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Abstract

We construct a singular solution of a stationary nonlinear Schrodinger equation on R?
with square-exponential nonlinearity having linear behavior around zero. In view of
Trudinger-Moser inequality, this type of nonlinearity has an energy-critical growth.
We use this singular solution to prove non-uniqueness of mild solutions for the Cauchy
problem of the corresponding semilinear heat equation. The proof relies on explicit
computation showing a regularizing effect of the heat equation in an appropriate func-
tional space.

1 Introduction

In this paper, we consider the Cauchy problem for the following semilinear heat
equation
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w—Au= f(u) in (0, 00) x R4,
u(0, x) = ugp(x) in R4,

(1.1)

where u(z, x) : (0, 00)xR? — R,d > 2is the unknown function, f is the nonlinearity
and ug € L9(R%) with 1 < g < oo is the given initial data.

It is well known that when f is C!'(R, R), the Cauchy problem (1.1) possesses a
unique classical solution if the initial data ug € L™ (R%). For unbounded initial data,
this equation has been studied intensively since the pioneering work of Weissler [18].
For instance, in the pure power case i.e. f(u) = |u|’~'u (p > 1), equation (1.1)
becomes scale invariant, that is, if (¢, x) satisfies (1.1), then so does

2
u(t,x) = Aﬁu(kzt, AX)

for any A > 0. Moreover, if one defines the index

L dp—1)
qC_—2 s

then the Lebesgue space LI (R?) becomes invariant and we have |Juy ||z = ||ulzac
for all A > 0. The critical exponent g. then plays an important role for the well-
posedness of the Cauchy problem. Indeed, first recall Weissler’s result [18] concerning
the subcritical case g > ¢, or the critical case ¢ = g, > 1. Weissler [18] proved that
for any ug € LY (R9), there exists a local time T = T (1) > 0 and a solution u €
C([0,T); L1 (Rd)) N Lloo‘;((O, T); Loo(Rd)) to (1.1). After that, Brezis and Cazenave
[1] proved the unconditional uniqueness of Weissler’s solutions i.e. solution is unique
in C([0, T); L9(R?)) when the subcritical case ¢ > ¢., ¢ > p or the critical case
q = qc > p.Inthe supercritical case g < g., Weissler [18], and Brezis and Cazenave
[1] indicated that, for a specific initial data, there is no local solution in any reasonable
weak sense. Moreover, Haraux and Weissler [7] proved non-uniqueness of the trivial
solution in C([0, T); L4 (R?)) N L.((0, T); L°(R?)) when 1 +2/d < p < (d +
2)/(d —2).

In the critical case ¢ = g, and d > 3, when g, > p, Weissler [18] proved the exis-
tence of solutions to (1.1) and Brezis and Cazenave [1] obtained the unconditional
uniqueness of the solutions. In the double critical case of ¢ = g, = p (=d/(d —2)),
Weissler [19] proved the conditional well-posedness (uniqueness in a subspace of
C([0, T); L1(R%))). In the case where the underlying space is the ball of R? with
Dirichlet boundary condition, Ni and Sacks [15] showed that the unconditional unique-
ness fails, while Terraneo [17] and Matos and Terraneo [12] extended this result to the
entire space RY (d > 3).

We note that the critical exponent g.. is also important for the blow-up problem (1.1).
Let ug € L°°(]Rd ) and T (ug) be the maximal existence of the time of the classical
solution u. Itis known that if T (1¢) < oo, the solution u satisfies lim; 7 ||u(t)|| L~ =
oo and we say that the solution « blows up in finite time and 7 (u) is called the blow-up
time of u. In particular, the critical L norm blow-up problem has attracted attention
for a long time. Namely, it is a question whether the solution satisfies
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sup |lullpee = 00
1€(0,T)

ornot when T (ug) < oo. Concerning this problem, Giga and Kohn [6] showed that if u
is a positive radially decreasing blow-up solution to (1.1), Then, for any neighborhood
N of 0in RY, lim;— 7 [|u(t) || ae.oo () = 00, where

1
lull Lacoony = supo|[{x € N | [u(x)| > o'} |
o>0
and | - | is the Lebesgue measure on R?. Since lleell Lacoo vy < llullr4c, it follows
that lim,_, 7 |lu(¢)||Le« = oo. Recently, Mizoguchi and Souplet [14] gave light on
this problem and showed that if u is a type I blow-up solution of (1.1), that is,
limsup, _, (T — )"/P=V|u(t)| L=~ < oo, then we have lim,_ 7 [|u(t)|| e = 0o.
Now, let us pay our attention to the two dimensional case. When we consider the
two space dimension, we see that any exponent 1 < p < oo is subcritical, and thanks
to the result of Weissler [18], we have the local well-posedness of the Cauchy problem
in L7(R?) (1 < p<g < oo). However, for exponential type nonlinearities, like
fu) = j:u(e”2 — 1), the result of Weissler [18] is not applicable for any Lebesgue
space L9 (Rz)(l < g < 00). On the other hand, we can show the local well-posedness
for ug € L®(R?), as we mentioned first. However, L>(R?) is the subcritical space
for the problem (1.1) with d = 2 and exponential type nonlinearities. Therefore, one
can wonder if there is any notion of criticality in two space dimensions. In this regard,
Ibrahim, Jrad, Majdoub and Saanouni [8] have considered the following problem in
two space dimensions,

u(0,x) = up(x) in R2. (1.2)

{u — Au= fou) = +u(e’ —1)  in (0, 00) x R,
The nonlinearity fo(u) has an energy-critical growth in view of Trudinger-Moser
inequality. In [8], the authors proved the local existence and uniqueness in
C([0, T1, H'(R?)) of the solution to (1.2) with the initial data ug € H'(R?).

On the other hand, it is expected that the problem (1.2) for the heat equation can be
solved in spaces which are defined by an integrability of functions such as the Orlicz
space as an extension of the class of Lebesgue spaces. Ruf and Terraneo [16] showed
the local existence of a solution to (1.2) for small initial data in the Orlicz space expL?
defined by

expLz(Rz) = {u € L}OC(RZ) : such that /R2 exp(uz/kz) —1dx < o0,
for some A > O}
endowed with Luxemburg norm
[l expr2 := inf {x >0: /Rz exp(u®/2%) —1dx < 1} )
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Subsequently, Ioku [9] has shown that these local solutions are indeed global-in
time, and the behavior of fy(u) ~ u™ near u ~ 0 with m > 3 was important in his
result. Later on, loku, Ruf and Terraneo [10] proved that there is no local solution do
not exist for the specific initial data

uy(r) = a(—log r)% forr <1, a> 1, and u,(r) = 0, elsewhere

that belongs to the Orlicz space, while they showed the local well-posedness (local
existence and uniqueness) for initial data in the subclass of the Orlicz space

expL%(Rz) = {u € L}OC(Rz) . such that ./R2 exp((xuz) — 1 dx < oo forevery a > 0}

The aim of this paper is to construct an explicit initial data, with neither small nor
too large norm in Orlicz space, for which two corresponding distinct solutions exist.
The idea is to use the concept of singular solutions as in Ni and Sacks [15]. Before
stating our result, let us recall the strategy of the proof of [15]. Ni and Sacks first
constructed a singular static solution ¢, to (1.1) in the unit ball. Namely, ¢, satisfies
the following:

—A¢ = f(d) in By,

1.3
¢ =0 ondBy, lim,,p¢(x)=o00, =

where B is the unit ball in R (d > 3) and f(¢) = |¢|”~'¢. Then, they showed that
there exists a regular solution ug to the Dirichlet problem corresponding to (1.1) with
u(0, x) = ¢,. Setting us = ¢, we see that both of ug and ur are solutions to (1.1),
but us # ur because for any r > 0, ur(t,-) € L°°(B;) while ug ¢ L°(Bj) (the
subscripts S and R indicating ‘singular’ and ‘regular’ solutions). For the entire space
R4, Terraneo [17] constructed a solution ¢ € C(RY \{—x0, x0}) to the equation

