theorem 3.6. Here
we give a new way of constructing Cartan subalgebras in inductive limits of Cartan
pairs, under the assumption that each connecting map is realised as the composition of
two *-homomorphisms induced by twisted groupoid homomorphisms, where the first
one is proper and surjective and the second one is open and injective. This is the first
general result on Cartan subalgebras in inductive limit C*-algebras, and turns out to
have applications going far beyond the scope of the present paper. For instance, among
other things, the second author has used this new tool to construct Cartan subalgebras
in all classifiable unital stably finite C*-algebras in [30].

The second ingredient is Theorem 4.4 which provides a criterion under which a
given finite group action with the Rokhlin property on a separable C*-algebra fixes
some Cartan subalgebra globally. Here we make use of the concrete model actions
described in [2]. The crucial feature is that it suffices to pass from the Rokhlin action
to any family of automorphisms indexed by the group inducing the same map into the
automorphism group of the C*-algebra up to approximate unitary equivalence, and
find some Cartan subalgebra in the C*-algebra that is fixed globally by all of these
automorphisms. Using a classification result by Izumi [15], it turns out that for UCT
Kirchberg algebras it is even enough for this family of automorphisms to induce the
same action on K -theory.
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Lemma 4.6 and Corollary 4.7 together with Lemma 4.9 now complete the proofs
of Theorems 1.2 and 1.3. Using Katsura’s homological algebra machinery [19] and
Spielberg’s graph based models of UCT Kirchberg algebras [43] and construction of
actions on these models [44], we show that for every action of a finite group with
cyclic Sylow subgroups on a pair of countable abelian groups there exists an action of
an étale locally compact groupoid with totally disconnected unit space such that the
associated reduced groupoid C*-algebra is a UCT Kirchberg algebra and the induced
action on it realises the prescribed action on the level of K-theory. From this, we
conclude the existence of the desired inverse semigroup S in Theorems 1.2 and 1.3.
The paper is organised as follows. In Sect. 2, we recall the definition of Cartan
subalgebras, Renault’s characterisation of Cartan pairs in terms of twisted groupoid
C*-algebras, as well as the duality result for finite abelian groups for actions with the
Rokhlin property and approximately representable actions. The main result of Sect. 3
is Theorem 3.6, where Cartan subalgebras in certain inductive limits of Cartan pairs
are constructed. In Sect. 4, we prove our main results Theorems 1.2, 1.3 and 1.4.

This work was initiated during a visit of the first author at Queen Mary University of
London in autumn 2016. He would like to thank the second author and the Geometry
and Analysis Group for their kind hospitality during this stay.

2 Preliminaries

In the following, all our groupoids are locally compact Hausdorff second countable
topological groupoids.

2.1 From twisted groupoids to C*-algebras

Let us recall some definitions from [26,37]. A twisted groupoid is a locally compact
groupoid ¥ together with a free action T ~ ¥ suchthat T x ¥ — X, (z,0) — z0
is continuous and the quotient X /T is Hausdorff. In addition, the canonical projection
3 — X /T should be a locally trivial principal T-bundle. Furthermore, we require that
forallzy, z2 € Tand oy, 0s € X, z101 and 2207 are composable if and only if o1 and o9
are composable, and if that is the case, we want to have (z101)(z202) = (2122)(0102).
It follows from these axioms that the groupoid structure on ¥ induces the structure
of a locally compact groupoid on G := X /T. Hence we obtain a central extension

Txc® .5y 56,

Usually, we denote the twisted groupoid as described above by (G, X). If G is étale
(topologically principal), we say that (G, X) is a twisted étale (topologically principal)
groupoid. The quotient map 7 : ¥ — G is often denoted by o — ¢&. Note that 7 is
open and closed, as it is the quotient map corresponding to a continuous action of a
compact group. It follows that 7 is proper as it is perfect, i.e., 7 ~!({y'}) is compact
forall y € G.
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To construct the reduced C*-algebra of (G, X¥) for G étale, let

CG. %) ={feCE, O fzo) = f(0)7},

and for f € C(G, X), define supp (f) := {6 € G: f(0) # 0}. Set
C:(G, X)) :={f € C(G, X): supp (f) is compact} .

C.(G, X) becomes a *-algebra under the operations

[H )= f ), (f*&)0):= Y flot He.

‘fEGS((,)

Set X := G For x € X, define the Hilbert space

Sy =181 By > CiE@o) =£(0)Z, Y @) <00

5eGy

We obtain a representation , of C.(G, ¥) on .7; by setting

T (NE©0) = Y flot HE®T).

t€Gy

By definition, C;(G, ¥) is the completion of C.(G, X) under the norm || f] =
sup, ey l7rx (S

2.2 From Cartan pairs to twisted groupoids

Let us recall Renault’s definition and characterization of Cartan subalgebras.

Definition 2.1 ([37, Definition 5.1]). A sub-C*-algebra B of a C*-algebra A is called
a Cartan subalgebra if

(i) B contains an approximate identity of A;
(i) B is maximal abelian;
(iii) B is regular, i.e., No(B) := {n € A: nBn* C B and n*Bn C B} generates A as
a C*-algebra;
(iv) there exists a faithful conditional expectation P : A — B.

Theorem 2.2 ([37, Theorem 5.2 and Theorem 5.9]). Cartan pairs (A, B), where A
is a separable C*-algebra, are precisely of the form (C}(G, X), Co(GOY), where
(G, X) is a twisted étale Hausdorff locally compact second countable topologically
principal groupoid.
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Remark 2.3 Let us briefly explain how (G, ¥) is constructed out of (A, B). Set
X := Spec (B). By [37, Proposition 4.7], for every n € N4(B) there exists a partial
homeomorphism «,, : dom (n) — ran (n), withdom (n) = {x € X: n*n(x) > 0} and
ran (n) = {x € X: nn*(x) > 0}, such that n*bn(x) = b(a,(x))n*n(x) forallb € B
and x € dom (n). Here we use the canonical identification B = Cy(X). Define the
pseudogroup G(B) := {a,: n € Ny(B)} on X. Let G(B) be the groupoid of germs of
G(B),G(B) = {[x,an, yl: n € Na(B), y € dom (n), x = o (y)}. Here [x, ap, y] =
[x, &, y]if there exists an open neighbourhood V of y in X suchthatw, |y = o, |y. To
describe the twist, set D := {(x,n, y) € X X Ng(B) x X:y € dom (n), x = o, (y)}
and define X(B) := D/~, where (x,n,y) ~ (x’,n’,y") if y = y’ and there exist
b,b' € B with b(y),b'(y) > 0 and nb = n'b’. G(B) and X (B) are topolog-
ical groupoids (see [37] for details), and the canonical homomorphism ¥(B) —
G(B), [x,n,y] — [x, oy, y], yields the central extension

T x X — X(B) - G(B).

In the following, we will follow [37] and call G(B) the Weyl groupoid and ¥ (B) the
Weyl twist of (A, B).

2.3 The Rokhlin property and approximate representability

Definition 2.4 [23, Definitions 1.1] For a C*-algebra A, its sequence algebra A is
defined as
0o :=LP (N, A)/co(N, A).

There is a canonical embedding of A into A by (representatives) of constant
sequences. If B C A is a sub-C*-algebra, then we also consider the relative com-
mutant of B inside Ao

Ao NB' :={x € Ao xb = bx forall b € B}
and the (corrected) central sequence algebra
Foo(B,A) = Ao NB'/{x € Aso: xb =bx =0 forallb € B}.

We also denote Foo(A) = Fo (A, A).

Observe that Foo (B, A) = Ax N B’ if A is unital and B contains the unit of A. If
B is o-unital, then Fo (B, A) is unital, see [23, Proposition 1.9(2)+(3)].

Definition 2.5 Let T be a finite group. We denote by o : T' ~ C(I') the canonical
[-shift, that is, oy, (f)(n) = f()/_1 -n)forall f e C')andy,neT.

Definition 2.6 (cf. [14, Definition 3.1] and [2, Definition 1.3]). Let I" be a finite group
and A a separable C*-algebra. An action o : I' ~ A is said to have the Rokhlin
property if there exists a unital and equivariant *-homomorphism

(C(I),0) = (Foo(A), aeo),
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where aso : I' ™ Fxo(A) is the action induced by entry-wise application of a.

The Rokhlin property can also be spelled out concretely in terms of elements of A,
see for example [2, Remark 1.4].

Next we recall the definition of approximate representability for finite abelian group
actions. For a single automorphism, this notion is already present in [25].

Definition 2.7 ([14, Definition 3.6] and [32, Definition 4.1)). Let " be a finite abelian
group and A a separable C*-algebra. An action o : I' ™~ A is said to be approximately
representable if there exists a unitary group representation u : I' — Fyo(AY) C
Foo (A%, A) such that o, (a) = uyau;for ally e T'and a € A.

For finite abelian groups, actions with the Rokhlin property and approximately
representable actions are dual to each other.

Theorem 2.8 ([14, Lemma 3.8] and [32, Proposition 4.4]). Let I" be a finite abelian
group and A a separable C*-algebra. Let a : I' ~ A be an action. Then

1) o has the Rokhlin property if and only if & is approximately representable;
2) «a is approximately representable if and only if & has the Rokhlin property.

