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Abstract
In the present paper, we prove the existence of solutions (A1, Az, u,v) € R? x
H'(R3, R?) to systems of coupled Schrédinger equations

—Au+ Mu = u1u3 + ﬂuv2 in R3

—Av+ v = u2v3 + ,Buzv in R3

u,v>0 in R3
satisfying the normalization constraint fR3 u> =a*> and fR3 v? = b?, which appear
in binary mixtures of Bose—Einstein condensates or in nonlinear optics. The param-
eters i1, L2, B > 0 are prescribed as are the masses a, b > 0. The system has been
considered mostly in the case of fixed frequencies A1, Ao. When the masses are pre-
scribed, the standard approach to this problem is variational with A1, A, appearing as
Lagrange multipliers. Here we present a new approach based on the fixed point index
in cones, bifurcation theory, and the continuation method. We obtain the existence
of normalized solutions for any given a, b > 0 for § in a large range. We also have
a result about the nonexistence of positive solutions which shows that our existence
theorem is almost optimal. Especially, if 11 = u» we prove that normalized solutions
exist forall B > Oand all a, b > 0.
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1 Introduction

The time-dependent system of coupled nonlinear Schrodinger equations
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—i L0 = AD| + 1| 017D + B D221,
—ifr®2 = APy + | 022Dy + BI®1 PPy, () €RY xR, (LD
®; =d;(x,1)eC,j=12, N<3,

is used as model for various physical phenomena, for instance binary mixtures of
Bose-Einstein condensates, or the propagation of mutually incoherent wave packets
in nonlinear optics; see e.g. [1,18,19,33]. In the models, i is the imaginary unit, ®; is
the wave function of the j-th component, and the real numbers 1 ; and S represent the
intra-spaces and inter-species scattering length, describing respectively the interaction
between particles of the same component or of different components. In particular,
the positive sign of w; (and of B) stays for attractive interaction, while the negative
sign stays for repulsive interaction. In present paper, we consider the case of positive
parameters ©1, w2, B > 0, i.e. the self-focusing and attractive case. An important,
and of course well known, feature of (1.1) is conservation of masses: the L%-norms
|P1(-, t)|2, |P2(-, 1)|2 of solutions are independent of ¢+ € R. These norms have a
clear physical meaning. In the aforementioned contexts, they represent the number of
particles of each component in Bose—Einstein condensates, or the power supply in the
nonlinear optics framework.

The ansatz @ (x, 1) = e*"u(x) and ®>(x, 1) = e/*2’v(x) for solitary wave solu-
tions leads to the elliptic system:

_A“J”l”:“]“jﬂg“”j’ n RV, (1.2)
—Av + v = uav’ + Bou’,
This system has been investigated by many authors since about 2005, mainly in the
fixed frequency case where A1, Ay > 0 are prescribed; see e.g. [4,11,12,14,24-26,29—
32,34] and the references therein.
Much less is known when the L?-norms |u|,, |v|, are prescribed, in spite of the
physical relevance of normalized solutions. A natural approach to finding solutions of
(1.2) satisfying the normalization constraints

/ u? =a® and/ v? = b? (1.3)
RN RN

consists in finding critical points (u, v) € H'(RY, R?) of the energy

1 1
I, v) =5 /RN (IVMI2 + IVUIZ) - /RN <u1u4 + pov? +2ﬂu2v2)

under the constraints (1.3). Then the parameters A1, A, appear as Lagrange multipliers.
All papers on normalized solutions of (1.2) are based on this approach; see [7-10,21]
and the references therein. Only the papers [8,21] deal with (1.2)—(1.3) with § > 0.
The existence of normalized solutions for systems of nonlinear Schrddinger equations
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Normalized solutions for a coupled Schrédinger system 1715

with trapping potential has been proved in [27], and on bounded domains in [28], also
by variational methods. In [27,28] the masses a?, b* have to be small.

In the present paper we propose a different approach based on bifurcation theory
applied to (1.2) with Ap = 1, taking A; as parameter. There are two families of
semitrivial solutions of (1.2) where either u = 0 or v = 0. The bifurcation of global
continua of positive solutions of (1.2) from these semitrivial solutions has been proved
in [12]. We shall investigate the global behavior of these continua, and the L2-norms
of the solutions along them, in order to obtain the existence of solutions of (1.2)—(1.3).
A major tool will be the fixed point index in cones.

In this paper we deal with the case N = 3 when the growth of the nonlinearity
is mass-supercritical. In dimension N = 1 the growth of the nonlinearity is mass-
subcritical so that J is bounded from below on the constraint and normalized solutions
can be obtained by minimization. In dimension N = 2 the growth of the nonlinearity
in (1.2) is mass-critical making the existence of normalized solutions a very subtle
issue, heavily depending on the prescribed masses a?, b2, as can already be seen in
the scalar case.

The paper is organized as follows. In the next section we state and discuss our
results, in particular we compare them with existing results on normalized solutions.
We also state and discuss some new non-existence and uniqueness theorems for (1.2)
that will enter in the proofs of our results on normalized solutions. Then in Sect. 3
we collect and prove a few basic facts about (1.2). Section 4 contains the main idea
of our approach. There we reduce the proofs of our results on normalized solutions to
the problem of controlling the L>-norms along continua of solutions of (1.2), and we
describe the bifurcating continua. An important part of our proof is to understand the
behavior of the L2-norms as A — 0 or A — oo. We investigate this in Sect. 5 where
we also prove the non-existence and uniqueness theorems for (1.2). The main results
about normalized solutions will be proved in Sect. 6.

2 Statement of results

We are concerned with the existence of real numbers A1, A, € R and of radial functions
Uu,v e Hrla d (IR3) that solve

—Au+k1u:u1u3+ﬁuv2, in R3,
—Av+ v =M2v3+/3u2v, in R3, @0
u,v >0, in R3, '

lul =a and |vz =D,

where (11, w2, B, a, b > 0 are prescribed positive real numbers and | - |, denotes the
L2-norm. In order to state our results we define

Vo |*dx
T = inf fR}' d

T 2.2)
peD2®N)©\(0) Jrs UPd?dx
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1716 T.Bartschetal.

where U is the unique positive radial solution to
—Au+u=u’inRY; u(x) — 0 as |x| - oo; 2.3)

cf. [23]. We shall see that g € (0, 1).

Theorem 2.1 Let w1, o > 0. Then we have the following conclusions.

(a) If B € (0, tomin{uy, w2}l U (ro max{pu, u2}, +00) then for any a,b > 0, the
problem (2.1) has a solution (A1, A2, u,v) with Ay > 0,X2 > 0 and u,v €
H), g ().