—A¢p = in R?
-Ab = 1) in R, 04
1Hnl)cl—)oo $x)=0

such that lim SUPy_, x, ¢(x) = ooand liminf,_, _,, ¢(x) = —oo, where d > 3, x9 =

(1,..., D and f(¢) = |¢>|1’_1¢. However, we cannot apply the method of [15] nor
of [17] to two dimensional entire space R2 for fo(u) = (e”2 — 1)u directly. Actually,
there is no positive solution to the equation (1.4) with f(u) = (e”2 — Du (see the
proof of Theorem 2.1 below). For this reason, we consider

i — Au= f(u) in(0,00) x R2, (L5)
u(0, x) = up(x) inR2, '
where our nonlinearity f,,, which depends on m > 0, satisfies
M 1. fim ™y (1.6)
Uu— 00 (é‘” _ 1)u u—0 mu
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See (2.17) below for the precise form of f;,,. Here, we would like to stress that the
essential characterization of the asymptotic form of our nonlinearity f;, at infinity and
0 is just given by (1.6). Let X be the Fréchet space defined as the intersection of the
Lebesgue Banach spaces

X = ﬂ LP(R?),
1<p<oo
endowed with the metric
. p U —ViLr vlle
dist(u, v) = Z 2-

= ||u—v||Ln+1

Recall that the continuity of any map defined on X is equivalent to its continuity on
all L? spaces with 1 < p < oo.

Definition 1 (Mild solution) We call u a mild solution to (1.5) if the corresponding
integral equation

t
u(t) = e ®up + f 9B £ (u(s))ds
0

holds in C([0, T), X), where ¢’2 denotes the heat semigroup on RZ.
Then, our main result is the following:

Theorem 1.1 There exist a positive mass m,. > 0, a nonlinearity f,, satisfying (1.6),
an initial condition ¢, € X and a time T = T (¢,) > 0 such that the Cauchy problem
(1.5) with ug = @4 has two distinct mild solutions us, ug € C([0, T), X).

Remark 1 (i) To prove Theorem 1.1, we construct a singular stationary solution ¢, to
(1.5). Here, by a singular stationary solution, we mean a time independent function
which satisfies the equation (1.5) in the distribution sense on the whole domain
and diverges at some points. The result seems to be of independent interest.

(i) We essentially use the condition lim,_.¢ f;; (u)/mu = —1 only for the decay of
a singular stationary soliton ¢y to (1.5), that is, lim|y| o0 @« (x) = 0. The other
argument in our proof works even without the condition. Itis a challenging problem
to study whether non-uniqueness still hold without the condition or not.

Remark 2 After completing this paper, it has been brought to our attention that Ioku,
Ruf and Terraneo [11] obtained a similar non-uniqueness result for the following two
dimensional heat equation on a ball with Dirichlet boundary condition:

{u —Au=f(u)  in(0,00) x B, 0

u=0 on (0, 00) x 3B,
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for some p > 0, and a nonlinearity f satisfying

2 .
L if [ul > B,

TW=1 2 if u] < B,

with @ = /2 5 /2)_5/ 2 and B=(5/ 2l 2. First, the authors constructed a stationary
singular solution ¢, of (1.7). Then, they solved the Cauchy problem (1.7) with the
initial data ug(x) = e, for u > 0. They proved the following interesting result:

(1) If u < 1, the equation (1.7) has a unique regular local-in-time solution
(i) If u = 1, the equation (1.7) has not only a singular solution us(= ¢,) but also
a regular solution u g with the same initial data,
(iii) If u > 1, the equation has no non-negative solution on any positive time interval.

See [11, Theorem 2.1] for a more precise statement of their trichotomy result. From
(i1), we see that non-uniqueness of a solution holds since there exists two distinct
solutions u s and u g with the same initial data. Thus, the strategy of the proof for the
non-uniqueness is same as that of our result. However, in addition to the fact that the
settings are different, the ways of constructing the singular and regular solutions are
not similar either. For example, their proof of the constructing of the singular stationary
solution ¢, depended on the fact that the following equation

oty Lt oor

r U3
has an explicit solution U = ,/—2Togr. On the other hand, the singular solution
we constructed is not explicit. We construct the singular solution in a ball by using
the contraction mapping theorem and extend it to the entire space by the shooting
method. Moreover, for the construction of the regular solution, they employed the
sub-super-solution method, while we employ the contraction mapping theorem.

Remark 3 The problem of uniqueness of solutions for PDEs is a classical and old issue
that can be tricky sometimes. It has caught a special attention in the last few years.
Among many others, one can refer to the pioneer works of De Lellis and Székelyhidi
[4] showing non-uniqueness of very weak solutions to the Euler problem. Their proof
relies on convex integration techniques, which more recently, have been upgraded to
show non-uniqueness of weak solutions of the Navier-Stokes system thanks to the
work of Buckmaster and Vicol [2]. Davila, Del Pino and Wei [3] constructed non-
unique weak solutions for the two-dimensional harmonic map, by attaching reverse
bubbling. In [5], Germain, Ghoul and Miura investigated the genericity of the non-
unique solutions of the supercritical heat flow map.

This paper is organized as follows. In Sect. 2, we construct a singular static soliton
@+ to (1.5). To this end, we first prove the existence of a singular soliton ¢, to (1.3)
with f(¢) = ¥ (¢ — 1) in the ball in R, following Merle and Peletier [13]. Then,
we seek the singular stationary soliton ¢, to (1.5) by the shooting method. In Sect. 3,
we shall show the existence of a regular solution to (1.5) with u|;—¢ = ¢, by the heat
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iteration and give a proof of Theorem 1.1. In Appendix A, we show a monotonicity
property of solution to the linear heat equation.

Notation

Throughout the paper, C denotes a positive constant, that does not depend on the
parameters, unless otherwise noted and may change from line to line.

2 Construction of singular soliton
2.1 Singular stationary solution on some disk

In this section, we construct a singular solution to the following elliptic equation on a
disk

—Au=u@ —1) in Bg,

2.1
u=0 on aBR, ( )

where R > 0. More precisely, we shall show the following:

Theorem 2.1 There exist Ro > 0 and a singular solution us, € C*°(Bg,\{0}) to
(2.1) with R = R satisfying

oo () = (~2log lx| — 2log(~log|x]) ~ 210g2)* + O((~ log <) ¥ log(~ log <) 5 5

as x — 0.
To prove Theorem 2.1, we look for radially symmetric solutions to (2.1). We first

pay our attention for 0 < r = |x| < 1 and employ the following Emden-Fowler
transformation:

y(p) =ulx), p=2logr|.
Then, we see that the equation in (2.1) is equivalent to the following:

d? e P 2
- d—pﬁ =y D). 2.3)

We shall show the following:

Proposition 2.2 There exists Aoo > 0 and a solution yso(p) to (2.3) for p € [Axo, 00)
satisfying

1 3
Yoo(p) = (0 —2logp)2 + O(p~2logp) asp — oo.
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In order to prove Proposition 2.2, we write

Y(p) = () +1(p).  $(p) = (p—2logp)?, 2.4)

and look for the ODE satisfied by 1. We have

d?y p_% 1 3 3 3 (1 1 | 2 d*n

— = ——(p 7 —p 2 - - — T —. (25

i 1@ = g {p ﬁ}+¢ o 29
Now, since

1 lo 2 1 1 lo 1
y=p2<1—2 gp) +n=p2+/ﬂ{(1—2 ip)z—l}“?’
and
P — ,o’zeyzﬂb2 =p? {l + (2 —¢H + <€y27¢2 —1- (- ¢2))} )

we obtain

, 1
ye' =P = p=2 {p% tp2 {(1—2 in)% —1}+n}

x {1407 =)+ (79 —1- 02— ¢D)]