Remark 2.9 Let I" be a finite abelian group and denote by e, € C(I') the minimal
projection associated with y € I'. Let @ : ' ™~ A be an action with the Rokhlin
property on a unital and separable C*-algebra. Let us remark for later purposes that
for a given unital and equivariant *-homomorphism ¢ : (C(T"), 0) — (AN A’, to),
the map
u:l = A NA, uy = Zx(y)t(ey)
yell

defines a unitary representation of the dual group F:‘ As explained in [14, Lemma 3.8],
ay(x) = u;xux forall x € A x4 " and x € T'. In particular, unitaries in Aye =

(Axg D)%) witnessing approximate representability of & can be chosen in ¢ (C(I")).

3 Inductive limits and Cartan pairs

Let (G, X) and (H, T) be twisted groupoids. A twisted groupoid homomorphism is
a continuous groupoid homomorphism p : T — X which is T-equivariant, i.e.,
p(izr) = zp(r)forallze Tandt € T.Letny : T — Handng : ¥ — G be
the canonical projections. p induces amap p : H — G, © — mg(p(r)). In other
words, p is uniquely determined by the commutative diagram

p
-~

D

TG

9 1
x

Q=—M

=

p
-7
Lemma 3.1 In the situation above, p is proper if and only if p is proper.
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Proof This is an easy consequence of the observation that 7 and 7y are proper and
commutativity of 1. O

Lemma3.2 Let (G, X) and (H, T) be twisted étale groupoids. Write X = G and
Y :=HO. Let p: T — X be a surjective twisted groupoid homomorphism. Assume
that p is proper, and that for every y € Y, Hy, — G p(yy, n > p(n) is a bijection.
Then C.(G,X) — C.(H,T), f — f o p extends to an isometric homomorphism
p*: CHG, %) — CXH,T).

Proof By Lemma 3.1 and because p is proper, p is proper. Thus given f € C.(G, X),
we have that supp (f o p) = p~! (supp (f)) is compact because supp ( f) is compact.
Hence f o p lies in C.(H, T). As p is a groupoid homomorphism, it is clear that
(f o p)* = f* o p. To see multiplicativity, take f, g € C.(G, ¥) and compute

(FxpEN= Y. fpmoHege)= Y fp@pw He(pw)

6€Gs(p(r)) veHy(r)

= ((f o p) * (g o p)(D).

Here we used that Hy(r)y — G p(s(r)) = Gs(p(r))» 1 — p(n) is a bijection.

To see that f +— f o p is isometric, take y € Y and let x := p(y). Write JZ;
and 77; for the Hilbert spaces as in Sect. 2.1. Because H, — G, n — p(n) is a
bijection, U, : J6 — ¢, £ — & o p is a unitary. For every £ € J¢;, we have

Up (e ())ENT) = (HE () = Y f(p(t)o™HE(o)

6eGy
Y Fp@p@) HE(PpW))

veHy

Y FpEvTNEP©) =7y (f 0 P)UE) ().

UEH,

Hence 7y (f o p) ~y mx(f), and thus,

Prifor~@P P ()~ P U1 @ 7Te(f)).

yeY xeX yep~l(x) xeX

where I denotes the identity operator. This shows that

Pry(fop| =

yeY

If o pllcsa.1)

D (o1 ® (1) H

xeX

P H = fllcrc.z -

xeX
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Now let (H, T) and (G, X) be two twisted étale groupoids. Letz : T — X bea
twisted groupoid homomorphism, and i : H — G the induced groupoid homomor-
phism.

Lemma 3.3 In the situation above, 1(T) is an open subgroupoid of X if and only if
i(H) is an open subgroupoid of G.

Proof As m¢ is open and continuous, this follows from 1(T') = 7 ! (i(H)), which is
easy to see. O

The next result is the analogue of [34, Proposition 1.9] for twisted groupoids.

Lemma3.4 Let (H, T) and (G, X) be twisted étale groupoids. Let1 : T — X be an
injective twisted groupoid homomorphism such that 1 (T') is an open subgroupoid in X.
Then C.(H,T) — C.(G, %), f +— 17 - f extends to an isometric homomorphism
1.: CHH,T) - CHG, X).

Here we identify 7" with an open subgroupoid of X via ¢. 17 is the characteristic
function of 7', and 17 - f is the extension of f to the function on ¥ such that (17 -
f)lo)=0ifoc ¢ Tand (17 - f)(o) = f(o)ifo € T.

Proof Leti : H — G be the groupoid homomorphism induced by i. As is injective,
i must be so as well. Let us identify H and T with open subgroupoids of G and ¥
via i and 1, respectively. The image of i is open because of Lemma 3.3. As T is open
in ¥, f — 17 - f is well-defined (the property of having compact support is clearly
preserved). It is moreover easy to see that f +— 17 - f is a *-homomorphism. It
remains to prove that f +— 17 - f is isometric.

Fix x € X := GO, For aj, 0y € X, define a; ~ ay if 041012_1 € T. Similarly,
for y1, y» € Gy, define y; ~ y» if y; yz_l € H.Itis easy to see that, for all o1, ap €
¥y, a1 ~ oy if and only if &; ~ &;. Moreover, for o € X, we have ¢ ~ « if
and only if r(@) = aa~! € T if and only if r(a) € ¥ := HO_ (r here is the
range map of X.) Define P, = {¢ € i ~ ) = r~1(Y) N ,. Restricted to
P,, ~ is an equivalence relation. For « € Py, consider its equivalence class [«] :=
{B € Zy: B ~ a}. We have a T-equivariant homeomorphism [a] = Ty@), B —
Ba~!, whose inverse is given by taw < 7. Let .7, be the Hilbert space as in Sect. 2.1.
Given o € Py, define Hy) := {§ € J;: §(B) = O for all B ¢ [«]}. Also, let Hpc :=

{¢ € ;. E(0c) =0forall o € Py}. Then 54 = (ea[a]er/N %’fa]) ©® Jpc. For y €
Y, let %”y be the Hilbert space as in Sect. 2.1. For « € Py, consider the unitary
Uy 1 Ha) = Hl), & — EU). Write [a] := {y € G,y ~ a)}. Given & € Sy
and 8 € %,

w(r - HEB = Y (r- HBo Hs@) =Y (Ur- f)(Bo Hs(0)

6€Gy o€la]

vanishes unless o~ € T, ie., 8 ~ o ~ «a. Hence n, (17 - ) (Fa) S Ha). We
have

T (HUeb)®) = Y frv HEway= Y flxe)wa) HE(wa)

QGHr(Q) I)GH,A(,X)
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= Z fap™hHEB) = Z (17 - Hap™HEB) = nc(17 - HE)(Ta)
Beld) BeGy
= Uy (mrx (17 - [)(E)) (D).
This shows that 7, (17 - f)|;;@J ~u Tr)(f). It is clear that 7, (17 - f)I%c = Opc.

Thus 7, (17 - f) ~a (@Mepx T f)) & Ope. Hence

Prdr-nHi=P[| B mwi| oo

xex H xeX \ \[a]eP,/~
= sup {||7,@) (f)|| : [@] € Px/~, x € X}
=sup {7y (A :y e Y} =l fllcrmr) -

17 - f||c;f(G,z) =

O

Recall that for a locally compact Hausdorff space X, a sequence ( f), € C.(X) is
said to converge to f € C.(X) in the inductive limit topology if there exists a compact
subset K C X such that supp (f,,), supp (f) S K for all n and f,, converges to f on
K uniformly.

Lemma3.5 Let G; be locally compact Hausdorff second countable topological
groupoids and pj : Gji1 — G continuous proper groupoid homomorphisms.
Form the inverse limit G := 1(&1/ {G], pj} and let poo -G — G| be the canonical

projections.

Then G becomes a locally compact Hausdorff second countable topological
groupoid such that all pj are proper and U (pj )*(Cc(G)) is dense in C (G)
in the inductive limit topology.

Proof By definition,

G= lim {Gj: p;} = (Vj)el_[Gjipj(VjH):Vj EHGj,

<—

J J J
and the topology on G is given by the subspace topology from [ | j Gj.Itisclear that G
is Hausdorff and second countable. To see that G is locally compact, take an arbitrary

element y = (y;) in G. Choose a compact neighbourhood Uy of yy € Gg. Define
recursively Ujy 1= pj_l (Uj). Since all p; are proper, all the U; are compact. Hence

(P (U0 = {(nj) € Ginj e U;} < HUj

is a compact neighbourhood of y. Therefore, with component-wise groupoid opera-
tions G becomes a locally compact Hausdorff second countable topological groupoid.
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Now let us show that p‘j?o is proper. Take K; € G; compact. Define recur-
sively Ki1 = p; ' (K;)if i > j and K;—; := p;—1(K;) if i < j. This gives us
compact subsets K; € Gy, for all i, and we obviously have that (p;?o)’l(l(j) =
{(y,) € G:y; € K; forall i} is compact.