(b) If B € (tomin{uy, o}, tomax{uy, ua}] then there exists 5 > 0 such that for any
a,b > 0 satisfying

5 =0 ifua<pui;
%2% if o > u,

the problem (2.1) has a solution (Ay, Ao, u,v) with Ay > 0,12 > O and u,v €
Hrlad(R3). If in addition B € (tomin{u, o}, min{w, ua}) then

5 >

B —min{uy, uz}
B — max{ui, uo}’

Of course it is natural to ask whether (2.1) has a solution without any conditions
on i1, 12, B, a, b. This is not true however, as the next result shows.

Proposition 2.2 If u» < B < tou1, then there exists ¢ > 0 such that (2.1) has no
solution for % > q. If w1 < B < 1o, then there exists g > 0 such that (2.1) has no
solution for § < q.

Theorem 2.1 and Proposition 2.2 will be proved in Sect. 6.

Remark 2.3 As mentioned in the introduction, only the papers [8,21] deal with (1.2)-
(1.3) in the case B > 0. Theorem 2.1 significantly improves and complements the
results of [8]. There the authors obtain a solution (A1, A2, u, v) of (2.1) as in Theo-
rem 2.1 for 0 < f < B and for 8 > B, where B, B2 > 0 are defined implicitely
by

1 1 1 1
max s = + .
{azpf b u3 } a’(ui + B1)?  b2(u2+ B1)?

and

(@® + b*)* o
=min] —, —¢.
(1a* 4 pab* + 2Bra2b?)? a?ut’ b3
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Normalized solutions for a coupled Schrédinger system 1717

Clearly the bounds §;, 82 depend on the masses a, b > 0 and
B1— 0, o > o0 as%—>00r%—>oo.

In particular there is no value of 8 so that the results from [8] yield a solution for all
masses.

In [21] the authors consider more general (but still homogeneous) nonlinearities
and interaction terms. Specialized to (1.2)—(1.3) their results recover those of [8]. Our
new approach via bifurcation theory and continuaton can also be applied to the systems
considered in [21] and to improve the results in that paper.

We now add a few results on (1.2) which enter in the proofs of Theorem 2.1 and
which have some interest in itself. Below we assume A, Ao > 0. This is no restriction
because we shall prove that positive solutions of (1.2) with w1, w2, 8 > 0 can only
existif Ay, Ao > 0; see Lemma 3.3.

Theorem 2.4 (a) For 8 > | there exists n1(B) > 0 such that (1.2) has no positive
solution zfi‘—; > n1(B).

(b) For B > y there exists n2(B) > 0 such that (1.2) has no positive solution if
2 <mp)

The next theorem makes some progress towards uniqueness of positive solutions
of (1.2).

Theorem 2.5 (a) Problem (1.2) with N = 3 has at most one positive solution for

At AL
> 0 small or for 7 large.

(b) If B < tou then (1.2) with N = 3 has a unique positive solution for 250

*
small. If B < tou then (1.2) with N = 3 has a unique positive solution for %
large.

Theorems 2.4 and 2.5 will be proved in Sect. 5.
Remark 2.6 1t is known and easy to see (cf. [11,29]) that the problem
—Au+u= u1u3 + ﬂuvz, in R3,
—Av+ v = v’ + Buv, inR3, (2.4)

u,v >0, in R3.

has no solution in the regime 8 € [min{u1, o}, max{py, wa}l, if w1 # po. On the
other hand, for 8 € (0, min{u1, p2}) U (max{w1, n2}, +00) it is also easy to see that

B — 2 B —m
= —U s = U
“p) \ B> — mim2 vt = e VY

solve (2.4). The solution (ug, vg) is nondegenerate in the space Hrla d(R3, R2); see
[17, Lemma 2.2]. Sirakov [29, Remark 2] conjectured that, up to translations, (ug, vg)
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1718 T.Bartschetal.

is the unique positive solution of (2.4). Wei and Yao [35, Theorem 4.1, Theorem 4.2]
proved this conjecture for § > max{u1, u2} and for 0 < B < By close to 0. Chen and
Zou [14, Theorem 1.1] proved the conjecture in case B, < B < min{u, 2} close to
min{u1, u2}. The remaining range g € [Bo, ﬁ(/)] is open up to now.

3 Some preliminaries

In this section we collect results that hold for more general N, not only for N = 3.
We write |u|, for the L”-norm. Let us first recall two results from [9].

Lemma 3.1 Let (u, v) be a solution to
—Au~+ ru = pu’ + Buv? inRY,

—Av+ v = u2v3 + ,Buzv in RN, 3.1
u>0,v>0 in RN

with N < 3. If A1 > O then there exists «, y > 0 such that
u(x) < ae 1yl for every x € RV.

Although only the case N = 3 has been considered in [9, Lemma 3.11] the proof
works verbatim for N < 3. The second result [9, Lemma 3.12] is a Liouville-type
theorem.

Lemma3.2 If0 < u € H'(RY) satisfies
—Au+ c(x)u > OinRN,N <3,

with0 < c(x) < Ce_cmfor some C > 0, then u = 0.
Proof The proof in [9, Lemma 3.12] for N = 3 can be modified to cover N < 2 as
follows. Suppose by contradiction that # # 0, hence u > 0 by the strong maximum
principle. Setting v(x) := |x|~* for some 0 < @ < % there holds
—Av+c@)v=a(—a+ N —2)x| 2+ c(x)v
<a(—a+ N =2 x| * 2+ Ce Hx7@ <0
for every |x| > ro with rg large enough. Since u > 0 in R", there exists Cop > 0 such

that u(x) > Cor,* for |x| = ro. Now the comparison principle implies u > Cp|x|™®
in RM\B,, (0), hence |u|, = oo, contradicting u € H'(RV). ]

Lemma 3.3 Assume that u,v € H'(R3) are positive and solve (1.2) with w1, pur > 0
and B # 0. If in addition

/ (u1u4 + vt + 2,3u2v2) >0
RN
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Normalized solutions for a coupled Schrédinger system 1719

then A1, Ay > 0. Moreover, u, v are radial functions (up to translation) and strictly
radially decreasing if B > O.

Proof We first observe that
IVuls + tlul3 = pilulg + Bluvl3,  |Vul3 + dalvl3 = palvli + Bluvl3,
hence
IVul3 + VoI5 = —(lul3 4+ A20vl3) + (ualulf + palvly + 28[uvl3).
Now the Pohozaev identity
(N =2)(1Vul} + [Vv3)
= N (ualu3 + 2alvB) + 5 (aluld + alol + 281uvl3)

implies

(w3 + ralvl3) = (11 |ul3 + palvly + 2Bluv]3) > 0.