1
=p° {p% +pt {(1 —Z—in)% - 1} +77}

+ 97207~ ¢ {p% +p1 {(1 - zk’%)% - 1} + n}
+p 72 (7 =1 - 07— ¢) {p% +p? {(1 —zk’%ﬁ - 1} +n}

; I
=pi4p2 =(1 _ 8P
o

)2 —1}+p‘2n
+p 2 =N +p (0 — gD {(1 _210%)% - 1} +oTOR =

_ 22 1 log p
+p72 (e —1—(y2—¢2)){pz(1—2 i

)%+n}-
In addition, since y2 — ¢2 = 2¢n + 1> = 2p2n + 0> + 2(¢ — p? )7, we have
2 2, -3 27 _3 9 3 1
" =¢p 2=?+p 2" +2p72(p — p2)n.
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All this yields that

3 lo
yer' P =p=1 4 p~ z{(l—z f;p) 1}+p‘2n

U _3 9 _3 1
+2;+p " +2p 2 (= p2)n
(2.6)

-3 lo _
+ (2= ¢Dp { o8P 1}+p2<y — M)
, 1 1 1
+p—2(e>2—¢2—1—<y2—¢2>){p5<1—2°g”)%+n}.
0
From (2.3), (2.5) and (2.6), we have
,o_% 1 1 d’n
S (A3 -5 =3)- _ |\ _ 41, -2_=%"
2 +4(¢ p2)—¢ {p p2} ® s
p  p2 log p p~?
= 1-2 21+
1 + ) ( ) }+ 7
3
1 pap2 1 3 1
- —_ 2 — 2
+2pn+ 7 +2p (@ —p2)n
1 1 _
+Z(y2“”2)p {(1—2 >2—1}+4p (" =97
+"_2(>‘2—¢2 1= 02— o) [t 2280 L
1 \¢ y—9¢ P 1
Namely, 7 satisfies the following:
dzn ”y 5
0= dp -t n+f(p)+2gl(p n — 2.7
i=1
where
1 3 2|1 _
f(p)=—Z(¢3—p2)+¢3{ }+¢1 z
0
3
-3 1
L P (1—20gp) —1!,
4 o
p2 p3 | P,
gi(psm) =—mn, gp,n)=—"(—p2)n, gilp,n) = n,
4 2 4
1
1 3 logp\2 -2
84(p,n)=z(y2—¢2)p 2{(1—2 f; ) —1}, gs(p,n) = —(y — M,
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326 S. Ibrahim et al.

-2 1 1 %
g6(p, 1) :pT (e"2_¢2 —1-? —¢>2)> [,oz (1 -2 Og’o) + 77} )
0

To solve equation (2.7), we first consider the following linear equation: !

o (L3, 28)
dp? 20  16p2 = '

Any solution 1 to (2.8) can be written explicitly as follows: we have
n(p) = A®(p) + B¥(p)
for some A, B € R, where
®(p) = pisin((20)2).  W(p) = pi cos((2p)?).

Namely, ® and W are form the fundamental system of solutions to (2.8). For a given
function F, we seek a solution to the following problem:

162
lim,_, o0 n(p) = 0.

L/ T N I _
{dp2+(2p+ m+F=0,  p>1, 2.9)

By the variation of parameters, we see that (2.9) is equivalent to the following integral
equation:

n(p) =/ (D)W (p) — P(p)W(s))F(s)ds
p

= / " (o9)E sin(@p)} — @)D F(s)ds.
P

By integrating by parts, we can obtain the following:

Lemma 2.3 Let o > 1. Then, we have
< 1 R —ot) ol
sin((2p)2 — (25)2)s % logsds = — \/zp 2logp + O(p 2 log p),
P

/Oo sin((2p0)7 — (25)2)s " ds = V2T + 0(p " Y).
0

! Equation (2.8) is obtained by removing the better decaying terms in right hand of (2.7) and by adding
3/(1 6,02) in the linear potential. By adding the term, we can write the solution to (2.8) just by the trigono-
metric functions. Otherwise, we need to use the Bessel functions of order 1. Thus, adding the extra term
makes the proof a bit simpler.
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Let g7(p,n) = —#n. In order to prove Theorem 2.1, we seek a solution to the
following problem:

42 ~y
:# SRS R DR VETICRDEE N S

lim, o n(p) =0.

To this end, we prepare several estimates, which are needed later. First, note that

$(p) = p? + O (o~ log p). 2.11)

By (2.11) and elementary calculations, we can obtain the following:

Lemma 2.4 Let ¢ be the function given by (2.4). Then, for sufficiently large p > 0,
we have

¢ —p ¥ =3p"logp+ 0(p " log? p).

10gp);_1}

= —p ?logp + 0(p~"*1og? p).

3
oo

¢ o= p 2+ 0(p P logp),
o —p = p 2+ 00" *logp).

In addition, we have the following estimates on the terms g; of equation (2.10). More
specifically, we have

Lemma 2.5 Suppose that n1(p), n2(p) = 0(,0_% log p). Then, we have

lg1(0. 1) — g1(p, M1, 1g7(0. 1) — g7(p, M) < Cp~ 2|1 — mal,

182(0, m1) — g2(p, m)I, 184(p, n1) — g4(p, n2)1, 186 (0, M) — g6(p, M2)|
< Cp~*(log p)|n1 — mal,

lg3(0. 11) — g3(p, M. 1g5(0. M) — g5(p, m2)| < Cp~>(log p)|m — mal.

Proof From the definitions of g; and (2.11), we have

lg1(p, m1) — g1(0, m2)1, 1g7(p, M) — g7(p, M) < Cp~2|m — mal,
_3 1 _
lg2(p, 1) — g2(p, M) < Cp ™21 — pZ|Im — ma2| < Cp~2(log p)|n1 — nal,

_3 _3
lg3(p, m1) — g3(0, m2)| < Cp~2InF —m3] = p~2Im + mallm — 2l
< Cp>(logp)lm — n2l.
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328 S. Ibrahim et al.

Let y1(p) = ¢ (p) + n1(p) and y2(p) = ¢(p) + n2(p). Then, we obtain

184(p. m) — ga(p. 12)| < Cp~2 (log p)|(¥2(p) — 2(0)) — (Y2(p) — % ()]

_35
< Cp~2(log p)(2¢In1 — n2| + In1 + n2llnm — n2l)
< Cp~*(log p)|n — nal.

Since y? — ¢? = 2¢n; + n? fori = 1,2, we have

7 — %1 < 12¢ + millnil < Cp~'logp  fori=1,2.
It follows that

185(0, M) — 85(p. M) <Cp2|(f — dH)m1 — (¥3 — ¢H)ma
<Cp 2| — ¢ — )|+ p 21y — ¥3lnal
<Cp~(ogp)ln — mal + pfzp*%(log P)p? 01 — 2l
<Cp~(og p)|m — nal.
186(0, 1) — g6(p, 1| < Cp 21T~ — 1 — (37 = ¢H)Im — ma
+Co2E@TY — 1= (37 — ¢?)
— (@ = 1= (3 — ¢MIp? +
<Cp 2T — 1= (5} — ¢D)lIm — ol
+Cp @ — 1 — (3 — ¢?)

242
— (€27 — 11— (y3 — ¢M)|
= I+1I.

From (2.1), we have

1 <Cp 2y} — ¢ Plm — m| < Co~*(log p)?|m — nal.