The proof that U ( p°°) (Ce(Gj))isdensein C, (G) in the inductive limit topology
is a straightforward partmon of unity argument, which we leave to the reader. O

Fork=1,2, ..., let (Ax, Bx) = (C}(Gyg, Zi), Co(Xk)) for twisted étale groupoids

(G, Z) given by
Uk Tk
T x X — X — Gy,

where X; = G(O) Assume that, for all k, ¢y : Ay — Aj4p is an injective *-
homomorphism Wlth ok (Bx) < By41. Further assume that, for all k, (Hg, Ty) is
a twisted étale groupoid such that Hj is an open subgroupoid of Gy and Ty =
nkj:l(Hk). For all k, let 1x : Ty — Xiy41 and iy : Hy — Gp41 be the canonical
inclusions. For all k, let py : Ty — Xi be a twisted groupoid homomorphism.
Assume that, for all k, py is surjective, proper, and that for all y € ¥ := Hk(o),
(Hy)y — (Gi)pr(y)> 1+ Pk(n) is a bijection. Further assume that for all k, ¢ =
(1)« o py. Suppose that the following two conditions are satisfied:

(LT) For every open subset U C Gy and continuous section p : U — X for my,
there is a continuous section p : pk‘l (U) — Ty for my 1|7, such that

Zk-LTk

U< p )

commutes.

(E) For every open subset U C Xj and continuous section ¢t : U — Gy for
the source map of G, where ¢ has open image, there is a continuous section
r: pk‘l (U) — Hj for the source map of Hy, where f has open image, such that

Gk-LHk

1,0

U< gt

commutes.

For all k, define recursively for all j = 0, 1, ...: Ty o = X and X j41 =
pk_ﬁ j(Ek, i) € Tryj. Similarly, for all k, define recursively for all j = 0, 1,

Gro = Gy and Gg j41 = I.’k_-i}j(Gkvj) C Hiyj. Set Si o= hm {Ek j,pk_H}
and Gy := hm {Gk i3 Ph+ j} In this situation, we have
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Theorem 3.6

(a) Forallk, (Gy, =) is a twisted étale groupoid. Moreover, the inclusion_maps lk_and
ix induce, for all k, an injective twisted groupoid homomorphism iy : Ty — Zji1
and an injective continuous groupoid homomorphism iy : Gy — Gp1 with open
image. Setting Y= li_r)nk {Ek; l_k} and G = li_r)nk {Gk; ik}, (G, X) is a twisted
étale groupoid. L B

(b) We have lim, {Ax; ¢x} = CZ(G, X) and lim, {Bi; gi} = Co(G).

(¢) Ifforallk, Gy istopologically principal, then also Gy is topologically principal for
allk, and G is topologically principal. In that case, (h—n>1k {Ar; o}, li_I)nk {Bx; or}

~ (C;‘(G, ), CO(G(O))) is a Cartan pair.

Proof Let us first prove (a) and (b). By definition,

k= LiLn{Ek,j; pk+j} =1 (o)) € l_[ X, it Pr+jOj1) =0 ¢ © HEk,j,
J J J

and the topology on X is given by the subspace topology from [] j 2k, j- Let plj‘. :
T — i, ;j be the canonical projection. Similarly,

Gy = lim {Grjs presj} = (vj) € HGk,ji Prrj(viv1) =vj¢ € HGk,j,

J J J
with the subspace topology from [] ;G. Let p’; : Gy — Gy, j be the canonical
projection.

It follows from Lemmas 3.1 and 3.5 that, with component-wise groupoid operations,
both G, and %; become locally compact Hausdorff second countable topological
groupoids.

Let Xy j = Gg. and Xj 1= G,io). Clearly, we have

X ={(yj) € Gr: yj € X j forall j}.
Hence

X = lim { Xk j; Prsj} - 2

J

To show that Gy, is étale, we have to prove that the source map s : Gy — Xi, (yj) =
(s(y;j)) is a local homeomorphism. Equivalently, we show that for any given y =
(yj) € G, there exists an open subset U C X containing x = s(y) = (x;) and
a continuous section 7 : U — Gy with open image for § such that 7(X) = y. Let
U C X be an open neighbourhood of xp and tp : U — Gy a continuous section
with open image for s (the source map of Gy), with 79(xg) = yp. Define recursively
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Ujy1 == py. J: j(U j). By condition (E), we can recursively find continuous sections
tjit1: Ujy1 — Gy, j41 with open image for the source map of Gy 41 such that

Pk+j
Gi,j =— G j+1

tj T TUH
Pk+j

Uj=——Ujn

commutes. Define U := (p’(;)’l(Uo). Then7 : U — Gy, (xj) = (tj(x;)) isa
continuous section with open image for s. In addition, we must have 7(x) = y, i.e.,
(tj(xj)) = (y;). This follows inductively from 79(x0) = Y0, pr+;j({tj+1(xj+1)) =
tj(x}), pr+j(vj+1) = y; and the assumption that pk+j|(Gkﬁj+l)Xj+l 2 (Gh,j+Dxj —
(Gk,j)x_/ is bijective. Hence Gy is étale, for all k.

Define T ~ i by z(0)) = (z0)) and 7 : T — Gy, (o)) — (mrpj(0))).
Obviously, the T-action is continuous and free. Assume that for (o) € X, 7k (o) =
(x;) € Xi. Then we know that there are z; € T witho; = z;x; forall j. Let z := zo.
Then it follows from

ZjH1Xj = Zj41 Prtj (X j+1) = Pryj(0j41) = 0j = 2jX;

thatzj1 = z;, and hence z; = z forall j. Thus the canonical projection £ /T — Gy
induced by 7% is continuous and injective, which shows that X /T is Hausdorff. Let
us show that 7 : Tx — Gy is surjective and defines a locally trivial T-bundle. Let
y = () € Gy. Let Uy € Gy be an open neighbourhood of yp and py : Uy — i
a continuous section for m;. U and pg exist because ; : Xx — Gy is a locally
trivial T-bundle. Define recursively U1 = 15,;: j(U 7). By condition (LT), we can
recursively find continuous sections pj41 : Ujy1 — Xk j41 for mey j 41 such that

Pi+j
Y, j < T j+1

,OjT TP,‘H
Pk+j

Uj=—=Ujn

commutes. Define U := (pf)~'(Up). Then p : U — i, () = (p;(y))) is
a continuous section for m;. In particular, 7 (p(y)) = ¥, and we see that 7 is
surjective. We now obtain homeomorphisms

TxU; — 7Tk_+lj(Uj), (z,vj) > zpj(y;) forallz € T, y; € U; 3)

with inverse (z(0), 6) <= o. It follows that
Tx U = 7, (0), @7) > 25() forallz €T, 7 € U “
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defines a homeomorphism with inverse (z(0'), 6) <+ o. Hence, 7x indeed defines a
locally trivial principal T-bundle. Thus, for all k, (G, X) is a twisted étale groupoid.
By Lemmas 3.5 and 3.1, all p’]C and p’; are proper. Moreover, p’j‘ is surjective

since pr4j is surjectwe for all j. Now let us show that, for every x = (x;) € X,
the restriction of p to (Gy); is bijective. It suffices to show that (y;) € (Gy); is

uniquely determmed by y; = p K((y)). This now follows inductively as, for i > j,
¥i+1 is determined by y; because of pr+i(Yi+1) = yi and pg4; induces a bijection
(Gk.i+Dxiy = (Gr.i)x;» while for i < j, prii—1(¥i) = yi—1 shows that y; deter-
mines y;_1. -

Thus Lemma 3.2 tells us that C.(Gg j, Tk, j)—>Ce(G, Z), fl—)foplj‘.
extends to an isometric homomorphism (p]/‘.)* 1 CH(Gi,j, 2 j) — Cf(@k, ). Let
us now show that this collection ( p’j‘. )* gives rise to an isomorphism
li_n)lj icj(_Gk’j’ i) p,’jﬂ.} i)C;k(Gk, p3B) whichidentiﬁesli_n)lj {Co(Xk’j); p,’:ﬂ.}
with Co(Xy).