Therefore without loss of generality we may assume A; > 0. Then u(x) decays
exponentially at infinity according to Lemma 3.1. If X, < 0 we distinguish by the sign
of B. In the case < 0, we have

—Av + (—,Buz)v = ,u2v3 — v > 0.

Then 0 < c(x) := —ﬁuz < Ce €Il and —Av + c(x)v > 0, hence v = 0 by Lemma
3.2. In the case § > 0, we have

—Av > ,u2v3 in RN and v > 0.

Now the classical Liouville-type theorem from [20] yields v = 0, a contradiction. The
last statement is due to [13, Theorem 1]. O

Let S be the sharp constant for the embedding H LRN) — L*@RM), ie.
Slulj < (IVul3 + |ul3) forallu € H'(RY), (3.2)

and |
S = (|VU|§ 4 |U|§)2 —|Up (3.3)

where U is the positive radial solution of (2.3). As in [12, (1.6)] we introduce the
function 7 : Rt — R defined by

_ . S (IV@1* + s?)
T(s) := inf 33 .
peH RN} [pv U%9

(3.4)
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1720 T.Bartschetal.

Lemma 3.4 (a) The infimum tq in (2.2) and the infimum in (3.4) are achieved by unique
positive radial functions (and their scalar multiples).

(b) T € CORT,RY) is strictly increasing and satisfies: (1) = 1, T(s) — 10 as
s >0, 7(s) > 00ass — oQ.

Proof (a) Follows in a standard way from the compactness of the embedding
Dé:fa s L*(U%dx) and symmetrization. The positive radial minimizer ¢,

s > 0, is the first eigenfunction of the eigenvalue problem —A¢ + s¢p = AU?¢.
We choose ¢ to be normalized in L2(U2%dx).
(b) We have for s; > s, > 0:

T(52) < Vs, 13+ 52105, 13 < IVs, 13 + 51165, 13 = T(s1),

hence t(s) is strictly increasing.

In order to prove the continuity consider a sequence s, — s > 0. Clearly the
minimizers ¢, are bounded, hence up to a subsequence ¢;,—¢ in H'(RV), and
@5, = ¢ in L%(U?dx). This implies:

T(s) < VI3 + 51613 < liminf (I, § + sl 3) = liminf (s,)
n— 00 n—oo

< limsup 7(s,) < limsup [V |3 + sul¢s13 = [Vs|3 + slgsl3 = t(s)

n—oo n—o0

Thus, t(s,) = 7(s) and ¢ = ¢y, so t is continuous. Moreover, for s > 0 we have
¢s, — ¢ in H'(RV) because

Vs, 3 + 515, 13 = T(sn) + 0(1) = T(s) = [Vehs|3 + sl 3.

The identity t(1) = 1 is obvious because by definition U > 0 is an eigenfunction
of —A¢ + ¢ = AU?¢ associated to the eigenvalue A = 1.

Next we observe that fRN Uzd)szdx =land U € L®@RY) imply |¢s]» >« > 0
uniformly in s, hence

7(s) = |V¢S|% +s|¢s|% > sk? — 00 ass —> 00.

In order to prove t(s) — 19 as s — 0 assume to the contrary that there exists § > 0
so that

T(s) > 19+ 8, foralls > 0.
We choose a smooth cut-off function x : R — [0, 1] that is decreasing and satisfies

1 ifr <1;

KO =00 i >0,
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Normalized solutions for a coupled Schrédinger system 1721

Setting xz : RV — R, xgr(x) = x(|x|/R) we have for R > 0 large that

Vgoxwls 1
Jon U@oxp)2dx 02"

This implies for s close to 0 the contradiction:

IV (poxr)I3 + slpoxr|3

PO = T U (oxr)Pdx

<1+

4 Global branches of solutions

We consider a special case of (1.2) , namely

—Au+ = pu + Brviu in R3,

4.1
—Av4v =+ BuPv  inR3. @1

A straightforward computation shows the relation to (2.1).

Lemma 4.1 If (u,, vy) is a solution of (4.1) with

1512 _ [val2 i 42)
a b

then
ulx) = azuk(azx) and v(x) = azvk(azx)
solve (2.1) with »| = rat and oy = o

Remark 4.2 Clearly the converse holds in Lemma 4.1. If (u, v) solves (2.1) then

1, (x) = Vaou(Vaox) and v (x) = Vav(y/2ax)
solve (4.1) with A = % and such that (4.2) holds.

Recall the solution U of (2.3). Setting
v
U u(x) = ~—Ux)
I NG

one easily checks that (U, ;,,, 0) and (0, Uy, ) solve (4.1). These are called semitrivial
solutions in the literature. We fix 1, 2 > 0 and consider A and 8 as parameters in
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1722 T.Bartschetal.

(4.1). Then we have two families of semitrivial solutions of (4.1):
,]] = {()"a ,3’ U}\,;L]a 0) : )"’ﬁ > 0} and 7& = {()"7 /37 05 U],/Lz) : )"7/3 > 0}

Clearly we also have the family 7y := {(, 8,0,0) : A, 8 > 0} of trivial solutions.
Setting £ = Hrlad(]R3, R?) and P = {(u,v) € E : u,v > 0} for the positive cone,
there holds 71, 7> C X := (RT)2 x P; here RT = (0, c0). Given B > 0 we write
XP := RT x {8} x P and use the notation M# := M N XP for subsets M C X.

We are interested in the set

S={,B,u,v) € X:(A,B,u,v)solves (4.1), u,v > 0}
of nontrivial positive solutions. Let us introduce the function

p:S—>RT B uv)— % (4.3)

Lemma 4.1 implies the following corollary which is the basic tool of our approach to
finding normalized solutions.

Corollary 4.3 If ¢ € p(SP) then (2.1) has a solution.

For the proof of Theorem 2.1 it remains to get information about the image p (S?).
We shall approach this using continuation methods and bifurcation theory. First we
investigate the solutions bifurcating from 77 and 7;. Since we are interested in global
bifurcation we reformulate (4.1). For A, 8 > 0 we define amap A g : P — Pby

A p(u,v) = ((—A + ) (i + i), (=A + 1) (uav® + ﬂuzv)) .