Using the mean value theorem and (2.1), we have

@179 — 1=} —¢7) — (@2 = 1= (3 —¢%)
< Clexpld(y] — ¢*) + (1 — )33 — $H)] — 1|7 — »3|
< ClOGT =D + (1= 0)(v3 — ¢DIIyi — ¥3|
< Cp~'(log p)2pln — m2l + In1 + m2llni — m2l)
< Cp~2(log p)ln — nal.
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Non-uniqueness for an energy-critical heat... 329

This yields that /7 < Cp’2(log 0)In1 — n2|. Thus, we see that

186(p. 1) = g6(p, m2)| < Cp~>(log p)In1 — mal,
as desired. O
We are now in a position to prove Proposition 2.2.

Proof of Proposition 2.2 Note that (2.7) is equivalent to the following integral equation:

n(p) =Tnlp),

in which

e¢]

Tinl(p) = / (ps)7 sin((2p)? — (25)2)F (s, n)ds.
P

where

7 —p
Flp,m = () + Y &ilpom) = .

i=1

Fix A > O sufficiently large and let X be a space of continuous functions on [A, 00)
equipped with the following norm:

Il = sup {1013 (log )"l | 0 = A}

Lemmas 2.3 and 2.4 insure that there exists a constant C, > 0 such that

< Cup~? logp. 2.12)

/ o0t sin@p)} — @9)h) F(s)ds
P

For this constant C, > 0, define the space
Z={eX||&l =3C},

and we shall first show that 7 maps X to itself. From Lemma 2.5, we have

]
< Cp*logplnl < Cp~2(log p)?,

7
> gi(o. )

i=1
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which yields that

© 117 2
<C pisis 2(logs)"ds
0

o0 1 1 1 !
[ @otsineot - 205 3 aito.mds
o

i=1

T _7
< Cp* s 7ds < Cp~%.
0
Therefore, we can take A > 0 sufficiently large so that

o0 1 1 1 ! 3
[ wotsin@ot - @9 Y aitonds|< o iogp @13)
o

i=1

for p > A. We can easily find that for sufficiently large A > 0, we have

<Ce % <Cip2logp (2.14)

o0
/ (ps)7 sin((2p)2 — (25)2)e " y(s)ds
P
for p > A. By (2.12), (2.13) and (2.14), we obtain

3
ITIn(p)| < 3Cap~3 log p

for n € X. This yields that 7[n] € X.
Next, we shall show that 7 is a contraction mapping. For 11, 2 € ¥, we have

! e 1 1 1
IT[m1(p)—=Tn21(p)| = Z/ |(ps)* sin((2p)2 —(25)2)|Igi (s, n1) —g&i(s, m2)lds

i=1"P

+ / (o5 sin((20)} = @5)})le™ I —nalds.
o

From Lemma 2.5 follows the estimate

o0

L, 1 1 _
[T n11(p) — Tn2l(p)| < C/ [(0s)* sin((2p)2 — (25)2)|s > logs|ni — malds
P
+ Cllnt — mlle*"?
N T 2 -
< cf stots~Edog )2t — mallds + Clint — malle™
P
-2 2
< Clln1 — m2llp”“og p)~.

This yields that

1 1
17 [n11(e) — Tn2l(p)l < Cp~ *lim —m2ll < zllm —n2ll
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for sufficiently large p > 0. Thus, we find that 7 is a contraction mapping. This
completes the proof. O

Proof of Theorem 2.1 Let uco(r) = yoo(p), Where yoo(p) is the solution to (2.3)
obtained by Proposition 2.2. We note that u, satisfies the following:

dus  1dus

2
7 — ;d_r = uoo(e“w —1) forr € (O, Roo), (215)

where Ry = e 2%/2 Since u is a solution to the ordinary differential equation
(2.15), we can extend u . in the positive direction of  as long as u ., remains bounded.
We claim that u, has a zero at some point. Suppose the contrary that u.,(r) > 0forall
0 < r < oo. Then, we see that u, is monotone decreasing. Indeed, if not, there exists
a local minimum point 7, € (0, 0o). It follows that Bfuoo(r*) > 0and 0, uqo(ry) = 0.
Then, from the equation (2.15), we obtain

d*us
dr?

0< () = —loo () (> — 1) < 0,

which is a contradiction.

Since u is positive and monotone decreasing, there exists a constant Coo > 0
such that us, (r) — Cx asr — oo. To prove that Co, = 0, suppose the contrary that
Coo > 0. This together with (2.15) yields that

d? 1d
0= lim ( e (r)+ - foo (r)) = — lim (eugc(r) — Duoo(r) <0,
r—oo \ dr? r o dr r—00

which is absurd. Therefore, we see that Co = 0, that is, lim,_, oo Uso(r) = 0. Multi-
plying (2.15) by r and integrating the resulting equation from O to r yields that

duso
dr

—r

r)y= / suoo(e“<2>o — Dds > 0.
0

This yields that forany R > 0, there exists aconstant C1 > O suchthat —du,/dr(r) >
Cy/r for all r > R. It follows that

Uoo(r) — Uoo(R) = /’ dutes (s)ds < —Cy /r Las.

R ds R S
Letting r — o0, we have

.
—Uoo(R) = 1im (oo (r) — o (R)) < —C; lim | —ds = —o0,
r—o0 r—o Jp s

which is a contradiction. Therefore, there exists Ry, > 0 such that us () has a zero
atr = Ryo.

@ Springer



332 S. Ibrahim et al.

Finally, we shall show that 1 is a solution (2.1) in a distribution sense. Let n(p)
be the solution to (2.10), obtained in the proof of Proposition 2.2. Since n(p) =
0(,0_3’/2 log p), we see that u, satisfies

Uso(r) = (—2logr —2log(—logr) — 2log 2)% + O((—log r)_% log(—logr))

asr — 0.

This yields that there exists a constant C > 0 such that
uooe“go < Crfz(—log r)*% for sufficiently small r > 0. (2.16)

. . S 2
This together with the monotonicity implies that usce"> € LIIOC(B R.,)- Therefore, we
see that u is a distributional solution to (2.1). This completes the proof. O

2.2 Singular soliton by the shooting

Let R € (0, R ) be the unique point such that u,(R) = 2. For each m > 0, we put

Fn(s) = s — 1) — mx(s)s, 2.17)

where x € C*°(R) is a cut-off function satisfying x(t) = 1 for |[t| < 1, x(t) =0
for [t| > 2, and tx'(r) < O for all r € R. Consider a family of radial ODE’s with a
parameter m > O:

" @4 —
~0l =% = fulpo), (r>R) 218
@x(R) = uo(R) =2, ¢L(R) = uy,(R),

where the prime mark denotes the differentiation with respect to . Let ¢, be the unique
solution of the above. We shall show that there exists m, > 0 such that ¢, (r) \ 0
as r — 00. To this end, we show the following:

Proposition 2.6 Let m > 0 and ¢, be the solution to (2.18). There exists ms > 0 and
my, > 0 such that if m € [0, mg), ¢ has a zero in (R, 00), and if m € (mp, 00),
¢ (r) is positive for all r > R.

First, we define an energy density function E,, : [R, 00) — R by

2
En(r) = OmT)” (’")) + Fo(pm(r)).

where F;, is the nonlinear potential energy defined by

u uz_ 2 u
F(u) = /0 fm(s>ds=%—m /0 X (s)sds.
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which enjoys the standard superquadratic condition:

0 < G () = uFy,(u) — 2F () = E:% 1)”+2mf<ﬂw X w))sds,

= k!
(2.19)
and, thanks to the monotonicity of y,
Gu(u) =0 ifandonlyif u =0. (2.20)
It follows from (2.18) that
E, (r)= —M <0. (2.21)

Thus, E,,(r) is a non-increasing function of r. Using (2.21), we shall show the fol-
lowing:

Lemma 2.7 Let m > 0 and ¢, be a solution to (2.18). Let s > R, E;,(s) < 0 and
dm(s) > 0. Then, we have ¢, (r) > 0 forallr € (s, 00).