We have (p’j‘.H)* o (Pk+)* = (pr+j o p’]?H)* = (p’]?)*, so that the (plj?)* indeed
induce a homomorphism h_r)nj(p]]?)* : li_I)nj iC;‘(Gk,J‘, 2 i) PZH} — CH(Gg, Zp).
As all the ( p’j‘.)* are isometric, li_r)nj ( p']‘.)* must be isometric as well. Hence it suffices
to show that li_r)nj ( p’j?)* has dense image. For that purpose, it is enough to show that

for every f € C.(Gg, =), there exists a sequence f,; € Uj (p];)*(CC(Gk,j, 2k, i)
such that f,, —>,, f in the inductive limit topology. The latter means that there
is a compact subset K C Gy such that supp (f,,) € K for all m, and we have
limy oo II.f — finlloo = 0. L

Using a partition of unity, we may assume that f € C.(Gy, k) has supp (f)
contained in an open subset U of the form U = (pé)_l(Uo), where Uy C Gy is an
open subset for which there exists a continuous section pg : Uy — X for my. As
above, using condition (LT), find a continuous section 5 : U = (p§)~1(Up) —
for ;. We have p = (p;), where p; : Uj — X ; are continuous sections for 7y ;,
such that

Tp < Tk (5)

commutes. Recall the homeomorphisms 7, +1j(U i) i) TxUj, 0+ (zj(0),d5)and
ﬁk_l((j) — T x U, 0 + (z(c),5) given as in 3 and 4, respectively. Because 5
commutes, we must have

2(0) =zj(ph(o)) forall o € 7' (0). (6)
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Now, for our given f € C, (Gx, Zk) with supp (f) C U, we ﬁnd f e C, (Gk) with
supp (f) € U such that f(o) = z(0)f(&) forall ¢ € T (U) T x U. By
Lemma 3.5, we can find a fixed compact subset K C Gk with K € U and for all
e > Oafunction g € C.(Gy, ;) satisfying supp (go[)k.) C K and Hf —go ﬁ]]‘. H <e.
As p kKK) c U;, we can arrange supp (¢) € U; by possibly multiplying ¢ with
some ¢ € Cc¢(Gy,;) with supp (¢) C U; and (p(a) 1 for all 6 € K. We may
thus define g € C.(Gg,;j, Xk, j) with supp (g) € U; and g(o) = z;(0)g(c) for all
o€ nkjrlj(Uj) =T x U;. We have supp (g o p’j‘.) = supp (g o p’;) C K and, for all
o € 2_]](,

1@ = ghon| = | £0) — 2Pk @nihen| £ [7@ (&) - 2h6n)| < e

Hence hm (pk)* =

C;k(Gk, Ek).

Since the restriction of pr4j to (Gg, j+1)y is injective for all y € X j11, we have
pk+](Xk i) € Xk, jH1- To see this, let n € X ;11 with pk+](r7) = x € Xy j. Let
y = s(n). Then both 7 and y lie in (G, j+1)y, and pr+; (1) = pi+;(y) = x. Hence
n = y. This implies n = zy for some z € T, and x = pry;(n) = pr+;(2y) = zx
implies z = 1. Thus n = y € Xj_ j41. This shows pkjlj (Xk,j) € Xk, j+1. We conclude

is indeed an isomorphism 11m {C (Gk,j» Zk,j)s pk+]}

that li_n)lj (p]]‘.)* sends li_n)lj {Co(Xk,j); P,tﬂ'} into Co(Xy). Another application of

Lemma 3.5 yields that (ll)n] (p]]‘.)*) (hm {Co(Xk i) pk+1 }) is dense in Co(Xy), so
that

ﬁ_{)n(Pﬁ)* (h_rgl {Co(Xk,j); PZ+j}) = Co(X). @)
j J

For all k, define 7y : Zx — Ziy1, (05); — (xtj(0j41));. Clearly, i is an
injective twisted groupoid homomorphism. The image of 7 is given by 1 (2x) =
(pk"H) 1(Tk), hence it is open. Similarly, iy : Gy — Giy1, (vj)j = (ik+j()/jj1))j
is an injective continuous groupoid homomorphism with open image. Let ¥ :=
lim, {Zk; z"k_} and G = li_f)nk {Gk_; i}, eqilipped with the inductive limit topology.
Let l',fo : Yr — X and i,‘:o : G — G be the canonical inclusions. The maps
> have open image, as (z',oo)_l(f)k) = z'g,k(flk) C % is open for [ > k, where
ik =11—10 - 0lkt1 oIk Similarly, the i2° all have open image.

By construction, it is clear that (G, %) is a twisted étale groupoid. It is also clear
that G© = li_r)nk {Xk; l_k}. By Lemma 3.4, i7° induces an isometric homomorphism
() C;“((_;k, Sr) — C;“(G, %). We hence obtain an isometric homomorphism
li_r)nk(l',‘:o)f :_li_n)lk {C;"(Gk, 1), (l_k)_*} — C}¥(G, X). It has dense image sir}ce e_very
f € Ce(G, %) has supp (f) € i°(Gy) for some k, so that f € (1°)+(C}(Gy, Xi)).

Hence h_r)nk(z',fo)* is an isomorphism li_n)lk {C;"(Gk, 0); (ik)*} = C;"(G, ¥). Since
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GO — lim, {Xk: 7}, we must have

u_;>n(z‘,?°>* (h_:g {Co(Xn); (z‘k)*}> = Co(G?). ®)

. o (e N GR
Now consider the composition (z,?o)*o(p’(;)* : CHGy, k) 2oy CH(Gg, Z¢) L

CH(G, ). As
(23 Dx 0 (PETY* 0 ()4 0 (p)* = (0%)s 0 (P,

we obtain an isometric homomorphism

i (@20 (Ph)") : lim (€7 (G 503 @0 (0"} = € (. 5.

It has dense image because it contains, for all j,

(G2 x 0 (05T (CeGr g 5k ) = (G705 © g j s 0 (P)*) (Ce(Gt o B )

= (0 (09)*) (Ce(Gi . 2x.)

so that it is dense in (z",fo)*(C;“(C_}k, 1)) for all k, hence also dense in C;k((_?, ).

Thusli_r)nk ((z‘,‘(’o)>l< o (pg)*) is anisomorphismli_l)nk {C;‘(Gk, 2i); (t)x o (pk)*} —

C1(G. ). 7and8 show that lim, (G7). o (p§)*) ) (lim, (Co(X1): (o ()"} ) =
Co(G©®). This proves (a) and (b).
For (c), assume that for every k, Gy is topologically principal. We first show that

Xp = {)E =(xj) € Xp: (Gr+i)y: = {xi} for some i}

is dense in Xj. As non-empty open subsets of the form m;,:o ( pﬁ)’1 (Uyp) form a basis
for the topology of Xy, where the Uj, are open subsets of X1, itsuffices to find x € Xi
with % € (,_o(p}) ™ (Un). We have Mo (P~ W) = (0" (Mizo p,;}(Um),
where ppi = pk+h © -+ 0 pk+i—1. As G4 is topologically principal, we can find
Xx; € ﬂ;zzo p,;}(Uh) with (Gk+,~)§§ = {x;}. As pf.‘ is surjective, we can find x € Xy
with pl’.‘ (X) = x;. Thus, Xy is indeed dense in X. Hence, for all k, 1°(Xy) is dense in
1°(Xy). It thus remains to show that forevery k and X € Xy, 7.°(x) has trivial stabilizer
group in G. As ¥ = (x;) lies in Xy, there exists i such that (Gk_H)ﬁf = {x;}. Letus
first show that for all j > i, we must have (G j)i_’/: = {x;}. Proceeding inductively
on j, we may assume that (Gk+j)§§ = {x;} and have to show that (Gk+j+1)§§ﬂ =
{xj+1}. By assumption, pyj restricts to a bijection (G j4+1)x;4;, = (Giyj)x;- Take
Y € (Gktj+1)x;, Withr(y) = xj41. Then r(Pr+j(¥)) = xj, sothat pry;(y) = x;,
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and thus y = x;4. Hence, we indeed have (Gkﬂ-);ﬁ = {x;} forall j > i. Now
take y € G with range and source equal to z',fo (x). We have y = leoo(y) for some
y € G, and we may without loss of generality assume that > k. Let y = 77 ¢ (x). It
follows from injectivity of 17100 that y € (Gl)ﬁ. Write y = (y;) and y = (y;). Then
we have y; = x4, for all j. Hence, by what we have just shown, (Glﬂ-)% = {yj}
for all j > i. This implies y; = y; for all j > i. But then we must have y; = y;
for all j, since yj, for h < i is determined recursively by y,—1 = pi+r—1(yn)- Hence
y =, and we conclude that y = i°(x). Thus G is indeed topologically principal.
This shows (c). ]

Rema_rk3.7 Ilf the twists X are all trivial (i.e., ¥y = T x Gy) in Theorem 3.6, then
also ¥x and X are trivial. This is easy to see from the proof.

Remark 3.8 Let us explain how [1, Lemma 5.2] may be derived as a special case of
Theorem 3.6. Recall the setting in [1, Lemma 5.2]: Forall j=1, 2, ..., (G(j), Z(j))
is a twisted étale topologically principal groupoid with compact unit space X (j). Let

Ay = C(G(1), 2(1) ®min - - - ®min C; (G (k), (k).

Consider ¢ : Ay — Ar+1,ar—> a® 1. Let By := C(X(1)) ® --- ® C(X(k)) <
Ar. We want to see that (111)1]( {Ak; o}, li_n)lk {By; gz)k}) is a Cartan pair. In order
to apply Theorem 3.6, set Gy := G(1) x --- x G(k), X := X(1) x -+ x X(k)
and X := X(1) xT --- X7 X(k), where X(1) xT X(2) denotes the quotient of
2(1) x X(2) with respect to (zo, ') ~ (o, z0’) (as in [1, § 5]). It is easy to see
that (G, Xx) is a twisted groupoid such that (Ag, Bx) = (C)(Gk, k), C(Xy)).
Moreover, set Hy := G(1) x --- x G(k) x X(k + 1). Obviously, Hy is an open
subgroupoid in Gg41. Similarly, Ty := (1) x --- x (k) x X(k + 1) is an open
subgroupoid of Xpy1. Let iy : T < Xk41 and iy : Hy <> Gy be the canonical
inclusions. Define p; : Ty — Xk, (0,x) — o for 6 € Xi. It is easy to check
that py is a surjective and proper twisted groupoid homomorphism, for all k. Clearly,
each restriction (Hi)yx — (Gi)pe(x)> 1 = Pr(n) is a bijection. Moreover, we have
ox = (ir)s o (pr)*. As conditions (LT) and (E) are easily verified, Theorem 3.6 applies
and yields that

(li_rgl {Ak: @i} lim {By; (ﬂk}) = (® CHG(), 2(j>>,®C(X<j))) =CH G, D)

—
k k j=1 j=1

is a Cartan pair.