As a consequence of the compact embedding Hrla d (R?) — L*(R?) the map
A:X =P, AR, B,u,v) = A gu, v),

is completely continuous. Clearly fixed points of A; g correspond to solutions of (4.1).
The set of bifurcation points can be explicitly determined. In order to describe it we
define the functions

1) = pit(1/2) and pa(d) = pat(2) fora >0 4.4

with t from (3.4). Using the fixed point index in the cone P, denoted by indp, the
following results have been proved in [12].

Proposition 4.4 (a) The map S — RT x RT, (A, 8, u,v) — (X, B) is proper, i.e.
inverse images of compact sets are compact.

0 SNT ={(B.Upp.0): A>0, B=p W)} =By

© SN ={(.B,0.Uiw): »>0, B=pHMN} =B
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Normalized solutions for a coupled Schrédinger system 1723

(d) For A, B > 0 fixed we have

. _1 )\‘

indp(Ay g, (Up ;. 0)) = :0 /’Z i ,gii)ti
and

. _1 A‘

indp(As g, (0, Ut y,)) = {0 ﬁ j ZEK;

As a consequence of Proposition 4.4 there exist global two-dimensional continua
S; C S bifurcating from 7; so that S; N 7; = B;, i = 1, 2. Using the analyticity
of A it can be proved that S and S; are two-dimensional manifolds except for one-
dimensional subsets where secondary bifurcation takes place, but we do not need this.
The global property of S; can be formulated as in [2]. This is somewhat technical
and not needed here because we are interested in the case of prescribed § > 0. We
will only use the standard Rabinowitz alternative for one-parameter global bifurcation

(Fig. 1).
As a corollary of Lemma 3.4 we obtain the following properties of the functions §;
defined in (4.4).

Corollary 4.5 (a) The function By is strictly decreasing and B, is strictly increasing in
) eRT

(®) pi1(A) — {

o0 A—0
U1To A — 00

© 2(0) — :“2’0 r=0
o0 A — 00

(d) There exists a unique \* > 0 such that B1(A*) = Ba(A*) =: B*.

Now we deduce the global properties of the solutions bifurcating from 7; that we
need for B > 0 fixed. We set £; = i_l : (UiTg, 00) — RT fori = 1,2, define
XP =Rt x {8} x Pfor B > 0, and write P; : X — R™ for the projection onto the
A-component. The closure M of M C X has to be understood in the relative topology
of X.

Proposition 4.6 (a) Thetz is no bifurcation from the set Ty = (RH)2 x {(0,0)} of
trivial solutions, i.e. S N1y = .

(b) If B < rominf{uy, o} then SP N 773 =0i=1,2

(©) If mito < B < Wu2tg then there exists a connected component Sfj c SP with
Sf; N ’Tlﬂ = {(t1(B), B, Ux,uy> 0)}. The projection P (Sf) contains the interval
(0, £1(B)) or the interval (£1(B), 00). There is no bifurcation from 7—2ﬁ in XP.

(d) If uatg < B < w170 then there exists a connected component Sf c SP with
Sf N 7'2/3 = {(£2(8). B, 0, Uy 11,)}. The projection Py (Sf) contains the interval
(0, £2(B)) or the interval (£2(B), 00). There is no bifurcation from ’Tl’g in XP.
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1724 T.Bartschetal.

Tol1

Top2

Fig.1 The sketches of B1(A) and B2 (1) for the case pup < pq

(e) If B > tomax{ui, o} then there exist connected sets 8}3 c 8P i = 1,2 with

SN TP = {(1(B). B. Us . 0)) and S§ 0T = ((62(B). B.0. Ur ). If
8{3 N Sf # () then Sfj = 85. If this is not the case then P (S{g) contains the

interval (0, £1(B)) or the interval (£1(B), 00), and Py (Sg) contains the interval
(0, £2(B)) or the interval (£2(f), 00).

Proof (a) This is clear since (0, 0) is a nondegenerate solution of (4.1) forall (A, 8) €
(R)2.

(b) Asaconsequence of Corollary 4.5 thereisno A > 0 with 81(X) = B or f2(A) = B.

(c) Here Corollary 4.5 implies that there exists A1 = £1(8) > 0 with g1(x1) = B
but there is no A > 0 with S2(X2) = | B. Therefore there exists a connected set
8P c (d—n) " O)NXP)\ T, with S’ NT = ((¢1(B), B, Uy u,» 0)} and which
satisfies the classical Rabinowitz alternative. It cannot return to T]’B because there
is no second bifurcation point on ’Tl’g . Therefore it must be unbounded. Since there

is no bifurcation from 7y and 7> we deduce that S{S N ’Z;’S =@,i = 0,2, hence
S {} C S.Now Proposition 4.4 (a) implies that the only way for S f to be unbounded
is that P (S{S ) contains the interval (0, £1(8)) or the interval (£1(8), 00). To be
careful, if P, (S{S ) contains the interval (0, £1(8)) then Sf is already unbounded

in the sense of the Rabinowitz alternative because we only consider the parameter
range A € R™. It is not necessary that the (1, v)-component becomes unbounded
inS f .

(d) The proof is analogous to the one of (c).

(e) Asintheproofof(c)and (d) there exist connected sets S-‘lﬂ - ((i d—A) "1 O)nx~ )\
77; bifurcating from 7; which satisfy the Rabinowitz alternative. If the closure of
S {3 intersects 7;’3 then S’ fj contains 7, and the connected set of nontrivial solutions
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Normalized solutions for a coupled Schrédinger system 1725

bifurcating from 7,. This implies that
S =8lns=8"\1/=8\1' =8/ ns=5F

connects ’Tlﬂ andTZﬂ . Analogously this holds if the closure of S‘f intersects Tlﬂ .
It remains to consider the case where the closure of gl.ﬂ does not intersect 7'3'3_ ; for

i =1,2. Then Siﬁ = g’f C &P is unbounded in the sense of (c) and (d), i.e. P, (Sf})
contains the interval (0, ¢;(B)) or the interval (¢;(B), c0),i =1, 2. O

Remark 4.7 Using analytic bifurcation theory one can prove that the sets Sf are smooth
curves except for a discrete subset of singular points. One can also apply the Crandall-
Rabinowitz theorem about bifurcation from simple eigenvalues to see that Sﬁ is a
curve near the bifurcation point. These results are not needed here.

As a corollary we obtain a first major building block of the proof of Theorem 2.1.

Corollary 4.8 If B > max{u 79, u270} and Sf} N Sf % () then problem (2.1) has a
solution for every a, b > 0.