Proof Suppose the contrary. Then there exists z € (s, 00) such that ¢,,(z) = 0. This
together with (2.21) yields that

2
0>M®2M@—@§» >0,

which is a contradiction. O

We are now in a position to prove Proposition 2.6.

Proof of Proposition 2.6 We note that m = 0, ¢o(r) = uy has a zero at r = Rno.
Then, by the continuity of ¢, with respect to m, we see that ¢,, (r) still has a zero if
m > 0 is sufficiently small.

On the other hand, we have

/ R 2 _5 2
E.(R) = (oo (R)) + ¢ —m/ x(s)sds <0
2 2 0
for large m > 0, then Lemma 2.7 implies that ¢,,(r) > 0 for all » > R. O
We put
my =1inf{m > 0| ¢, (r) >0 onr > R}. (2.22)

We see from Proposition 2.6 that 0 < m, < co. We extend ¢,,, by defining ¢,,,, (r) =
Uxo(r) forr € (0, R) (still denoted by the same symbol). Then, we have the following:
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Theorem 2.8 Let m, > 0 be the number defined by (2.22). Then, ¢p,, is a singular
positive radial solution to the following elliptic equation

—A¢p = in R2

A0 = fn.(#) in R2, 023
lim|y| 00 @ (x) =0,

where fi(s) is defined by (2.17). Moreover, ¢y, is strictly decreasing in the radial

direction. Moreover, for any m € (0, m,) there exists Cp, € (0, 00) such that

b, (1) + 19, (M| < Cue ™™ forallr > R. (2.24)

Proof To prove Theorem 2.8, it suffices to show that ¢,,, (r) > 0, ¢,’n* (r) < 0O for all
r > 0,1im,_ o0 @y, (r) = 0 and (2.24).

First, we shall show that ¢, (r) > O onr € (R, 00). By definition of m,, there
exists a sequence m, \ my such that ¢,, (r) > O forall» > R and n € N. Then
Om, (1) = limy— 00 @, (r) > O for all r > R. If ¢y, (r) = O at some r > R, then
qb;n*(r) = 0 and so ¢,,, = 0 by the ODE, a contradiction. Hence ¢y, (r) > 0 for all
r > R.

Next, we claim that

E, (r)>0 forallr € (R, 00). (2.25)

Suppose the contrary that there exists Ry > 0 such that E,, (Rs) < 0. Then the
continuity for m yields that ¢,,(r) > Oon R < r < R, and E,(R,) < 0 when
m € (0, my) is close enough to m,. Then Lemma 2.7 implies ¢, (r) > O for r > R,,
hence for all > R, contradicting the definition of m.. Hence we have (2.25).

Next, we shall show that ¢;, (r) < 0 for all 7 > R. Suppose the contrary and let
s > R be the first zero of ¢;, . Then we have 0 = ¢, (s) < ¢, (5) = — fin, (Bm, (5)),
0 < Ep, (s) = Fp,(Pm,(s)),and so Gy, (¢, (s)) < 0, contradicting (2.19).

Therefore qb;n* (r) <0 < ¢, (r) forall r > R, s0 ¢, (r) N\ ACx € [0, 2) and

m, (1) — 0 asr — oo. Then we have 0 < lim,_, o6 Ej, (r) = F, (Cy) and

B (1) = —Bp (/T = fon @, () = — fin, (C) (r = 00),

which has to be 0 because q);n* (r) = 0.Hence G, (Cyx) < 0andso Cy = 0by (2.19).
Next, letm € (0, my). Then ¢, (r) N\ 0 together with the definition of f;, implies

G, (1) = =y, (/7 = fin, (G, (1)) > My, (r) > 0

for sufficiently large » > R. Hence emr (/m — 8;)¢m, (r) is decreasing for large r,
which implies the desired exponential decay.

Finally, it follows from (2.16) and (2.24) that f,,, € L' (R?). Thus, we see that ¢,,,
is a distributional solution to (2.23). This completes the proof. O

@ Springer



Non-uniqueness for an energy-critical heat... 335

Remark 4 Let us be a solution to (2.1), which is obtained in Theorem 2.1. Since
P, (r) = uco(r) for r € (0, R], we see from (2.2) that ¢,,, satisfies

. (1) = (=2logr — 2log(—logr) — 2log2)?
+0O((—log r)*% log(—logr)) asr — O. (2.26)

Moreover, we have, by (2.10), Lemmas 2.3 and 2.4, that [d%n /d p*(p)| < Cp~>/*1og p.
Thus, by integrating, we see that [dn/dp(p)| < Cp32 log p. Thus, ¢;n* satisfies

1 1
¢, (r) = — (=2logr — 2log(—logr) — 210g2)*% <_ + )
: r  rlogr

+0((—logr)~?log(—1logr)) asr — 0. (2.27)

3 Regular solution by the heat iteration

In what follows, we denote ¢,,,, which is obtained in Theorem 2.8, by ¢... Now we
are ready to construct a regular solution to (1.5) with initial data .

Theorem 3.1 Letug := e’Aw*. Then foranyt > 0, ug(t) is bounded on R2. Moreover,
there exists a small T > 0, and a solution u g to (1.5) with ug|;—0 = @x satisfying

[log 7|"?(ug — ug) € L*([0, T) x R?).

Note that ¢, € C>°(R?\{0}) is a positive radial function satisfying the asymptotic
form,

9 (r) = (p —2log p)'> + 0(p™* log p)
= (p—2logp+ O(p 'logp)'* (p — 00), 3.1

where, as before, p := |logr?| = 2|logr| > 1. The above two equivalent expressions
of remainder will be frequently switched in the following computations.

We need a precise estimate or asymptotic behavior around 7, r — 0 of the iteration
sequence. Consider the first (or zeroth) iteration

L2
eIzl /4

4

1 ey

_ Xy
ug = e, = i e edy = /
Tt Jr2 R2

Qs (x — \/;Z)dz.

We shall show the following:

Lemma 3.2 There exists ¢ > 0 such that if max{t, |x|*} < &2, we have
. _1
uo(t, x) < min{@(V1), 9« (x)} + O(|log |~ 2). 3.2)
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Proof We take ¢ > O sufficiently small so that for any r < &, ¢, (r) satisfies (3.1), and
consider the region (7, x) € (0, 00) x R? satisfying max{z, |x|?} < 2. Put

€:=—logr = |logs| > 1, v:=|x|*/t € [0, 00).

We shall estimate u by dividing the space-time region max{z, |x|>} < &2 into the three

subregions: inside the parabolic cylinder v < 1,v > 8log{ > land1 < v < 8log¥.
First, we consider the region v < 1. It follows from Lemma A.1 that

~lz*/4

4

luo(t. e = uo(z. 0) = /R 2 N

Thus, by (3.1), we obtain

o124
luo(t. e = fR e NN

t
= f e~/ (—log(ts) — 2log | log(rs)| + O(1))/?ds /4
0

&2

+f " e/ (Zlog(ts) — 21og | log(ts)| + O (1)) /2ds /4
t

+/2 ¢~ T, (V1s)ds |4

t

=I1+J+K. (3.3)
For 0 < s < t, we have rs > s2. This yields via an integration by parts
'
I< Cf 12logs|'?ds < Cre'/? < ce™/2, (3.4)
0

2 . .
Fort < s < £, we have |logs| < ¢, so the integrand is expanded

(—log(rs) — 2log | log(rs)| + O(1)/? = (£ — 21logt —logs + O(1))'/?
= —2log)'? + 0% (logs)),
(3.5)

where we set (logs) = /1 + |log s|2. Since ¢, (r) is monotone decreasing in r > 0,
we have, by (3.1) and (3.5), that

P (V1) < (£ = 21og 0)'? + 0t~ ?(log 5))

&
1

—s/4

for s > =. Integration against e yields
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o0
J+K < / e = 210g )V + 0t~ *(log s))ds /4
t

< (€ —2log0)'> + 0~1?). (3.6)
Estimates (3.4) and (3.6) together with (3.3) imply
uo(r,0) — (€ —2log )12 < ce~1/2.
Namely, we have
o < (V1) + 01, 3.7

This is enough in the region v < 1.
Before focusing on the two remaining regions, let 0 < § < ¢ be a small parameter
and set

B:={z e R? | |x — Viz] < 8|x|}.