4 Invariant Cartan subalgebras and the UCT problem

Recall that an inverse semigroup is a semigroup S with the property that for every
s € S, there exists a unique s* € S such that s = ss*s and s* = s*ss*. We write

E::{eeS:e:ez}z{eeS:eze*zez}
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for the associated semilattice of idempotents. If A is a C*-algebra and S € A is an
inverse semigroup of partial isometries in A, then we write C*(E) for the sub-C*-
algebra of A generated by E. We remark that in the literature C*(E) often denotes the
universal C*-algebra of the semilattice E. However, there should be no confusion as
the latter does not appear anywhere in this paper.

Lemma 4.1 Let (A, B) be a Cartan pair with A a separable C*-algebra and such that
Spec (B) (i.e., the space of characters of the commutative C*-algebra B) is totally
disconnected. Then S = {s € NAo(B): s = ss*s}isaninverse semigroup generating A
as a C*-algebra such that B = C*(E). Moreover, ifa € Aut (A) is an automorphism,
then «(B) = B ifand only if a(S) = S.

Proof 1t is clear from the definition of the normalizer that S is an inverse semigroup.
For instance, to see that S is multiplicatively closed, take s,¢ € S. Then s and ¢ are
partial isometries with commuting source and range projections as these projections
lie in B because s and t lie in N4 (B). It follows that (sz)(s?)* is idempotent because
((sD)(s0)*)2 = str*s*str*s™ = st (s*s)t*)s* = s@t*)2s*ss* = (st)(st)*, and
thus st is again a partial isometry. Since we know that st lies in N4 (B), it follows
that st lies in S. Let us prove that S generates A as a C*-algebra. Let (G, X) be
a twisted étale Hausdorff locally compact second countable topologically principal
groupoid with (A, B) = (C}(G, %), Co(G®Y), which exists by Theorem 2.2. We
claim that it is enough to prove that any element in Ncx (G, x) (Co(G©®)) with compact
open support can be approximated by linear combinations of partial isometries in
NC;(G,E)(CO(G(O))). To see this, observe that it is enough to consider elements in
NcxG.3m) (Co(G©)) with compact support, as these are dense in Ncx (G, x) (Co(GDY)
by [37, Lemma 5.8]. By [37, Proposition 4.8], NC;*(G,E)(CO(G(O))) consists exactly
of the sections whose open support is a bisection. As G is étale and G© is totally
disconnected, the compact open bisections of G form a basis for the topology. Given
f € Ncxg.5)(Co(G (O))) with compact support, we can therefore find a finite covering
of supp (f) by finitely many compact open bisections. Using a subordinate partition of
unity, we can thus write f as a linear combination of elements in N¢x (g, x)(Co(G?))
with compact open support.

Assume therefore that f has compact open support K € G and norm one. By [37,
Proposition 4.8], s(K) = dom (f) = {x € G©: f* f(x) > 0}, which is a compact
open subset of G©. Let ¢ > 0 and find pairwise disjoint compact open subsets
Ui, ..., U, of GO whose union is s(K), such that

ST — Q)
VAWACY)

forallx,y € Ujand j = 1,...,n. For each j, choose a fixed x; € U}, and define
gj € Co(G©) with supp (g;) € U; by setting

AV ACT))

810 =TEr Gy
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Then ]1 —gj(x)| < eforall x € Uj and f*fg; is constant on U;. So fgjl./2
1/2

J

€
Ncﬁ(G,z)(Co(G(O))) is a scalar multiple of a partial isometry. Now, Zl}:l fgi' isa

linear combination of partial isometries in Ncx(G,x) (CO(G(O))) satisfying

n n
1/2 1/2
1F =D 18l = s = D 81 oo < €

j=1 j=1

By definition of S, it holds that E contains all projections of B. As B has totally
disconnected spectrum, we conclude that B = C*(E).

Now let @ € Aut (A). If «(S) = S, then «(E) = E and consequently «(B) = B.
Conversely, if «(B) = B, then always a(N4(B)) € N4(B) and consequently a(S) C
S. As a~!(B) = B as well, it follows that «(S) = S. This concludes the proof. O

Remark 4.2 1f A in the situation of Lemma 4.1 is unital and nuclear, and the Weyl
twist of (A, B) (see Remark 2.3) is trivial, then A is canonically isomorphic to the
tight C*-algebra of some inverse semigroup in the sense of [10, Definition 2.2]. For
this, consider the inverse subsemigroup S’ C S consisting of those partial isometries
in N4(B), which correspond to indicator functions on compact open bisections of
G. By [10, Theorem 4.9], the canonical inclusion 8’ < A induces an isomorphism
A= Cl*l.g 5 (S)). In fact, this remains true if we replace S’ by a possibly smaller inverse
subsemigroup, as long as the corresponding compact open bisections form a basis for
the topology of G.

The following result is a slight improvement of [2, Theorem 2.3 with proof]. We
are grateful to Gabor Szabé for pointing out to us that only the separability assumption
on the C*-algebra in the statement of [2, Theorem 2.3] is needed. Given two auto-
morphisms « and 8 of a C*-algebra A, we write a~ f if @ and B are approximately
unitarily equivalent via unitaries in the minimal unitization of A.

Theorem 4.3 Let T be a finite group. Let A be a separable C*-algebra such that
A = Mri» ® A. Let {:31/ 1y € F} be a family of *-automorphisms on A such that
Byn~uBy o By forall y,n € T'. Consider the C*-dynamical system

(D,8) = lim [cm oM™ 8 4,0@idyeigy). o

where M denotes the algebra of |T'| x |I'| matrices, o : I' ~ C(I") is the action given
by o, (f)() = f(y~'n) and

P (F)Y) = ey ® (id® B (f (ym)).

nel’
under the canonical identifications C(I') @ M®" @ A = C(T', M®" ® A). Then

the action § : I' ~ D has the Rokhlin property and there exists a *-isomorphism
w:D — Asuchthat L oé, o u*]%uﬁyforall yel.
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Proof If we assume that A is either unital, stable or has stable rank one, then this follows
from [2, Theorem 2.3 and its proof]. The only reason for this restriction is that in these
cases the two notions of approximate unitary equivalence, with respect to unitaries
in the multiplier algebra and the minimal unitization, coincide. However, apart from
unitaries in C(M@M®* @1 € M(C(IN@M® @A), which are used in the proof of [2,
Theorem 2.3] (in the fourth paragraph, for ¥,, ~, Ad (@yer Ay Hhe lA(n)) oy,),
the only point where multiplier unitaries are used is in [2, Remark 1.7]. All these
unitaries can be chosen to be norm-homotopic to the identity. However, the connected
component of the identity in the unitary group of the minimal unitization of a C*-
algebra C is always strictly dense in the connected component of the unitary group
of its multiplier algebra M(C). This is a consequence of the fact that the set of self-
adjoint element in C is strictly dense in the set of self-adjoint elements of M (C). This
shows that all unitaries in the proof of [2, Theorem 2.3] implementing approximate
unitary equivalences can be taken in the respective minimal unitizations. O

For a discrete group action« : I' ~ A on a C*-algebra, we write t, € M(A x4 I")
for the canonical unitary implementing o, .

We say that an element a € A is «-homogeneous if for every y € T', there is some
scalar A € C such that o), (a) = Aa. Note that A is of modulus one if a # 0, with
A =1if aﬁ = id. Furthermore, a subset X C A is said to be a-homogeneous if it
consists of @-homogeneous elements.

Theorem 4.4 Let T be a finite group. Let A be a separable C*-algebra with A =
Mirjo ® A. Let o : ' ™~ A be an action with the Rokhlin property. Assume that there
exists a family of *-automorphisms { By:v € F} C Aut (A) and a Cartan subalgebra
B C A such that B,~ya, and B, (B) = B forall y € T.

Then there exists another Cartan subalgebra C C A such that

D a,(C)=Cforally €T;

2) C C A x4 U is also a Cartan subalgebra, which is fixed pointwise by & if T’
abelian;

3) if A is unital and I abelian, then unitaries in A = (A Xqy I witnessing approx-
imate representability of & can be chosen in C;

4) if B has totally disconnected spectrum, then there exists an «-invariant inverse
semigroup & < A of partial isometries generating A as a C*-algebra such that
C*(E) = C. In this case, S = {sty.' yel, se S} is an inverse semigroup
of partial isometries in A xo I which generates A x4 I' as a C*-algebra and
whose idempotent semilattice is equal to E. If T is abelian, then S consists of
a-homogeneous elements;

5) if A is unital and the canonical map P(B)\ {0, 1} — Ko(A) is surjective, then so
is the canonical map P(C)\ {0, 1} - Ko(A).