Proof Recall the function p from (4.3). By definition there exist (A,, 8, u,, v,) € S{S
SuChthat (A'l’la /37 un7 Un) - (Zl (13)7 ﬂv Uﬁl(ﬂ),ul ’ 0)}’ hencep()"l’h ﬂa Mn, Un) — 0o as

n — oo. And as a consequence of Proposition 4.6 (e) there exist (A),, B, u,,, v)) € S{S
such that (A, B, u),, v,) — (£2(8), 8,0, Ui u,), hence p(A,, B, u,,v,) — O as
n — oo. Since S{g is connected it follows that p is onto. Now the result follows from
Corollary 4.3. O

In addition to the global continua bifurcating from 7; and 75 there exists a third
global continuum & C S. In order to see this recall that for A = 1 and 8 € (0, By) close
to 0 the problem (4.1) has precisely four solutions in P: the trivial solution (0, 0), the
semitrivial solutions (Uy,,,, 0), (0, U; 4,), and a unique nontrivial solution (ug, vg)
which satisfies (ug, vg) — (U1, U1,u,) as B — 0; see Remark 2.6. The map

©, o) = P, B> (up,vp),
is smooth by the implicit function theorem applied at (U1, U1, ,)-
Proposition 4.9 For 8 € (0, fo) there holds indp(A| g, (ug, vg)) = 1.

Proof The solution (U ,, Ui ,,) of (4.1) with & = 1 and 8 = 0 has Morse index 2
as critical point of J, with negative eigenspace spanned by (U ,,, 0), (0, Uy 4,) € P.
The Poincaré-Hopf theorem in convex sets [5, Theorem 1.5] implies

indp(A1.0, (U, Up ) = (=1* = 1.

Now the proposition follows from the homotopy invariance of the fixed point index.
O
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The homotopy invariance of the fixed point index allows to continue the solutions
(ug, vp) to other parameter values in (R*)2. We define S C S to be the connected
component of § containing the nontrivial solutions (1, 8, ug, vg) for 8 > 0 small. As
a corollary of Proposition 4.9 we obtain the following.

Corollary 4.10 If B < tomin{u1, uy} then there exists a connected set Sg cSPnS
such that Py (Sg) =R,

Proof Let O C X \ (S U B U By) be an open neighborhood of
ToU(Ti\B)U (T2 \By) C X\ (SUB1UBy)

such that SNO = @. For A, B > 0 we set Op={w,v)eP:(, B, u,v) € OBy
definition the nontrivial fixed points of A; 4 are contained in 2 5 := Br(0) \ O; 4
for R > R(X, B) large. This a bounded and open subset of P. Proposition 4.9 and
the homotopy invariance of the fixed point index imply for 8 < min{tou1, Tot2} and

B’ <€ (0, Bo):
indp(A; g, 25 p) = indp(A, g, Q2 g) = indp(A; g, Q1 p) =1

The result follows from the continuation principle. O

Observe that Sg may differ from SP = & N XP because the latter may not be
connected.

We may also use Proposition 4.9 to compute the global fixed point index of all posi-
tive solutions of (4.1), foreach A, 8 > 0. Observe that according to Proposition 4.4 (a)
for A, B > 0 there exists R(A, 8) > 0 such that the positive solutions of (4.1) are
bounded by R(X, B). Therefore the fixed point index

ioo(A, B) = indp(Ay g, Br(0))

is well defined and independent of R > R(A, B8). Applying the homotopy invariance
of the fixed point index and Proposition 4.4 (a) again, we also see that i, := iso (A, B)
is independent of A, 8 > 0.

Proposition 4.11 i, =0
Proof We compute ioo(A, ) for A = 1 and 8 € (0, Bp). Then ioe = ixo(1, B) is the
sum of the local indices at the four solutions (0, 0), (U1, 4, 0), (0, U1 4,), (ug, vg).
From [5, Theorem 1.5] it follows that

ind[p(Al,(), (0, 0)) =1.
Propositions 4.4 and 4.9 imply for B8 € (0, Bo):

ioo = indp(Ay g, (0,0)) + indp(A1 g, (U, 0)) +indp(Ay g, (0, Upp,))
+ind]p(A1,ﬁ, (ug, U,g)) =1-1—-141=0
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5 Asymptotic behavior of positive solutionsforA — 0or1 — oo

In this section we investigate the function

u
p:S—RY, p(k,ﬁ,u,v)z%,
vla

from (4.3)as L. — O or A — o0.

Lemma 5.1 Let (u,, v,), n € N, be positive radial solutions to equation (4.1) with
A = Ay — 0. Then the following conclusions hold up to a subsequence.

(@) up(x) + v, (x) > 0as |x| = oo uniformly in n.

(6) [tnloo = 0, [Vnloo < C, and (up, vy) = (0, U1 ,) in CF, (RV) x C (RY).

(©) vy = Uy, in H'(RM)

(d) |Vunlo = O(D)|upla; ifuy, is unbounded in H'(RN), then p(Ay, B, un, vp) — 00.

Proof (a) The proof in [14, Step 2 in the proof of Theorem 1.1] is valid here.
(b) A standard blow up argument as in [17, Lemma 2.4] shows that |u,,|cc + |Un]cc 1S
bounded. If « := liminf,,_, o, 1, (0) > 0 we consider

N (0)2< = >3+ﬂv2 o
w0 M) 0 "1 (0)

Then u”—go) — 0 as n — oo along a subsequence, which is a nonnegative radial

function satisfying

—Ail > 18(%&3.
Now [20] implies & = 0, contradicting #(0) = 1. Therefore |u,|sc — 0, hence
u, — 0in ClzoC (RV) along a subsequence. Since v, = (—A+ H! (uzvﬁ —i—,Bu,% Un)
and |u,|oo — 0, we see that |vy, |« is bounded away from 0. Then v := lim,—, oo U,
is a positive radial solution to

—Av+v= u2v3, v(x) = Oas |x| — oo,

which implies © = Uy ,,, and v, — Uy, in C7 (RV).