Decomposing ug as

e l2lP/4 —lzI?/4 . x
uo(t, x) 2/ ‘P*(x—\/;z)dz+/ (p*(x—\/;Z)dZ =lug+ugp,
B 4 B¢ 4
(3.8)
and writing
X o—12I?/4
uf = / [0 () + a6 — V12) — gu(0)]dz. (3.9)
BC 4

First, we consider z € B€ satisfying |x — 4/7z| < |x|. One can apply the mean value
theorem, and use (2.27) to write

Vilz|
lpe(lx = V1zD) = @uxD = sup gl (IyDI[lx = Viz] = Ixl| < Co———1s
slx|<lyl<lx| r|logr|
(3.10)

for z € BC satisfying |x — +/tz| < |x|. Here, Cj is a positive constant which depends
on 8. Next, we consider z € B€ satisfying |x — +/fz| > |x|. Since ¢, is monotone
decreasing in » = |x|, we see that

@i (x = V12) < @ (x). (3.11)

for z € B satisfying |x — +/7z| > |x|. From (3.9)—(3.11), we conclude that
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—lzI?/4 7
uy < /C ‘ [(ﬂ*(X)—i-Ca&dz]
B

47 rllogr|t/2™"

= ¢.(x)(1 — 0p) + Cs\/1/r2|logr|~ /2, (3.12)

where we set

o—lzI?/4
0p = / dz € (0, 1).
B 4

Now, for z € B, it follows that
IViz] > [x] — |x — 1z > (1 — 8)|x]|. (3.13)

Thus, we have |z|> > v(1 — §)2, and so

; e—\z|2/4 —v(1-8)%/4
uy = / Pu(x — 12)dz < —/ e« (y)dy. (3.14)
B 4 4t |y|2<t62v

Second, we estimate u(l) in the region v > 8log{ > 1. For 0 < a < 1 we have

1 a
—f 0 (Y)dy =/ (—logs — 2log|logs| + O(|logs|~ ' log|logs|)/ds
T JlyP<a 0

o0
=/ (t —2logt + O 'log 1)) 2e " dt
[logal

—a [(| loga| — 21log | logal)'/?

1
+ 5' 10gcz|71/2 + O] loga|*3/2 log|loga|)i|

1/2
—a [| loga| — 21og |logal + 1+ O(|logal~' log| logal)] ,

(3.15)

by partial integration on e . Note that 16%v = §|x|*> < 8&? <« 1. Plugging the formula
(3.15) into (3.14) yields

—v(1-8)%/4

¢ 82v(| log(t8%v)| — 2log | log(t82v)| + O(1)/2.  (3.16)

u(l)f

In the region v > 8log £ > 1, we have £ = | log?| < ¢"/8, yielding

|log(18%v)| — 2log | log(t8%v)| + O(1) < 2|log(18*v)|
<2 (]logt| + 2|logd| + | logv|)
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<2 (e”/g +2|log 8| + |logv|)
54(ev/8+2|1og5|). (3.17)
If we take 8 > O sufficiently small so that —(1 — §)?/4 4+ 1/16 < —1/6, we have, by

(3.16) and (3.17), that

e—v(l—8)2/4

ul 82veV/10(1 + 2¢7/8| 1og ) /2

IA

T
ve"/052(1 + 2| log 8]) !/

< ve /0,

IA

Thus, we get the first intermediate estimate u(I) < ve V/0,

that | log | < /3 again, we obtain

Moreover, using the fact

I2logr| = —logr? = —log(vi) = —logv + |logt| < €"/3,
and therefore,
ub < |logr|=/20=12, (3.18)

Finally, observe that in the same region v > 8log ¢ >> 1, we have 2 >  and

r?logr? rlogt 1L
2 2 2

r2|logr| =

This together with (3.8), (3.12) and (3.18) yields that for v > 8log € > 1, we have
obtained

1/2,-1/2

up — ¢ (x) < Cs|logr|™ < 12, (3.19)

Thus it remains to estimate u(l) in the region

jx?
1<v=T<810gE.

Let ¢ :=z —x/+/t.0nz € B, we have |¢| < 8§,/v < £. We shall show that

9 (x — V12) = 0o (V1) < (L = 2log O)'/2 + Ce~ 2 (log|¢])  (3.20)
for some constant C > 0, which is independent of v and &. We first consider the region
1 < |¢|.Since 1 < |¢| < €, we have £~ !log|¢| < £~ 'log ¢ « 1. Thus, by (3.1) and

the Taylor expansion, we have
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pulx = V12) = 9u(V10)
< (—logt —2log|logt| — log 1c)? — 2log|l — ¢! log 1217+ )2
< (£ —2logl + C{log |¢])'/?
< (€ —21og0)'2(1 + Ce N log |z |2
< (£ —2log )21 4+ Ce log|Z]))
< (€ —2logt)'> + o7 (log|z]). (.21

Next, we consider the region || < 1. Since — log |¢ |2 > (), we have
—log|¢|* —2log |1 — £~ ' log |¢ || < —2log [¢|*.
Using this together with (3.1), we obtain

@u(x — +/12) < (—logt —2log |logt| — log|¢|* — 2log |1 — €~ log | [*| + €)'/
< (£ —2logl + C(—log ||+ 1)/?
< (L —2log0)'> + Ct —21ogt)~">(—log || + 1)
< (£ —2log0)!? + =2 (log |2]). (3.22)

From (3.21) and (3.22), we see that (3.20) holds.
Moreover, it follows from (3.13) that |z|2 > v(1 — 8)2. This yields that

212
/ e (log [¢)dz < f e = log |g])dg < e /620 (log 6%v)
B ¢1<8/v

<C (3.23)

for some constant C > 0, which is independent of v and . It follows from (3.23) and
(3.20) that

e 17 4
u = / 12 g (x — N2z
B 47

o174

< (- 2loge)1/2/ ——dz+ 0@ V?
B 4

e~ 12?/4

dz + 0. (3.24)
4

< QO*(\/;)L

Hence, by (3.8), (3.12) and (3.24), we have

—[z[2/4
¢ dz+ 0@,
T

uo < 9 (x) + (s (V1) — w*(X))/ 2
B
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where the remainder on B is estimated by

—log «/t +logr logv
ou(/1) — () = C=2 =R < 0

/e’lz‘z/“dz Sefv(176)2/4v < Ce /8,
B

Here, we have used (3.13) in the second inequality. This yields that

1
up < @x(x) + 0L 2). (3.25)
From (3.7), (3.19) and (3.25), we see that (3.2) holds. ]
From Lemma 3.2, we have obtained, denoting p := | logr?|,

max(r, [¢) < & = uo < min (. (VD). (1)) + O™
— uj < min (£ —2logl, p —2logp) + O(1)

3 . 1 1
- e Slen ttﬁ,m

upe’® = L min (0372 25302 )

2 u2 l 1
upge’ < Cmin 7 . (3.26)

One can use the radial monotonicity of ug (cf. Lemma A.1) to extend, to all x € R?,
. 2 2
the bounds of the functions upe”o and u%e“o as follows:

t<e? = ug < Ve, uoe”(z) < C[(t —{—r2)71 +872 ]| log min{z —+—r2 82}|73/2 =: Fp,
ude < Cl(r+ 2" 4 e 2] log min{r + r2, 27! = F).
(3.27)

We shall show the bound of the function uoe”g. From the monotonicity of uy, it is
enough to consider the region 0 < r < & only.