If A is either a unital UCT Kirchberg algebra or a unital, simple, separable, nuclear

TAF algebra in the UCT class, then the conclusions remain true if we replace B, ~ya,,

by K+(By) = Ky(ay) forall y € T'.

Proof By Theorem 4.3, the action § : I' ~ D given by

(D7 3) = kllfr;o {(Ak’ o ® idM®k*1®A)7 @k} ’
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where Ay = C(I') @ M®1 ® A and ¢ : Ax — Ak satisfies

()= ey ® (d® By (f (ym),

nel’

has the Rokhlin property and there exists an isomorphism © : D — A such that
nody,o M_I%uﬁy forall y € I'. By assumption, this implies that i 0 §,, o ,ud_lmuay
for all y € T'. Hence, (A, «) and (D, §) are conjugate by [32, Theorem 3.5 and
Remark 3.6] (see also [14, Theorem 3.5]). We show that D has a Cartan subalgebra
satisfying 1)-5) for 4.

By Theorem 2.2, there exists a twisted étale topologically principal groupoid (G, X)
such that (A, B) = (C*(G, ¥), Co(G?)). Denote by X := G the unit space and
by m : ¥ — G the canonical projection. As 8, (B) = B for given y € I, there

exists a twisted groupoid automorphism g, : X —> ¥ such that By = (gy)* under
the above identification, see [1, proof of Proposition 3.4]. Let R = I' x I', viewed
as a relation, i.e., a groupoid, so that C;(R) = M. The unit space of R is given
by the diagonal A, which is canonically identified with I". Consider the groupoid
Gr := T x R¥1 x G. The first copy of T" is viewed as a disjoint union of points
(i.e., one-point groupoids). G, becomes an étale topologically principal groupoid
under component-wise operations, and its unit space is X; = I' x A*~! x X. Set
¥ =T x R¥1 x ©. With respect to the projection 7y := idp, ge—1 X 7, (Gg, i)
is a twisted étale topologically principal groupoid. We have a canonical identification
Ay = C*(Gy, i) which identifies By := C(I') ® D®*~D ® B with Co(Xy). Here D
is the canonical diagonal in M. Furthermore, set H := ' X A x RF-1x@G. Obviously,
Hj is an open subgroupoid in G, 1, with unit space ¥; := I' x A x AF=1 x X. Let
ix : Hy = Gy bethe canonical inclusion. Set Ty := I' x A x RF-1x 3. (Hy, Ty)isa
twisted étale topologically principal groupoid. T} is an open subgroupoid of ¥4 1. Let
1 : T = X1 be the canonical inclusion. Define pr : Ty — %, (y,d,r,0) >
(yd,r, q4(0)). Clearly, pi is a twisted groupoid homomorphism, which is surjective,
proper, and py restricts to bijections (Hy)y = (Gk) p; (v)- Moreover, it is easy to check
that g = (ix)« o (px)*. Furthermore, it is easy to see that conditions (LT) and (E) are
satisfied. Thus Theorem 3.6 applies and yields that

(1%11 {Ak: i}, 1%)11 {Bx; (Pk}) = (C:‘(G, %), CO((';<°>)>

is a Cartan pair. As 0 ® idyek-194(Br) = By for all k > 1, the Cartan subalgebra
F = limk {By; ¢} of D gets fixed globally by §. This shows 1).

Set G := I' x I', where we let I" act on itself by left multiplication. Set G} :=
CxRF-I1xG, 2k i=Gx RF-Ix 2, 1y = idgy ge—1 X7, Hy := GxAxR-1xG,
T =GxAXx R1x %, and pr: Ty > X, (g,d,r,0) — (g-d,r, o), where for
g=(x,y) €G,g-d=(ad, y). Applying Theorem 3.6 to this setting gives us that

—

(D> F) = <1im{Ak X T g x T}, im { By g F}>
k k
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is a Cartan pair. We conclude 2).

Let A be unital and I abelian. The above construction of the Cartan pair (D, F)
shows that the Rokhlin projections for § can all be chosen to be in the subalgebras
C(T) € By, k = 1. In particular, all Rokhlin projections for § can be chosen in F.
It now follows from Remark 2.9 that the unitaries in D = (D x5 I')? witnessing
approximate representability of § can also be chosen to be in F. This shows 3).

Assume now that Spec (B) is totally disconnected. Then B is generated by its
projections. The construction of the Cartan pair (D, F) shows that in this case F is
generated by its projections as well and therefore has totally disconnected spectrum.
Applying Lemma 4.1, we obtain an a-invariant inverse semigroup S € D of partial
isometries generating D as a C*-algebra such that F = C*(E). The property that
d preserves F is equivalent to the canonical unitaries 7, y € I', normalizing F.
Therefore, S = {sty: yel, se S} is an inverse subsemigroup of partial isometries
in Npy,r(F) with idempotent semilattice equal to E such that (C* (S), C*(E)) =
(D xsT', F).If T is abelian, then S clearly consists of S-homogeneous elements. This
shows 4).

Assume that A is unital and P(B)\ {0, 1} — Ko(A) is surjective. Let x € Ko(D)
and find some k € Nand x € Ko(C(I') ® M® A) which gets mapped to x under
the canonical map. Using the identification

Ko(C(I) @ M®* @ A) = Ko(A)T,

we find by assumption g1, ..., gr| € P(B)\ {0, 1} such that x = ([¢1], ..., [qr|D.
This shows that x is in the image of the canonical map P(C(I') ® M® g B)\ {0, 1} —
Ko(D). Using that the canonical map C(I') @ M® ® A — D is injective, it follows
that P(F)\ {0, 1} — Ko(D) is surjective. This shows 5).

Finally, assume that A is either a unital UCT Kirchberg algebra or a unital,
simple, separable, nuclear TAF algebra in the UCT class. Assume that the family
{B,: v €T} € Aut (A) satisfies K(B),) = K«(a,) and B, (B) = B forally € T.
By Theorem 4.3, we find an action with the Rokhlin property p : I' ~ A such that
By~upy forall y € I'. In particular, Ky (a)) = K«(p,) forall y € I'. By the first part
of this theorem, we obtain a Cartan subalgebra F' C A satisfying 1)-5) (if applicable)
for p. By [15, Theorem 4.2 and Theorem 4.3], there exists an equivariant isomorphism
(A,@) = (A, p). The image C of F under this equivariant isomorphism yields the
desired Cartan subalgebra. O

Remark 4.5 1f the Weyl twist of (A, B) in Theorem 4.4 is trivial, then also the Weyl
twists of (A, C) and (A x4 I, C) are trivial. This follows from the above proof and
Remark 3.7. If in addition A is unital and nuclear, it then follows from Remark 4.2
that for S € A and S C A X, I' in Theorem 4.4 4), there exist inverse subsemigroups
S € Sand & C S such that the inclusions S’ <> A and &' <> A x, I" induce
isomorphisms A = Ct*ight(S’) and A x, [ = Cr*ighz(g/)' As the action « is induced
by a twisted groupoid automorphism, S’ is a-invariant; see Lemma 4.1.

Let us now explain how the following result is a consequence of [19,43,44]. Recall
that a subgroup of a group is called a Sylow subgroup if it is a maximal p-subgroup
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for some prime number p > 2. Given a countable row-finite graph E, we denote by
O(E) the graph C*-algebra associated with E.

Lemma 4.6 Let Ko, K| be countable abelian groups andu € Kq an arbitrary element.
Let T be a finite group such that every Sylow subgroup of T is cyclic. Let ' ~ K;,
i =0, 1, be actions such that I' ~ K fixes u.

Then there exists an étale topologically principal groupoid G with compact totally
disconnected unit space X and an action ' ~ G such that

(1) C}(G) is a unital UCT Kirchberg algebra.

(2) We have a T-equivariant isomorphism (Ko(C:(G)),[1], K((C:(G))) =
(Ko, u, K1).

(3) The canonical map P(C(X))\ {0, 1} — Ko(C(G)) is surjective.

Proof Our proof is a combination of [19,43,44]. We first use [19] to obtain exact
sequences of permutation modules. We then apply the construction in [44], which
builds on [43]. This approach has also been mentioned in [20, Remark 3.4]. In contrast
to the construction in [20], we obtain groupoids with totally disconnected unit spaces
in this way.