(c) Itis standard to prove that v, (x) — 0 exponentially and uniformly in 7, so there
exist C, R > 0, independent of n such that

va(x) < Ce~ 2% forall |x| > R, alln € N.
As in (b), or [14, Step 3 in the proof of Theorem 1.1], one sees that v,, is bounded
in H'(RY). Observe that this argument is not valid for u,, because A, — 0. Then

we have, up to a subsequence:

vp—vin HYRY), v, — vin L*(RY), and v, — v a.e.in RY,
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which implies v = Uy ;,,. Now we recall that |u,|o — 0, hence Blu, v,,|% — 0.
Using

2 2 4 2
|an|2 + |vn|2 = H2|vn|4 + :3|unvn|2

and v, — U, in L*(RY), we deduce

2 2 4 2 2
|an|2 + |Un|2 i /~’L2|U1,/L2|4 = |VU1,/L2|2 + |U1,u2|2-

This yields v, — Uy, in H'(RN).
(d) Setting |Vun|5 = 0y|un|3 we have

(o, + )\n)|un|% = //L1|”n|3 + ,B|”nvn|%-

Now (a) and (b) imply wiluslf + Blusval3 = O(1)|uyl3, hence |Vu,|3 =
o) |uy |§. Thus if u,, is unbounded in H'(R") then u, must be unbounded in
LZ(RN) and p(Ay, B, up, vp) = lenl> — OQ.

[vnl2

Lemma5.2 Let (u,,v,), n € N be positive radial solutions to equation (4.1) with
A =i, > o0. Then i, (x) := v,, (x/«/ ) and v, (x) := u,, (x/«/ ) satisfy

(along a subsequence):

(@) up(x) 4+ v,(x) = 0as |x| — oo uniformly in n.

(b) litnloo = O, [Bnloo < C, and (ity, vy) — (0, Uy p,) in CE (RN) x C}
(©) Uy — Uiy, in H'(RY)

(d) |Vuulo = O(D)|iyl2; ifuy, is unbounded in HI(RN) then p(Ay, B, up, v,) — 00.

(RM).

loc

Proof A direct computation shows that (iz,,, v,) solve
—Au + iu = ,u2u3 + ,Buv2 in RN,
—Av+v = v + Bou? in RV,
The result follows from Lemma 5.1 and

uale 1Ol
oal2 il

P An, B, un, vy) =

O

Now we prove Theorems 2.4 and 2.5. Observe that (u, v) is a positive solution to
(1.2) if and only if

ulx) = \/%_zu (x/\/)»j) , v(x) = «/%U (x/\/g),

solve (1.2) with Ay = X and A, = 1, i.e. (4.1). Therefore ist is sufficient to consider
this case.
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Proof of Theorem 2.4 (a) Arguing by contradiction suppose that for fixed 8 > u there
exist a sequence A, — 0 and positive solutions (u;,, v,) to (4.1) with A = XA,,. Then
we have

(vun’vvn)+)"n/ UpUp ZMI/ uzvn"'ﬂf anz
RN RN RN

and

(Vity, Vuy) +/ Un Uy =Mz/ iy +B | v
RN RN RN

These identities yield

(1 — 2){(Vuy, V) = fR G A2 V3uy + (11 — A B)vntil],

which implies (Vu,, Vv,) > 0 for n large enough. On the other hand, we also
have

2
(1 - £> (Vup, Vug) + (A — ﬁ) Uptp = / (1 — ’B_)Unufp
2%) M2 JRN RN H2

Now |un|ec — 0 by Lemma 5.1, so that

/32
/ <M1 - _> Unugl = 0(1)/ UpVp.
RN M2 RN

In the case 8 = >, we deduce

£ UpUy =0(1)/ Up Uy,
n2 JRN RN

a contradiction. And if 8 > > we obtain

<1 — ﬁ) (Vu,, Vo,) = (ﬁ + 0(1))/ Upvy >0,
[%%) “2 RV

which implies (Vu,,, Vv,) < 0 for n large enough, a contradiction again.
(b) This follows from (a) using the transformation from the proof of Lemma 5.2. 0O

Now we recall [17, Lemma 2.3].
Lemma 5.3 The linearized problem
A — g +3piud + fv’e +2uvy =0, x € RV,

AY — ¥ + 30>y + Buy + 2Buvg =0, x € RV,
p=0¢),¢=0¢),
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has exactly a one-dimensional set of solutions for A > 0 and f = B1(A), (u,v) =
(UA.,/,le O) Orﬂ = ﬁ2()")’ (uv U) = (09 Ul,uz)'

‘We have a similar result for A = 0.

Lemma 5.4 The linearized problem

~Ap = BU} .0, x eRV,
Ay =¥ +3mUf, ¥ =0, x eRY,
p=0¢). v =y().

has only the zero solution if 0 < B # tou2. If B = o2 then the set of solutions has
dimension one.

Proof 1t is well known that the eigenvalue problem
— 2 _ 2
—Ap+ ¢ = vuzwl’mqﬁ = va)l)1¢

has eigenvalues vi = 1, vy = -+ = vy41 = 3, > 3 fork > N + 2, and that the
eigenfunctions corresponding to v = 3 are not radial. It follows that v = 0.If ¢ £ 0
then ¢ > 0 by the maximum principle, and ¢ is a minimizer of 8>(0) = ua7p. The
result follows from Lemma 3.4. O

Now we return to study the asymptotic behavior of the positive solution for A small
or large and improve on Lemmas 5.1 and 5.2. And then give the proof of Theorem 2.5
to end this section.

Lemma 5.5 (a) Let (u,, vy), n € N, be positive radial solutions of equation (4.1) with
A=Xx, — 0. Then

(% (

(b) Let (uy, vy), n € N, be positive radial solutions of equation (4.1) with . = A, —
00. Then

x/\/E) , vn(x)> — (Ul,;u x), Ul,m(x)) in CIZOC(RN) X CZZOC(RN).

1

Proof (a) We first consider the case A, — 0.
Step 1: liminf,_, #un(O) > 0.

(x/\/E) , v,,(x)> — (Ut (¥), Ur (%)) in C} (RY) x CF, (RM).

We argue by contradiction and assume that u,(0) = o(1)/A,, after passing to a
subsequence. The function

Uy(x) := ! Uy (x/@)

un(0)
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solves

— Aily(x) + ity (x) = it (x)3 + Bl (x) 0y (x)? (5.1)

1y (0)?
An

with

v, (x) = \/%_nvn (x/\/)Tn> .

Observe that u,, — u in CIOOC(RN ) along a subsequence and u(0) = 1 because
liin|oo = i1, (0) = 1. By Lemma 5.1 we have v, — Uj ,, both in H'(R") and

in Clzoc, and v, (x) — 0 as [x|] — oo uniformly in n. It follows that v, — 0

uniformly outside an arbitrary neighborhood of 0. For a test function & € D(R")
and ¢ > 0, there exists r, such that

1

/ |, 52 (0)h () |dx < Jv, 2 </ |h(x)|3dx>3 < %
Il <re lxl<re

Therefore IRN ﬁnl—) hdx — 0. Testing (5.1) with & we see that iz, —0 in H'RN),

contradicting i, — @ in C) (RV).