Note that we haveE 3/2 —3/2 < |10g(z‘+r2)|_3/2 for max(z, r2) < ¢2. Moreover,
it follows that min(t 7 2) < 2(t + 72~ These together with (3.26) yield that

11
uge"s < € min (;, —2> llog(t + )72 < C(t + )V log(t + )73/
.

(3.28)
We first consider the region ¢ + r? < 2. It follows from (3.28) that
uoe“% <Cht+rH7 log min{r + r2, g2y 32
< Cl(r +r>)~" + 72| logmin{r + r2, £} 73/ (3.29)
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Next, we consider the region £> < t 4+ r% < 2¢2. Since the function s ~!|log s| /2 is
decreasing for sufficiently small s > 0, we have, by (3.28), that

woe"s < C(t +r) " log(t + r?)|73/% < Ce 2| log 2|72
< C[(t +r>) " + &7 2] logmin{t + 2, £} 73/, (3.30)

From (3.29) and (3.30), we see that uoe"% < CFyfort < &2. We can obtain the bound
of the function u%e”(z) similarly. Thus, (3.27) holds.

Hence by the mean value theorem, for any functions vp and v, we have, for r < 82,
that

Vel + lvi) < € = | foluo + vo) — foluo + v1)|
< CM(2)€M(2)|UO — vy
< CF6|v0—v1|, (3.31)

where fo(u) = u(e" — 1).
To estimate the second iteration, we prepare the following:

Lemma3.3 Leta > 0and 0 < ¢ < 1. For any (t,r) € (0, 82) x (0, 00), there exists
a positive constant C such that

t
1
/ RGO - > log min(s + 72,82} %ds < C,t7, (3.32)
0 N r

t
/ =98 Jogmin{s + r2, 2} %ds < Cytl™ (3.33)
0
Proof From Lemma A.1, we have

t
_ 1 _
/ ¢ S)A—S+ 2|10gm1n{s+r )| "%ds

re 4(t s) . ) 20—
/ / 2(t—s)(s+r2)|10gmm{s+r L& %drds.

Then, the integral is estimated using the following formula

! 1
(t—s)A
e
/0 s +r?

</ /Oo ¢ |logmin{t — s + 0, £2)| “dod
B —s+o, ods
- 4s(t —s + o) g

e /4 dn
log min{r — L2} %ds—L
/ /0 PRS- —— | logmin{t — s 4 sn, £7}| s4

| log min{s + r2, £2}|~%ds
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where the variables are changed by s — ¢ — s, 12

integral as follows.

—n/4 d
/ / ¢ ———|log min{t — s + s7, 82}|*°‘ds777
0

— o — sn. Then, we split the

t—s+sn
1/3/t e /4 dn
log min{r — &2 %ds—
/ f P —— | logmin{t — s + sn, €7} s4
e /4 d
f / ——|logmin{r — s + s7, 62}|7°‘ds—’7 =IT+1I.
(YN —Ss+sn 4

We first estimate 1. Since t —s +s17 < o/t for0 < s < tand 0 < n < 1/4/t, we have

1/4/1 —n/4 d
1 </ / P ¢ |10gmin{\/;, e‘z}l_"‘ds—}7
0

G 77/4 N
<ce “/ / —  dsdy= ce*“/ o4 081 “Elan < cee.
n—

t—s5+sn 0
(3.34)

Next, we estimate I1. We note that | logmin{r — s + 57, £2}|7% < (—log&?)™® and
t—s+snp>tforO<s <tandn > 1/\/;. Therefore, we have

o0 t 1 1
11 < C(—log 82)—“/ e—"/“/ —dsdn < Ce #i. (3.35)
NG ot

From (3.34) and (3.35), we obtain (3.32). We can obtain (3.33) by the similar argument
above. This completes the proof. O

Using Lemma 3.3, we shall show the following:

Lemma3.4 Let ¢ > 0 be given by Lemma 3.3. For any space-time function v on
(0, £2) x R2, let

t
D[v] ;:/ eTTIOA f0((ug + v)(5))ds.
0

Then, there exists a positive constant Cy such that
|D[0]] < Cot™3/2. (3.36)

Moreover, for any C1 € (0, 00), there exists Ca € (0, 00) such that for any vy and v
satisfying

sup |log 1|2 |lv; (1)L~ < C1 (j =0,1),

O<t<e
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and for any a> — 1, we have

|D[vol — D[vi]] < C2¢™'7% sup [logs|¥llvg(s) — vi(s)lle.  (3.37)

O<s<t

Proof (3.27) and Lemma 3.3 yield

t t
DI0]] < / I foug(s)|ds < C / Iy (5)ds
0 0

< Ce32 4 7240732 < ce32,

Similarly, (3.31) and Lemma 3.3 yield

t
|D[vo] — D[vi]| < /O U9 fouo + v0)) — foluo + v1)lds

IA

t
c /0 198 B () ]|v1(s) — vo(s) loods

A

t
Cf eI (s + r2) 7 4+ 672 logmin{s + 12, &2} 7 "ds
0

x sup |logs|*[lvo(s) — vi(s)]lLe
O<s<t

< 7' sup |logs|*luo(s) — vi(s) | Lo
O<s<t

for any o> — 1. Noting that the constants are independent of v, vy, «, ¢, we arrive at
the desired conclusion. O

We are now in a position to prove Theorem 3.1

Proof of Theorem 3.1 We put
t
E[v] := / eI (g + v)(s)ds, L(u) :==myx(u)u
0

and I[v] := D[v]— E[v]. Then, we are naturally led to consider the mapping v + I[v]
for v in the following set

By = (v e CUO.TIx B | ol 10 = sup €@~ < 1)

O<t<T

for some constant 7 € (0, 82) to be determined, which is a closed ball of a Banach
space with the norm X ;/ 2. The estimates on D[-] in (3.36) and (3.37) with C; = 1

imply
ID[vo] — Dlwilll 12 < Callog T| ™ lvg — il 172
T T

IDTwolll 12 < IDIOM 12 + [I1DIO] = Dlvollly 12 < (Co + €2)|log 7|
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1/2 . .
for any v, v € BT/ . Moreover, we can easily obtain

IE]llze <t L]z,

< tl[LllLipllvo — vil[L>.
LOO

t
H f eU"IA(L(vg) — L(v1))(s)ds
0

Hence if T > 0 is small enough then v +— I[v] is a contraction mapping on BY 2, SO

there is a unique fixed point v € B}ﬂ. Then u = ug + v is a local (mild) solution on
O0<t<Tof

w—Au+mex(u = fou), u0)=g,.

This completes the proof. O
We can prove Theorem 1.1 immediately from Theorems 2.8 and 3.1 .

Proof of Theorem 1.1 We also denote ¢y,,, which is the stationary singular soliton to
(1.5) obtained in Theorem 2.8, by ¢.. Let us(t) = ¢, and u g (¢) be the regular solution
to (1.5), obtained in Theorem 3.1. We see that u5(0) = ug(0) = @,.