For i = 0, 1, consider the exact sequence of ZI'-modules

0— N - 7Z[K:] 25 K; — 0,

where 7; is the canonical projection and N; = ker(sr;). All the modules in the sequence
are countable. Since every Sylow subgroup of I' is cyclic, [19, Theorem 1.4 and
Corollary 3.7] imply that &; is permutation projective for i = 0, 1. Hence, by [19,
Lemma 3.12] and (the proof of) [19, Lemma 3.2], we can find countable I"-sets X;
suchthat N; @ Z[ X;]1 = Z[X;] = Z[K; 1D Z[ X;] as ZI"-modules. We obtain the exact
sequence of ZI'-modules

0= ZIX:] = ZIK; U X;] 2> K; — 0,

- . .. ®id
where I; is the composition Z[ X;] = N; ®Z[X;] Lﬂ) ZIK;1®Z[X;] = Z[K;uX;]and
- . .. i+0 .
7; is the composition Z[K; U X;] = Z[K;] & Z[X;] nid) K;. Setting A; := K; U X;,
B; ;= X;,and ap := u € Ko u Xy9 = Ag, we obtain, for i = 0, 1, a short exact
sequence of ZI'-modules

0 — Z[B/] — Z[A;] 2> K; — 0.

and ag € Ay is fixed by I" with 7o (ag) = u.

This is precisely the initial data needed to run the construction in [44, Theorems 2.1
and 2.2]. Let us sketch the construction and refer the reader to [43,44] for details. Using
[44, Theorem 2.1] and (the proof of) [44, Theorem 2.2], we obtain irreducible (i.e.,
strongly connected) countable graphs E;, F;, i = 0, 1, each of which has a unique
vertex emitting infinitely many edges, together with actions I' ~ E;, i = 0, 1, and
I'-equivariantinclusions A; < E lo ,avertexw € Fé) , such that we have isomorphisms

@ Springer



280 S. Barlak, X. Li

o (Ko(O(EN), Ki1(O(E)) = (K;, {0}), fori =0, I;
o (Ko(O(F0)), [Pw], Ki(O(Fp))) = (Z, 1,{0});
o (Ko(O(F1)), Ki(O(F1))) = ({0}, Z);

and the first two isomorphisms fit into commutative diagrams, fori = 0, 1:

A — EY — P(O(E)))

I+ |

K; ———=—— Ko(O(Ep)

Note that commutativity of the diagram for i = 0 implies that the isomorphism
Ko(O(Ep)) = Ko sends [Py,] to u € Ko. Now, the construction in [43], applied to
Ey, E1, Fy and Fy, yields a “hybrid graph structure” 2. The I"-actions on Eg and E
induce a I'-action on 2. In €2, we have a notion of finite paths, denoted by 2*, and a
length function/ : Q* — N2 (where N = {0, 1, 2, ...}). We also have infinite paths
in €2, and we can equip the set Z of infinite paths with a natural topology such that Z
becomes a totally disconnected, second countable, locally compact Hausdorff space.
Moreover, we can concatenate finite paths with infinite paths, written wz for a finite
path 1 and an infinite path z. We can then define a groupoid G consisting of all triples
(z,n,7) € Z x 72 x Z for which there exist finite paths u, v and an infinite path ¢
such that z = u¢, 7/ = v¢ and I(u) —I(v) = n. Inversion and multiplication are given
by (z,n,2)"' = (Z/, —n,z) and (z,m, 2)(Z',n,7") = (z,m + n, 7"). In particular,
GO is given by all triples (z, 0, z), z € Z, and is canonically homeomorphic to Z. By
construction, G is étale, and it is topologically principal by [43, Lemma 2.18]. The
I-action on £ induces a ['-action on G. Spielberg shows in [43] that C;"(G) is a stable
UCT Kirchberg algebra and that there is a canonical I'-equivariant inclusion

i : (O(Ep) ® O(Fy)) @ (O(E)) ® O(Fy)) < Cf(G),
where O(Fp) and O(F)) are equiped with the trivial I"-actions. We do not need the

precise form of i, but only the following properties:

(i1) i induces a I'-equivariant isomorphism in K-theory;
(i2) for every finite path u € Ej in Eo, i(SuS; ® Py) is of the form 1y for some
compact open subspace ¥ C Z.
In (i2), S, is the partial isometry corresponding to u in the graph C*-algebra O(Ey),
and 1y is the characteristic function of Y, viewed as an element in Co(Z) =
Co(G) € CH(G).
In particular, setting 1y = i (P, ® Py), i induces an isomorphism

(Ko(CF(G)), [1x], K1(CF(G)) = (Ko, u, K).

As T fixes ag and w, X is fixed by I'. Hence I' acts on GX, thus on C;“(G§), and
the canonical I'-equivariant inclusion Cr*(é§) =1 XC,*(G)] X <> Cr*(é) induces a
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I'-equivariant isomorphism
(Ko(CF (G, [11. Ki(CF(GX))) = (Ko, u, Ky).

Now set G := G § The unit space of G is obviously given by X and hence a totally
disconnected compact space. G is étale and topologically principal as G has these
properties.

Finally, let

J 1 O(Eo) ® O(Fy) > (O(Eg) ® O(Fy)) & (O(E1) ® O(F) <> CH(E)

be the restriction of i to O(Eg) ® O(Fp). Then j, is an isomorphism in K.
It follows from the K-theory computation for graph C*-algebras and the Kiin-
neth Formula (see [41]) that {j,[P, ® P,]:v € EJ} generates the Ko-group of
Cr (G). As Ey is strongly connected and has a vertex emitting infinitely many
edges, the image of P(C(X))\{0} — Ko(C}(G)) contains the group gener-
ated by {j.[P, ® Pyl:v € EJ} in Ko(CH(G)) = Ko(C}(G)). This shows that
PCX)O\{0} — Ko(C:(G)) is surjective. To see that P(C(X)\{0,1} —
Ko(C}(G)) is surjective, it suffices to find a compact open subset ¥ # Y C X
such that [1y] = [1x]. This however is easy using property (i), strong connectedness
of E( and the existence of a vertex emitting infinitely many edges in Ej. O

By applying Lemma 4.6 and then stabilizing, we obtain the following:

Corollary 4.7 Let Ko, K| be countable abelian groups. Let T be a finite group such
that every Sylow subgroup of T is cyclic. Let ' ~ K; be actions fori = 0, 1.

Then there exists an étale topologically principal groupoid G with totally discon-
nected unit space X and an action ' ~ G such that

(15¢) CX(G) is a stable UCT Kirchberg algebra.
(25t) We have a I'-equivariant isomorphism (Ko(C}(G)), K1(C}(G))) = (Ko, Ky).
(35t) The canonical map P(Co(X))\ {0} — Ko(C}(G)) is surjective.

Remark 4.8 A finite group I" has the property that every Sylow subgroup is cyclic if
and only if I' admits a presentation

F=(a,bla"=1=b", b lab=2d"),
where misodd,0 <r < m,r" =1 mod m and m and n(r — 1) are coprime, see for
example [38, 10.1.10]. In particular, every such group is an extension of one cyclic
group by another.

The induced actions I' ~ C}(G) in Lemma 4.6 and Corollary 4.7 preserve the
canonical Cartan subalgebras C(X) and Cy(X), respectively. Therefore, Lemmas 4.1,
4.6, Corollary 4.7 and the Kirchberg—Phillips classification theorem [22,33] immedi-
ately imply
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Lemma 4.9 Let " be a finite group such that every Sylow subgroup is cyclic. Let A be
a UCT Kirchberg algebra and o : T' ~ K.(A) an action preserving [1] € Ko(A) if
A is unital. There exists an action o : I' ~ A and an «o-invariant inverse semigroup
S C A of partial isometries that generates A as a C*-algebra such that

(1) Ki(ay) =0y forally €T;

(2) (A, C*(E)) is a Cartan pair such that C*(E) has totally disconnected spectrum
and a, (C*(E)) = C*(E) forall y € T';

(3) P(C*(EN\{0, 1} = Ko(A) is surjective if A is unital;

@) P(C*(E)\ {0} — Ko(A) is surjective if A is stable.

Remark 4.10 If A is unital in Lemma 4.9, then Remark 4.2 implies that S C A can be

chosen so that S < A induces an isomorphism A = C}; ght(S).

We obtain the following result for actions with the Rokhlin property on unital UCT
Kirchberg algebras, which follows immediately by Lemma 4.9, Remark 4.10 and
Theorem 4.4.

Theorem 4.11 Let ' be a finite group such that every Sylow subgroup is cyclic. Let
A be a unital UCT Kirchberg algebra with A = A @ Mrj. Leta : I' ~ A be an
action with the Rokhlin property.

Then there exists an a-invariant inverse semigroup S C A of partial isometries
inducing an isomorphism A = C[. . (S) such that C*(E) is a Cartan subalge-
bra with totally disconnected spectrum, a, (C*(E)) = C*(E) for all y € T, and
P(C*(EN\ {0, 1} — Ky(A) is surjective.

Theorem 4.12 Let n > 2. Let A be a unital UCT Kirchberg algebra and o : Z,, ~ A
be an outer approximately representable action. Assume that A Xy Z, absorbs the
UHF algebra My~ tensorially. Then the following are equivalent:

(i) A Xy Zy satisfies the UCT;
(i) there exists an inverse semigroup S C A of partial isometries inducing an iso-

morphism A = Ct*ighl(S) such that

(1) S is a-homogeneous;

(2) C*(E) is a Cartan subalgebra with spectrum homeomorphic to the Cantor
space in both A% and A;

(3) unitaries in A® witnessing approximate representability can be chosen in

(iii) there exists a Cartan subalgebra C C A such that «(C) = C.