Step 2: lim sup,,_, o, \/}Tun(O) < 00.

Assume by contradiction that /A, = o(1)u,(0), after passing to a subsequence.
The function

iy (x) = (m ttn (v/Anx 11 (0))

satisfies |1, |00 = 1, (0) = 1 and

~ VA ~3 N
—Au ——u, > pu, inRY.
n+ 1, (0) n Z M1Uy,

Then iz, — u > 0 in CIOC(RN), along a subsequence, with 2(0) = 1, and &
satisfies

—Ad > ui° inRY.

This implies # = 0, a contradiction.
The conclusion about v, (x) has already been proved in Lemma 5.1.

1
Step 3: ity (x) i= ol (x/\/E) — Uy, (x) inC2(RY)

Observe that
—Au,,—i—u,,—,ulu +—u,, ( Yavay ) in RV
2
— Avy + vy = 20? + Bun (,/xn:zn (‘/xn )) in RV,
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By Step 1 and Step 2 we may assume that i,, — u > Oin Clzoc (RN) and i(0) > 0,
hence i > 0in RY. By A, — 0, we may assume that A, < 1 for all n. Recalling
that there exist C, R > 0, independent of n such that

va(x) < Ce~ 2% forall x| > R, alln € N,
we have that

1
Xﬁvrzl (x/«)»,,) < ﬂ(ﬂ)\_e—lﬂ/m forall |[x|] > R, alln € N.
n n
Fix R > 0, then ﬂc2;7€—R/m — 0 as n — oo, which implies that

1
ﬁvz (x/\/)»,,) < — forall [x| > R, and large n.
An 2

Then it is standard to prove that i, (x) — 0 exponentially and uniformly in large
n. Thus, lim u(x) = 0. A similar argument as that in STEP 1 implies that u is a
X—> 00

weak solution of
—Au+u= ,ulﬁ3, u(x) — 0as |x| > oo.

So we obtain that it = U, ,,, and thus ii, (x) — Uy, (x) in C2, (RV).

loc
(b) Using the transformations A, := /\l” = 0,i,(x) = #vn (x//An) and 0, (x) :=
\/;)T”" (x/«/)\n), we see that (u,, v,) is a solution to

—Au + Au = ,u1u3 + ﬁuv2 in RN
—Av 4 v = v + Bou? in RV

if and only if (u,, v,) is a solution to

{—Au +)_»nu = ,u2u3 + /3uv2 in RN, 5.2)

—Av 4 v = v + Bou? in RV,

We can apply the conclusion of (a) to system (5.2) and obtain that

1 —
(/_7” (x/\/E) : Mx)) = (U1 (), Ur i () in Cioe RY) x CF (RY),

that is,

1

(Wun (x/\/E) , vn(x)> — (U1 (), Up () in CE.(RY) x C2 (RY).

@ Springer



Normalized solutions for a coupled Schrédinger system 1733

Corollary 5.6 (a) If (uy,, vy,) is a positive radial solution to equation (4.1) with .. = Ay
and Ay, — 0 then p(Ay, B, un, vy) — +00.

(b) If (un, vy) is a positive radial solution to equation (4.1) with A = A, and A,;, — 00
then p(Ay, B, uy, v,) — O.

Proof (a) Lemma 5.5 i,,(x) := #un(%) — Uy, (x). So we have that

1
2 215 12
|un|2 =y . |un|2 — +00
and
2 2
|vn|2 - |U1,p.2|2~

Hence, p(An, B, tn, vy) — +00.
(b) Apply a similar argument as in (a), and note that A, — oo, we have that

1
2 205 12
|un|2 = Ay 2|’/‘n|2 — 0.
[}

Proof of Theorem 2.5 (a) Suppose there exists two families of positive solutions

(uil), vkl)) and (u&z), vy )) to problem (4.1) with A — 0. Let

(ﬁj")(x),ﬁi”(x)) = (Tu;') (x/«/_) vi“(x)), i=1.2.

Then (u)tl)(x) vj(\l)(x)) ( )(x) v(z) (x)) € E are two families of positive solu-
tions to the problem

2
—Au(x) +ulx) = ;Llu(x)3 + Bu(x) (JLXU ( )) in RV,
—AVE) +0() = v + o) (Vi (Vi) inmY, (P
0<u,ve H'(@®RN), N =3.
By Lemma 5.5,
(@), 8. (1)) = (Ui 1y, Ut o) in C2.RY) x C2.RY), i =1,2.

Indeed, one can prove that this convergence also holds in E due to the fact that
it} (x) — 0 exponentially and uniformly in small A.
—(1) —(2)
Case 1: lim sup )‘—|°°
oo i |
o
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We study the normalization

- i @
B ‘a(” ’2(2)} ’
A A s

Then up to a subsequence &, — & in Clzoc (RM), hence
1
(1)> _ ( (2)>
) _ -0 [“1( i ]
o oo
2
= pni1éx |:( f\l)) +aVa? 4+ (ﬁ;z)) :|

— 3 Ut , & inCp (RY)as 1 — 0,

and

o e Gt () - (G ()
- [ G () - (G ()]
g [ G () -0 (G ()
ﬂ&(ﬁ_m<ﬁ)>2

ot ()5 () S

For any i € H'(R?), one can prove that

2
(1) _
lim | 85, (EvA <ﬁ>> hdx =0 (5.3)

and

, @) \=00) .
tim |7 003} (\/_)h(x)dx_O i=1,2.

So we see that & is a weak solution to
— A +E=31U7 8. 5.4)
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By || = 1, standard elliptic estimates imply that & is a strong solution. Then
by the decay of U ,, and applying the comparison principle, we obtain that &
is exponentially decaying to 0 as |x| — oo. Hence, £ € H'(R3) and then (5.4)
implies that

3

aUl»ﬂl
Sy
i=1

for some suitable b; € R. On the other hand, £ isradial and thusb; = 0,i =1, 2, 3.
This implies & = 0, a contradiction. Therefore

L_til) = 12;2) for small A,
and then we also have

6)(\1) = B/(XZ) for small A

due to
3\ 2
=) =0 (i)
Lo () —aa) + ) — i () .
_‘U}‘ —_— = —( £ l = b
Vit A\ piy’
| -3
Case 2: lim sup, _, g+ -5 7= = o©
Ay =y

In this case, we study the normalization

~(1) -2
- YU T U
' ‘,3(1)_5(2)‘ ’
A A
o0

Then 1), — n in CIZOC(RN ) up to a subsequence. A similar argument as above
yields

2
_An + n = 3U1s“12n'
Since 7 is a radial function, we also obtain
() _ =2
A

BS)EE)(LZ) and u,’ =u,  forsmall A
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by

1
. . N3\ 2
—ai + 5 = s (5

\/Xﬁgf) (ﬁx) =

=(i)
Uy,

Combining the cases 1 and 2, we see that (4.1) has at most one positive solution
for A small enough. And using the transformation in Lemma 5.2, one can prove
the case of X large.