We shall show that ug belongs to C([0, T'), X) and becomes a mild solution for
each T > 0. As we mentioned in the proof of Theorem 2.8, ¢, satisfies (2.23) in a
distributional sense and f,, (¢s) € LY(R?). It follows from the L? — L9 estimate of
the heat kernel (see e.g. [19, Proposition 1]) that for 1 < p < oo, we obtain

t
H / 2079 £ (@u)ds
0

t
< / 16209 o (@)l Lods
Lp 0
! 1
< c/o (=) P fon (@) | 1 < Cll f (@)1 < 0.

Thus us(t) = ¢« € C([0, T), X) satisfies the Duhamel formula:
t
u®) = o, + / U798 £ (u(s)ds  in C([0, T), X). (3.38)
0

Next, we shall show that ug belongs to C([0, T), X) for sufficiently small T > 0
and becomes a mild solution. The fixed point v € B]T/ 2 of I can be obtained as the
limit of v, = I[v,_{] starting from vg = 0. Then for T > 0 small enough, there
exists M > 0 such that sup,, | 10gt|1/2||vn(t)||Loo < M and limy,— 0 v, () = v(t)
in LOO(RZ) forO <t < T.Letu, = uop+ v,. From the estimate (3.26) on u together
with Lemma A.1 and that ||v, (?)|| L < Me~Y2, we obtain

3
lunl? < (Juol + |va])? < € — S log¢
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uniformly for0 <t < T < 1, x € R2 and n € N. Hence, there exists a constant
Cn, >0

2 1,
| fy )| < o, ltn|€n < ot 1032 uy |, (3.39)

where f;, is defined by (2.17). Suppose that supg_, 7 lun(s)||zr < oo for any p €
[1, 00). Using (3.39) in the Duhamel formula

t
Unp1(8) = uo(t) + vy 1 (1) = () + / IR f (U (s))ds,
0

we obtain

t
N1 Olle < lpsllzr + /0 | for, ()| o

t
< ||(P*||L1’+Cm*f s 1ogs| 2 un(s) | pds  (3-40)
0

< llgslle 4+ 2Cu, [log TI™? sup |lun(s)Lr
O<s<T

forO <t < T « 1.Here, we have used the L? contraction estimate of the heat kernel
(see e.g. [19, Proposition 1]) in the first inequality. Thus, we obtain by the induction
argument

sup [[un($)llze < l@sllLe (1 +3Cp, |log T|1/%) (3.41)

O<s<T

forn € N. Since, for0 <t < T « 1,
lim u, () = lim (o + v (1)) = up + v = ug(t)  in L2(R?),
n—00 n—00

the above uniform bound (3.41) together with Fatou’s lemma implies that,
lur@llLr < liminf u,@Ollzr < gl (1 +3Cp, [ log T|71/2)

forO <t < T « 1.Inaddition, the same estimate as in (3.40) implies that f,,,, (ug) €
L'([0, T), L?(R?)) and by the Duhamel formula, ug € C([0, T), L” (R?)). Thus, we
conclude thatug € C([0, T), L?(R?)) forall p € [1, 00). Thatisug € C([0, T), X).
Then, we see that u g also satisfies (3.38).

Forallt € (0,T), we have us(t) = ¢« ¢ L>®(R2) while ug(t) € L®(R?). This
implies that ug(¢) # ug(¢t) for all t € (0, T). This completes the proof. m|
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Appendix A: Maximum point of solutions to the linear Heat equation

In this appendix, we shall give a proof of the fact, which is used in Sect. 3. More
precisely, we show the following:

Lemma A.1 Let ¢ be a radially decreasing function. Set u(t) = e’A¢. Then, u(t) is
also radially decreasing and

lu(t, )L = u(, 0).
Proof Note that u is also radial. Setting v = d,u, we see that v satisfies the following:
. 1
v—Av+—2v=O. (A.1)
r

We put vy = max{v, 0}. Multiplying (A.1) by v and integrating the resulting equation
over R?, we have

2 2 1 2
Ollvell;2 = =lIVoyll. — ﬁ|v+| dx <0. (A.2)
From the assumption, we infer that v, (0) = 0. This together with (A.2) yields that
v = 0in (0, 00) x R2. This completes the proof. O
References

1. Brezis, H., Cazenave, T.: A nonlinear heat equation with singular initial data. J. Anal. Math 68, 277-304
(1996)

2. Buckmaster, T., Vicol, V.: Nonuniqueness of weak solutions to the Navier-Stokes equation. Ann. Math.
89, 101-144 (2019)

3. Davila, J., Del Pino, M., Wei, J.: Singularity formation for the two-dimensional harmonic map flow
into 2. Invent. Math. 219, 345-466 (2020)

4. De Lellis, C., Székelyhidi, L.: The Euler equations as a differential inclusion. Ann. Math. 170, 1417-
1436 (2009)

5. Germain, P., Ghoul, T.E., Miura, H.: On uniqueness for the harmonic map heat flow in supercritical
dimensions. Comm. Pure Appl. Math. 70, 2247-2299 (2017)

6. Giga, Y., Kohn, R.V.: Characterizing blowup using similarity variables. Indiana Univ. Math. J. 36,
1-40 (1987)

7. Haraux, A., Weissler, EB.: Nonuniqueness for a semilinear initial value problem. Indiana Univ. Math.
J. 31, 167-189 (1982)

8. Ibrahim, S., Jrad, R.,Majdoub, M., Saanouni, T.: Local well posedness of a 2D semilinear heat equation.
Bull. Belg. Math. Soc. Simon Stevin 21, 535-551 (2014)

9. Ioku, N.: The Cauchy problem for heat equations with exponential nonlinearity. J. Differ. Equ. 251,
1172-1194 (2011)

10. Ioku, N., Ruf, B., Terraneo, E.: Existence, non-existence, and uniqueness for a heat equation with

exponential nonlinearity in R2. Math. Phys. Anal. Geom. 18(1), 19 (2015)

@ Springer



348

S. Ibrahim et al.

11.

14.

15.

16.

17.

18.

19.

Ioku, N., Ruf, B., Terraneo, E.: Non-uniqueness for a critical heat equation in two dimensions with
singular data. Ann. Inst. H. Poincaré Anal. Non Linéaire 36(7), 2027-2051 (2019)

. Matos, J., Terraneo, E.: Nonuniqueness for a critical nonlinear heat equation with any initial data.

Nonlinear Anal. 55, 927-936 (2003)

. Merle, E, Peletier, L.A.: Positive solutions of elliptic equations involving supercritical growth. Proc.

Roy. Soc. Edinb. Sect. A 118, 49-62 (1991)

Mizoguchi, N., Souplet, P.: Optimal condition for blow-up of the critical LY norm for the semilinear
heat equation. Adv. Math. 355, 106763 (2019)

Ni, W.-M., Sacks, P.: Singular behavior in nonlinear parabolic equations. Trans. Amer. Math. Soc. 287,
657-671 (1985)

Ruf, B., Terraneo, E.: The Cauchy problem for a semilinear heat equation with singular initial data.
Progr. Nonlinear Differ. Equ. Appl. 50, 295-309 (2002)

Terraneo, E.: Non-uniqueness for a critical non-linear heat equation. Comm. Partial Differ. Equ. 27,
185-218 (2002)

Weissler, E.B.: Local existence and nonexistence for semilinear parabolic equations in L”. Indiana
Univ. Math. J. 29, 79-102 (1980)

Weissler, F.B.: Existence and nonexistence of global solutions for a semilinear heat equation. Isr. J.
Math. 38, 29-40 (1981)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer



	Non-uniqueness for an energy-critical heat equation on mathbbR2
	Abstract
	1 Introduction
	Notation

	2 Construction of singular soliton
	2.1 Singular stationary solution on some disk
	2.2 Singular soliton by the shooting

	3 Regular solution by the heat iteration
	Acknowledgements
	Appendix A: Maximum point of solutions to the linear Heat equation
	References