Proof We prove that (i) implies (ii). As « is outer, B := A Xy Z, is simple by [24,
Theorem 3.1] and purely infinite by [16, Theorem 3]. Denote by y : Z,, ~ B the dual
action of o, which has the Rokhlin property by Theorem 2.8. Lemma 4.9 together with
Theorem 4.4 and Remark 4.5 now yield an inverse semigroup ScB Xy Ly of p-
homogeneous partial isometries inducing an isomorphism B x,, Z, = C}; aht (S) such
that the sub-C*-algebra C*(FE) generated by the corresponding idempotent semilattice
is a Cartan subalgebra in both B and B %, Z,; in addition, unitaries in (B x,, Z,)" = B
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witnessing approximate representability of y can be chosen in C*(E) and the map
PC*(EN\{0,1} — Ko(B) = Ko((B %y, Zy)?) is surjective. Furthermore, being
a masa with totally disconnected spectrum in a unital Kirchberg algebra, C*(E) has
spectrum homeomorphic to the Cantor space. Thus, S CBXyZy=AXgZLy Xg Ly
satisfies the properties (1) - (3) for y = Q.

Now let e € B(¢%(Zy,)) denote the rank one projection onto the subspace of con-
stant functions and p : Z, ~ B({%(Z,)) the action induced by the right regular
representation. There are equivariant isomorphisms

(A ) = (1 ®)A®BU (L)1 ®e),a ® p) = (f(A xg Ly X5 L) f. &)

for some projection f € (A Xg Zy X4 Zn)&\{O, 1}, where the second isomorphism
is induced by Takai duality, [47, Theorem 3.4]. Using that P(C*(E))\ {0, 1} —
Ko(B) = Ko((A Xy Zy N&Zn)&) is surjective, we find a projection p € C*(E)\ {0, 1}
such that [p] = [£] € Ko((A Xa Zn Xg Zn)Y). Since (A xq Zn ¥z Zn)® is purely
infinite simple, we find a unitary u € (A Xy Zy Xy Zn)é‘ such that ufu* = p, see [6,
§1]. Hence

Ad (u) : (f(A Xg Zy Mg Zn)f,&) = (P(A Xy Zy Xg Z,,)p,&)

is an equivariant isomorphism, showing that (A, o) = (p(A Xy Zy, X4 Zn)p, &). The
inverse semigroup

pSp C p(B Xy Zn)p = p(A Xg Zn ¥4 Tn)p

clearly consists of &-homogeneous partial isometries, and pSp — P(A Xo Zn Xg
Zy) p induces an isomorphism p(A Xy Zy Xg Zp)p = Ct*l.ght(pSp) by Remark 4.2.
Moreover, pC*(E) p is a Cartan subalgebra in both p(A %y Z, X4 Z,)p and

P(A X Zy X5 ) p = (P(A X Tn X Tn)p)%,

and coincides with the C*-algebra generated by the idempotent lattice of pS p. Further-
more, by multiplying unitaries in C*(E) witnessing approximate representability of
& with P, one obtains unitaries in pC*(E) p witnessing approximate representability
of the restricted action of & on P(A Xo Zy X4 Zy)p. The desired inverse semi-
group S C A is now given as the image of pSp under the equivariant isomorphism
(A, @) = (p(A Xg Zy X Zn)p, Q).

The implication (ii) implies (iii) is trivial and the last implication, (iii) implies (i),
follows from [1, Proposition 3.4]. O

Definition 4.13 ([14, Definition 3.6]). Let T be a finite abelian group and A a unital,
separable C*-algebra. An action « : I' ~ A is called strongly approximately inner if
there exist unitaries u, € A%, n € N such that « = lim,_, oc Ad (u,,) in the topology
of pointwise norm convergence.
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Remark 4.14

1) By [46, Proposition 4.8] and [45, Corollary 4.10], the assumption in Theorem 4.12
that A x4 Z, absorbs M, ~ tensorially is equivalent to « being conjugate to o« ®1id :
Zyn ~ A® Myx~. On the other hand, if « : Z, ~ A is any outer strongly
approximately inner action on a unital UCT Kirchberg algebra, then o ® id :
Zn ~ A ® My~ is outer and approximately representable by [14, Lemma 3.10].
Hence, the assumptions of Theorem 4.12 are satisfied for o ®1id : Z,, ~ A ® M0
as (A ® M) Na®id Ly = (A Xg Zn) & Myco.

2) To the best of the authors’ knowledge, it is not known whether all Z-actions on
O, are strongly approximately inner.

We also record the following consequence for outer strongly approximately inner
actions on O3 by cyclic groups with prime power order.

Corollary 4.15 Let p > 2 be a prime number, n > 1 a natural number and g = p”.
Leta : Zy ~ O3 be an outer strongly approximately inner action. Then the following
are equivalent

(1) Oy Xq Zy satisfies the UCT;

(i) there exists an inverse semigroup S < Oy of partial isometries inducing an
isomorphism Oy = C7; ght(S) such that

(1) S is a-homogeneous;

(2) C*(E) is a Cartan subalgebra with spectrum homeomorphic to the Cantor
space in both OF and Oy;

(3) unitaries in OF witnessing approximate representability can be chosen in

C*(E).
(iii) there exists some Cartan subalgebra C C O, such that a(C) = C.

Proof 1t follows from the Pimsner—Voiculescu sequence for Z,-actions (see [5, The-
orem 10.7.1]) that K, (O X4 Zg) is uniquely p-divisible and in Cuntz standard form
(see [14, Lemma 4.4] for details). Therefore Oy X Z, absorbs Mpee = M oo ten-
sorially by the Kirchberg-Phillips classification theorem [22,33]. Furthermore, « is
approximately representable by [14, Theorem 4.6]. Hence, Theorem 4.12 applies and
the proof is complete. O

The following result gives a characterization of the UCT problem for separable
nuclear C*-algebras that are K K -equivalent to their M yo-stabilisation, where p > 2
is a prime number, in terms of outer Z,-actions and Cartan subalgebras of O;. A
similar result for the case p = 2 can be found in [1, Theorem 5.8].

Theorem 4.16 Let p > 2 a prime number. The following statements are equivalent:

(1) Every separable nuclear C*-algebra A that is K K-equivalent to A ® M po
satisfies the UCT;

(ii) for every outer strongly approximately inner action o : Z, ~ Oy there exists
an inverse semigroup S < O, of partial isometries inducing an isomorphism

0, = Ct*ight(S) such that

@ Springer



Cartan subalgebras and the UCT problem, I 285

(1) S is a-homogeneous;

(2) C*(E) is a Cartan subalgebra with spectrum homeomorphic to the Cantor
space in both OF and Oy;

(3) unitaries in OF witnessing approximate representability can be chosen in

(iii) every outer strongly approximately inner Z,-action on O, fixes some Cartan
subalgebra B C O, globally.

Proof Assume that (i) holds and let o : Z, ~ O; be an outer strongly approxi-
mately inner action. Then 0> x4 Z), is a unital, M ,o-absorbing Kirchberg algebra.
By assumption, O, Xy Z), satisfies the UCT. Claim (ii) now follows from Corol-
lary 4.15.

The implication from (ii) to (iii) is trivial.

Lastly, assume (iii) and let A be a separable, nuclear C*-algebra with the property
that it is K K-equivalent to A ® Mp~. Then A is K K-equivalent to a unital M poo-
absorbing Kirchberg algebra A’ by [22, Theorem I]. By [2, Proposition 4.14], there
exists an outer approximately representable action y : Z, ~ O, such that O, x, Z),

is K K -equivalent to Mfof_l. Fix an isomorphism A’ ® O, = O, and let a be the
automorphism corresponding to id 4 ® y under this identification. Then

Or xq Zp = (A" ® O2) Nid, @y Lp ~kk A’ ® MIEB£71 = AP g ABPTL

As an outer strongly approximately inner action on O3, « fixes some Cartan subalgebra
B C O, globally by assumption. By [1, Proposition 3.4], O X Z, satisfies the UCT
and so does A. This shows (i) and the proof is complete. O

The UCT problem can now be reformulated as follows.

Corollary 4.17 The following statements are equivalent:

(i) Every separable nuclear C*-algebra A satisfies the UCT;

(i) for every prime number p > 2 and every outer strongly approximately inner
action o : Zp ~ O there exists an inverse semigroup S S O, of partial
isometries inducing an isomorphism Oy = C7; ght(S) such that

(1) S is a-homogeneous;
(2) C*(E) is a Cartan subalgebra with spectrum homeomorphic to the Cantor
space in both OF and Oy;
(3) unitaries in OF witnessing approximate representability can be chosen in
C*(E);
(iii) every outer strongly approximately inner Z,-action on O with p =2 or p =3
fixes some Cartan subalgebra B C O, globally.
Proof This follows immediately from Theorem 4.16 and [2, Proposition 4.16]. O

Remark 4.18 The reader may find a comment (without further details) in [5, 23.15.12]
pointing towards similar characterizations of the UCT problem as those in Theo-
rem 4.16 and Corollary 4.17.
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