(b) It is well known that (1.2) has a mountain pass type solution for 8 < a7y <
B2(A) = min{B1(A), B2(1)} for A > 0 small. It follows from (a) that this is unique.
The second statement in Theorem 2.5 (b) for B < uj7p follows by applying a
transformation as in the proof of Lemma 5.2. O

6 Proof of Theorem 2.1 and Proposition 2.2

Due to Lemma 4.1 it is sufficient to consider the case A; = X and A, = 1, i.e. sys-
tem (4.1).

Proof of Theorem 2.1 (a) For 8 < tomin{u|, w»} the existence of normalized solu-
tions for every a,b > 0 follows from Corollaries 4.10 and 5.6. For g >

To max{uy, wa} let 3;5 ,1 =1, 2, be the connected sets of positive solutions from
Proposition 4.6 (e). If ng N Sf = ) then the existence of normalized solutions
for every a, b > 0 follows from Corollary 4.8. Now we suppose Sf; N Sf = 0.
Then Proposition 4.6 (e) yields that Py (S}S ) contains one of the intervals (0, £; (8))
or (¢;(B),00),i = 1,2.If (£1(B),00) C Py (8{3) then the existence of normal-
ized solutions for every a, b > 0 follows from Corollary 5.6. The same argument
applies if (0, £2(B)) C Pi (Sf). Now we show that the case Sf N 85 = ) and
0,22(8)) ¢ P1 (Sf ) cannot happen, concluding the proof of a). Similarly one
can show that S'lg N Sf =@and (£1(B),00) & Py (Slﬂ) leads to a contradiction.

Suppose by contradiction that Sf N Sf = ¢ and (0, €2(B)) ¢ Py (Sf ). Then

(2(B),00) C P; (Sf). Recall from Theorem 2.5 (a) that (4.1) has at most one
solution for A large. It follows that there exists a family (A, B, uy g, v g) € X,
A > )NL(,B), so that

SP 0 ([A(B), 00) x P) = SF N ([i(B), 00) x P)
= {0, Byt g, vip) 1 A > A(B)}.
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(b)

The fixed point index computations in Sect. 4, in particular Propositions 4.4, 4.11
and Corollary 4.5, imply for A > A(f8):

indp(Ay g, (Ur,p, V28)) = icc — indp(As g, (Usuy, 0))
- indP(A)hﬂ, (0, Ul,#z)) - indP(A)L,ﬂ, (0, 0))
=0+0+1—-1=0
6.1)
Observe that 7’2'S U Sf is a connected component of the set Z = 7o U7 UL US

of all solutions because S f N 85 = ¢J. Then there exists an open set O C X? with
the following properties:

G fusico
(i) Z2Na0 =49
(iii) There exists § > O so that

ON (0,81 x {B) x P) = {(A, B,u, v) : & € (0,8], (u,v) € B5(0, Uy 1)}

The last property (iii) can be achieved because (0, £2(8)) ¢ P; (Sé6 ), hence 85 C
[8, 00) x {B} x [P for some small § > 0. Using the notation Oy g := {(u,v) € P:
(A, B, u,v) € O} it follows for A > 5\(;3) that:

indp(Ak’ﬁ, (U, g, U)L’/g)) (AA B O, ﬁ) indp(A)\,ﬂ, (0, Ul,u,z))

lnd]p( 8,8 05,}3) - ind]p(A)L,/g, (0, Ul,Mz))
dp(As,p, (0, Ut,py)) — indp(Asp, (0, Ut,p))
1=

=in
0+ 1

This contradicts (6.1).

We only prove the case uy < 1. The case w1 < o can then be deduced using
the transformation from the proof of Lemma 5.2. Let Sf be the connected set of
positive solutions from Proposition 4.6 (d). Then Proposition 4.6 (d) yields that
Py (Sf) contains one of the intervals (0, £2(8)) or (£2(B), 00). If (0, £2(B)) C
Py (Sf ) then the existence of normalized solutions for every a,b > 0 follows
from Corollary 5.6. If (¢2(8), 00) C Py (S}) then

§ = max  p(A, B,u,v) > 0.
(A,ﬂ,u,v)eSf

Since p(A, B,u,v) — 0as A — oo, and as L — {£>(B) on Sf, we see that
p(S) D (0, 6]

Finally, if B € (top2, p42) then there exists the solution (1, 8, ug, vg) € S from
Remark 2.6, which has fixed point index 1. Let Sg C SP be the connected com-

ponent of (1, B, ug, vg) in S#. An index count as above yields that P (863) c Rt
is bounded away from 0. Since it cannot bifurcate from 77 it must bifurcate from
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T, ie. S = SJ. This implies

B — min{juy, uo}

6> p(,B,ug,vp) = .
PP B = max{ug, wa)

m}

Proof of Proposition 2.2 'We only prove the case of u, < 8 < tui, the second part
result is easy by using the transformation from the proof of Lemma 5.2. By Theorem
2.4 (b), there exists n2(B) > 0 such that problem (4.1) has no positive solution
provided & < n2(B). On the other hand, by Theorem 2.5 (b), problem (4.1) has a
unique positive solution (uy, vy ), which is of mountain pass type, for A > A(8) large
enough. By Corollary 5.6, we have that p(A, B, uy, v;) = 0as A — o0. So

q1:={p(h, B, s, v3), A > A(B) } < o0.

Observe that according to Proposition 4.4 (a), see also [12, Lemma 2.1],

sup <|u|% + |v|%) < 0.
(. B.u,0)€SP M (B)<r<A(B)

Then we have that
g2 :=sup{p(h, B, u,v) : (A, B,u,v) € 8P, na(B) <1 < hg} < 0.

Indeed, if there exists a sequence (A,, B, Uy, v,) with A, — A € [n2(8), 5»,3] such that
p(An, B, Uy, vy) — o0. Then we see that |v,,|% — 0 and it is standard to prove that
(tn, ) = (Upu;, 0) in HY(RN). And thus, B = B1(A) > limy—o0 B1(A) = Top1,
a contradiction. Then g := max{q1, g2} is the required bound. O
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